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Abstract

The usual formalism for non-Abelian gauge theories is 

not completely satisfactory: Calculations show that the 

usua1 formal ism for Weinberg's unified gauge theory with a 

bi1 inear gauge condition leads to violation of unitarity, 

contrary to general formal proofs of unitarity. In centirf.-l, 

our Lagrange multiplier formalism for this theory gives risi 

to unitary amplitudes; their unitarity has been checked ex­

plicitly at the 1-loop and the 2-loop levels. This shows the 

general validity of the Lagrange multiplier formalism and its 

advantages over the usual formalism.
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In the usual formalism for general non-Abelian gauge 

theories, there are general formal proofs of gauge indepen­

dence and unitarity for gauge theories with suitable (linear

1 2or bilinear) gauge conditions. ’ These lead to a widely- 

held belief that conventional non-Abelian gauge theories and 

spontaneously broken gauge theories based on the usual for­

malism3 lead to unitary amplitudes for arbitrary gauge param­

eters, no matter whether one chooses linear or nonlinear 

gauge conditions. We show that this is not true because the 

usual formalism leads to violation of unitarity when one 

chooses a class of bilinear gauge conditions.

So far, all the works in this field involve only the 

linear gauge condition, e.g.,

3uyr + iM.r/£ = o . (i)

In previous papers,4 we show that a new Lagrange multiplier 

formalism (LM formalism, for short) leads to the same effec­

tive Lagrangian in Keinberg's unified theory^’̂ as that ob­

tained in the usual formalism, if one chooses linear gauge 

conditions. In this case, unitarity and gauge invariance
4

have been explicitly verified. Hitherto, bilinear gauge

1. Introduction

conditions such as

(3U i ieA")w‘ - iM41/£ * 0 (2)

have not been explored. It was taken for granted that there 

is no special problem for bilinear gauge conditions.

In this paper, we study bilinear gauge conditions and 

show that with bilinear gauge conditions in the usual forma)- 

ism we have trouble. Explicit calculations show that the 

usual formalism for Weinberg's unified theory with bilinear 

gauge conditions leads to violation of unitarity, contrary to 

general formal proof and usual belief that it satisfies uni­

tarity. Furthermore, we show that if the theory with bilinear 

gauge conditions is formulated with the LM formalism, it is 

unitary. This has been checked at both the 1-loop and the 

2-loop levels. The main difference between these two differ­

ent formalisms lies ic the fictitious Lagrangian (f-Lagrangian, 

for short) which involves fictitious scalar-fermions. The 

reason for this difference is discussed.
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2. Usual Formalism with Bilinsar Gauge Conditions

Let us consider the usual formalism for the Weinberg 

unified theory with bilinear gauge conditions:

(3M * ieAw)W* t iMS±/i = a1 , (3a)

3UA + 3A Au * a. , (3b)u y A

aM z , j,z . i M s e c l  (S0 . gOj . f (3cj 

» ^ / 7 i  L

where a~, and a^ are some c-number functions. The Wein­

berg Lagrangian can be written as

1 ~ iWl + LG ’

LW 1 ■ t ! 3uWv - + ie(WuAv - " X 5 ' iccos- acw*zv - K zu]’2 

- J ' V v  - 8v \  - ie(WX  - WX )|2

- V m + iGcosz 9(w V ;  - w > -)i2

+ j B s4 ♦ iG cos ew+s0//? - i(eA^- G cos 20 Z /2)S+ ♦ iMWy |2

+ I;) S° - iGZ S°/2 ♦ iG cos 9K”S*//? - iM sec 6 Z //Z! 
1 y U U M

2

4

-X[S*S‘ ♦ (S° + V//I)(S° + V//2) - V2/2J2 (5)

e = -G cos 8 sin fl , S° = (i/j * ix)//2 , 5° * (̂  - ixl/^ , 

Lc = - f.|(3i' - ieAw)W* + iMS+/<i|2

- J - O  Aw + BA Aw)22(1 U M J

- nCS^Zy ♦ &'ZVZV * Msec 8 x/n)2 , (6)

C > o , n > o .

For simplicity, we shall not include leptons because 

their presence does not lead to any new physical problem and, 

in fact, does not change the resultant f-Lagrangian we ob­

tained in both the usual formalism and the LM formalism.

