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ABSTRACT 

The elastic differential eros s section for the scattering of 

negative pions by hydrogen was measu:t.ed at laboratory pion kinetic 

energies of 230, 290, 370, and 427 Mev. The elastically scattered 

pions were detected by a counter telescope which discriminated 

against recoil protons and inelastic pions on the basis of their 

shorter ranges. Nine differential-cross -section points obtained 

at each energy were fitted by a least-squares program to a Legendre 

polynomial series. At the. three higher energies, D waves are 

required to gl.ve a satisfactory fit to the data. The real part of the 

forward-scattering amplitudes calculated from this experiment are 

in agreement with the predictions of dispersion theory. The results 

of this experiment in conjunction with data from other pion-nucleon 

scattering experiments support charge independence at these higher 

energies. 
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I. INTRODUCTION 

The scattering of pions by nt1cleons h·as hitherto been extensively 

investigated from very low energies up to 300 .Mev. In thi.s·. energy 

region, dominated by t:qe well. known (3/2, 3./2) resonance,. t.he 

experimental information is quite consistent and in good agreement 

with theory. 
1 

·Above 300 Mev, th.e data on pion scattering are quite meager. 

There are a few good measurements with· high .resolution and good 

statistics up to -330 Mev .. ~ Above: this energy, most of the existing 

data are of a qualitative nature. 
3 

In the experiment described.here, the differential· elastic­

scattering cross section for negative pions on protons has been 

measured at laboratory energies of 230, 290, 370, and 427.Mev for 

the incident pion. Also, the differential cros.s sections for co.mbinations 

of the inelastic differential eros s sections lis.ted. be low have been 

measured .. 

In addition to the elastic -scattering interaction,· · 

1T +p-1T +p, ( l) 

other cqmpeting interactions for 1T incident on protons are the 

elastic charge exchange, 

. 0 
1T + p -+ 1T + n, (2) 

and the inelastic interactions Jeading t.o final states with two pions, 

1T + p- Tr + 
+ + n, 1T 

0 (3) 1T t 1T .. + p, 

and 
0 

+ 
0 

+ n, .. 1T 1T 
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with.a threshold at 170 Mev. The inelastic cross sections with three 

final-state pions with a threshold at 345 Mev have small enough cross 

sections at the. highest energy measure.d in this experiment (427 Mev) 

so that their effect was not considered. 

From th~ ~xperiments described her.e on ·elastic ·scattering, 

information about the magnitudes of the vario·us angular.-momentum 

states present in the pion- nucleon interaction as a function of energy 

is obtained. The rapid increase of one of these waves is consistent 

with the tentative interpretation that the secon-d re~:; uuance in the pion-
. ·. . . 600 M 4 • 5 _- D 6 proton lnteraction, occurring at . ev ··IS a 3/2 resonance. 

Ar:tother phase of the theoretical implications of thes·e experiments 

is obt;;~i_m~ci from the dispersion.-theory approach, whereby the in~ 

c lusion of D and higher waves in the scattering analysis can .be 

checked with the predictions of these theories by using the values 

of fz (pion-nucleon coupling constant) and zero-energy scattering 
--' 

lengths, which have been found to give good agreement with lower-
. 7 

energy data. 

The comb.ination of TT - p elastic scattering data with the 
. ·+· 

data at the same energy for charge exchange and TT - p elastic 

scattering can be used,· as pointed out by Stanghellini, 
8 

to infer a 

quantitative limit on the accuracy to which the charge -independence 

hypothesis is valid at these higher energies. 

The mol3t r.nmplete interpretation of pion-nucleon experiments 

so far has been based on an analysis i:q terms of scattering amplitudes 

and phase shifts. This approach is, of course, desirable at the higher 

energies also, and may be carried out consistently when the higher-· 

energy data become adequate. The main complication introduced 

at these energies, in addition to the larger number of phase shifts 

necessary, is that these become complex quantities because of the. 

existence of the inelastic channels. For a satisfactory determination 

of the phase shifts, the differential and total inelastic reactions possible 

have to be known to an accuracy comparable to that of the elastic data. 

A tentative set of phase shifts up to 600 Mev has been proposed by 

• 
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Walker based on the existing elastic and inelastic data. -'
6 

The '(alidity 

and accuracy of this se( can be confirmed as discussed above wh,e11 

the missing ;;1nd P.C>Or ly known data approach the accurate state of the 
' . . 9 

elastic data obtained in this and similar experiment's. !. 

. \ .·• •,' 
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II. · EXPERIMENT.AL M_ET HOD. 

A. · Experimentai A_rrangemen:t 

1. Magnets and. Collimators 

, A diagram of the experimental arrangement is shown in Fig. 1. 

Negative pions were produced by insertin~ a beryllium target into the 

interna,.l proton beam of the Berkeley synchrocyclotron. The proton 

beam had an energy of 730 Mt:v, a.nd the target was 2-in. thick in the 

direction of the beam. Th~ pions were deflected out of the eye lot ron 

by its magnetic field through a thin aluminum window in the vacuum 

tank. A two-section quadrupole magut:t with .an aperture nf R -in. 

focused the emerging beam of pions, which then pas sed through a 

rotatable iron collimator 8-ft. long. 

The pion beam was momentum -analyzed by passing it ·through 

a horizontal magnet system. During the initial run at the two higher 

energies, one wedge magnet was used (as shown in Fig. 1) which bent. 

the beam through 55 deg. The entrance and exit angles of the beam 

were chosen to meet the wedge -magnet double -focusing co:ndition so 

that a maximum inten~ily of useful beam t:'Ould be obta,.ined. 
1° Further 

fine focusing was obtained from a three -section quadrupole magnet 
' ' 

with an 8 -in. aperture. During the final ruu at the two lower energies, 

where obtaining sufficient beam intensity was less difficult, two magnets 

replaced the one wedg~ magnet because the latter was unava1Lab le at: 

the time. Together they bent the b·eam 60 de g. A three -section 

quadrupole magnet of 4-in. aperture replaced the larger one used 

initially. A photograph of par·t of the second experimental arrangement 

is shown in Fig. 2. 

The current settings for the bending magnets needed to obtain the 

negative -pion beam energies des:lred were determined a:pp:oximately 

by wire -or~it measurements. The quadr.upole magnets· were adjusted 

to maximize the beam intensity for each setting of the bending -magnet 

system. The two-section quadrupole magnet almost doubled the beam 

.... 
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Concrete shielding 

II \ 8 Quadrupole magnet 

8 11 
Quadrupole magnet 

M U -1 9671 

Fig. l. Diag ram of first-run e x perim e ntal ar~angement. 
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Fig. 2. Part of second-run experimental arrangement. 
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intensity. The 4-in. aperture, three.-section qua~~upole gave. an 

additional effect of similar magnitude. The 8 -in aperture, three­

section quadrupole following the double-focusing wedge magnet increased 
.. . .... 

the intensity by only. about 50%. 

After the magnet system, the beam passed thr6ug'h a 2·~ft. -thick 

lead collimating wall. Intensities in e~cess of 10
4 

pions/s.ec were 

obtained for a 2 -in. diam beam out of this collimator ·at all energies 

used. 

2. Pion Beams 

Four energies of pion beams were used. These beam energies 

with their energy spreads and contaminations are listed in Table I. 

The current settings of the bending magnets needed to give the de sired 

energies we.re dete.rmined from wire -orbit data. Then the average 

energy and energy spread of the pion beam at each setting was ac­

curately determined from range measurements in copper. From these 

range measurements, the fractiona~ .muon contaminations· of the beams 

were also found. Sample differential and integral range curves for 

the 290-Mev pion beam are shown in Fig. 3. Thre·e breaks are 

identified in the integral curve. Point A is the beginning of the pion 

ranges and point B their end. Point C is the end of the muon ranges, 

past which is found only an electron-shower tail. The method of 

measuring and interpreting these range curves is discussed in details 

in Appendix A. 

Extrapolating the electron-shower tail of the range curves back 

to zero range· using measured shower curves gives only an exaggerated 

1 . h 1 . . h b 11 Th . . f upper im1t to t e e ectrons present 1n t e earn. e maJor1ty o 

electrons present in.this tail come from charge-exchange.reactions 

in the copper absorber. Consequently, the electron contamination of 

the beam was measured directly iit the two lower energies by using 
v 

a gas Cerenkov counter set to count partic.les with a 13 value greater 

than 0.99. 
12 

At the two higher energies, estimates were made of the 

upper limit to the number of electrons in the beam. Charge -exchange 

reactions in the lead wall followed by electron-pair formation from 
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, Table·! 

_Negatl.ve pion beam energies and contaminations 

.Pion beam Use of Muon ·Electron 
~ 

energy, lab beam contamination ' contamination 

(Mev) (o/o) (o/o) 

230 ± 6 Data run 15 ± 1 , ± 1 

290 ± 7 It 8 ± 1 ·t ± 1 

370 ± 9 It 4 ± 1 1 ± 1 

427 ± 10 It 4±2 1 ± 1 

120 ± 7 Calibration 3 ± 3 

155 ± 5 It 38 ± 3 

192 ± 7 It 13 ± 2 

294 ± 6 It 5 ± 1 

378 ± 9 It 4 ± 1 
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Fig. 3. Range curves in Cu for 29G-Mev pion beam. (See 
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0 
the rr -decay gamma rays was shown by upper -limit calculations 

to contribute less than 0.5%. Electron·s from the decay of rr
0 

mesons 

in the internal beryllium target were similarly estimated to give less 

than 1.5% . The electron contaminations obtained are given in Table I. 

Horizontal and vertical beam profiles were measured in the 

position of the liquid hydrogen target with a 1/4-in. -square counter 

placed in coincidence with the two beam-monitor counters (No. 9, 

Table II). The profiles obtained at the two lower energies -are shown 

1n Fig. 4; similar ones were found at the two higher energies·. 

3. Counters 

"' All the counters;, with thP. Axception of the gas.Cerenkov counter', 

were plastic scintillation counters made uf a solid solution 0~ tcrphenyl 

in polystyrene. The sizes of the counters are listed in Table II.· All 

the scintillators were viewed through lucite light pipes by RCA 6810A 

photomultiplier tubes. 

During the data runs, counters 1 and 2 were used as monitors, 

and counters 3, 4, and 5 were combined into a counter telescope to 

detect elastically scattered pions. The location of these counters 

with respect to the hydrogen target is shown in Fig. 5. The details 

of the counter -telescope design are discussed in Section II. B. 1. The 

other counters listed in Table Ilwere· u·sed in measuring the pion­

beam properties discussed in Section II. A. 2. 

4. Electronics 

A block diagram of the electronics is shown in Fig. 6. The high 

monitor counting rate, up to 2)1'< 10
4 

counts/sec, required. high-speed 

electronic circuits. The synchrocyclotron operates at 64 pulses/sec, 

the pulse width being approximately 400 j-LSec. Each of these pulses had 
\ -8 . -8 

a fine structure of pulses about 1;>< 10 sec wide spaced 5.4)< 10 

sec apart due to the phase stability bunching of the accelerated protons. 

With existing electronics, it was not possible to resolve separate 

particles arriving in a single fine -structure pulse. The correction 

necessary because of multiple counts in one fine -structure pulse is 

discussed in Section II. C. 1. The counting rate during the coarse 
6 

pulses reached 10 counts/sec. 

... 

.. 
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Table II 

Scintillation counter sizes 

Counter Width Height . Diameter Thickness 
... No . (in. ) (in. ) (in. ) (in. ) 

1 3.00 3.00 0.25 

2 2.00 0.25 

3 3.00 4.00 0.50 

4 6.00 6.00 0.50 

5 11.00 12.00 0.50 

6 6.00 0.50 

7 12.00 1.00 

8 1.00 0.25 

9 0.25 0.25 0.25 

( 
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Horizontal 

I 2 

Horizontal distance, Y {in.) 

