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Abstract

The usual formalism for non-Abelian gauge theories is
not completely satisfactory: Calculations show that the
usual formalism for Weinberg's unified gauge theory with a

bilinear gauge condition leads to violation of unitarity,

contrary to general formal proofs of unitarity. 1ln contra=t,
our Lagrange multiplier formalism for this theory gives risc
to unitary amplitudes; their unitarity has been checked ex-
plicitly at the 1-loop and the 2-loop levels. This shows the
general validity of the Lagrange multiplier formalism and its

advantages over the usual formalism.

NOTICE
This report was peepared as an account of work
sponsoied by the Vaned States Government Nesther
the United States nor the United States [aerpy
Research and Development Admimisteation, aor any of
ther employees, aor any of (hen contratees,
subcontractors, or thewr employees, makes any
wamanty, express or smplied, or assumes any lepat
Uahility ot responutntity fos the accuracy, complelenssy
of usefulnes of any wlasmation, appatauy, prodact or
process disclused, of tepresents that its use would ot
mlnnge prvatelv owmed nighis,

) DOCUMENT 1S UNLIMIT .

BISTRIBUTION OF T8




1. Introduction

In the usual formalism for general non-Abelian gauge
theories, there are general formal proofs of gauge indepen-
dence and unitarity for gauge theories with suitable (lIinear
or bilinear) gauge conditions.l’z These lead to a widely-
held belief that conventional non-Abelian gauge theories and
spontaneously broken gauge theories based on the usual for-
malism® lead to unitary amplitudes for arbitrary gauge param-
eters, no matter whether one chooses linear or nonlinear
gauge conditions. We show that this is not true because the
usual formalism leads to violation of unitarity when one
chooses a class of bilinear gauge conditions.

So far, all the works in this field involve only the

linear gauge condition, e.g.,
a”w: + iMe¥/E = 0 . m

In previous papers,4 we show that a new Lagrange multiplier
formalism (LM formalism, for short) leads to the same effec-
5,6

tive Lagrangian in Weinberg's unified theory as that ob-

tained in the usual formalism, if one chooses linear gauge
conditions. In this case, unitarity and gauge »nvariance

have been explicitly vcrified.4 Hitherto, bilinear gauge

conditions such as

(0% 3 sea)wt Eimet/e = 0 (2)
have not been explored. It was taken for granted that therc
is no special problem for bilinear gauge conditions.

In this paper, we study bilinear gauge conditions and
show that with bilinear gauge conditions in the usual forma)-
ism we have trouble.7 Explicit calculations show that the
usual formalism for Weinberg's unified theory with bilinear
gauge conditions leads to violation of unitarity, contrary to
general formal proof and usual belief that it satisfies uni-
tarity. Furthermore, we show that if the theory with bilinear
gauge conditions is formulated with the LM formalism, it is
unitary. This has been checked at both the 1-loop and the
2-loop levels. The main difference between thesc two differ-
ent formalisms lies ir the fictitious Lagrangian (f-Lagrangian,
for short) which involves fictitious scalar-fermions. The

reason for this difference is discussed.



2. Usual Formalism with Bilinzar Gauge Conditions

Let us consider the usual formalism for the Weinberg

unified theory with bilirear gauge conditions:

iMs*/g = a* (3a)

[

Y * ieA“)w:

(3b)

“

u u
] Au + BAUA ap

¥z o« oprg zh - iMsec® (0 50y L (30)
u U n

* . .
where a~, ap and a; are some c-number functions. The Wein-

berg Lagrangian can be written as

(4)
7
Lwy

. -t +o-y 12
_%IauAv - B, - de(W W - WK

1 . Z ™ L wtwty12
-I[auzv - 8,2, * iGcos oW W, wku)l

cana¥ 1 2
+|aus‘ + iG cos ew;s°//7 - i(cAk- G cos 20 Zu/Z)S+ + 1Mhu|

. 2
+|uus° -iczuso/z + iGcos oW S*//T - iMsecs Z /Y7

* - + + . 2 -+ -
. -%lauw: - oWl de(WIA, - WoA) - iGcosTa(WIZ - WI)

aas'sT + 0+ v E® v vivzy - vzl (s)
e = -Gcos 8sin® g0 - (¢ + ix)/vZ2 , 50 - (v - ix)/v?
L= - efeat - ieA”)W; + iMs*zg]?

