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* 
The single crystalline elastic constants of A12Cu and Zr2Ni 

Frank Richard Eshelman 

Under the supervision of J. F. Smith 
From the Department of Metallurgy 

Iowa State University 

A pulse-echo-overlap system was used to measure the 

single crystalline elastic constants of the tetragonal Zr2Ni 

and AI2Cu phases in the temperature range 4.2 to 300 K. The 

mathematical relationships needed to calculate these elastic 

constants have been determined. 

The longitudinal elastic constants of Zr2Ni, Cll and Cj3, 

both exhibit a monotonic decrease wit.h increasing temperature. 

The C66 shear constant of Zr2Ni has a 72% monotonic increase 

with increasing temperature in the 4.2 to 300 K temperature 

range and the other shear constants, C44 and 1/2(C11-C12), 

are essentially temperature independent. The shear constants 

are noticeably smaller than the longitudinal constants, with 

CG6 only 3.5% of Cll at 4.2 K .  

All the elastic constants of A12Cu exhibit a monotonic 

decrease with increasing temperature. The Ca4 values of A12Cu 

show a 2% variation with direction that has been attributed to 

the presence of occluded particles of a second phase whose 

long dimension is oriented normal to the [OOl] direction. 

*USAEC Report Is-T-661. This work was performed under 
contract W-7405-eng-82 with the Atomic Energy Commission. 



There is evidence that A12Cu forms peritectically which gives 

rise to the.second phase particles. Arguments are given to 

show that the maximum error from the occluded second phase 

particles is about 2%. 

Zr2Ni and A12Cu both have low longitudinal elastic 

anisotropy ratios and at least one high shear anisotropy 

ratio. In addition, one shear anisotropy ratio changes by 

50% or more in the 4.2 to 300 K temperature range. 

The polycrystalline moduli for Zr2Ni and A12Cu from 

Voigt;Reuss-Hill averaging are given". The low shear modulus 

for ZrZNi is in keeping with the low values of the shear 

elastic constants of single crystals of this phase. The 

Debye temperatures for these phases are given. 



Single crystalline el'astic constant measurements are an 

important means of gaining insight' into the nature of inter- 

metallic phases. ELasticity is closely associated with many 

of the physical, thermal, and mechanical properties. The 

intention of the present study is to examine the elastic prop- 

erties of some compounds of the common ~ l h ~ u - t ~ p e  structures. 

A12Cu is the prototype of the C16 "Strukturbericht" type 

(1). This structure has space group symmetry I4/mcm with 

point group symmetry 4/mmm. In these a1loys;the Cu-type 

.atoms are located at 0,0,1/4; 0,0,3/4; 1/2,1/2,1/4; and 1/2, 

112,314 while the Al-type atoms are at 1/6,2/3,0; 5/6,1/3,0; 

2/3,5/6,0; 1/3,1/6,'0; 2/3,1/6,1/2; 1/3,5/6,1/2; 1/6,1/3,1/2; 

and .5/6,2/3,1/2. The Cu-type atoms thus form continuous 

chains parallel to the unique crystall.ographic axis while the 

'Al-type atoms form a three-dimensional network separating the 

individual chains of the Cu-type species. 

Crystal Elasticity 

The equations of crystal elasticity can be derived from 
. . 

Hooke's law and Newton's second law of motion. Hooke's law 

states that in an elastic solid the stress i s  proportional to 

the strain. This is valid provided that the strain is suffi- 

ciently small. If higher order terms are neglected, the 

strain components can be defined by 



where u, v, and w represent the displacements in the x, y ,  

and z d i r e ~ t i o n s ~ r e s p e c t i v e l y .  Following the notation and 

development of Kittel (2), a capital letter designates the 

direction of force and the subscript the plane normal to which 

the force is applied.' The stress components are Xx, Xy, X,, 

yx7 yy, yz, zx, Z andZZ. Since Yz = Z Zx = XZ, and Y' Y' 
X = Yx, the number of independent stress components reduces 
Y 
to six. These are Xx, Yy, Z,, YZ, Zx7 and X . These nota- 

Y 
tions allow us to write Hookers law as six linear .functions: 

The treatment in Kittel (2) shows that 

This reduces the number of constants in the above relation- 

ships to 21. Crystal symmetry further reduces this number to 

six for the 4/mmm Laue class of tetragonal crystals. The 



elastic stiffness. constant matrix thus becomes: 

From Newton's second law of motion the following rela- 

tions result: 

Combining Equations 2 and 4 leads to: 



If the strain components .defined in Equation 1 are .sub- 

stituted in these equations thc 'following relationships are 

obtained :' 

Table 1 lists the propagation directions and the polari- 

zation directions n f  the various plane waves together with the 

corresponding terms for p ~ 2  for the 4/mmm class of tetragonal 

crystals. 'The development of these !relations follows. 

Waves propagated in the [loo] direction ,- 

A longitudinal wave will have particle displacement that 

can be expressed by 

u = u0exp [i (kx-wt) ] , 



Table 1. The propagation directions and polarization direc- 
tions of plane waves with the corresponding terms 
for QVZ for the 4/mmm .class. of t.e.tr.agona1 rrys tals 

Propagation . Polarization 
direction direct ion Pv2 

45" from [OOl] 45' from [001] 
in (100). in (100) 

45" from [OOl] 
in (010) 



where u  i s  t h e  x component o f  t h e  d i sp lacement , :  k  = , ~ I T / A  i s  

t h e  wave vect0.r  w i t h  'A t h e  wave l e n g t h  'and w = ,2rv i s  t h e  

angula r  f requency.  If Equation 7 i s  s u b s t i t u t e d  i n t o  Equation 

6a ,  t h e  r e s u l t  i s  

The r e l a t i o n s h i p  between t h e  v e l o c i t y ,  V ,  t h e  wavelength,  A ,  

and t h e  f requency ,  v ,  i s  

v = Xv. 

In t roduc ing  f a c t o r s  of ZIT and s u b s t i t u t i n g k  and w a s  de f ined  

above g i v e s  

S u b s t i t u t i n g  Equation 1 0  i n t o  Equation 8 r e s u l t s  i n '  

A s h e a r  wave p o l a r i z e d  i n  t h e  [OlO] d i r e c t i o n  w i l l  h a v e  

p a r t i c l e  motion t h a t  can be repr.escnted by 

S u b s t i t u t i n g  t h i s  i n t o  Equation 6h g ives  

. . 