We note that the terms coming from the fourth line in (S),

i.e. ,

-iMWw(3uS+ - ieAuS+) + iMW*(31JS' + ieAuS‘) , 

are exactly cancelled by the terms due to L^ in (6), i.e.,

-efiMS+/C) + ieA,J)ir - £,(-iMS~/£,) (du - ieAw)Jf* ,



5

where integrations by parts in the Lagrangian jd xL are used. 

Thus, there is neither a KSy veitex nor a W^-S transition 

propagator in the Weinberg theory with the bilinear gauge con­

ditions (3). We may remark that one has a nonvanishing WSy 

vertex in the theory with linear gauge conditions.

In the usual formalism,3 the f-Lagrangian (i.e., the 

gauge compensating terms) is obtained by considering the change 

of gauge conditions (3) under the infinitesimal transformation

4

W1 - W1  ̂ iW1A, ± iW3Af ♦ ^3 A* , u vi u 3 p g u

W3 - W3 + i (W+A~ - W" A+) + is A, ,
U P U V. g U 3

Bu * Bu + f v zv  .

S+ ~ S* - is*A„ - - U V  -AMA* ,
2 3 /2 s

c0 -0 i-0 i C+A- . *MZ.S ■* S ♦ 7S At. ■ — S A ♦ ---A-_ , I')
2 3 /I /2C

where g » Geos 0, g 1 = G sin B, Aj. - A^ - 2AQt A3+ = A^ + 2AQt 

W* = CWlu ;iw2(])/»'2, AJ = C A j ♦ H 2)//2, and W3 and B^ are

related to A and Z by A ■ sin 0 W3 ♦ cos 0 B , and 2 =
P u ’ u u u w

cos 9 W3 - sin 9 B . The transformation (~) is the infinitesimal 

local gauge transformation for the Sll(2) x U(l) group asso­

ciated with the Weinberg Lagrangian. Ne find that the change

of the bilinear gauge conditions (3) under the transformation 

(7) are

dfa^W1 * ieA^W1 * i M S V U  
p p

= CToFf {(D+ m2/^ A± * ~ ~A ̂ Ctt i IX) 1 iGcos20 3y(ZlV )

♦ ieS^CA^A1) t iecos0 3U (WyAA) + iG cos30 3W(WyAz) 

cM cos 0 ,-t, „ GM cosfl cos 20 *
-----5—  s a --------n ----- s z

-eG cos0 a'V" (cosZ0 A^ * cos0 sin0 A^)

♦ eG cosB A|J(sin0^i+ cos0 Z^)A± + ieA^a^A'

_ +

♦ eG cosfl W*(W*A+ - W*A*) +  ie cosS W*3MAA )  ̂ .

(8)

S O ^ A 11 + BA^A^ ]

= + - W,V) * 2SAM3„A,G A cos6 u 1* P A

♦ 25iGA^(W + A~ - W'A *)> ; R./G , (9)
u w



* ?'ZuZU - iM,/(/Zn)(S° - S°))

= ^ U O + Mz/n)Az + 26 'iG cose ZU (N*A‘ -

- 2B':U3 A7 + iGcosB 3lJ(W+ft" - W'A + )
u Z 11 p

CM7 . ♦ + . CM,
- - ^(A S * I S ) ♦ "Zrp'V s RZ/'G • (10)

where Mz = Msec a, Az = /\j - 2/l„, /lA 5 A^g'/g +  Ih^g/g'. 

According to the usual formalism,3 the results (8)-(10) lead 

to the f-I.agrangian :

= (-a V  - a "r” - /T.R, - AZR,} ,

( U )

where $ s , <t>̂, <(> ̂ ) and if = $z) are complex fictitious

scalar-fermion fields. Thus, in the usual formalism we have 

the following effective Lagrangian for Weinberg’s theory with 

the bilinear gauge conditions (3):

‘eff = Lm  + lG + ■ (12)

i ij + ♦ _ 
where the unphysical scalar fields Wj “ S W', S', x ( ♦ and $

are, by definition, not allowed to appear in the external

states of a physical process.

