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A CONFIDENCE-LIMIT COMPUTER 

. . 

In t roduct ion  

Confidence l i m i t s  a s  a mathematical t o o l  a r e  app l i cab le  t o  many development 
engineering and production engineering s i t u a t i o n s .  I n  order  t o  make confidence 
l i m i t s  r e a d i l y  available t o  engineers,  a computer was designed which w i l l  approxi- 
mate c e r t a i n  confidence l i m i t s .  One o f  these  computers i s  included a s  p a r t  of  
t h i s  monograph and w i l l  be found i n s i d e  t h e  back cover. 

. Confidence Limits 
. , 

The usual  purpose of engineering ana lys i s  of da ta  i s  t o  es t imate  unknown 
values. I n  genera l ,  there  a r e  two ways t o  express such es t imates .  These es t imates  
may be expressed a s  points  o r  a s  i n t e r v a l s .  T rad i t iona l ly ,  point  estimates* have 
been used i n  most engineering work. However, more recen t ly  i t  has been recognized 
t h a t  such po in t  es t imates  a r e  not  always the  "best" est imates of  the  unknown 
values, t  and a more use fu l  es t imate  has been developed whereby an i n t e r v a l  is pre- 
sented and i c  accompanied by a statement of the  assurance o r  confidence tha t  the  
i n t e r v a l  r e a l l y  does include the  t r u e  (but unknown) value.  

I n  s t a t i s t i c a l  t e r n s ,  the  unknown value  (parameter) i s  sometimes denoted by 
8, a point  es t imate  by 6, the  i n t e r v a l  l i m i t s  by L and U (where L S ~ S U ) ,  and the  
degree of assurance o r  confidence t h a t  L<@Iu bya(where  0 I I 1 ) .  

1. Such an i n t e r v a l  i s  c a l l e d  a confidence i n t e r v a l .  

2. The l i m i t s  of the  i n t e r n a l  a r e  c a l l e d  confidence l i m i t s .  

3 .  The degree of assurance i s  c a l l e d  the  confidence c o e f f i c i e n t  o r  
confidence l e v e l .  

I l l u s t r a t i o n  

Consider a very  l a r g e  l o t  of items of which loop% a r e  de fec t ive  (0 I p -< 1 ) .  
Ti).? parameter p ( t h a t  i s ,  8 ) ,  the  f r a c t i o n  de fec t ive  i n  t h e  l o t ,  is.unknown. A 
ral  -1om sample of 50 items i s  se lec ted  and one de fec t ive  item i s  observed. A point  
es t imate  of  p i s  given by 6 = 6 = 1/50 = 0.02. The 90% upper confidence l i m i t  f o r  

- 
. . 

*A point  es t imate  i s  any s i n g l e  va lue  used as  an es t imate  o f  an unknown. 

 o or a d iscuss ion of  po in t  est imates and t h e i r  l imi ta t ions  s e e  Reference 1. 



the t.rue but unknown value of p ' is determined,to be U = 0,076. That is ,  we a r e  
90% confident t ha t  the t rue  f rac t ion  defect ive  i n  the  sampled l o t  is  no greater  
than 0.076. (The upper confidence l i m i t ,  U, has been denoted by k on the  com- 
puter  .) 

The computer which i s  provided with t h i s  repor t  estimates upper. confidence 
l i m i t s .  I n  using i t  the  lower l i m i t  i s  always 0. Thus the  confidence in te rva l  
given is always from 0 to  k. 

How to  Use the  Computer 

Ins t ruct ions  for  the use of the  computer a r e  printed on the  back of the 
envelope i n  which the computer is packaged. These ins t ruct ions  a r e  repeated here 
i n  the  event t ha t  the  envelope becomes separated from the computer. 

Note t ha t  on the  computer the  sample s i z e  n is divided i n t o  three ranges. 
The range fo r  small values of n (frm 1 through 13) i a  given i n  e t ab le  of values 
on the  r i g h t  portion of one s ide  of the  computer, The range of n from 20 through 
100 is  given on a logarithmic s ca l e  near the  bottom of the  computer on the  same s ide  
a s  the  t ab l e  previously referred to. The range of n from 100 through 10,000 is 
given on the s i d e  opposite t o  the tab le  of values. 