Combining t h i s  w i th  Equation 1 0  a s  above r e s u l t s  i n  

I n  a s i m i l a r  manner a  shca r  wave p o l a r i z e d  i n  t h e  [OOl] 

d i r e c t i o n  would g ive  

w = w0'exp[f (kx-wt)]  . 



Substitut.ing this 'into Equation 6c. gives 

which reduces ,to . 
I pvZ = C44. 

Waves prop.agat.ed in. the -[00.1.] .dir.e.ct.i.on 

A wave polarized'longitudinally would have displacement. 

w = woexp [i (kx-wt) 1. 

combining this and Equation 6c gives 

Substituting V into this results in 
. . 

A shear wave polarized in the [loo] direction would have 

displacement 

u = uoexp[i(kx-wt)]. 

Combining this with Equation 6a gives 

Substituting as above results in 

pv2 = C44. (23) 

A wave polarized in the [010] "direction produces dis- 

placement 

v = v0exp[i(kx-at)] . (2 4 ) 

When this -is substituted into Equati.on 6b 'the result is 



which r educes  t o  

p v 2  = C44.  

Waves prop.agated i n  t h e  [I101 d i r e c t i o n  

The mot ion o f  a  wave p o l a r i z e d  i n  t h e  [OOl] d i r e c t i o n  

would b e  r e p r e s e n t e d  by 

. W  = woexp [ i  (kxx+k y-wt)  1 , 
Y (27) 

where k, = 
k~ 

= k ( c o s  45") = k / J2 .  

If  t h i s  i s  s u b s t i t u t e d  i n t o  Equa t ion  6 c ,  t h e  r e s u l t  i s  

and 

p v 2  = C 4 4 .  

I f  waves a r e  b o t h  p ropaga ted  and p o l a r i z e d  i n  t h e  (110) 

p l a n e ,  p a r t i c l c  motion w i l l  be i n  both  t h e  x  and y d i r e c t i o n s  

s i m u l t a n e o u s l y ,  t h u s  motion would b e  d e s c r i b e d  by t h e  two 

e q u a t i o n s  

u  = uoexp [i (kxx+k Y y-wt)  ] 

and 

v  = voexp [ i ( kxx+k  Y y-wt)  ] , 

where kx = k  = k / J 2 .  
Y 

The r e s u l t s  from t h e s e  r e l a t i o n s h i p s  and Equa t ions  6a and 6b 

g ive  



. - .  - . . . -. . ..- . . .  .- - .  .. . 

and 

If substitutions are made f o i  kx and k the results divided 
Y' 

by k2 , and o/k replaced by V, these equations .can be re- 

arranged to give 

These will be satisfied if the determinant of the coefficients 

is zero. This gives a quadratic equation with two roots 

A longitudinal wave would then give 

while a tsansuerse wave polarized in [li~] would give 

Waves propagated in the (7;00.) plane at an angle to [OOl] 

The particle motion. for a wave polarized in the [loo] 

direction would be represented by 

u = u,exp [i (ky sinB+kz cosB-wt) ] . (39) 

Substituting as above into Equation 6a results in: 



Subs t i . t u t sng  f o r  w 2  and  k 2  gives':. 

2 2 
p v 2  = C44cos 6  + C66sin 8 .  (41) 

If B. = , 4 S 0 ,  t h e n  

' 1 
Pv2 = T(C44*C66) ( 4 2 )  

I f  a  wave. i s  propagated i n  t h e  (100) p l a n e  a t  an  ang l e  o f  

8  t o  [OOl] and i s  a l s o  p o l a r i z e d  i n  t h e  (100) p l a n e ,  p a r t i c l e  

motion would be  i n  bo th  t h e  y  and z  d i r e c t i o n s .  The e q u a t i o n s  

of  motion cou ld  t h e n  be d e s c r i b e d  by ' 

and 

S u b s t i t u t i n g  t h e s e  i n t o  Equat ions  6b and 6c g i v e s  

and 

2 2 2 2 2 pw w = (C13k ~ i n g c o s g + C ~ ~ k  s i n g c o s g ) ~  + (CS3k cos  p 

2 2 
+ C44k s i n  ~ ) w .  

S u b s t i t u t i n g  v2 = w2/k2 and r e a r r a n g i n g  Equat ions  45 and 46 

r e s u l t s  i n :  
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These equations w.i:ll be 'satisfied if the determinant of. the 

coefficients. vanishes'.. The 'result wi'll be 'a quadratic equa-. 

tion in whdse solutions are: 

If B = 45' and the degree of anisotropy of thermal expan- 

sion is assumed to be negligibly small, this becomes: 

where the positive sign represents a longitudinally polarized 

wave and the negative sign a transversely polarized wave. 

'Equation 50 can be simplified by subtraction'. This gives 

2 where CL = V for the longitudinally polarized wave and 

CT = v L  for the transverse wave. Adding Equation 50 

gives : 



EXPERIMENTAL PROCEDURE 

Sample M a t e r i a l s  

A l l  m a t e r i a l s  t h a t  were used i n  sample p r e p a r a t i o n  were 

o f  h igh  p u r i t y .  Zirconium was ob t a ined  from Westinghouse 

~ t o m i c  Corp. , and t h e  s u p p l i e r t  s a n a l y s i s  i s  g iven  i n    able 2 .  

Belmont Smel t ing and Ref in ing  Works s u p p l i e d  t h e  n i c k e l  and 

t h e i r  a n a l y s i s  is  a l s o  i nc luded  i n  Table 2 .  The copper  and 

aluminum were c e r t i f i e d  t o  be 99 .999% pure  and were s u p p l i e d  

by Cominco American, Inc .  and American Smel t ing and Ref in ing  

Company, r e s p e c t i v e l y .  Again, t h e  ana lyse s  a s  r e p o r t e d  by 

t h e  r e s p e c t i v e  s u p p l i e r s  a r e  g iven  i n  Table  2 .  

