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ABSTRACT

Alfvén hydromagnetic waves are propagated through a cylindrical
plasma. The wave velocity, attenuation, impedance, and energy transfer
are studied. The theoretical equations predict correctly the functional
dependence of the velocity and attenuation, and from these quantities ‘accurate
measurements of plasma density and temper;ature c-an. be obtained. A
qualitative agreement between theory and experiment is pbfaingd for the
hydromagnetic coaxial waveguide impedance, 4and the energy transferred
from an oscillating circuit to the hydromagnetic wave is measured to be

43 £ 1.
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INTRODUCTION

The ,gleneration and propagation qf Alfvén waves in a gaseous discharge
plasma have been reported recently at Ber’keleyl and Harwell. 2 Snch
hydromagnetic waves were firs't postulated by Alfve’n3 to account for certain
properties of sun.spots Hydromagnetlc waves were f1rst generated in the
laboratory by Lundqmst4 and by Lehnert5 usmg 11qu1d meta.ls The present
experiments are similar except that the use of a gaseous plasma allows a
more detailed studylof' the nhenomena )

The purpose of th1s expenment is to determme varlyous propert1es
of Alfven—wa.ve propagatlon in a pla,sma, Among the propert1es 1nvest1gated
were propagation velocity, attenuation, energy transfer, and dielectric con-
stant. ' |

In a conductiné ﬂuld an Vimbe'dded magnetic field will be constrained
to move approximately with the ﬂu1d ~Such "frqien—in"'magneti.c field lines
propagate Alfvén waves in a ‘man_ner analogous to transmission of wa\;es by
. a string. For Alfvén waves the tension of the magnetic lines is given by

6 and the den31ty p by that of the plasma carried along with the

2
B, /4m,
lines. Here B0 is the static magnet1c f1e1d 1ntenS1ty produced by external
coils, Thus the propagatmn veloc1ty is glven by
o o 'VAzBo‘/\/ ;Tl'p C (1)
ES - : - ' |
Work done under the auspices of the U.S. Atomic Energy Commission.

TSummer visitor ffo_m 'We'sleya‘n University, Middletown, Connecticut.
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in agreement with the result derived f‘.rom Maxwell's and the hydrodynamic
‘equations for infinite ‘conductivity. A more general result will be stated
below.

'fhe dielectric properties of a plasma may often be used to discuss
plasma behavio;. In particular, the propagation velocity is related to the

velocity of light ¢ by

v=v, e/ yE , (2)

and the impedance .of a plasma-filled wave guide by

z=2y/ VK | 3

where K is fhe diell_ec.tr'ic ‘constant of the ‘pllg.sma and .ZO the vacuum
—~i\mpedé.nce of the guide. | |

| Wh,en'an electric field E is imposed upon a plasma in a direct>ion
perpendicular to an externally applied static. magnetic field By the di-

electric. constant may be calculated directly. The energy added by imposition

of a fie,id 'E is

-y 2
KE, _ E + 1 pVZ‘ (4)
8 8m 2
The magnitude of v is Ec/BO, and thus we have
2
K=1 +"‘—"_E’CT ‘ : (5)
B
0

which correctly yields Eq. (1) for. 41rptc:'-2/Bo.2 » 1, as in these experiments.
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THEORETICAL DISCUSSION

Theoretical discussions of Alfvén—iava;ve propagation ﬁnder conditions
similar to tho._se imposed in the present experiments ha\}e been given by
, Newéomb7.a;na.by Lehnert. 8 Their results for pr'dpa.gatior‘x velocity and
attenuation ;n the presence of roninfinite cgnductivity and plasma inertial
effects will be stated here.

A plasma of cyliind‘ric-al georﬁetry is assumed. A uniform magnetic

field B, is inthe =z direction along the axis of the plasma cylinder.

0
Torsional waves are induced by an electric field acting between two con-
centric electrodes at one end of the cylinder. The radial dependence of the

azimuthal magn,etic field component b6 of t'ihe resulting torsional wave is

given by
2
8 bG 1 ab@ .2 1 -
+o—_ - +| k- bL.=0 (6)
> c 2 ].%6
5 r or r

when the wave frequency is small compared with the ion cyclotron frequency.

