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Abstract

A fully relativistic model of the strong interactions
between hyperons, fitted to nuclear matter, is used to investi-
gate the properties of superdense matter. This model can be
solved exactly, and the low temperature limit applied directly
to construct neutron star models, (ur results predict a
significantly higher mass stability limit (Mmax = 2.39Mg) which
has far-reaching implications for black hole zstrophysics. It
also predicts moments of inertia well above the observational
lower bounds for pulsars. The model predicts a phase transi-
tion which includes nuclear densities, and has significant
implications for the detailed structure of neutron stars. De-
spite the low central densities found for stable masses
(e, s 2 x 103%g/cm) all members cf the first SU(3) symmetric
octet except the =  enter as stable constituents.

In addition, quarks may be used as fundamental consti-
tuents for a species of superdense matter applicable to models
of the hyperons. Our results indicate that this approach may
be fruitful in explaining such phenomena as precocious scaling

and quark confinement.
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I. Introduction

The observation of exotic astrophysical phenomena during
the iast decade has stimulated an interest in the investiga-

tion of matter under extreme conditions. In this paper we

studv what is commonly called superdense matter.! These are

the states of matter which occur near the 1imit of gravitational
collapse. We are particularly interested in superdense matter
in neutron stars because they play a central role in current models
of pulsars 2nd compact x-ray sources in binary systems. In
addition, we mention briefly the application of this kind of
patter to models of elementary particles.,

A general feature shared by all previous models of neutron
stars s that the more massive have average core densities
greater than lolsg/cmS. With few exceptions these models all
predict stars with masses less than 1.4Me to 1.76M9. These
models are developed from non-relativistic theories and are
based on ocur understanding of the properties of nuclear matter.l’2
A disturbing feature of this situation is that the high mass
models involve densities which are above nuclear density where
relativistic effects are significant and cannot be ignored. It

is therefore necessary to approach the problem from a fully rela-

tivistic interacting many-body theory,

In this paper we report the results of a study of super-
dense matter based on a fully relativistic phenomenological
description of the strong interactions. The strengths of
these interactions are determined by a fit to nuclear matter.
These are then employed within the framework of a many-body
theary, which is also relativistic, to caliculate baryon com-
position and the pressure-energy density equation of state for
stellar matter. The relativistic stellar structure equations
at T=0 are then integrated using this equation of state.

The predictions of this model differ significantly from
previously described results,2 and stand in more satisfactory
agreement with current evolutionary predictions and observational
limits. The stability limit against gravitational collapse is
2.39M9. This higher mass limit is particularly important since
it implies that black hole formation may be less frequent than
current theories of superdense matter suggest. The moments of
inertia for intermediate and high mass stars (> 1045g/cm3)
bring models of pulsars as rapidly rotating neutron stars well
within the limits set by observations.3’4 Finally we note that
our model leads to a picture of compact object formation

which is in general accord with the results of evolutionary

studies.S



The results of our investigations will be discussed in
the following order. In Section Il we use a phenomenological
lagrangian to explore the properties of strongly interacting
superdense matter in Born approximation. This approach, which
is found to be inadequate, leads to the consideration of an
expansion in density rather than in the coupling constants.
This expansion in density then motivates construction of an
effective lagrangian which retains the major features of the
strong interactions for densities relevant to neutron stars.
This construction is given in Section III, From this lagrangian
we obtain relativistic finite density Green's functions. These
are used to obtain expressions for the baryon effective masses,
and self-~consistency conditions on the baryon number and proper
nunber densities. In Section IV we derive expressions for the
chemical potentials, pressure, energyv density and speed of
sound. We then fix the coupling constants by fitting the model
to nuclear matter. A numerical solution of these quantities,
including a phase transition in the vicinity of nuclear density,
is presented in Section V. In Section VI we consider cor-
rections to the chemical potentials and effective masses due
to finite temperaturc effects in the high density, low tempera-
ture limit. Our T=0 results are then used in Section VII to

construct neutron star models. The relation between our resuylts

and the implications of evolutionary studies and observa-
tional limits are discussed. In Section VIII we consider the
expected effects of non-normal ground states. Also discussed

are the limitations of the model and its possible application

to models of elementary particles.

. . 6
Throughout our discussions we have set i = ¢ = 1.
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II. Fundamental Interactions

In a field theoretic approach to many-body theory the bound-
ary conditions which reflect the finite density and temperature
of the system are most natwrally incorporated through the use
of Green's functions. The relativistic formulation of this
problem has already bcen discussed.7’8

It is natural, in formulating a model of superdense matter,
to try to include a large fraction of the known particles and
resonances as possible constituents. A reasonable trial group
might include the first SU(3) symmetric octet ¢f baryons, the
electron and muon, and low-lying mesons. Adopting these as

fundamental fields, the system can be described by the lagran-

gian density

L(x) = § vg(x) (iF-mg) vy (x)
B

+

! v () (E-m v (%)

+ g Lp * Ly + Le- (2.1)

Baryons are denoted by B, leptons by L and mesons by P.
L . contains all mass counterterms, and the physical masses

C

mB and m, are included in Table 1.

1 represents the meson exchanges among the
hadrons. In the density range of interest, ¢ - loug/cm3 up to

The term L

-1016g/cm3, the important exchanged mesons are the =, a, p,

w, 6§ and ¢. Because of charge constraints the presence of
the leptons has an important effect on the relative concen-
trations of the other species, but their interactions with the
baryons are negligible. The interaction term can then be

written as

L ’BZP g Tperp Vg %p Bppip- (z.2)

The T include pseudoscalar, scalar and vector couplings,

BB'P
and the strengtas 8ggrp MAY be fixed by requiring that (2.2)
reproduce the nucleon-~nucleon scattering data in the Born
approximation.
The two point functions are defined in terms of the
elementary fields by
6{P) rx-x") = -i<Tyy (0T (x')> (2.3)

F - B B ‘

and
D(p)(x-x') = -i<Te,(x) o, (x")> (2.4)

F p P -
where the brackets denote a suitably defined relativistic
thermodynamic average.7 At zero temperature the latter is
over the baryon N-body ground state, and T is the time
ordering operator. The equations of motion for DEP) and
GgB) which couple to higher order N-point functions are gene-
rated from (2.1} in the usual way. Approximations must be

made if we are to solve these equations. One approach is to



solve the Green's function Dyson equations truncated to second
order in perturbation theory.

The appearance of real mesons in the system would intro-
duce complications. Being bosons, they may form condensates,
which would require the incorporation of non-normal ground
states. These effects may be included in our approach. How-
ever, as argued in Section VIII, their presence is not expected
to alter the basic structure of neutron stars. We
therefore set LP = 0 in (2.1) and consider only virtual mesons,
described by the usual vacuum propagators, in this calculation.

The non-interacting spin % baryon propagator corresponding

to a finite density T = 0 system is

Spp,qp) = BN {1;"F(p? ‘ EF(p) - }, (2.5)

P P -Egtie  p -Eg-de  p ¢Bj-de
where nF(S) is the T=0 Fermi distribution step-function, and
all other variables have their usual meaning.7 The number of
baryons N in a system of volume V is related to the Feiml wave
vector by

322NV = qé. (2.6)

Standard perturbation theory applied to a model of this
kind leads to baryon self-energy diagrams such as those shown
in Figure 1. Tadpole diagrams (Fig. la) vanish identically
for the exchanged mesons discussed above, since a non-vacuum-
valued quantum number is carried by each. To lowest order, the
self-energy contains only bubble diagrams and GéB)(p,qF) will

be given by9
(32 @, - mgrr® .00 6P tpaap =1 2.7)

where t(B) and E(B) contain a contribution from each of the
exchanged mesons. In each of these self-energies we can
uniquely separate out a finite density dependent part:

1P a0 = 5P 00 + 2P 0, (2.8)

t® a0 =ns, Peh P, 2.9

The terms S1 and S2 represent the elementary particle self-
energy which survives at zero baryon density. These terms are
divergent, and are renormalized by subtraction to the baryon
physical mass. Although S1 and S2 are not explicitly den-
sity dependent, there is an implicit dependence, since they
are sensitive to the value of p2 which is driven off the mass

shell by the density effects.



The excitation energies and chemical potentials of the
baryons may be obtained from the poles of G%B)(p,qp). In the
interest of simplicity let us discuss the exchange of only one

meson, We find that

N(p,qg)
(B) - F'ag
GFQB (psap) B g (2.10)

where the denominator is given by
o0 o 20 2
Dlp,ag) = {p (1-S,(p")) - zg(p.qp)}

- 2 2 2
- {I§C2-5,(p" M-z (p,ap) P-tmy (145, (9%)) 42, (P qp) Vo (2.11)
The term z; represents the 3-vector magnitude of E?(u=l,2,3).
The excitation energies p0 = po(qF,p) are obtained as solu-

tions of
0 ~
PP~ ,p,ag) = 0, (2.12)

and the chemical potential (equal to the Fermi energy at
T =0) is given by
u(g.1 = poﬂﬁl gl LR (2.13)
The solutions of (2.,12) for pseudoscalar, scalar, and
vector mesons have been investigated numerically for densities

< (qF/mB ~1). Low density expansicns have also been made

for the region qF/mB <<1, We find generally that (a) the

10

terms Si(pz) are sensitive to deviations away from mass shell;
0 _v

(b) z, I. and I, though strongly density dependent, beat

against one another in such a way that their leading order

contributions cancel.

