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VIBRATIONAL INELASTICITY IN H2 COLLISIONS WITH He AND Li+
Andrew Wesley Raczkowski
Inorganic Materlals Research Division, Lawrence Berkeley Labcratory

and Department of Chemistry; University of California,
Berkeley, California 94720

Abstract
The partially averaged version of classical S-matrix theory
was applied to three-dimensional collisions of H2 with He and Li+.

4
For H-L1', cross~sections for the de-excitation of Hz from

2
(nl’jl) = (2.7) to the ground vibrational manifold were computed at

a total energy of 1.2 eV and compared to previously done coupled
channel calculations of Schaefer and Lester. The agreement is

very good. For Hz—He, the Kutzelnigg-Tsapline interaction potential
was extended to small atom-diatom separations, the ab initio points
were then fit to an apalytic form, and cross-sections for the
de-excitation of H, from the states (nl,jl),nl =1, jl = 0,2,4 to

the ground vibrational manifold were computed at total energies of

.9, 1.1, 1.3 and 1.5 eV. For comparison, coupled channel calculations
were also performed on the system at the same energiles. The agreement
was poorer than in the HZ-Li+ case, for identifiable reasons. The
cross—-sections were used to compute rate constants and relaxation times
for the Hz-He system, Comparison of these results with the results

of experiment and of other calculations shows good agreement,

certainly within the expected errors.
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I. INTRODUCT1ON

In essence,the present work describes several calculations performed
by the author under the tutelage of ~rofessor William H. Miller. These
computational studies were a continuation of efforts to develop a
reliable method of performiné non-reactive scattering calculations,
based on the Miller formulation of multi-dimensional classical-limit
quantum mechanics. The theory was firat applied to vibrationally
inelastic collinear collisions and the tigld-rotor problem (Mliler,
1970, 1971) to calculate specific S-matrix elements. The development
of complex-valued trajectories (Miller and George, 1972) allowed the
extension of the theory to classically forbidden transitions, resulting
in calculation of S-matrix elsments for vibrationally inelastic
three~dimensional atom~diatom collisions (Doll and Miller, 1972).

The scope of the present work is the description of the next
step in this sequence, namely, the incorporation of the partial-
averaging procedure, a labor-saving device which allows direct
calculation of cross-sections without recourse to S-matrix elements
as intermediates (Miller and Raczkowski, 1972), The two sets of

calculations described were done on Hz-Li+ and H -He, respectively.

2
The choice of HZ plus a monatomic collision partner was not made

because of intrinsic interest in “2' Rather, the choice was

determined by the following arguments. First, because c¢f the light

masses of the atoms involved, these systems should manifest the most
pronounced quantum effects and thus serve as an acid test of any classical-

limit method. S=condly, because of the small number of electrons in the

system, reliable ab initio interaction-potential surfaces exist for both
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systems, thus obviating any difficulties about choice of potential
surface. One might add parenthetically that the internal potential
of HZ is firmly established by the work of Kolos and Wolniewicz.
Thirdly, because of the wide spacing of the Hz energy levels, reliable
coupled-cpannelcalculations were feasible for both systems,
providing a standard of comparison for the classical-limit results.
And lastly the work of Audibert, Joffrin and Ducuing has ralsed the
possibility of comparison, albert indirect, of computations with
experiment.

Before beginning the discussion of computational techaiques
and results it seems appropriate to give a description of the theory
behind the computation. Chapter II provides this description,
which i1s meant to serve three purposes. First, it should give the
reader some appreciation for the similarities and differences between
the two gcattering methods being considered, i.e,, coupied-channel
and classical-limit. Secondly, it should serve to define notation.
Lastly, it should give an idea of the amount of averaging over cross-
sections required to obtain the quantity comparable to experiment, i.e,
how indirect is the comparison alluded to above.

Chapter III gives a detailed account of the calculations performed.
It begins with a specific statement of the problems involved in
applying the classical-limit approach and then goes on to present
the computational techniques used to overcome the difficulLies.
The relative succeas cr failure of each technique is indicated,
and where possible, the reasons for failure are stated. The emphasis

of the chapter is on techniques rather than results, because the results
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for Hz—Li+ have already been discussed in the literature (Raczkowski
and Miller, 1974), and the HZ"He system will be the subject of
forthcoming journal articles. The literature contains only a hazy
outline of the methods used to apply the classical-limit formalism,
thus it seems more appropriate to present a thorough discussion of
techniques. However, the study of techniques is applied mathematics;
sclence 1s the study of nature. When one has done careful calcula-
tions on a real system it is difficult to repress one's desire to
discuss the results, and thus a short discussion was included for

both systems.



LI. THEORY

The theoretical basia of the calculations described in this work,
i.e., the N-coupled channel problem, classical~limit quantum mechanics,
and the relationship of cross sections to rate comstants and relaration
times, are all well discussed in the literature. The present discussion,
therefore, will be restricted to a summary of those aspects most germane
to the calculations described in the next chapter. Its inclusion is
meant to gerve three purposes: (1) completeness, (2) providing a
conceptual background for the uninitiated veader, afd (3) establishing
the notation to be used in subsequent chapters. In particular, the
present discussion will avoid all proofs. Results will be stated, =nd
at appropriate points in the discussion, the Interested reader will
be referred to the sources in the literature which most closely
parallel the discussion here.

A. The N-Coupled Channel Problem

This section gives a discussion of quantum scattering theory, as
it applies to the problem of interest. The kinematics are discussed
first, the scattering p-oblem is then formulated in terms of the
S-matrix. The S-matrix contains all possible scattering information.
Its knowledge is equivalent to knowledge of the solution to the full
Schroedinger Equation for the problem. The section concludes with a
description of the coupled channel approach to the solution of the
Schroedinger Equation and assembling of the S-matrix, and an outline of
the numerical method of Gordon (Gordom, 1969, 1971), chosen to obtain
the solution.

The specific problem under discussion is a non-reactive atom-diatom
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colligion. (The two cases presented in the next chapter are H2 + L1+,
and w, + He. 1In the first of these, the "atom” is actually an ion.
However, ite charge enters the problem only in terms of the specific
form of the potential. The general description of the collision
process is unaffected.) Let A designate the atom and B-C the diatomic,
Elirdnating center~of-mass motion, one can describe the system (F.g. 1)
by defining T as the distance from B to C, and -ﬁ as the distance from
the B-C center-of-mass tn A. Let m be the reduced mass of B-C, U
be the reduced mass of A and the diatomic, 1; and P be the momentum
operators corresponding to -r." and i, resp., and for future vse, define
Y as:

Y = Arccos (ﬁ . :'). 2.1
(as usual, R = |R| , and R = R/R, and similarly for r). v, then, is
the angle between the vectors :, and E With these definitions, the

Hamiltonian for the system may be written:

2 2
PR S 2R
d in + 2 + V.r (r, R), (2.2)

where VT is the total potential energy of the system. One notes that
1if the atom 1s assumed structureless, and if the diatomic is in a

L electronic state, VT depends only on the magnitudes of T and -ﬁ, and
on the angle between them. ({Lester, 1973)

-+ >
VT (r, R) = VT (r, R, Y) (2.3)
Furcher, let v(r) represent the potential of the free B-C diatomic,
in the absence of A. One can then define an interaction potentiai,
Vi by

v (ry R, ¥) = Ve (r, R, v) - v(r). (2.4)



He

Fig, 1. Coordinates for Hy-He system.
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This 1is possible because the energy range of the calculations was

chosen so as to exclude any bound states of A-C or A-B, or dissociation
of B-C, thus the diatomic maintains its identity throughout the collision,
and Eq. (i.4) defines a unique interaction potential. The Hamiltonian

then becomes

o, 2
H = b + o + v(r) + VI(z', R, Y) (2.5a)
=H + VI(r, R,Y ) (2.5h)

where the definition of Ho is obvious. Now, in both systems of interest,
the interaction potential falls off sufficiently fast with increasing
R that one can define an asywptotic region (R*®), where H-’Ho. The
alloved scattering states asymptotically natisfy

H HE, ®) = E o7, B (2.6)
uhere E is the energy of an asymptotic state ¢ . For definiteness,
one may consider the scattering of some wave~packet Y(t) in the
Schroedinger picture. Set § =1y (0), then Y{t) is given by the action
of the propagator on Y{0); (Taylor, 1972)

we) = el - wo) @2.79)

then the incoming and outgoing asymptotic states are given by the

relations:
- =iH t
tli-mw exp(i:—t) V) tliluw exp ( h° ) * ¢in (2.7b)
-iH t
11 - 11
t*fw exp(i—;li) - Y= t>Feo exp(; h° ) - dout (2.7¢)

Not surprisingly, the eigenstates of Ho will play an important role
in the development of this section, since the asymptotes are most

naturally expressed In terms of these functione. Fortunately, these
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functions are easily fcund. (Lester, 1975). One first notes that
Ho is separable in the sense that there are no terms simultaneously
involving ; and i. One then proceeds in the time~honored tradition,
letting

¢ B) = X@ - U@ (2.8)

and substituting into Eq. (2.6), one obtains the system of equations:

2
P E
(ﬁ - Etr) U(R) = O (2.9a)
2
P *
Gg+ vl ~E ) X)) =0 (2.9b)
E +E  =E (2.9¢c)

For the moment, Et' and E should be viewed as some partitioning of

int
the total energy E such that Eqs. (2.9) are satisfied. Later, of course,
they will be shown to be the translational and internal energies,
regpectively. One next trapsforms to polar co-ordinaies, and letting

PR’ (pr) and 2(j) be the radial and angular mcmentum operators for the

relative f{intermal) motion, one obtaina:

2 2
(32’}; + —’L—3 -E ) B® =0 (2.10a)
2uR

B L ) X(E) =0 (2.10b)
oo - o, Tr) = .

2m 2mR2 int

Finally, substitution of:

- _l 2 A
U = 2 (R sz, (®) (2.11a)
XM = 1 x,@ ¥ @ (2.115)

i
into Eqs. (2.10) yields the famiiiar free particle solutions for “kg(R):

ukl(R) =a - (kR) jl(kR) +b . (kR) ny (kR) (2.12a)



-9-

where a and b are expansion coefficients, jl(nlJ 1s the regular
(irreguiar) spherical Bessel function of order %, and k is the usual

wave vector; defined in terms of the translaticnal energy as:

/2

1 1
k= F(zuEer) (2.12b)
Equation (2.10b) reduces to a one-dimensional eigenvalue protlem;
2 2
P h7i(j+1) - .
(E; + 2nr2 + v(r) - Fnj) xnj(r) 0 (2.12¢)

where p is just a one-dimensional momentum operator. Equation (2.12c)
15 just the defining equation for the bound vibration-rotation states
an of the B-C diatomic which correspond to internal excitation energy

€ Because the energy range studied is below the dissoclation energy

nj’
of the diatomic, it is legitimate to restrict the solutions of Eq.
(2.12c) and its antecedents to bound states. One might add, as a
procedural point, that Eou will be defined as belag zero, thus fixing
the energy scale. With this definition, states of total energy E will
be scattering states with at least onv particle asymptotically free
if E>0, and three-particle bound states if E>0.

At this point, the kinematics and notatior have been established,
and the next topic to be discussed is the S-matrix. With Egs. (2.7b, ¢}

as motivation, it is convenient to define the two Moller operators

(Taylor, 1972). Let U (U,) reprecent the propagator corresponding to

H (1 ), then: s
° 1m + ~1Ht 1do£
g =B unfu@m=beh n o, (2.13a)
~iH t
lim ~i8c  _o (2.13)

lim It
Q= tHe uee)t y () = tho ¢ h ¢ h

In analogy with Egs. (2.7b, c) one has the relations:
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w=q . & © (2.14a)
V=30 g (2.14b)

which relate the actual scattering state to its two asymptotes.
One then has:

+

_of
¢ ol y=aQ ¢ (2.15)

out
where one has substitutal Eq. (2.14b) for {. 1If one then defines
the product of Moller operators in Eq. (2.15) as being the $- or
scattering operator, one can write:

¢out =8 ¢in (2.16)

It 18 clear that by acting on the incoming states, the S-operator
directly yields the outgoing state. Its action is exactly

equivalent tc solution of the full Schroedinger Equation (SE) with the
same incoming boundary condition and passage to the asymptotic limit
for the outgoing component of the solution, At iirst one might think
that solution of the full S.E. ylelds more information, since one also
geta the solution for small interparticle separations. However, this
information is of no particular interest. Operationally, one may
define the asymptotic region as one where the interaction potential

is small with respect to the relative tramslational energy. In the
calculations described in the next chapter, the translational energies
were on the order of 0.5 eV; the interaction potentials were less

then 0.5°K, (one part in 10A of the translational energy) for
aism-diatom separations of ten or so Angstroms, {about 1077 cm) .

Thus if one considers a scattering experiment taking place in an

apparatus of human dimensions, i.e., detector separated from scattering
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event by distances on the scale of centimeters, there is no doubt that
only the asymptotic form of the wavefunction is being probed. Not
suprisingly then, the usual quantities of interest in a scattering
experiment, such as cross sections, phase shifts, etc. all depend

on the asymptotic form of the wavefunction. Thus all such scattering
information is obtainable from the S-operator.

Returning then, to the main thread of the discussion, if one
knows the incoming state of the system, say ¢1, it is reasonable to ask
what is the likelihood of emerging in various possible final states
of the system, say %. Now, from Eq. (2.16):

¢but =85 . ¢1 (2.17)

and -~he probability of emerging in state ¢2 is
Py = lyle 017 = [Co,lslep]® 218

Equation (2.18) leads immediately to the concept of an S-matrix.
If one chooses 4 suitable basis set for the asymptotic region, one
could evaluate the integrals of the S-—operator between each pair of
basis functions (thus defining the S-matrix; eg, the integral
appearing in Eq. (2.18) would be the element 312) and store the results.
In the usual matrix-mechanics way, one would then express any integral
of the S-operator by expanding the in and out states in terms of the
chosen basis set.