Sample P r e p a r a t i o n  

The zirconium was made by t h e  c r y s t a l - b a r  p r o c e s s ,  and 

t h e  b a r s  were -3/4 i nch  i n  d iamete r .  Lengths o f  t h e s e  were 

e t ched  i n  a  mix ture  of  50%' h y d r o f l u o r i c  a c i d  and 50% n i t r i c  

a c i d  f o r  about 2 minutes  u n t i l  t h e  s u r f a c e  was b r i g h t .  The 

b a r s  were t hen  c u t  i n t o  l e n g t h s  about  3/4 i nch  long.  S ince  

t h e  n i c k e l  t h a t  was used t o  make t h e  a l l o y s  had a  b r i g h t  s u r -  

f a c e ,  no a t t empt  was made t o  c l e a n  i t .  The copper was i n  t h e  

form of 1 / 4  inch  b a r  s t o c k .  This  was c u t  i n t o  l e n g t h s  about 

1 / 2  i nch  long and was s u r f a c e  c leaned  f o r  2 minutes  i n  a  s o l u -  

t i o n  o f  20% n i t r i t  a c i d .  The aluminum was i n  t h e  form of an 

i n g o t  w i t h  a 2 i nch  squa re  c r o s s  s e c t i o n .  I t  was c u t  w i t h  a  

hack saw i n t o  cubes approximately  1 / 2  i nch  on an edge. Sur -  



Table 2. Analyses of the metals'used in preparing the alloys. 
Concentrations are listed .in. parts per' million by 
we.ight 

Impurity 
element 

. . .  

Zirconium 

. . . . . , .  . . .  . 

Nickel 

. . 

Aluminum 
. . .  . . 

Copper 



face irregularities we.re 'removed by hand filing and the cubes 

were then etched in a solution of sodium hydroxide for about 

5 'minutes. 

~toichiometric weights corresponding to the composition 

of the desired phase were arc melted under an inert atmosphere 

using a non-consumable tungsten electrode with the procedure 

described by Hungsberg and Gschneidner (3). Homogeneity was 

facilitated by repeated arc melting with the solidified sample 

being inverted'between each successive melting. 

The Zr2Ni alloys were sealed under argon in 0.75 inch 

diameter tungsten cruci'bles having conical tips. The crystals 
- 5 were then grown in a Bridgman furnace under pressures of 10 

Torr or less. Zr2Ni did not adhere to the crucibles and was 

removed by cutting the tops off the crucibles and sliding the 
- 

samples out. 

The AIZCu crystals were grown in 0.75 inch tantalum 

crucibl'es in a manner similar to that used in preparing the 

Zr2Ni samples. A12Cu shatters easily and the crucibles were 

cut away from the samples using an rlectrospark cutting 

machine. No perfect crystals of A12Cu were produced. Figures 

l(a) and l(b) are photomicrographs of the (001) and (100) 

faces, respectively, of these crystals showing the size and' 

extent of an occluded second phase. The effect of this second 

phase will be discussed in a later section. 

To facilitate alignment and cutting, the crysta.1~ were 



Figure 1. Photomicrographs of A12Cu (200X). (a) is the 
(001) face and (b) is the (100) face with [001] 
vertical 



a t t a c h e d  t o  a  goniometer  head w i t h  an e l e c t r i c a l l y  conduc t ing  

mix ture  of  Duco cement and g r a p h i t e  powder. The Z r 2 N i  c r y s -  

t a l s  were f u r t h e r  e l e c t r i c a l l y  g r 0 u n d e d . b ~  a t t a c h i n g  a  copper 

w i r e . t o  t h e  goniometer  ba se  and a f f i x i n g  t h e  o p p o s i t e  end of 

t h e  w i r e  t o  t h e  c r y s t a l  w i t h  e l e c t r i c a l l y  conduc t ing  s i l v e r  

cement. Grounding t h e  A12Cu c r y s t a l s  w i t h  a  w i r e  was n o t  

found t o  be  neces sa ry .  The d e s i r e d ,  c r y s t a l l o g r a p h i c  d i r e c t i o n  

was l o c a t e d  by means of  X-ray d i f f r a c t i o n  w i t h  t h e  back r e -  

f l e c t i o n  technique  of Meyerhoff ,  B a i l e y ,  and Smith ( 4 ) .  The 

goniorneter w i th  t h e  c r y s t a l  i n  p l a c e  was t hen  t r a n s f e r r e d  t o  a  

Spa rca t ron  e l e c t r o s p a r k  c u t t i n g  machine. Three c r y s t a l s  were 

machined w i t h  f a c e s  normal t o  t h e  [ l o o ] ,  [ 110 ] ,  and t h e  [OOl] 

c r y s t a l l o g r a p h i c  a x i s ,  r e s p e c t i v e l y .  A f o u r t h  c r y s t a l  was c u t  

w i t h  f a c e s  p a r a l l e l  t o  t h e  [OlO] a x i s  and a t  an  ang le  of  4 5 "  

t o  bo th  t h e  [ l o o ]  and t h e  [OOl] a x i s .  The f a c e s  of  t h e  sam- 

p l e s  were hand-lapped on p r o g r e s s i v e l y  f i n e r  m e t a l l o g r a p h i c  - 

p o l i s h i n g  pape r ,  f i n i s h i n g  w i t h  600 g r i t  paper .  The samples 

were t h e n  rechecked w i t h  X-rays u s i n g  t h e  back r e f l e c t i o n  Laue 

method t o  i n s u r e  t h a t  t hey  were p r o p c r l y  a l i g n e d  and that 

t h e r e  was no ev idence  o f  worked n ~ e t a l .  

I n s t rumen ta t i on  

The pu l se - echo -ove r l ap  method was used t o  measure t h e  

t r a n s i t  t imes  of t h e  ind. iv idua1 c r y s t a l s .  The o v e r l a p  t e c h -  

n ique  i s  one of s e v e r a l  u l t r a s o n i c  pu l se - echo  methods. May 

( 5 )  and Papadakis .(6) developed t h e  method and i t  was l a t e r  



modified .by. Chung, ~ilver&mith,' and Chick (7). ' The electronic 

instrumentation that was used in this investigation represents 

a simplification of the earlier overlap systems. The pulse- 

echo-overlap method has several advantages over other ultra- 

sonic pulse-echo methods. It allows cycle by cycle examina- 

tion of the echoes which can essentially eliminate any ambi- 

.guity in the proper matching of the echo envelopes. Another 

advantage is that a transit time datum can be taken in a few 

seconds .which facilitates measuring the transit time at rela- 

tively short temperature intervals. A further advantage of 

the system is that the matching of successive echoes permits 

reproducibility to within about 0.05% for most time measure- 

ments and permits measurements on samples whose delay times 

are only slightly greater than the pulse length. In addition, 

since only two distinct echoes are needed, measurements can 

be made on samples that are highly attenuating. 