For the dominant exchanges of » and p we found several
additional features. For some range of the renormalized
coupling constant B.nn & ghost develops and solitiors to (2.12)
are not found for real values of po. For sufficiently weak
coupling solutions are foun. in the density range considered
(0.05 < qF/mN < 1,0). The leading order terms in the =«
exchange model yield attractive nucleon-nucleon interactions.
However, these terms cancel in (2.12), and the next order
terms correspond to an effective increase in the value of
po. In fact the chemical potential y is greater than that
of a free gas at the same density.]D Analysis of o exchange
leads to much the same conclusion: Leading order effects
tend to cancel, and higher order terms yield a chemical
potential for vector exchange which lies below a free gas,
which is the opposite of the expected result of repulsion.

A model based on Born terms is clearly inadequate. At
the very least we should retain terms representing fourth
order processes (Figure 1c-1d) in a calculation of the

Green's functions. Analysis of these terms for baryons
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shows that they have leading order density dependence propo:tional to
barvon number density. Furthermore in the density range
of interest the dominant term in each is, to within a density
independent factor, the samc as the tadpole term (Figure la).
In fact the finite Nth order contribution should also show a
density dependence at most proportional to q: in this range.

These observations suggest that expansion in powers of
the renormalized coupling constants should be replaced by
an expansion in density as illustrated schematically in
Figure le. The first term in this series is just the tadpole
graph which was discarded previously. Moreeover, this
simple term is proportional to the leading order corrections
from the higher order cxpressions in Figure le. Thus we
approximate the interactions Jdue to meson exchange in super-
dens; matter by expressions proportional to the primitive
tadpele diagram represented in Figure la. The constants
of proportionality may be determined phenomenologically.
Since we trcat only spin % barvons the only phenomenological
fields of interest are the scalar and vector fields.

hhen the self-cnergy corresponding to Figure la is
examined for these cases it is found to be repulsive feor
vecter exchange. Scalar exchange produces attraction in the

lower density region, but becomes repulsive at larger densities.

12

The system treated in this fashion thus enjoys al] the ex-
pected behavior for the exchanges studied, and does not
suffer from the difficulties of nearby ghost states with

their associated anomalous properties.
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I11I. Phenomenological Model

The analysis of the previous section suggests that we
consider as a model of the strong interactions in superdense
matter the baryons coupled via a vector and a scalar field
which have vacuum quantum numbers. A universal SU{3) symmetric
coupling will be assumed. The effective lagrangian density

thea has the form

L{x)

v

% Vg (x) (43-my) ¢y (x)
- gigssg(x>w8(x)es(x)~gv€g(x)wueacx)¢3(x1x

+ %3 05(x) 2”05 () - 705 (073 A" (X)F(0)

+

2.V
e (x) 6y (x) (3.1)
where
FY(x) = atey(x)-2%elix). (3.2)

The counter terms have been dropped since all expressions
to be considerzd below are finite, Accordingly we under-
stand mp to represent the baryon physical masses.

A more appropriate effective lagrangian,which is con-

sistent with our earlier statements about the non-cobservabi-

lity of the meson degrees of freedom, should contain only

14

baryon fields. A non-local lagrangian, equivalent to the

above, is

L(x) = § % (x)(if-mg) vg(x)
B
R LGACIRORCLIMOIMG

* faeg iy 00y, vy (08 (x-€) Ty, (B, 9. (2 ). (3.3
The &'s appearing in (3.3) are the time symmetric vacuum two-
point functions for phcnomenological scalar and vector fields.
We thus retain the role of the mesons as mediating the inter-
actions without allowing their presence as physical particles.ll
Functional variaticn of the thermodynamic average of this
lagrargian viclds the cquations of motion for the baryon

Green's functions. These ave

(il-ma)G;a‘(x-x‘) r -&(x-x")
Y gi d‘ga(x—q)cgsa')(xt.X'E-)
Bl

z v (BB* -
-1 Sifédié'v(x-i)\’cé B") (xeg,x¢ Y,  (3.3)
B* .
where we have defined the four-point function by

cB By ey 2t (X)eg V)0, (VDT (Xx'1>, (3.5)
M (AW aa'y") 1 (17 <Teg(x)y S ¥ ivg » £

B( .
and the notation £ signifies that the time componcat is

infinite~irally earlier than ¢£.
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The Hartree-Fock approximation to (3.4) results if we

set
BB’ '
oy xtyn) = 68 a1 N iyey

(B*)

6P ey B yexegy, . (5.6)

The notation in the last term reflects the fact that the
two-point functions are diagoral in baryon index. This term
leads to self-energy contributions like the bubble diagram
shown in Figure 1b, while the first term leads to tadpole
diagrams (Figure 1a). Motivated by the discussion of the
previous section, we retain the first or Hartree term in (3.6),
since it represents the leading order correction in powers of

the density. The resulting equations of motion become

(iﬂ-mB)G}(,B)(x-x') = -&(x-x")
‘1, te2 fa%en x-36{P Vg5 ")

+ gefaten o0t u P (e )y 16 (xex). (3.7

A substantial .implification results if we consider (3.7) in
momentum space. Using

B) () = [ LD -ip (x-x") (B

6P xxry = [ L2 Sl I )

-W

and

8(x-x") —f(;‘ )k 2 (3.9)

16

for the scalar and vector propagators, it immediately follows

that

(?'mB)GéB)(P,QFB:un) =1

2 Al
* dim B‘; g /v Zf———"»— 1q "u{C(B ) (a,a51595,)] (5.10)

RV fa'—;L lqn'{*o S )(q,qFB,,qu‘c‘ )(p’qFB’qF )

The factors -u;? and -u;? are the k2 = 0 scalar and vector
propagators, and the traces over GgB') and vy G(B ) have been
shown explicitly. The factors eiq " specify the integration
contour in the q0 plane, and result from the temporal con-
straint on £ in (3.7). The density dependence of G )(p,qFB,un)
has been explicitly exhibited. It should be emphasized that
cach baryon Green's function depends on its density g

and, through the interactions,on the density of all other
baryons actually present in the system. The latter are
collectively denoted by qpa. The terms in brackets are the vec-

tor and scalar self-energies, which we denote by

-
4

"R
(B8 L 38 i g iq "nL(B Yal, oy
Eo n+0"* 2")
and

l 7
N IS

rB8 - i —‘1— “"ltr[0 @] - Gan

wi ns0*d (2m)
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In terms of zgsg]and zgasqthe Gre-n's functions are given

by

(8 -mB-g'(ngB')+v°z$BB")}céa)(p) =1. (3.13)

The last cquation may be inverted directly to obtain

0.0 _(B). -~ =~ (B)
6B ) - g X TP (3.14)
2 .
F Ipo-zg,B)Jz-pz-[mBngB)}“

L
where the obvious notation r(%) = I £(BB') 125 been used for
B! .
scalar and vector self-energies of the baryon B, and explicit

dependence on all baryon densities has been dropped for no-

tational simplicity. The finite density boundary conditions7

are introduced through (2.5) and Dyson’s equation
r
6@ = sP@esP BB, ¢as

Denoting the excitation energy and effective mass for-each

baryon by
>y Z z L
Ey(P) = [pTem 5l (3.16)
Mg g = mB+;g5’, (3.17)
the finite density baryon Green's functions are
0 B - > B) -
By (rg-2V1-7-p-m o 1-n{% ()
2 T U NN
F &® KIS Ty
2@
I 1 (3.18)

. :
g AR A TR
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The z2ro temperature distribution functions and the Fermi

wave vector of the baryon B are defined according to
(B)
n = -
p (P) = 8lag 4-p) (3.19)
3 2
= 3TN /V . 3.20
I s/ (3.20)
The total number of baryons in the system is given by
N =
No= LN (3.21)
We observe that the three terms in the propagator (2.18)
correspond to: (1) pesitive energy excitations above

the filled Fermi sea; (2) positive energy excitations below

the Fermi sea (holes); (3) and negative energy excitations.

The ground state is devoid of physical anti-particles, although

they may contribute through virtual states.

