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ERRORS AND ERROR. COMPENSATION 

I N  

HYBRID COPIPUTERS 

The major types o f  computing e r r o r s  generated by t h e  analog- to-  

d i  g i  t a l  and d i  g i  t a l  - to-anal  og conver te rs  and t h e  d i g i t a l  computer i n 

a h y b r i d  system a r e  i d e n t i f i e d  and discussed. Inc luded  a r e  quan t i za -  

t i o n ,  roundof f ,  and t ime-delay e r r o r s .  Compensation methods f o r  

reduc ing  these e r r o r s  a r e  proposed ancl discussed. Sample problems 

were run  i n  which d i g i t a l  computer ancl h y b r i d  i n t e r f a c e  parameters 

such as speed and word l e n g t h  were e f f e c t i v e l y  v a r i e d  by so f tware  

methods t o  s imu la te  d i f f e r e n t  l e v e l s  o f  equipment c a p a b i l i t y .  The 

r e s u l t i n g  e f f e c t s  upon s o l u t i o n  e r r o r s  a r e  documented. The e f f e c t s  

o f  va r ious  compensation techniques a r e  a1 so documented. Conclusions 

i n d i c a t e  t h a t  many s i m u l a t i o n  problems can be so lved  q u i t e  s a t i s f a c t -  

o r i l y  w i t h  r e l a t i v e l y  inexpensive, ancl unsoph i s t i ca ted  h y b r i d  computing 

equipment. 
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ERRORS AND ERROR COMPENSATION 

IN 

HYBRID COMPUTERS 

R. A. Burnet t  

INTRODUCTION 

The success o f  a computer s imu la t ion  depends upon the v a l i d i t y  and 

accuracy o f  the mathematical model , the e f f i c i e n c y  o f  the programmer, 

and the a b i l i t y  o f  the computer t o  q u i c k l y  and accura te ly  so lve the 

model equations. Since a p e r f e c t l y  accurate computer has n o t  y e t  been 

invented, i t  i s  important  t o  i d e n t i f y  the sources o f  e r r o r  which do 

e x i s t  i n  computing systems. Optimum programming techniques can then be 

used t o  minimize these e r r o r s .  I t  i s  a lso  important  t o  evaluate the 

r e l a t i v e  magnitudes o f  these e r r o r s  i n  terms o f  computer performance 

c h a r a c t e r i s t i c s .  Such knowledge w i l l  a i d  the purchaser i n  h i s  se lec-  

t i o n  o f  the equipment which w i l l  most economically meet h i s  s p e c i f i c  

requirements . 
This r e p o r t  concerns i t s e l f  w i t h  h y b r i d  computers and concentrates 

on the e r r o r s  generated i n  the ADC-Digital-DAC p o r t i o n  o f  the h y b r i d  

loop. The ob jec t ives  o f  t h i s  r e p o r t  can be s t a t e d  as fo l lows:  

. To i d e n t i f y  and measure the most s i g n i f i c a n t  sources o f  

computational e r r o r  a f f e c t i n g  t y p i c a l  h y b r i d  s imu la t i on  

studies,  and develop methods o f  c o r r e c t i n g  o r  min i  m i  zing 

these e r ro rs ;  and 

To prov ide gu ide l ines  from a problem s o l u t i o n  accuracy 

s tandpo in t  f o r  the s p e c i f i c a t i o n  o f  equipment f o r  f u t u r e  

h y b r i  d  sys tems . 
SUMMARY AND CONCLUSIONS 

The major e r r o r  sources w i t h i n  the ADC-Digi t a l  -DAC p o r t i o n  o f  the 

h y b r i d  1 oop are enumerated and discussed, along w i t h  var ious methods 

o f  compensating f o r  these e r r o r s .  Several h y b r i d  problems o f  vary ing  



nature and complexity were s e t  up and run on the Bat te l le -Nor thwest  PDP-7 - 
EASE 21 33 Hybr id  computer, "Hybr id 1. " D i g i t a l  computer and conver ter  

performance parameters such as e f f e c t i v e  speed and word l eng th  were i n -  

d i v i d u a l l y  v a r i e d  i n  o rder  t o  ob ta in  q u a n t i t a t i v e  in format ion on the 

e f f e c t s  o f  each e r r o r  source on s o l u t i o n  e r ro rs .  Compensation methods 

were then s i m i l a r l y  evaluated. An a l l - ana log  s o l u t i o n  o r  a f u l l -  

capabi l i t y  h y b r i d  s o l u t i o n  was prov ided as a reference s o l  u t i  on. f o r  each 

problem. 

A l  though the  t e s t  problems provided on ly  a small sampling o f  the 

wor ld  o f  h y b r i d  s imu la t ion ,  some t e n t a t i v e  conclusions can be drawn f rom 

the r e s u l t s .  These conclusions, some o f  which are discussed i n  the 

f o l l o w i n g  paragraphs, i n d i c a t e  t h a t  f u r t h e r  study on a much l a r g e r  range 

o f  problems i s  i nd i ca ted .  The r e s u l t  o f  such a study cou ld  be a tremen- 

dous savings i n  c a p i t a l  equipment cos t  f o r  computer users. 

I t 'appears t h a t  there  i s  a l a r g e  c lass o f  s imu la t i on  s tud ies  which 

can be performed w i t h  s u f f i c i e n t  accuracy on h y b r i d  sys terns consis ti ng 

o f  an analog computer, a 1 6 - b i t  ( o r  l ess )  f i xed -po in t  d i g i t a l  computer, 

and 12-bi t ( o r  l e s s )  converters. (Other f ac to rs ,  such as problem s i z e  

and equipment capaci t y  , are n o t  discussed here. ) The "o r  l ess "  receives 

even more emphasis when the accuracy improvement p o t e n t i a l  o f  roundof f  

compensation i s  considered. The compensated s o l u t i o n  t o  one o f  the  t e s t  

problems, computed w i t h  an e f f e c t i v e  computer word length  o f  16 -b i t s  and 

e f f e c t i v e  A-D and D-A word lengths o f  12 b i t s  , showed no d e t e r i o r a t i o n  

i n  accuracy compared t o  an 18 b i  t / l 4  b i t  so lu t i on .  Acceptable so lu t i ons  

were a l so  obta ined a t  14 b i t s / l 2  b i t s ,  and a t  18 b i t s / l O  b i t s .  

The use o f  roundof f  compensation and t ime-delay compensation 

r e s u l t e d  i n  s i g n i f i c a n t  improvements i n  a l l  cases. I n  one case, t ime- 

delay compensation r e s u l t e d  i n  an accuracy improvement f a c t o r  o f  g rea te r  

than 20. The use o f  t ime-delay compensation can thus o f f s e t  a "slow" 

d i g i t a l  computer by making longer  frame-times more t o l e r a b l e  i n  h y b r i d  

s imu la t ion .  