8

3. Unitarity Violation from

Ke show that the Weinberg theory defined by the Lagrangian 

leff in violates unitarity. Let us calculate the imagina y

part Im A of the amplitude of the fourth order scattering proc­

ess of the physical particles W+ and the photon y .

w+tp)Y(q) - Kflp')K(q') • (I3)

It is a one-loop process and the unphysical particles W*, $ 

and <}> could be produced in the intermediate states [where Wg 

is the negative metric spin 0 particle associated with the

4 -vector field W^(x)]. To be specific, hC/, 

ijr<}>z, etc., could contribute in the intermediate states of 

the process (13). The particles Wg, $*, ^  have the same 

mass the particles y, tp̂ , are massless; while Z,

Hi2 < are massive. On the basis of phase space and unitarity 

considerations, we know that the net contribution due to the 

unphysical intermediate states Wg/. t0 ,m i-e -.

Im AU = Im A(WgY) + Im A'($,$) , (14)

roust vanish for arbitrary C. because the unphysical amplitude 

Im Au cannot be cancelled by any other unphysical amplitude
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in the theory (if L^ff is unitary). However, Im Au does not 

vanish (see Appendix):

Im AU = (2!O'2e4 / d 4td4ke(t0)e(k0)6(t2-M2)6(k2)64(p+q+k-t)

* (-e-e[2e-p e-k - 2c-q e-k + 2e-e q-k]/(2t-k)

- e- £ [2e-p F-k + 2q-k a-e- - 2q-e e-k]/(2t-k)

+ e- (p + k) e • k e-F/(p-k) + e-(p+k)e-k e-£/(p-k) ,

(IS)

where Im A(Wg/) = 0 and the non-zero contribution is due to 

Im A'(*,$). Thus we conclude that the Lagrangian l“ff 

violates unitarity, contrary to the claim of formal proofs.* 

ft'e note tl<«' this conclusion holds even if S - S' - 0 in the 

bilinear gauge conditions (3).

1 0

4. Effective Lagrangian in the LM Formalism

In the LM formalism,4 we introduce the Lagrange multi­

plier fields Xj = {X~, Xz , XA ) and rewrite the Lagrangian (4) 

as

Lx = tw + M{XA3ltAP + Xz [apZp - iMsec0(S° - 5°)/̂ /In)

♦ X'[(^ - ieAu)W* ♦ iMS+/C] ♦ X ^ t O 1' ♦ ieAu)W" - iHS'/C))

♦ M 2{c.X2/2 + Xz/{2n) * x V / U  , (16)

where we have set 8 - 8’ * 0 for simplicity. It leads to the 

constraints

(3W i ieA^JUT i iMSVt ♦ M XVi = 0 , (17)

3MAp + c.MXa = 0 , (18)

3U: - iM.(s° - s°)/(.'>.; * mx-/-, = o , 119)
Vi  ̂ *•

and the field equations for K, , Z^, A^, S", and 5®. In 

order to obtain tlie f-l.agrangian in the LM formalism, we 

must first Jerive the equations of motion for the Lagrange



multiplier fields A . Ite find that

f O "  M 2/';)X: ; 2icAu3 x' • il'icos'-:1*'-. X*' ♦ iGcos23K*3l‘X,

♦ MGcosOx--,,;. ; 1() - o V “ikV  - h Y  >

M-GcosO , ,
- — --- X,S' - ( e V ‘ • eGcos-<^l-)X-A„ - T" > 0 , (20)

2n Z u

□ XA = 0 , (21)

(d* Mz/n)Xz * iGcos293l‘CW*X" - w V )

t m  * . C.M-
- j|'(X'S * X S') ♦ - ^ X .  5 T, = 0 , (22)

where Mz * Msec 9. These equations are obtained by taking 

the divergences of the field equations for KJ , , A(j and 

using the equations derived from (16j. The calculations arc 

lengthy but straightforward. Since obeys the free field 

equation, for the construction of the f-Lagrangian in the I..M 

formalism w<* may ignore it and set * a^A11 to be zero in
4 7

(21!). According to the L.M formalism, the f-l.aprangian is 1

L(D,D) - J-5f*T* - 5T'T" - )T.T7 1 ,
“ L X'.X. - P' nz

= -n+ ( a -  V 2/CJo’ ♦ :ieAuD*3 B* - ifi co.Oj

i;