The baryon number and proper number densities a(®) and

7(B} 4efined by

a® e = i din e %6 ()52 2)

x'-x+0
and
—~( - .
n‘m = g, {(X)u,(x)> = -4 1lim tr G[B)(x-x'}
AR : F
X'oxe+0
a ip? (8)
= Ctim [ S22 eP T e 6 MV (py (3.23)

n-+0 (3'7)4
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are related to zén) and Zéa)through the GgB) as in (3.11)

and (3.12):

2

(BR") Ev (B!
ZV = - '_Z’“ ) y (3.2“)
Yy

2
= B, (3.25)

and

(BR")
ES 3
Vs

Through é%(p) and m, g» as given in (3.16) - (3.17) the n

and n are themselves functions of the t's.
In evaluating (3.11) and (3.12) we have dropped infinite
terms which arise from the number densityof filled negative
cnergy states. The appearance of these terms is a direct
consequence of the form of our lagrangian, and may be climinated
at the outset in cither of two ways: (1) by normal ordering
the lagrangian; or (2) by defining the physical number den-
sities as the difference between n or n and the corresponding
quantity at zero density. In either case we find the
appropriate prcscriprion— in place of (3.11) or (3.12) is
to replace the factor eipon by (eip0"+e'ip0")/2.
The solutions for the Gieen's functions will be complete
if they are required to self-consistently reproduce the n(P)

—(B : - - . ca s .
and n( ). Using (5.18} in (5.22},it immediately follows that

B 3 2
SR U /37 (3.26)
y

20

This is ideatical to i{3.20) and shows that the number density
of each species is antomatically self-consistent, Thus (3,23}
is a trivial constraint and simply scrves to define qF,B' The
proper number deasities (3.13) !'vad to the consistency cen-

dition

e
E(B) - f"',ﬂ P dp TO B
0 -G

< &
n Gp. ot &
B 2 'F,B ©F
= zcz :d':'B&:,B'm(\ B “1]—‘}—"'—(5‘-“5'} . (3.27}
7 L Me .8

: . . ~{Bj .
To complete the solution we require tihat n( J (or cquivalently

2, 2.—(B) . .
= - 7y v D C é
mc‘R My ‘gg~“5)“ ) be given by this transcendental

algebraic cquation. 1t is casily shown that in the fow deasity

=(8) (B)

limit (qF/mBoO) LI approaches ng and n approaches n
’

The consequences of (3.27) arve significant: in the high

: . . B
density himit (q$ B/mR + =) the number density n' bl =, low-
’

ever, the only consistent solutivn of (3.27) in this limit is
mog " 0. It will be observed that this does not occur in
’
R . 2 .
the absence of the sclf-consistency requlzcmcn:,l since then
~(B) s asvmntorically as a- . Beecanse 708 o oy ;
n goes asvmptotically as Q- Because n is proportionatl

to Z_ and enters only as a correction to the physical mass,
S

we may interpret (3.27) as a sclf-ceonsistency conditen on

the cffective masses m .
e,k



For a system comprised of N different types of baryons
there will be N conditions of the form (3.27). Each is an

explicit function of one baryon mass n and an implicit

e, B’
function of all others. Equations (3.27) therefore represent
a set of coupled transccendental equations for the me,B’
The relative simplicity of (3.27) is dependent on the fact
that in this model both seif-energies zg and 25 are independent
of external momentum. Generally speaking they could contain
explicit dependence on the baryon four-momentum. The self-con-
sistency conditions would then be replaced by a coupled set of
transcendental integral equations whose solution would be
extremely difficult,even by numerical means.

We conclude this ssction by emphasizing that the results
above are fully relativistic,as regards both finite density

and strong interaction effects, and treat the baryon physical

Jdegrees of freedom consistently throughout.

IV. Equations of State

The formal Green's function appreach developed in the
previousisection will be used below to study the bulk pro-
perties of a system of superdense matter, To this end we
review the physical information contained in the baryon
Green's functions. We then fit the parameters of our model

to nuclear matter.

A. Physical Information Contained in GéBtgl

Inspection of (3.18) shows that the excitation energies

of the system as given by the poles of G;B)(p) are

é‘;(‘;?) = z‘EB) +V£Z+me2,3 . (4.1)

Since the self-energies are real, the excitations have an
infinite lifetime, and represent eigenstates of the effective
hamiltonian obtained from [3.3) trcated in the Hartree approxi-

mation. In accordance with (2.13) the chemical potentials of

the baryons are given by

(B) _ _(B) 2 2
s Ty YR EB e, (4.2)

The chemical potentials determine the equilibrium concentrations

for the baryons in the system.

B. Bulk Properties Determined by GEB)(E)

. . ez B
We have already discussed the number densities n( ) and



23 24

B .o determined by (3.22) and (3.23). The chemical carried out analytically. Equation (4.32) requires that

. (B) reen * i
potential (4.2} and n(B) constitute N-2 of the N equations me,B be known for each value of v - The Green's function

of state needed for a complete thermodynamic description is given by (3.18), so that (4.3b) yields

of the system, Of the remaining two, the temperature is 3
p(B) _ ,[d°p n(B) (p\,, gy (B)f p_ (B) )
trivial: T = 0. The final equation of state is given by (2r )3(f§(P)
the pressure, ,
g” 3
s By d’p (B)
F B B -=>n (pl
Ty AL e “: s
dag 5 'F,B
2 2 q
g 2 2 F 4
_ v (B) s —(B) 1 p_dp
= -4 lim, Z/:'lu(B)f—-p— ip’n triy G(B)(p)} (4.3a) 3 n e * 3 2{ 3
n-»O B (2n) UV Zus m "P“"'me 5
The summation includes only those baryons actually present 2 ”
g 2 8. _cpy2
in the system at a given density. Equation (4.3a) involves = %[;(B)'mes H(Bﬂ + ——% n(B) - % —% ﬂ(B) » (1.4)
» 3u "
an integration over densities, through u(B), which is not v s
(B)

where ¢ is defined below. Equation (3.27) has been used to

always convenient. An alternate expression for P which

eB H(B)/3. A term corresponding to the

infinite pressure of the filled negative energy states is

involves integration over momenta follows from the stress introduce the term m
2nergy tensor. As shown in Appendix A, the total baryon

pressure is included in (4.3b), but is casily removed by the method described

p= L. t?ii|¢ >=T p(B) in SectionIIl, The result,equation (4.4), is finite.
All of the equations of state are now known, at least
= -4 1im ./~ E LP ng tr(~y p+2( )*YORfB)} GéB)(p). in principle, and the thermodynamic potentials could be found.
+0" 2n B
n ( ) However it is more direct to proceed with the Green's functions.
{4.3b) The thermodynamic potential which we need to complete our
(B)

When using (4.3b) the effective mass entering through Gy analysis is the ground state energy density, which is just the

and X( ) is constant so that the momentum integrals may be
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expectation value of the hamiltonian. We show in Appendix

A that the ground state energy is giver by

€ = <¢d'yﬂ90> = ]Z; e(B) (4.5a)

. 4 .0
.2 limf—é-% P tr1(y’py+y-Bemy)6{P (p) 1.(4.50)
Z 0¥ 2m) 3] Cr

In addition to the physically occupied positive energy

states, the equations above contain contributions from all

filled negative energy states, and these are removed as before,

Notice that the physical mass my enters in the trace in

(4.b).

The last equation may be applied directly to GéB)(p),

and leads to

(8) a®p “EB)“’) 0.0 _(B)
M - f 3 & m P

(Zm)
2
* P Mg M gl
J%n B e 2 % 3" & 5
RN T T s e, TR
6w 45" 3 L] > e’B
L 3 2 'f;ﬁ %8 &
' 4—,2{%»3@,13 © e g qF,BgF,B' i I ) } (4.6)
e,

An alternate expression for the pressure,which follows from

the first law of thermodynamics,uses the ground state energy density

and is ,
P = n° ﬁiﬁlﬂl . (4.7}

an

Finally consider the speed of sound (A defined thermo-

dynamically by the derivative at constant entropy
v2 = (aP/2e) (4.8)
s 5

for a system consisting of one baryonic species. Then P and
¢ are functions of > and

2 n du/qu

3P € .
v = (55;951(53;05 = ;—35735;, (+.9)

as follows from (4.3a2) and the definition of the chemical

potential p = (as/an)s. Equations (4.2), (2.6), the self-consis-

tency relation (3.27) for m, and straightforward algebra

leads to the following expression for the adiabatic speed

of sound:
2 3 2 23
L BN
@773 7728 B
2 1 Yy ¥ bs "%
v, = ¢ (1.10)
q + m + _X_LF_
F e 1“2 2
v 3=
m_ £ q.* &
A=l —SF|-E F{ (4.1
qF €
2 3
g. m.q
R R (3.12)
Pg ¥ mBéaF
In the high density limit we find that A and ® -~ 1,
and consequently
. 2 - 1 P
1im VS = 1. {(3.13}
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Inspection of (4.13) shows that this is in fact just the
asymptotic sound spced for a pure vector coupling B = 0. The
scalar coupling (gv = 0) would yield an asymptotic sound speed
vi + 1/3 equivalent to a relativistic free gas. It is notable
that without the self-consistency imposed on me by (3.27),
the scalar and the vector coupling would separately have the
same limit (4.13). The 1limit (4.13) is significant since it
shows that a consistent treatment based on Lorentz invariant
nonlocal interactions at the lagrangian level automatically

vields results consistent with macroscopic causality.