· Vertical 

-1 0 

Vertical distance, Z 
MU-19662 

Fig. 4. Horizontal and vertical beam profiles taken with 
a 1/ 4-in. -square counter at the position of the liquid 
hydrogen target. 

-~· 
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Pb collimator 

. 0.06-in.AI cylinder 
vacuum chamber 

L_____.._j 

0 6 11 

Liquid hydrogen container 
with 0.02-in. Mylar wall 

0.02-in. Mylar 
end window 

shield 

MU-19666 

Fig. 5. Diagram showing the details of the hydrogen 
· target and counter arrangement. 



Monitor 
I 2 

-18-

-rr- Beam 

Telescope 
3 4 5 

D =Discriminator 
MU-19667 

Fig. 6. Block diagram of electronics for monitor and 
counter telescope. 
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The Evans coincidence circuits 
13 

and. Hewlett -Packard pre­

scalers used were tested. with a pulser and found to be able to operate 

continuously at 10 megacycles, enough t.o adequately resolve counts 

from the separate.fine-structure pulses. Hewlett-Packard 460A 

distribufed amplifiers were used for amplification .of the pulses. 

Discriminators were used to select and uniformly shape all pulses 
14 . 

above a selected threshold voltage. To maintain constant~height 

output pulses from the 6810A photomultiplier tubes, large capacitors 

were used in the tube bases (1 1-1-f in the last stage), which prevented 

voltage drops of more than 1o/O. 

Bothfourfold coincidences, 1234, and fivefold coincidences, 

12345,. were recorded in addition to the monitor doubles, .12. During 

measurements at forward angles, .. a 1/4-in. -thick counter with a 2-in.­

diam semicular hole at one edge was used to define the incident beam 

more accurately. It was placed just before the target, arx:l connected 

in anticoincidence with counters 1 and 2 to reduce direct beam spray 

into the telescope. 

In order to obtain the data necessary to correct for multiple 
-8 

counts in one fine-structure pulse, 5.4X 10 sec delay was inserted 

part of the time between the monitor and telescope. The interpretation 

of this data is discussed in.Section II. C. 1. :ro increase the speed of 

collecting data during the .second run, the circuit area of Fig. 6. 

enclosed in a dotted rectangle was duplicated, and placed in parallel 

. with th.e area shown. · The signal from the monitor to this added 
-8 . 

circuit was delayed 5 .4X 10 sec, and data taken simultaneously. 

This added circuit was balanced occasionally by removing the delay 

and adjusting the discriminator setting as required to give equal num­

hers of counts from both circuits. 

Before use, all counters were placed directly in the negative pion 

beam and the voltages on the photomultip.lier tubes set at a value in the 

region where a plateau in the counting rate as a function of voltage 

occurred. Each counter in the final arrangement was tested for proper 

relative delay by varying its relative delay, and setting this delay at the 
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value where a maximum counting ra~e was found .. Discriminator 

levels were set by replacing the counters with a pulser adjusted to 
. . \ 

give pulses at the outp.ut of. each coincidence circuit about half of 

their saturation height. 
l 06 l 06 

Small Ru -.Rh .beta sources were attached to scintillators 

3, 4, and 5. The strength of these sources was chosen to give single 

counts about ten times noise background in each counter. .. Daily 

measurements of the singles counting rate for each counter were 
' 

made to check for constancy of amplification .. Adjust.ments of the 

photomultiplier -tube voltages were made occ_asionally to keep this 

counting rate constant. 

5 .. Target 

The liquid hydrogen target used consisted of a small container 

with verti'cal side walls 5-ino high made of,O.OZ-in. -thick Mylar, 

Copper end pieces 4-ino wide and 8-in. 'long with 2-in. -radius· ends 

. supported the Mylar walls, which were bonded to-the end plates with 

a Versamidepoxy mixture. The container was. surrounded by a 

v:acuum. 

The small target chamber was .attached to a large liquid hydrogen 

reservoir, which was jacketed in turn by the liquid nitrogen reservo1ro 

The target was suspended directly in the lT beam. · The target could 

be emptied into or filled from the reservoir by closing or opening the 

t;:~.rget vent linP.. 

Bulging of the mylar walls in the vacuum due to the 1 -atmos 

pres sure in the target was found by measurement t.o increase the 

effective thickness of the target 7o/o at liquid hydrogen temperature. 

The method of measuring the target thickness is discussed in Section 

·)III. A. 3. Mylar windows in the vacuum -cha·mber wall not only 

provided a low-Z material through which the beam passed but also 

allowed a visual -check on the liquid hydrogen level in the target. 
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; . 

: B .. Counter Telescope 

·1. Design 

Scintillation counters 3, 4, and. 5 were grouped together into a 

rigid counter telescope with the relative positions shown in Figure 5. 

This telescope was placed on a dolly which pivoted about the center 

of the hydrogen target in a horizontal plane. The distance from this 

pivot axis to the telescope was variable so that the ·solid angle subtended 

could be adjusted. The height was also adjustable for initial alignment. 

In order to distinguish the elastically scattered pions (interaction 

(1)] from their recoil protons and the other charged part~cles produced 

[interactions (3)], copper absorbers were placed between counters 

3 and 5 in the telescope .. Because the elastically scattered pions have 

greater range than any of the other charged partiCles at a given .lab-

-oratory angle, the absorber thickness was chosen to allow only the .. 

elastic pions to reach counter 5. 

Re lativisitic two-body kinematic equations were used to find the 

maximum energy of pions from interactions (3) by taking as the mass 

of one of. the outgoing particles the sum of a pion.and nucleon mass. 

The relativisitic equations employed and sample results obtained are 

given in Appendix B. An IBM-650 computer p:r:ogram V\l'aS used to 

make these calculations. 

From the solutions to the re lativ.isitic kinematics pr-oblem, it 

·was found that the minimum amount of copper absorber needed in the 

counter telescope was approximately the same for a given kinetic 

energy of elastically scattered pions independent of the energy of the 

incident pion. In particul.ar, it was found that the am aunt of copper 

nee.ded in g/crn
2

, C
1 
i , was . .lel'i~. than that given by the simple iinear 

equation 

.C .. = (T 
1 

1 00)/2 (4) 
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where C. is the ideal amount of absorber arid T is the laboratory 
1 

kinetic energy of the. elastically scatte:ned pions in Mev. This can 

be seen from Fig. 7, where Ci calculated from Eq .. (4) and the 

actual minimum amount of absorber needed at the four energies used 

. are plotted versus T. Consequently, the amount .of absorber given 

by Eq. (4) was USEd: throughout the experiment .. In practice, the actual 

amount used,. C, was the.nearest amount gr.eater than Ci .. that it 

was possible to get from combinations of e?Cisting pieces.· 

The size of. q:nmter 3 wa!;) chosen to have a reasonable solid 

angle of acceptance when placec'Las near the target as possible. The 

position of counter 5 was determined by the maximum thickness of 

copper (7 in.) nccqed a.t the highe~t P.nP.rgy. Then the sizes ·of 

counters 4 and 5 were <:;hosen large enough to reduce lu~ses Hon1 

multiple coulomb scatte.ring in the absorbers to less than 0.5.o/o. 

2. Calibration 

For the highest energy scattered pions, the amount of copper 

. required in the· telescope trans.mitted only about 1/3 of the pions. 

··consequently, it was' of great importance to measure accur'ate'ly the 

efficiency of the c·ounter telescope throughout its range of use. 

The ca'tlbratiOfi o£ the <.:UUillel' lelt:scope W8.8 co.rricd out \Vith 

e·s sentially the ·same beam set up shown in Fig. l. At the' lower 

energies, minor adjustments of the wedge magnet and r'otating 

collimator position's were necessary. The telescope was placed 

directly in the main pion beam just after the monitor counters. The 

number' of telescope 'counts per monitor count gave the fraction of 

particles transmitted, F, after a small correction for accidenta.ls 

was· made. 

The rr beam energy was· varied from 100 to '430 Mev by adjusting 

the current through the bending magnet. Settings of the current were 

obtained from wire -orbit qata taken before the calibration run. 

Accurate determinations of the energy were made at five points by 

measuring ranges in copper (see Appendix A). The wire-orbit curves 

were used as extrapolation guides between these points to determine 

intermediate ener g:les accurately. 
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0~--~--_L---L~~~--L-~3~4~0~~--~4*2~0--~ . 100 180 260 

Energy of eiastically scattered pion, T(lab) 
( Mev) 

MU-19660 

Fig. 7. ActU:ai Cu absorber needed in counter telescope 
(solid line) ·at various beam energies ~nd ideal 
amount, C. , (dashed. line) as a fq.nction of the 
kinetic enefgy of the elastically scattered pion. 
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At each energy at which the efficiency was measured, the 

nearest amount of copper obtainable to the amount given by Eq. (4) 

was used. In addition, 1/2;;in. more and then 1/2-in. less was 

used. The telescope was also rotated horizontally at a few energies 

to measure the d.ecrease in the efficienc;yresulting from the increased 

effective thickness of the copper. This latter effect was found to 

agree within experimental errors with what one would expect from 

geometrical considerations. 

Beca1.1B~ nf the relatively higher fractional contamiualiuc1 in the 

pion beam at lower energies, it was necessary to determine carefuLLy 

this contamination in order to minimize the effect of calibration er1rors 
. / 

on the final results. Fo:r thiR rP.ason, a detailed discussion of the 

method of determining the muon conlawiuation frorr: runge measure­

ments is given in Appendix A. 

The results of the calibration-range -curve measurements are 

given in Table I. The unusually high muon c·~ntamination at 155 Mev 

resulted from the physical impossibility of adjusting the position of the 

internal beryllium target properly at this energy. In Fig. 8 is shown 

a plot of the fractional muon contamination as a function of beam energy. 

A smooth curve connects the points from which contaminations at 

intermediate energies were read. 

On the asoumption that the rnnnns count with lOOo/o efficiency, 

the counter ~ffidency, E, is related to the measured fraction 

transmiLLeu, F, and the fractional beam contr~.mination, K .. by the 

equation 

E = (F - K) I ( 1 - K). (5) 

In order to interpolate the measured efficiencies to energies 

and absorber thicknesses actually used, the efficiency values obtained 

from Eq. (5) above were fitted by the least squa·res method and the 

fitted function used in the extrapolation. The logarithm of the 

efficiency was fitted to a sum of two power series of the form 
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Fig. 8. Muon contamination in the calibration beam. 
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lOO)j+(C -C1.) L k=O 

(6) 

where T. is the energy of the:elastically.scattered pions in. Mev,. C 

is the actual copper thickness used in g/cm
2

, and C. is the ideal 
1 

copper thickness in g/cm
2 

obtained from Eq. (4). . · 

Tofindthe coefficients A. and Bk inEq. (6), first the 
J 

measured values of -lnE at one beam energy and different absorber 

thicknesses, C, were fitted to a straight line. Then from . this fit, 

the quantity -lnE was extrapolated.to its value for C ~·ci The first 

summat~on in Eq. (6) wust have this cxtrn.poln.tcd value at that energy. 