ERROR IDENTIFICATION AND COMPENSATION TECHNIQUES 

Karpl us") ident i f ies  the potenti a1 sources of e r ror  in hybrid 

systems and provides a detailed discussion of the major sources to- 

gether with some schemes t o  compensate for  these e r rors .  In the ADC- 

Di gi ta l  -DAC operati on, the major errors are : 

Quantization errors in the A-D and D-A converters; 

Roundoff errors within the digi ta l  computer; 

Time-delay and slewing errors;  

Data reconstruction errors ; and 

Inherent sampl ing errors .  

Ouanti zation Errors 

Analog-to-digi ta l  and digi ta l  -to-analog quantization errors occur 

because the converters must represent a continuously variable voltage 

with .one of a f i n i t e  s e t  of binary numbers or equivalent binary "voltage" 

levels .* The quantization process i s  depicted in Figure 1 .  The dashed 

1 ines represent the ideal one-to-one conversion character is t ic ,  whi l e  

the sol id  l ines are the actual quantized transfer characteristics.  The 

maximum possible e r ror  per conversion i s  decreased as the quantization 

grid s ize q i s  decreased ( i  . e . ,  as the number of converter b i t s  i s  

increased). A table of the values of q for  a 100-volt analog computer 

and fo r  converter word lengths of 8 to 14 b i t s  i s  given below: 

Number of Converter Bits Quantization Grid Size q 
(sign b i t  incl uded) (equi val ent vol tage resol uti on) 

0 .0122 vol t s  
0.0244 " 
0.0488 " 
0.0977 " 
0.1953 " 
0.3906 " 
0.7812 " 

(*) 2n possible levels ,  where n = number of converter b i t s  



Y c  (conti nuous) 

(a )  Quantized 

Yc (continuous) 

(b) Quantized and rounded off 

FIGURE 1. Transfer characteristics af A-D and D-A converters 
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For any g iven  conve r te r  word leng th ,  optimum accuracy can be ob ta ined  

by i n s u r i n g  t h a t  the  t r a n s f e r  c h a r a c t e r i s t i c  o f  t h e  conve r te r  i s  t h a t  o f  

Y i n  F igure  1  ( b )  and n o t  Y o r  some o t h e r  c h a r a c t e r i s t i c .  I n  F igure  1 ( a ) ,  
q2 q  1  

t he  maximum e r r o r  i n  Y i s  equal t o  q. Since Y i s  rounded o f f  t o  the s 1 q2 
d i g i t a l  l e v e l  nea res t  t o  t he  cont inuous i n p u t  yc, the  maximum e r r o r  i n  Y 

q  2  
i s  q/T An A-D conve r te r  w i t h  a  Y t r a n s f e r  c h a r a c t e r i s t i c  can be corn- 

q  1  
pensated t o  produce a  Y a 2  ou tpu t  by the  a d d i t i o n  o f  ~ q / ~ *  t o  t he  analog 

s i g n a l  Y c  be fo re  conver t ing .  For the  D-A conver ters ,  the  problem l i e s  i n  

a r r i v i n g  a t  the  optimum b i n a r y  number t o  be loaded i n t o  t he  conver te r .  

Th is  can be achieved by t he  use o f  d i g i t a l  r oundo f f  compensation, which 

i s  discussed i n  t he  n e x t  subsect ion.  

The p r e c i s i o n  o f  t he  analog computer components must be considered 

when de te rmin ing  the  optimum s i z e  o f  conver te rs  t o  be purchased f o r  a  

p a r t i c u l a r  h y b r i d  f a c i  1 i ty . The inc reased  accuracy w i t h  each addi  t i o n a l  

conve r te r  b i t  becomes a  d i m i n i s h i n g  r e t u r n  as t he  r e s o l u t i o n  o f  the  con- 

v e r t e r  approaches and passes t h a t  o f  t h e  analog components themselves. 

Thus, f o r  analog components w i t h  a  no ise  l e v e l  o f  50 m i l l i v o l t s  peak-to- 

peak, t he  u n c e r t a i n t y  i n  each read ing  i s  +25 mv; a  14-b i  t ccnve r te r  w i  t h  

an u n c e r t a i n t y  o f  +$q = k6.1 mv would i n  t h i s  case be expected t o  p rov ide  

o n l y  a  very  s l i g h t  increase,  i f  any, i n  problem s o l u t i o n  accuracy ove r  

t h a t  o f  a 1 2 - b i t  conve r te r  w i t h  a  k24.4 mv unce r ta i n t y .  

Roundoff E r r o r s  

The d i g i t a l  computer must per fo rm a  p resc r i bed  s e t  o f  opera t ions  on 

t he  quant i zed  v a r i a b l e s  p rov ided  by the ADC1s i n  o rde r  t o  a r r i v e  a t  the  

p roper  va r i ab les  t o  be sen t  back t o  the  analog computer through t h e  DAC1s. 

I f  f i x e d - p o i n t  s i  ng le -p rec i s i on  a r i t h m e t i c  i s  used, t h e  f i n a l  r e s u l t  and 

a l l  i n t e rmed ia te  r e s u l t s  o f  these c a l c u l a t i o n s  a re  r e s t r i c t e d  t o  2m d i s -  

c r e t e  l e v e l s ,  where m i s  t he  number o f  b i t s  i n  a  computer word. Roundoff 

e r r o r s  thus accumulate i n  these c a l c u l a t i o n s .  These e r r o r s  can be minimized 

i n  much t h e  same fash ion  as the A-D q u a n t i z a t i o n  e r r o r .  For  example: 

(*) + q/2 f o r  Y c  > 0, - q/2 f o r  Y c  < 0  

5 



The PDP-7  "mu1 tiply" instruction generates a 36-bit product in the 

combined accumulator (AC)  and mu1 tip1 ier-quotient ( M Q )  regis ters .  The 

binary point i s  assumed to l i e  between the AC and MQ, with the resultant 

sczle  factor taken into consideration. Unless a divide instruction 

f o i  Ions immediately, the contents of the MQ are normally disregarded. 

The resul t  i s  a quantization effect  similar t o  t h a t  of Y . Improved 
q 1 

accuracy can be obtained by rounding off the AC t o  the next higher binary 

integer i f  the binary fraction in the MQ i s  - > 2 - I .  The resul t  of this  

roundoff compensation i s  a Y -type quantization characteristic.  
92 

The PDP-7 divide instruction produces an 18-bit quotient in the MQ 

and  an 18- b i t  remainder in the AC. I n  th i s  case roundoff compensation i s  

achieved by adding* a binary 1 t o  the MQ i f  the remainder i s  greater than 

h a l f  the divisor.  