■ - i,) ♦ lG cos2« K + l,D*3uD- ♦ — V  D, S *

+ ( e2Au - eG cos“6 ̂ 'jD^D^A, ♦ c“K^:jn* (DK* - N^D*)

- D'(d ̂  M2/£)D' - 2 ieAuP"3 D" ♦ iG cos2C- :uB'3uD'

n 7 , M-GcosP
- - l ^ - n ' n "  fa, * i>) - iG cos“S K P ' t). ♦ ----P'D-S‘

2C '■ n - -n *

+ ( e V ’ - eG cos2e Z1'IU’d'A ♦ e 2W‘uC‘(0+K' - W^D")u u u

- Bz ( n «  M z/n)Dz - iG cos2 6 D-8 U (H'*D" - k V )

GM
♦ j|tiz (n'S* ♦ D*S*) • -J7^'C,UZ , (25)

where D 5 (D',DZ ! is a complex fictitious scalar-fermion. The 

theory is defined by the following path integral for the ampli­

tude Â .: '

Ah * Jexpi i J d 4xflx * L (1' ,151 ♦ Lg |>d [ Xt , F ,L>, Hi

* f c \ p(i * l(. ♦ l(D,IT) ♦ ls | l d [ F , M |  , (.Ml

r {iv’.a
tl II I* * f

w h e r e  Ij. is the e x t e r n a l  s o u r c e  t e rms for the p h y s i c a l  v e c t o r

1:
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bosons W', Z, i am! scalar particle H*. We have intcgiated 

over the Lagrange multiplier field X- = (X .X^.X^J anii ignore 

an irrelevant constant factor in (24). The physical reason
4

for the unitary amplitude (24) has been discussed before.

The result (241 show that the effective Lagrangian of the 

theory in the LM formalism if,

lLM * Lwl ♦ lR ♦ l(D.P) , (25)

which is different from in (12) derived in the usual

gauge formalism. We shall check that is unitary and

gauge invariant at both 1-loop and 2-loop levels.

14

S. Verification of Unitarity of

Let us consider the 1-loop scattering process (13). As 

discussed in section 3, the net contribution Im Au due to the 

nine diagrams with the unphysical internediatc state WgY to 

the imaginary amplitude for (13) must vanish, because there 

is no massless scalar-fermions in the Lagrangian Indeed,

we find that

9
Im Au • 5Z a .(w Iy ) * 0 , (26)

i-1 1

as required by unitarity. The amplitudes Aj(K^‘i) are the

same as those obtained in the appendix.

At the 2-loop level, we verify unitarity and gauge in- 

LM
variance of ^  by considering the 2-loop self-energy of the 

physical vcctor boson K* with one unphysical scalar particle 

Kj and two photon* in the intermediate states:

K* • YYK* * • 127)

There are five such 2-loop diagrams, and their sum must 

vanish when the particles in the ur.physicnl intermediatf 

y-tates are on their mass - biic 11 s . The imaginary amplitude*.

In i i i / W’) for (2 ') ca n  b<- o b t a i n e d  by c a l c u l a t i n g  the

14
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amplitudes of the following decay process of W (p) (with 

polarization vector cy(p) satisfying p^c^p) = 0):

3l: K*(p) - Y(q)W*(t) - r(q)K*(p'jy (k) , (28)

a2 : W +(p) - Y(k?W*(t') - Y(k)Wg(p')Y(q) , (29)

a3 : W+(p) - Y(q)Ws(p’)Y(k) , (30)

where p = q + p' + k and W*(t) denotes that all four compo­

nents of WyCx) are present in the intermediate states. The 

amplitudes are

aj = (C+l)e' ■?' e • e - Ze-p e-e' - 2e-q e-e' ♦ 2 c e  e'-q)

(31)

. 2
a2 = i^-{(£+l)e-p' c-e' - 2e*-p E-e  - 2c-k e'-e ♦ 2c-e' e-k)

(32)

• _2
3  Z *

_-ie (2e -p' e'e' - (l-C)e-e e'-p' - (1-Ot-e* e-pM ,

(33)

where ey = ey(fl) and ey = ey(k) are the polarization vectors 

of the photons y(q) and Y ( k )  respectively. In the calcula­

tions of we have used * eu'c*J - qZ “ k“ = 0 because of

(21) and (IB), as in quantum electrodynamics. We see that

3 M

lb

the imaginary amplitude Im A(; ĥ'*) vanishes:

Im A(yyKgi * J |aj ♦ a7 * a-!‘ d(phase sp.icol - 0 , (34)

for arbitrary f,, as required by Range invariance and inten­

sity.