Furthe.rmore, the second summation in Eq. (6) must ~qual the slope 

of the linear fit at that energy. The values of N' ~nd N" necessary 

for these two summations to adequately fit their point~ at various 

energies were determined on the basis of a X 
2 

test. The resulting 

values of Aj and Bk. are listed in Table III. A plot 9f the ideal 

efficiency, E., (for C =C. ) is shown inFig. 9 .. The least-squares 
. 1 1 

fits were made by using an IBM-650 computer program. The least-

squares formulas used .are disc1.ls sed in Appendix C. 
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Table III 

. Telescope efficiency constants 

" j,k A. Bk J 

0 - 1. 2 3 5 X 1 0 -.
1 -8.204X 10-8 

1 +7.513X10- 3 +l.046X10- 4 

2 +3.193X10 
-7 +2.207X 10-6 

3 -3.837.X 10-8 -2.917X 10-8 

4 -2.331X10- 9 +7.294X 10- 11 

5 +2.131 X 10- 11 
+3.180X 10- 13 

6 -6.678X 10- 14 -l.718X 10- 15 

7 +7.189X 10- 17 +2 .1 00 X 1-0 - 18 
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... 
C. Experimental Procedure 

1. Accidentals and Background 

The only important source of false counts in this experiment 

results from more than one particle passing through the monitor 

during a single fine-'Structure pulse. For reasons discussed in 

Section IL A. 4, it was. not possible to resolve individual particles 

in one fine -structure pulse. The resulting number of extra counts 

in the telescope was measured by d.elaying the sie;nal from the 

telescope relative to the monitor so that it arrived during a separate 

fine -structure pulse (Section II .. A. 4). In order to minin;Jize the 

error introduced by these accidentals, it was necessary to limit the 

pion-beam intensity throughout the runs to about 10
4 

counts/second: 

Other possible sources of accidentals w·ere measured by 

similarity delaying pulses from individual counters relative to the 

rest. All of these other sources of ac.C:identals proved to be negligible. 

The background counts during the run were measured by cycling 

with the target empty and full at each different laboratory angle. This 

was done for both regular and accidental runs. 

2. Counting Rates 

The counting rate for scattered pions was of the order of 10 

counts/min. In order to maximize the efficiency of taking data, the 

relative time spent measuring each of the four types of data outlined 

above was chosen equal to the square root of the te le scope time 

counting rate for that type of data. 

During the short cycles of measuring the four types of data, 

all conditions were kept as constant as possible. Laboratory angles 

were change'd as a rule after each cycle. 
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D. Related Measurements 

1. Simultaneous Experiments 
. . 

While this experiment was being car~ied· out· bn 01J.e- ~ide of the 

hydrogen target,. other experimehts were pe"rformed. o"n the other side 0 

During the data run at 230 and 290 Mev, a m~asurement was 
. 9 

made of the charge-exchang~ process given in interaction (2). 

During the data run at 3 70 and ·42 7 Me-v, the positive -piori. production 
. 15 

.processes given :i,n interactions (3) we1~e measured. 

In order to avoid a possible change in bu.ckground level, data 

cycles were completed during periods wl:len n:o cha:ngef:l in tl~e-se. other 

e~periments ·were mrt.clr, ... 

2. Total Cross Section 

Also in conj~nction with this experiment, the tota.l cross section 

was measured. This was done by using the same pion beain arrange­

ment and magnet setting that were used in the diffe.rential,cross -section 
.:· . 

measurements. The small hydrogen target was replaced, with one· 
· 16 · · · · ·r 

4-ft long and counter 7 was used as a detector. This experi~ent 
·. . . . 17 

and its results are described elsewhere. The importance to this 

experiment lies in the fact that the· beam energies for which.tota.l. 

cross sections were obtained were identical. with .those for which the. 

elastic-scattering cross section was measu.red, ihdependent of Lhe 

.t.incertaintie s in determining these energies. 
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Ill. RESULT~. 

A. DifferentiaL Cross Section 

1. Scattered Pions Counted 

The number of real elastically scattered pions counted at each 

energy and angle was determined as follows. The .quintuple co­

incidences, 12345, ·were analyzed for each cycle by first dividing by 

the corresponding number of monitor ·c aunts, 12. For the target -full 

and-empty·runs separately, the real counting rate per monitor count, 

R, was determine.d by subtracting the accidental rate, A, {rom the 

total rate, T, using the formula 

(7) 

where MT is the average monitor rate per unit time during a cycle 

for ·totals, and MA is the average monitor rate per unit time during 

a cycle for accidentals. The ratio of monitor rates corrected the 

accidental rate when the accidentals were measured separately from 

the totals. When the simultaneous acc.idental circuit was included 

(see Sec. II. A. 4. ), this ratio became one. 

1. The background real counting rate, RE ·; obtained by using. 

Eq. (7) for the target-empty data, along with the corresponding 

-target full rafe,. RF' _gave the final ratio of scattered particles ·per 

monitor count, I, counted by the telescope as 

I= R - R 
F .E 

( 8) 

The values of I obtained from different cycles at a given energy and 

angle were combined by means of a weighted average to give the 

average number of scattered particle.s per monitor count, IA, by 

i 
(.6.I. ) -2 I ~ 

1 1 
I (.6.i ) -2 ' 

i 
(9) 



-32-

where ~I is the standard deviation. determined from counting statistics 

(see Sec. III. C. 1). ·· 

The average number of quintuple counts per monitor count, IA , 

obtained at each energy and angle are listed in Table IV. 

2. Efficienc.y 

In order to correct for the number of elastic pions lost in the 
" 

telescope absorber, it was necessary to divide the counts .ob~ained at 

each point by the efficiency of the counter. This correction is .incLuded 

in Eq. ( l 0). 

The efficiency for the quintuple data was obtained from. ~q. (6). 
~ . ' 

The laboratory kinetic energy of the scattered pions need An, T, 

was found from the re tativistic kinematics program (Appendix B). 

This energy was substituted in Eq. (4) to find the ideal absorber 

thickness, C.i . These two quant~ties with the .actual ap.s orber thickness, 

C, then were· substituted into Eq. (6) to find the effic:iency, E. 

3. Target Constnat 

The laboratory differential cross section, dO/cln, is related to 

the average scattered counts per monitor count, :I_A, by the· equation 

. da/da = IA 1 E~K. ( l 0) 

Where E is the efficiency; 0 is the solid angle subtended by the 

counter telescope, and K, the target constant, ·is the number of 

scattering centers per unit area normal to the beam direction. For 

hydrogen, it is given by the equation 

K=N p ,L 
0 H 

( l l ) 

where N
0 

· is Avogadro's number, pH is the· density. of the liquid 

hydrogen in the target, and .L is the average thickness of the target 

parallel to the b~am direction. 



Table 'lV 

1T -elastic -scattering differenticH cross sections 

Beam Lab. Diet., Cu Absorb. !A ±AlA da/<IDT drJ/dr/ C.M: . . * 
e·nergy angle, 6 D thick"fss, C 

(>< 106 ) ±Ada/<ID'T ±AdU/dfl* angle, 6 
(Mev) (deg.) (in,) (9/cm ) (mb/ sterad) {mb/ sterad) 

(deg.) 

230 15.0 30.00 65.69 14.75±1.36 4. 70 ± 0.43· 3.03 ± 0.30 ZO.I 

ZZ.4 l3.00 6Z.85 Z4. 90± l.Z4 4.58 ±O.Z3 3.14±0:"17 30.0 

38.0 Z3.00 54.40 16.01 ±0.73 Z.76±0.13 Z.11 ±0.11 50.0 

54.6 15.00 45.8Z Z4.00 ± 0.85 1.64 ± 0.06 1.45 ± 0.06 70.0· 

7Z.7 15.00 4Z.97 13.18±0.47 0.84.±0.03 0.89 ± 0.04 90.0 

9Z.7 15.00 19.94 16."18±0."64 0.80 ± 0.03 1.06 ± 0.05 110.0 

114.8 15.00 8.67 z_0.98±0.78 0.90 ±0.03"." 1.48 ± 0.07 130.0 

139.5 15.00 Z.98 Z8.0Z ± 0.84 1.06 ± 0.03 Z.ll±0.07 150.0 

159.4 Z3.00 Z.98 IZ.Z9±0.49 1.03±0.04 Z.Z3 ± 0.10 165.0 

Z90 15.0 30.00 91.6Z 8.Z8±1.71 Z.99±0.6Z 1.67 ± 0.33 Z0.8 

Zl.8 Z3.00 88.67 15.97 ± l.OZ 3.35 ±O.Z1 1.99±0.1Z 30.0 
I 

36.9 Z3.00 80.Z6 10.58±0.66 Z.l5±0.13 1.43 ± 0.08 50.0 ~ 

53.Z 15.00 65.69 18.65 ± 0.97 1.49 ± 0.08 1."16±0.06 70.0 ~ 
I 

70.9 15.00 48.70 11.67 ± 0.58 0.80±0.04 0. 77 ± 0.04 90.0 

90.8 15.00 34.51 8.03 ±0.39 0.48±0.0Z 0.58 ± o.oz 110.0 

113.Z 15.00 19.94 9.89±0.45 0.50 ± o.oz 0. 78 ± 0.03 130.0 

138.3 15.00 8.67 14.87±0.75 0.65 ± 0.03 l.Z5 ± 0:05 150.0 

158.8 Z3.00 5.96 8.03 ±0.45 0. 77 ± 0.04 1.63 ±0.08 ·165.0 

370 10.4 48.00 134.40 Z.Z3±0.56 Z.68±0.67 1.14 ± 0.33 15.0 

Z0.9 Z3.00 IZ6.03 IO.Z7 ±0.53 Z.68±0.14 1.38 ± 0.07 30.0 

35.5 15.00 114.65 Z0.08± 1.13 Z.l4 ±O.IZ 1.Z6 ± 0.07 50.0 

51.3 15.00 94.6Z 16.0Z±0.74 1.50 ±0,07 1.06 ± 0.05 70."0 

68.7 15.00 74.Z8 ·9.ZO ±.0.45 · 0. 75 ± 0.04 .0.67±0.03 90.0 

88.4 1-5.00 54.40 . 5.56±0.Z6 0.39 ± o.oz 0.45 ± o.oz 110.0 

111.0 15.00 34.Z3 6.83 ± 0.30 0.41 ±O.OZ 0.63 ± 0.03 130.0 

136.7 15.00 ZZ.9Z 7.49±0.41 0.39 ± o.oz 0. 74 ± 0.04 150.0 

157.9 Z3.00 19.44 3.56± O.Z7 0.40.± 0.03 0.87 ±0.07 165.0 

4Z7 10.1 46.00 156.85 4.Z4;"0.66 4.97±0.78 Z.l8±0.37 15.0 

Z0.4 Z3.00 150.98 11.16± 1.47 3.ZO ± 0.4Z 1.5 7 ± O.Z I 30.0 

34.7 15.00 134.40 Z5.8L ± 1.60 'Z.95±0.18 1.66±0.11 50.1 

50.Z 15.00 ll4.65 17.31±0.89 1.80 ±.0.09 l.Z3 ± 0.07 70.Z 

67.4 .15.00 91.61 9.64 ±0.5Z 0.87 ±0.05 0.76 ±0.04 90.Z 

87.0 15.00 65:59 4.74 ±O.Z7 0.35 ± o.oz 0.41 ±0.03 IIO.Z 

109.7 15.00 45.8Z 6.0Z±0.33 0.41 ± o.oz 0.64 ± 0.04 l30.Z 

135.8 15.00 Z8.65 9.58±0.47 0.54 ± 0.03 1.09 ± 0.06 150.1 

157.4 Z3.00 ZZ.9Z 3.86 ±O.Z4 0.47±0.03 1.07 ± 0.07 165.1 
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The target pressure was about 1 atmos at all times. The 

density, pH, used in Eq. (11) was actually taken as the difference 

between the densities of the target-full liquid and the target-empty 
; 18 

vapor. These densities were obtained from the Cryogenic: Data Book. 

The liquid density used was that of boiling liquid hydrogen, 70.2 g/1. 

