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Abstract

h'e show that the conserved magnetic and electric charges 

ir. non-Abelian theories have nothing to do with the Higgs 

scalars and/or the symmetry structure of the Lagrangian.

They are a consequence of the local isospin gauge symmetry.

We present several exact static dyon solutions to the non­

linear classical field equations in both massless and massive 

Yang-Mills theories, which possess both electric and magnetic 

charges.

---------------------------------N O TICE ----------------------------------
Thu report war prepared a l  an a c c e n t  o f  work 
fponnite*’  b> (he United S la m  Government Neither 
the United Slatri nor the "n lted  States I nnpy 
Reiearch and [)evrlnp<nent Adminirtralion, nol any o f 
their em ployed , nor any o f  then contractor!, 
liib con tn c lon , or their employee!, make* any 
warranty, r tp ie u  or implied, or auumei any letal 
liability or rciponuhdity Tor the accuracy, complrtenru 
or uiefnlnen o f  any information, apparaliu, product or 
p rocru  ducluied, or tepteicntt that tt i uie would not 
infringe privately owned Mfthlf



1. Introduction

Yang and Mills emphasised that local isospin gauge sym­

metry leads to gauge fields Ba and completely determines the 

interaction dynamics of the gauge fields.^ Several particu­

lar solutions to the classical Yang-Mills field equations
2- c

have been discussed. Recently, it was pointed out that

because of the local isospin gauge symmetry, one can intro­

duce a unit isovector, e.g., va = ra/r, to connect the gauge 

field Ba and the Abelian electromagnetic field tensor 

associated with the magnetic monopole in such a way that 

(a!) F is isospin gauge invariant and (b) Fuv reduces to the 

usual electromagnetic field tensor Fyv = 1 A# - if va =

(0,0,1) and Bj is identified with the photon field A*1.*’ We 

stress that this connection is determined by symmetry, not 

by dynamics. In this way, local isospin gauge symmetry also 

leads to a magnetic monopole with a magnetic charge g = 1/e 

when va = ra/r and Ba = 0 in the Yang-Mills theory.

In this paper, we consider the static solutions with 

Ba i 0 and we obtain the dyon solution, having both magnetic 

and electric charges. We also find an exact static solution 

Ba for which the total energy of the system is finite, but 

the solutions Ba are non-point 1ike and the dyon carries an 

imaginary clectric charge. It is shown that the conserved 

magnetic and electric charges in non-Ahelian theories have 

nothing to do with the Higgs scalars and/or the symmetry
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structure of the I.agrangian, Rather, they are a consequence 

of the local tsospin gauge symmetry. A massive Yang-Mills 

theory is also considered; it is found that in this case the 

dyon solution exists too.

2. Special Static Spherically Symmetric Solutions

The classical field equations for the Yang-Mills field

Ba are^
M

Ba = 3 Ba - 3 Ba ♦ ecabcBbKc , B, s Aw , (1)ji v v v v M u v ’ 3 v J

Ba * eeabX B C

(3)

We look for the static spherically symmetric solution of the 

form,3

Ba - raG(r)/r , (S)

The constraint equation (3) is automatically satisfied. 

Equation (2) can be written as
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3 . ^ 8  - 2B/r2 - 3eB2/r - e2B3 + + erB) = 0 , (6)

3i3iG - 2G/r2 - 4eBG/r - 2e2B2G = 0 . (7)

Introducing the variable C(r) » 1 v erB(r) , we have

r2 “ CfC2 - I) - e2r2G2C , (8)
drz

^ ( r 2 |j£) « 2GC2 . (9)

The trivial solution C = 0 to (8) leads to the nontrivial 

special solution,

B(r) » -l/(er) ,

cioj

G(r) = G0/r + Gj , Gq * e ,

where G and G, arc constants of integration and G„ = e be-0 1 o

cause of the requirement = Fuy when va = (0,0,1).

We try to find a solution B  which is regular at r = 0.

By a stroke of luck, we find the following solution to (8) and

(9), (Note that here C and G can be either positive or negative.)

C(r) * ur/sin.ir ,

(U)

G(r) = i(nr cosnr • sin’tr)/(er sinar-)

2
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where o is an arbitrary constant. Unfortunately, these solu­

tions are undefined as r •• oo if a is real. However, if a is 

imaginary, i.e., a = ig with 0 real, we have an exact solution 

tn equations (8) and (9),

G(r) " erslHEBr (Br COsh6r ' sinhBr) ’