Right-shift instructions are often used to  rescale a variable by a 

fzct.or nf 2-n, where n i s  the s h i f t  count. The b i t s  t o  be shif ted o u t  of 

 he accumulator can be considered as a binary fraction-to-be; i f  the 

absa l  ute value of this  fraction i s  - > 2 , then a binary 1 should be added* 

to the AC a f t e r  sh i f t ing .  

T+e D-A converters, i f  cal i  brated properly, wi 11 automatically con- 

i;ert a given binary "voltage" into the correct equivalent analog voltage. 

The binary voltage to be converted, however, i s  the resul t  of a ser ies  of 

di gi tal  computer operations; of parti cul a r  in te res t  i s  the operati on 
iniiiedi ately preceding the D-A conversion. The digi ta l  computer word 

lensth i s  normally greater than that  of the converters. The range of 

v s i  tages a1 lowable within the digi ta l  computer i s  2 (m-n)  times the analog 

reference voltage (here assumed t o  be 100 vol t s ) ,  where m i s  the number of 

b i t s  i n  a computer word, and n i s  the number of converter bits.** Thus, 

the digi ta l  calculation of a parameter required by the analog computer will 

often resul t  in a scaled voltage greater than 100. This parameter obvious- 

ly must be scaled down t o  less than 100 volts before i t  can be converted. 

(*) Subtract a binary 1 i f  the number i s  negative. 

(*) If the A-D and D-A word lengths are unequal, n refers t o  the longer 
word length. 

6 



A s h i f t  o r  a m u l t i p l i c a t i o n  w i l l  accomplish t h i s  scale change; roundof f  

compensation should thus be used w i t h  t h i s  operat ion i n  o rder  t o  minimize 

the quan t i za t i on  e r r o r  i n  the va r iab le  t o  be converted. A d i s t i n c t i o n  

w i l l  be made a t  t h i s  p o i n t :  D-A roundof f  compensation w i l l  r e f e r  t o  

compensation on ly  i n  the d i g i t a l  operat ion immediately preceding o r  

a f f e c t i n g  a D-A conversion; computer roundof f  compensation w i  11 r e f e r  t o  

compensation o f  a1 1 the mu1 ti p l y ,  d iv ide ,  and ri g h t - s h i f t  operat ions per-  

formed by the d i g i t a l  computer. 

I t  i s  impor tan t  t o  remember t h a t  one o f  the pr imary advantages o f  

h y b r i d  computation over  a1 1 -analog techniques i s  the  increased accuracy 

prov ided by the d i g i t a l  computer f o r  non- l inear  operat ions such as mu1 ti- 

p l i c a t i o n ,  d i v i s i o n ,  and func t i on  generat ion. Computer roundof f  compensa- 

t i o n  thus minimizes e r r o r s  which have already been reduced q u i t e  s u f f i c i e n t l y  

f o r  most app l i ca t i ons  merely by the use o f  the d i g i t a l  computer. Above a 

certa. in number o f  b i t s ,  then, i t  can be expected t h a t  n e i t h e r  a f u r t h e r  

increase i n  the d i g i t a l  computer word length  nor  the use o f  roundof f  com- 

pensat ion w i l l  cause a s i g n i f i c a n t  increase i n  s o l u t i o n  accuracy. I n  o the r  

words, roundof f  e r r o r s  are n o t  a ser ious problem i n  most h y b r i d  s imu la t ions .  

Time Delav and Slewina E r ro rs  

The analog computer solves equations cont inuously, i n  phase w i t h  r e a l -  

time, w h i l e  the d i g i t a l  computer requ i res  a f i n i t e  length  o f  t ime f o r  each 

s e t  o f  ca l  cu l  a t ions  and thus cannot respond instantaneously t o  a parameter 

change. I n  h y b r i d  computation, the d i g i t a l  ou tpu t  a r r i v e s  a t  the  analog 

computer T seconds too  l a t e ,  where T i s  the t o t a l  elapsed t ime between the 

sampling o f  an analog v a r i a b l e  t o  be converted A-D and the completion o f  

the r e t u r n i n g  D-A conversion. L e t  us consider a simple h y b r i d  problem i n  

which there i s  on ly  one A-D va r i ab le  and one D-A va r i ab le  t o  be converted 

dur ing  each frame o f  d i g i t a l  ca l cu la t i ons .  This case i s  shown g raph ica l l y  

i n  F igure 2(a).  I t  i s  seen t h a t  T inc ludes the A-D conversion time, the 

d i g i t a l  c a l c u l a t i o n  time, and the D-A conversion time. Note t h a t  the t ime 

delay may o r  may n o t  equal the d i g i t a l  frame t ime T, depending upon the ' 

t i  m i  ng sequence o f  the d i g i t a l  computations . 
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T = t,. - t, = AGC-digi t a l  -DAC t ime de lay  L 

T = t3 - tl = sampl ing i - t e r v a l  ( d i g i t a l  frame t ime)  

( a )  One A-D and one D-A convers ion per  frame. 

Remaini ng 

Computations 
-+ t 

- - 

T i j  = 'm+j - ti = t ime de lay  between i t h  A-D convers ion  
and j t h  5-A convers ion 

(b )  Mu1 t i p l e  A-D and D-A convers ions.  

D:iitT-[A-D - - - -  D i  g i  t a l  
Computations Comp. if any 

- - - + t 

Computations 
-'t 

T~ = tMl - ti = approximate t ime de lay  f o r  i t h  A-D 
convers ion 

( c )  Lumped D-A convers ion approx imat ion.  

FIGURE 2. Time de lays i n  h y b r i d  computat ion 
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Additional e r ro rs  may be introduced i f  the d ig i ta l  computer requires 
two o r  more analog variables to  complete one frame of calculations.  The 

calculations are  based on the assumption t ha t  a l l  the  converted analog 
variables were sampled a t  the same ins tan t  of time, b u t  in r ea l i t y  the 
sampling and converting i s  a sequential process. Separate sample-hol d 
amplifiers f o r  each A-D channel would allow paral le l  sampling but would 
create an increase in  equipment expense. A s imi lar  s i tua t ion  ex i s t s  
when there are  two o r  more D-A variables to  be converted a t  the end of 
each di gi t a l  frame. Errors resul t i n g  from these s i  tuat i  ons are  cal led 
slewing or skewing e r ro r s .  They can, however, be re la ted t o  the time 
delay e r ro r  as shown i n  Figure 2 .  

I f  there are two o r  more A-D variables and/or two o r  more D-A 

variables t o  be converted during each solution frame (as i l l u s t r a t e d  i n  

Figure 2 ( b ) ) ,  then a separate and d i s t i n c t  delay time r i  can be associated 
w i t h  each possible input-output pa i r .  Thus, i f  there are m A-D variables 
and n D-A variables,  there are (mn) d i s t i n c t  delay times. The D-A conver- 
t e r s  are  usually several times f a s t e r  than the A-D converter, however, 
resul t ing in a very small skewing e r r o r  i n  the D-A conversion block. Thus 
i t  i s  qui te  reasonable, unless the number of D-A conversions per frame i s  

excessively large,  t o  lump the D-A conversions together (see Figure 2 ( c ) )  
and assign a median time tml as the approximate time a t  which a l l  D-A 

conversions are  assumed t o  be completed. Now there are only m d i s t i n c t  
delay times w i t h  which to be concerned. 