It was assumed that the target-empty vapor had a temperature between 

.the boiling points of liquid hydrogen .and liquid nitrogen. The vapor 

density was chosen as 0.9 ± 0.8g/l, the average of the hydrogen gas 

densities at these two temperatures. '!'he resultant value oi 

P.H is 69.3 ± 0.8 g/1. 

The average thickness of the target, L, was determined by 

·measuring the bulging of the target sides at a matrix of points at 

room and liquid nitrogen temperature with 1 atmos -more pressure 

inside the target than outside. These measurements were then 

linearly extrapolated to liquid hydrogen temperature. The resultant 

thicknesses were avera~~d with weights determined from the beam­

profile measurements (Fig. 4)-to get the average thickness,. L, which 

was 4.230 -in. The. resultant value for the target constant, K, 

determined from Eq. ( 11) is 4.48 ± 0. 05 X l o23 
em -

2
. 

..~ .... 
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B. Corrections 

1. Finite Target and Telescope 

The total cross section is determined from Eq. (10) strictly 

only for. a point target and telescope. As a result, the values 

determined from this equation are in error because of the finite size 

of.both the target and counter telescope. 

To ~orrect for this .effect, the product of efficiency and solid 

angle,· EO, that appears in Eq. (10) must be replaced by an appropriate 

.average v:·alue, ·EO. An average value for this product which gives by 

. Eq. (10) a differenti~l cross section equivalent to what a point ~arget 

and telescope at the .laboratory angle e would measure was determined 

as follows. The target was divided into volume elements, V, and the 

counter into area elements, A, and the contributions from each 

element pair were summed by using the formula 

EO (8) = 
( 12) 

where N(V) is the relative beam intensity at the volume element, 

V, from the beam-profite measurements; E(V, A) is the efficiency 

for the counter for pions scattered from volume .element, V, into 

telescope area element, .A; F('y) is the laboratory differential cross 

section at an angle, '(, obtained from the cross sections determined 

by using Eq. (10); y is the angle the line between volume element, 

V, and area element, A, makes with the beam direction·; and 6fl(V, A) 

is· the solid angle subtended at volume element, Y., by the telescope 

area e'temeht, A. 

More specific formulae for the quantities appearing in Eq. (12) 

are discussed in detail in Appendix·D. These calculations were 

car'ried out using an IBM~650 computer program .. This program 

divided the volume and area din:ensions 1nto n parts·. The value of 

n beginning with 1 was increased by 1 and the two resultant values 

for EQ extrapolated to n equals infinity by the formula 
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(n + 
'2·-·- 2-

En 
1) EQn+1-n. mh 

= ( 13) 
1 )2 2 ·' 00 

(n + - n 

which neglects terms of order 1/n
2 

and. higher. The value of n was 

again increased until successive results from Eq. (13) agreed within 

0.5%. This occurred with n equal to four in all instances. This· 

correction for finite target and telescope size did not exceed 3% at 

any point. 

The results obtained for the total scattered pion diffei·ential 
. . . 

cross sections in the laboratory system, dajcmT ~ are listed in 

Table IV. Tlu:!S~ valJ:es were obtai11ed fron1 Eq. · (10) after 'replacing 

EO by EO from Eq. (12). 

2. Beam Conta.mination and Attenuation 

The muon and electron contamination of the incoming pion beam, 

the decay of pions into muons between the monitor and target, and the 

attenuation of both incident and scattered. pions by the target material 

required that a negative correction be applied to the monitor counting 

rate, where the monitor is to be regarded as counting. only those pions 

that enter into the scattering experiments. '!'his correctlon does no.t 

change the form of the angular P,istribution, only its normalization. 

The fractional beam contaminations were determined from 

range measurements (Appendix A), and the vaiues obtained are listed 

m Table I. 

3. Coulomb Scattering 

The measured cross sections result from a combination of 

nuclear and coulomb scattering. Atthe energies and laboratory 

angtes measured in this experiment, interference between these two 

f . . l' 'bl 19 • 20 d th l 'b t' types o scatter1ng 1s nE;!g 1g1 e, an e nuc ear contr1 u 10n 

·can be determined by subtracting the coulomb cross sections from 

. the measur.ed cro.ss sections" The .laboratory coulomb cross .sections 

d a/dO , in mb/ sterad were obtained from the formula 
21 

c 
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da /ciD c 
= 

5.178 
( 14) 

where p is the momentum of t_he pion in Mev/c for a pion.of velocity, 

v, in units ·of c, the v~locity of light. 

4. _Charge -Exchange Correction 

The counter telescope acts.as an approxfmately 1o/o..:.efficient 

counter of gamma rays, This results from pair production of electrons 

in the target,. air,. and "front half ·of counter 3. Consequently, some 
. 0 

decay.gammas· from the charge-exchange rr mesons are detected, 

and as a result, the measured eros s sections must be reduced by 

1 o/o of the charge -exchange eros s section at the same energy. 

Only approximate values of these charge -exchange eros s sections 

are needed because of the small size of this correction. Values from 

th~ literature were used for this purpose. 9 After the coulomb­

corrected cross sections were converted to the center-of-mass system 

* by using the values of dO/dO obtained from the relativistic kinematics 

program (Appendi.x B), the' contribution from the charge -exchange 

process wa·s subtracted. The final barycentric differential cross 

* section, dO/ dO. , obtained and the corresponding center -of -mass 
~-

angle of scattering, 8.,.. , are listed m Table IV. 
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C .. Errors 

1. _Counting Statistics 

The statistical standard-deviation errors in the counting data 

were set equal to the squar·e root of the corr-esponding number of 

counts. Monitor counts we·re taken as exact in this ex.periment, 

either because data was taken relative to ~hem, or becaus:e th·e 

number of monitor counts was so large. that the statist.ical error in 

them. was negligible . 

. The errors in the quantities T and A appearing in Eq. (7) 

were arrive.d at, and they were propagated in the usual way thro?gh 

Eqs .. (7) and (8) to give a standard deviation err9r, .6.!, on the quantity 

I of Eq. (8). The various -values of I were averaged by using Eq. (9). 

Such averaging corresponds-to making a least-squares p,.olynomial . 

. fit of zet:o order. This calculation was done using an IBM-650 com­

puter program (App~ndix C), and.the x 2 
test applied to test the 

consistency of the quantities, I. , with the average. No improbable 1 . 

value-s of I-were de.tected. Values of the standard deviati~n error, 

:6.IA , obtained on the average quantities, IA , are listed in Table IV. 

2. Other Sources ·of Errors 

The errors in the measured efficiency points, E, obtained from 

Eq. (5) arise effectively only from the uncertainty·, ~K, in the beam 

contamination. K, since the large number of counts ta.ken makes the 

statistical error in the fraction transmitted, F, negligible. The 

error, .C.E, in the efficiency, E, is thus given by the equation 

.C.E = (1 -·F) ___!._ __ ....:..__ __ .C.K . 

( 1 - K) 2 
(15) 

This formula has been written down expliCitly to show the important 

fact that the uncertainty in the efficiency is smaller than the un­

certainty in the contamination fraction by a factor of about (1-F) 

for the small values of. .K observed. Thus the error in the. measured 

efficiency is. significantly less than the. error in the beam contamination 

(1/10 as large for efficiencies greater than 90o/o for example). As a 
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result, even the uncertainty in the electron contamination of the 

calibration beam, which was estimated and inc~uded as a random 

error addition to b.K, did not give efficiency erro.rs in .excess of 

4% at any point. At most points, they were less than 2%. Error 

matrices were computed for both of the least-squares polynomial· 

fits in Eq. (6), and the errors in the extrapolated efficiency values 

found from them. 

The uncertainty given in the target constant, K, of Eq. (10) 

arose primarily from the uncertainty in the temperature of the 

hydrogen gas in the target when it was not full of liquid hydrogen 

(Sec. III. A. 3). 

· The error in the solid,.angle determination was negligible. 

Small errors arising from the coulomb and cha.rge -exchange correction 

were included. 

Both the muon and electron contaminations were evaluated for' 

the pion beams used in the data runs (Table I). The errors in these 

contaminations appear directly as errors in .the correction factor 

multiplying the. total angular distribution. Since.they did not exceed 

2%, however, they were included for convenience as additional 

random errors in the individual differential cross -section points 

because their contribution is ·small. 

The combined results of all of these errors are listed as 

I * . standard-deviation errors, b.dO' dO , on the final differential cross-

* section points, da /dO , in Table IV. A plot of these differential 

eros s sections is shown in Figur_e 10 . 
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Fig. 100 Differential cross sections of elastically 
scattered pions for various incident beam energies 0 

Dashed curve is least-squares fit with S and P 
waves only. Solid curve is best fit. The square 
points on the ordinates were obtained from dispersion 
relations and are not included in the fits o 
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D. Pion Production Cross Sections 

Though this experiment was not ·primarily in:tendeci to. measure 

cross sections for -any of the pion-producti'dn pr·ocesses given in 

interactions (3), some information about them is ·available from the 

quadruple, 1234 data taken. No copper absorber was· placed petween 

counters 3 and 4' at laboratory angles ·greater than·60 deg. Thus, all 

charged particles from reactions (1·) and (3) are counted which have 

an energy above some thr.eshold energy (approximately 25 Mev) 

necessary to penetrate through the target walls and counter 3 and 4. 

No recoil protons can appear 'at laboratory angles greater than 90 deg. 

Consequently; back of 90 deg iii the laboratory system; and even at 

the smaller laboratory angles· where recoil protons have energies 

. be low the detection threshold, only charged· pions from interactions 

(1) and (3) are counted by counters 3 and 4. 

Thus if at a laboratory angle, e, the elastic differential cross 

section is d·ojdnT' and the differential cross section for the first of 

·intel,"actions (3 ), is dO 1/ dO· 9-nd for the second· i.t is do
2

/ ds-2, then 

the measured quantity obtained from the quadrupole data, do 4 ./ dn , 

· is given to a first approximation by the equation 

where f is the frac~ion of pions from inte·ractions (3) ·that have an 

energy above the threshold energy for detection. 

Since dO /dOT has been determined in this experiment (Table IV), 

and data concerning dO 1/dO was obtained in another experiment (see 

Section II. D. 1), 
15 

information about dO 
2
/da is theoretically obtain­

able. 

Consequently, the quadruples data, 1234, was analyzed in the 

same way as the quintuples data to get values from Eq._ 9 for 

lA' ± L::.IA' for the quadruples data (see Sec. III.A. 1). These values 
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are listed in Table V. These quantities in t'urn were used to find 

dO 
4

/ dQ ± .6.da 4 / dQ from Eq. 10 in the same way as dO /<illT 

± .6.d0' /dOT was obtained for .. the quadruples data, except that the 

efficiency was assumed to be 100% since.there _was no .absorber 

between counter 3 and 4. The results are listed in Table V for 

meaninfgul angles ... From the: results listed in Table IV, values 

for the quantity, f(2d0' 1/dO +dO' 
2

/dO), wer.e then calculated-by 

means of.Eq. '(16). These values are .listed in Table v .. 
It is necessary to evaluate the fraction, f(B),_ appeari~g·in 

Eq. (16). Because of the large statistical errors in all of these 

data, for simplicity the laboratory energy spectrum at all-angles 

was assu-r:ned to have the approximate form, sin ·(2rrT/T _. )-,. · · max· 
.where. T, the. kinetic. energy of the pipn at that angle, has a maximum 

value, T Thus, the fraction detected, f(6), ~s g~ven by the 
max 

formula 

f(8) = [cos (2 uTth / Tmax) +I] /2, ( 1 7) 

where Tth , the energy threshold for detection, is taken as 25 ± 5 Mev. 

