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LEGAL NOTICE

This report was prepared as an account of Government-sponsored work.
Neither the United States, nor the Commission nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the
information contained in this report, or that the use of any
information, apparatus, method, or process disclosed in this
report may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for
damages resulting from the use of any information, apparatus,
method, or process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or
provides access to, any information pursuant to his employment or con-
tract with the Commission, or his employment with such contractor.
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ABSTRACT

Formulas are derived for the bending stresses in a pressure vessel

with an integral flat head using thin wall theory. These formulas are

plotted in nondimensional form to facilitate computation.

, >3 002
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LIST OF SYMBOLS

in - 1b
axial bending moment per unit of circumference .
in
radial shear on section perpendicular to the
center line of the cylinder 1b
in
radial displacement with respect to the center line
of the cylinder in
rotation, change of angle of tangent line to middle
surface rad.
Et R
¢ i 1b
in -
12(1-wv2)
Et 3
i i 1b
in -
12(1-v2)
3(1- v2)
2 2
at
c
modulus of elasticity psi
Poisson's ratio =0.3
mean radius of cylinder wall in
cylinder wall thickness in
plate thickness in

pressure acting normal to the middle surface of the shell psi

bending stress in the cylinder at the juncture of the psi
cylinder and plate.
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bending stress in the plate at the juncture of the plate
and the cylinder

bending stress in the center of the plate
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DISCUSSION

The data presented here were prepared to facilitate the design of thin-
walled cylindrical pressure vessels with integral flat heads. Formulas and
curves are given for the maximum bending stresses in the head and in the
cylindrical shell.

The equations derived later in this paper are based on the solutions
to the differential equations for thin plates and shells as given by Timo-
shenko in Reference 1. The principal assumptions are:

1. Thin wall theory for shell and plate applies; i.e., the shell and
plate thicknesses are very small relative to the diameter of the
cylinder

2. The cylinder at its point of attachment to the plate has no radial
displacement; i.e., the stiffness of the plate in the radial direc-
tion is assumed to be very large with respect to that of the
cylinder

3. The plate and cylinder are considered to be joined at the intersec-
tion of the center lines of the plate thickness and the cylinder
wall. This assumption neglects the contribution to the bending
moment which results from the eccentricity of the shear force with
respect to the central plane of the plate. This is in keeping with
the first assumption of thicknesses that are vey small compared to

the radius.

)63 006
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.. The material is assumed to be elastic, homogeneous, and isotropic.
5. The cylinder is assumed to be long enough that interactions between
the ends of the cylinder are negligible. This requires that the
shell length be greater than about four timesA§gEA.*

6. Deflections of the plate are small enough that its membreme stresses

can be neglected.

The limiting nominal bending stresses in the surfaces of the plate and
shell are shown in Figures 2, 3 and b in nondimensional form. A value of
0.3 has been used for Poisson's ratio in computing data for the curves, this
value being a suitable approximation for most metals. The circumferential
bending stresses in the plate near the junction and the circumferential
stresses in the shell are not shown, because they are smaller than those
shown in the figures. Bending stresses at locations other than the junction
and the center of the plate are not shown, because they also are smaller
than the stresses which are shown in the figures. The most highly stressed
region of the cylinder is at the junction even when the membrane stresses
in the shell are superimposed upon its bending stresses.

If the pressure vessel is made of a low-ductility material or is to be
subjected to many cycles of loading, it will be necessary to consider the
stress concentration which will occur at the inside corner of the junction.
Information on stress concentration factors and on design for cyclic loading

is given in References 2, 3 and 4.

*

For definitions, see Nomenclature, p. 1.

)63 007



5

KAPL-M-LD-5

It should he emphasized that the bending stresses obtained for the
cylinder-to-plate juncture are the discontinuity stresses obtained by
requiring continuity of deflection and rotation between the cylinder and
the plate. The total nominal axial stress in the cylinder is the sum of
the axial bending stress from Figure k and the axial membrane stress.