Data Reconstruction Errors 

Another type of e r r o r  i s  introduced a t  the D-A output, which i s  
essent ia l  ly defined only a t  d iscre te  and usual ly regularly-spaced i n -  

s t an t s  of time. In order t o  provide a continuous signal f o r  compatibility 
w i t h  the analog computer, some means of in terpola t ing between these points 
i s  required. An analog-hold c i r c u i t  a t  the output of the DAC i s  used f o r  

t h i s  purpose. A zero-order, f i r s t -o rder ,  o r  f ract ional  -order hold may be 
mechanized, b u t  i n  e i t h e r  case the result ing interpolation will  not pro- . 

vide a perfect ly  smooth waveform. Deviations from th i s  ideal ly  smooth 
waveform are called data reconstruction e r rors .  
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I f  a zero-order-hold c i r c u i t  i s  used, the DAC output  i s  h e l d  constant  

a t  the l a s t  converted value u n t i l  i t  i s  updated by the nex t  d i s c r e t e  DAC 

output .  The r e s u l t  i s  a s t a i r s t e p  waveform s i m i l a r  t o  f 2 ( t )  as shown i n  

F igure 3. It has been shown by Miura and ~ w a t a ' ~ )  and others (1 ) (2 )  (and 

v e r i f i e d  on Hybr id  1, as shown l a t e r  i n  t h i s  repo r t )  t h a t  t h i s  s t a i r s t e p  

s igna l  i s  approximately equ iva len t  t o  a continuous curve passing t h r u  the  

midpoint  o f  each step.  This equ iva len t  curve i s  i n d i c a t e d  by the  dashed 

l i n e  f 3 ( t )  i n  Figure 3. Here i t  i s  assumed t h a t  (1) the high-frequency 

Four ie r  components i ntroduced by the zero-order-hol d c i  r c u i  t are  smal l  i n  

coniparison t o  the fundamental components o f  the  reconstructed waveform, 

and/or (2)  t h a t  the analog computer i s  r e l a t i v e l y  i n s e n s i t i v e  t o  these 

high-frequency components. The l a t t e r  assumption i s  strengthened when 

the DAC output  i s  an i n p u t  t o  an analog i n t e g r a t o r ,  and the  former s t a t e -  

ment i s  strengthened when the sampling i n t e r v a l  i s  smal l .  With t h i s  

continuous curve approximation, i t  i s  seen t h a t  t he  zero-order-hol d c i  r- 

cu i  t e f f e c t i v e l y  in t roduces an a d d i t i o n a l  t ime delay o f  T/2 seconds, o r  

one-half  the  sampling per iod.  The t o t a l  combined t ime delay and data 

recons t ruc t i on  e r r o r  i s  thus equ iva len t  t o  an e f f e c t i v e  t ime delay o f  

x = (T + T/2) seconds. 

I f  f i  rs t -o rder -ho l  d c i r c u i t s  were s u b s t i t u t e d  f o r  the  zero-order-hol d 

c i r c u i t s  a t  the D-A outputs, the T/2 delay would be e l im ina ted.  A zero- 

order-hold ou tput  may be modif ied, as shown i n  F igure 4, by adding an 

i n t e g r a t o r  and another D-A channel t o  produce a f i  rs t -o rde r -ho ld  s igna l  . 
This technique uses the present  and pas t  values o f  the  v a r i a b l e  t o  p r e d i c t  

the slope o f  the  va r iab le  dur ing  the  nex t  i n t e r v a l  t, < t < tn+l. A t  the  

end o f  t h i s  i n t e r v a l  a new value i s  sent  over  D-A channel 2, the i n teg ra -  

t o r  i s  momentari ly switched t o  the I C  mode t o  update i t s  output,  a  new 

s lope i s  ca l cu la ted  by sending the pas t  value o f  the v a r i a b l e  over D-A 

channel 1 , and the i n t e g r a t o r  i s re turned t o  the compute mode. S i  nce the 

frame-time T i s  normal ly  q u i t e  smal l ,  some resca l i ng  w i l l  be necessary t o  

avo id  having greater- than-uni  ty p o t  s e t t i n g s  as shown. I f  T i s  very smal l ,  



f l  ( t )  = Ideal  recons t ruc ted  analog s igna l  a t  D-A ou tput  

f p ( t )  = Actual recons t ruc ted  analog s igna l  f o r  zero-order-hold 

f g ( t )  = Approximate equ iva l en t  of  f 2 ( t )  

FIGURE 3 .  Data r econs t ruc t ion  e r r o r :  zero-order-hold . 



the required scale factors may prohibit the use of first-order-hold; 

however, as T i s  reduced, the zero-order-hol d reconstruction er ror  become 

smaller and the need for  f i  rst-order-hold diminishes. In general, the 

additional equipment and computing overhead required t o  implement a f i  r s t -  

order-hold in this  manner i s  not just i f ied by the s l igh t  increase in 

accuracy potential ly gained by such acti  on. Fi rst-order-hol d performance 

was thus not evaluated in this  study. 

FIGURE 4. Syn thesi s of f i r s  t-order-hol d 

Inherent Sampling Errors 

A certain amount of e r ror  i s  inherent in the sampling process associ- 

ated with the A-D conversions. A sampled-data signal cannot be uniquely 

representative of the continuous signal which was sampled due to the lack 

of information about the behavior of the signal during the interval be- 

tween samples. However, i f  the sampling rate i s  f a s t  enough compared with 

the highest frequency component of the signal being sampled, the sampling 

er ror  will be small enough tha t  i t  may be neglected. A general rule of 

thumb i s  that  10 to  20 samples per cycle of the highest frequency component 

i s  suf f ic ien t .  All of the t e s t  problems described in the next section of . 



t h i s  r e p o r t  were run a t  sampling ra tes  which exceeded t h i s  requirement; 

hence sampling e r r o r s  were considered t o  be i n s i g n i f i c a n t .  The sampling 

e r r o r  was n o t  evaluated s ince i n  most cases i t  i s  much less  ser ious than 

the others.  

T i  me Del ay Compens a t i  on 

I n  o rder  t o  compensate f o r  t ime delays and r e l a t e d  e r ro rs ,  a  pre- 

d i c t i o n  scheme i s  needed. As shown i n  the references (1) (3) ,  the t ime 

delay e r r o r  can be w r i t t e n  i n  a n a l y t i c a l  form as a  ser ies  i n v o l v i n g  the  

f i r s t ,  second, and h igher  de r i va t i ves  o f  the a f f e c t e d  var iab le :  

where ed i s  the t ime delay e r r o r ,  y d  i s  the  delayed var iab le ,  y  i s  the 

c o r r e c t  undelayed va r iab le ,  and x i s  the t o t a l  e f f e c t i v e  delay t ime. 