A. To determine the  upper confidence limit from a sample of s i z e  n = 20 to  10,000: 

A-1. Select  the  s i d e  of the  s l i d e  r u l e  t h a t  has an n s ca l e  i n  the  desired 
range. 

A-2. Decide what confidence leve l  is desired. Locate t h i s  value on the  con- 
f idence-level (ver t i ca l )  scale. 

A-3. Pick the  x value t ha t  corresponds t o  the  number of items i n  the Sam* 
p l e  containing the  specif ied charac te r i s t i c .  (The x values a r e  the  
series of curves t ha t  i n t e r sec t  the  v e r t i c a l  confidence-level scale.) 
Move the  s l i d e  u n t i l  the x value coincides with the  previously 
selected csnf idence level .  

,A-4. Locate the  sample s i z e  on t he  n scale.  

A-5. Read on the  k sca le ,  d i r e c t l y  beneath the  n value, the  maximum 
f rac t ion  of items tha t  may be expected t o  contain the  specif ied char- 
a c t e r i s t i c .  This is the  upper confidence l i m i t .  

B. To determine the  upper confidence l i m i t  from a sample of s ize  n = 1 t o  19: 

B-1. Use the t ab l e ' o f  values pr inted on one s i d e  of the  s l i d e  rule.  . (Note 
t ha t  the  t ab l e  contains two confidence levels--.SO and .go,) Decide 
which confidence, l eve l  t o  use. 

B-2. Read across t h e  top of the  t ab l e  and se l ec t  the  sample s i z e  n. 



B-3. Locate on t he  l e f t  s i de  of the  tab le  the  number of items x contain- 
ing the  specified charac te r i s t i c .  

B-4. Find the  upper confidence l i m i t  a t  the point  of in tersect ion of the  
chosen row x and column n. 

Example 1: I f  a sample of 150 items is tes ted  (or inspected) and the re  a r e  four 
f a i l u r e s  (or defectives), what is the  upper confidence l i m i t  a t  the  

0 .95 confidence level?  

Figure 1 shows the computer set t o  solve t h i s  problem. Note t ha t  t he  x curve 
for  4 crosses the .95 confidence level .  Read under n = 150 the  upper confidence 
l i m i t ,  .06. 

Example 2: The sample s i z e  i s  90. An upper confidence l i m i t  of .02 is  desired. 
I f  there  were no fa i lu res  i n  t h e  sample of 90, what is the  confiderice 
level? I f  there  were one fa i lu re ,  what is the  confidence level?  
(Note t h a t  there  is  a d i f f e r en t  unknown than i n  Example 1.) 

Refer t o  Figure 2 which shows the computer s e t  for  the solution.  An n value of . . 
90 is s e t  a t  a k value of .02. Read the confidence leve l  f o r  no f a i l u r e s  where ;y . , . ) -  . 

' z . .  , 

. . the  curve fo r  x = 0 crosses' the  confidence-level scale.  The reading is  approxi- "... ? , ,:,,. .? 

mately .84. For one, f a i l u r e ,  the reading i s  .53. ;.* . ..;; 
.. . .  

" '. 
1 ,. 

. _ .. . .. . . .  - I.. 

Variations i n  Use of the  Computer I :. ,. 
\; ' -, 

When using the  computer there w i l l  always be three  known quant i t ies  and one . . J :  , , 
unknown. Any three  of the  following may be known and the  computer w i l l  provide a 'C - 

- 3  2. 

solut ion for  the  fourth: 

1. Upper confidence l i m i t  (k) 

2. Confidence leve l  (a) 

3. Number of observations (n) 

4. Number of un i t s  with a specif ied cha rac t e r i s t i c  (x) 

Let n become the unknown and the following is typical  of the type of probabi l i ty  
problem tha t  can be solved: 

Example 3: How many it& should be tes ted i f  one f a i l u r e  wi l1 ,be  accepted, and 
i t  is desired to  say with 909. confidence t ha t  the  f a i l u r e  r a t e  is  no 
greater  than one i n  a thousand? Two i n  a thousand? One i n . a  hundred? 