The solutions to this equation are first-order Bessel functions,. and k.c- is
.determined by appropriate bo'undary conditions on those solutions. If the
wave. frequency is not small compared with the ion cyclotron .frequency, the
bAG solutions are not easily separated from these for b_ and bz, but can be
written.as the sum over a set of ''principal mode'" soliutions which are
charactérizéd by'being divergencle-free. Néwcdmb has shown that tﬂe

higher principal modes suffer progressively larger-damping, For »th.is.
reason only the first pri'ncipall mode is considered in this discussion, although
future méasurements may yield mére information about this approx\imation.

The magnetic field components for the lowest-order prihcipal mode

have the following form:
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.b =b Z.JO_(k_C-)e L : _ . (9)
where Cfo and. Jl are the zero- and firsf-drdei' Bessel functions;
: bop, bor‘, boz .are the amplitudes of-the 6, r, and z components,.

. relspectively; k is.the complex propagation .constant; w 1s the wave angular
frequenf:';r; and kc is determined by the.bounda?y condition that gt the outer
radius §ve have
. b =T (k) =0 ‘ - (10)
for é. surrounding conducting cylinder of radius a. o
The propagation velocity is ‘contained in the real part of k. When
collisions with n'et'1tra1As.are assumed .neglig‘ilble, the propagation velocity

is given by8

12

[~ ( W ).2-
L+ f—r
 1-' kg
ﬁ-zo'zv 2
0 A
L. a

where © is the 'conductivity.,' : Simila‘riy,- the attenuation is contained in the

imaginary part of k and is given ‘b.y7-

k 24k 24 B)anp /2 <
e =< - C ) : (12)

‘ ZH.OO’VA Z“OUBO
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The attenuation caused by neutral damping may be included with an additional

’terrn9 in the fotal attenuation factor € = El te, involving the ion-neutral

collision frequency Vio of the form

Vn N v.n(4-ﬂp)l/§
EZ‘: n . 1_..;\" - (13) -
- Va By
Both €y .and €5 have the same dependence on B . Since this added term
: 0

assumes the loss at each collision of correlation between the colliding ion
and the ordered wave rﬁotion, Eq. (13) provides an upper limit to the effects
of neutral damping. For the conditions irhposed in this experiment we have
1

0= 12 kgauss.

kcz)> k% and ¢ % 1.3.m"

'}atAB
GEQMETRY

- The gedmet;y of the apparatus used ,in theég experiments is shown in
Fig. 1. A 5—3/4-in; i, d". ; »34f-'in. '-,long. copperv‘cylinder is placed. in a
uniform axial r'nalgne_tic field of thé order of 10 kgauss; H At each end of the
cylinder is a pyrex insulator in which is mounted a coaxial electrqde 2 in,
in diametér and 2 in, long. After evacuation of the cylindér to approximately
0.6 micron of Hg, hydrogen gas is allowed to flow through th‘e" cylinder 'é.t a
pressure of l'OO_micrc‘)ns Hg (7.1)(1015 proton.s/cm3), | The équilibrium
pressure is monitored with a Pifar;i gauge which is per_iodically calibrated
by use of é McLeod gaugé, ‘The voltage on each electrode is. measured with

a resistive divider, and the results are presented ona dual-trace oscilloscope.

PLASMA PREPARATION
The gas is ionized by dischargirig a 45-uf '"'slow' condenser bank be-
tween thé two cenféf electrodes. The resulting current and voltage waveforms

are dis.pllhayed in Fig. 2.. The (induc’t_ivé) impedance of the,ext.erna,l circuit is
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, 45pufd
Spark-gap Slow bank
swite iL
g ] )
oo : ) o[o]
Ignitron switch ::g‘m Solenoid l;{%-:-l--
O.2ufd
"Fast b/t;l;m"
- Driving Transmitted
wave form - wave form
Pyrex insulator
- [S]0]
ofo] o]0
MU -18257

Fig. 1. Experimental geometry.
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" Fig. 2. Slow-bank voltage and current. Horizontal scale
10p sec/large division. - Top trace is voltage between
the center electrodes at 1000 v/large division. Bottom
trace is current at 40 ka/large division: :
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larger than the impedance of the tube,. so that while the condenser bank is
‘charged to 10 k\;, only 2 kv appear across.the tube. The ionization mechanisrh
is not well understood, and has not been studied in this experiment. After

the plasma has been formed by the slow bank, a 0.2-pf fast condenser bank

is discharged befween one electrode .ahd_thé outer cylindef. . This voltage
.creates a.radial electric fiéld at one end of the plasma which induces the
hydromagnetic wave. The resulting voltage waveforms vu the sending and
-receiving electrodes are di'spla.yed in Fig. 3.