Compensation invo lves  the cance l l a t i on  o f  one o r  more o f  these e r r o r  

terms. For small t ime delays, the second and h igher  o rder  terms o f  the 

e r r o r  ser ies  are much smal le r  than the f i r s t  term. A f i r s t - o r d e r  pre- 

d i c t i o n  method thus seeks t o  e l im ina te  the  f i r s t  term only,  by the 

a d d i t i o n  o f  A% t o  the so lu t i on .  Since the c o r r e c t  undelayed v a r i a b l e  

and i t s  d e r i v a t i v e  are n o t  ava i l ab le ,  the d e r i v a t i v e  o f  the delayed 

va r iab le  must be used. The p red i c ted  va r iab le  y thus becomes 
P  

Time delay compensation by f i  r s t - o r d e r  p r e d i c t i o n  can be mechanized 

i n  several d i f f e r e n t  ways. Analog compensation, shown i n  F igure 5, i s  

convenient f o r  the s i n g l e  ADC - s i n g l e  DAC case i f  a  d e r i v a t i v e  i s  a v a i l -  

ab le as the i n p u t  t o  an analog i n t e g r a t o r  w i t h i n  the  h y b r i d  loop. Com- 

pensat ion may be app l i ed  j u s t  ahead o f  the  A-D conversion o r  j u s t  a f t e r  

the D-A conversion. 



FIGURE 5. Analog t ime delay compensation 

A1 t e r n a t i v e l y ,  t ime delay compensation may be app l i ed  d i g i  t a l  l y  w i t h  

a f i  r s t - o r d e r  backward di f ference approximation f o r  the d e r i v a t i v e :  

Di g i  t a l  compensation by pred i  c ted  outputs i s  thus achieved by adding a 

p r e d i c t i o n  term t o  the d i  g i  t a l  output  yd ( tn )  be fore  conver t ing:  

This requ i res  the lumping and averaging o f  m u l t i p l e  A-D i n p u t  t imes i n  

the same manner as mu1 ti p l e  D-A conversions were t r e a t e d  i n  F i  gure 2 ( c ) .  

I f  ins tead  the  compensation i s  app l i ed  t o  the A-D inputs ,  the  

d i s t i n c t  delays ri associated w i t h  each o f  the  m inpu ts  may be taken i n t o  

account. A compensation term can be added t o  each d i g i t a l  i n p u t  xi ( t n ) :  
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where = r + T/2 i f  zero-order-holds are used. The D-A outputs are i 
then calculated from these predicted inputs x rather than the actual 

i P 
inputs a t  time tn. In th is  manner compensation i s  provided for  both 
the basic time delay error  and the A-D slewing error .  

TEST PROBLEMS AND RESULTS 

Four hybrid problems were solved on Hybrid 1 and the results were 
evaluated in terms of e r ror  sources and computer parameters. The digi- 
tal  portion of Hybrid 1 i s  an 18-bi t fixed-point PDP-7 computer with an 

8K core and a 1.75 psec memory cycle time. The 24-channel mu1 t iplexer/  
A-D converter unit  has a digi ta l  word length of 14 b i t s  (13 + s ign) ,  as 
do the 24 D-A converters. The D-A conversion t i  me i s  3.36 psec. The 
ADC can complete a conversion in 12 psec; however, successive conversions 

require a minimum interval of 19.25 psec between conversions in order to 
read and s tore  each converted variable i n  memory. The computer and 
converter parameter variations were thus upper-bounded a t  the above 
capabi l i t ies ;  e .g . ,  the effect ive A-D word length could be cut by two 

b i t s  to simulate a 12-bit converter, b u t  a 16-bit converter could not be 
represented. 

All of the t e s t  problems, with the exception of the Sine Wave Recon- 

s t ruct ion,  were of the closed-loop type; i .e . ,  there was feedback from 
the analog to  the digi ta l  computer and vice versa. The approximate e r ror  
during each time step can easily be calculated for  open-loop hybrid prob- 
lems, whereas i n  closed-loop problems the per-step errors remain in the 
loop and thus the solution er ror  cannot easily be predicted. 

Sine Wave Reconstruction 

The purpose of th i s  problem was merely to t e s t  the assumption that  
the zero-order-hold data reconstruction error  i s  equivalent to  a time delay 
of T/2 seconds. A simple harmonic osci l la tor  was patched on the analog 

computer. The output of this  osc i l la tor  was sent to  the digi ta l  computer, 

delayed by T seconds, and returned unaltered (except fo r  the delay) t o  the 



analog v i a  a  D-A conver te r  w i t h  a  zero-order-ho ld  ou tpu t .  The A-D con- 

ve rs i on  was made a t  t h e  beg inn ing  o f  each d i g i t a l  frame and t he  D-A 

convers ion a t  t he  end o f  each frame; hence the de lay  was approx imate ly  

equal t o  the  frame t ime T. A cont inuous analog comparison was made 

between t he  de layed s i g n a l  and t he  o r i g i n a l  undelayed s i n e  wave. The 

r e s u l t i n g  s i n u s o i d a l  e r r o r  s i gna l  was recorded f o r  v a r y i n g  values o f  

o s c i l l a t o r  f requency and de lay  t ime. 

The t ime de lay  obv ious l y  caused a phase l a g  i n  t he  s i n e  wave. 

However, the  ampl i tude  o f  the  e r r o r  s i gna l ,  which i s  much e a s i e r  t o  

measure on a s t r i p - c h a r t  record ing ,  can be d i r e c t l y  r e l a t e d  t o  t h e  phase 

e r r o r  e . The maximum e r r o r  occurs near oO, where t he  d e r i v a t i v e  o f  s i n  

w t  i s  a  maximum. For  a  s i n e  wave o f  u n i t  ampl i tude,  t he  e r r o r  a t  t h i s  

p o i n t  i s :  

Emax = s i n (oO)  - s i n ( + )  = s i n  e  = e f o r  smal l  angles.  

Bu t  e = UX, where w i s  t he  angu la r  f requency i n  rad ians  p e r  second, x i s  

t he  e f f e c t i v e  de lay  t ime i n  seconds, and e i s  t h e  phase e r r o r  i n  r ad ians .  