A block diagram of the pulse-echo-overlap apparatus is 

shown in Figure 2. The counter, pulse generator, and oscillo- 

scope are Hewlett-Packard units 5 3 , 2 5 B ,  2 2 2 8 ,  and 180 with 

1801A and 1820A plug-in un.its, respectively. The repetition- 

rate generator is a Waveform 402A audio generator and the 

pulsed oscillator is an Arenberg model PG-650C. The frequency 

divider and limiter were constructed especially for this 

instrumentation. The frequency divider circuit is shown in 

Figure 3. Three Fairchild Cy1,9958 decade counters form the 



(1 , 1 FREQUENCY ( COUNTER DIVIDER 

Figure 2. Block diagram of the pulse-echo-overlap apparatus 
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Figure  3 -  Schematic diagram of  t h e  frequency d i v i d e r  



heart of the divider. A switch allows the unit to be set for 

division by 10, 100, or 1000 and a one-transistor output pro- 

vides a 4 volt negative spike which triggers the pulse gener- 

ator and the pulsed oscillator. .The limiter circuit 1s shown. 

in Figure 4. Two IN914 diodes are wired in parallel with. 

opposite polarity. These are conductive above a few volts 

but. are non-conductive for small voltages. The limiter clips 

the high voltage pulse from the pulsed oscillator while re- 

ducing the echo amplitude by only about 10%. This prevents 

overloading the oscilloscope and allows the use of higher 

pulse voltages. 

Use of the Pulse-Echo-Overlap System 

In using the system, the pulse generator amplitude is 

initially turned down and the oscilloscope triggered inter- 

nally. The repetition-rate generator is adjusted to a conven- 

ient period ('5 microseconds) and the oscilloscope adjusted to 

allow observation of the echo train. The approximate transit 

time can then be observed on the oscilloscope screen. Next, 

the repetition-rate generator is adjusted to this period and 

the oscilloscope intensity turned down. The echoes selected 

for observation are displayed by increasing the pulse genera- 

tor amplitude and adjusting the pulse delay and pulse length. 

A t  this stage the system is ready t" be switched to the pulse- 

echo-overlap mode. 

The oscilloscope triggered switch is moved to the external 



OUT 

Figure 3. Schematic diagram of the limiter 



position so. that th.e re.pet'ition-r,ate 'generat0.r triggers . . the 

oscilloscope. Adjustments .are made 'in the frequency of the 

repetition-rate .generator to cause the second echo to super- 

impose upon the first. Reading the period of the repetition- 

rate oscillator gives'a direct measure of the transit time. . 

Wave Velocity Determination 

The individual elastic constants were d'etermined from the. 

respective plane velocities. The velocities were calculated 

from the transit times using the relationship 

where V is the wave velocity, d the thickness of the crystal 

under examination, and t the time required for the wave to 

travel from one face.to the opposite face and return to the 

first face. 

A micrometer giving direct readings to 0.0001 inch was 

used to make room temperature measurements of the sample 

thickness. Three measurements were taken on each face, and 

the micrometer was moved between each reading. The three 

measurements for each face agreed within the precision of.the, 

micrometer. 

Sample temperatures were determined with thermocouples 

taped to the crystals. A Au + 0.03 a/o Fe vs - Ag thermocouple 

was used over the temperature range 4.2 to 50 K and a copper 

vs - constantan thermocouple was used in the 40 to 300 I< tem- 



peratu.re range. 

The longitudinal and. transverse. waves were generated by 

X and' Y-cut quartz transducers having resonance frequencies 

of 10 MHz. The bonding agent for all measurements using X-cut 

transducers was Nonaq stopcock grease. The Y-cut transducers 

.were bonded to the samples with Nonaq stopcock grease for data 

taken at temperatures below 270 K and with salol (phenyl 

"salicylate) for measurements over the 250 to 300 K tempera- 

ture range. 

The crystal under examination was mounted in a copper 

sample holder. At low temperatures, when Nonaq was used as 

the bonding agent, the data were taken with the sample holder 

suspended in a cryostat consisting of two concentric Dewars. 

Figure 5 is a cross-sectional illustration of the cryostat 

with the sample holder and sample in place. Over the tempera- 

ture range. 77 to 300 K liquid nitrogen was maintained in the 

outer Dewar. Pressure in.the vacuum chamber of the inner 

Dewar was varied to control thermal conductivity and hence 

the cooling rate of the sample. The transit time data were 

taken as the sample cooled over a period of several hours. 

For transit time measurements at temperatures below 77 K, it 

was necessary to refrigerate with liquid helium. A mechanical 

pump was used to produce a vacuum of at least 10 microns in 

the vacuum chamber of the inner Dewar and then sufficient 

liquid helium was transferred into the cryostat to immerse 
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Figure  5 .  C r o s s  s e c t i o n  of c r y o s t a t  w i t h  'sample h o l d e r  and 
sample ' i n  p l a c e  : 



the sample holder and the sample. The transit time at 4.2 K 

was then taken. Transit time data in the temperature range 

4.2 to 7 7  K were taken as'the'liquid helium slowly boiled 

away and the sample warmed toward liquid nitrogen temperature. 

Since the temperature changes were not rapid and the samples 

were mounted in a copper sample holder, temperature:gradients 

were small and the associated errors negligible. 

When salol was used as the bonding agent, a different 

sample holde'r was used and this sample holder was mounted in 

a closely fitting heat sink which minimized temperature gradi- 

ents'. Transit time measurements in the 250  to 3 0 0  K tempera- 

ture range were made by suspending the sample holder assembly 

in a Dewar above boiling liquid nitrogen. 



RESULTS; 

The directly measured quantities' were the transit times. 