1 y H, 2
- fa(auA + BAUA )

- n(a"zu + B'ZuZu + Msec x/mZ , (6)

For simplicity, we shall not include leptons because
their presence does not lead to any new physical problem and,
in fact, does not change the resultant f-Lagrangian we ob-
tained in both the usual formalism and the LM formalism.

We note that the terms coming from the fourth line in (5},

-iMw] (a¥s” - iea¥s™) «+ iws (3Vs” + qessT)
are cxactly cancelled by the terms due to LG in (6), i.e.,

-g(iMstrey (a¥ + ieA”JW; - g(-iMST/E) (Y - ieAu)W; R



[

where integrations by parts in the Lagrangian fd4xL are used. of the bilinear gauge conditions (3) under the transformation

Thus, there is neither a WSy vertex nor a wu-s transition (7) are
propagator in the Weinberg theory with the bilinear gauge con-
ditions (3). We may remark that one has a nonvanishing WSy 6[a“w: + ieA”w: + iMS:/g]
vertex in the theory with linear gauge conditions.
In the usual formalism,3 the f-lLagrangian (i.e., the = EE%§7§ {(O-+ M2/£]A: + EJ%E?LMA:(w + ix) * iGcosze au(Z“A:)
gauge compensatring terms) is obtained by considering the change

of gauge conditions (3) under the infinitesimal transformation . ieau(AuA!) + ie cos® au(szA) + iG cosse a”(w:AZ)

LT P swop? o Lo at _ eMcos B ¢ GM cosb cos 20 o*
W Wu + lquS * quA * gaun . — S AA » —gr s AZ
3,3 cewtat - owat 1 R Myt 4 <
wu wu + x(qu WhA ) + gauAS R cG cosf A hu(cos 8 A, ¢ cos® sin® AA)
B - B + L3 (2A,) + eGcosd AV (s1nBA + cose Z JAT T jeaVs st
u 7} g’ u 0 ' b u u
- - +
+ LI PS4 o 10,4 iM, ¢+ 4t d R ERT! - R™
S S 25 AS’ 775 AT - -g—A N + eGcosd Wu(hul\ WuA ) F iecosd wpa I\A} : ¢cosT
(8)
. . iM
SO -~ SO + lsol\ - _l_S’A- + ——ZA3_ R 7N
N ] /76 . )
6[auA + BAuA ]
where g = Gcos 8, g' = Gsine, As- = A3 - ZAO, A3’ = A3 + ZAO,
2 ‘ o LI - . '3 =1 ie bt _ owtaTy . u
W= (W +m2u)/v’2, A (A + 1!\2)/./2, and W and Bu are (;“:"‘A * o’ («.un WA 2BA LYY
, = i 3 2z =
related to Au and Zu by Au sin awu + cos @ Bu’ and <,
cos 9w? - sin eBu' The transformation (7) 1s the infinitesimal + zejGA“(w;A' - w;A’)) :Ry/G O, {9)
H

local gauge transformation for the SU(2) x U(1l) group asso-

ciated with the Weinberg Lagrangian. We find that the change
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sshz, v ez 7Y - M/ (/Zn) (0 - 50

|
= L@« Mi/myng + 267G cose PN - W)

N st : Howta~ _ woat
28'2 aqu + iGcoss 3 (qu “uA )

My ., . M, :
Cgp(MS v S ) v pehg) = RYJG (10)

where M, = Msecd, A; = Ay - Zhgy Ay = A3g'/8 + ZAOg/g'.
According to the usual formalism,3 the results (8)-(10) lead
to the f-Lagrangian:
—_ —_—t b -
Ls,3) = (-F'R" - A'R" - KR, - AZRZ))l e este s
Foallarfg TP evaetr
(11}
where ¢ = {¢%,6,,6,) and § = (3°,3,,3;) are complex fictitious
scalar-fermion fields. Thus, in the usual formalism we have
the following effective Lagrangian for Weinberg's theory with

the bilinear gauge conditions (3):

u _ —_
Leff - LWl + LG + L(¢,¢) ’ (12}

v

where the unphysizal scalar fields w; 3 a“wi, S°, x, ¢ and ¢

are, by definition, not aliowed to appear in the external

states of a physical process.