Ke have also verified unitarity for simple 1-loop self-

energy diagrams of K~. All these non-trivial calculations at

the l-.'.oop and the 2-loop levels indicate that the Lagrangian

I ML obtained in the l.M formalism is unitary.

In general, we may view the amplitude Afc. in (24) as 

arising fTom a system with seven degrees of freedom for each 

of massive charged and neutral fields, (K", S" , I>‘, IT) and 

(Z^, x. Dj, H.): There are three normal degrees of freedom, 

one unphysical degree of freedom associated with the 4-vector 

fields, one unphysical scalar and two fictitious degrees of 

freedom for the scalar-feimions. The last four cancel each 

other in the physical scattering amplitudes (on-mass-shell). 

There are four degrees of freedom for the photon field A^ and 

the two unphysical degrees of freedom (i.e., the longitudinal 

and the timelike photons) do not contribute because of (21) 

and (18), which are intimately related to the bilinear gauge 

condition f3a). This particular gauge condition makes the 

whole Lagrangian (4) invariant under the usual local Abelian 

gauge transformation, as in quantum electrodynamics. This is 

the basic difference between the gauge conditions (1) and (3a).
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6. Remarks and Conclusion

For simplicity, let us analyze the situation when 

B = S' * 0 in (3a)-(3c). The results (21) and (18) show that 

the gauge condition (3b) with 6 * 0 is stable (i.e. can be 

fixed at all times). This state of affairs corresponds to the 

"gauge excitations" being essentially free and uncoupled. The 

LM formalism recognizes this and accordingly does not generate 

gauge compensating terms for such a stable gauge condition. 

However, the usual iormalism provides gauge compensating 

terms for every gauge condition no matter whether it can or 

cannot be fixed at all times. When gauge compensating 

terms are introduced for the stable gauge conditions the 

corresponding scalar-fermion excitations are forcibly coupled 

in the f-Lagrangiap.. One can see that the violation of 

unitarity in the usual formalism discussed in c?,:tion 3 (with

8 = 0) is precisely due to the gauge compensating terms for 

the stable gauge condition (3b). We have already pointed out 

that the usual general formal proof of unitarity for non- 

Abelian gauge theories holds only for the case in which all 

gauge conditions are unstable." When one of the gauge condi­

tions is stable, the implication of the usual general formal 

proof of unitarity is no longer clear because a stible gauge 

condition is treated as if it were unstable.

17

18

In conclusion, the usual formalism for non-Abelian gauge 

theories is not really independent of different gauge condi­

tions in the sense that it violates unitarity for a class of 

bilinear gauge conditions. The usual general formal proof 

of unitarity and gauge invariance does not hold in this class 

of bilinear gauge conditions. The advantages of the LM formal 

ism lie in the fact that it reveals explicitly the stability 

of gauge conditions, if any, and that it has more general 

validity than the usual formalism.

We would like to thank F.. Mac for his assistance in some 

calculat ions.
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Appendix

There are nine 1-loop diagrams for the process (13) with 

WgY in the intermediate states and four 1-loop diagrams with 

and in the intermediate states. They arc given in

Fig. 1. Their imaginary parts are as follows:

Im Aj = E4yy e-e

Im A2 = E{-4yX e-e + 2yc-e e-(2p+k)

- 4yc-e e-p ♦ 4y7T e-t e-k/R)

Im Aj = E{-4ye-F e-(t-q) ♦ 4yF-e e-p - 4y(y-J)e-e 

+ 4yy e.k e-(p-t)/Q * 4yA e-k e-t/Q

- 2y e-k e-e R/Q)

Im A^ = E(-4y c-e e-(t-q) + 4y e-e e-p - 4y(y-A)e-e

* 4yy e-k e-(p-t)/Q ♦ 4yA e-k e-t/Q

2y c-e e-k T/Q}

20

Im Aj “ Ef-4yA c-e ♦ 2y c-e c-(2p»k) - 4y c-e e-p

♦ JAy e-t e-k/T)

