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ABSTRACT 

.'. Parametric instabilities and associated , . anomalous 

particle diffusions due to a pump osc'illating near the 

upper-hybrid, frequency are studied . . in theory and by 

numerical simulations for a two-dimensional magnetized 
. . 

plasma. It is shown that, besides the three-wave decay 
. 1 . .  , 
: '. 

process, the convective-cell mode, a purely . . damped 
. '.. . 

diffusive mode in the absence of pump, can b& parahetri- 

cally,driven to be a purely growing mode. Accompanied 

with the enhanced fluctuations, anomalous particle 
- 

diffusion is observed. Theory and sirnulation results 

are in good agreement. 

' 
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Recently, there has been considerable interest in parametric \,I 

instabilities excited in plasmas with regard to rf plasma heating 

and laser-plasma interactions. In this work, we theoreti- 

cal and numerical simulation results of parametric instabilities 

excited in a magnetized plasma by an external pump oscillating 

near the upper-hybrid r reyucncy .  Previnus authors have considered 

similar parametric processes. We find, however, n e w  para- 'r 

metric instability which involves the coupling tu the eonvoctive- 

4 
cell mode. As will be shown in the simulation resul..ts, para- 

\ 
metric excitation of the convective-cell mode results in 

enhanced particle cross-field diffusion. , 

In the absence of pump, the convective-cell mode, a diffusive 

mode, is associated with the vortex motion of charged palticles 

across the magnetic field. It is.nonoscillatory and purely : 

4 damped.by ion viscosity. ~irnulat4ons have shdwn that this mode 

plays a significant role in particle cross-field diffusion even 

in thermal equllibriumr ospecial ly , in plasmas with a rel.atively 
strong magnetic field; w and 1.1) are, 

Pe ce 
respectively, electron plasma and cyclotron.frequencies. One, 

I 

therefore, would expect anomaLous particle cross-field diffusion 

to take place if the energy of this mode is enhanced above the 
I 

thermal level. .In the following sections, we show that the 

convective-cell mode can, indeed, be parametrically driven to be 

unstable (more specifically, purely growing) and cause anomalous 

diffusion. 



Theory of parametric instability associated with the 

convective-cell mode is presented in Section 11. :In Sect,ion 

111, we present numerical simulation results to compare with the . *  

theory. Simulation results also show the three-wave decay 

process discussed in Ref. 1. Conclusions.and di,scussions are 

given in Section IV. ' 

LC 

.:, ' ,..- . . 

1 1  THEORY.OF.PARAMETRIC EXCITATION OF CO.JWECTIVE,-CELL MODE . . 

. . . , .... . . 

We assume the tb be infinite, spatially hbrnogeneous;. 
. . . , . , 

and uniformly magnetized with Bo - = B e . The external eiectro-. 
0-2 . . .. . 

magnetic pump is assumed to be uniform' in space (dipole' approxi- 
. . . .,. , . . 

mation) with its osci1,lating electric field E -0 perpendiculara to 
' 

, ... . - 
' r 

' . .. . . . . . . . , .I . 
B ; that' is, 
-0 I 

. , , . *, . ., . . ., . 

E = E cos 
-0 0 

where wo - w uh is the pump frequency . wuh = (w Pe' + w2' ce ) 'I2 is 

the upper-hybrid frequency. 

To analyze the parametric excitations of electrostatic' waves 

due to E , we use the standard technique of transforming the 
-0 

electron Vlasov and Poiscon equdtions to the electron oscillating 
2,5 . 

frame and obtain the followinrJ dispersion .relation describing 

the coupling between the low-frequency (w) , uppek-sideband 
. 

(w + h0) , lower-sideband ' (w - u0') and' the, pump (w0) modes. 
. . . .. . . . .  ere, 1 w.1, <<  wo throLghout this' work. 



rn Eq. (I), si.~~erscri~ts o , + , and - denote, respectively, 
.the w , + 111 . and. w '  - w modes. To simplify the notatiul~s.~ 

U 0 
\ 

dependences on the wave number k - are suppressed here. xi and 

X e are ion and electron linear susceptibilities, respectively. . . . . 