. . S e . u
3. Unitarity Vigclation {rom Leff

We show that the Weinberg theory defined by the Lagrangian
L:{{ in (12) violates unitarity. Let us calculate the imagina y
part Im A of the amplitude of the fourth order scattering proc-

ess of the physical particles w* and the photon v,
* U v ' -
wp)y(a) - ¥ (pIv(a") . (13)

It is a one-loop process and the unphysical particles w;, ¢
and ¢ could be produced in the intermediate states [where W;
is the negative metric spin 0 particle associated with the
4-vector field @;(x)]. To be specific, wgf, 6’¢A, ¢’6A, W*Z,
5’@2, etc., could contribute in the intermediate states of

the process (13). The particles wg, ¢*, & have the same

mass ME’llZ; the particles v, wA, 5A are massless; while Z,
by Ez are massive. On the basis of phase space and unitarity
considerations, we know that the ret contribution due to the

unphysical intermediate states wg)ﬂ 6’¢A, ¢‘6A to Im A, i.e.,
Im A% = Im A(WgY) + Im A'(4,8) (14)

must vanish for arbitrary ¢, because the unphysical amplitude

tm AY cannot be cancelled by any other unphysical amplitude



in the theory (if LY is unitary). However, Im AY does not
eff

vanish (see Appendix):
im A% = (20) 2 fa%eakot )0 (k)6 (¢34 6 (k)6 (praekot)

x {-g-g[2e-p e-k - 2e-q e-k + Ze-e q-k]/(2t -k}

0}

- e-e[2e-p €k + 2g-k 8.F - 2q-€ €-k]/(2t-k)
+ e-(p+K)e-k &-E/(p-k) + e-(p+k)e-k e-e/(P°kK)
(15)
where Im A(w;{) = 0 and the non-zero contribution is due to
Im A'(¢,%). Thus we conclude that the Lagrangian szf
violates unitarity, contrary to the claim of formal proofs.

We note th.' this conclusion holds even if B = 8' = 0 in the

bilinear gauge conditions (3).

10

4, Effective Lagrangian in the LM Formalism

In the LM formalism,4 we introduce the Lagrange multi-

plier fields X; = {X", X;, X,] and rewrite the Lagrangian (4)

as
by = by, ¢ MiXp2, A" + X 18 2" - iNsecoa(s® - 5% pn)
» XT[pY - ieA“)w; + iMs*/g] + XTGY + ieaV)W) - iMST/L)
« Maxt/z « xbram) - X's0) (16)
where we have set 8 = 8' = 0 for simplicity. It leads to the
constraints
(% + iea™)w} e iMs'/e + MX*/E = 0, (17)
a“Au v aMX, = 0, {18)
¥z - M (s? - 500 e s s 0 (19)
and the field equations for E;, S AL S!, s® ana % 1n

order to obtain the f-Lagrangian in the LM formalism, we

must first Jderive the equations of motion for the Lagrange



11
multiplier fields . he find that
(o+ M%/e)xT 4 zieA¥a X7 u*.cosz~:"‘aux" : 1(;c052:7\f;5“.\1.
o MBLOSOY: 3 1,y - eTWTR X - WXy
cE B 19
M, Geosé . 2 2 kus .
 Mzbeost o . N
Tn XZS {e“A eGecos 0o )X Au T 0, (20)
Ox, =0 , (21)
(O+ ME/n)X, + iGeosZoa®(W'x™ - w'x")
Z Z u u
GM-
GM,y -t ‘en P . -
SRSt e XTSTY e ey 2 T, =0, (22)

where MZ = Msec 8. These equations are cbtained by taking
the divergences of the field equations for @:. :u' Au and
using the equations derived from (16,. The calculations are
lengthy but straightforward. Since XA obeys the free field
equation, for the construction of the f-Lagrangian in the M
formalism we may ignore it and set X, = BuA" to be zero in