These transit times were converted to wave velocities via 

Equation 52 and these velocities were then converted to elas- 

tic constants with the pv2 relationships of Table 1. This 

gave the raw elastic constant data for Cll, C33y C44y C66y 

~ / z ( c ~ ~ - c ~ ~ ) ~  CL, and CT. Values for these constants as func- 

tions of temperature for zr2Ni are shown in Figures 6 and 7 

and for A12Cu in Figures 8 and 9. The third law of thermo- 

dynamics requires a zero slope at 0 K for curves of elastic 

constant - vs temperature and the figures were drawn accordingly. 

Smoothed values from interpolated curves for these constants 

and calculated values for C12 and C13 are given in Table 3 for 

Zr2Ni and in Table 4 for A12Cu. In the foregoing treatment 

density and dimensional changes have been neglected because 

no data covering thermal expansion a.re available. 

Thecalculation of C13 requires the extraction of a 

square root with an attendant sign ambiguity. Alers and 

Neighbours (8) have discussed the resolution of this sign 

ambiguity in terms of crystal stability and have given the 

mathematical requirements relating the elastic constants to 

crystal stability. Iii ,the case of Zr2Ni only the positive 

root satisfies these requirements. However, in the case of 

A12Cu both roots satisfy the stability requirements and the , 

selection of the correct value was made by other means. 



Figure 6. Single c r y s t a l l i n e  e l a s t i c  cons tant  d a t a  f o r  
Zr2Ni 
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Figure 7. Single crystalline elastic constant data for Zr2Ni. 
C L  and CT are associated with the quasi-longi- 
tudinal and quasi-transverse waves, respectively, 
propagated at 45 '  to [OOl] in (100) 
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F i g u r e  8 .  S ingle  c r y s t a l l i n e  e l a s t i c  cons tant  .date f o r  A12Cu.  



Figure 9. Single crystalline elastic constant data for A12Cu. 
CL and CT are associated with the quasi-longi- 
tudinal and quasi-transverse waves, respectively, 
propagated at 45' to [OOl] in (100) 
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Table 3. Smoothed values for the elastic constants of ZrzNi in 1011 dynes/cm2. 
CL and CT are associated with the quasi-longitudinal and quasi- 
transverse waves, respectively, propagated at 4 5 '  to [OOl] in (100) 



Table 4. Smoothed values for the elastic constants of Al2Cu in 1011dynes/cm2. 
CL and CT are associated with the quasi-longitudinal and quasi- 
transverse waves, respectively, propagated at 45' to [001] in (100) 



Gre ine r ,  S c h i l t z ,  Tonnies ,  Spedding,  and Smith ( 9 )  r e s o l v e d  

a  s i m i l a r  problem f o r  praseodymium by examining t h e  po ly -  

c r y s t a l l i n e  moduli c a l c u l a t e d  from t h e  s i n g l e  c r y s t a l l i n e  

e l a s t i c  c o n s t a n t s .  T h e i r  approach was a p p l i e d  t o  t h e  p r e s e n t  

problem. P o l y c r y s t a l l i n e  moduli were c a l c u l a t e d  f o r  AIZCu 

us ing  t h e  Vo ig t -Reuss -Hi l l  (10) average w i t h  bo th  v a l u e s  f o r  

C13. Table 5 g i v e s  t h e s e  moduli a long  w i t h  t h e  bu lk  moduli 

o f  e l emen ta l  aluminum and copper .  The b u l k  modulus i s  p r i -  

mar i l y  an atomic p r o p e r t y  and one would expec t  t h e  b u l k  

modulus of  a  b i n a r y  a l l o y  t o  f a l l  between t h e  bu lk  moduli  of  

t h e  c o n s t i t u e n t  elenlents .  The n e g a t i v e  v a l u e  f o r  C13 gave a  

bu lk  modulus f o r  t h e  b i n a r y  a l l o y  s i g n i f i c a n t l y  s m a l l e r  t han  

e i t h e r  e l emen ta l  b u l k  modulus wh i l e  t h e  p o s i t i v e  v a l u e  gave 

a  bu lk  modulus va lue  between t h e  e l emen ta l  bu lk  moduli .  The 

p o s i t i v e  va lue  f o r  C I 3  i s  t h u s  more r e a s o n a b l e .  I n  a d d i t i o n ,  

P o i s s o n ' s  r a t i o  i s  nega t ive  f o r  t h e  n e g a t i v e  v a l u e  of  C13. 

Th is  would mean t h a t  a  sample under  t e n s i l e  s t r e s s  would 

show a l a t e r a l  expansion.  This  has  n o t  been observed i n  

me ta l s .  S ince  t h e  n e g a t i v e  v a l u e  f o r  C gave unreasonable  
13. 

v a l u e s  f o r  b o t h  t h e  bu lk  modulus and . ~ o i s s o n ' s '  r a t i o  and 

s i n c e  t h e  p o s i t i v e  v a l u e  f o r  C13 gave v a l u e s  t h a t  were phys- 

i c a l l y  r e a s o n a b l e ,  t h e  p o s i t i v e  v a l u e  was chosen.  

Attempts t o  grow AIZCu s i n g l e  c r y s t a l s  from s t o i c h i o m e t r i c  

a l l o y s  always produced p o l y c r y s t a l l i n e  samples .  S ince  Havinga, 



Table 5 .  Comparison of A12Cu p o l y c r y s t a l l i n e  moduli a t  4 . 2  K 
c a l c u l a t e d  from s i n g l e  c r y s t a l l i n e  e1as t i . c  constant ' s  
by means of YRH aver'.age 'and us ing  t h e  'two r o o t s  f o r  
C13. The elemental  bulk moduli of A 1  and Cu a r e  
included.  Poiss.onls . r a t i o  i s  dimensionless  and the  
o t h e r  values '  a r e  i n  1011 dynes'lcmi! 

. .  . . . . . . . . . . .  . . . . .  . . .  

Bulk ~ Young ' s Shear Poisson '  s 
modulusa modulus modulus r a t i o  

Elemental 7.78 - 
A 1  

Elemental 13.71 - 
Cu 

a ~ h e  bulk  modulus f o r  A 1  was c a l c u l a t e d  from t h e  s i n g l e  
c r y s t a l l i n e  e l a s t i c  cons tan t  compilat ion of Hearmon (11)' and 
t h e  bulk modulus of Cu i s  t h a t  r epor t ed  by Overton and 
Gaffney (12) .  



Damsma, and Hokkeling (13). report th.e phase. to have a composi- 

tion of A12.06 Cu and Hume - Ro.th.ery and Raynor . 
. 