The values of £ obtained from Eq. (17) are listed in Table V._ 

By usmg ..l:!.;qs. _(16) and (17). v.alues for the quantity,, d(2a 1 + a2 )/d0, 

were obtained, and are Listed in Table V. A plot of these points is 

shown in.Fig. 11. 



Table V 

Pion-produetion differential-eros s- section data 

Beam Lab Dist., IA' ± AIA 
I doidn f d(ol+o2) d(2al + 02) 

angle, B D £ dn ,vf 
dn energy 

(x 106 ) .±. t..do idn (Mev) (deg.) (in.) d(2o 1 +o2)] fraction d(2o 1 + o
2

) 
(mb/sterad) ±.C. ±to. 

dO dn 
(mb/Sterad) (mb/ sterad) 

230 7'2.7 15.00 22.63:1::1.29 0.93:1::0.05 0.09:1::.06 0.~8:1::,17 0.24.t:: .19 

92.7 15.00 22.06:1::1.34 0.93:1::0.06 0.13:1::.07 0.11:1::,15 1.18:1::1.72 

114.8 15.00 23.38:1::1.08 1.00:1::0.05 0.10:1::.06 0 
I 

139.5 15.00 24.85 :1:: 1.01 1.05 :1::0.04 0.01 :1:: •. 05 0 ~ 
Vol 

159.4 23.00 11.99:1::0.92 1.18:1::0.09 0.15:1::.10 0 

290 70.9 15.00 23.53 :1::1.86 0.99:1::0.08 0.19:1::.09 0.79:1::.08 0.24.:1::.12 

90.8 15.00 15.95:!: 1.09 0.66:1::0.05 0.18:1::.06 0.69:1::,12 0~26:1::.10 

113.2 15.00 13.32 :1::0.84 0.56 :1::0.04 0.06 :1:: .05 0.52:1::.15 ·O.Ia:1::.11 

138.3 15.00 18.75: 1.21 0.80:1::0.05 0.15:1::.06 0.33:1::,18 0.45:1:: .3~ 

158.8 23".00 8.48 :1::1.35 0.84:1::0.14 0.07:1::.15 0.21:1::.17 0.33:1::.76 

370 88.4 15.00 18.77:1::0.70 0,77:1::0.,03 0.38:1::i()4 0.87:1:: .05 0.44:1::.06 

111.0 15.00 14~02 :1::0.66 0.60:1::0.03 0.19:1::.04 0.80:1:: .08 0.24:1::.06 

136.7 15.00 12.52:1::0.73. 0.53:1::0.03 0.14:1::.04 0.72:1::.10 0.19:1::.06 

157.9 ~3.00 6.78:1::0.97 0.67:1::0.10 0.27:1::.11 . 0.63 ~:.13 0.43:1::.20 

427 87.0 15.00 22.11 :1:: 1.02 0.89:1::0.04 0,54± .05 0.92:1::.03 0.59:1::.06 

109.7 15.00 18.87:1::1,07 . 0.80:1::0.05 0.39:1::.06 0.88:1:: .05 0.44:1::.07 

135.8 15.00 19.01:1::1.06 0.81 :1::0.05 0.27:1::.06 0.81 :1::.07 0.33 :1:: .08 

157.4 23.00 6.;67 :1::0.92 0.66 :1::0.09 0.19:1::.10 o. 77:1::.09 0.25:1::.14 
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11. Inelastic combined differential cross sections,· 
d(2a. 1 + 0' 2 ) /dO for various incident beam energies. 
Solid curves represent least-squares fits to a Legendre 
polynomial series. >· 
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IV. CONCLUSIONS 

A. Partial Waves 

To determine what orders ·of angular-momentum states are 

present in the elastic-scattering interaction, the measured differential 

cross sections, da /dn,~(Table IV) at each beam energy were least­

squares fitted with a Legendre polynomial series of the form 

* da- (B) 
-·· 

dO 

n 

-I .. ( 18) 

l. = 0 

The magnitude of n necess('!.ry to fit adequately the .data points at each 

energy was determined on the basis of a x 2 
test and supporting Fisher 

test (see Appendix C). The values of coeffiCients, Ai. , obtained fo~ 

various values of n at each energy are listed in Table VI. Also 
2 

listed in this table arc the degrees of freedom, k; the values of- x 
obtained; the probability, p, that X 

2 
would exceed the value found 

in a random sample, and the Fisher probability, F, that A should 
n 

be zero. 

The first adequate and best fits determined on the basis of these 

statistical ·criteria are indicated by superscripts. a and b in Table 

Vl. . For the best fits, the error matrices, C .. , (See Appendix. C) 
lJ 

are given in Table VII. The theoretical~curves obtained from Eq. (18) 

for. S and P waves alone (n.= 2) and for the best fits are shown in 

Fig. 10. 

At 290 Mev and above, it can be seen' that the probability that 

the data are consistent with fits based .on S and P waves alone is 

less than V'/o. In fact, the most probable values of n obtained include 

an. F-wave :t~1terference term (n= 5) at 370 Mev and an F-wave term 

(n = 6) at 42 7 Mev. Thus the conClusion can be made that at 2:30 Mev 

only· S and P waves are needed, but at the higher. energies D waves 

are present and above 290 Mev. F waves may be present, especially 

at 427 Mev. 



· Table .VI 

Results of Least-square.3 Legendre-polynomial fits.to elastic 1T-- p Data .. 
Fitted coefficients 

Beam Order 
energy of fit Ao A1 A2 A3 A4 As A6 

2 
K ·F .. X p 

(Mev) .n (mb/sterad) (%) (%) 

2 30 ±.6 2a 1.65 ± 0.03 0.55 ± O.C•6 1.40 ± 0.06 9.47 .6 22 < 1 

·3' 1,66 ± 0.03 0.56 ± 0.(•6 1.412 ± 0.07 0.06 ± 0.07 8.85 s· 16 60 

4b 1,66 ± 0.03 0.53±0.06 ~.38±0.07 -0.01 ±0,08 -0.15 ±0.09 5.82 4 ·29 ·zo 

5 1.66 ± 0.03 0,54 ± o.c6 1.38 ± 0.08 --0,01 * 0.09 -0.14±0.10 0.03.t0.10 5.71 3 18 85 

6 1.66 * 0,03 0.53 'f 0.(•6 l.J7 ± 0.09 -0.01 ±0,10 -0.15 ±0,11 0.01 :±0.13 -0.0&±0.15 5.56. 2 8 85 

I 

290 :± 7 2 1.10:±0,02 0.56 ± 0.(·4 0.91±0.04 46.2 6 <1 <1 ~ 

"' .3a 1.99±0,02 0.44±0,(15 o. 70 ± 0.05 -0.34 ± 0,05 6.72 5 29 < 1 

4b 1.·10:±0,02 0,45±0,05 0.15 ± 0.06 -0.28 ± 0.07 0,11 ± 0.06 3.86 4 41 .15 

5 1.1.0 ± 0.02 0.46 ± 0.05 0.16±0.06 -0.24 :± 0.08 0,15 ±0.06 0.06±0,07 3~25 3 36 45 

6 1.10±0.02 0,47±0,05 0.77±0.08 -0.23 ± 0.08 o.n±0.09 0,0&± 0.09 0.05±0.12 3.08'. 2 25 50 

370±'9 2 0.85 ± 0.02 0.49 ± 0.03 0.':8 ± 0.03 48.2 6 <1 <1 

3 0.86 :±0,02 0,45 ± 0,•)3 o.;.7±0.D4 -0.24±0,04 16.8 5 1 .. 2 

4a 0.86±0.02 0.45 ± 0,)3 0.32 ± 0.04 -0.32±0,05 -0.16 ± 0,05 7.43 4 .1.2 7 

5b . 0,86 ±0,02 0.45 ± 0.03 0.33 ± 0.04 -0.26 ± 0.06 -0.10 ± 0,07 O.U±0.06 3_.97. 3 29 ·15 

6 0.86 ± 0.02 0.47.±0.03 .0.3 7 ± 0.05 -0.24±0,06 -0.07 ± 0.07 ·o.16±C.08 0,09 :± 0.10 3.00. 2 25 . 60 

427±10 2 1.08 ± 0.03 0.8Z ± 0.·06 o.B8±a;os 50.3 6 <1 < 1 

3 1.03 ± 0.03 0.65 ± 0.07 0.!>0±0.07 -0.36 ± 0.06 18.8 5 < ~ 2 

4 1.03 ± 0.03 0,6 L ± 0.07 0.52 ± 0.08 -0.49 ± 0.09 -0.17 ± 0.07· 13.6 4 25 

5a 1.04±0,03 0.63 ± 0 .. 07 0.58 ± 0.06 -0.36±0.10· 0,01 ± 0.10 0.24±0.08 4.58 3 21 8 

6b 1.04 ± 0.03 0.62 :± 0,07 0.57±0.09 -0.39±0.10 -0.06 ± 0,11 0,15 ± •J.ll -0.12±0.10 3.05 2 23 35 

aFirst adequate fit. 

bBest fit. 

:~· 



Table VII 

Best-fit error matrices, c .. 
lJ 

Beam 
j 

energy i 0 2 3 4 5 6 
(Mev) 

230 0 0.00086 0.00099 .0.00107 0.00062 -0.00012 

0.00388 0.00286 0.00\ ~0 0.00127 

2 0.00556 0.00356 0.00250 

3 0.00702 0.00339 

4 0.00763 

I 
290 0 0.00049 0.00072 0.00057 0.00009 0.00011 ~ 

-J 
.0.00218 0.00175 0.00135 0.00052 I· 

2 0.00386 0.00296 0.00187 

3 0.00434 0.00237 

4 0.00399 

370 0 0.00029 0.00033 0.00019 -0.00004 -0.00001 O;OOOi·2 

0.00108 0.00060 0.00047 0.00020 0.00023 

2 0.00186 0.00155 0.00123 0.00052 

3 0.00358 . 0.00261 0~00195 

4 0.00423 0.00.219 

5 O.QOJ58 

427 0 0.00093 0.00161 0.00148 . 0.00077 0.00035 0.00029 0.00008 

0.00456 0.00421 0.00313 0.00175 0.00070 0.00051 

2 0.00723 0.00629 0.00430 0.00199 0.00050 

3 0.00981 0.00802 0.005Z:O 0.00213 

4 0.01206 0.00882 0.00537 

5 0.01208 0.00741 

6 0.01001 
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The total elastic cross section, a E , obtained by integrating 

the best-fit differential-cross -section curve is given by the formula 

( 1 9) 

· where A0 is t~e lowest-order Legendre coefficient. The total 

elastic cross sections obtained by using Eq. (19) are listed in Table 
~'< 

VIII. The differential cross sections at zero degrees, d<r /dn (0), 

obtained from Eq, (18) by setting 8 = 0 and propagating errors using 

the error matrix (See Appendix C) are also listed iri Table VIII. 
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Table VIII 

Total elastic and forward differential cross section 

from best least-squares fits, and total cross sections 

d<T 
,<TE± b.<TE 

~(0) 
dSl 

. ±b. d<T 
'*. (O) 

dfl 
(Mev)· (mb) · (.mb/sterad) (mb) 

230 20.8±0.4 

290 13:.8±0.3 

370 10.9±0.2 

427 13.0±0.4 

·3.40±0.25 

2.12±0:20 

1.41 ± 0 ~20 

1.81±0.43 

48 ±2 

31 ± 2 

28.9±1.4 

29,5±1.4 
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B. Disper·sion Re lati~r{s 

Dis~ersi~n theo~y ~elates thedifferenti~l forward-scattering 
. * cross section, dajdf! (0), to the .total cross section, u T., ·at the 

same energy by the dispersion relation 

* 2 * . du /dQ (0) = fr + (p /4rr)u T (20) 

. *" where p. is the momentum .of the incident pion in the barycentric 

system (see Appendix B) and f is the real part of the f·orward-
r 

scattering amplitude for which values a:r.e predicted by the dispersion 
7 

theory. The units employed in Eq. (20) are those where ...n·= c = M
1
t l 

(in these terms the·cross-section unit. is 2.0 mb, and the momentum 

unit is 140 Mev/G). 