C. Nuclear Matter

Our model contains four quantities Bg> By gs Uy, which
hzve vet to be specified. Inspection of (3.10) shows that

these enter as the pairs gi/ui and gﬁ/ui so that we actually
are dealing with only two adjustable parameters. The model

has a simple physical interpretation. If ug < owy the scalar
attraction will dominate at relatively low densities with the
vector repulsion becoming important at higher densities. We

fix the two parameters in our theory by requiring that a

system with equal numbers of protons and neutrons be bound at nuclear

s g - - -1 . s as _
densities (q};n-qF,p- 1.42fm 7) with binding energy EB =
-15.75 MeV per nuclecon. Denote the total energy density by

n . n p
€ = & *5p, the nucleon number density by n = n +n ,and assume

a baryon mass m, = 939.0MeV. Then (4.6) ard

B
€ -nmy
B " n

E (3.18)

22

yield a binding energy of -15.74 MeV for gi/mg/usw

22,22

27.04 and g mp/u n” =19.83. Our modelis completely specified by the

requirement that it satisfactorily describe nuclear matter.

In this context we then realize that the intrinsic limits

on this nodel stem from the uncertainties as to what consti-
tutes nuclear matter. The sensitivity of the fit is discussed
in Section VIII.

The energy density (4.6) for nucleons is identical with
a result obtained by Walecka through an entirely different
approach.8 We remark that his fit to nuclear matter and
ours are the same. A thorough comparison of the model's pre-
dicted properties (binding energy, effective mass, syvmmetry
energy, etc.}) with those obtained by other methods is given
by Chin and \\'aleckz\.13 As stressed there, agreement with
phenomenological parameters is quite good.

It may appear surprising that a model as simple as one
based on scalar and vector exchange should be in such close
agreement with data on nuclear matter and nuclei. However, in
view of our earlier remarhs motivating the expansion in Jden-

sity we see that it should contain the essential physics of
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superdense matter. Further refincments of the approximations
are possible, but are not expected to have a dramatic effect on
the equation of state, at least as regards normal Fermi fluids.
With this groundwork for the development of the model,we feel
that we are in a position to proceed to numerical values for
superdense matter with the assurance that these results are

firmly based on a strong theoreticzl relatively model inde-

pendent foundation,

V. Bulk Propertics of Superdensc Matter

The results of the last section will be applied to
determine the equations of state for the T = 0 system of
leptons and baryons given in Table 1. This is accomplished
in two stages. First,baryon chemical potentials are found
from (4.2) and (3.27). Chemical equilibrium conditions
then determine the densities at which each hyperon species
appears in the system. Having found the constituents as a func-
tion of total baryon number density, we construct the ground
state energy density and pressure equations of state from

(4.7) and (4.6).

A. Composition of Superdense Matter

The particles given ir Table 1 selected as the constituents
for our model are the lowest mass spin % baryons known. Prob-
ably the only serious omission in this set is the 47, which
because of its low mass and negative charge would be expected
to enter between the AO and 20.14 The inclusion of spin 3/2
particles would require straightforward but significant
modification to the approach discussed here. An estimate
of the effect of these missing constituents is given with
our numerical results. Our equation of state yields matter

s 7 . .
atlow densities ¢ < 1.x 10 g/cm3 vhich consists of nearly

free protons and electrons. As the density increases it



bevomes encryetically favorable for protons to undergo e~ note that the intcracting baryvons enter in the same order as

vapture, wiih the simultancous appearance of a non-zero den- they would in a free hyperon gas. The number density of each

sity of ncutrons. At higher densities these weak interactions species is shown in Figure 3 as a function of the total
result in hvperon production (hvperonization). The basic baryon number density, and the effective masses for selected
pracesses involved at T = 0 for an equilibrium ground state baryons are shown in Figure 4.
may be written as
B. Pressure and Energy Density
- — *
Ble ,uc)B' and B(ve,c )B* (5.1)

The ground state energy density is obtained from (1.6).
with B and #° zuitably chosen members of the first baryon A particular baryon will contribute a term E(B) to the total
ectet,  Since the decays (5.1) are weak, the total electric ground state energy only when the number density n causes
c¢harge Q and baryon numher are conserved, and the change the chemical potential u(B) to exceed its production thres-
in charge and strangeness S of the baryvons satisfies 4S = 2Q. hold. Once the total ground state energy demsity € = T c(B)

The cheaical potentials of the constituent baryons B
v Y has been found as a function of n, the pressure is obtained
feteraine the equilibri omposition. i
wes equil um composition In this sense from (4.7} by numerical differentiation. Alternately (4.4)
the % act a» particle production thresholds. This has been and the self-consistency condition (3.27) may be used. The
thovoughly discussed in the literature ® The equilibrium first approach is numerically the simplest and has been fol
vetditions en the «’s which follow from (5.1) are given by lowed here. Representative values of ¢, P and n are pre
. » ~
Rr%arlsua?uu}ﬁ Two dominant mechanisms determine the den- . .- -
sented in Table 2 and Figure S. For energy densities
s1lies at which various barvons appcar. The effective masses, 13.40 < log ¢ < 14.11 the slope of P(e) is negative, and for
. < hll . > e,
w«hich decrease with increasing density, tend to depress the 13.64 < log 14.23  the system pressure in negative
. € < . Sy i ‘e .
threshold of cach harvonic species. Due to the presence of
! P v Throughout this density interval the system contains no hyperons.
¢  in the >y~tem, the chemical cquilibrium conditions ha h - :
) ’ 4 ns ve the The dip in pressure indicates that the system possesses two
eprpinile vffects on the positively charged baryons, Table 1} .
‘ i i T hases. e sS E vhi
i . ) . e different phases. The pressure PC at which the phase
susmurile- the order in which the haryvons appear. T} i s . .
TaE ppe 1e chemical transition occurs is determined by the usual Maxwell con-

potentials for individual species arc shown in Figure 2. We . :
struction. PC may be found by two equivalent means, as
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illustrated in Figure é, which shows P vs. 1/n_ and u(“) vs. P,

In terms of the specific volume 1/n, Pc is determined by the re-

quirement that the integrals fP d(1/n) from a to b and from
b to ¢ along the curve P(1/n) be equal (the region P < 0 is
to be included). Alternately, Pc may be found as the

point where the curve for the baryon chemical potential u(P)

intersects itself as shown in Figure 8b. For present purposes

1 (P) may be replaced by u(n)(P) in determining P_. Since
the relative concentration of protoms is small, this leads

to negligible erroru17We have calculated Pc both ways and

find by each method log Pc = 30.336. The phase transition

occurs over the density range 3,44 x 1012

The bulk modulus of the fluid in each phase is proportional

to the slope of P(c). According to the standard convention

the high density phase will be called a liquid while the lower

phase will be called a gas. A detailed discussion of the
ordering properties of the fluid in each of these phases is

outside the scope of the present investigation. Therefore

we will retain the simple classifications above for each fluid

phase.
At low densities the equation of state approaches a
free gas. The attractive interactions dominate above the

transition region until ¢ = 1.82 x 1014g/cm3, at which point

< e < 1,72 x 1014g/cm3.
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repulsive effects become significant. At higher densities

repulsion dominates, and asymptotically P -+ ¢ as discussed

previously. Hyperonization sets in at the £  threshold,which

for ¢ = 4.23 x 1014 g/cm3; the last hyperon in the

occurs

5 3
octet appears when ¢x 2.14 xlol g/cm”.
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Vi, Finite Temperature Corrections

Matter inside neutron stars will not be in its ground
state during the initial formation process. Current evolu-
tionary models suggest that the dense core will cool rapidly.
Except for a short period following collapse the matter will
be at nearly :cero temperature}8 It is therefore reasonable
to assume that such systems will have temperatures satisfying
KT << y (where u is the baryon chemical potential) when den-
sities 2 ¢,. We present below the lowest order temperature
corrections to our model, restricting attention to a sirgle
component system, The inclusion of additional components
offers no formal obstacles and may be achieved by a straight-
forward extension of the methed discussed below. The expansions
about T = 0 used below do not limit the relativistic nature of
the interactions or the kinematics of the system. Our results
therefore represent temperature corrections to a fully
reletivistic system.

The finite temperature of the system will be incorporated
as houndary conditions on the fermion Green's functions which
feilon from the effective lagrangian (3.3). As a result of
finite temperatures, fermions will not be restricted to their
lewe<t possible cnergy states. Instead they will occur in

s 0 . - .
the chergy state p with probability of occupancy given

0., 1
nF(p ,3) = ;ETSUTET:; . (6.1)

The finite temperature Green's function for fermions is thus
given by [2.5) withIIF[p) replaced by (6.1).