(121

which can be easily verified. These solutions are regular at
7

both r = 0 and r = ". We note that such a finite solution 

for arbitrary r is possible because Ba (or G(r)) is non­

vanishing. If B® is set equal to zero, Equation (8) becomes 

r2d2C/dr2 = C(C2 - 1) « C3 in the region C2 >> 1, say r = r^, 

where we have the asymptotic solution C ? /2rf/(rf - r), 

r * r^. In this case, the nontrivial solution C(r) diverges 

at some finite r * rf•^

On the other hand, if one looks for the static solution 

of the form,

Bj = r1fa (r)/r , B® = Ea(r) , (13)

one has the Ikeda-Miyachi solution
2
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fa(r) = Aa/r2 , Aa = integration constants ,

(14)

ga (r) = (1 - j-)[a’a - b'a cos( ♦  c,a sin(^)l , k =•• const.

where A ; jAj, a,a = const. Aa , |b'| = |c'| and a', b' and 

c' form a right-handed orthogonal system. It is interesting 

to note that if A * g t 0 the vector g appears to rotate 

around the £ axis, with the angle between X and g constant 

everywhere, when we travel from one point to another point in 

space.

3. Local Gauge Symmetry and the Dyon

What is the "physical" meaning of these classical solu­

tions? One may regard the 6 -vector Bav as composed by iso­

vector "electric" and isovector "magnetic" fields:5

Ej ■ B?0 . H* . K . jB“. . (15)

which do not correspond to a physical reality in nature. It 

would be more interesting and meaningful if Bay can be related 

to the usual electromagnetic fields. Indeed, this is possible 

bc-cause of the local gauge symmetry.^

Based on local isospin gauge symmetry, we can introduce 

a unit isovector vava * 1, e.g., va « ra/r, and construct a 

generalized electromagnetic field tensor F^v more closely

8

related to Fuv, ;o that we may actually split the 6-vector 

into the usual electric and magnetic fields associated 

with interesting objects such as the magnetic monopoles or 

the dyons. Their existence has been speculated in relation 

to the fundamental problem of charge quantization and dis- 
g

cussed by many authors. To accomplish this in the Yang-Mills 

theory with Bj B Au , it is natural that satisfies the

requirements: (i) F is gauge invariant and (ii) F can

a 6be reduced to the usual F vihen v = (0,0,1). Vie define

F„v ■ " " C .  ' e-)Eabcva (Duvb)(DvvC ) .

a .a i b, . b „ bcdDc dv v  = l , ( D v ) = S v  + ec B v  , U li p

(16)

which is indeed gauge invariant and F = when va = (0,0,1), 

Now, the electric and the magnetic fields, Ej and H^, are 

related to F by

E. * F . , H, = |c . . . T . . . (17)
} 10 k 2 kij ij

The definition (16) is interesting because Ej and in (17) 

can be interpreted as the fields produced by the magnetic mono­

pole or the dyons. Since vava = 1, we may write (16) as

F(jV * 5.j(vaBa ' - 3v (vaBa) - e ' 1cahci'a O, vb) (i>vvc ) . (Ifij
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If the theory involves a scalar field ta, one usually 

defines7'9 F in (16) with va replaced by <&a/|<f>i, as pro-ilV

posed by ’t Hooft.8 IVe stress that the ratio <t>a/|J| has 

nothing to do with dynamics, although $a is determined by 

dynamics. The reason is that one looks for solutions of the 

form 4a = ra4(r), where C(r) is the only quantity determined 

dyntmically. Therefore, $a/|$| has nothing to do with §(r) 

or dynamics, just like the unit isovector va . Note that the 

form $a • ra£(r) is determined by symmetry consideration 

a 1one.

To see the sources which generate the field let us
q

define the magnetic current k^ and the electric current j :

k. = L.  30FUV , (19)A 2 ApiiV *

j = 3VF . (20)pv

They are both obviously conserved currents,

a*k. = 0 , 3uj = 0 , (21)
A li

and hence the magnetic charge^ M and the electric charge Q 

are conserved:
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T t M = 37 - o ,

1 2 2 )

3T Q = 3?/-ioir’r/t',,r) = 0 •

When the fields Ba are free from singularity lines, we have 

the identity.

e. (vaBa) - 3 fvaBa)J = 0 (23)Appv l u ' v  V - v

and the magnetic current k^ can be written as®

kx - - (l/2e)cXouvcabc5pva3wvb3vvc (24)

The relations (18)-(24) hold for arbitrary loc.H unit isovector 

va(r,t), vava » 1. It is striking that these results are the 

consequence of the symmetry embedded in (18) and have nothing 

to do with the interaction dynamics of the system. We note 

that, in fact, symmetry is the most basic concept in gauge 

theories. The concept of symmetry leads to the gauge fields
3 3 1 X

and completely determine the interaction dynamics of By- 

In the same sense, we may regard the dyon as the consequence 

of local isospin gauge symmetry.