Equation (20) may be used to determine values for the real part 

of the forward scattering amplitude, f , from measured va~ues offhe 
r 

forward differential cross section and the total cross section. 

Measured values of the forward differential cress section were taken 

from Table VIII, and total-cross-secti"on values were obtained from 

the literature
2

• 
5 

and are also listed in Table VIII. The calculated 

values of f are given in Table IX, and are plotted in Fig. 12. At . r 
the two higher energies, the value of fr 

2 
was found to be slightly 

negative but much smaller than its statistical error, so it was taken 

as zero. The error given on f was determined in this instance 

assuming fr
2 

to be equal to it; error. Recent theoretical values
22 

of f obtained by using the latest· values of the TT - p total cross 

sect~ons at higher energies
5 

in the di~persion integrals are also shown 

in Fig. 12 for comparison. Within statistics, no disagreement with 

these values, and to this extent no disagreement with dispersion theory, 

is found. 

Equation (20) may be used alternatively to obtain the forward­

* scattering amplitude, du /cln (0), from the measured total cross 

sections, and theoretical values of the real part of the forward-

. scattering amplitude mentioned above. . The points obtained by this 
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Table IX 

Measured values of the real part.of forward 

scattering amplitude 

Beam 
energy 
(Mev) 

230 
290 
370 

427 
. · .···· 

f r: 

(fermis) 

0.?9±.10. 

0.28±.13 

0.00 ±. L2 

0.00.± .14 
~. : ,'':' : .. ·. . ·. ' . . . . . : : .. 
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procedure are shown in·Fig. 10. :Because of the relatively small 

··contributi011·to ·the differential' cross section from the real part 

compared' to the imaginary part at these ene·rgie's·, 'even a 100% 

error in the real part does not significantly effect the magnitude 

of the differential cross sections or its error. Thus the zero-degree 

. differential eros s sections shown in Fig. 10 depend effectively only 

upon the experimentally determined total cros:s sections, ·and to 

this extent these ··points may be considered as ·additional· experimental 

points a.t zero degre·es·. · When these points are inclUded in the fit 

by using .E;:q. (18), little change in the coefficients results (see Ref. 

25 for typical results). 

. . ' ' . 
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C ... Charge Independence 

A test for ·charge independence ,giveQ by Stanghe llini ~ c_an be 

made- by .testing the validity of the _equation 

where 0, -f:-,_ and indicate respectively, TT 

(Z 1) 

char.ge exc}:lange , 
+ 

TT 

elastic scattering, and TT elastic scattering by protons .. -~or any 

one of these interac;tions, we can define the. quantities appearing in 

Eq. (21) by 

(2 2) 

which is the forward-differential-scattering amplitude (j = 0, +, - ), 

and 

* f .. = (p /4rr)CT. 
lJ 1 

(2 3) 

* where p is the barycentric pion momentum (see Appendix B) and 

CT i is the total cross section for the particular interaction. The 

forward-scattering amplitude, fr is related to ft and fi by 

the equation 

f ~ = ft~ 
rJ J 

2 
f .. 
lJ 

(24) 

Letting aL be the calculated value for the left side of Eq. · (21), 

and aR be tl.-e ::calculated value for the right side, a measure of the. 

validity of Eq; (21) is given by 

(25) 

'where D. indicates the uncertainty in the quantity. 

--, 
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Using this method,' Stanghellini has found no disagreement 

with .. charge independence up. thJ,"ough 307 Me.v within the accuracy· 

obtainable using available data: Using the·values for. ,/ .., p 

scattering eros s sections at 360 Mev
23 

in co~junction witn 11 - p 

charge -ex~change data ~t 3 71· Mev, 9 the following v:alues were calculated 

for aL a,nd aR from. 11 - p elastic data obta{ned iri this experiment: 

CI.R = 0.26 ~ .30 and aL = 0.39 ± .02. Using these results in Eq. (25) 

gives · V 7 77o/o. This can be interpreted to mean that the equation is 

valid within 77o/o, which is .more accurate than the greater than lOOo/o 

error in aR. · Thus, no disagreement with charge independence is 

found at 310 Mev either. Sufficient data is not available at 42 7 Mev 

to make; this test.· 
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. . D ... Phase Shifts .. 
: . ... : . 'j . :. .. . . . .. t .• ~ - ' ,. . .~ .~ .. ·· ••. ; .?. 

ff. w.e assume charge i.z:1depend.ence·. to: be :v·alid, · the···geheral 

formula for pion..:nucleorr scattering·.is 
24 

· · · · .· ·· . ·· 

... ~ J 

L 
..... 2 . . · .. {:l3/2 

dO/dP~=-k ~C 7 . ~ '* (cos e ) 
. : · . . = .r I 2 1 ·= o · 

. ·.: 

~ . . . 

3/2 ·'· 
.. 

?} 
L 

::E £. T , i. IT) + :E c (aj· ~ £. + 1/2 aj=l.-1/2 pl * 'T -.. £. , (cos e ), 
T = 1/2 £. = 1 

(26) 

where the amplitude, a, is given in terms of its phase shi~t, a, by 

a = 
e2ia _ 1 

2i 
ia = e sin a , (2 7) 

::c 
and where -K is the w9-ve length of the pion (.( = i'l/p ), T is the total 

isotopic spin, C is an appropriate product of Clebsch-Gordon 
~ . 

coefficients for the particular interaction considered, L is the 

maximum -order angular -momehtum state that enters, and the P' s 

are Legendre polynomials. The values of: C for various pion­
T 

nucelon interactions are given in Table X. 

In Eq. (26) there are present 4L + 2 phase shifts. Elastic 

'IT - p data alone can be fitted with only 2 L + 1 parameters (see 

Sec·; IV. A). Consequently, 'IT - p charge-exchange or 'IT+- p 

scattering data is also needed in order to determine all .of the phase 

shifts. At the higher energies where pion inelastic processes enter, 

these phase shifts also have nonnegligible imaginary parts. Pion­

production data must then be included to evaluate these imaginary 

components, More than one. acceptable set of solutions may be found 

2 
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· · Table X 

C lebsc'h-Gordon Product Coefficients, C 
. . ' . T 

Interaction 

'It +p.:....lT-+p 

'It + p -'ITO + N 

1T + + p ~ 'IT+ + p· . 

~1/2 

2/3 

,J 2/3 

0 

c3/2 

1/3 

,J 2/3 

. 1 
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as a rule, and polarization data is then needed to resolve these 

ambiguities. Trac-king is necessa.ry, i.-e.- p·hase shifts ~~~t vary 

continuously from established values as energy increases, Before 

one can use .. available data for different interactions taken at slightly 

different 'energie~' it must be properly extrapolated .to corresponding 
. 15 

energies. The paucity of accurate data, especially inelastic data, 

currently available above 300 M:e·v leads to large. uncertainties in the 

phase·shifts obtainable. 
. . 6 

.However, this problem has been undertaken by Walker; et al 

in the energy region from 300 to 600 Mev. The ~70-4~7-Mev ref?ults 

of this experime,nt which .have been reported aLready
25 

have been 

used in conju.ncti'on with dat'} taken by Crittenden.et a-t.. 
1 

and others 

to obtain one set of phase shifts tracked from lower -energy solutions. 

Of particular interest are. the D -wave phase shifts, o·, obtained from 

370 through 600 Mev, which are listed in Table XI. 

The D-wave phase shifts consistent with the results of this 

experiment at 290 Mev may be approximately determined by using 

other available pion-scattering results at·neighboririg energie's, and 

by assuming the D-wave phase shifts to be small at this energy. 

The method fol" doing tll.is depends upon least -squares fitting the 
. . *· 

elastic 1t p differential eros s sections to a power series in cos e 
o± the form 

* da/dQ = * .€ (cos e ) . (28) 

Least-squares fits of the·form given m Eq. (28) were made to the data 

obtained in this experiment using the least-squares program (Appendix 

C); and the resulting values qf A" for the b¢st flit'S> obtained are listed 

m Table· XII 

If the as's.umption is now made that F waves and higher phase 
( * 4 ' shifts are all zero, A4, , the coefficient of the (cos 8 ) term in Eq. (28), 

is a function of the D-wave phase shifts only. If it is further assumed 

that these D=w;;i.ve phase shifts, a , are sma'll, then the D-wave 

.. 
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Table XI 

Experimental D -wave shifts 0 

... 
0 13 0

33 0 15 Beam 0 35 
energy 
(Mev) (de g) (de g) (de g) (de g) 

290 ~2.6+2.6 2.2 -3.5 -3.5 
-1.6 

370a 4.5+2 2.5 -1.6±1 ~3.0 

-0 

430a 7.1 +2 . 2.5 -1.6±1 -3.0 .; 

-1 
.·:. 

460a 18.5::1::2 2.8 ± .7 -0.5~. 1 -3.7±.1 

600a i8.3 +35 
:~. !i 

+0 
-5.6±2. -3.3 +2 

- 0 -3 - 0 

a 6 
.From Walker .et al. 



Talb l~ XIJ 

Results of least-squares Power-series best fits to elastic 1T -p data 

Fitted coef::icients I 
0' 

II II II II II ,. II 0. 
Beam Order Ao A1 

.A 
A3 A4 A" A6 I 

energy of fit . ~ 

(Mev) (n) (mb/sterad) 

230 4 0.91 ±0.04 0.55±0.14 2.63 ±0.36 -,0.02 ± 0.25 -0.66±0.45 

290 4 0. 76 ± 0.03 0_.87 ± 0.0~ 0.72±0.21 -0.69 ± 0.16 0.47"±0.27 

370 5 0.66 ± 0.03 1.03±0.11 0.89 ± 01.25 -1.56±0.51 -0.45 ± 0.32 O.B1:: 0.52 

427 6 0. 77 ± 0.05 1.47 ± 0.21 0.20 ±. (). 70 -2.19±1,05 2.4:!· :f ~0.20 1.10:1.06 -1.99±1.78 
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amplitudes, aD , ~in Eq. (27) may be approximated by 

= 0 "(i9) 

By expand(ng the Legendre polynomials in,Eq .. (26) into sines and 
>!· 4 

. cosines, and collecting the c~efficients ofthe .r~sulting .(cos 8 ~) 
. II 

t~rm, formulae relating the Q,'s to the. A 
4 

coef_ficients.may be 

found. Under the above assumptions there results, for. 1T -:· p elastic 

~~attering, 

and, for 1T- - p charge_-exchange scattering, (30) 

035)2 =A'~/¥}. 

(3 1) 

By now employing s om·e experimental results; the four D -wave 

phase shifts that appear in Eqs. (30) and (31) may be determined. 

First, ·the fact that noD waves were detected experimentaLLy in 1T -' p 
II 

charge-exchange scattering through 371· Mev may be used to set A
4

. 

in Eq. (31) equal to zero. This leads either to the conci'ition that 

(32) 

or to the condition that 

(3 3) 

The first condition, Eq. (32), is almost satisfied within statistics 

·by all the phase shifts obt-ainE;!d by Walker et al. (Table XI), wherea,s 

the second condition,. Eq. (33); is riot. This fact helps to explain why 

no D waves were dete.cted up through 3 71 Mev in the 1T-- p charge­

exchange. results; 9 and indicates· that little or no pure D-wave 
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;.J. 

contribution may be expected in the charge-exchange results up 

through 600 Mev, even though the ·D-wavephase shifts are not zero. 