To solve the  problem, s e t  the  x curve of 1 a t  t he  .90 confidence l eve l  on the 
appropriate s i d e  o f . t h e  computer. For one i n  a thousand, read on the k s ca l e  
above .001 tha t  the number t o  t e s t  is  approximately 3850. Leave the same s e t t i n g  
i n  the computer and fo r  two i n  a thousand, read 1925 above a k of .002. For one 
i n  a hundred, again leave the  or ig ina l  s e t t i n g  i n  the  computer and read above a 
k of .01 tha t  the  number to  t e s t  is 390. 
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Construction of Scales 

.. . ;  The k 'and n scales  a r e  logarithmic. The advantage of using logarithmic 
scales  is  t ha t  they permit a much grea te r  range of values than a uniform scale ,  
and the log scales  have an accuracy of about the  same number of s ign i f ican t  f ig-  
ures throughout the  range s ince,  s ca l e  lengths fo r  10 t o  lo2,  l o2  t o  lo3, and 
lo3 t o  l o 4  a r e  the  same. 

The v e r t i c a l  confidence-level s c a l e  on.. the  computer ,is normal probabi l i ty  
scale.  This s ca l e  was chosen because i t  expands as  i t  approaches 1.00. 

Basic Equation for  the  Confidence-Limit Computer 

The confidence-limit computer provides an approximate so lu t ion  t o  the 
equation (Reference 2): 

where: 

x = number of un i t s  o r  events with specif ied cha rac t e r i s t i c  
n = number of observations 
k = upper confidence l i m i t  
a = confidence leve l  

The curves on the  computer were p lo t ted  by solving the  above equation 
using the  Harvard binomial tables  (Reference 3) exclusively. The binomial d i s -  
t r ibu t ion  i s  based upon an infini.te'  l o t  s i ze ,  but gives' good approximations t o  
the true probabi'lities when the  l o t  s i z e  is 10 times the sample s ize .  The reason 
tha t  the,'computer gives an approximation ra ther  than an exact solut ion t o  the  
equation i s  tha t  the  basic equation p lo t s  as a curve and the  computer uses a l i n -  

. e a r  approximation. For most p r ac t i ca l  purposes, the approximation i s  as  s a t i s -  
factory as  the exact solution.  

 h he theory of confidence in te rva l s  was developed by D r .  Jerzy Neyman and 
introduced i n  1937. For a development of the  theory s ee  Reference 4. 



Accuracy of t he  Computer 

The accuracy of t h i s  computer is determined by many factors ,  the  most impor- 
t an t  being: 

1. Closeness of t he  approximation of the  computer's l i nea r  solut ion to  the 
nonlinear equation. 

2. Accuracy of t he  o r ig ina l  drawings and layouts. 

3.  Faithfulness of the  photoreproduction of o r ig ina l  layout and the 
t ransfe r  of the  reproduction t o  the  pr int ing pla tes .  

4. Accuracy of t he  pr in t ing  process. 

5. Vert ical  o r ien ta t ion  of confidante-level sca l e  a s  determined by . . 
locat ion of folds i n  the  p l a s t i c  jacket. 

6. Fie  of s l i d e  i n  jackef. 

Some of the  above-mentioned factors  contr ibute  l e s s  than others t o  possible 
errors .  The or ig ina l  layout was made t o  a la rge  s ca l e  and done with such care  
t ha t  l i t t l e  e r ro r  contribution is from tha t  source. The best  a l l - inclusive meas- 
u r e  of e r ro r  i n  the  computer is t o  take a production model and compare some points 
with the  Harvard binomial tables.  This was done, and hundreds of points were 
checked through a l l  ranges of a l l  scales.  The most p rac t ica l  way to  express the 
accuracy of the computer is t o  say tha t  it i s  more accurate than the  number of 
decimal places given on the k scale.  That is, i t  i s  always s a f e  t o  use one dec- 
imal place on the  k s ca l e  i n  the  range .1 t o  .6, use two decimal places i n  the 
range . O 1  t o  .09, and use three  decimal places i n  the  range .001 t o  .009. 

The confidence-limit computer provides a rapid means of approximating upper 
confidence limits, confidence levels ,  sample s izes ,  o r  the  number of un i t s  with 
a specif ied charac te r i s t i c .  
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