Xi is obtained from the Braginskii set of fluid equations and, . . 
. , 

4 
hence, includes . . the ion viscous effect. E e = 1 '+ xe is the 

electron-dielectric function. he , the electron coupling 
. . 

coefficient, is related to electron displacement due to Eo and 
is given by 

. . . . 

'i 
is O(m /m. ) smaller than Ae and is, therefore, ignored here. e 1 

In deriving Eq. (I), we have assumed the pump is weak; i.e., 

4 IxeI ' I O(Ae) term must be included here, because E: - 0(1) 
2 f 

/ for k B and, therefore, Ae/ce is generally of order unity. ... -0 

We are interested in electrostatic waves with k Bo and . ... 
kLpi < 1 ; pi being ion Larmor radius. Note for Te - Ti , 



and 
P e (electron Larmor radius) << pi . ,$ . Fo r  . 1~ 1 , < . wci - 
w = w + 6 (161 < <  w ) , the x's and E ' S' are then apgroxi- o uh uh 

mately 
4 

- . . 
where 

I .  . 
In the above expressions, pi denotes the ion viscous effect; 

Ui ' 2 2 
k p and vii is the ion-ion collision frequency. 

4 
'ii I I Since 

v i  >>  \ , electron viscous effect can be neglected here. ve,.is . . 2 : . . 

the electron-ion,collision frequency. Substituting Eqs. (3) to 

(6) into Eq. (I), we have with w = iy 

where 



and 

2 2 
8 = uci/upi ( 1 3 )  

S i n c e  v >>  pi  , ro afid rl can bc s i m p l i . f i e d  to 
e 



The low-frequency mode of interest here is the convective-cell 

mode. ' '  Thus. 1 y l  - o(pi) <<  ve , w e  can 'then .peglect the y3 and 

y2 terms in Eq. (7) and obtain the following solution 

Since rl and r2 are real, the mode is nonoscillatory. being either 

purely damped or purely growing. . 
' . . 

. . 

The threshold condition is given by T2 = 0 . or : :  . . 
, . ,  

L ;. . 

Because Kc , u. > 0 . Eq. (15) can be satisfied only when , 

. . 
With 6 being negative. Eq. ' (15) then has two solutions Ki and, K2' ; 

Note here that real solutions of K1 and K* exist 'and 0 '< K1 1 K2 

for 16 1 1 2u1l2v /(1 - a) . The minimum threshold,' Km occurs e 



and 

For K1 < K < K2 I r2 < 0 and one has y 2 0 .  ; .  i.e.. , a purely 
growing solutio~~, if TI > 0 I t  ColLows from Eq. , ( 9 ' )  that 

> 0 if (= u2 ./w2 is sufficiently large and/or K is close ci pi 

t o  the threshold values. . Near . the . threshold, let K = K1 , (1 1 p )  

and p < 1 , the growth rate is given by 

w = ipu 161 (1 + u)a/[8(161 - kl,2)] a i ( a  i 
C,. 

Here, 161 - K1,Z is always positive, We have also .solved .Eq. . . . . 

(7) numerically and obtained good agreement with the above 

analytical results for the w - 0 ( ~ . , ~ )  solution. 

Since the low-frequency mode of this instability is non- 

oscillatory and is of Lrancport time scale, 1 w 1 O(p. ) <<  .wci , 
1. 

it can be expected that the excitation of this mode would cause. 

' 1  anomalous particle diffusion. Both the excitation and the 

associated anomalous diffusion are observed in numerical simula- 
. , 

tions to be discussed in the next section. 

I A S  1 w 1 becomes much larger than ui , this. purely growing 
mode goes over to the oscillating-two-stream instability discussed 

2 1 
by McBride. Furthermore, as shown by Tzoar, there are also 



three-way decay processes;..such as upper.,-hybrid and.,l,ower-hybrid 

modes as well asBernstein modes. For k,pe < - 1 , however, the 
upper-hybrid and lower-,hybrid decay process is predicted to be 

the dominant one. This is confirmed in the simulations. 

111. RESULTS OF NUMERICAL SIMULATION 

3 '  

In this section, results from numerical simula.tions will be 

presented and combarisoris made with the theory given in the 
: .  . .. . . . 

preceding section. The simulation model is an electrostat'ic two- 

dimensional dipole expansion code with periodic boundary condi- 
I 

C. 
tions. The uniform external magnetic field is in the z-direction. , 

Grid sizes in x- and y-directions arc equal and taken to be the 
. . 