If it is now as surned that Eq. · {32) is approximately correct, the 

unknowns in· Eq. (30) may be reduced to three. ···By·e·rnpl"oying ~the 

two D-wave isotopic-spin'-triplet phase shifts experimentally determined 

near 300 Mev by both. Foote:et al. 
26 

and -Korenchendo arid Z'inov, 
27 

it becomes possibl'e to ·calculate the two singlet O's ·also .. Following 

Walker, the values of o33 and o35 were taken as the· ave:ta·ge of 

these two experimental determinations, which immediately ~eterrnines 

. 015 by Eq. {32) .. These three values were ins'~i"ted 'into Eq'.·· (30) and 
II • 

o13 determined using A 
1 

= ·0:47 ±0.27 (Table: XII), and. ·~ 
-13 . . 

· ~ = 0.6764 x 10. ern; Two solutions were· found. The (HH:l .aruund 

. 25 deg was d{scarded .because it violq.te s the. continuity c~ndition. 

The phase shifts finally obtained are listed in .. Table XI. The 

st(;!.tistical error quoted on o13 results only fr()rn the uncertainty in 

.the.·value of. A!!. us~d. 

T_heoretical values for the. D-wave.:phase s.hifts have been 

.predic~ed by Chew et al on the basis of dispers.io~ th~ory. 24 
The 

. formulae: given for these .. phase shifts in units where 11. = c = M = 1 are 
TJ' 

0
13 = ->..D [1 . 11~ . ( w::./] +-9- ' 

033 >..D [z " 28 w )2 J = ~ (w+w ' r 

(34) 

0
15 >..D [4 32 (w+:Jl = 9 

and 

0
35 

->.. ~ + 8 <w::./] ~ 

9 .D 
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where. 

(3 5.) 

and 

* w = E - M. (36) 

The value of £
2 

has been taken as 0.08, M is the mass of the proton, 
··* * and p and E ·are the barycentric momentum and total energy 

(Appendix B). The value of w at the 3/2 .., 3/2 resonan.c·e, w , 
r 

was tak€m as 2.1. The re~ulting theoretical values of the phase shifts 

at various beam energies are listed in Taple .XIII. 

As can be seen by compaf'ing the experimental phase shifts with 

their theoretical'values, ·:there is little agreement in magnitude,· and 

the signs are.reversedfor 013 and 015. 

· A further check was made by substituting the theoretical phase 
II 

shifts r~.t 7..90 MP.v int.o F.q, ('~0) to obt ;:tjn ;:~ vr~.l.1.1~ for A 
4

· for the 
II 

rr-- p elastic-scattering results. This gave A
4 

= 0.14, abou~ one 

and one-half standard deviations low. 

Good agreement was not anticipated by the authors of these 

theoretical phase shifts bec·ause the effects of possible _pion-pion 

interactions were neglected: Recent results indicate the importance 
111 . . f d of such interactions at these energies, - and the d1sagreement oun 

.. 
here can be attributed to them. 



Beam 
energy 
(Mev) 

290 

;3.(0. 

-430. 

-64= 

Table XIII 

Theoretical D-wave_pha.S?e 
•,· ' ' ' I' ! • ; • ' 

6
13 

6
33 

(de g) ( deg) 

-1.26 0.27 

.-2. 7:2 .. 0.47 

-3.76 0.55 

..... ' 

shifts, 6 

6
15 6

35 

(de g) (de g) 

0. 75 -2.15 

1.40 -.4.2.3 ... 

1. 77. '-5 .53 
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E. Pion-Production Processes 
.l- J • 

· The combined pion-production differential-cross sections 

measured, d(2a
1 

+. a
2

)/<ID, .(see Sec. III. D.) are listed in Table V 

and shown in Fig. 11. B~caus.e of the complications introduce.d by the 
... :~. 

three -body pion-production kinematics, no attempt was made here to 

separate the two differential eros s ·sections or convert the m'to the . . * 15 
barycentric system by using previously meGisu~ed values of d<T 1/dn . 

Rather, the combined laboratory differential cross sections were 

fitted with a Legendre polynon.,ial .5erie.5 of the fo:cnl 

I 

A' 
0 

P 
0 

(cos 8) + A{ P 1 (cos 8) 

(3 7) 

which gave an exc.ellent fit at all three energies as determined by a 
2 . 

X test (Appendix.C)". The total cross section, 2<T 1 + <T 
2 

, was then 

obtained from Eq. (19), and the results are listed in Table XIV. 

lh TablP. XTV a.re r~.lso given the values of <T 
1 

previously 

· ' 1 5 B b · h . 1 f 2 + th .. reported.. y su tractlng t ese va ues rom <T 1 <T
2

, e 

charged-inelastic-pion cross section, <T 1 + <T 
2 

, was obtained, and 

the results are liSted in Table XIV. These results are in statistical 
3 

agreement with· other published values. 

By again subtracting <T 1 from <T 1 + <T 2 , values for <T 2 alone 

were obtained, and are listed in Table XIV. The errors on these 

values of <T 
2 

, the total c;ross section for the second interaction 

of interactions (3), ar.e so large that little can be learned quantitatively. 

However, qualitatively it appears that <T 2 may be decreasing with 

energy, and .at the higher energies it certainly appears to be. significantly 

smaller than <T 1 , the total cross section for the first interaction of 

interactions (3). 
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Table XIV 

':Pion~producdon fatal cross section 

.. · · · T ota: 1. c r o s s: sections 
, .. 

Beam 2CT 1 
+ (T . 

2 0'1 CT .1 + CT .. 
2 

·-energy 
(rnb) (Mev) (rnb) . (rnb) 

;:· .. ... / 

290 .2.8±0.8 oA ± a·~2 2.4±0.8 

:no 5.0 :i: 0.'7 1.93±0.37 3~1.1.0.0 

427 7.1'±0.7 3.3'6 ± 0.74 3. 7±'1.0 

~ .. 
. ..... . '(j-

2 

(rnb) 
. : ' 

'2.b'±J0.9 

1.2'-:f l.O 
' 

oA·± i.6 

.... ~ ... 
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...... 
APPENDICES 
.. : .: ' . : . :.~ ;. ' .·. :·. ·· .. : ... 

A. The Meas\,lrement and Interpretation of Pion Ranges in Copper .. ; . ., 

.. The two purposes-of.determining.-th~ ranges<. ofpion be~.ms are: 

· ... (a)., to determine·. the average energy apd· energy spreaq.pf the 

pions in the beam, ... _. 

(b). .to determine.the fraction 'of. muons in the pion b.eam; 

The· electronics setup -used_ in _measuring the ranges is shown 

schematically in Fig. 13. Counters 6 and 1 (l'abte, II). were used as 

dete!=tors for the integral and differential: range$, respectively. The 

electronics circuit is essentially the same as that used in the data 

collection runs and is discus sed in Section IL A. 4. _ The end portions 

of typical integral and differentia,l r.a,nge curves . .is s-hown in Fig .. 3. 

In order to illustrate the form of the measured r.ange .. cu:i,"ves, 

an idealized pion-beam energy distribution and the integral range 

curve that would result from it are shown in Fig. 14. In part A 

of this figure, the beam energy 'distribution has been broken down 

into three components. The first is the pion portion. The remaining 

two components constitute the muon portion. The first part consists 

of muons resulting from pion decays before the beam rea!=hes the 

analyzing magnet, which therefore have the same momentum range 

as the pions. The second part consists of muons resul~ing from pion 

decays after the beam has passed the analyzing magnet, which thus 

have a wide momentum spread. In part B of Fig. 14, the idealized 

integral range curve that results is shown. The six breaks that 

should appear in this range curve have be~n numbered for reference. 

Analysis of an actual integral range curve begins with identifi­

cation of the breaks seen in it with the breaks expected in the idealized 

curve. Not all of the breaks expected can be identified, however, 

because many eff·ects ·enter which modify the form of the observed 

curves. The energy distributions of the beam components are not 

actually rectangular, but rounded .. Consequently, the observed 

breaks are less distinct. Also, there is present an electron-shower 

background which drops off approximately exponentially with absorber 
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Bearn 

A-.Amplifier 

D- Discrirninator 

MU-19668 

Fig. J3. Block diagram of th~ ~lectronic~ used in the 
simulta~eous integral and differential range -curve 
measurements in CuD -
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Beam-energy 
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Fig~ 14. -Idealized pion and muon energy_ distributions in 
the beam (A), and the resulting integral. range curve 
expected (B). 
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thickness. This background arises largely fr.o.m charge~exchange 

reactions in the .copper. As a result it determines only a rough 

_upper limit on the fraction of electrons preserit in the original beam 

when extrapolated to zero copper thickness using measure<;! shower 
11 I dd" . . ll f h .b . d . h" curves. n a 1hon, 1n. a o t e range cur.ves ci ta1ne 1n·~ 1s 

experiment, by accident points 3 and 4 and points 5 and· 6 faq too 

close together to be distinguishable, 'rhis fact was verified by.: 

calculating the muon ranges expected from the pion ranges measured. 

In practice only three br.eaks were identified. These are shown 

in Fig. 3. The breaks are labeled A, B, and C. Break A was 

identified with idealized break 2, that is the beginning of the pion 

region. Break B was identified with idealized breaks 3 and 4, the end 

of the pion region and the beginning of the momentum-:-analyzed 

muon region. Break C was identified with idealized breaks 5 and 6, 

the end of the muons and beginning of the pure electron-shower region. 

Another point, B 1
, was calculated by extrapolating linearly the 

electron background back to the range of point B (Fig. 3). 

The first information that can be obtained from the range curves 

is the energy and energy spread of the pions. First, the pion energies 

corr·esponding with the pion ranges at points A and B of Fig. 3 are 
28 found from range tables. The average of these two energies is the 

average pion energy. The spread in the pion energy is half the 

difference between these two energies, after a small correction is 

made -to this diffetence for range- straggling. 
15 

The differential range curves (Fig. 3) were used to. verify the 

average energy value for the pion. The position of the maximum in 

· this curve should be about ·3 Mev. higher than the average obtained 

from the integral range curve because about that much energy is 

required for a partie le to register in the anticounter used in the 

differential range -curve measurem_ents. This was found to be true 

in all instances within inher.ent errors. 

The second pi~ce of information that can be obtained from the 

range curves is the fraction qf muons pre ~ent in the pion beatl1. In 
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·order to determine :thi.s fraction, fir-st -the electron ba-ckground was 

·ext-rapolated to get' the point,. B 1
', (F.ig. 3 ):, as dis.cussed above:. For 

the narrow regioh:'of ranges involved,. a·· linear extr:apolatiop was 

considered accurate-'enough~ ···The difference between .the ·fraction of 

-. the incident' beam at point B and at point B' is set eq ual-.to·the fraction 

of ·muons· in the beam with an ·energy greater than the. energy corres-

· portd1ng to the muon range at ·point B. Some m:uons are lo:st ,due to 

multiple coulomb sc·attering out of the ·copper abs or:ber s. An estimate 

of this amount by" the method outline-d by Perkins·
15 

showed the loss to 

be less than lo/o in·a.n instances considered here, and thus negligible. 

It is necessary to determined the number of muons .of lower 

energy·than thos·e· found above which have been n1is sed and to correct 

for them. All of these muons result from pion decays· after the 

analyzing magnet,· and as a result it is po~f?ible to calculate the num­

her missed. The following .is an outline of a simple .method-to make 

this ·calculation with sufficient accuracy. 