The choice of an appropriate basis set representa:.sn is, not
suprisingly, related to the choice of boundary conditions for the
solutions of the full S.E. These, in turn correspond to solutions of

the asymtotic Hamiltonian, Ho' The solutions of Ho have already been
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estaplished in Fqs. (2.12). Further, If ore serlously believes the
statement about the equivalence of the S~operator to the solution of
the full S.E. and passage to the asymptotic liwmit, ome must conclude
that the S-operator's conservation properties reflect those of the full
Hamiltonian. In particular, (Taylor, 1972) one can establish that
they both comserve total energy and angular momentum. By contrast,
the asymptotic Hamiltonian separately conserves energy and angular
momentun for both the tranglational and internal motions. The effect
of the interaction potential, then, 1s t¢ conserve total energy and
angular momentum, but possibly reapportion that total between the
translational and internal modes. In employing the coupled chanmel
formalism, one wishes to make maximum use of these comservation
properties. As was seen earlier, the wavefunctions are described

asymptotically as a superposition of terms like:

> > _1 . > > a
0, 5 Bonu s mp Bomp) < g ® gy @ ®
X Yij @ (2.19)

Because of total angular-momentum conservation, it is convenient to
transform from the uncoupled basis (£, o 3 mj) to the coupled basis
J, M, i,£), where as usually J is the total angular momentum and

M is its projection along some space-fixed axis. (Since the total
gystem is rotationally invariant, the choice of the M defining axis is
not critical. More will be said about this later.) The transformation
is effected by the usual coupling relations involving Clebsch-Gordon

Coefficients: (Rzcse, 1957)
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Y@K 33,0 = 3 8 303l Mmoo - M) (2.20)
J

For later purposes, it is coavenient to define (Lester, 1975)

¢RI M0,1,0) = 23 () YERILN,G @.20)

and to write the analogue of Eq. (2.19) as:

O(E.R5 BT, Myn,5,0) = & 7R 2
(r,R; E,J, LT ) = R kl(R) . ¢a-l',R) (2.22)

Here the channel index @, defined by a= (n,j,%) has been introduced,
and it would be appropriate to define the concept of channel as well.

In the present context, one defines the system as being in charael a

1f it has the values of E,J,M,n,j,. necessary to be described by

Eq. (2.22). (In that sense, E,J,M should also be included in the
channel label; however, the conservation properties of the Hamiltonian
make this unnecessary. The reason for that will emergy shortly.)

It 1s particularly important to note the difference betwsen "state"

and "channel”. In the usual parlance, "state" corresponds to specifying

(E,n,j). Thus one would expect the wavefunction for a state to
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correspond to a superposition of channel functions 1like the one in
Eq. (2.22) with differing values of J,M and %.

To apply the coupled channel approach, one first notes that the
eigenfunctions of Ho sgan not only the space of asymptotic solutions,
but the space of scattering solutions of the full Hamiltonian as well.
(Taylor, 1972). The spectrum of H consists, in general, of bound
states (in which all three particles are bound), and scattering states
in which at least one particle is asymptotically free, (For energles
above the dissociation energy of the diatomic, one alsc has states
with all three particles free.) The eigenfunctions of Ho span these
scattering states. Therefore, one can expand any exact wavefunction
for given values of E,J and M as:

c_(R)

YEBELD = ] S— - ¢ G (2.23)
o

Because of the conservation properties of H, only the specified
values of E,J, and M need be considered. The summation of Eq. (2.23)
runs over the channel index o = (n,j,%). Now perhaps it is clear
why the labels E,J,M were not included in the channel label. One should
note that the justification for writing Eq. (2.23) is that the q}'s con~
stitute a complete set. In particular the expansion 1s formally correct
only 1f ic includes all the internal states, even those lying in the B-C
continuum. Of course, in the asymptotic region, one finds:

2o g By oS E
Cu(R)= (2.24)
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Thus the energetically inaccessible, or "closed", channels carry no
flux in the asymptotic region. However, they may be important in
describing the wavefunction in the interaction region.
In practice, one disregards formal caveats and truncates the
expansion at some convenient point. (Typically, one begins with a
small basis set, say only the open channels, and then adds basis
functions until the addition of one more set of channels causes a negligible
difference in the calculated results.) Assuming the basis set has

been truncated after the first N functions, one can write: (Lester, 1975).

N ~
V@ER; EILW = ] < @R M (2.25)
B
One then substitutes Eq. (2.25) into the full S.E.:

-+ > CB(R) N
(H-E) WT,R 3 E,J,M) = (H~E)] = ¢ (LR IM =0 (2.26)
B 8

One then takes matrix elements with each basis function in turn to

obtain:

Ca(

]
R

R)
g(% |#-E} ¢g = 0, all, (2.27)

If one substitutes Eq. (2.5b) for H, and inserts the explicit dependence
of the ¢a's on E,J, and M, one obtailns the system of equations:
dz Ea(laﬂ)

2 - 24
d_ - + k)« C (R~ TV (RyT) . C (R)
de R2 ) o hZ g ofB B (2.28)

where f’u’ ku are the values appropriate for channel o, and

Vog D) = <0, Gy R 10|V (R ] 0y o5 300> (2.29)

Note that the M dependence of the ¢q 's integrates out in Bq. (2.29).
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Since ka depends on E, and Vm’B depends on J, the radial expansion
coefficients Ca(R) depend on E and J. (They do not depend on M. At
this point, the only effect of different M states will be to introduce
degeneracy factors of (2J+1) in certain expressions, notably the one
defining the ilutegral crose section.) It is convenient to note that
each choice of values for E and J gives rise to a distinct set of
coupled Eqs. (2.28), and thus to consider the solution Eqs. (2.28) for
fixed values of E and J, and to suppress the somewhat cumbersome
dependence on E and J.

Equations (2.28) represent a system of N coupled second-order
linear differential equations (with first derivatives missing) of N
unknowns. The system has 2N linearly independent solutions. The
N irregular solutions are eliminated by the requirement that the
wavefunction vanish at the origin. Thus, one expects N linearly
independent regular solutions to Eqs. (2.28). One demotes these
solutions by ¢i, 1 running from one to N. Each of these solutions
is defined in terms of an expansion like Eq. (2.23). It is convenient
to reformulate the problem in matrix notation. One defines the

N
solution vector ¥ with ith component wi by:

Tw=33% - ew 2.30)
the matrix C can be shown to satisfy:

2 £ (8 +1)
: d 2, . < T/ a o
I Gog - 7" Sgka) G ® é(hz Yap ® s T x )"‘ai(” o

(2.31)
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Equation (2,31) is just another version of Eq. (2.28). By making the
obvious definitions, one may rewrite Eq. (2.31) in 2 more compact form:

a2
Q-S4+ .C=u ¢ (2.32)

de -1
where 1 is the unit matrix and the label I indicates the Interaction
potential was used in Fq. (2.29). This, then completes the usual
formulation of the N-coupled channel problem. In order to solve it,
one may apply the method of Gordon (1969, 1971). A brief sketch of
the method will be given here, the interested reader is referred
to the literature for a more detalled treatment. The essence of the
method can be stated as follows. If one is attempting to solve
the Schroedinger Equation in a given region, one can consider
subdividing the region into intervals sufficiently small so that the
potential in each interval can be expanded in a rapidly convergent
Taylor series about the mid-point. If one then considers the
constant and linear terms as an approximating reference-potential, and
the terms of order two aiid higher as a perturbation, oane can write
the solution to the reference problem explicitly in terms of Alry
functions. The solution of the exact problem is then the reference
solution plus a peréurbation correction. If one assumes that the
dominant corrections arise from the effect of the quadratic term,
oue can evaluate them analyticaliy. One then chooses the intervals
pufficiently small so that the corrections are less than the desired
accuracy. By matching solutions and thelr derivatives at the
boundaries of the intervals, one can construct a wavefunction which

satisfiee the S.E, to the desired degree of accuracy in the ri:gion
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eof interest.
To apply the method to the problem of interest here, one must

first reformulate Eq. (2.32). One adds the term

2
Gue(zuenj m) CBi(R)

to both sides of Eq. (2.31). (The appropriate values of n and i are

found from the channel label o.) One then obtains

1 (—"2—2+ E) * C(R) = U(R) * C(R) (2.33a)
dr
where
2u ¢
Vs = (%l ;‘_2. “H+ d?| °B) (2.33b)
and
B, = 2ue/m’ (2.33¢)

The addition of the second term to the Hamiltonlan in Eq. (2.33b)

has the effect of concelling out the radial kinetic energy term for
the relative tranelational wotion. Thus, U oB includes the total
potential, both angular momentum terms, and the radial kinetic energy
for internal motion.

Oue begins the solution of Eq. (2.33a) ac a small enough value of R
to guarantes that between the origin and that valuve of R tne solution
is smaller than the allowed error. (It wfll be recalles that the
solution vanishes identically at the origin.) One then divides
the remainder of the positive R-axis into intervals. At the left
noundary of first interval the matrix C is set to zero snd its

derivative is taken to be a set of N linearly independant vectors.
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One then propagates the solution in the following way. First one
notes that the boundary conditions are specified in terms of initial
conditions, i.e., one knows the value of the solution and its
derivative at the left boundary of each interval. Assuming that one
1s on the 1th interval, the problem is to propagate the solution
through that interval. (The value of the solution and its derivative
at the right boundary of the ith interval automatically specifies

the "initial condition" for the (:|.+1)ﬂ.I interval.) Lz I_(i represent
the mid-point of the ith interval. One then constructs a unitary

matrix 1_41 such that:

Y = R t
_Q(Ri) =M, E(Ri) . (2.33a)

is diagonal. The effect of this transformation on Eq. (2.33a) is to
replace U by _'l\f_ The solution matrix is also transformed:
¥ -ncul (2.34b)
-1 A=A
N
Carrying out a Taylor series expansion on U, one obtains:

Yo =155 @rp” (2.350)

Jc?

i

where

= (2.35b)

u m|
n dR R-R

One then chooses the reference potential gr as the diagonal matrix

defined by:

" - \u
M) gg = Mg + 00 BRY @l (2360
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the first term in Eq. (2.36a) is the potential at the mid-point. It
is diagonal by conmstruction. The second term is explicitly diagonal
by virtue of the Kronecker delta. The "perturbing" potential is
everything not included in Eq. (2.36a). In keeping with the idea
that the expansion in Eq. (2.35a) 1s rapidly convergent, one retains

only the lowest order terms:
N _ n, A, ~ - A
(A-"Duﬂ - (y-—!r) o a-¢ aB) : (R_Ri) . (!1)0.5

+ 6 {2.36b)

1, = .2 %
a8 * 7RRYT Eylgg
Since Eq. (2.36a) contains the diagonal first-urder terms, the
leading diagonal terms of the perturbation will be second order,
whereas the leading off-diagonal terms will be first order.

The reference problem can be written:

all aB

2
d Ay LY = A LY
(dT+ E) ca’n(n) = (W), + RE)-(U)) ] Ca’n(R). 2.3m)

This 1s a system of N uncoupled equations whose solutlion may be

written as some linear combination of Airy functiomne:

LY
(':‘m - Ala(R) * 3m + Bia(R)'bun. (2.38)

Here A:LG(R) and Bi (R) are the regular and irregulur Airy functions

appropriate to channel o, and a__ and ban are constant coefficients

n
N
whose specific values depend on the initial conditions for ccm’
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One is interested, however, in the solution to the exact problem.
Gordon (1964) shows that the exact solution may also be written in,
the form of Eq. (2.38), witk the exception that now the expansion
coefficients are no longer constant, but depend on R. One can

estimate the change of a and b on the interval (Ry, Rr) by:

A L ®r oz, (0) T e (2.39a)
a_ = - R) - . .
on Wa R, i, 8 af Bn

~ 4 e AU ¢ (2.39b)
tb = v dr [Aiu(R) (I; B Cols .

Ry
where the Wronskian Wu is defined by

W, = Aiu(R) + Bi cl(R) - Ai'u(R) . Bia(R) (2.39¢)

It should be noted that Eqs. (2.39) contain a two-fold approximation.
FYor exact equality to hold, cne must use the complete perturbing
potential, including all the higher-order terms neglected in Eq.
(2.36b). Secondly, the Eﬂn must be exact. The point then, is to make the
interval size small enough so that the corrections given by Eqs. (2.39) are
leas than §, the desired relative accuracy. One can determine the size
of the first interval iteratively, and the size of subsequent intervals by:

slaanl""buni /3

A% (IAand, lAb (2.40)

AR = AR, + min(
1+1 t B al?

since the error varies roughly as the cube of the step size iIn this
method.
In this way, by use of Eq. (2.38), the solution can be propagated

h

to the right boundary of the 1t interval. All :hat remains is

establishing the initial condition on the (1+1.)th interval, On
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the (i+1)th interval one defines a new transformation Mi+1' One
then has the analogues of Egs. (2.34). Rewriting Eq. (2.34a) and

its analogue, one has:

1~ N

t e <
€=ty &8y s M bl 2.41)
clearly,
a N +
Cop1 = T;C:T4 (2.42a)
where
T, =M .M. (2.42b)

To obtain the desired initial conditions, one evaluates Ei and its
derivative at the right boundary of the ich interval and transforms
them accoraing to Eq. (2.42a). This then specifies the value of
Ei # and its derivative at the left boundary of the (i+1)th interval.
One then propagates the solution on the (i+l)':h interval as before.

