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Saturation of the Papametric Decay Instability Near

the Lower Hybrid Frequency

Liu Chen and R. L. Berger
Plasma Physics Laboratory, Princeton University

Princeton, New Jersey 08540

ABSTRACT

The nonlinear evolution and satura-
tion of parametrically excited lower
hybrid waves are studied numerically by
solving the corresponding weak turbulence
wave kinetic equation. The saturation
level and the effective collision fre-
quency v. are obtained as.functions

of pump power.
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A number o@lexperiments have observed the parametric decay
of an externallfiimposed electric ‘field oscillating at a fre-
quency close.fb the lower hybrid frequency Wyh .l This
decay leads to ﬁépid absorption of energy by plasma waves which
ultimately heat_;he plasma through Landaﬁ damping and collisional
damping. Since ;édio frequency power is readily available at
frequencies corr%sponding to the Iower hybrid frequency for
typical thermonuqiear plasmas, this process provides an inter-
esting possibilig% to heat plasmas to fusion temperatures.

It is necessarY to follow the time evolution of the . lower
hybrid decay anég to 'the eventual saturated staﬁe in order to
upredict the rateZQf energy absorption, total ion and electron
heating, and the‘gyesence or absence of high enerqy tails. It

It has been shown that only tQ@ wave decays are
allowed for hot egual temperature plasmas.z Theae are decay
into lower hybridfyaves and either gléctrostatic ion cyclotron
waves or quasimod§§. This latter process is nonlinear Landau
damping on electrons (NELD) which dominates the more familiar
damping on ions when the ratio of parallel to perpendicular
wavenumber is lesé'than the square rgot of the mass ratio of
ions to electrons;;-We treat the saturation of the latter insta-

‘bility here even ﬁhough it has a higher threshold in general

than the former dgﬂay instability beecause NELD occupies a

larger region of phase space if wy < /2 Wip and is affected



less by inhomogeneity than decay into electrostatic ion cyclotron

waves.
The pump electric field E_(t) is taken to be spatially

homogeneous, circularly polarized, and perpendicular to the -

static magnetic field §O = Bogz y 1.4,

E,(t) = E_(e, cosw,t - ey sinw_t) , - (1)

-~

o

which corresponds to a fast (whistler) wave pump. Consideration
has been restricted to weak pumps so that the maximum parametric
growth rate Yg is proportional to the‘minimum lower hybrid wave

damping decrement-y: but is much less .than the beat wave dqmping,

i.e.,

1/8 (1/2)Y/% (w2red) w2 /D S s 1, (@)

where u, ~Eo/Bo , CS (Te/mi) ,

2

: o 2,2
Wiy = wpi/(l + wpe/wce)
2 )1/2
1h!

wave frequency including ion but not electron pressure. Here, H!

and w, = wy, (1 + mikﬁ/mek + 3k2v§/w is the lower hybrid

is the component of the wavevector parallel to Bo . The minimum

damping decrement is determined by electron ion collisions, i.e.,

(59

Yo = Ve , where Ve is the collisional damping of lower hybrid waves.

The weak turbulence wave kinetic equation governing the

evolution of the parametrically excited lower hybrid waves has

3,4

been derived elsewhere and is given below.



(1/2) (3/38)N(k,8) = (Yo = vp = v + YRIN(k,8) + S(k,8) , (3)

~

where
‘ 2,2 2 .
N(k,0) = .2;neo(1 + wp_e/wé;_e) |§(k,e)| /w}f , (4)
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In the above equagions, ﬁl = k cosf , e is the lower hybrid

‘wave frequency, Y?»is the linear parametric growth rate for the
k

‘dipole (ko = 0) pump given in Eg. (1), yi is the sum of ion and

electron Landau daﬁping, and yzl is the nonlinear damping

(growth) due to NELD. We take k_ = © and w = w_ . We
i b ~0 ko o}

- L ! . . .
assumed that w_; < jmk»- wk)l < IE -k lcs in obtaining Eq. (7).