Im Ag » EI-4yS[e-t e-k/R - c-k c-t/Q - e-e)

♦ 4AS[e-t e-t/R - e-t c-t/Q - e-e]

♦ 2fi(c-e(-e.t I/R ♦ e-k T/Q * 2S-(t-q) * e-p T/Q)

- 2e-p e-c]

♦ 2y|2c-ir e-p * e-Tl-e-k R/Q - e-k ♦ 2e-q)]

♦ 2A[-2e-p e-F ♦ c-e e-t R/Q

♦ c-e(2p-e ♦ e-k) - e.p c-e|

- c-e cetTR/Q ♦ 4M2 ‘ 2R ♦ T ♦ 4q-q]

♦ 4y o-p <-e - 4c-c e-p e^p

- 4i.-q c-p c-e - 4cl) e-p 7-e) ,



lm Ay = E{4Ay[e-t e-k(I/Q - 1/T) + e-e]

+ 4A?C[e-t e-t(l/T - 1/Q) - e-e]

* 2A[e-e e-t T/Q - 2e-p e-e + e-e(c-t - 2e.q)]

+ 2A[-e-t e-e R/T + e-efe-p + e-k)R./Q

- 2e-F(e-q - e-t) - 2e-F e.p]

+ 2y[-e-e e-k T/Q + 2e-p e-e + e-e(2e*q - e-k)]

- e-F e- e [ + TR/Q + R + 2T + 4M2 + 4q-q]

+ 4y e-p e-F - 4e-F e-p e-p

- 4e.tf e-p e-F - 4F-q e-p e-e}

Im Ag = E{4Ay[2e-t e-p/Q - 2e-t e-t/Q - e-e]

+ 4AA[2e-t e-t/Q t- e-e]

+ 4A[-e-e e-t(R/Q + 1) + e-e e-q * e-e e-p]

+ 4yy[2e-k e-t/Q - 2e-p e-k/Q + e-e]

21 22

Im Ag

- 4yK[2e-k e-t/Q + e-e]

- 4y[e-F e-q + e-F e-p - e-F e-k(R/Q + 1)]

+ 4y[2e-e F-p q-k/Q - 2e-e e-t q-k/Q - e-e e-q - e-e e-p] 

+ 4A[2e-e F-1 q-k/Q ♦ F-q e-e + e-e P-p]

+ e-e e-e[2T + 2TR/Q + 4q-q -r 4M2 + 2R]

+ 4c-F e-p e-p + 4e-f F-q e-p + 4e-q e-F e-p}

= E{4AS[-e-t e-t(l/R + 1/T) + e-e]

+ 2A[2e-e e-p + e-F e-t(R/T - 1)

- 2e-F e-p + 2F-F e-p]

+ 2A[e-e e-t(T/R - 1) - 2e-c e-p 

+ 2e-e e-p + 2e-e e-pj

- 4y e-e e-p - 4y e-e e-p
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♦ 4F-q e>e e-p + 4e-q e-F e-p + 4e-c e-p e-p 

+ e-e e-e(4q-q + 4M2 + T + R)} ,

Im Aj = +M2E{e-eVQ[Ze-p e-k - 2E-q e-k + 2e-e q •kj} ,

Im A '2 a +M2E{e- e/Q[2e-p F-k + 2q-k e-E - 2q-F e-k]} ,

Im Aj = M2E{2e-(p+k)e-k e-c/T} ,

Im A£ = MZE{2e'-(p+k)e-k e-e/R} ,

where p+q = t-k » p>q, Q ; P ’2 - M Z, R 5 S’2 - M Z, T s S 2 - M 2, 

y = e-t, y s F-t, A = e-k, S' = e-k, p' = p+q, 5 = p*k, S » p+k, 

and

4 .
E s -- S _ ^ f d4t d4k0(to)0(ko)6(t2-M2)5(k2)64 (p+q+k-t) .

(Zit) M °

In these calculations, we have set 5 = a = 1 for simplicity.

If

Fig. 1. The fourth order scattering process of W+ and y.

In our calculations, only contribute in the 

propagator with the momentum t . All four compo­

nents 01' W*(x) contribute to the propagators with 

momenta p^, Sy and 5^, which are not on mass-shell.

Figure Caption
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