The last difficulty is determining the S-matrix from the wavefunc-
tion. To do this, one assumes that the solution has been propagated
into the asymptotic region. There, each element of the solution

matrix looks like some linear combination of spherical Bessel functions

(Gordon 1969):

%n = L® - fat nu(R) * Yan * (2.43)

where
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jO!R) = kR - j%(kR) (2.44a)
nu(R) = kR - “l(k{‘) (2.44b)
Here k and £ are the wavenumber and orbital angular n it. . for chanuel

Q. jg and n, «re the regular and irregular spoerical Bessel functions

ot order 2. One van write Eq. (2.43) in matvix notationm.

C=3.x+nY (2.45a)
where

Weg =6 gy ® (2.45b)
gad

@ ,g= 640y ® (2.45¢)

Ideally, one would like the asymptotic solution in the form:

c=i-nx % (2.46)

vwhere k is the wavenumber matrix appearing in Ea. (2.32) and R
(also sometimes denoted as K) is variously named the reactance,
reaction, tangent, and Heitler matrix. It is the Cayley transform of

the S-matrix (Taylor, 1972) and obeys the relation:

R = i(1-s)+s) 1, (2.47a)

which can be inverted to glve:

(1+R) (1-1R) T (2.47b)

w
1]
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Using Eqs. (2.45a) and 2.46), one can show (Gordom, 1969) that R can

be found by solution of:

(kH?x)T R = (kll?.Y)T (2.48)

where T denotes transpose of a matrix. This completes solution of
the coupled channel problem for given E and J. One may define a

partial cross-section for a given tramsition by (Lester, 1973)

J,E 2

-8 ., |
nljllll+ nZJZEZ

UJ(E) m(2J+1) 5 5 5
n 3, +n,j 2 n,n, i, 3, 2,2
11 272 kl (Zj1+1) El,ﬂz 172 7192 7172
(2.49)

Finally, one defines an integral cross-section as:

o®

J
- 2.50
LIRS P .zr g“ﬁi >nyl, 230
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B. (Classical S-Matrix Theory and Partial Averaging

This section gives a brief discussion of one formulation of clas-
sical-limit quantum mechanics, in effect a generalization of WKB theory
to multi-dimensional problems. Also included is a description of the
"partial averaging" method. This procedure allows one to treat clas~
sical~like internal modes (i.e., those strongly coupled to translation)
i the spirit of quasi-classical Monte-Carlo while retaining semi-
classical quantization (via the usual double-eided boundary conditions)
for quantum-like modes, weakly coupled to tramnslation.

Equations (2.49) and (2.50) of the previous section can be taken
as the motivation of the present discussion. They express the quantity
of interest, the cross-section, in terms of the S-matrix. Since the
expressions are independent of the method used to calculate the S-matrix,
any theory allowing the evaluation of S-matrix elements automatically
allows one to compute the cross-section.

One such theory is the classical S-matrix formulation derived by
Miller and cc-workers. Using as a point of departure the Dirac view
of quantum mechanics, 1.2, a formulation stressing the importance of
transformations, they have shown that one can derive an internally
consistent formulation of classical-limit quantum mechanics given only
two assumptions: (1) that the transformation element between a

coordinate and its conjugate momentum be given by (in the Dirac notion):
<qlp> = (2min)y 12 lace/h (2.51)

and (2), that integrals arising from transformations of coordinates or

momenta be evaluated by the method of stationary phase, or the method
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of steepest descents 1f there are no real points of stationary phacse.
It should be noted that assumption (1) 1s exactly equivalent to the
uncertainty principle, and assumption (2) is the definition of
"classical-1limit".

The derivation of the theory will not be given here. It is the
subject of two review articles by Miller, and the interested reader
1s referred to these for the details (Miller, 1974a, 1974b). The
result pertinent to this discussion is how an S-matrix element for an
inelastic transition may be approximated by use of classical trajectories.
However, before the substance of the theory can be stated, it is first
necessary to re-examine the system of interest and to re-cast the
description of the scattering process into the language of classical
mechanics.

To recap briefly, asymptotically at the beginning of the scattering
event, the diatomic is in internal state (nl,jl) with energy E(nl,jl)-
The atom is "infinitely" .Jar away (i.e., R sufficiently large that the
interaction potential VI(r,R,Y) is negligible), approaching with
translational energy Etr =E - e(nljl) and orbital angular momentum
£, such that III + §1| = J. The collision takes place, conserving
total energy and angular momentum. The diatomic 1s now in state
(nz,jz). and the atom recedes with translational energy Etr = E-e(nz,jz)
and orbital angular momentum 22. Of course, |Iz + }zl =J.

The above description of the colilsion process is given entirely
in terms of quantum-mechanically observable quantities, as it must be,
since one 1s dealing with a basically quantal process. The classical

analogy is most easlly made by use of action~angle variables. The
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system is then described classically by four pairs of conjugate
coordinates and momenta: (R,P.), (q ,n), (qj,j). (qy,2). The
advantage of these variables is that the last three momenta, n,j,%,
are the classical analogues of the quantum numbers with the same
labels. (0Of course, as classical quantities, they are not restricted
to integral values. This in fact is the motivation for the minor
change in notation. The intermal energy Enj of the last section now
becomes £(n,j), since it seems natural to Indicate integer anguments
by subscripts and continuous arguments by the usual functional
notation.) The transformation from this system of coordinates and
momenta to the usual cartesian system is well-known (Miller, 1970,
1971, 1974a), and will not be given here. Thus the classical descrip-
tion of the asymptotic states consists of R "infinitely" large

(i.e., large enough for the interaction potential to be negligible),
PR fixed by energy conservation, and the action variables set equal
to their respective quantal (integer) values. It should be noted that
the states are defined by exact values for the momenta, both intially
and finally, but that the coordinates (i.e., position) variables are
completely unspecified, except for a vague condition of R, whosz
purpose is to assure that the system is indeed in the asymptotic region.
In fact, even this condition is based on an energetic considzration.
The emphasis on energy and momentum is understandable, since the
quantal description 1s in terms of energy and angular momentum
elgenstates. The uncertainty principle requires that complete
specification of momenta be accompanied by complete ignorance of the

values of conjugate coordinates. Thus it is not surprising that the
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classical analogy focuses on momenta and energy as well. Yet the
coordinates, particularly the angles conjugate to the action variables,
will be seen to play a crucial role in the theory.

Given the coordinate system defined above, one can write the

classical Hamiltonian for the systcm (Miller, 1970) as:

H= (p§ + 228D 20 + €n, ) + v, (e,R, ). (2.52)

The variables r and Y are understood to be defined in terms of n,j,f,
and their conjugate angles. The exact expreasions will nut be given
here (Miller, 1970), it should suffice to indicate the specific

dependence:

r=r (n,j.qn) (2.52b)

Y=y (n.j,a.qn.qj.ql) . {2.52¢)

The dynamical evolution of the system is given by Hamilton's equations

of motion (Goldstein, 1950),

§, =38
i Bpi

. 3H

Py " =5
i Bq1

where 1 denotes a particular pair of coordinate and conjugate momentum.
It is instructive to consider the case in which the interaction
potential is indentically zero. (Just as in the quantal description,
the interaction potential goes to zero for large values of R. Thus

one 1s looking at the clasaical analogue to the asymptotic states.)
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If one defines the initial relative translational velocity vl and

the ispac’: paraseter b by:

122

v " (2(E~e(n, 3,))/1) (2.54a)

end
be ll/(uvl), €2.54b)

then the trajectory functions are given by the foll wing equations,
assuming one chooues t ¢ 0 to correspond ro the distance of closest

approach. (Doll and Milser).

ae) = 8 (2.55a)
(e = 3, (2.556)
t(e) = zl
RG) = (b2 + vlztz)uz (2.55d)
P (e) = - w62 /R(0) D72 (2.55)
© 3c(nl.jl)
a(t) = +—1r (2.55¢)
n qnl Jnl
Bc(nl.jl)
t;j (t) = qj1 + 3’1 .t (2.558)

qz(t) = qzl + arctan (vlt/b) (2.55h)
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Inspection of Eqe. (2.55) will reveal two points. First, in order
to describe an asymptotic state classically, one must specify the

values of

{ »q; 9, » EsJyn 55,5000
I 23,09, 19101

The variable J does not appear in Eqs. (2.55), but its value is required
in the computation of v, and thus if the interactlon potential is non-
zero, J must be specified. Secord, in the asymptotic region, the values
of n,j and R are conatant, as expected, since their conjugate coordinates
are cyclic (i.e., do not appear ) in the asymptotic Hamiltonian. The
effect of the interaction potential is to introduce the angle variables
intv the Hamiltonlan, thus destroying the time invariance of the action
variables. Further, one should recall that the interaction potential

is explicietly a function of R,r, and Y; however, the last two

variables depend in turn om all the action-angle variables. Thus,

the presence of the interaction potentiasl couples all the modes.

.
For example, the term aqz , which appears in Hamilton’s equatiom for

f, is g function of R,n,i,%, 9, and - The presence of this term,
then, couples the vibrational motion to rotation and translation.

This, of course, is completely analogous to the situation in the
coupled channel problem, where the coupling was also seen to arise

frow the effect of the interaction potential. (See Eqs. (2.28) and
{2.29).)

At this point, one is finally able to state the so-called classical

S-matrix formula. First one recognizes that the classical analogue

of a quantum scattering event going from chanmel (nl,jl,ll) to
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channel (n lz) at fixed J and E is a trajectory starting in the

zljzl
asymptotic region at time t:1 and ending again the asymptotic region

at time t2, such that:

n(t,) = n, (2.56a)

j(tl) = jl (2.56b)

l(tl) = El '(2.560)
and

n(tz) =n, (2.56d)

j(tz) = j2 (2.56e)

2(:2) = 12 (2.56f)

Equations (2.56) are examples of the so-called double-ended
boundary conditions, in which the boundary values are specified
partially at the beginning of the trajectory and partially at the end.
In practice, to evaluate a trajectory numerically, one must specify
initial conditions for all the variables. This situation leads to the
, and q, such

3 1
that, together with the initial conditions in Eqs. (2.56a, b, c¢), they

root search problem. One must find values of q 4
1

define a trajectory satisfying Eqs. (2.56d, e, f). If the action variables
are initially fixed to the values defined by Eqs. (2.56a, b, ¢), one
can consider their final values to be functions of the initial values

of the angle variables:
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n, = n,{q_ ,9, .9, ) (2.57a)
2 2 n, jl ll

30 = 3,09 g, 9, ) (2.57b)
2 unl 1%

L, =R, (q ,q, .q, ) (2.57¢)
2 2"n1 5,02,

The dasired angle variables are the roots {i.e., solution) of the
aquations resulting from equating the expressions in Eqs. (2.57a, b, )
to the desired final boundary values defined by Eqs. (2.56d, e, t).
{One should note that qnl, for exawple, is not the value of q, at time

t Rather, since the syatem is in the asymptotic region, qn(tl) is

1
calzulated from q"l by use of Bq. (2.55f)., The reasonr one chooses

q“l rather than q“(tl) in BEq. (2.57s) is that q“1 1s time independcnt,
where as qn(tl) does have an admittedly mimple dependence on .
Similar remarks apply to qj and 9 Thus as long as ty and t, are
chogen 8o the system is in the asymptotic region at both these points
in time (8o that Egs. (2.55) and (2.56) hold), the root search problem
defined by Bqs. (2.57), and its aclution, do not depend on the values
of tl or tz. These remarks have been included to clarify a possible
source of confusion in the notation, since for the action variables
the subscript 1 can be taken to denote their values at time tl’ and

the subscript 2 to denote their value at time tz).

Once one finds the desired trajectory one can compute the S-matrix

element by the formula.
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1 tz . . . -
Ffll dt (RvPR +q,n+ qj-j + q£~i)

s ( yE) - -
"2 3'2'7'2' nhYy 3, .5 .0,) 1/2 (2.58)
a"m)3_ 5T 22 y
CHECAEES

0f course, Eqs. (2.57) may have multiple solutions, i.e., there may he
more than one trajectory satisfying the double-ended boundsry conditions
imposed by Eqa. (2.56). 1In this case, the S-matrix element is the sum
over all such trajectories of expression (2.58). This of course gives
rise to interference effects; (just as in the semiclassical theory of
elastic scattering, 1f b(68) , 1.e., the inverse of the deflection
function, is multivalued.) It is also possibie that Eqs. (2.57) have
no real solutions. Then it is necesssry to look at complex solutions
(Miller and George, 1972). If the integral in Eq. (2.58) is real,

as it will be if the trajectory function are real, then the exponential
has a purely imaginary argument and thus acts as a phase factor. If
on the other hand, the integral is complex, then its imaginary part
becomes the real part of the exponential's argument, leading to
exponential damping. Thus one would expect the contribution to

an S-matrix element arising from complex solutions to Eq. (2,57) to be
much smaller than any corresponding contribution from real solutlons.
This means that complex trajectories are important only in so-called
‘tlassically forbidden" problems, i.e., those for which Eqs. (2.57)

have no real solutions. (The easiest example to point out is the

case of barrier penetration or tumnnelling. In the present case, the
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"forbiddenness" can be viewed as follows. For a transition to be
classically allowed, it must be allowed by emergy conservatiuu, and
there sust be trajectories which explore regions where the translation-
vibration coupling, let's say, is sufficiently strong to allow the
transition to take place. It is possfble that these regions of strong
coupling are energetically inaccessible in the energy range chosen.
Thus in order for the transition to take place, the system must tunnel
into a classicaily forbidden region of strong coupling, where the
transition is dynamically allowed.) Of course, there may be multiple
complex solutions. By the same token, one need only consider the
solution which leads to the emallest imaginary part for the integral
in BEq. (2.58). All other solutions will be more strongly damped and
hence make negligible contributions by comparison.