(14) report 

Cu, alloys were made with approximately this composition. A12.05 

Single, crystals from these alloys had imperfections in the 

form of occlusions measuring approximately 150 by 15 by 2 

microns. 1.t is believed that the presence of these occlusions 

can be explained on the basis of the phase diagram which is 

,given in Figure 10. In this phase diagram, it may be noted 

that A12Cu (8 phase) appears to decompose peritectically in 

close proximity to the liquidus composition. The phase rule 

precludes the junction at a single point of the two liquidus 

lines, the peritectic horizontal, and the,phase terminus. 

Thus there must be a lever arm on the aluminum-rich side at 

the peritectic temperature between the phase terminus and the 

liquidus lines. Then, to grow. a single crystal, the molten 

alloy to be solidified must have a composition more rich in 

aluminum than the aluminum-rich terminus of the peritectic 

horizontal.. IA this situation, solidification of the matrix 
will deplctc the copper conceulration of rhe supernatent 

liquid and local regions will be driven to the eutectic com- 

position and these are believed to be represented as the ! .  

occluded particles. Figures la and lb are photomicrographs 

of the (001) and (100) faces, respectively, of one of the 

A12Cu crystals. The occluded parti:cles are oriented with 

their smalles't dimension parallel' to the 'E001.1 direc'tion but 



Figure 10.. The' aluminum-copper phase  'diagram a s  p r e s e n t e d  by. 
Hans en ( i .5 . )  



show no we.11 d e f i n e d  or . ienta tLon of thei ' r  long a x i s  wi . th in  

t h e  (001.) p l ane .  

A comparison of C 4 q  d a t a  from waves propagated p a r a l l e l  

t o  t h e  [OOl] d i r e c t i o n  w i th  'da ta  from waves propagated p a r a l -  

l e l  t o  t h e  [ l oo ]  d i r e c t i o n  a i d s  i n  e v a l u a t i n g  t h e  e f f e c t  of  

t h e  occluded p a r t i c l e s  on t h e  measured v a l u e s  of  t h e  e l a s t i c  

c o n s t a n t s .  Such a . compar i son  - o f  raw d a t a  i s  g,iven i n  F igure  

11. In  c r y s t a l s  o f  t e t r a g o n a l  symmetry, d a t a  from waves 
. . 

propagated i n  t h e  [ l o o ]  d i r e c t i o n  w i t h  p o l a r i z a t i o n  i n  t h e  

[OOl] d i r e c t i o n  should  be i d e n t i c a l  t o  d a t a  fr.om waves propa-  

g a t e d  i n  t h e  [OOl] d i r e c t i o n  w i t h  p o l a r i z a t i o n  i n  t h e  [001] 

d i r e c t i o n .  The 2 %  d i f f e r e n c e  between t h e s e  d a t a  i l l u s t r a t e d  

i n  F igu re  11 has  been a t t r i b u t e d  t o  t h e  p resence  of .occluded 
. . 

' p a r t i c l e s .  

Table  6 g i v e s  a  f u r t h e r  comparison of room t e m p e r a t u r e .  ' . 

d a t a  f o r  C 4 4 .  Again,  waves 'propagated p a r a l l e l  t o  t h e  [OOl] 

Table 6.  Comparison of room ' temperature  C44 v a l u e s  ob ta ined ,  
by p ropaga t ing  waves i n  .the d i r e c t i o n s  and w i t h  t h e  
p.o.1a.r i zat.i.on.s. .shown 

C r y s t a l  Propaga t ion  P o l a r i z a t i o n  c 4 4  
d i r e c t i o n  d i r e c t i o n  (1011 dynes/cm2) 



TEMPERATURE ( K )  

. F i g u r e  11. C 4 4  d a t a  f o r  -A12Cu. CA was ob ta ined  us ing  a  wave propagated i n  [ l oo ]  
and p o l a r i z e d  i n  [OOl] and CB was from a  p l ane  wave propagated i n  
[001] b u t  p o l a r i z e d  i n  [ loo]  



d i r e c t i o n  gave d a t a  about 2 %  g r e a t e r  than waves propagated 

p a r a l l e l  t o  t h e  [ loo]  d i r e c t i o n  o r  waves propagated p a r a l l e l  

t o  t h e  [I101 d i r e c t i o n .  The good agreement of C 4 4  from waves 

propagated p a r a l l e l  t o  t h e  [ loo]  and [I101 d i r e c t i o n s  i s  

f u r t h e r  i n d i c a t i o n  t h a t  the  occluded p a r t i c l e s  have no p r e -  

f e r r e d  o r i e n t a t i o n  wi th in  t h e  (001) plane.  

On t h e  b a s i s  of Goggin's (16) work on ' carbon-f iber  i n  a  

r e s i n  matr ix ,  i t  i s  be l ieved t h a t  t h e s m a l l e r v a l u e  of C 4 4  i s  

more r e p r e s e n t a t i v e  of C 4 4  f o r  p e r f e c t  AIZCu c r y s t a l s .  He 

found t h a t  e l a s t i c  cons tant  d a t a  from waves propagated normal 

t o  t h e  f i b e r  were much nea re r  t h e  e l a s t i c  cons tan t s  of t h e  

matr ix  than were d a t a  from waves .propagated p a r a l l e l  t o  . the 

f i b e r .  This was t r u e  f o r  both l o n g i t u d i n a l  and shear  modes. 

Arguments based on t h e  i n t e r a c t i o n  of a  wave and a  

p a r t i c l e c o n c u r  t h a t  t h e s m a l l e r v a l u e  of C d 4  is  most r e p r e -  

s e n t a t i v e  of A12Cu. This fol lows from t h e  f a c t  t h a t  t h e  

i n t e r a c t i o n  of a  wave and a  p a r t i c l e  involves t h e  r e l a t i v e  

s i z e  of t h e  p a r t i c l e s  i n  comparison t o  t h e  wavelength of t h e  

wave. Thc i n t e r a c t i o n ' i s  greatest when t h e  p a r t i c l e  s i z e  i s  

t h e  order  of one-fourth t h e  wavelength (17).  Table 7 g ives  

the  wavelengths of the  waves t h a t  were used t o  determine t h e  

e l a s t i c  c o n s t a n t s ,  t h e i r  propagat ion d i r e c t i o n s ,  and t h e  

approximate p r o j e c t i v e  dimensions of t h e  occluded p a r t i c l e s  

t h a t  a r e  p a r a l l e l  t o  t h e  wave propagation d i r e c t i o n .  A l l  

measurements were made wi th  a  pu l se  frequency of 10 MHz and 



Table 7. The directly measured elastic constants. The propa- 
gation direction of waves' that were used in deter- 
mining these. const.ants,. the wavelength of the wave 
in microns, and the approximate dimension of the 
occluded particles parallel to the wave propagation 
direction in .microns . 