~
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Equation (3) has been averaged over the azimuthal angle § in 5
space. The number density of lower hybrid waves or plasmon

number N, 1is assumed to be independent of Yy and squetric about

k
the & = /2 plane. The last term in Eq. (3), Sy v is the
spontaneous emission which we set equal to a small chStant. In

some cases the value of Sk has been varied by an order of

magnitude without altering the results essentially. It is easy

to show from Eg. (7) that the wave energy density €1 ='lwk|Nk

~ -~ -~

flows in time from high to low frequency modes. We also see
from Eq. (7) that B(E,E') is antisymmetric with respecf to -the
interchange of E and E' . As a consequence, the total number

of plasmons and the total wave energy are conserved by NELD.
Moreover, Kruer and Valeo5 have shown for an equation equivalent
to Eq. (3) that a steady state solution of Eq. (3) is accessible
and unique and for which the supply of energy by the pump 1is
balanced by the loss of energy to particles.

Equation (3) is soi&ed numeriéally by dividing wavenumber
space into a discrcte number of modes with a number of modes
represented in the characteristic widths of the matrix element
Ak/k ~ n/(sz/wLH) and An - kcs/wLH where n = (mi/me)l/2 cosf .
The integral in Eq. (3) is replaced by a sum such that the
volume element in 5 space is a constant. Wavenumber space is
divided. into a rectaﬁgular grid such that n < 1 and
< k < Kiax The maximum value of k , k .y ¢ is chosen

kmin

such that there are no growing modes with this wavenumber. The



minimum value of_k’is éetermined by-kmax and the'k division. A
total of 300 modes with 20 divisions of n and 15 divisions of
k were used to iﬁtegrate Eq; (3). The time step was chosen to
be small compared.to the growth time of the instability.

The evolutioh of Ehe normalized field energy densipy
W, ; IEklz/Ei wasﬁfollowed in time for Vaiues of pump iqtensity
corresponding to 1.34, 1.5, 1.7 , 2.0 , and 3.0 times threshold
intensity. In aiiicasenge set T = Ti P Wpe T Weg and
Wy = W = V2 wLH?: Linearly unstable modes exponentiate in
time and‘transferfgnergy to- lower frequency modes. The total
decay wave energy;gaturates when the number of plasmons éreated
by the pump equals.the number of plasmons dissipated by Landau
* and collisional déﬁping. Since the frequency of the lower
hybrid mode and tﬁé Landau démping are increasing functions of A t
k , the nonlinear géturated state wiil be characterized éy a
concentration of e;ergy at small k values. Because the ehergy
density at small k is dissipated primarily by collisions, the
main body electroﬁ; are heated. |

Figure 1 shows the time evolution of the total decay wave

o2 . .
energy W = L |Ek|2/~2Eo for a pump intensity 1.3 times threshold.

>

~

There is an”initial overshoot followed by an oscillatory'approach
to a steady state falue. This is a general feature of thé time
evolution of the séectrum. Ih Fig. 2, the two dimensionél
saturated energy d%nsity Wk'is shown for a pump intensity:l.3'

~

times threshold. The energy is concentrated in the linearly =
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unstable region where the decay wave energy is barely large |
enough to exceed the threshold for growth‘of small k and small n
modes, i.e., lower frequency modes. As the pump intensity is
raised, additional modes with lower frequency are destabilized by
the linearly‘uﬂstable modes. At pump intensity 2.0 times thresh-
old, shown in Fig.. 3, the decay wave energy density is enhanced
even near the lowest frequency mode in the system. The energy
density for a pump 3.0 times threshold is’shown in Fig. 4. The
intensity ‘of the lowest -frequency mode in the system has been-
enhanced several orders .of magnitude to a level comparéble,with
the linearly unstable modes.' This mode cannot decay and thus
condensation of enefgy appears likely in the lowest frequency
mode for a pump only a few times threshold. Another featuré of
higher pump intensities is the concentfation ofvplgsmons in

small wavenumbers k for all values of n because the frequency

is a decreasing function of k as well as n .