In order to compute the cross section, one merely substitutes
Eq. (2.58) into Bqa. (2.49) and (2.5 of the previous section. The

final expression can be written: (for an inelastic transition)

-1
= 2
c@ o — Jawn ]|l
nzj2 -« nlj1 k1(2j1 +1) J a}% (2n1h) Dr)
(2.59a)

where the sum over r indicates a sum over all solutions of the root
search problem defined by Eqs. (2.57), and ¢ and D are defined for the

r':h trajectory by:

t
2 . . . Lo
¢-ft dt (R-Pp + g 'n + 93 +aq, 2), (2.59b)
1
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3n,53,,8,)
8(q. 4 q; »90 )
n T

D= (2.5%)

1f one considers calculati.g all possible cross sectiona from n = 1,
jl = 0 thru 6 to n, = 0, jz = 0 thru 8 for, say H2 + He, where one can

expect all partial waves out to J = 60 to contribute, it is easy to
show that the calculation would require about 24,000 root searches 1if
Eq. (2.59a) were used as 1s. It is with the hope of reducing this
prohibitively laborious chore that one introducea the idea of partial
averaging. (Miller and Kaczkowski, 1973)

The problem with Eq. (2.59a) is that it faithfully keeps track
of interference effects in individual S-matrix elements and then sums
the result over a large numb~r of terms to compute the cross section.
(The number of terms varies with the transition; in the example of

H, + He quoted above, there are 60 terms in 000+10 and 1200 terms

2

in o It has been pointed out (Miller, 1971) that if

08«16
a sum contains more than ten or twenty terms, one may be quite
certain that interference effects in the summand will be quenched.
Secondly, because of the large number of terms in the sums, it would
be in keeping with the semiclassical spirit to replace the sums by
integrals.

Perhaps the conceptually simplest way of arriving at the partially
averaged formula for the cross sections is to consider a cross section

of the form o This merely introduces a sum over 12 into

nyenydy
Eq. (2.59a). If one now neglects interference and replaces the sums

over 12,22,21, and J by integrals, the expression becomes:
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c (E) =
Ry
- @+ @+,) - & e
3 1 f d(Jz)f ! dll.lf 2 dlz,zf djzg-—‘—‘g—
k1(2_11+1) o |J_._-|1l ’J'jzl ° (2wh) D
(2.60)

where ¢ and D are defined by Eqs. 2.59b, c). One then changes varia: les

of integration from i, and £, to q, and q, . The Jacobian of the
2 2 I3 11

transformation partizliy cancels D (see Eq. 2.59:), and one obtains

finally:
o (E) =
nd,
. J49.) 1 q. 1 9 -%l Im(¢>|
n 2 1 o 1, e
—_— 43" a [ { o) d(z=) ————
12(29.41) 1 2 7 S1om,
1491 o |J-_11| o ° 2mh la_'_l
q
n
1
(2.61)

In order to apply this formula, one evaluates the integrals by
Monte Carlo: for each integration variable one randomly chooses a
value from its range of integration, one then evaluates the integrand
at this "point" (i.e., for those values of the integration variables),
one repeats this process N times. The value of the integral is then
taken to be the arithmetic average of the integrand evaluated at the N

points. It should be noted that evaluation of the integrand in Eq.
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(2.61) still involves satisfying a double-ended boundary conditions.

With n and the total energy specified, the Monte Carlo procedure

1 4
supplies initial conditions for all but one variable. The prescription
for finding , is that its value must lead to the vibrational action
variable having the desired final walue n,. If one 1is computing

00+1,j1’ say, this condition can be written:
nz(qnl) = 0. (2.62)

Thus the partial averaging formula does fndeed simplify the
calculational task in two ways. First it reduces the dimensionality
of root search problem. (The importance of this will emerge from the
discussion in the chapter on calculations.) Second, it reduces the
number of root searches which must be performed., The evaluation of
the integral in Eq. (2.61) by Monte Carlo basically consists of finding
N trajectories which start in state ("1’ jl) and end in some state
(n2, jz); cue places no restriction on jz. Associated with each
trajectory is some transition probability, found by evaluating the
integrand in Eq. (2.61). 1In order to find the total cross section
to ny, one sums this probability over all N trajectories. But since
one knows all the trajectory functions for each trajectory, one could
approximate the cross section to (n2, j2) for each j2 by just summing over
those trajectories which have final j values between (j2-1/2) and (j2+1/2).
(In the original formulation of the prublem as expressed by Eq. 2.59a),
j2 and £2 were guaranteed to be integers by the boundary conditions in

Eqs. (2.56e, f). Use of the partial averaging formula only guarantees
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that the boundary condition on n, 1s satisfied; j 2 and le can have

any non-negative real value.) Similarly, the differential cross
section can be appr&ximated by dividing the interval (0, ) into
increments of A8, and computing the differential cross section in each
increment by summing over only those trajectories which have scattering
angles in the desired range.

This of course means that N, the number of Monte Carlo poiats used,
will depend on how detalled is the information being sought. 1In the
case of H2 + Li+, where differential cross sections were obtained,

1000 points were used. In the H2 + He study, where only the integral
cross sections were of interest, and these were required at several
energies, one hundred points were used for each initial state and energy.
Thus, the calculation which would requirve 24,000 three-dimensional

root searches i1f Eq. (2.59a) were used was reduced to one requiring

only 400 one-dimensional root searches by use of the partial averaging
formula. This amounts to a saving of effort of several orders of
magnitude, where one considers the relative facility of 1-D over 3-D

searches.
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C. Rate Constants and Relaxation Times

This section gives a discussion of how one would use the cross
gection data, derived in the previous two sections, to calculate the
rate constants for the specific quantum state transitions, and eventually
utilize this information to characterize the relaxation, i.e., approach
to equilibrium, of a perturbed system. The topics of this section are
straightforward and well-documented in the literature. Thus again,
the discusrion will be brief, all proofs will be omitted, and the
reader interested in further details will be referred to the literature.

If one considers a bimolecular process of the form
Hz(nl.jl) + He(vl) > Hz(nz,jz) + He(vz) (2.62)

(The meaning of Eq. (2.62) 1s that H2 in the internal state (nl,jl)
collides with He approaching asymptotically with relative velocity vis
energy transfer takes place, and H2 emerges in state (nz,jz), and He
recedes with relative velocity vz.), one can write the rate constant for

the process as (Weston and Schwarz, 1972):

k (2.63a)

21 " V1%«
where the subscripts 1 and 2 are now used as generic labels for the
initial and final states, respectively, and ¢ is the relevant cross

section, 1.e.,

= E)
%1 0"212"‘('1-11 (2.63b)
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in the notation of the previous two sections, where the total energy

E is given by:

+ e =E _ +¢ . (2.63c)

thus, 02‘_1 can be considered a function of the initial relative velocity
or translational energy.

Of course, if the system is characrerized by a distribution of
relative velocities, p(v), then the rdte constant is the average of

Eq. (2.63a) over the distribution:

o

kz"l = fo 1950, p(vl)dvl. (2.64)

The most common case is where p(v) is the Maxwell-Boltzmann velocity
distribution characteristic of some translational temperature T. The

function pT(v) is then given by:

sz

) _Buv
pp(v) = dm (%%)3’2\, e 2 (2.65)

In order to avoid confusion between the rate constant and Boltzmann's
constant, both of which are traditionally designated by k, it is

convenient to define the quantity by:

8 = (kBT)'l (2.66)

where kB is Boltzmann's constant. It is trivial to show that if one

performs the change of variable:

SUVZ
c=g- Etr =55 {2.67)
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Eq. (2.64) with p(vl) defined by Eq. (2.65) becomes:

kz(;rl =<V <0, 20, (2.68a)
where
8 1/2
Wy = ) (2.68b)
and
-
= . -€ .
Gy P —/;e 0y 1 (€) - e de. (2.6Bc)

The function 02+1(s) is defined in analogy with Eqs. (2.63b, c) by:

o, {8 =0 (EM) & (2.684)
2l mpdpemyd; o omydy

Having defined the rate constant, one can show that the rate of

transition from state one to state two is given by:
R2+1 = k2+1 * [Hel - [Hz(“l’jl)]’ (2.69)

waere [Hel, for example, stands for the concentration of He. One wishes
at this point to discard the generic notation for initial and final
states and to consider some specific ordering of the internal states

of H2, now labelled one through N. (the exact ordering is immaterial,)
so that the gsubscript 1 refers to some definite state. Orn2 can then
define a population vector ?1(::), whose 1th component, ni(t), is the
instantaneous population of the :I.‘:h internal state of l-l2 at time t.

It is convenient to impose the normalization condition:
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2"1 = 1. (2.70)
1

The variable ni(t) is then the population fraction in state i at time
t. Of course, the system tends toward equilibrium and in the limit of
infinite time, the population fractions tend to their equilibrium values.
These can be denoted as Pys for later reference, and they are given by

the usual relation:

-Be,
1lim gi e
t -+t I'Ii(t:) =p; = _B—E-:l—' (2.71)
g e
31

where gy and Ei are the degeneracy and energy of the 1th internal state.
The purpose, however, is to describe the time evolution of a

perturbed system for 211 times t, not merely in the infinite limit.

Thus n{t) must be considered an arbitrary vector with non-negative

components, satisfying Eq. (2.70). At any point in time, the populatiouns

must satify the relation: for all i,

- - . 2,
E :I*Zi fiey j£1 fyet @7

Equation (2.72) is merely the consequence of Eq. (2.70), which in turn
follows from the conservation of matter. Equation (2.70) requires
that no particles be gained or lost by the system as a whole. Thus
the gains in the population of level i are caused only by tranmsitions
from other states, and losses only by transition to other states.

Eq. (2.72) expresses the net change in level i as gains minus losses.
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(Oppenheim, Shuler, and Wels, 1967). Using Eq. (2.69) for the rate
and letting p ~ [He), one can rewrite Eq. (2.72) fn the more conrvenient

matrix notation as the so-called Master Equation:

->

i (8) = pK-N(e), (2.73)

where the matrix K is defined by:

3 i#3
1«3 M
Kij = (2.74)
-l kL 1m
L3t1 Ll

the differential Eq. (2.73) has the formal solution:

Kpt .
) =e - h(0). (2.75a)

It is customary to incorporate the scalar factor p into t and write

Kt
Ay =e s n(0). (2.75b)

One now seeks to diag.calize K, since this will lead to a more
readily interpretable expression for the time behavior. The diagonaliza-
tion 1s usually carried through in two steps (Kabitz and Zarur, 1975).
One first symmetrizes the matrix K. Since at equilibrium Ri*—j

equals Rj*—i’ it follows immediately by use of Eqs. (2.69) and (2.74)

that

Ko,=—~ K, .. (2.76)
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This 18 the so-called detailed balance relationship. Defining the

matrix Tl by:

- 1/2
(Tl) 1 Gij ?y 2.77)
one can show that the transformation:
=7 l.x-1 (2.78)
T T :

yields a transformed matrix _Igl which 1s symmecric. The symmetric

matrix 51 can now be diagonalized by the transformation TZ’ i.e.:

-1

A=T, 70 - K (2.79a)

LY - I

1 =2

where
Q)ij = Gij * A (2.79b)

The variable Ai denotes the 1th elgenvalue of the rate matrix. It
follows from Eqe. (2.70) and (2.76) that the eigenvalues are all real

and can be ordered as follows (see Oppenheim, et al., 1967):
0= Al > Az 2.2 AN (2.80)
Finally, defining the matrix M by:
M=7T -7 (2.81)

one can write

=MAMT, (2.82)
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and Eq. (2.79b) can be rewritten as:
- At-l"'
n(t) =Me M “(0) (2.83a)
or equivalently,

for gll 1,

Ait

mi(t) = e mi(O), (2.83b)

where the transformed population vector ; 1s given by:
s=vl. 3 (2.83¢)

Equation (2.83b) is obtained from its predecessor by left~multiplying
both sides by M.l; this mathematically simple operation, however,
corresponds to a conceptually profound shift in perspective. Whereas
Eq. (2.83a)lretains the same basis set as its ultimate antecedent,

Eq. (2.75b), Eq. (2.83b) in essence describes the results of a change

of basis. Thils change of basis corresponds to a very meiked change in
how the system is being described. In order to amplify these remarks,
one must look closely at the fundamental underpinmnings of Eqs. (2.75)

and (2,83).

In order to define the vector ; , one takes the elements of the
standard basis set {€1} to correspond in turn to the presence of one

h level. (The 1th

h

particle in the 1t standard basis vector is just the

vector with 1 in the 1t place and zeroes elsewhere, for example,
{7, 3, k} 1s the standard basis set for Euclidean three-space.) One

then defines the components of ﬁ by
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n=ln e (2.84)
1

Thus -r’) defines the system in terms of the populations of individual
levels, and the rate matrix K describes the relaxation of the system in
terms of transitions between individual levels. This, of course, is
the most intuitive formulation.

To obtain Eq. (2.83b), on the other hand, one uses the transformed

basis set {-1:1), whose elements are given by:

-+ ->
=M. (2.85)

where M is defined by Eq.(2.81). The system is described by the

+
population vector w, whose components obey:

> Z L
w { Wy oty (2.86)

and they are related to the components of ; by Eq. (2.83c). Of course,
since M diagonalizes K, the ﬁi's are just the eigenvectors of K. Ome
can show easily that 31 is just the equilibrium population distribution.
Since the corresponding eigenvalue Al is zero, Eq. (2.83b) shows that
wy is time independent. The other eigenvectors correspond to deviations
from equilibrium which die away with characteristic rates Ai. One 1is
now describing the relaxation of the system in terms of concerted
processes (i.e., linear combinations of individual transition,) which
lead to uncoupled equations for the time dependence. Perhaps the

most useful analogy is the case of the internal motions of polyatomic

molecules, where one transforms from the usual cartesian coordinates of

each atom to the normal coordinates of the molecule as a whole (i.e.
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concerted motions of the atoms.) In the process, one greatly simplifies
the equations of motion by transforming away the lowest—order coupling
terms. In the present case as well, one goes from a myopic description
in terms of transitions between individual levels to an overall view
of the relaxation of the system at large.