P v 2  Propagation Wavelength Approximate 
direction dimension o$ 

occluded 
particle 

C1l [loo] 640 15 to 150 

[Ooll 6 2 6  2  
C33 

C~ 45' from [001] 581 
in (100) 

4 5 '  from [OOl] 315 
in (100) 



t he  d i f f e r e n c e s  i n  wavelengths a r e  duel t o  d i f f e r e n c e s  i n  wave 

v e l o c i t i e s .  The wavelengths f o r  C l l ,  f o r  C 4 4  from a  wave 

propagated along the  [001] d i r e c t i o n ,  f o r  C669 and f o r  

l/Z(C1l-CIZ) a r e  a l l  near t h e  i d e a l  s i z e  f o r  i n t e r a c t i o n  with 

t h e  occluded p a r t i c l e s  and one would expect t h e s e  cons tan t s  

t o  be a f f e c t e d  most by t h e  occluded p a r t i c l e s .  The comparison 

of C 4 4  values  given i n  Table 5 i n d i c a t e s  t h a t  t h e  e r r o r  i n t r o -  

duced by t h e  occluded p a r t i c l e s  ?hould not  be much g r e a t e r  

' t h a n  about 2 %  f o r  any of these  cons tan t s .  For waves t h a t  a r e  

long i n  comparison t o  t h e  p a r t i c l e  dimension, the  sample would 

behave l i k e  an e l a s t i c  continuum (18) .  Therefore,  t h e  r e s u l t -  

ing e r r o r s  from t h e  occluded p a r t i c l e s  f o r  t h e  o the r  e l a s t i c  

cons tants  would be much l e s s  than 2 % .  



DISCUSSION 

Anisotropy i n  Z r Z N i  and AIZCu 

I n  con t . r a s t  t o  t h e  wide ly  accep ted  e l a s t i c  a n i s o t r o p y  

r a t i o  f o r  c u b i c  c r y s t a l s ,  t h e r e  i s  no un ique ly  d e f i n e d  method 

f o r  d e s c r i b i n g  t h e  e l a s t i c  a n i s o t r o p y  of t e t r a g o n a l  c r y s t a l s .  

I n  a d d i t i o n ,  t h e  lower symmetry of a  t e t r a g o n a l  c r y s t a l . p r e -  

c l u d e s  comple te ly  d e s c r i b i n g  t h e  a n i s o t r o p y  by a  s i n g l e  

parameter .  Vold and Glicksman (19) have chosen f o u r  f a c t o r s  

t o  e v a l u a t e  a n i s o t r o p y  i n  a  c r y s t a l  of Laue c l a s s  4/mmm. 

These a r e  

The B f a c t o r  g i v e s  an e v a l u a t i o n  of t h e  a n i s o t r o p y  r e l a t e d  t o  

t h e  l o n g i t u d i n a l  e l a s t i c  modes and t h e  A and D f a c t o r s  a r e  

r a t i o s  of  t h e  s h e a r  modes. The C f a c t o r  i s  r e l a t e d  t o  t h e  

o f f  d i a g o n a l  s t i f f n e s s  c o n s t a n t s  and c o n t a i n s  t h e  1.argnst 

i n h e r e n t  u n c e r t a i n t y .  These a n i s o t r o p y  r a t i o s  a r e  g iven  f o r  

Z r 2 N i ,  AIZCu, Sn, and In  i n  Table  8 .  These f o u r  a r e  t h e  on ly  

m e t a l l i c  t e t r a g o n a l  m a t e r i a l s  f o r  which e l a s t i c  c o n s t a n t  d a t a  

a r e  p r e s e n t l y  a v a i l a b l e .  

A s  Tab le  8 shows, t h e  l o n g i t u d i n a l  a n i s o t r o p y  r a t i o  B i s  

n e a r  u n i t y  f o r  a l l  t h e  m a t e r i a l s  l i s t e d .  However, a t  l e a s t  

one s h e a r  r a t i o  f o r  each m a t e r i a l  i s  s i g n i f i c a n t l y  d i f f e r e n t  



Table  8.  Anisotropy r a t i o s  and c / z  r a t i o s  f o r  ZnzNi, AlzCu, Sn, and In .  
Anisotropy and c / a  r a t i o s  a r e  u n i t l e s s  

c / aa  A= B= C= a D= M a t e r i a l  a  a  
'44IC66 C33/C11 C121C13 2 C 4 4 / ( C l l  - C  1 2  l a  

a ~ h e  c / a  r a t i o s  f o r  Sn and I n  were c a l c u l a t e d  from t h e  l a t t i c e  parameters  
l i s t e d  by C u l l i t y  (20 ) ,  t h e  an i so t ropy  r a t i o s  for .  Sn were c a l c u l a t e d  from t h e  
e l a s t i c  c o n s t a n t s  g iven by Rayne and Chandrasekhar (21 ) ,  and t h e  an i so t ropy  . 

' r a t i o s  of In  were c a l c u l a t e d  from t h e  e l a s t i c  c o n s t a n t  d a t a  of Chandrasekhar 
and Rayne (22) .  



Table 9. Superconductive transition temperatures Tc for 
Zr2Ni, A12Cu, Sn and In 

Material T, (Ua 

a The superconductive transition temperatures of Zr2Ni and 
A12Cu are from Havinga,.Damsma, and Kanis (23) and of Sn and 
In are from Matthais, ,Geballe, and Compton (24) 

': from unity and one shear ratio for each material changes by 

50% or more in the 4.2 to 300 K temperature range. It would 

be interesting to know whethe,r other tetragonal metallic 

materials exhibit similar tendencies. 