(20). According to the LM formalism, the f-Laprangian 1887

L(p,B) = {-X°T° - X'T7 - X.T,[, .
S Ex et o,

= -BT(@- wgyD" ¢ 2ieAMDTa D - i costuZiBTa 0

12

M.Geose |

=L

2 - . P -t
+ Cela _eGeoste z)D DA ¢ PWTEDT(DW - WD)

- 0@+ M/5)D7 - 2iea¥DTa D7+ iGcoste DT D7

MG 0 .. - A o M.Gcosd_
- MGEOTOR B (4 + iy) - iGeos e W VDA Do+ A FD.S
2¢ W< N Z

2 - - - - - -
+ (e*AY - eGcosls 7)B D AL elw VD (n’wu - w;n )
= 2 . 2 PO
- Dy(83+ M7/n)D, - iGcos en:s“(h:n . uuo‘)

M
GMp me® | be-
+ 3E0,(p7s" + p'sT) - -5;,5:.5:02 ,

—
19
T,

where D = (D:.Dz) is a complex fictitious scalar-fermion. The

theory is defined by the following path integral for the ampli-

tude AS:l
. 4 | =
A, = [expn]d X[l ¢+ LY + L 11dIX,,F,D,B]
- fc.\p(ifd‘xuw st s UDLTY e L IHELDLBL L (20
. ; g

AN A LD e ST

it u ’

where LS is the external source terms for the physical vector

1\1(‘ i R ki 1
HISRSRD (u - ix) ¢ 1GcosTu W D e D+ o D'D,S"



13

bosons w’, Z, v and scalar particlie ¢. We hive integrated
over the Lagrange multiplier field X, = (K‘.xz.xﬂi and ignore

an irrelevant constant factor in (24). The physical Teason

for the unitary amplitude (24) has been discussed bcforc.4
The result {24) show that the effective Lagrangian of the
theory in the LM formalism is

LM

L% e Ly ¢ L+ L(DD) (25)

which is differuvnt from Lgff in (12) derived in the usual

gauge formalism. We shizll check that LL” is unitary and

gauge invariant at both 1-loop and 2-loop levels.

14

5. Verification of Unitarity of LLM

Let us consider the 1-loop scattering process (13). As
discussed in section 3, the net contribution Im AY due to the
nine diagrams with the unphysical internmediatc state Wgy to
the imaginary amplitude for (13) must vanish, because there
is no massless scalar-fermions in the Lagrangian LLM. Indeced,

we {ind that

u 9 .

Im A” = Z:\.(Wsy) =0 , (26}
i=1 !

as required by unitarity, The amplitudes Ai(wgw) are the

same as those obtained in the appendix.

At the 2-loop level, we verify unitarity and gauge in-
variance of L}H by considering the 2-loop self-encrgy of the
physical vector boson ®* with one unphysical scalar particle
w; and two photons in the interaediate states:

+* * *

q . o g - 9 3
w 1Y|\S w . t27)

There are five such 2-loop diagrams, and their sum must
vanish when the particles in the unphysical intermediate
~tates are on their mass-shells. The imaginary amplitudes
Im &:;,K;) for {27) can be obtained by calculating the

14
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amplitudes a, of the following decay process of W‘(p) (with

polarization vector cu(p) satisfying p“cu(p] = 0}:

a;: W(p) < v(@IW (t) - v(a)kg(pt)v(kK) (28)
at R(p) = Y(KW (t') = v(K)Wg(p*)Yfa) , (29
ag: W (p) + v(a)Wg(p)v(k) (30)

where p = q + p' + k and W;(t) denotes that all four compo-

nents of W;(x) are present in the intermediate states. The

amplitudes a; are

.2
a) = 1%—{(E+1)e"p' €-e - 2e-p cre’ - 2e-q e-e' ¢ 2ere e'"q} ,
(31)
. 2
a, = 1%—((E*l)e-p' c-e' - 2e'-pere - 2crke'-e + 2e-e' e-k} .,
(32)
’iez t re r ] t r}
ag = -{2e-p' eve' - (1-£)e-e e'.p' - (1-€)e-e' e-p ,
(33)
where eu H eu(q) and e; z eL(k) are the polarization vectors

of the photons v(q) and y(k) respectively. In the calcula-
ki
tions of a; we have used cuqu = eLku = qz = k“ = 0 because of

(21) and (18), as in quantum electrodynamics. We sce that

the imaginary amplitude Im A(y\w;) vanishes:
Im A(vyW;} = j}al s a, u;{I d{phase spacej = 0, (33

for arbitrary £, us required by gauge invariance and inten-
sity.