Equation (2.83b) leads mnaturally to the idea of relaxation modes

h

and times, If one defines the relaxation time of the 1c mode (1.e.,

the one corresponding to the population imbalance described by ;1) as:

T, = -xi'l , (2.87)

its component clearly goes to zero as:

-tfT

ui(t) = e 1

. u&(ﬂ).

If the population imbalance at time zero 1s described by only one
mode, the approach to equilibrium will be a simple exponential unction
of time. This is called "pure mode relaxation." However, if several
modes are initially present, the time dependence will be a sum of
exponentials. Of course, if the eigenvalues of the rate matrix are well
geparated, one would expect that for long enough times, only the
contribution from the mode with the longest relaxation time (i.e.,
slowest rate) would be significanc. D2cause of the ordering in Eq.
(2.80), the longest relaxation time is Tye This quantity should then
be observable, even if it is impossible to prepare the system initially

in the pure mode ;2.
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III. CALCULATIONS AND RESULTS

This chapter concerns itself with the actual application of the
theory discussed previously to two real systems, Hz—He and HZ—L1+.
The material will be presented in chronological order, after a few
preliminary remarks to set the stage. The calculations to be described
include use of the classical~limit method on both systems, and a
couplad-channel calculation on Hz-He. The HZ-He studies are technically
less interesting, since the coupled-channel calculation was routine,
employing well-krown procedures, and the classical-limit calculation

+

merely involved application of the methods developed during the HZ-Li

study. The H -Li+ work, then, is more interesting trom the technical

2
point of view, since it entailed the development of the current
methods of applying classical-lim!t theory to non-reactive, three-
dimensional systems. Consequently its description occupies a
prominent place in this chapter. On the other hand, the parallel
calculations of Rabitz and Zarur (1975), McGuire and Toennies (1975),
and Alexander (1975), as well as the experimental work of Audibert,
Joffrin and Ducuing, lend special pertinence to the results of Hz—He
relaxation study.

Before proceeding to a discussion of techniques used to circumvent
difficulties in applying the classical-limit method, it seems
worthwhile to restate the nature of the method and give a more
detailed account of the difficulties. As will be recalled from
Section II.B, the partially-averaged classical 1limit method calls for

finding N trajectories whose initial conditions are given as follows:
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E, n, and jl are specified in the cross-section to be calculated,

1

Jy and qy are initialized by the Monte Carlo procedure,
1

and a, is chosen to satisfy the requirement:
1

nz(qnl) = n,. (3.1)

Asgociated with each trajectory is a probability (or weighting)

factor, given by the formula of Eq. (2.61). In order to compuie

the crogs-section, one averages this probability over all N trajectories.
Now, to consider explicitly the case of complex trajectories,'one

must begin with Eq. (2.59a), with the explicit summing of the S-matrix

elements. The corresponding complex boundary conditions for the

trajectories leading to S-matrix elements are the following: the

real parts are fixed as before (see Eqs. (2.56) and (2.56)), except

that the arguments are now complex, and imaginary parts are set

equal to zero. The partial-averaging method again allows one to

remove the restrictions on the real parts of 32 and Ez by averaging

over q, and qq » and the boundary conditions for the Monte Carlo
1

4

trajectories become

Ren,(Req_ ,Imq ,Imgq, , Imqg, ) =n (3.2a)
2 0y ny jl 21 2
Im n,{Re q_ , Im s Imq, , Imgq, ) =0 (3.2b)
2 oy %oy i Y
Im j,(Re ,Img ,Imq, , Imq, ) =0 (3.2¢)
25 %y n, 1, 2,
=0 (3.24)

Im & {Req ,Imgq , Imgq, , Imq, )
2 L3 ny jl 21
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(It will be recalled that Re qjl and Re ql1 are specified for each
trajectory by the Monte Carlo procedure.) Thus, while for real
trajectories the partial-averaging method reduces the dimensionality
of the root search from 3-D to 1-D, for complex trajectories the
reduction is less profound, from 6-D to 4-D. Thus the first difficulty
is that onme must still perform a multi-dimensiomal root search at
each Monte Carlo point.

The second complication is the running of the complex trajectories,
i.e., the numerical integration of the equations of motion along a
complex time path, beginning with complex initial conditions. This
procedure presents a two-fold difficulty. First, vecause of the
trajectories' ability to tunnel, they are semsitive to the global
features of the potential. The potential for real systems is usually
known in terms of ab initio values at a glven set of points. One
then performs an analytic (in the complex analysis sense) fit to
the points to define the potential on the positive real axis and
then coniinues this fit to define the potential in the complex
plane. Thus, differeant fits to the same set of ab initip values
will have different continuations in the complex plane. (Of course,
if the potential were analytically known for real values of its
arguments, the continuation into the complex plane would be unique.)
The consequence is that for real trajectories, if one can show
that the system is confined classically to some region of space,
one need only concern oneself with fitting the potential locally.

The behavior of the fitting function in the classically inaccessible
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region is immaterial. (Fits are usually constructed to extrapolate
properly in the translational coordinates; however, in describing
the vibrational dependence the fit is often only good within a
bohr radius or so from the equilibrium position, and the extra-
polation properties in the vibrational coordinate are seldom considered.)
For complex trajectories, this is mno longer true. The trajectories
can tunnel into all regions of space. Thus the fitting function
wmust have the correct global character as well as representing the
potential correctly in the region of the ab initio points. Unfor-
tunately, while the occurrence of unreasonable values for regions
of the real axis can be used to screen out unacceptable fitting
functions, the converse 1s not necesserily true. Correct behaviour
on the real axis does not necessarily lead to desirable character-
istics in the analytic continuation. The question of a priori
determining the sultability of some fitting form is at present an
open ore. The suitability can only be determined a posteriori by
looking at the results of trajectories run on that potential surface.
The second difficulty has to do with the vibrational motionm.
For real trajectories, the rotion is oscillatory., i.e. moving back
and forth along the real axis between the turning points. For
present purposes, the case of oscillations sinusoidal in time
can be considered. For complex trajectories, the motion will now
trace an ellipse in the complex plane witi the turning points
(now complex) as its foci. The motion is still sinusoidal, but
the argument of the sine, i.e.,, the tine, is now compléx. The

imaginary part of the time imparts exponential growth to the oscillation.
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Thus, even with an entirely reasonable Interaction potential,
trajectories may not complete satisfactorily, because of unbounded
vibrational motion in the oscillator. Restricting the time to real
values is not possible, since that would be equivalent to allowing
only real trajectories, thus vitiating the classical-limit method's
ability to deal with classical forbidden processes. One is in the
paradoxical situation where the feature allowing the method to
broaden its scope to classical forbidden cases is also the ultimate
source of difficulties in the application of the method.

Fortunately, the problem of the vibrational motion is amenable
to solution. Classical S-matrix theory requires only that the real
part of the difference between a trajectory's starting time and end
time tend to infinity. There 1s no restriction on the actual time
path followed. In principle, given the trajectory's initial
conditions, all time paths with the same end points must lead to the
game final values for the trajectory functions. In practice, some
paths will lead to numerically more stable trajectories than others.
Thus one must choose a path through the complex tiwe plane such
that the vibrational motion builds up enocugh complex character to
overcome the "forbiddenness" of the desired transicion, but not
gufficient to cause unbounded motion., Clearly, the choice of such
a path may require some finesse.

In summary then, the success of the classical-limit method 1s
contingent upon two interrelated criteria: (1) being able to rum

trajectories (that is, given the initial values for all variables,
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being able to perform a stable, convergent numerical integration
of the equations of motion), and (2) being able to find roots (that
is, glven a set double—ended boundary conditions, being able to find
values for the initially umspecified variables such that the final
conditions of the problem are satisfied). The two requirements are
interrelated because the typical root-gearch algorithm uses the
results of its previous four or so gueasses to glve a mew, and it is
hoped, more accurate guess for the root. To tell how well the root
searcher is doing one must run the trajectory with the current guess
as the initial condition. The error (i.e., the computed final values
minus the desired final values,) is used in determining the next guess.
If at some peint the root searcher predicts initial conditions which
lead to an uncompleted trajectory, the entire approach bogs down.
gince the error can no longer be evaluated and the next guess cannot
be predicted. Thus, the integrator is required to complete trajectories
even for somewhat unreasonable choices of the initial conditions,
since the root searcher will usually make a few guesses afield before
beginning to converge to the root. On the other hand, the root
searcher cannot go too far afield and still maintain good prospects
for converging, because trajectories with sufficiently pathological
initial conditions will indeed not complete.

There is one other requirement for the root searcher. Since the
method must be applied in the real world where computing budgets
are finite, the root searcher must be efficient, requiring relatively
few trajectories to find the root. For example, if a root searcher

converges on the fifth trajecotry, doing an average over N Monte
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Carlo points entails running SN trajectories, 80% of which will be
discarded, that is, their results will not be included in the averaging
process. Since running trajectories is by far the most time-consuming
task in the computation, this amounts to a waste of 80% of the
computing time. Similarly, if the root searcher is successful on

the tenth guess, only ten percent of the computed trajectories

are retained, 1.e., used to calculate the desired cross-section.

For thisg reason, the standard multidimensional minimizatlon routines,
which typically require fifty or so evaluations of the function to
converge to the root, connot be used in the partially-averaged
classical-limit method. The root searchea tested were required to
converge to the root within ten or at most fifteen trajectories,

thus giving retention ratios of seven to ten percent. It was

deemed that schemes retaining less than five percent of the computed
trajectories were too inefficient to be considered viable production
methods.

+
A. Hz—Li

Chronologically, the first attempt to apply the partially-
averaged classical-limit method was made on the Hz-He system.
(Miller and Raczkowski, 1972). This preliminary calculation yielded
somewhat unpromising results, for reasons ultimately tracable to
the potential surface, and computation on Hz-He was suspended in
favor of HZ-L1+. (A fuller account of this early work will be
presented in the section on HZ—He.) In the context of the

introduction to this chapter, to describe the calculations on H2~Li+
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one must define the potential surface, the complex time path chosen
in running the trajectories, and the root search used to satisfy
the double-ended boundary conditions.

The total potential for the problem can be viewed as consisting

of an internal potential for H, and an interaction potential for the

2
system at large. The intermal potential was taken to be a Morse

function,
-u(r-ro)
v(r) = D(e-2u(r-r,)) -5 ), (3.3a)
with the parameter values
D = 0.17443263 hartree (3.3b)
-1
o = 1.04435 2, (3.3¢)
r, = 1.40083 a (3.3d4)

0 [

Tegt calculations were also done with a polynomial fit to the Kolos-—
Wolniewicz potential (Waech and Bermstein, 1967). The difference

in results between the two potentials were negligible. The interaction
potential was chosen to be the analytic fit given by Lestcr (1971) to
his ab inito calculated values. This 1s the same interaction

potential used in the coupled-channel calculation on H2~Li+ (Schaefer and
Lester, 1973). In essence the fit consists of three Legendre

tevus (corresponding to PO’ l’2 and Pa, since the diatomie 1s
homonuclear); in e.dch term the dependence on the translational

3 4

coordinate is exponential repulsion with R~ and R attrarrin-

(leading to an angle-dependent »-~*"
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and the dependence on oscillator separation is linear plus quad-
ratic for the (translational) attraction terms and linear times
a. onential for the repulsion terms.

Having chosen the potential surfdce, one then encountered the
two-fold problem of running trajeccories and performing root
searches. The question of choosing the complex time path will be
treaced first. As was pointed out in the introduction, the only
requirement is that the real part of the time difference between
the start and end of the trajectory tend to infinity. It is
reasonable then, to require that at =ach step the real part of the
time increment be non-negative. There is no restriction, however,
on the imaginary part. The integration of the trajectory is carried
out in cartesian coordinates using a fifth-order variable-step
Adams predictor and Moulton corrector (Miller and George, 197z).

At each step the routine evaluates the error (i.e., the difference
between the predicted and corrected values) and compares it to some
specified tolerance value. If the error is too large the step is
repeated with a smaller time increment; if the error is within the
tolerance valus, the step is accepted and the error is used to
determine the magnitude of the next time increment. Thus, one need
only specify the phase of each time step to fully determine the time
path.

The phase of the time step then, can be varied to assure that
the oscillatory motion does not become unbounded, The first attempt

to carry this through was based on the premise that, since the
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vibrational motion traces an ellipse in the complex plane (with the
turning pointe as foci), the oscillator should be made to pass
through, or at least very close to, the turning points on each
"oscillation" (Doll and Miller, 1972). The major axis of the ellipse
is then only slightly larger than the distance between turning
points, and the resulting motion is bounded. The scheme was
implemented numerically in the following way. Since the trajectory
is being run in Cartesian coordinates, one has at each step the

-
vectors ﬁ, r, F, ; (all with complex components) and their derivates:

> 4 £ &
R, 1, 3, p. One can then compute Pps the oscillator's radial

momentum at each step by the relation
P e
o, = BFG D2 (3.4)

The time steps are taken to be real with the magnitude determined

by the integrator until the oscillator is near a turning point,
defined as a value of r for which the radial momentum is zero. The
oscillator is considered to be in the vicinity of a turning point
vhen the real part of the radial momentum goes through a sign change.
One now wishes to choose the phase of the time increment to bring
the oscillator to, or near, the turning point. To do this, one

computes the derivative of the radial momentum, given by
)y T (3.5)
One then makes the usual linear approximation for the time step:

fp, = B .ot (3.6)
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If the radial momentum is to be get to zero, then Apr must be

proportional to minus pr; the time step can then be set by
lae] = minth, fp /b |} (3.7a)

arg(at) = arg(—pr/ﬁr) (3.7b)

where h is the magnitude chosen by the integrating routine. One
continues to choose the time step according to algorithm (3.7) until
the oscillator is within some specified small distance of the turning
point. .Then one reverts to real time steps fixed by the integraior
until the real part of the momentum again changes sign.