This method of introducing boundary conditions is com-
pletely equivalent, at least for low temperatures, to the
one employed by Bowers and Zimmerman in terms of the elementary
lagrangian (2.1) and the Green's functions. The latter
quantities contain suitably defined thermodynamic averages,
a specific representation of which has already been discussed.
The same thermodynamic averages for fermions are used here.
The chemical potential u entetring through (6.1) is a function
of temperature T = (ek)’1 vhere k is Boltzmann's constant,

and is determined by the number density through

n o= ZfﬁgnF(E,s). (6.2
{(27)

The analysis of Section 4 is applicable to finite temperature
systems if (6.1) is used. In particular the Green's function
follows from (3.18) if nF(p) is replaced with (6.1). Note now

that ts and :v will depend on 8, Eqn. (3.22) now gives

3
n = {/%%:?g {exp 8fz + &p,5)-u] + 1}-1- (6.3)



while the proper number density is, from (3.23)

Rge) f-——L 2 exp 8tz EGue)-ul + 1

(23

-1
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(6.4)

- 2 _
where ac(s) = oy - (g;/u;)n(ﬂ) and ng is the baryon

physical mass. Ar T s D m{=) and 4?(;,-) reduce to (3.16) -
{3.17).

The last cquation represents the finite temperature

self-consistency condition and reduces to (3.27) at T = 0.

Equation (6.3) defines u.

v

-

Since the two sclf-energics zv and

are ecach functions of n and n, we sec that the latter are

now coupled.

nuserically.

degeneracy), and expand about the T = 0 solutions.l9

=make the change of variable p ~V62-n: and define

b 4

1 J(x*ﬂu -8Z )Z-mzsz
B — e5y=-8L )
n 3 :f(! Su-8 v
372"

In general integrals over np(ﬁ,a) must he evaiuated

é(IVOé?-u) we obtain

e

However we shall assume that KT << y (semi-

If we

(6.5)

where o = Stm * T.-v). We shall assume that a < O,as is

true st T = 0,

a

-» 33 T - 0, and n may be expanded about T = 0.

As long as this condition is satisfied,

Retaining

lowest order terms we find that

3/2
((u-z)2-n) / 2¢u-z )%- mz

ne s ¥ e . qwni. (6.6)
2

2
3= 6V(u -E )2 m,

Proceeding in similar fashion, the proper number density

may be expressed as

2 22
m o af(x+Bp-8: )"-8"m
- [ v [543 -
= 2/ - dx (6.7
"8 a e +1

which is, to lowest order in the temperature,

me(u-tv)

El]
!

(u-tv)z-

v e
m, '

me(u-th

(kT)2 . (6.8)
(u~2v]z-m

Although m, and p are functions of temperature, their T = 0

values are to be used in the last term of (6.7) and (6.8).

The latter equations may be used to show that to lowest order

in T,

u(8) = u(=) + As~ (6 .93

n(8) = m (=} + Bs". (6.10)
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Substituting (6.9 - 6.10) into (6.6) and retaining lowest

order terms leads to the following relation between A and B:

2,,.2. 2
L (ZqF’me)

m
A= 'e—‘B.

(6.11)
éF qu &

We then substitute (6.9 - 6.10) into (6.8), use (6.11) to

simplify the result and find, to lowest order in T,

2 2
‘. (gslﬁus)mef(qF)
2 ’ .12
gi Zmeq 2 At & (6 :
1+ 53 é;:qFf»T-Sm;ln Er—
2n g F e
where

f(ap) = 1+ mi/2a; . (6.13)

All quantities appearing in (6.11 - 6.13) arc evaluated at
T =0, and are thus known.

The analysis above shows that the vector coupling does
not effect the lowtemperature corrections to m, or tou.
¥e also see that the temperature dependence of n, results
entirely from the scalar coupling, and that me(s) =mg if
B, ™ 0. When g = 0, B =0 and (6.11) equals the coefficient
of the lowest order temperature correction to the chemical
potential of a free rvelativistic gas of fermions.lg We thus

see that the vector coupling has no effect on the chemical

potential to lowest order in T.
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Next consider the high density limit of B and A. Re-

calling that me(w)~0 and u(n)»qF, in this limit we find

2.-2
lim  m,(3) = @ (a) {1+ = 83 (6.19)
qFlImﬁw 3qF
2 -2
Iin  W(3 = u(") - -igii—- . (6.15)
/e B3
g

For fixed Ap> finite temperature corrections tend to increase

m , but the coefficient of 8-2 tends to zero with increasing
Qg+ Equation (6.15; shows that the temperature dependence at
high density is independent of the interactions; the latter
enters only through u(e).

Once me is known at T = 0, the coefficients A and B
may be found at each value of - Table 3 gives these for

a system of neutrons in our model.
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VII. Neutron Stars

The T=0 equations of state discussed in Section V have
been used to construct model neutron stars. We present masses,
radii and moments of inertia for slowly rotating neutron stars
based on gur model, and compare these with current models.

The method of constructing fully relativistic, slowly
rotating neutron stars at zero temperature is well known. This
procedure, including a detailed discussion of the numerical
program, has been reviewed by Arnett and Bowers.2 The essential
steps avre the following: Einstein's equations for a stationary
axially symmetric rigidly rotating medium are expanded about
the non-rotating solutionfm The star’s angular velocity is
assumed to be 0 << 2. = (MG/stg. Expansions in (n/nc)
ave obtained for the moment of irertia I, the gravitational mass
"G’ and the mass MA z mAN where m, is the atomic mass
unit based on CIz and N is the proper baryon number.21 To
within limits set by the uncertainty ip any recently con-
structed equations of state, including the present model,
the corrections to ”G and MA resulting from rotation are not
significant, at least for values of the angular velocity ¢
3s presently observed in pulsars. For the pulsar in the

crab nebula nc is approximately 200 sec 1. 1he moment of

rab
inertia, however, does contiin terms proportional to n/nc

which have been retained.
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Model neutron stars based on other published equations of
state have been surveyed.2 The numerical structure program employed
here is the same as that used by Arnett and Bowers. Thus
our results may be compared directly with the other models as
reported there.

In order to construct neutron star models an equation of

state is needed which covers the density range €y 2€ € Epovs

5 . 108/

where €max is generally expected to be in the range 101
The surface density € has been taken as 7.86g/cm3 {the T=0 den-
sity of Fe56). Qur equation of state could be used throughout
the density range above. However, the properties of low
density cold catalyzed matter in neutron stars are well under-
stood. According to current theories, as summarized in Table 4,
the least reasonable equation of state at low densities is
that of a gas. Therefore we patch to more nearly realistic
low density models below the phase transition. Specifically,
the results of Baym, Pethick and Sutherland22 (BPS) have been
used for ¢ < 220 xlO12 g/cm3. For densities € > 1.72 x loug/cm3
our results have been used.

Selected neutron stars are given in Table 5. Each is
parameterized by its central demsity e . The mass M. is
shown in Figure 7 along with models based on the equations

of state of Pandharipande23 and Cameron, Cohen, Langer, and
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Rosen (CCLR).IS The latter treat the interactions non-rela-
tivistically. Figure 8 gives MA as a function of ¢_ for the
same equations of state. The horizontal mark in Figure 7
gives MG corresponding to MA = 1.41Me, and represents the
mass of a supernova remnant favored by present evolutionary
studies.s’S Stable neutron stars are those for which dM/dcc >

for both M\ and MG. Configurations beyond the mass peak are
4

gravitationally unstable and are expected to bacome black

holes.18

The maximum stable mass at T;O has, according to our
model, a gravitational mass MG = Z.39M9 and MA = 2.89M0, and
a central density € = 2.00 = lolsg/rns, This represents an
increase of as much as 60% over values recently reported in
the literature. If supernova remnants are in fact limited

to masses M, lving in a narrow range about 1.41M6, then the

A
increased maximum mass is expected to have a dramatic effect
on the predicted ratio of neutron stars to black holes pro-
duced by supernova. In essence our increased Mmax implies
that few black holes would be expected to result directly from
the late cvolutionary stages of isolated stars, and it may

reduce thc number of neutron stars in close binary systems

which become biack holes as a result of mass transfer,
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Examination of M and R for models in Table 5 shows an
interesting feature. As the mass decreases, the model radius
R increases until the average density of the star falls below
e~ 8 = loldg/cms. It then decreases with decreasing M until
the average ¢ enters the phase transition region. For
€ ¢ 2.2 x lolzg/cm3 we again find that R increases as M de-
creases until the mass minimum is reached. The interval-
dM/dR > 0 corresponds to the region where the bulk
modulus is large due to the steep slope of the P vs. ¢
curve. In fact the star distributes mass in this region as
if it were nearly incompressible, the added matter primarily
extending the surface while having a small effect on the
central density.

Representative energy density profiles are shown in
Figure 9. Also shown are mass fractions for selected models,
Of the top three curves, the middle one corresponds to Mmax'
In these models more than 95% of the stellar matter is at
densities greater than nuclear, corresponding to the highly
incompressible fluid phase. For this reason the phase transi-
tion and the low density portions of P(e) have little effect
on the structure. The density profiles are nearly flat out to
r = R and then drop nearly vertically to e = ey The lower three
curves correspond to models which do feel the phase transition,

and are sensitive to the equation of state at low densities. The
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profiles are remarkably flat up to the phase transition, drop
rapidly through this region, and then develop a low density
envelope which balloons to large radii. The latter is due to
the BPS equation of state. The sharp fall off in density makes
it possible to clearly distinguish the inner core with
e > 1,7 x 1014g/cm3 from the envelope for which ¢ < 2.2 x
lolzg/cm3 . The high density portion of the profiles are
extremely flat out to the transition region, and account
for nearly all of the mass of the star.