. The wave has bee'n-propagated at various timesi after the slow bank
has been tired, as indicated by the bracket o'n‘ Tig. 2. The fast bank was
fired at ap‘pr.oximajtel}rr‘ 65 psec for this figure. At the earliest times.'(befo-re-
the b;acl;et). the traces afe has_hy*an’d_the Alfvénl wave cannot be dis'ting‘uished.
Over a range of 70 psec the measured wave velocity is essentially constant,
as shown in Fig. 4, which indicates that the density p  is Eq. (1) is not
changing during this time. The measured wave velocity is-sho.wn in Fig. 5.
as a function.of the fa§t=bank voltage. Sinc?the velocit‘y‘is' cohAstan't over
the range from. 4 to 16 kv, the density. p in Eq. (1) is not changing due to
ionization or other effects of the fast-bank voltage. As the slow-bank voltage
is increased;, the measured wave velocity decreases. This is appareutly
caused by evolution from thé tube walls. Since this effect has not been
measured quantitatively, and since the percentage ionization has not been
independently determined, the density 'p -in Eq. (1) is c'orr;p_uted from the

observed wave velocity.
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Fig. 3. Received and driving waveforms. Horizontal scale is
lpsec/large division. Top trace is received voltage and
bottom trace is driving voltage. A filter is used to give
a horizontal base line. A delay of about 2 psec in the
received signal can be seen. .
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Fig. 4. Measured wave velbcity vs. time delay between firing
of slow bank and fast bank. - ' '
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' Fig. 5.

5 T T T T | | T
—— 4_ ]
~
o
[+]
i ° 00 o ° °
9 3 ¥ 3 3 ° 3 7
(7]
~
€
(8]
= 2 _
>
>
CQ
o
T —
l 1 l 1 1 I 1 ]
0 4q 8 ' 12 16
Fast bank potential -( kilovolts)
MU-18259

!

Measured wave velocity vs. fast-bank potential.



-14- UCRL-8885
VELOCITY

The wave velocity was determined as a function of BO from dual-
beam osAcilloscope traces of driving and received voltage wave forms similar
to those in Fig. 3. The resulting velocities are plotted in Fig. 6. The
dependence of wave velocity on B0 is very ngarly that predicted .frorn Eq. (1),
although the dashed ''best-fit'' straight line extrapolates to a nonzero velocity
intercept. The cause of this intercept is not known,

The plasma densit& can be evaluated from the fneasured wave velocity
at a particular magnetic field. At Bo = 10 kgauss, VT .2.8)(107 cm/sec

yields p = 1.02X lo'sgm/cm3 which is equivalent to 6.1 X 1015 protons/cm3.

ATTENTUATION
The ratio of the received to driving wave voltage as measured be-
tween the center electrode and the outer cylinder is plotted as a function of

magnetic field in Fig. 7. This ratio R is equal to
2)
R =-¢e (14)

' where €y is given (by Eq. (12), € is given by Eq. (13), and L is the length
ofvth'e tube. The solid curve has been calculated by the use of Eq. (14) and

is normalized to fit the exper&menﬁal data at 12 kgauss. -We may note that

if the damping causéd by ion-neutral collisions can be made negligibly

small (e 2 X 1), the transverse conductivity can be calculated from Eq. (12).
Thus the electron temperature can be determined from a theoretical dis-
cussion of conductivity such as that given by Spitzer. 10 A small change in
temperature results in a large change in the ratio of the received té driving

wave voltage.
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Fig. 7. Received amplitude/driving amplitude vs. axial
magnetic field. Solid curve is plot of Eq. (14)
normalized at 12 kgauss.
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IMPEDANCE |
* The impedance of the device was determined as a function of magnetic
field from the waveforms of the driving current and voltage. At,l'3.3 kgauss
this measured impedange was found to be 0.085 ohms and the theoretical
impedance obtained from Eqs. (3) and (4) to be 0.080 ohms. ﬁowéver, the
.ir.npedancga was observed to be not as str.ongly dependent upon B0 as the

linear relationship predicted from Eqs. ‘ (3) and (4).