Once ﬁhe energy in the lowest frequency mode is comparable
to the energy in higher frequency modes, ﬁhis saturation mechan-
ism breaks down.A We can estimate the pump intensity for which
this occurs as follows. Summing over all modes and using the
antisymmetric properties of the.matrix element B(E,Eij we find

from Eg. (3)

d _ - .
e Ny, = z 2Y, (K, @IN (K, @) ~ v Ny, (8)
Kk



where NT is the to%al{ﬁumber of plasmons. We define an average

growth rate y_ such that y N, E§.2Yo(k,®)N(k,¢) where N; is the
total number of'iiﬁeafly unstable modes. An upper limit on the

ratio. of N_. to N. can-be estimated by the ratio of the total

T 1
phase space, AT , OCcupied by modes with enhanced intensity to
the phase space‘Agﬂ occupied by Nl . Defining a steady state

by setting BNT/Bt?= 0 and using Eq. (8), we find that

Yo/ve < NT/Nl < AT/Al . The ratlo-AT/Al is . 2-3 and'thus
only very weak pumps saturate according to weak turbulence
theory. 1In Fig. 5, the total field energy at saturation W

normalized to the pump amplitude squared is plotted versus

Eg/Eih where Ethifs the threshold pump amplitude. The results
indicate an approkimately linear proportionality, i.e.,
2 2 - , ..
W=2 |Ek| /2E2 = 0.2 E /E2 . The effective collision frequency
k K o ’ o’ "th _

is defined by

E2

i 2.
142 VESo <I§o(t)l 7 TV &5 Fo

. 2
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7 e o

own

~

3 2,..2
) :E: IEkI /2E]
k

Hgnce, we find that the effective collision frequency is .

proportional to Ei,, i.e.,

[ Yad ~.
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_ 2 ,.2 . (9)
Ve = 0.8 \)eEO/Eth .

The linear dependence of Ve On the pump'power is charaéteristic_
of weak turbulence saturation mechanisms. Following arguments
similar to Galeev and Sagdeev,6 we can estimate the effective
collision frequency by setting Ve equal to the. maximum parametric
growth rate Yi . That is, we assume that the instability will
stop growing when the démping decrement on the fastest growing
mode is raised to the level such that the pump is-at threshold
again. This estimate agrees with the, numerical séaling law given
in Eq. (9). Within the limits of weak turbulence theory; the |
predicted heating rate is not enhanéed much above clagsical

)2 |

collisional absorption because (EO/E < 3. Moreoﬁer, at

th
saturation, the decay wave energy is concentrated in long
wavelength waves which are damped by electron-ion collisions.

This leads to main body electron heating.
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Fid. 1. Plot of the total field energy in decay modes
normalized  to the pump amplitude squared versus time in units
of inverse electron-ion collision frequency for a pump power

1.3 times threshold power.

(Eg/Eqp) =13 ve! =139

752222

Fig. 2. The normalized field energy density W(k,0) at time
Veit = 139 after saturation (see Fig. 1) for a pump Eower 1.3
times threshold plotted as a function of n = (mi/me) /2 Hl/k
and kXDe .
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Fig. 3. 7The saturated field energy density W(k,0) at time
Veit = 98 for a pump poY75‘2.0 times threshold plotted as a
function of n ;:(mi/me) kH/k and kXDe .
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Fié. 4. The saturated field energy density W at
time Qeit = 46.4 for a pump E9¥ep,§ times threshold~plotted
as a function of n = (m;/m.) k”/k and ki,
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Fig. 5. The total field energy W = L Wk normalized
. k =~ .
by the pump amplitude squared plotted versus the pump power

normalized to threshold power. - (Note: No cases were run

2

for (Eo/Eth) < 1.3 and the initial energy lies far below

the intersection of the dotted line with the ordinate.)
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