Moments of inertia have also been calculated for the
neutron stars in Table 5. We find that the maximum moment

3

of inertia occurs at %:ofl.s x lolsg/cm , and has the value

Imax = 313 x 1045g—cm2. Furthermore, stable models with
masses in the range M > 1Me have moments of inertia greater
than 1045g—cm2. The maximum moment of inertia occurs at
lower density than Mmax as shown in Figure 10. Also shown
are moments of inertia based on the non-relativistic equations
of state of Pandharipande and of CCLR.

The two dashed horizontal lines in Figure 10 represent
the region in which Trimble and Rees24 place the lower bound
on the moment of inertia for the pulsar in the crab nebula.

Their estimate is based on the nebula's luminosity. Considera-

2
tions of additional observational data®® suggest that the lower
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bound may approach 1045g—cm2, in which case most neutron

star models based on non-relativistic equations of state could be

ruled aut since they tend to yield Imax < lodsg-cmz. In fact
the relatively high values of I for our model appear to be
favored by estimates based on current observational data,

Our equation of state contains several features which
bear directly on the internal structure cf neutron stars.
One is the clear distinct.on between the core and the crust.
This follows from the essentially discontinuous change in
d«nsity at the phase transition, which occurs over nearly
two order of magnitude in density and at a pressure which
corresponds closely with the pressure associated with neutron
drip. In our model the phase transition is clearly identified
with the formation of nuclear matter -- a highly incompressible
fluid -- and therefore changes the usual mechanism for the
smaller phase transition known as neutron drip. In our case
the lattice of nuclear clusters is no longer viewed as vapor-
izing into a nucleon gas phase, but directly dissolving into
the nuclear fluid as density increases. This direct, single
transition from crystallized nuclear clusters into nuclear
fluid provides a marked distinction between the low density
matter in the envelope and the high density core. The develop-

ment of an outer phase is thus a natural consequence of the
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physics of the core. This modified picture of neutron star
structure wiil have far ranging consequences for such
phenomena as star quakes, couplings to magnetospheres,
possible differential rotation rates, and the dynam;c formation
process itself.

Experience with neutron stars based on non-relativistic
equations of state indicates that an increased maximum stable

mass due to increased repulsion is associated with a reduction

in core density. Associated with this is a tendency toward fewer

hyperon species. In the CCLR model (Mmax = 2.4SMQ and e =

1.99 x lolsg/cms) the only hyperons which actually contribute

to the equation of state are the ¢ , Ao and A, the latter of which

enterse<sentially at maximum mass . The remaining hyperons

in th: ..c.:t appear at significantly higher densities corresponding

to unstable stellar equilibrium, Our equation of state shows
nearlv the same degree of repulsion as found in CCLR, and the
maximum mass model occurs at practically the same density

(cc = 2.x lolsg/cm3). However all members of the octet, with
the exception of the Eq contribute to the structure. This
may be understood by examining the way in which the scalar

and the vector interactions influence the equation of state

and the particle thresholds, The relative stiffness of the
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pressure-energy density curve is due almost entirely to the
vector coupling,which dominates the scalar attraction above
€ = 2.x% 1014g/cm3. The thresholds, however, are most stronglv
influenced by the self-consistency requirement which drives
the heaviest baryon's m, asymptotically to zero with increas-
ing density (mQE_ - 400 MeV when ¢ - 2 x lolsg/cms) as shown
in Figure 6. This effectively increases the number of species
that occur at a given density.

A complete analysis of the relation between observational

data and the structural implications of this model are beyond

the scope of this paper but will be reported elsewhere.



VITI. Conclusion

When the scalar and vector couplings were fitted in
Section IV we observed that the greatest uncertainty in our

nodel reflected that inherent in our description of nuclear

matter. There we assumed £, = -15.75McV/baryon at a nuclear density

B

parameterized by 1.42fm-1. However these values depend

aENT
on the way in which the bulk properties of nuclei are ex-
tracted from experimental data. Values of EB used in published
models vary in the range -15.3 > EB > -16.526 Quoted values
of qF,N are equally uncertain.27
In order to test the sensitivity aof our model we varied
our values of EB and qF,N by *2% and redetermined gi/uz and
gi/ui. The variation in binding energy at fixed qF,N leaves
the coupling constants unchanged to three significant figures.
Thus to within the limits of currently accepted values these
variations may be ignored, Variation in qF,N has a more
significant effect on the equation of state. A 2% uncertainty
shifts the value of the vector and scalar couplings by about
5%. We estimate that the neutron star stability limit will
also change by about 2%, but in the direction oppositeto
qF,N' Therefore the two percent uncertainty in qF,N implies

approximately a O.OSM0 uncertainty in Mmax'

We have included the baryons from the first SU(3] sym-
metric octet as possible comstituents in ocur treatment of
superdense matter., Threshold considerations show that the
lowest mass pion-nucleon resonznces should also be included.
It is most likely that of these only the & and AO need to
be considered. The former probably enters at about the same
density as the Ao, while the 60 would be expected to follow
the 20.15We have not included these resonances for two reasons:
(1) kinematical complication associated with spin 3/2 propaga-
tors; (2) these couplings lead to phenomenological tensor
meson exchange which would be difficult to determine from the
physics of nuclear matter. We édo not feel that a detailed
treatment of these added constituents would greatly modify
our general conciusions. For models with £ < S5 x 1014g/cm3
the results of Section VII wculd remain unchanged. For models
having higher central densities we can estimate the possible
importance of the resonances by treating them as additional
fermions in the system. Expericnce with neutron star models
shows that the addition of a few extra fermion species results
in a pressure decrease typically on the order of 10%.

Non-normal ground states <uch as superconductivity, super-
fluidity, pion condensation, ferromagnetism and crystal struc-

ture may play an important recle in determining the properties
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of superdense matter.?? These effects may be incorporated in
our approach by modifying the boundary conditions imposed on
the Green's functions. It is probable that the first two have
only a small influence on P and ¢ for static configurations,
and t?us should not produce substantial changes in our mass

1imitl Arguments based on non-relativistic models of normal

super%luids scaled to the regime of nuclear densities imply

that ﬂf super eff{ects do arise, the gap in the excitation

|
1
spectrum should close when the density reaches Iﬂlsg/cms.

Since the maximum central density obtained in our model
is 2 x lolsg/cms, it is possible that these effects persist
into the core. Decause at least seven baryons enter at

these densities, it may be possible that each contributes

a super phase.

X . 30 :
Pion condensation and related phenomena are also inter-

esting processes since the reactions e - n + Ve and

"« <7 4+ 1 can occur at high densities and can carry off an

impressive fraction of the star's energy. Physical s can be

produced only when o T M- Using the physical value of the pion

mass as the chemical potential of a T=0 condensed boson state
~_, would have to exceed 140MeV for production to occur., At
all censities in our model ue < 125MeV. However it should

be clear from our results that there are possible interaction

effects which could substantially reduce the pion effective

mass. The univeisal scalar meson coupling would have an
effect on the =-meson propagators similar to that found in
the case of the baryons. The baryon me's were decreased
by about 800 MeV at densities on the order of lolsg/cms. It
is not difficult to imagine that the pion effective mass,
even if coupled weakly, may be greatly reduced at similar
densities. As this happens the 2 and u  decay modes
shift towards pion production. Real » will then appear
as a condensate, reducing the system pressure. Since this
will only effect the lepton pressure, which is negligible
compared to the baryon pressure, n  condensates will not
have a large direct effect on static neutron star structure.
Table 6 summarizes the important physical parameters for
selected neutron star medels.

Another candidate for a physical realization of cold
superdense matter is the strongly interacting particies.
There are clear experimental indications that these hyperons
are composed of a sea of objects which interact locally
with an external current, have spin one-half, and obey statis-
tics which are either Fermi or parafermi.}1 These objects,called
quarks, carry with them the internal symmetries which are mani-
fested by the strengly interacting particles. They are ex-
pected to be confined within the hyperons by interactions very

similar to those which manifest themselves between the hypcrons.
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Thev are confined at energies and densities which are clearly
relativistic. Furthermore, there are indications of pheno-
mena in particle physics which require a many-body theory for
their description.32 It is therefore appropriate that we discuss
the applicability of our approach to this problem. The study
of superdense matter yields predictions which cannot be obtained
from the study of systems comprised of only a few particles.