We have also verified unitarity for simple 1-loop self-
energy diagrams of w'. A1l these non-trivial calculations at
the 1-loop and the 2-loop levels indicate that the Lagrangian
LLM obtained in the LM formalism is unitary.

In general, we may view the amplitude Ay in (24) as
arising from a system with seven degrees of f{reedom for cach
of massive charged and neutral ficlds, (Wﬁ, S!, D:. B’) and
(Zu' X, Dz, ﬁz): There are three normal degrees of freedom,
one unphysical degree of {reedom associated with the 4-vector
fields, one unphysical scalar and two fictitious degrees of
freedom for the scalar-fermions. The last four cancel cach
other in the physical scattering amplitudes {(on-mass-shell).
There are four degreces of freedom for the photon field Au and
the two unphysical degrees of freedom (i.e., the longitudina)
and the timelike photons) do not contribute because of (21)
and (18), which are intimately related to the bilinear gauge
condition f3a). This particular gauge condition makes the
whole Lagrangian (4) invariant under the usual local Abelian
gauge transformation, as in quantum electrodynamics. This is

the basic difference between the gauge conditions (1) and (3a).
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6. Remarks znd Conclusion

For simplicity, let us analyze the situation when
B =8' =0 in (3a)-(3c). The results (21) and (18) show that
the gauge condition (3b) with 8 = 0 is stable (i.e. can be
fixed at all times). This state of affairs corresponds to the
"pauge excitations' being essentially free and uncoupled. The
LM formalism recognizes this and accordingly does not generate
gauge compensating terms for such a stable gauge condition.
However, the usual tormalism® provides gauge compensating
terms for every gauge condition no matter whether it can or
cannot be fixed at all times. When gauge compensating
terms are introduced for the stable gauge conditions the
corresponding scalar-fermion excitations are forcibly coupled
in the f-Lagrangian. One can see that the violation of
unitarity in the usual formalism discussed in <2<tion 3 (with
8 = 0) is precisely due to the gauge compensating terms for
the stahie gauge condition (3b). We have already pointed out
that the usual general formal proof of unitarity for non-
Abelian gauge theories holds only for the case in which all
gauge conditions are unstahle.2 when one of the gauge condi-
tions is stable, the implicatinn of the usual general formal
proof of unitarity is no longer clear because a stible gauge
condition is treated as if it were unstable.

17

18

In conclusion, the usual formalism for non-Abelian gauge
theories is not really independent of different gauge condi-
tions in the sense that it viclates unitarity for a class of
bilinear gauge conditions. The usual gereral formal proof
of unitarity and gauge invarjance does not hold in this class
of bilinear gauge conditions. The advantages of the LM formal-
ism lie in the fact that it reveals explicitly the stability
of gauge conditions, if any, and that it has more general

validity than the usual formalism.

We would like to thank E. Mac for his assistance in some

calculations.
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Im Ag » E{-4¥A C-e + 2y re € (2p*K) - 4y ¢.€ ep

Appendix
¢ JAF e+t e-k/T}
There are nine 1-loop diagrams for the process (13) with

Wgy in the intermediate states and four l-loop diagrams with _ _ _
- — Im Ag = Ef-4y{[c-t e-h/R - e-}h e-t/Q - e-e}
¢ °A and ¢ °A in the intermediate states. They are given in

Fig. 1. Their imaginary parts are as follows: B B _
¢ 4Af[e-t e-t/R - e-t e-t/Q - c-€]

(]

Im A Edyy e

+ 2K(c-e(-E-t I/R + &-k T/Q » 28-(t-q) *+ € T/Q)

Im A, = E{-4yK €-e + 2yE-e e-(2p+k)
- 2e-p e-c}

- 4yc-e e-p * 4yA e-t e-k/R} L L _
+ 2y|2¢-F ©.p + €-c(-e-k R/Q - e-k ¢+ Ze.q)]