.d -1 units of spatial scales. Time scales .are in unit of w . 
Pe 

Since the growth rate is proportional to vii we use 

a small number of particles per cell to enhance the growth rate 

in order to facilitate the simulations. This, however, also 

enhances the value of v, and, from Eq. (20)., raises the threshold 

pump value. The simulaki:sn parameters are 

System size: 6 4  x 64  , Number of particles: 6 4  x 6 4  , 

me/mi = 1/25 , Te/Ti = 1 , 

,' Wce'wpe = a  , At = 0.25 , 

= 1 '~e ,. j Particle size = 2 , 

. 'e = 0.71 , = 3.54 ., 'i . , .. . 
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Corresponding to these parameters, we have 

wci/wpi = 0.28 , wuh =l.73 wpe, 

. , the elcctro~l-ion cnllision frequency, is in the order of e 
-3 

. J . O  w . Initially, particles are randomly loaded with 
PP 

Maxwellian velocity distributions. The external pump electric 

field is of the form 

E = E cos (wet) ex , 
-0 0 

where 

and 

2 This E , for example, corresponds to he (1,O) 7 .5 -  x or ' 
-0 

K(1,O) = 1.1 x for the (1.0) mode. Since the initial 

.fluctuations have finite frequency bandwidths (Figs. 4 and 51,  

and, due to the finite length of simulation runs, the pump also 

has a finite frequency resolution Aw - 2v/T , it is found 
. .. . . . .... .- . 



k.4 
that the excitation is relatively insensitive to the frequency 

mismatch 6 = w - w as long as 161 is smaller than the frequency o uh 

spread. We have tried both the 6 = 0.01 w and 6 = - 0.01 w 
Pe Pe 

cases, the results obtained are essentially the same. The 

6 = 0.01 b~ , i.e., w = 1.74 w , case is presented here. 
Pe 0 Pe 

Figure 1 shows the time evolution of total field energy 

normalized with respect to the initial thermal energy for both 

the pumped and no pump cases. Without pump, the normalized 

field energy fluctuates about the 0.01 value. With pump, how- 

ever, the field energy increases,with time mofe or less 

exponentially. .The measured growth'rate Is approximately 

3 
3.4 . Throughout the.entire run to w t = 10 , no 

Pe Pe 
tendency of saturation is observed. 

In Figs. 2 and 3, electron and ion guiding center diffusion. 

in the 'x-direction are plotted for both the pumped and no pump 

cases,. Only 
2 < (Ax) > is plotted here because 

It is apparentfrom these plots that Lhe parametric instability 

causes anomalous particle diffusion of both electrons and ions. 

The anomalous electron diffusion coefficient is measured to be, 
* 

De = 0.37 , which is about a factor of three larger than the 

thcrmal-equilibrium value, De 0.11 . For ions th& anomalous 

diffusion 
* .  

coefficient D = i is also roughly. a factdr of three 

larger than the thermal-equilibrium value, Di = 0.08 . The 

anomaly factor can grow further since the instability has nit 

' saturated. yet .  
, . 
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In order to understand the physics more clearly, we have 

also analyzed and compared the power spectra for both the pumped 

a and no pump cases. The results for the long-wavelength, (1,O) , 

mode and the relatively shorter-wavelength, (2,3) , mode are, 

respectively, shown in Figs. 4 and 5. As noted in the preceding 

section, the peaks in the thermal spectra have finite widths. 'For 

the (1,O) mode, there is a large enhancement, about a factor of 

sixty, in the mode energy near w . =  0 , which corresponds to the . . ... _ I< 

convective-cell mode. There are aiso enhancements near the lower- ' 

hybrid frequency. 'Corresponding to the enhancement in the 

convective-cell mode, there is enhancement in the upper-hybrid 

mode near - 
+ wo . This shows that the convective-cell mode is ' 

parametrically excited as predicted by the theory. The few 
, 

scattered points near w - 1.57 may correspond to the enhancements 
in the lower-hybrid mode. This upper-hybrid and lower-hybrid 

decay instability 'is clearly indicated in the power spectrum of the 

( 2 , 3 )  mode shown in Fig. 5. Again, there are enhancements in the 

convective-cell and lower-hybrid modes. The enhancements in the 

upper-hybrid, however, exhibit two peaks. One is near 2 w and 
0 

ix ldicntes  t h e  convective-cell parametric instability. The other 

peak is near w = 2 1.57 and corresponds to the enhancement 

resulted from the upper-hybrid and lower-hybrid decay instability. 