Only a slight modification of the formal approach which
we have developed to treat superdense matter in neutron stars
will be required in order to develop a preliminary model of the
hyperons. In fact the results of Sections III and IV may be
carried over directly to describe a simple quark model of the
hvperons, In order to explore the feasibility of this gyproach
we take as elementary constituents three quark species e;ch having

33

mass 1, = § GeV. We assume that each quark species couples

Q
with a universal scalar and vector coupling to baryon number,
with strengths determined by our previous analysis. In treat-
ing the many-body aspect of the problem, the quarks are described
by the usual Fermi many-body propagator (2.5) with my replaced by

m The effect of parafermi statistics would lead only to a change

Q-
in the degeneracy factor of ovder unity, Each type of quark is
thus considered to have kinematic and collective properties similar

to that of a massive spin 1/2 fermion. The model is now completely

specified.
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Proceeding as in Section IV we solved for the quark
binding energy which reached its minimum value EB = -535MeV
for a quark number density n = 7 x 1039cm'3. This is nearly
forty times the number density for which the nuclear binding
energy is a minimum. The quark eifective masses me,Q and the
chemical potentials were found to have the same qualitative
appearance as those of the baryons. The decrease in me,Q

is impressive, reaching a value m_ . of 1100MeV at minimum

3
binding energy. This effect alone could provide the explana-

tion for the precocious scaling observed in the high energy
phenomena.34

Finally we obtained the equation of state which is
qualitatively similar to our hyperon equation of state. Fur-
ther analysis, though, yields a Maxwell construction which
occurs at a negative critical pressure. This is indicative
of a system possessing a single condensed phase. It is
possible that an analysis at finite temperature would pro-
duce two stable phases similar to our baryon results. The
lower density phase would be identified as an interacting
quark gas, and the highdensity phase, a fully condensed
liquid, would be the only one surviving at T = 0. The mini-

mum density for liquid quark matter in the model is

7.0 x 10%%/cm’,
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In order to apply the model to hadronic matter it will
be necessarv to investigate thesc phases in detail. We have
in mind a liquid Jroplet picture with the droplets being
associated with baryons in equilibrium with a quark gas
phase. The preliminary analysis above indicates that this
simple picture is not consistent, The model indicates that
a fully condensed fluid phase is the natural T = 0 state of
a quark sea, and that cold droplets can be produced only
by some additional formation mechanism. In other words, we
find that quark confinement appears to be less difficult to
explain than the formation process. However, if we construct
a droplet of liquid quark matter at the minimum stable density
and confine it to a volume derived from the proton Compton
wavelength, the enclosed mass is 2.7 x 10-24gm. It is re-
markable that this corresponds roughly to a proton mass.

In crder to obtain complete quark confinement within
the droplets we would require additional physical mechanisms.
One pessible mechanism would utilize surface binding. It is
notable that this is the mechanism of nuclei formation. Our
model of nuclear matter is also found to possess oniy a liquid

phase at Ioro temperature. A consistent description of atomic

nuclei would then require the incorporation of additional forma-

tion rechuanisms. A second and more interesting mechanism can
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be inferred from our discussion of pion condensation in neutron
stars. If the meson exchanges which are responsible for our
fundamental interactions are also composed cf quark constituents
coupled universally to baryon number, these mescns will have
their effective masses reduced significantly, possibly even to zero.
In this context the vector meson octet could provide us with

a candidate for a Yang-Mills non-abelian vector gaunge field.
This field would be the source of an infrared catastrophe, and
could thus lead to complete confinement, 1\ fuller treatment

of the implications of our model of superdense matter to
elementary particle physics will appear separately.

A final observation concesns the applicability of our
approach to symmetry breaking effects and the masses of elemen-
tary particles. The formalism includes finite temperature
cffects, and may be used to study particle effecrive masses
at high densities and high temperatures. 1In this regime it
is possible that m, approaches zero, and that a critical
temperature exists helow which specific nasses "freeze out"
to form a particle spectru . Examination of these problems
will requirc additional development of the finite tenperature
effects on the meson propagators,
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APPENDIX A

The pressure and ground state energy density for a system
of baryons may be expressed naturally in terms of Green's func-
tions. The analysis couid be carried out starting with (3.1)
for L(x), and the Hartree approximation. The elimination of
meson degrecs of frcedom can be performed at the end of the
analysis. This procedure is unduly complicated for our present

purposes. Instead consider the effective lagrangian density

Lx)y = | vp(x) Jid - my
B

2 2
1 8s - bv 0 .+
* 7 2' F ¥pe (%) g (X)) - 5y v, (X) wpx) ) deg(x). qy
B B vy

The equations of motion for vs(x) are given by

20, (A2)
8 a(a *B)
and are
2
. gS -
((F-mg)ep(s) = -g'z;? vga (X) w5, (4)
s (A3)
2
By o~ 0
- :3 v g (x) v bgo (X)) g(x)
v
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and its adjoint. The stress encrgy density tensor is

T -1 e —¢ -2V L . (A%)
B (3 vy (x))
Using (Al) this becomes
T = L Gt &) - g L, (A5)
B

The hamiltonian dcnsitydﬂ?féi'oo follows immedintely:

H(x) = g vg(x) 'iw'v‘aa

1

2 2
. 4 - 2. -
%.’—37 v, (x) °8'(“) . —33 10 08.(13 vo :B.(X)liwax)
%~ >
l.us -Dv ,

2 '
- - - 8 ..
™ g éa(x)(o"’-vona - % __s_‘.’.ﬂ(a )

. Eu;
kd
By .
oy 0@ Vregtx) | (A6)
R' Zu:

The last step corresponds to the Hartyee approxination, in

;(8) {8)

L, - - o . .
which eé:) -ngx) and e.J:) Y -.;__’{x) are repiaced by and n
respectively. The pressure § i s spherically svametric and
homogencous systes 2ay he reiated o the expectation value of

-
Y as follows:

-t . T LT e (3"}
; H {4

T uTs ity

v, . , . .
fore W iz The velaciiy four-veeter of a2 flgfd olemen?, and
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¢ is the ground statc cnergy density. The thermodynanic
average in (A7) is taken over the ground state

c = <2 ly00¥.>.<’ Lm‘, (Al
0~ ‘0 0 0 4

It follows from (A7) and (AS) that the total baryon pressure

of the ground state is

3 ..
P e _;. 'l' ‘30!.7““0* (‘\9)
=l
2
i‘. - l - 0 - g; .,‘Rl)
F - g va(x) §[Ly 3o-m81 . é' ;—5
-
s
z
g .
AL | S
B
-uv )
d ki
- L~ = gs -.(Bl) g\' (ao) 0
= I rgx){-3yes- I =5 - =gy ey (x). (A0)
B B 2] 2u,

The last form follows from the equations of motion,
The definition of the baryon Green’s function (2.3}
is now used to rewrite the ground state averages of
(A6) and {A9) in teyms of Géa)(p). Consider the first tern

in {Ao). Take the ground state average and rewrite it as

follows
<T(x) i¥eT (x> m lim  i7e? <go(x') o(x)>
B x'ex+0 B 'R
« -lim dye? <T¢B(x);n(xj> (AL}

X' ex+0

-1

The notatfon x'-x=0 significs That 3 » 5.7 with ¢ 3 positive

infinitesimal, The time ordering opcrafsr zuarantecs thar
the proper otdering 3% wiil resulf. The sazc gemvral pro-
. 1% .
codure sllows s fo esrile {Ab: in Icgms oF ﬁg ;gs-x ¥t
vhlain
[ '-”‘
-
- s By aiBe
R e B A T g2
2' axn0 B £ :3-
=
2
< s
LI -r-; 5!$ } foﬁ:igitﬁ‘!') . (AL}
;; 9;'
e

the cquations of molion say be wsrd $s elitisaic the $5iny.

actien terms. T this i donic we ohisin

PEE

i - N

(i- -2 ﬁ;’”’ix-x“f] . (A13)

Substizuting (X.18) fer Gila-:'} inye {A13Y jeads divegtly

to the momentus space representatian (438 iy this forns

$h:

311 interaction offects enter througk 6,7 aps, and since the
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integration is over baryon momentum the effective mass may
be treated as a constant. We note that (4.5b) and the
thermodynamic expression
e® . [, (Blgn(®) (A14)

yield similar integrals (one over 5 and the other over qp).
Both give identical results,

Proceeding in similar fashion for P we arrive at (4.3b).
The details are straightforward and will not be reproduced
here. As check the results above may be used to reproduce

P and ¢ for a relativistic gas of non-interacting baryons.

Figure 1:

Figure 2:

Figure 3:

Figure 4.

FIGURE CAPTIONS

Typical low order irreducible sclf-encergy diagrams
resulting from (2.1} for exchange of vector, scalar
or pseudoscalar particles (a-d). Leading order
contributions to the expansion in density are given

in (e).

Baryon chemical potentials in superdense matter vs.
(total baryon number density)lls. Arrows on the abscissa
indicate hyperon thresholds. The chemical potentials of
all similarly charged baryons are equal. The chemical po-
tential for I below threshold has not been shown.
Particle number densities vs. total baryon number
Jdensity, both in cm-s. The hyperon concentrations

rise rapidly from zero once their thresholds are
exceeded. The u  concentration drops to -ero

for log n, 2 38.6. At higher densities there

is a tendency for the n's to approach the same

value. The actual threshold density for each

hyperon is given in Table 1.

Representative baryon effective masses (MeV) vs.