This scheme was quite successful in stabilizing complex
trajectories, allowing successful completion of 90% of the trajectories
attempted. However, because a raot searcher will predict perhaps
ten or so sets of initial conditions before converging to the root
and it will require a successful trajectory for each set of initial
conditions, a ten percent rate of failure among trajectories can
cause failure of the root search in over half of the Monte Carlo
points, caused only by uncompleted trajectories.

Such a difficulty can be overcome in one of two ways. Either the
root searcher's predicting algorithm can be modified so that, if its
current guess results in an uncompleted trajectory, it chcoses
initial conditions at rzadom until it completes a trajectory and then
uses the results along with those of its pisvious, say, four guesses
to continue the search, or one must improve the method of choosing
the complex time path for the trajectories. To anticipate later

discussion, the first method proved totally unworkable. The random
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guess was usually far from the root; its inclusion in the input to
the predicting algorithm further eroded the routine's predictive
power, resulting in another pathological guess of initial conditions,
which must again be supplanted by random ones, and so on. The effect
on convergence to the root was disasterous: the method degenerated
into a four-iimensional random walk, which 1s known the diverge.

It became clear that further refinement in the choice of the
complex time path was necessary. Examination of the failing trajec-—
tories revealed that the cause of the majority of the failures was
a subtle inconsistency in algorithm (3.7). As wentioned earlier,
one expects the time increment to always have a positive real part,
corresponding to the system's motion forward in time. Equation
(3.7b) allows the time increment to have any phase, including those
leading to negative real parts. In principle, allowing increments
with negative real parts is equivalent to forcing the system to move
backwards in time, retracing part of its trajectory in reverse.

In practice, the problem can lead to the back-and-forth oscillation
of all the trajectory functions which is usually associated with
time-reversal, but this only happens if both real and imaginary

parts are reversed. If only the real part is reversed, the condition
will typically manifest itself by causing the oscillator to circle
around a turning point or spiral into it.

A variety of ad toc elaborations of the basic algorithm were
tired to remedy this reversal of the real part of the time. They
each engendered more difficulties than they alleviated. The problem

was finally solved by focusing on the oscillator separstion rather
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than the momentum. One can define the oscillator separation r by

r = GHY? (3.8a)
Its derivatives are given by

r = G (2.8b)

Pe@GEethr - o (3.8c)
The acceleration vectori can be found by differentiating the
defining relation for the momentum:

R (3.9a)

-S = é/m (3.9b)
One then makes a parabolic approximation for the time step:

Ar = At + 1/2 ¥ a0k (3.10a)

One would now 1like tu force the oscillator to move toward Tos its
equilibrium position, i.e.,

r= —(r—ro). (3.10b)
This defines the time path by the relations

Jat] = n (3.11a)

-0? (2 - 2?(:-:0))1’2

T

) (3.11b)

Arg(At) = Arg(

where the sign before the square root is chosen so that At will have
a positive real part. Algorithm (3.11) is used to choose the phase

of the time increment at every step of the trajectory, until the
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asymptotic region is reached. There the oscillator is forced to
a turning point in order to facilitate the transformation for
Cartesian to action-angle variables. This echeme has proven highly
successful in stalbilizing the trajectories. The current success
rate for complex trajectories is 99+%, the root~search faillure rate
due to uncompleted trajectories is correspondingly low, less than
five percent.

The last aspect of the computational details to be discussed
is the root search. In accord with the remarks made previously the
root searches considered were required to converge within ten or so
iterations. This restrictica eliminated the usual multidimensional
approach of minimizing the difference between the desired and
calculated final conditions by use of a nonlinear least-squares
minimtzing routine. The root searches which were developed and
tested can all be considered to follow the same procedure. One
postulates some functional form for the dependence of the final
action variables on the initial angles. On the basis of previously
run trajectories one solves for the parameters defining the function.
One equates the now known function of the initial angles to the desired
final value of the action variables and solves for the values of the
angles which satisfy this relation. These values are the new
predicted root. Onc then runs a trajectory to test the accuracy of
the predictior.. If the root is found the process stops, if not,
the results of the current trajectory are used along with several

previous ones to re-determine the functional parameters.
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The simplest example, and in some sense the prototype of the
later root searches, occurs In the case of vibrationally inelastic
one-dimensional collinear trajectories. The task is to find the
value of qn such that o, 1s equal to some desired integer, say
zero, if one is interested in the de-exitation n = 1> nz =0,
For siuplicity the subscript on qnl will be suppressed. The root
search assumes that v, can be expanded as a function of q in a

Fourier series truncated after the first-order terms:

n, = f(q) = A+ B s8in q + C cos q. (3.12)

If one has run three trajectories, say with q = 0, w/3,-T/3, resp.,
and 1if fi’ 8y» €
:l.':h trajectory, the parvameters A, B, and C of Eq. (3.12) can be

represent respectively Ny, sin q, cos g For the

found by solution of the equation
111

(fl’fZ'fEl) =.(A,B,C) 8 8, 84 (3.13a)

€ %2 %3

The solution 1s easily obtained by right-multiplying both sides of
the equaiZon by the inverse of the 3 x 3 matrix. Once the values

A, B and C are known, one solves the relation

o, = AtB sinq + Ccos q = 0 (3.13b)

to predict the value of q which will satisfy the desired final

boundary condition. The usual trigonometric substitution
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cos q = (1 - si.nzq)ll2 (3.14)
yields the following as a prediction for the root:
2.2 ,2.1/2
- * -
q = arcsin —AL'—C—%:"—(,;-—&—L . (3.15)
BHC

A trajectory is run with this value of q and if the value of n, is
less than some specified tolerance parameter, q is considered to be
the desired root. If the value of n, is too large, the root search
continues by substituting the results of the current trajector

and the two previcus ones into Eq. (3.12) to redefinc the parameters
A, B and C and then applying Eq. (3.15) to generate the next
approximation to the root.

It will be noted that Eq. (3.15) predicts two roots, depending
on which sign is chosen for the second term of the numerator. This
18 indicative of the general case. Real roots, if they occur, will
number Zn, n being some positive integer, and there will always be
complex roots. These can be grouped into pairs, one member of the
pair being the complex conjugate of the other. (Miller and George,
1972). As atated previously, complex roots need be considered only
if there are no real roots, since the weighting function for
complex roots is exponentially damped with respect to that of the
real ones, For the same reason, in the absence of real roots
only the pair of complex roots with the smallest imaginary parts
(coxresponding to the weakest damping) need be considered. The

two roots are complex conjugates. The argument of the damping
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function is the imaginary part of ¢, ¢ being the integral defined by
Eq. (2.59b). One can show that ¢ is an analytic function of the root;
thus complex conjugation of the root will complex conjugate ¢, that is,
change the sign of its imaginary past. This means that of the two
roots being considered, one leads to exponential damping and the other
to exponential enhancement. Clearly, only the root leading to damping
has physical significance. However, since the two contributions
differ only in the sign of the argument of the exponential, only one of
the roots need be found. One can be sure of computing the contribution
properly by using minus the absolute value of Im(¢) in the argument
of exponent, as was done in Eq. (2.60).

In the partially-averaged, three-dimensional case, one sees that
the root search problem for real trajectories, as defined by Eq. (2.62),
is the same as for the one-~dimensionul case discussed above. For
complex trajectories the situation is more complicated. The root
search problem is defined by Eqs. (3.2). The expressions are somewhat
cumbergsome, and for the purposes of the present discussion it is convenient

to write them more compactly. Ome defines the vector f and q by
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Re n, Re qnl
Im , Im a,
£ = ; q= L, (3.16a,b)
Im jz Im q:‘:l
Im !.2 Im q2'1

For simplicity, the usual vector notation has been suppressed.

Equation (3.2) requires that the root 9, satisfy

fr = f(qr) = . 3.17)

The simplest root gearching scheme for this problem results from

linearization of f about some value 9 i.e,, the approximation

£(q) = f(qo) + Clg-q4), (3.18)

Where C is some matrix of constants depending only on the choice of

- The scheme can be outlined in the following way.

Step 0: Initfalization. Run five trajectories; let fi and qi repre-
sent the values of the vectors f and q for the ith

trajectory.

Step 1: Define the function by linearizing about qS' Define the

matrixes F ard Q by
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F= (t‘l—f . £ ) (3.19a)

LA 4755

Q= (ql—qﬁ, e ey qh-qs) (3.19b)

(since f and q .are 4~D columm vectors, F and Q are 4 x 4

matrices.) The coefficient matrix C is easily shown to be

=rqt (3.20)

3]

Step 2: Predict root. One wishes to find the value of a, such that

Eq. (3.17) 1s satisfied. An approximate 9 is given by

5) (3.2

-1
q, =~ g +C (fr-f

One runs the trajectory with the approximate q . If lf—frl

18 sufficiently small the search stops, if not, the results

of the current trajectory and the four previous ones are

used as imput to Step 1 to recompute the matrix C. (Note

that in each iteration one linearizes about a different point.)

The root search as outlined was not very successful. The

linearizing approximation (3.18) is a very poor ore globally and can be
expected to have some validity only in the immediate vicinity of
9. If the q's used to determine the coefficient matrix are too
widely separated, the resulting linearization may have no validity.
{As an example, consider linearizing a parabola. A carefully chosen
1line segment may be a reasonable interpolation over a small region
and a poor extrapolation outside that region, but a linearization

using points on opposite branches will be a poor approximation



-67-

everywhere.) The difficulty can be lessened 1if one started the
linear search fruom a crude appraximation to the root, rather then
from the real axis. This was done by leaving the last two components

of q as zero and varying the real and imaginary parts of qn to satisfy
1
Re n,=mn (3.22a)

Im n, = [V} (3.22pb)

Once that value of qnl was found, the linear search was initiated
to find the full root. The gearch in qnl was done using the 1-D
Fourier search procedure described above. The only modification
were that f, q, cnd the expansion coefficients were considered

iq and e-iq

complex, and the functions e replaced sin q and cos q,
since the latter pair tended toward linear dependence for sizeable
imaginary parts of q.

The combined procedure (i.e., 1-D Fourier followed by 4-D linear,)
was able to find roots at about half the Monte Carlo points, which,
it 18 sad to say, made it the most successful of the root searches
discussed here. Initialization of the Fourier search required
three real trajectories (equivalent in computational effort to one
complex twajectory), covergence to a satisfactory prelimimary value
of q“l required three or four complex trajectories, then initializatiom
and convergence of the linear search required eight to ten more
complex trajectories. (The initialization of the linear search
maximally utilized existing information: by using the last three

trajectories run by the Fourier search, the process required only
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two additional trajectories, with non-zero values for Im q:I and
1
resp., to initialize). Thus the root search required twelve to

%

fi:teen trajactories at each Monte Carlo point. The principal

cause of fallure was the one already discussed. If the predicted
root lies far from the point about which f is linearized the guess is
likely to be a2 poor one, because Eq. (3.18) has little validity
there. The results of the poor guess are used to recompute C.

The resulting linearization is likely to be poor everywhere, because
the input points are widely spaced. The next prediction is likely
to be even worse than the previous one. With two bad guesses the

C matrix is further degraded and the method becomes a four-dimensional
random walk. Thus the root search procedure either converged rapidly
or diverged rapidly: failure to converge In ten trajectories was

a definite indication of serious problems, not merely the result

of premature termination. Several modifications of the basic
procedure were attempted in the hope of increasing the chances for
convergence. The only one which offered any promise was restricting

the step size. The root predictor (3.21) may be rewritten as
9, = q5 + Aq, (3.23)

where Aq is the second term in the R.H.S. of Eq. (3.21). The idea
is to lec the predictor give the direction of Aq, but its magnitude
is restricted to the region where Eq. (3.18) is valid. Since

the region of validity is small, the mddified process exhibited a

much slower rate of convergence than its predecessor, requiring over
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thirty trajectories to converge. Furthermore, it showed only about
a ten percent improvement in the success rate. Thus, the modification
was not considered useful.

It became clear that significant improvement in the root search
procedure would require a new approach. In view of the success of
the 1-D Fourier search to locate the approximate root described
above, it was felt ihat extension of the idea to four dimensions
was worth investigating. To carry this through, one first expands
the variables n, j and £ in a Fourier series in q,r qj and q »
retaining only the lowest-order terms. (The usual numerical sub~
scripts have been suppressed in the present discussion. It is clear
that one means the final action variables and the initial angles.)
Because the diatomic is homonuclear, qj and q, have period 7,
and their lowest order terms in the expansion have argument 2q.