Because most of the field energy is in the long-wavelength 

modes where the dominant parametric instability mechanism is 

associated with the convective-cell mode, we can roughly compare 

the growth rate with the theoretically predicted value which is 

of order of pi , the ion viscous damping rate. If we take the 



. . . . :.. , . . , a  . . . ,  . . . . .  

measured ion thermal-equilibrium diffusion . . coefficient . . Di . and . 
2 - 4  

let pi. = k Di for the (1.0). mode. we obtain pi 8 x 10 w 
Re , ' 

which is about only a factor of two di'f ferent ... from the measured 
. . - 4  * 7) 

growth rate, y. =.  3,. 4 x 10 w . That D is larger . . .  than Di: is 
pe . e. . 

understandable because lower-hybrid mode is also enhanced by the 

decay process. . , . . 

1V. CONCLUSIONS AND DISCUSSIONS, 
I 

In the.previous sections, w e  have shown. both by theory and" 

numerical simulations. that the 'convective-cell mode 'can be 
'' 

parametrically excited to bc ,a purely growing moae by an external 

pump oscillating near the upper-hybrid frequenc.~. As a result 

of this parametric instability, energy of the convective-cell 

mode is enhanqed and anomalous cross-field . . . . diffusion of electrons 
' . . . 

and ions are observed. The observed gro,wth rate agrees 
. . 

reasonably well with. the theoretical estimate. Simulation 

results ,also show.the decay instability of the upper-hybrid 

1 
and lower-hybrid waves as theoretically ~redicted . . . . . .  by Tzoar. , . 

. . . .  . . . . . . . . . . . . .  . . . .  . . .  -- 
Since rf waves with frequencies.near the upper-hybrid 

frequency are still under active consideration in laboratory 

plasma heating,experimentsi such as electron cyclotron resonance 

heating (ECRH) experiments, the results presented in'this work 

indicate the possibility.that in such experiments convective- 

cell modes can be parametrically driven to be unstable and'may ' 

cause anomalous particle diffusion. 



Although we have only considered' here the case where the ' ' 

pump frequency is neargthe upper-hybrid frequency and the excited 

waves have .k A B , : it ' can .be expected that . similar parametric - . -0 - .  

processes can take place in other frequency regimes when there 

is appreciable energy available associated with the convective- 
. . . . 

cell mode. ' . . . . . 

.. . .. . _: . . .  & 
.. . . . . ,. .. . . . .. 

The plasma treated in this work is assumed to be uniform in 

opace. In reality, the plasma has spatial. nonuniformities in 

both density 
7 ,  

and %emperature. These non~rnif~rmities not only 
6 

modify =he properties of lour-frequency waves b u ' ~  also introduce 

wave vector mismatches in the parametric processes.' 

tions in these phenomena remain to he carried out.. 

The authors are thankful to. 'A. '~lasegawa' for .initial. 

inspirations to this work; 
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752087 
Fig. 1. Plot of the normalized total. field energies 

with time for the pumped and no 'pump cases. Initial transient 
states to the thermal noise level are not shown here. 
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Fig. 2. Plot of the 
square's of the guiding center 
displacement in x-direction 
for the test electrons with 
time for the pumped and no 
pump cases. 
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o WITH PUMP 
WITHOUT PUMP 

Fig. 3. Plot of the 
squares of the guiding center 
displacement in.x-direction 

. for the test ions with time 
for the pumped and no pump 
,cases. 
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Fig. 4. Power spectra 
of the electrostatic potential 
for the (1,O) mode with and 
without the pump wave. 
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, WITHOUT PUMP 1 

7 o% 

Fig. 5. Power spectra of the electrostatic 
potential for the (2,3) mode with and without the pump wave. 
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