. -d
total baryon number density (cm ). To the scale



Pigure 5:

Figure 6:

Figure 7:
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of the figure the effective mass of the nucleons

are equal. The upper curve is for the £ . Note

that the baryon me's shift together. The physical
rest masses are denoted on the ordinate, The arrow
on the abscissa corresponds to nuclear density;
Equation of State: (a) Baym, Bethe, Pethick and
Baym, Pethick, Sutherland equation of state;

(b) results of this calculation; {c) free neutron
gas. The horizontal line corresponding to log P =
represents the phase transition region. Curve b
asymptotically approaches P = ecz.

Maxwell constructiocn: (a) Schematic plet of total

pressure P vs. 1/n. The dashed line represents
the equation of state in the phase transition
region. (b) Baryon chemical potential y vs. pres-
sure P. The thermodynamically realized state
corresponds to the lowest value of p. The transi-
tion pressure Pc is determined by the intersection
of the u curves for the liquid and gas phases.

MG vs, €c for slowly rotating neutron star-.

Curves a and b are described in Figure 5. Curve

¢ represents the CCLR equation of state. The hori-
contal slashes indicate the mass MG corresponding

to a remnant mass MA = 1.41M0.

30.34

Pigure 8:

Figure 9:

Figure 10:
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M, vs. € for slowly rotating neutron stars. The

A
treatment follows Figure 7, except that the CCLR

results have been omitted.

MA = 1.41M9.

Energy density profiles for selected neutron star

models (left scale). Note pronounced core for

intermediate mass models. Three gravitational mass

fraction curves are also shown (right scale}. The

arrow indicates the corresponding density profile.
The extended envelopes are seen to contribute

negligible mass to the system.

Monent of inertia vs, MG. Treatment follows

Figure S. The (+) denotes the model with MA -

1.41Me. The range in the lower bound on !crab

is shown by the dashed lines.

The slash corresponds to
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Table 1:

Table

Table 3:
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TABLE CAPTIONS

Particle thresholds, The columrs give: (1) particle;

(2) rest mass in MeV; (3) total baryon number density Table 5:
(cm's) for which particle appears in the interacting

svstem; (4) same as (3) for free particles; (8) thres-

hold ip total haryon energy density (g/cmsj. The

proton (mp = 938.3 MeV) and electron (mc‘= 3.511 MeV)

are present from zero density.

Equation of State. The first three columns give the

baryor energy density c(g/cms), pressure P(dynes/cmz) Table 6:

3). The last three

and total number density n{cm’
columns give the proton, neutron and © chemical
potentials (MeV) in the system. Scveial entries are
given in the region of the phase transition; these
values of the pressure, indicated by %, were re-
placed by 2.165E30 <or the present calculation.

Temperature corrections to L and u for neutrons.
The coefficients A and B appearing in (8.9 - 8.10)

as well as p  for pure neutrons are given.

Composition of cold matter as expected for neutron
stars.

Slowly rotating neutron stars, The columns give:
(a) central density (g/cms); (b} gravitational mass
in selar units (Me = 1,987 x 1033g); (c) mass MA

in solar units (see Section VII); (d) radius (km);
(e) moment of inertia (g-cmz); (f) binding ecnergy

S

ver barycn {(MeV/baryon). The notation E15 means x 101

etc.

Summary of ncutron star structure. The three mecdeis
listed are: (a) critical mode] representing the

most massive stable neutron star; {(b) the model having
maximum moment of inertia; (c) model whose "remnant"

mass MA = 1.41M9.

3
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Rest nx 1073 a3 e x 10" 15 (g/cn)
Particle Mass
(MeV) Interacting Free Interacting
n 939.6 21078 1078 <1078
u 105.7 0.213 0,462 0.369
£ 1197.4 0.245 0.617 0.423
a0 1115.6 0.327 1.22 0.577
0 1192.5 0.511 3.33 0.950
=" 1321.3 0.697 3.91 1.43
t’ 1189.4 0.712 >6.8 1.48
:0 1314.9 0.951 >6.8 2.14

TABLE 2
s[g/cms) P(dynes/cmz) n(cm's) wP(Mev) | u"(MeV) uz}MeV)
2.340E11 3.810E28 1.396E35 938.2 940.0 X
4,755E11 1.159829 2.837E35 938.1 940.3 ves
1.113E12 4,.251E29 6.637E3S 937.9 940.7 s
1.914E12 9.465E29 1.3142E36 937.6 941.0 LR
3,443E12 2.165E30 2.053E36 937.0 941.5 KR
6.681E12 S.107E30%* 3.981E36 935.9 942.,2 oo
1.265E13 1.014E31* 7.533E36 933.7 942.7 e
2.305E13 1.431E31* 1.372E37 930.1 943.9 cee
3.542E13 9.347830% 2.108E37 925.9 942.8 oo
4,.335E13 4,798E29* 2.580E37 923.2 942.6 see
6.688E13 -1.673E31* 3.981E37 915.6 941.7 e
1.695E14 -2.086E31* 1.010E38 887.9 941.4 xR
1.723E14 2.818E30 1.027E38 887.3 941.5 v
1.732E14 1.132E31 1.032E38 887.1 941.6 v
1.760E14 3.790E31 1.049E38 886 .5 941.7 LX)
1.825E14 1.088E32 1.088E38 885.2 972.2 e
1.972E14 3.216E32 1.175E38 §82.4 9435.4 eee
2.272E14 1.027E33 1.354E38 877.7 946 .9 coe
2,730E14 3.036E33 1.625E38 873.4 955.4 oo
2.996E14 4.868E33 1.781E38 8§72.7 962.3 cee
3.530E14 1.041E33 2.091E38 875.8 980.4 oo
3,1824E14 2.102E%4 2.164E38 888.8 1010. 1131,
S.261E14 3.790E34 3.DS1E38 930.2 1048. 1165.
6.621E14 7.290E34 5.757E38 1003. 1111. 1220.
§.021E14 1.264E3S 3.438E338 1094, 1193. 1292.
1.0443E15 2.514E3S 5.507E38 1264. 1349. 1434.
1.146E15 3.102E35 5.919E3R 1333. 14153, 1493.
1.333E15 3.265E35 6.033E38 14S6. 1529. 1601.
1.617E15 6.137E35 7.623E38 1630. 1695. 1756.
1.960E15 8.520E35 8.T19E38 1820. 1875. 1930.
2.119k15 1.177E36 1.000E39 2043, 2091. 2139,
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TABLE 3
4. o(fm-1) e (MeV) Aevh BMev ™))
E,N N
0.05680 939.7 - 1.541E+2 1.664E+2
0.1320 940.0 2.866E+1 2.664E+1
0.2272 940. 4 9.630E0 1.041E+1
0.3123 941.0 5.084E0 5.504E0
0.4260 941.8 2.715E0 2.947E0
0.5680 942.6 1.499E0 1.635E0
0.7100 943.0 9.272E-1 1.018E0
0.8520 942.9 6.095E-1 6.758E-1
0.9940 942.2 4.129E-1 3.682E-1
1.136 941.2 2.822E-1 3.234E-1
1.278 940.5 1.910E-1 2.252E-1
1.420 941.4 1.259E-1 1.5472-1
1.562 946.1 7.915E-2 1.038E-1
1,703 958.8 4.616E-2 6.739E-2
1.840 985.9 2.386E-2 4.216E-2
1.938 1035, 9.885E-3 2.560E-2
2.130 1113, 1.997E-3 1.546E-2
2.272 1220. -2.017E-3 9.596E-3
> s 1355. -3.911E-3 6.256E-3
2.556 1516. 1.730E-3 3.300E-3
1638 1701. -5.077E-3 3.100E-3
2,840 1908. -5.154E-3 2.323E-3

350

TABLE 4

o(g/cms)

Composition

4 = 10

107 -7 < 10°

7« 10% - 1« 10!

11

> 2 « 1018

>3« 10td

-2« 10!

1

4

Normal nuclei and non-relativistic e~

Relativistic e and Coulomb lattice of
increasingly neutron rich nuclei

Neutron drip; accumulation of free
neutrons and nuclear clusters

Clusters dissolve; n, p, and e Fermi
fluids

Hyperonization
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TABLE S
Neutron Star Models
e, MMy | Ma/M | RCKm) r, €y
(g/cm’) ! {g-cm”) | (MeV/baryon)
2.000E1S 2.39 2.89 11.42 3.05E45 172.0
1,500E1S 2,33 2.81 11.89 3,13E45 167.1
1.259E15 2.24 2.68 12.14 3.05E45 159.3
1.000E15 2.02 2.36 12.37 2.70E45 142.2
8.000E14 1.68 1.91 12.40 2.12E45 118.8
7.499E14 1.57 1.76 12.36 1.92E45 111.2
6,402E14 1.28 1,41 12.16 | 1.45E45 94.1
6.310E14 1.26 1.38 12.14 1.41E45 91.5
5.623E14 1.06 1.15 11.90 1.10E45 79.2
4.000E14 0.540 0.561 10.78 3.93E44 45.8
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TABLE 6
N N
/Mg R (km) Ix10"%
Critical model 2,38 11.42 3.05
Maximum moment
of inertia 2,33 11.89 3.13
Remnant model :
~ 1.28 12.16 1.45
(MA = 1.41M@)
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