Im A, = E{-4ye-c e-(t-q) + dyc-e €-p - 4y(y-Ke-e o
+ 2A[-2¢-p e.c * £°€¢ ¢t R/Q

+ 4yy e.X €-(p-t)/Q + 4yR e -k €-t/Q - o -
+ cre(2p-e + e- - e.p c-e

- 2y ek €-¢ R/Q} - 2 -
- cee efTR/Q ¢ AM" + 2R + T + 4q.q]

im Ay = E{-4Y c-c €-(t-q) + 4y €€ e.p - Ay(y-Ale-¢ o L
+ 47 T-p cre - de-C e-p e P

+ 4yy Bk e (p-t)/Q + 4FA -k e-t/Q

- 2y erc €'k T/Q}
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Im A, = E{4A7[e-t §-k(1/Q - 1/T) + e-E)

4yR{2e-k e-t/Q + e-€]

anR{e-t e-t(1/T - 1/Q) - e-€)

+

e-k(R/Q + 1}]

m|

- 4yle-c e.q * e-€ e-p - €.

+ 2A{e-€ e.t T/Q - 2e-p e-e + e-c(c-t - 2e.q)]
+ 4y[2e.€ €-p q-k/Q - 2¢-¢ €-t q-k/Q - e.c €'q - ¢+ e-p]

2A[-e-t €€ R/T + e-ele.p + e-k}R/Q

+

+ 4&[2e-c &+t q-X/Q + B-q e+ + '€ e p]
- 2e-E(e-q - e-t) -~ 2e-t e.7]
+ e-e B-E[2T + 2TR/Q + 4q.F ~ 4M% + 2R]
+ 2yf{-e-e €-k T/Q + 2e.p €-c + e-c(2e-q ~ e-k)]
+ 4¢-% e-p e«p + 4e+c €-q 6-p + 4e-q €-€ e-p}
- % e-e[+ TR/Q + R + 2T + 4M% + 4q-3]
Im Ag = E{4AR[-e-t e-t(1/R + 1/T) + e-e]
+ 4y e.p €-€ - 4c-E e-p €-p
+ 2A{2e-T ¢-p *+ €-T e-t(R/T - 1)

-4e.q €-p

o
m
I}
&
o
o
o
o
®
.
o
—

o
.
ol
+
[N )
o)
My
[
<~
-

- 2e-€
Im Ag = E{4Ay[2e-t 2-p/Q - 2e-t e-t/Q - e-€]
+ 2R(e-c € t(T/R - 1} - 2e-c &-p

+ 4AR[2e-t €-t/Q 4 e-€]
+ 2e-€ e-p + 2e'c e-p]
+ qa[-e-c e-t(R/Q + 1) + €€ e-q *+ e-¢ e-p]
- 4y e-c @-p - 4y €-€ e-]p

+ 4yy[2e-k e-t/Q - 2€.p e.k/Q + e-€}
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+ 45-q erc e'p + 4e-q €€ e-p + 4c-€ e-p e-p

oj

Figure Caption
+ec 8.5(4q- + 4M2 + T + R)}
Fig. 1. The fourth order scattering process of W' and v.
Im A} = +MLE{E-E/Q[2e-p ek - Ze-q ek + 2eve q-kl} In our calculations, only W; contribute in the
propagator with the momentum tu' All four compo-

nents of w;(x) contribute to the propagators with

(41}
1
o~
Ol
o
]|
=
=
-

In Ay = +M’E{e-c/Q[28-F -k + 2q°k &
momenta p&. Su and Su, which are not on mass-shell.

Im A:‘{, = MZE{Ze- (p+k)€']( —G—'E/T} >
In A} = MPE(28: (B*K)E-k e-e/R} ,

where p+q = t-k = p*q, Q = prl. MZ, R =5%- Mz, T =282 Mz,

Yy £ e°t, }75 E't, A

erk, X = €'k, p' = p*tq, 5 = ptk, S = ptk,
and
et a, .4 2,25 258
E = m!d td ke(to)e(ko)G(t -M“)8(k*)6 " (prqtk-~t) .
w

In these calculations, we have set £ = o = 1 for simplicity.

24
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