The method used to find the fraction of muons missed dep~nds 

upon the fact that for a given-ene-rgy pion beam, the decay m~ons have 

·a rectangular energy distribution, i~ the laboratory system.: Further, 

more, the muons all go forward inside of a small cone .in the laboratory 

system when the pion energy is in the range of energies· encountered 

in this experiment. In addition, most of the muons are. found near 

the .maxiinum angle· of this cone; This latter fact results in a sharp 

cutoff in the number of muons detected as one considers pion decays 

farther upstream from the last monitor detector. For the circular 

detectors used in this experiment, the radius ·of the detector and the 

cone angle deter-mine a distance upstream from the detector inside 

of which all muons a:re c·ounted and out~ide of which essentially none 

are detected. The 'distance computed in this way can be :.increased 

slightly to account· for the few muons actually missed. The 'appropriate 

factor in this ex~erim.ent is 1.3, obtained by numerical integration of 

an actual curve for the number detected as a furtction of distance from 

the detector. " Because of this'threshold characteristic in the muon 

detection, the muon energy spectrum can still be thought of as being 

• 



-73-

rectangular with. sufficient accuracy. Consequently,, the fraction of. 

the muons lost cari b.e found .by simple· proportion if one knows the 

maximum and ,min.imum energies of the spectrum expected and the 

muon energy·corresponding to point Bin t.he range cur':'es .. These 

extreme energies iind the con~ angle in the laboratory system were 

computed by using the relativistic kinematics program (Appendix B). 

The number of muons per pion, p, decaying in the critical 

length, 1. , can be determined easily from the known muon lifetime 

by using the formula 

p = J. /~yc 't , 
fJ. ;· & 

(38) 

where ~ and y are the usual relativistic quantities, and 'T is 

the decay mean.l~fetime for a pion (2.55 x 10-
8 

sec). Thus t:e muons 

missed in the range curve analysis can be determined and added to 

the muon contamination of the beam. 
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•• I : ~- ., ' • .: ·; • .: : ' • t. ~ ' • . Y• ;'. _;;, ·, 

. B. Tw.o~B:Ody Relativistic Kine:rnatj,c'S, ,. 

:i:£ a p·artide of '~ass: ':M i is. iri.Cident 'on' ·a particle' oi mass M 

'~hich l.s at. rest 'i~ the l'ah~r'ato'ry ~ys'te'~ o{ coordinafe's ;'the' 'g'eneral 

. ~quation for th~·- irit~ia~tion"ca~ be ·writt~n as . :. -,· · .. 

M'+M·~M·+M 
._1, 2 . . 3 4 ' 

(3 9) 

where particles of masses M
3 

and M 4 are'producecL 

The following quantities are defined:· 

... :· . ·t 

T. is the kinetic energy of partic1le, i 
1 

Tth is the threshold energy of· partie le. 1. · 

E is the total re lat1vistic e~ergy for the s'ystem 
. . . 

-y is the value of -y for the center of mass of ve ~oc~ty,, i3 

Ei is the total energy of particle, i 

P is the total momentum of the particles 

P. is the momentum of particle, i 
1 

e i is the angle betwe-.en the direction of partie le ~ and particle 

dQ is the differential solid angle of scattering at angle e. 

Barycentric quantities are denoted by an asterisk. 

The foLlow1ng general relativislic kiuetnatic fon'11ulac: hold: 

Tth = [ (M3 + M4 )2 - (Ml + M2)2 J /2M2 

(40) 

* [ (Ml 
2 ) J 1/2 ( 41) E' = +M

2
) +2T

1
M

2 

) /E * " = (T 1 + M1 + M2 (42) 
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(43) 

(44) 

(45) 

In the following equations, we have i = 3., 4:·'. 

* T. = E. M. 
1 1 1 

(46) 

* * 2 . 2 ) 1/2 P = (E. - M. 
1 1 

(4 7) 

[
- •:< -· ~, · * 2 * .. ,.~ 2] 1/2 

Pi = (11 Ei +.yP cos ei) .+ (P sin,.ei) 

(48) 

T. = (49) 
1 

1 1 1 1 
8. = tan- 1·[ .. P*sine.*;(Ti E.* +yP*cose.*)]· 

. (50) 

>!< . 3 [ >'~2 - >:C . - >!< * ] 
(dO /drl)i =pi I p .(Y p .+ T)Ei cosei) 

(51) 

These formulae were used in the IBM-650 ·co~put~r program 

written to obtain tables of scattered pion energies and angles as 

discussed in Section II, EXPERIMENTAL METHOD: _A plot of 

typical results is shown h1.Fig. 15, where· th-e energy of the elastically 

scattere4 pion and the energy of the _most energetic pions produced 

by reaction 3 are shown as functions of the laboratory angle for an 

incident pion beam of 370 Mev. 
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···-: . 

. . . ~ 

370 Mev 

180 

Angle, 8 (lab) (deg) 
MU-19665 

. ' 

Fig_. 15 •. Relativistic kinematics results in the lab·oratory 
s.ystem for an inciden~·-:-J>ion beam of 3 70 Mev •. 

.. :·.· 
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. C. The Theory of Least-Squa.res Fitting .· .. 

The theory of least-squares fitting employed here is developed 

in simple form by Cziffra and Moravscik. 
29 

The following is a 

summary of the formulae employed. 

It is assumed that there. are m data points to be fitted of the 

form y. ± D.y. at x. , where y. has a standard-deviation error 
1 1 . 1 1 

D.y., and x. is exact (i = 1, 2, .•. m). For the purposes of this 
1 1 

experiment, a theoretical function to fit these po~nts of the form 

n 

. . . . 

A. <f>. (x) 
J J 

(52) 

is chosen, where the <f>' s are arbitr~ary' functions of x only, and the 

coefficient's,' A; are to be determined by least-squa·r~s fitting. 

Least-squares ~itting· is done by defining the weighted sum, S, 

of the squares of the residuals, ( y - yi), as 

S= f 
i = 1 

2 2 
(y -·y.) /D.y. 

1 1 
(53) 

and finding the values of A. that minimize this sum. This is done 
J 

in turn by solving the set of n simultaneous equations 

(54) 

for k = 1, 2, . . n , where the condition m > n must hold. 

.! ; 

The solution to Eq. (54) can be written in the form 

A, = 
K 

\,'­

L 
j= 1 

~ 
i= 1 

.· 2 
y.<j>. /(D.y. ) 

1 J 1 
(55) 

where cjk is the inverse mat,rix' of cor;elation' coefficie'nts for the fit, 

1 b 
. 30 

a symmetrica n - y - n matrix. 
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The goodness of fit may be .tested by applying a x 2 
Fest. In 

this instance;. where the. fiy'' a · ar·e· in :'st'a.ndard deviations, we have 

' j 
... ')···· r . . 

~ . . 
i 

S = X .. · .. ·. ·(56) 

and the degree's: of freedom,. k, ·are.• given by··' 

k = m -n. 

The probability, P, that the valtl~ 'of X 
2 wiil excee.d't,he value found 

for .a random sample is obtained from tables of X 
2 

probabilities for 

k. degrees of freedom, 
2 9 and is ·a measure of the goodness of fit of 

. . 
the function cho8E'n (F.q, (52)] t.o t.hP. mP.i'l.snrP.n point.s. 

In the applications of ,this experiment, th'e functions, <j> (x), were 

eithrr p~wer series, 

<j>. (x) = xj""l 
J . . 

(58) 

or Legendre polynomials, 

..1... (x) = P. 1 {x) . 
'+' J . J- (59) 

Series with increasingly higher values of· n were as.sumed (Eq. (52)], 
2 . 

and the smallest value of n with a reasonable X probability was 

chosen as the value necessary for an adequa,te -fit. 
'2 

The value of n found by the X test was checked by applying 
29 

the Fisher test for the probability that An was zero. For this 

test, the quantity 

Q = k(S 1 - S ) /S n- n n 
(60) 

was calculated, and the probability, F, that .it would exceed this 

value was faun~ in a Fishe_r (1, k) distri~utio.:& tab~e. 29 
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.. Having-·determined the values bf A,. and C, one can determine 

the standard deviation error, .6-f(x)., in any function, .. f(x), from the 
. 30 

equahon ... 

n 

.6.f(x) 2 . = L 
i:= 1 

n 

L .c .. 
1J j= 1 

8f 
a A. 

8f 
a A. 

. (61) 
1 J 

In particular, the standard-deviation error m Ak is given from 

Eq. (61) by the formula 

(62) 

The standard-deviation error, .6-yc_ , 1n computed values of y,. y c , 

is obtained from Eq. (6~) by the formula 

.6-y 2 = 
c 

n n 

L -~-
i=1 j=l 

C .. cp.(x) cp.(x) 
1J 1 J 

. (63) 

The least-squares program written and used computed all of 

the quantities ·listed. in Eqs. (52). through (6 3). 
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D. Fil)ite Target and Tele_sc;o.J?e._?_eq:m:etry ¥?rmulae 

--;More speCific,.formulae for the· quantities appearing in Eq. (12) 

can be given in terms of the coordinate system· shown. in Fig, 16 for 

the target and defining counter 3. In these terms, the beam distribution, 

· N_(V), is give~ by 

N(V) = N(y) N(z) (64) 

where plots of N(y) and N(z) are shown in. Fig. 4 .. The -:efficiency, 

E(V, A), v;as evaluated from· Eq. ·(6). by first determining the angle, 

y' between the line joining the center ·of the volume and area elements' 

p-, and the x axi~ by usiug the equation 

cos y = (x 1 - x)/p-, . (65) 

where 

·p (66) 

Knowing this angl-e :and the incident beam energy, it was: possible to 

determine the energy of the scattered pion by using the relativistic­

kinematics program (Appendix B). Then, the effective thickne1:HI 

of the copper absorber, CE , was determined from the telescope 

thickness, C, by using the formula 

CE = C/cos <1> , (6 7) 

where the angle, <1> , between the normal to the counter and p is 

given by the fo1·mula 

cos <I> = [(x. 
1 

x) cos (:) + (y
1 

- y) sin(:)] jp , (6 8) 

,.._ 
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I. 

,_ ·- --z 

MU-19670 

Fig. 16. Idealized geometry used in the corrections for 
.. • . the finite target and counter sizes. 
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and wher~ p. is given by Eq. (66). From this energy and effective 

copper thickness, the efficiency was determined from Eq. (6). The 

differential-cross -section formula, F('{), was obtained by fitting 

the laboratory differential·cross sections obtained from Eq. (10) 

with a power series in the cosine of the laboratory angle. This 

was done by using the least-squares program, the order necessary 

to give a good fit being determined on the basis of a X 
2 

test 

(Appendix C). The solid angle subtended, L::..O(V, A) , is given by 

the formula 

. L::..n (v, A) = 2 
L::..A cos <i>/p . , (6 9) 

where p and cos <1> are obtained from Eqs, (66) and (68), :r~spec:tive ly, 

and"· L::..A .·is .the area element. 

Mo·re specifi~ formulae for x 1 , y 1 , and z 1 a:re 
'·.• 

X. = D cos e +v1 sin .() 
' 1 

-~ . (70) 

y1 = D sin e·..; v .cos e 
' .) 

where and w 1 
are lhe locations of the center of the area 

element, L::..A, ·on the v and w axes centered and lying on the face 

of counter 3 as shown in Fig. 16. The distance, D, is the distance 

from the center of the target to the center of counter 3. Values 

of D . used are listed in Table IV. 

All of the c·a.lculations using Eqs. (64) .. through. (70) above 

were carried out by the use of the IBM-650 computer. The necessary 

beam- profile values and relativistic -kinematics results were included 

in the program in tabular form, all other quantities being determined 

as discussed above. 
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