Thus 

W" Emax 

I f  t h e  zero-order-ho ld  de lay  t heo ry  i s  t r ue ,  t he  above c a l c u l a t e d  va lue  

f o r  x should be 

which y i e l d s  

- =  
wT 1.5 



FIGURE 6. Sine wave recons t ruc t i on  
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The ac tua l  r e s u l t s  a re  presented i n  F igure  6. The ampl i tude o f  the  

e r r o r  s i g n a l  i s  expressed as a f r a c t i o n  o f  t he  ampl i tude o f  the  o s c i l l a t o r  

ou tpu t .  The graph shows t h a t  the r a t i o  o f  the e r r o r  ampl i tude t o  t h e  

angular  f requency - frame t ime p roduc t  was indeed 1.5, thus v e r i f y i n g  t he  

T/2 t ime de lay  e f f e c t  o f  t he  zero-order  h o l d  over  the  range o f  wT which 

was tes ted .  (The maximum t e s t e d  value, wT = 0.1, i s  e q u i v a l e n t  t o  a  

sampl ing r a t e  o f  10 samples/radian o r  62.8 samples/cycle.  ) 

P i  l o t  E j e c t i o n  Study 

The p i l o t  o f  an a i r c r a f t  f l y i n g  a t  cons tan t  speed i s  e j e c t e d  f rom the  

c o c k p i t  a t  t ime t = 0 w i t h  a  g iven e j e c t i o n  v e l o c i t y  a t  a  g iven  angle back- 

ward f rom the  v e r t i c a l .  Th i s  h y b r i d  problem c a l c u l a t e s  t h e  p i l o t ' s  t r a j e c -  

t o r y  i n  o r d e r  t o  determine whether o r  n o t  he w i l l  c l e a r  the  v e r t i c a l  s t a b i l i z e r  

o f  t h e  a i  r c r a f  t. Four s i  mu1 taneous non-1 i near f i r s t  o rde r  d i  f f e r e n t i  a1 equa- 

t i o n s  descr ibe  t he  r e l a t i v e  mot ion o f  the  p i l o t  w i t h  r espec t  t o  t h e  a i r c r a f t .  

Four analog i n t e g r a t o r s  per form the  i n t e g r a t i o n s ;  the  rema in ing  c a l c u l a t i o n s  

a re  a l l  performed by the d i g i t a l  computer. The i n t e g r a t o r  ou tpu ts  a r e  X, t he  

p i l o t ' s  h o r i z o n t a l  d isplacement measured f rom the  cockp i t ;  Y, t he  v e r t i c a l  

d isplacement f rom the  cockp i t ;  V ,  t he  abso lu te  v e l o c i t y  o f  t he  p i l o t ;  and 

e , the  angle between t he  instantaneous v e l o c i  ty  vec to r  o f  t he  e j e c t e d  p i  1  o t  

and t h a t  o f  the  a i r c r a f t .  A f u r t h e r  d e s c r i p t i o n  o f  t h i s  problem toge ther  

w i t h  t h e  govern ing equat ions and constants  can be found i n  Appendix M o f  

re fe rence  (5 ) ,  o r  i n  SEG-TR-67-31, " M I M I C  Programming Manual ." 
Q u a n t i z a t i o n  e r r o r s  were i n v e s t i g a t e d  by programming two separate 

h y b r i d  s o l u t i o n s  t o  be r u n  s imul taneously ,  one w i t h  t he  s tandard H y b r i d  1  

computer and i n t e r f a c e  parameters as a re fe rence  s o l u t i o n  (see F igu re  7 ) ,  

and t he  o t h e r  w i t h  the  e f f e c t i v e  number o f  conve r te r  and/or d i g i t a l  computer 

b i t s  reduced by so f twa re  methods. A h y b r i d  re fe rence  was used i n s t e a d  o f  an 

a l l - a n a l o g  re fe rence  i n  o rde r  t o  i s o l a t e  the  q u a n t i z a t i o n  e r r o r s  f rom t ime 

delays and o t h e r  e r r o r  sources. The A-D conversions f o r  bo th  s o l u t i o n s  were 

grouped t oge the r  i n  a  s i n g l e  b lock ,  as were t he  D-A conversions, such t h a t  

the  t ime delays were approx imate ly  t h e  same f o r  bo th  s o l u t i o n s .  
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FIGURE 7. P i lo t  ejection study hybrid solution. Fourteen 
converter bits (reference s ~ l  ution) 
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The e f f e c t  of a r e d u c t i o n  i n  t he  word l e n g t h  o f  the  A-D and D-A 

conver te rs  can be seen i n  F igures 8  and 9. N o t i c e  t h a t  a t  14 conve r te r  

b i t s  a  s o l u t i o n  e r r o r  i s  i n d i c a t e d  even though t he  t e s t  s o l u t i o n  and 

re fe rence  s o l u t i o n  parameters were i d e n t i c a l  . Th is  r e s i d u a l  e r r o r  was 

apparen t l y  due t o  s l i g h t l y  unequal t ime delays and/or analog component 

inaccurac ies .  A  r e d u c t i o n  i n  the  word l e n g t h  o f  t h e  conver te rs  t o  12 

b i t s  made a lmost  no d i f f e r e n c e  i n  X, w h i l e  a  s l i g h t  inc rease  i n  t h e  Y 

e r r o r  was observed. The uncompensated e r r o r s  grew more r a p i d l y  as t he  

number o f  b i t s  was f u r t h e r  reduced, b u t  A-D and D-A roundo f f  compensa- 

t i o n  e f f e c t i v e l y  h e l d  t he  e r r o r s  q u i t e  low, even f o r  as few as n i n e  

conve r te r  b i t s .  A t  t e n  b i t s  t he  maximum compensated e r r o r s  were 0.333% 

and 0.077% f o r  X and Y ,  r e s p e c t i v e l y .  

F igures  10 and 11 d i s p l a y  t he  r e s u l t s  o f  a  r e d u c t i o n  i n  t h e  e f f e c t i v e  

d i g i t a l  computer word l e n g t h  w i t h  a  compensated A-D and D-A word l e n g t h  o f  

12 b i t s :  The s o l u t i o n  e r r o r s  remained q u i t e  smal l  down t o  15 d i g i t a l  b i t s .  

Over t h i s  range computer r oundo f f  compensation d i d  n o t  p rov ide  a  s i g n i f i -  

c a n t  decrease i n  s o l u t i o n  e r r o r s .  A t  14 b i t s  t he re  was a  l a r g e  inc rease  

i n  t he  uncompensated e r r o r s ,  w h i l e  the  compensated e r r o r s  remained r e l a -  

t i v e l y  sma l l .  A t  t h i s  p o i n t ,  then, computer r oundo f f  compensation became 

s i g n i f i c a n t .  Thus w i t h  a  1 4 - b i t  computer, 1 2 - b i t  A-D and D-A conver te rs ,  

and t he  use o f  compensation techniques, t he  q u a n t i z a t i o n  and roundof f  

e r r o r s  caused s o l u t i o n  e r r o r s  o f  o n l y  0.467% and 0.192% f o r  X and Y, 

r e s p e c t i v e l y ,  re fe renced  t o  an 18-bi  t computer / l4-b i  t conve r te r  s o l u t i o n .  