ENERGY TRANSFER
The efficiency of the transfer of eﬁergy from the external oscillating

circuit to théhydrq?na$néti’q wave has fbee,n;méasured-. The energy delivered
to the dri‘ving 'é'ieétfodés "by'the oscillating cir'c:uit"has been obtained by
numerical multi.plicatio.n of the measAurAec'l. current and voité.ge wa_veforrhs.
The second and third half cyéles hav‘ev been chosen for this comparison. | The
eﬁergy cohten’c of the wave in th;s same interval has been measureci with
magnetic’ probes. For a wave traveling in the positive z .direction Cowling1

gives

.VA |
where ¥ is the rﬁagnetic field associated with the wave, V¥ is the
(transverse) plasma velocity, .BO is the static axial magnetic field, and

v, is tlw-xe' ;‘\lfvén velocity. Then the 'magnetic energy, b2/8'n per unit
v‘olume, equéis the kinetic energy, 1/2 p.VZ per unit volume. The magnetic
field of the wave is measured with a probe located 1—3/4 in, beyond the end
of the driving electrode at a radial po.sition r = rp midway between the
coaxial electrodés, The largést magnetic-field ;:ompone‘nt associated with
the wave is 'b9 . We also obse.rve the presence of- br and bz, but these are

small compared with 'b6 so that bl;z and bz2 can be neglected in comparison
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1

with beZ for a first-order calculation. 2 Thu‘s from the energy density
b92/87r we calculate the energy that flows past the probe @uring the second
and third half-cycles of the wave, add an equal amount of energy to represent
the kinetic energy 1/2 pVZ, and compare the result w1th the énergy input from
the external oscillating circuit to the driving electrodes.

We measure with the magnetic probe the value of b@ at r = rp.a Since

our analysis includes only the lowest-order mode, we have shown above that

0 i(kz-wt) ' | o

b,=Db eJl(kCIj)e

)

where bo6 is detérminea from the measured value of bé) at r=r

The magne’t‘ic energy of the wave is calculated by integrating b26/8'n over

r and t at z = 0. The time integral is done as ;. summation employing the
output wave forx;n,s of the magnetic probe. Energy input dur’ing the 'gwo |
half-cycles is fqund'to bg 9,5><106 ergs, while that in the wave for’. the same
interval is 4,1><-106 ergs, indicating the transfer of (43 % 10)‘.% of the inp;ut
energy to the wave.

The fate of' the. remaining energy is not presently known, but may be
in insulator . or sheath losées, or p&ssibly in a rapidly attenuated wave
propagated in the neéative z direction. In any event, the traﬁsfer of an
appreciable fractionvof the input energy ir‘1to -Alfvén-wavé energy is possible. 13

Thé magnetic probe measurement‘indicates that the fie.l‘d associated
with fhe wave is about 100 gauss, Since the static field~is 10,;000 gauss, the

wave field is about 1%, and therefore a- srrialléamplitude theoretical treat-

ment is valid.
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The first term is constant, the second is negligibly small, but the
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at any value of z, is identically -zero.
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13. This efficiency is of particular importance for the '"magnetic beach"
~plasma hea_ting proposal of T. H. Stix in Generation and Thermalization
of Plasma Waves, Proceedings of the Second International Conference

én the Peaceful Uses-of Atomic Energy (United Nations, New York,
1958), Paper No. 361. In this scheme a hydromagnetic wave iAs
indu'cevd at one‘ end of a magnetic-mirror geometry, 'and conditions
are arranged so that the local ion cyclotron frequency at the center
of the mirror geometry is approximately -equal to the wave frequency.
Under-these conditions Stix predicts that the wave energy will be
abs_ofbed and'thermélized by the ions of the plasma, thus .providing‘
an attractive héat’ing mechanism. Thé proposed plasma densit’yl'is

considerably smaller than in the present experiment.
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