4. The Dyons

For the special type of solution given by (4) and (5), 

we have

VG(r)

H = -r/(er )

(19)

(2 0 )

The fields E. and related to the solution (10) are 
J *

2 = -er/r3 , H - -r/(cr3) , (21)

I 1
This shows the presence of a stable dyon at r * 0 with an 

electric charge e and a magnetic charge g = 1/e, satisfying
o

the Schi '"'»er condition eg « 1.

One may wonder why such a dyon with a point-source is 

possible. The answer is that the solution (10) is singular 

at T = 0 and, therefore, the solution (10) has a 6-function 

type source13 Sa defined by

12

However, the magnetic charge s in f213 has nothinR to do 

directlv to do with this source . (See Sec. 5).

The solution (12) leads to the following electric and 

magnetic fields:

| . i ^ [ 1 ----g M  ■«) , fi - -r/(er3) (22)
e (sinhBr)

Unfortunately, this corresponds to a dyon with a point magnetic 

charge surrounded by a cloud of imaginary electric charge 

without a point-like core.

The Ikeda-Miyachi solution (13) and (14) gives

E - rk(r•g)/fr4 (I-k/r)J + g/r - r(r-g)/r3

* t(1-k/r)sA(r-6 ' sin(eA/r) - r-c* cos(eA/r)J/r4 ,

(23)

(24)II - -r/ler3) * X » r/rJ

The magnetic flux is

j*,1-ds = - ,25)

because the second tern in {24) doc> not ori^inato from the 

magnetic charge. The electric field I. is a rapidly oscillating 

Unction of r as r * 0, and there is no sjmpJc picrurc for
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this solution.

5. Static Energy

The static energy of the system is given by the Hamiltonian 

of the Bji field:

%  -

■ ^ " d r l  C g ) 2 * - e W  - £ g ) 2 r2J (26,

which is divergent far the solutions (10) and (11). The Ikeda- 

Miyachi solution (13) and (14) also leads to a divergent energy. 

The remarkable feature of the solution (12) is that if gives a 

positive and finite field energy:

where 6 is the constant of integration. This finiteness is 

intimately related to the non-point1 ike nature of the solu­

tion (1 2 ),

f>. Massive Yang-Mills Fields

From experimental viewpoint , if the dyon exists, it is 

probably massive. Ke wish to point out that the above dis­

cussions hold also for ;i theory involving massive Vang-Mills

1 1

fields f“(x). Let us consider the Lagrangian

* = - * k U3>Ju

j»uJ •(<“ ♦ e? ̂ x): - ■refii.(U3u« - «3MU) 

g* 2 / * ( * 2 ♦ V 2) * j«Mff2U ♦ M f?8lif1J

2 t O ufu ♦ Mfi/t)2 . 128J

fpv * 3 ufv ’ 3v f„ * cfuxfv ’

1 3
which is, except the last gaugo-fixing terra with the parameter 

, invaraint under distorted local SU(2) gauge transformation. 

The I.agrangian (28) leads to field equations for f3 (x), $a (x) 

and U(x), and $a (x) ■ 0 is a trivia) solution. In analogy

with (4) and (5), we set fj = cjabv f0 “ v ' v = ra/r.

Wc find that

V2R - -^B - ^ B 2 - e2BJ ♦ - erf) - ^-H(U ♦ - e~ ) 2 ' 0

(29)

v2r - - ~ B G  - 2e2R2C - ^ G ( U  ♦ ^ ) 2 = 0 . (5o)

'.'2U • ^-(ll2 - 2B2 ) (II ♦ 2Mf/e) * 0 . (.31)
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By inspection', we see that U » -2Mj/e is a trivial solution to 

Equation (31), and Equations (29) and (30) rcduccs to Equation

(6) and (7) respectively. Therefore, all subsequent discus­

sions hold equally well for the Lagrangian (28) involving 

massive V'ang-Mills fields.

7. Reoarks and Conclusions

In the solutions (10) and (14), B* nay be zero and the 

nonvanishing B? leads to the magnetic monopole.® When B* * 9, 

the static particle-like solution with finite energy such as 

(12) has not been found.S’6 Ke conjecture that the non­

vanishing Ba is necessary for a positive and finite energy.

The electromagnetic field tensor Tpm defined in (16) is 

not a direct dynamical consequcitcc of the Lagrangian in non- 

Abelian gauge theory. In Ref. 9. the conserved magnetic 

charge in non-Abclian gauge theories is regarded as the con­

sequence of the topological structure of three fliggs scalar 

field in a three-dimensional space, However, from our discus­

sions, the conservations of the electric charge q and the 

magnetic charge M, as shown in (22), has nothing to do with 

the symmetry structure of the Yang-Mills Lagrangian and/or 

the existence of Kiggs scalars. Rather, they follow from the 

basic concept of local gauge symmetry, as discussed »n See. 3.
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