In general, it can be seen from the curves that when the ratio
t~/t < 0.1, the stress in the cylinder is independent of the ratio a/tc
and approaches the value of 1.54 pa/tc for a fixed-ended cylinder. Also,
for a value of t~/t”1.5, the maximum bending stress in the cylinder is
controlled by the moment required to give the plate a fixed edge for any

given ratio a-Ac> e,6*> til6 curves on Figure 4 are asymptotic to 0.75(aAc)*

The stress in the plate for t”~A <0*1 approaches the value of

2 T
1.24 p(ad& ) for a simply supported plate when aZA Dbecomes very large
*

C

(>16). The maximum stress in the plate at the cylinder juncture for
t A approaches the value for a fixed edge plate and is practically
c P
independent of the the aAc ratio. Thus, it can be seen that no appreciable

change in the magnitude of the stresses can be effected by varying the ratio
of tcAp outside the range of 0.1 to 1.5-
The following further generalities may be deduced from the curves:
1. For the same bending stress in the center and at the edge of the
plate, the maximum bending stress is in the cylinder for

t A = 0.85 and aA >4.0:
¢ p "

008
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For 0.85 <tc/tp <1.0, the maximum bending stress is in the cylinder.
For tc/t = 1.0, the maximum bending stress in the plate is equal
to the longitudinal bending stress in the cylinder.
For t /t >1.0, the maximum bending stress is in the plate,

c P

For t /t <0.85, the highest stress in the plate occurs at the
c P

center.

>63 009



SAMPLE PROBLEM

Find the maximum stress in a pressure vessel

loaded with 1000 psi internal pressure and having

Cylinder I.D.

Cylinder Wall Thickness

Head Thickness

The ratios for entering the curves axe:

a/t
c
t /t
c/ P
From Figs. 2, 3> 4
a =
a =
P
1
a =
G
1
Since
a/t
P

0.32 p és/tp)

3*8 t
pa/ o

The maximum stress in the head is

Q@
]

0.92 x 1000 x

16200 psi

= 3° + = 10.5
3
= =0.4
7-5
092 p (a/t )

(4.2)'

1
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with an integral flat head
the following dimensions:

60 in.

]
w

in.

7*5 in.
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The maximum stress in the cylinder is the bending stress plus the axial

membrane stress, i.e.

- / 0
0="¢c +H ' 3,8¢+ -5 ?
1 o c
c
= It-.3 x 1000 x 10.5
a = j-5200 psi, total axial stress in the cylinder

01l
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APPENDIX
BENDING STRESSES IN A PRESSURE VESSEL WITH AN INTEGRAL FLAT HEAD

t
P1

= TTTTTT B

P

FIGURE 1. ANALYTICAL MODEL

Since the structure is continuous, the slope and deflection of the
cylinder must match that of the plate at their juncture. The resistance
of the plate to deformation in the radial direction is much higher than
the resistance of the cylinder; therefore, the cylinder displacement,
at the juncture with the plate, is assumed to be =zero.

Therefore, the equations for continuity are

W =W (2)

1
For the cylinder, these expressions are (see Timoshenko, pp. 389-407)

-H M
WC v AW (3)
we = IfsSIr + {1 *) (4)
2 67D Et 2
AN c c

and for the plate (see Timoshenko, pp. 55-62),
2 Ma
* 5 -
Wp " (1+V)D '( 3) (14V)D (5)

/GO 014
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where
e> 3(i,-y) (6)
a2t 2
c
D (7)
o 12(1- v2)
D
P 12(1- v2) (8)

The following equation for M is obtained by substituting equations
(3) through (8) into equations (1) and (2)

0.257 + 0.247

M = pat (9)
1 + 1.9 YVI (vt~

The bending stress in the cylinder is given by:

o' = 6M_ (10|

Therefore the nondimensional bending stress in the cylinder is:

crc i-sit + i.w Yy /T7?2 (tc/thy

11
pa/t 1+ 198 x»~T (v™) (1

The bending stress in the center of the plate is given by:
c1/; z%' v - ot 12
n 1 19 BEAS - T (12

(see Timoshenko, pp. 61-62)

>bo 015
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The nondimensional bending stress at the center of the plate is
given by:

O 14
Pl
1.24 (13)
p(a/tp)2

The radial bending stress at the edge of the plate is given by:

(14)

The nondimensional stress is:

15
p(a/tp)2 pa/te 4o

0.16
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BENDING STRESS IN THE CENTER OF THE PLATE
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FIGURE 2.
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BENDING STRESS IN THE PLATE AT THE CYLINDER
JUNCTURE

P (a/tp)2
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0.3 -

0.2

FIGURE 3-
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TRESS IN THE CYLINDER AT THE HEAD

JUNCTURE

BENDING S

FIGURE h. tc/1lp
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