I t  should be noted t h a t  the  method used t o  reduce t he  e f f e c t i v e  

computer word l e n g t h  was t o  mask o f f  one o r  more b i t s  o f  the  da ta  word, 

beg inn ing  w i t h  the  l e a s t  s i g n i f i c a n t  b i t ,  be fo re  and a f t e r  each a r i  t h -  

me t i c  ope ra t i on .  Problem s c a l i n g  remained t he  same f o r  a1 1  runs (see 

re fe rence  5 ) .  I f  t h e  problem had been resca led  t o  min imize v a r i a b l e  

ranges such t h a t  some o f  t h e  most s i g n i f i c a n t  b i t s  cou ld  have been 

"removed" i n  p lace  o f  those on t he  1  ower end o f  t he  word, i t  i s  probable 

t h a t  t h e  i n d i c a t e d  e r r o r s  cou ld  have been f u r t h e r  reduced i n  a l l  cases. 





FIGURE 9. Pi lot  Ejection Study: Vertical 
displacement error vs. converter 





FIGURE 11. P i  l o t  Ejection Study: Vertical 



Reactor K i n e t i c s  W i  t h  Thermal Feedback 

A three-del  ay-group neu t ron  k i n e t i c s  model f o r  a  thermal r e a c t o r  

was programmed on t he  d i g i t a l  computer, us ing  t h e  Theta ~ e t h o d ' ~ )  t o  

i n t e g r a t e  the  f o u r  d i f f e r e n t i a l  equat ions.  The power l e v e l  was sen t  

over  a  D-A channel. The analog computer was patched t o  c a l c u l a t e  a 

s imple temperature feedback r e a c t i v i t y  term, and the  r e s u l t a n t  t o t a l  

r e a c t i v i t y  was sen t  back t o  t h e  d i g i t a l  computer v i a  an A-D channel. 

(See F igu re  12.) The d i g i t a l  v a r i a b l e s  were updated t e n  t imes p e r  

second. An a1 1 -analog model was programmed as t h e  s tandard f o r  com- 

par i son .  

An i n p u t  r e a c t i v i t y  s t ep  change o f  -0.005 was se lec ted  f o r  t he  

i n i  t i a l  t e s t .  F igures 13 through 15 show the  comparat ive resu l  t s  f o r  

h y b r i d  s o l u t i o n s  us ing  e f f e c t i v e  A-D and D-A word leng ths  o f  14, 12, 

and 10 b i t s  r e s p e c t i v e l y .  A1 though t he  q u a n t i z a t i o n  e f f e c t  became much 

more 'no t i ceab le  as t h e  number o f  conver te r  b i t s  was reduced (no te  t he  

choppy d i f f e r e n c e  s i g n a l  i n  F igu re  15),  t h e  average e r r o r  i n  t he  h y b r i d  

DIGITAL COMPUTER ANALOG COMPUTER 

FIGURE 12. H y b r i d  s i l r ~ u l a t i o n  o f  r e a c t o r  k i n e t i c s  w i t h  
thermal feedback 



Time (sec)  

FIGURE 13. Reactor K ine t i cs :  Response t o  -0.005 r e a c t i v i t y  step. 
Four teen-b i t  A-D and D-A conver ters (Hybr id  S o l u t i o n  # I )  
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S o l u t i o n  # 

E r r o r  

0 10 20 30 40 5 0 6 0 
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FIGURE 14. Reactor K ine t i cs :  Response t o  -0.005 r e a c t i v i t y  step. 
Twelve-b i t  A-D and D-A conver ters,  compensated. 
(Hybr id  S o l u t i o n  #2) 



Time (sec) 

FIGURE 15. Reactor K i n e t i c s :  Response t o  -0.005 r e a c t i v i t y  s tep.  
Ten-bi  t A-D and D-A conver te rs ,  compensated. (Hyb r i d  
S o l u t i o n  #3) 



s o l u t i o n  was about  the  same f o r  a l l  t h ree  runs.  I f  one ignores  the  

q u a n t i z a t i o n  o s c i l l a t i o n ,  the  s teady-s ta te  e r r o r s  a t  t he  end o f  one 

minute o f  s i m u l a t i o n  were n e a r l y  i d e n t i c a l  . The t e s t  was then repeated 

f o r  a  p o s i t i v e  r e a c t i v i t y  s t ep  i n p u t  o f  t0.003, and t he  r e s u l t s  were 

s i m i l a r .  The h y b r i d  s o l u t i o n s  shown employed A-D and D-A r oundo f f  com- 

pensat ion;  however, t he re  was no de tec tab le  d i f f e r e n c e  i n  t he  s o l u t i o n s  

when conve r te r  r oundo f f  compensation was n o t  used. Thus, t he  accuracy 

o f  t h i s  s i m u l a t i o n  i s  a  very  weak f u n c t i o n  o f  the  number o f  conve r te r  

b i t s .  

The same model was used t o  check the e f f e c t  o f  t ime-delay compen- 

s a t i o n  and d i g i t a l  r oundo f f  compensation. A l l  14 conve r te r  b i t s  and a l l  

18 computer b i t s  were used i n  these t e s t s .  F i gu re  16 shows the normal 

uncompensated h y b r i d  s o l u t i o n  and e r r o r  s i g n a l  f o r  a  r e a c t i v i t y  s t ep  

i n p u t  o f  t0.003. F igu re  17 shows the  e r r o r  s i g n a l s  f o r  t he  same problem 

when ' (a)  d i g i t a l  t ime-delay compensation by p r e d i c t e d  i n p u t ,  (b)  d i g i t a l  

r oundo f f  compensation, and ( c )  bo th  t ime-del  ay and roundo f f  compensation 

were app l ied .  The computat ion de lay  between A-D and D-A conversions was 

approx imate ly  1.5 msec which, when added t o  h a l f  t h e  update i n t e r v a l ,  

g ives a  t o t a l  e f f e c t i v e  de lay  o f  51.5 msec. The a d d i t i o n  o f  t ime-delay 

compensation r e s u l t e d  i n  o n l y  a  s l i g h t  decrease i n  e r r o r  over  t he  major-  

i t y  o f  t he  l e n g t h  o f  the  run; the  e a r l y  p a r t  o f  t h e  t r a n s i e n t  a c t u a l l y  

showed a  l a r g e r  e r r o r  than the uncompensated case. I n  con t ras t ,  a  s i g n i -  

fi can t  improvement was no ted  when d i g i t a l  r oundo f f  compensation was separ- 

a t e l y  appl ied,  even though t he re  was aga in  a  t empora r i l y  l a r g e r  e r r o r  a t  

t he  beg inn ing  o f  t h e  run. When bo th  o f  t he  compensation techniques were 

a p p l i e d  toge ther ,  t he  b e s t  s o l u t i o n  o f  t he  f o u r  was obta ined.  