All four materials listed in  able 8 are superconductors 
and their superconductive transition temperatures are listed 

in Table 9. Although it is known that valence modifies the 

superconductive transition temperature (23,24), the data show 

that AIZCu has both the lowest anisotropy and the lowest 

superconductive transition temperature. Superconductivity 

is generally thought to arise from electron-phonon coupling , . 

an'd to be associated with soft phonon modes (25). Although 

the elastic constants give only the long wavelength limit of 

the phonon spectrum, a small elastic constant value and a high 

degree o f  ela.stic anisotropy may be taken as indicative of 



soft phonon modes and hence o,f a tendency toward supercon- 
, . 

ducting behavior. 

Polycrystalline Moduli 

Although it is generally not possible to calculate the 
. . 

exact properties of polycrystalline materials from single 

crystal data, approximations can be made using averaging 

methods. Voigt (26) proposed an approximation based on the 

assumption of homogeneous stress with averaging aver strain. 

An alternate approximation was proposed by Reuss (27), who 

assumed homogeneous strain with averaging over stress. Be- 

cause of the constraints associated with the grain boundaries 

in polycrystalline materials it is impossible to maintain 

either homogeneous stress or homogeneous strain. These 

methods also assume random orientation.of the grains in the 

material, an assumption that is often violated. Hill (10) has 

shown that the procedures,of Voigt and Reuss represent maximum 

and minimum values of the polycrystalline moduli and has sug- 

gested taking the mean of their approximations. This mean is 

often referred to as the Voigt-Reuss-Hill approximation or 

simply as the VRH average. The results of VRI-I averaging for 

Zr2Ni and AIZCu are given in Table 10. 

Smith (28) has postulated that the bulk modulus of 'an 

inleraletallic phase can be approximated. by the weighted mean 

of the bulk moduli of the constituent elements. Table 11 

gives a comparison of the estimated and experimental values 



Table 10. Polycrystalline moduli from VRH averaging of the 
single crystalline 'el'astic constants of' Zr2Ni and 
A12Cu. The bulk modulus,.K, the shear modulus, p, 
and Youn ~'smodulus, E, are in units of 1011 
dynes/cm . Poisson,'~ ratio, v ,  is dimensionless 

Table 11. Comparison of estimated and experimental room tem- 
perature bulk moduli of Zr2Ni and A12Cu and their 
constituent elements, in units. .of 1011. .dy,n.e.s./.c.m.2 

% 
K ~ 2 ~  error 

a ~ h e  elemental bulk moduli of Ni and A1 were calculated 
from single crystalline elastic constants listed in the com- 
pilation of Hearmon (11). The bulk modulus of Zr was calcu- 
lated from the compressibility value given by Fisher and 
Renken (29) and the bulk modulus of Cu is that i .epur.ted by 
Overton and Gaffney (12). 



for Zr2Ni and A12Cu. The estimated and experimental values 

are  considered satisfactory if'the discrepancy is - 1 U % .  

The low value of the Zr2Ni bulk modulus may be partially 

due to interatomic spacing. The Ni-Ni spacing in ZrZNi is 

5.6% greater.than that observed in elemental nickel. The 

nickel sublattice may thus be contributing less toward the 

bulk modulus than the atomic percentage indicates. It is also 

interesting to note the atomic coordination in this phase. 

The coordination of the nickel atoms is 10 with 2 nickel near- 

est neighbors and 8 zirconium nearest neighbors while the 

coordination number for the more abundant zirconium atoms is 

15 with 4 nickel nearest neighbors and 11 zirconium nearest 

neighbors. The Ni-Ni interactions are' thus much less numerous + 

than the Zr-Ni or the Zr-Zr interactions. 

Inthe case of A12Cu, the experimental value of the bulk 

modulus is 10% greater than the weighted mean moduli of the 

elemental constituents. Again an examination of the inter- 

atomic spacing may give a partial explanation. The bulk 

modulus of cvpper is 89% greater  than the buik modulus of pure 

aluminum. The interatomic distances between nearest neighbor 

copper atoms is 4.7% less than the interatomic spacing for 

elemental copper. This spacing may cause the copper sublat- 

tice to contribute more towards the bulk modulus than the 

atomic percentage denotes and result in a higher bulk modulus, 

than the elemental weighted mean bulk modulus. 



Debye Temperature 

The Debye temperature can be calculated either from low 

temperature specific he'at data or from the elastic constants. 

A linear fit of C /T vs T' curve is normally used to evaluate 
P - 

the Debye temperature from specific heat data. This method 

assumes only lattice and electronic contributions to the 

specific heat and must be made using specific heat data from 

near 0 K. The major difficulty in calculating the Debye tem- 

perature from elastic constant data is evaluating an integral 

involving the elastic constants over the solid angle. In 

order to overcome this problem Anderson (30) has suggested a 

method of deriving the Debye temperature from polycrystalline 

elastic moduli using an isotropic approximation. The poly- 

crystalline moduli were calculated by the VRH averaging method 

that was discussed earlier. Anderson shows that his method is 

in good agreement with more complex procedures requiring sum- 
. . 

mations over the solid angle. Anderson's method was used to 

determine the Debye temperature of ZrZNi and A12Cu. Table 12 

gives these values along with values for the constituent ele- 

ments of these alloys. 

go for A12Cu was nearly equal to the weighted mean go 

values of the elemental constituents, while g o  for ZrZNi is 

significantly lower than O o  for either constituent element. 

This 0, value is in keeping with the melting points. Zr2Ni 

melts at 1120 C (31) and Zr and Ni melt. at 1857 C and.1455 C 



( 3 2 ) ,  r e spec t ive ly .  The low eo  f o r  Z r 2 N i  i s  r e l a t e d  t o  t h e  

s o f t  C66 and 1/2(C1i-C12) e l a s t i c  shear  modes. 

Table 1 2 .  Debye temperature i n  degrees Kelvin f o r  Z r z N i  and 
A12Cu and t h e i r  c o n s t i t u e n t  elements. Values a r e  
from e l a s t i c  cons tant  d a t a  a t  4 . 2  K 

AZB e (A) a eo  (B) a e o  ( A ~ B )  

Z r 2 N i  296 476 198 

A12Cu 428 345 402 

a  The Debye temperatures of N i ,  A l ,  and Cu a r e  c i t e d  
from Gschneidner ( 3 3 )  and of Z r  i s  c i t e d  from Fisher  and 
Renken (29') . 
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