Thua the expansion for n is
n > a, + alain(qn) + azcos(qn) + a3sin(2qj)
+ aacos(qu) + assin(ZqE) + aﬁcos(ZqE). (3.24)

Similar expansions hold for j and £. The coefficients are all real
because real values of the angles lead to real values for the
action variasbles. For complex values of the angles, one applies the

standard identites

gin(q) = sin(Re q) cosh(Imgq) +1i cos (Reqg) sinh(Imq) (3.25a)



=70~

cos(g) = cos{Req)cosh(Im q) -1 sin(Req)sinh(Im q) (3.25b)

to separate real and imaginary parts of the expansions. With the

definitions
q=Req (3.26a)
X = sinh(2Im qj) (3.26b)
y = ginh(2Im ql) (3.26¢)
z = sinh(Im qn) , (3.26d)

the conditions for the final action varisbles become

0=1Imn

Q

(cuain q + clzcos q) z + C13x + clAY (3.27a)

&’

0= 1Iaj (621911: q+ C,,coe q) z + Cz3x + Czby (3.27b)

22

0=1In g = (c3151n q + Cyycos qQ z+ c33x + CSAY (3.27¢)

~ h 2
Ren (clzsinq Cucos q) Vi+z +C,.1

(3.27d)
* ¢ ( A1) + cu(Aq-yz-l) ,

where the C's are real coefficients related tc ‘he a's of Eq. (3.24)
and its analogues for j and &. The search proceeds in the same way
as the linear scheme. After running initializing trajectories to
determine the coefficients on the first iteration, one substitutes
the now known coefficients into Eqs. (3.27), solves them to predict
the root, and runs a trajectory to check for convergence. If the

root has not yet been found, the new trajectory is used along with
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several of the old ones to recompute the C's and predict a new root,
and go on. The equations involved in this method are more tedious
than those required in the linearization scheme. Therefore, the
present method will be described less explicitly t.:han the previcus
scheme.

Initialization was accomplished with three real trajectories
and two complex ones. The usual real trajectories with q, = 0,
w/3, -1/3 were run. With these results as input, Eq. (3.15) was
used to predict crude values of Re(qn) and Im(qn). At this complex
value of q'n’ two complex trajectories were run with non-zero values
of Im(qj) and Im(qz) resp. Solution for the coefficients was
straightforward and required the results of five trajectories. The
initializing trajectories were used on the first iteration, and the
last five trajectories to be run were used on subsequent iterations.
Since the values of Re{n) were known for all five trajectories,
evaluation of Eq. (3.27d) for each trajectory gave a system of
five linear equations for the unknown coefficients Cll' C12’ 041,
C., and C,,. Solution requires inversion of a 5 x 5 matrix. With

42 43

C,, and (:12 known, the results of the last two trajectories determine

11

c13 and C1

other coefficients proceeded analogously, making use of the analogues

4 requiring 2 x 2 matrix inversion. Solution for the

of Eq. (3.27d) for Re(j) and Re(R). Solution for the coefficients
in the j and % expansions requires inversion of the same two matrixes
inverted in the n solution. Since inversion of the 2 x 2 matrix 1is

trivial, the main effort in solving for the coefficients is spent
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on a 5 x 5 matrix inversion.

The next step in the procedure, prediction of the root to give
the values of the coefficients, requires solution of Eqs. (3.27)
for q, %, y and z. The solution is straightforward but algebracially
tedious; thus the process will be described rather than given
explicitly. One firgt conaiders Egs. (3.27a, b, c) as a set of
homogeneous linear equations in x, y and z. If the system is to
have a nou~trivial solution, the determinant of the "coefficient"”

matrix must vanish:

Cllsin q + Clzcos q C13 C14
02191n q+ szcos q C23 C24 =0 (3.28)
Cglsin q + C32cos q C33 C34

Expansion of the determinant yields a readily found algebraic expression
for tan q, which is too tedious to be quoted here. With the value

of q fixed, one can solve for x and y in terms of z. Substitution

into Eq. (3.27d) yields
£(2) = g+ a; Azt + uz(A-l-Azzz -1) + oy (A+8%2% -1y (3.29)

where A, B and the a's are algebraic functions of the C's, sin q,
cos q, and n,s the desired final vibrational action. The value

of q 15 already known, and x and y are known in terms of z, with
propertionality constants A and B, resp. Thus solution of Eq.
(3.29) for z will completely determine the predicted root. Solution

of Eq. (3.29) proceeded in two steps: first a crude guess for the
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solution was generated, then the value was refined by either a
quadratic or a Newton-secant method. The crude guess was generated
by the following procedure. First, all the square roots were
expanded for small values of z. The terms in 22 and zl' were retained.
The resulting equation was solved by quadratic formula for 22. 1f
the solution were non-negative, it was used as the starting point for
the refining search. If no acceptable solution was found for small
Zz, an asymptotic expansion was done for large z. The resulting equations
contained a constant term and terms in z and z-l. Multiplication by z
gave a quadratic equation whose solutiuvu, 1f it existed, was used as
the crude guess. If again there was no acceptable solution, the value
of the function was computed at the origin and at a value 2y aufficiently
large that the asymptotic expansion was valid. If the function exhibited
& sign change, the refining search started with these two points.
If there was no sign change, a marching procedure was instituted. The
interval between zero and 2, was divided into twenty sub-intervals and
function values were checked for a sign change between the end points )
of each sub-interval. If no sign change was found, one assumed
that Eq. (3.29) had no real solution and the entire root search
procedure stopped.

Before being applied to the problem of interest, the procedure
described above was tested on model problems in which it had to
find roots of functions defined by Fourier series with higher-order
terms present. The method failed to converge 1f the higher—order

coefficients were more than one~tenth of the lowest order coefficients.
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Predictably, the method had little success with the problem of
boundary conditions for complex trajectories. A priori, one assumed
that the procedure would work well because the expansion (3.24)
and its analogues may be valid globally, if the cocefficilents are
well-chosen and 1f indeed the higher-order Fourier terms are small.
0f course, 1f the expanaions are onlya woderately good approximation
to the true functional dependence of the actlon vaiables on the angles,
part of the difficulty of the root search may lie with the method
of determining the expansion coefficients, which uses data on the
real part of the an action variable to compute coefficients in the
expansion of 1its imaginary part. If Eq. (3.24) and its analogues were
exact, the procedure would be vrlid; however, if they hold only
approximately, the optimum coefficient values in the expansions of
the real and imaginary parts may differ. The first modification
wag to utilize all the information available to compute the co-
efficients. The problem was then overdetermined, and the coefficients
were found by a least squares procedure.

The least-squares solution for the coefficients is somewhat tedious.
As an illustration, the coefficients in the n expansion will be
found; the solution for the coefficients in the ] and 2 expansions
proceeds analogously. Given the results of several trajectories
one seeks the coefficients in the expansion equations

Ren=f 3 f C,u (3.30a)
11 11
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Imn=g Clvl + CZVZ + ])3v3 + Dlavl; (3.30b)

which will minimize the fitting error, defined by
E=J w (f-]Cu )2+Zw(-ZCv—}‘Dv )2 (3.31)
N R i 1 £ BT TP .

The variables fk’ 8 Uyps Vik represent the values of f, g, u,
\ for the kth trajectory under consideration, and vy represent:i
a welghting factor, if one wishes to do a weighted least-sazares
solution. The correspondence betweea Eqs. (3.30) and (3.27a, d),
which defines the u's and v's, is readily apparent. To minimize
E one gets the partial derivatives of E w.r.t. the coefficients

equal to zero, and then solves the resulting equations for the

coefficlents. By making the definitionms

Fy - Ewkfkujk (3.323)
Gj - Ewkgkvjk (3.32b)
uij -kakuik‘ujk (3.32¢)

(3.32d)

Vg5 = Ewkv:lk' ik

one can show that the defining equations for the optimal coefficients

are for j=1,2

2 5 4
Fj +6 = 121 ci(ui_1 + vu)+ 123 ciuij + 123 D1V1_1 (3.33a)
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for j=3 thru 5,
E A
for j=3,4

c-{c

37 1o 111*23 11y -

These may be rewritten more compactly as

> >
fi=dx
where
H = (Fl 1° Fz 92 F39 Fl.’ Fe» 30 G,..)’
>
& = (6, Cp Cyy Gy Csy Dyy DY)
and
Ui YoMV Ui Y Uiz Vi
UpHVay  UpptVan Yoy Uy Uy Yy
Uy LEY) Uz Uz Ug O
Xx- Uzt Usz Uss Y Us O
U5y Usy Usy  Usy Uss O
Va1 Vi ) 0 0 Ve
Va1 Y42 0 0 0 Vi3

(3.33b)
(3.33¢c)
(3.34a)
(3.34b)
(3. 34¢)

Y

Vo

0

0

0

Vi

Vas

(3.34d)
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Solution for the coefficients requires inversion of the 7 x 7 matrix
X. The coefficients in the expansions for j and % were found
analogously, requiring only modification in the definition of F and
G. Sirce the basis functions in each expansion are the same, the
matrix X does not change. Thus one inversion ylelds all three sets
of coefficients. The weighting factors in Eqs. (3.31) ano (3.32),

if used, were taken to be

v =€) - uin ) , (3.35)

h trajectory, that is,

where € 1s the error assoclated with the k'
the difference between the desired and calculated final values for
the action variables. The largest weighting factor can be taken
as unity without loss of generality, since multiplying each factor
by a constant, equivalent to rescaling the L,H.S5. of Egs. (3.32),
leaves Eqs. (3.33) unchanged. Tests on model problems indicated
that the procedure worked best with the weighting factors all set
to unity, amounting to a non-weighted scheme, and results of the
last five Ffunction evaluations included in the sums of Eqs. (3.32).
Convergence wag slower, eince the values of the coefficients did
not change as rapidly with new data as in the original version,
and the success rate in dealing with higher-order Fourier terms
showed only a marginal increase over the original version. The
improvement in handling the complex-trajectory final boundary-value
problem was also slight.

One more variant of multi-dimensional Fourier searches was

attempted. In this one, the coefficients were allowed to become
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complex, thereby doubling the number of fitting parameters anc,

it was hoped, increasing the flexibility of the expansions. The
wmethod can be outlined as follows., First one defines fl, f2’ 63
to be n, }, £, resp., One may then write expansion {3.24) and its

analogues as

£, = Jagu, {3.36)

where the a's are the (now complex) expansion coefficients and
uy thru u are the various s_nes and cosines appearing in Eq.
(3.24), and uy is unity, the function multiplying the coefficient
a, in Eq. (3.24)., Seven real trajectories are used to initialize
the scheme. As usval, one defines the matrices F and U with
elements fik and “jk representing the value of fi and uj for the

kth

trajectory. It is convenient in later iterations to separate
real and imaginary parts in solving for the coefficients. (Of
course, on the first iteration all the imaginary parts are z.ro.)

One writes, using a super-matrix notation,

Rel  Imy
(ReF, ImF) = (ReA, Imd) - (3.37)
~ImJ Rel

Solution requires inverting a 14 x 14 matrix. This method of

finding the coefficients has two advantages: first, it uses real
arithmetic, and second, it manifestly keeps the coefficients real unless
forced to do otherwise. That 1s, as long as the real part of the

action variables depends only on the real part of the expansion
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functions and analogously for the imaginary part, the coefficients
will remain real. '

Predicting the root requires solution of the set of equations

):alj U =0, (3.38a)
Im ({azj Uj) =0, (3.38p)
Im (Za_f,j U =0. (3.38c)

To solve the system, <mne first uses Eq. (3.3Ba) to find s.Ln(u_n)

and cos(qn) in terms of q, and qg- Substituting the results into

]
Eqs. (3.38b, c) gilves the reduced system

Im fz(lm qj, Im qz) =0 (3.39a)
Im fs(Im 4 Im qE) =0 (3.39b)

The root of Eqs. (3.39) is found by a generalization to two dimensione
of the Newton-Raphson scheme. On each iteration one assumes the

functions can be approximated as

A
Im f2 . Im f2 3(Im fz, Im f3) qj .
+ HEE NN {3.40a)
Im f3 new Im f} old 3 2 qu

vhere the derivative matrix is evaluated at the old value of q B and
Q- The variables Aq 4 Aql are the rorrections to the imaginary
parts of q_1 and q - It will be recalled that the

real parts of these angles are specified by the Monte Carlo
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procedure; the root search can mod!fy only the imaginary parts.

At each step, the correction to the root of Egs. (3.39) is predicted

by
Aq, am £, mep Y (1,
- PUNSNE  NUN——. . . 3.40b)
5(im q,, Tm q,) £ (
4q, i L 3/ 014

The derivative matrix is easily found, since the Cauchy criteria
for the differentiability of functions with complex arguments require,
inter alia, that

3(f,, £q) . ¥(Io £,, Inm £,)
3(qj- ql) 3(Im qj, Im q )

Re . (3.41)
The derivatives of L.H.S. of Eq. (3.41) can be found by differentiating
Eqs. (3.36) for f2 and f3’ keeping in mind that sin 9, and cos 1,

are now defined as functions of qj and 9 by use of Eq. (3.38a).

Once Eqs. (3.39) are solved, the usual process of running a

trajectory, checking the results, and recomputing the coefficient
matrix to make the next prediction of the root is followed. On
subsequent iterations, if the imaginarv part of any of

the angles (usually qn) becomes substantial, it may be necessary

1q and e-iq in place of sin(q) and cos(q) in the co-

to use e
efficient determination, since the second pair of functions tends
toward linear dependence. This poses problems only in the solution
for the coefficients; the solution of Eqs. {3.38) is unaffected.

Application of the varfous four-dimensional Fourier searches to

the prollem of interest resulted in rather disappointing success rates.
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The procedures were able to find roots in less than twenty percent
of the Monte Carlo points sampled. This is appreciably worse than
the wre simple-minded appruach using the linearizing gpproximation.
The unexpected failure of the Fourier methoda prompted an attempt

to gauge the imporcance of higher-order terms in the Fourier

expangions of n, j and %, For a randomly ch imp parameter
and total angular momentum several hundred real trajectories were
run: a coarse grid was set up in q, and qj' and at es~h grid point
trajectories corresponding to fifty equally spaced q values between
0 and T were run. The idea was to Fourier analyse the results

at each grid point to obtain the coefficients of the qp terums.
(Naturally, the "coefficients" would be function of 9, and q j.)