The k i n e t i c s  s i m u l a t i o n  emphasized the  obvious f a c t  t h a t  i t  does 

l i t t l e  or  no good t o  compensate f o r  an e r r o r  source which c o n t r i b u t e s  

o n l y  a  smal l  f r a c t i o n  o f  t h e  t o t a l  s o l u t i o n  e r r o r .  As v e r i f i e d  by the  

r e s u l t s ,  t h i s  problem was r e l a t i v e l y  i n s e n s i t i v e  t o  A-D and D-A quant i za -  

t i o n  e r r o r s .  L ikewise,  the  t ime-delay was smal l  r e l a t i v e  t o  problem . 

f requencies,  l e a d i n g  t o  a  smal l  t ime-delay e r r o r .  On t he  o t h e r  hand, 



Analog 
So lu t i on  

Hybr id  
So lu t i on  P 

E r r o r  

FIGURE 16. Reactor K ine t i cs :  Normal uncompensated h y b r i d  s o l u t i o n  
t o  a  r e a c t i v i t y  s tep change o f  +0.003. 



(a) Time Delay Compensation 

Er ror ,  
So lu t i on  #6 

P 6 ( t )  - Po(t) 
p(a) 

( b )  D i g i t a l  Roundoff Compensation 

E r ro r ,  
So lu t i on  #7 

P7(C) - P0( t )  
P (0)  

Time (sec) 

(c) Time Delay Compensation and D i g i t a l  
Roundoff Compensation 

FIGURE 17. Reactor K ine t i cs :  E f f e c t s  of t ime delay compensation and 
d i g i t a l  roundoff compen$ation on h y b r i d  response t o  
r e a c t i v i  ty step change o f  +O. OQ3. 



there were a 1 arge number o f  d i  g i  t a l  ca l cu la t i ons  ; the magni tude o f  i m -  

provement gained by the use o f  d i g i t a l  roundof f  compensation v e r i f i e d  

t h a t  d i g i t a l  roundof f  e r r o r  was the greates t  o f fender  i n  t h i s  problem. 

Nonl inear  Osci 11 a t o r  

The f o l  lowing nonl i nea r  second-order d i f f e r e n t i a l  equat ion was pro-  

grammed on the analog computer: 

$ = A ~  dx + B x  s i n  a t  

A h y b r i d  s imu la t i on  o f  the equat ion was a l so  programmed f o r  comparison 

w i t h  the  a1 1-analog reference so lu t i on .  This  equat ion was chosen as a 

"worst  case" problem, as i t  i s  very s e n s i t i v e  t o  computational e r r o r s .  

The h y b r i d  s o l u t i o n  was obta ined by per forming a1 1 operat ions,  

except the mu1 t i p l i c a t i o n  o f  x  by B s i n  a t ,  on the analog computer; t h i s  

m u l t i p l i c a t i o n  was the  so le  task o f  the  d i g i t a l  computer. Two A-D conver- 

sions and one D-A conversion were thus requi red.  A t y p i c a l  run  i s  shown 

i n  F igure 18. 

The f i r s t  t e s t  consis ted o f  ho ld ing  the A-D word length  f i x e d  a t  14 

b i t s ,  vary ing  the number o f  D-A b i t s ,  and record ing  the  s o l u t i o n  e r r o r s .  

Next the D-A word l eng th  was f i x e d  a t  14 b i t s  and the number o f  A-D b i t s  

was var ied.  The above t e s t s  were then repeated w i t h  the a d d i t i o n  o f  round- 

o f f  compensation. The r e s u l t s  a re  p l o t t e d  i n  F igure 19. When roundof f  

compensation was used, the  s o l u t i o n  e r r o r s  remained almost constant  a l l  

the way down t o  10 D-A b i t s  i n  the  f i r s t  case, and 9 A-D b i t s  i n  the second 

case. Note t h a t  the e r r o r  scale i nd i ca tes  the maximum ampli tude o f  the  

o s c i l l a t i n g  e r r o r  s igna l .  Because o f  t he  nature o f  the problem, the  

accumulation o f  phase e r r o r s  can cause 1 arge instantaneous s o l u t i o n  e r r o r s  ; . 

hence the  magni tude o f  the  e r r o r  scale. 
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FIGURE 18. Nonlinear oscillator: Typical run. 



FIGURE 19. Nonlinear o sc i l l a t o r :  Quantizat ion e r ro rs ;  converter 
word lengths varied separately.  

1. D-A word length varied, A-D word length = 14 b i t s .  No 
compensation 

2 a 



Next, the A-D and D-A word lengths were varied together (A-D b i ts  = 

D-A b i t s ) .  Four sets  of runs were made, in which no compensation, A-D 

roundoff compensation, D-A roundoff compensation, and b o t h  A-D and D-A 

compensation were successively applied. This time the ful ly  compensated 

solution er ror  was held constant down to 11 conversion b i t s  (see Figure 20).  

I n  this  problem the D-A quantization error  appeared to affect  the solution 

more than the A-D error .  

Final ly , t i  me del ay errors and compensation techniques were tested 

on this  problem. A variable time delay was inserted into the digi ta l  

program. The maximum errors were plotted as functions of the product of 

frequency and frame time (delay time Q frame time) for  the following time- 

delay compensation schemes : (a )  no compensation; ( b )  d igi ta l  compensation 

by predicted inputs ; ( c )  digi ta l  compensation by predicted output; and 

(d) analog compensation. The resul ts ,  displayed in Figure 21,  show a near- 

ly constant improvement factor of about 4 for  analog compensation above 

abscissa values of 1.5 x The d ig i ta l ly  compensated error  curves dip 

even lower, a t  tinies reducing the error  by a factor  of more than 20 over 

the uncompensated case. The predicted output method gave somewhat better 

resul t s  than the method of predicted inputs . Above 5 x 1 o - ~  cycl es/sampl e ,  

both of the d ig i ta l ly  compensated error  curves rose with a greater slope 

than e i ther  of the other two curves. For large frequency-frame time 

products ( >  3 x loe2) , i t  appears that  analog compensation would be the 

preferred method. The continuous compensation afforded by the analog 
technique gives i t  the edge when large delays are present, whereas the 

accuracy of the digi ta l  computer i n  calculating prediction terms involving 
small delays i s  superior to analog compensation requiring a small potentio- 
meter coefficient.  



BNWL-1356 
F I G U R E  20. Nonlinear oscil lator: Quantization errors; converter 

word lengths varied simultaneously 
1. D-A word length = A-D word length (b 

No compensation 
2 .  A-D roundoff compensation added to 1 



FIGURE 21 . NONLINEAR OSCILLATOR: TIME DELAY ERRORS 

1.  No compensation 
2. Analog t ime delay compensation 
3. D i g i t a l  i n p u t  compensation 
4. D i g i t a l  ou tpu t  compensation 
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