Two more aequential Fourier analyses, first for different values of
q-_l at fixed 1, and then for different values of q,, would determine
the coefficients in Eq. (3.24) and higher-order corrections.
However, only the analysis for qq was completed, It showed that

for different (qn. qj) grid poiuts there were from six to thirty

qq - terms with comparable coefficients. Usually n had the most
rapidly converging series, and £ was somewhat slower to converge

than }. The most apparent conclusion, however, was that Fourier

expaneions retzining only lowest-order terms could not possibly

‘be expected to give a r ble repr ation of the actual
functional dependence involved. Thus a search based on guch
expansions was most probably doomed to failure, at least at the
one Monte Carlo point discussed here. In practice, the usual

manifestation of failure at a Monte Carlo point was a breakdown
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in the solution of the equations predicting the —oot. Since these
equations were to be solved by an iterative numerical procedure,

it was not clear whether the expansion broke dowm, i.e., the
equations had no sclution because of pathological values for the
coefficients, or whether the numerical procedure was merely unable
to find a solution which did in fact exist. Thus besides the
fundamental question of the validity of the expansion, there is

the additional practical complication that the equations predicting
the root are not amenable to easy analytic solution.

A curious point to ponder is the observation that the lirear
search exhibited a higher success rate than the first-order Fourier
searchea. One would expect a Fourier expansion of n, j and 2
w.r.t. the angles to converge faster than a Taylor series, primarily
because the Fourler basis functions have the correct periodicity
built into them. Yet the search based on truncating the more
slowly converging series does better than one based cn the more
rapidly convergent scries. The regolution of this seeming paradox
may lie in the differing natures of the two expansions. The salient
properties will emerge from a consideration of the one-dimensional
case.

The one-dimensional analogue of the linearization scheme is
the Newton-secant method. If the two points determining the secant
1liue coalesce, one recovers the Newton-Raphson method, which amounts

to truncation of the Taylor series after the linear term. If one has

£oerd) = £ + ] A @0, (3.42)
n=1
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one knows that for small enough Ax, the linear term will dominate

the sum. Thus the linear method gives a good approximation locally
and a poor one globally, reflecting the nature of the Taylor series
as an approximation about a point. On the other hand, the Fourier
series 1s an approximation on an interval. Its primary concern is

a global one--periodicity. One has then
f(x) = a, + Zancos(nx) + Ibnsin(nx) (3.43a)

f(xHAx) = £(x) + Ax(fn-bn-cos(nx) - Zn-an-sin(nx)) {3.43b)

It is asgumed that £(x) has period 2n, and only the lowest-order term
in Ax was retained in Eq. (3.43b). Inspection of Eqs. 73.43) reveals
two disconcerting observations. First, neglect of higher-order Fourier
terms in Eq. (3.43a) implies neglect in Eq. (3.43b) of terms first-
order in Ax. Second, neglect of small terms in the first equation
may lead to neglect of much larger terms in the second equation.
Because the coefficients in the sums of Eq. (3.43b) contain an

added factor of n, it is clear that a truncation which gives a
reasonable value of f(x) may give very unreasonable values for its
derivatives, and thus may give a good representation globally and

a poor one locally. One concludes that if the coefficients of
higher-order Taylor terms are appreciable, the linear procedure

gives an approximation to the function which is guaranteed

to be good on some small interval about x and poor beyond that

interval. In the first-order Fourier procedure, if higher-order
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coefficients are important, one has an approximation which is exact
at the three points used to determine the first-order coefficients
and poor everywhere else, although it will predict global properties
better than local ones. Numerical root-searching procedures are
dependent on local properties, since one is usually given f£(x) and
seeks a Ax such that f{x + Ax) will be zero. This is fundamentally
a local problem. Thus it is reasonable, in retrospect, to expect
the linear search to do better, unless the function is represented
extremely well by a first-order Fourier series. The latter seems
to be the case for nZ(qn)’ which would explain the success of the
complex 1-D Fourier search in 9y

Doubtlessly a contributing factor to the success of the combined
1-D Fourier, 4~D linear search was the location of the root. In all
cases where a root was found, the imaginary parts of q-_l and qz
were small, leas than onme-tenth. Thus once the approximate value
of q, was found by the complex 1-D Fourier procedure, the linear
search was initiated very close to the root, thereby rendering its
chances of convergence good. It was hoped that this location of the
root could be exploited by a different type of root~search. This
final root-searching effort involved alternating application of
two root-geaiches. First a complex 1-D Fourier search was done
in q, to set n to itg desired value. Then with 9, fixed, a
2-D linear searrh varied Im q._l and Im 9 to set Im } and Im ¢ to
zero, changing the value of n in the process, Now the values of
Im qi and Im q, vere fixed and qn was again varled to returnn

to its desired value, and so on. This procedure was more time-consuming
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than the 1-D Fourler, 4-D linear; and it .owed a lower success rate.
Since the 50% success rate of the best root-search was considered
unacceptably low, the 4-~D root-search problem was circumvented by

neglecting the last two terms in ¢, 1i.e.,

@ D) + G -2
(see Eq. (2.59b). It was felt that this approximation to ¢, in
effect a neglect of the rotationa) and orbital contributions to
the forbiddenness of the transition, was justified by the small
values of the imaginary parts of qj and - The resultant
simplification of the root-search required only that the (complex)

equation

nz(qn) =0 (3.44)

be satisfied. The problem was easily handled by the complex 1-D
Fourier search in Q- The procedure showed a 952 success rate when
applied to chis problem.

The results of this study have been published previously
(Raczkowski and Miller, 1974) and will only be briefly summarized
here. Figure 2 shows the cross sections for vibrational de-activation

+
of “2 by Lt =-i.e., 0 L (El) for (nl,jl) = (1,7) and n, = Q--

nydpmyd
for total energy E = 1.2 eV. The values labeled SC are the present
clagsical-limit results, and the error bars indicate the satistical
error ir the Monte Carlo average; 1000 Monte Carlo pointe were used.

1w points designated QMI in Fig. 2 are the results of Schaefer

aud Lester's quantum mechanical calculation with a coupled channel
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Hy-Li* at E = 1.2 eV (total) QMl, QM2 -- coupled-channel results
SC -- Classical-limit calculation
STAT -~ Statistical distribution.
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expansion including the states

n=0; J=0, 2, 4, 6, 8, 10 (3.45)
n=1; § =0, 2, 4

ne2'3=0,2

The values labeled QM II are their results obtained by adding one
additional rotational state to each vibrational manifold:
j=12forn=0, =6 forn=1, and } = 4 for n = 2.
The large change in the quantum results with this increase in
basis set seems to indicate that the coupled channel expansion
is still some ways from convergence, a rather disconcerting
observation since the basis set already produces up to 75 coupled
channels. (It should be noted that Schaefer and Lester were
primarily interested in pure rotational transitions, n) =0,
and their results do indicate the expansion to be converged for
these processes.) Another possibility is that the dif ..ence
between the QM I and QM II results is due to numerical error, since
the algorithm used for solving the coupled equations does not seem
we]:l-suited for treating procesgses with small transition probabilities.
The cross section summed over final rotational states, anf_hl '11
for (n;,3;) = (1,0) and n, = 0, 15 1.87 a %, 1.15 3 2 , and
0.83 aoz. respectively, for the QM I, QM II, and classical-1limit
caiculations. Within the uncertainty of the quantum mechanical
results, therefore, the classical-limit cross sections are in excelleut

agreement with the quantum vazlues, both in magnitude and Zn the
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distribution of rotational states (Fig. 2) populated in the
vibrational de-activation.

Finally, it is interesting to ask what the rotational state
distribution in Fig. 2 signifies about the dynamics of the inelastic
procegs. First, one sees that a substantial amount of the energy
released by the vibrational de-~activation goes into rotational
excitation. The amount of rotational excitation is considerably
less than that of a "resonant" process (no change in translational
energy), however which would require a final rotational state
3 2" 8. 1It is also interesting to compare to a statistical

distribution of final rotational states; this corresponds to
%05,10(E) ~ @y + D [E - e1)], 13.46)

where E 1s the total energy and E(O,jz) the vibrational-rotational
energy of Hz for n= 0 and } = jz. This distribution, normalized
to the classical-limit cross section, is the dashed line in Fig, 1.
The amount of rotational excitation is thus also much less than

that based simply onr available phase space.
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B. H,-He

2

As stated earlier, the Hzﬂe system was the subject of the first
three~dimensional application of.the partially-averaged ciassical-
1limit theory (Miller and Raczkowski, 1972). The results oktained were
not very encouraging, since they showed that a large fraction of the
trajectories did not complete. The problem was ultimately traced to
the fitting form of the interaction potential. The potential surface
used in this study was based on the gb initio calculations of Gordon
and Secrest (1970)., Of the several calculations presented in their
paper, only the one labelled AASCF(5,2,2) provides values of the
potential for mon-equilibrium separations of the diatomic. The authors
provide an analytic fit for this potential, given as

vir.,y) = ce 7% Raagy)-B(y)-an), (3.45)

where the coordinates are as illustrated by Fig., 1 (Ar is the deviation
from the equilibrium oscillator separation), and all the parameters

are intrinsically positive. If one considers R and ¥y fixed and looks
merely at the potentlal's dependence on 1, the first factor is an
exponential in Ar with positive coefficient, and the second factor is
linear with negative slope. Clearly then, for large r the potential
becomes infinitely attractive with increasing r, that is, the potential
becomes negative and exponentially large. In all fairness to the
authors one must point out that the breakdown of the fitting form occurs
far from the region where the agb inito values are knowm, whereas

the authors stipulate that their form is intended only for interpolation

between the ab inito points and caution against its use for extrapolating



=90~

the potential., One should also note that the total potential consists
of the interaction potential and the potential for isolated H2.

In the case of real trajectories, for example, the latter term would
confine the system to a small region about the equilibrium position.
However, complex trajectories can tunnel into the H2 potential until
they reach the region where the spurious values of the interaction
potential dominate.

Because of these difficulties with the potential surface the
calcvlations on the Hz-He system were suspended in favor of HZ—L1+.
After the completion of the HZ-Li+ study outlined earlier, attention
turned once again to Hz-He. Since successful continuation of the
project would at least have required refitting the Gordon-Secrest data
to & less problematic functional form, it was decided to start afresh

with the ab inito values calculated by Tsapline and Kutzelnigg.

These points were fitted to an analytic form; however, preliminary
calculations indicated that the potential at atom-diatom separations
smaller than those used by Tsapline and Kutzelnigg were also important.
Thus the potential was extended to shorter R-distances (see Fig. 1)
using the joint MOLECULE-ALCHEMY program package, which incecrporates
the MOLECULE integral program and the ALCHEMY SCF program. !OLECULE
was written by Dr. J. Almlof of the University of Uppsala, Sweden.

The ALCHEMY SCF program was written by Drs. P, S. Bagus and B. Liu

of the IBM San Jose Research Laboratory. The interfacing of these
programs was performed by Dre. U. Wahlgren (presently at the University

of Uppsala) and P, S. Bagus at IBM, For a description of MOLECULE
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see J. Almlof, “"Proceedings of the Second Seminar on Computational
Problems in Quantum Chemistry,” p. 14, Strassburg, 1972 (Max-Planck
Institute, Munich 1973). For a description of the ALCHEMY-SCF
program, see: P. S. Bagus, “Documentation for ALCHEMY - Energy
Expressions for Open Shell Systems" IBM Research Report RJ 1077 (1972).
The ALCHEMY quantum chemistry programs w:ire writter primarily by
P. S. Bagus, B. Liu, A, D. McLean ané M, Yoshimine of the Theoretical
Chenmistry Group at IBM Research in Samn Jose, Californla. Preliminary
descriptions of the program are given in: (a) A. D. McLean,
"Potentisl Energy Surfaces from ab initio Computation: Current and
Projected Capabilities of the ALCHEMY Computer Program," Proceedings
of the Conference on Potential Energy Surfaces in Chemistry held at
the University of California, San Cruz, August 1970; and (b) P. S. Bagus,
"ALCHEMY Studies of Small Molecules,” Selected Topics in Molecular
Physics, Verlag Chemie (1972).

The calculation consisted of a Roothaan approach to the SCF, followed
by a CI with all single a.d double excitations. Each configuration
is a pure spin eigenfunction with S = 0. The number of configurations
used depends on the symmetry being considered (Roos, 1972). In all,
three angles ( and related symmetries) were considered (see Fig. 1):
Y = 0, or collinear approach (cw symmetry), Y = m/4 (cs)’ and
Y = /2, or perpendicular approach (sz). The basis set used by
Taapline =nd Kutzelnigg consisted of gaussian lobes. For He, the
7s basis set of Huzinaga was coatracted (3,1,1,1,1) foliowing Dunning.

It was augmented by three sets of p-groups with orbital exponents
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n=1.6, 0.6, 0.22, and a set of d-groups with n = 0,8. Each H

was described by the 6s Huzinaga basis set in the (3,1.1,1) contraction
of Dunning, augmented by three sets of p-groups with n = 1.57, .43,

.15 and a d-set with n = .25. This large basis set was necessary

for describing the long-range Van der Waals interaction of the system,
arising from the correlation term. At the shorter distances probed

in the present potential-surfaece calculations, the interaction is
dominated by the repulsive SCF term; correlation provides only a small
correction. Thus in the interest of reducing the computational burden,
the basis set used here consisted of the same s~functions as above
augmented by two sets of p-groups on each center, with orbital exponents
n =1.1, 0.41 for He and n = 1.0, 0.29 for each H.

Table 1 shows a comparison of results for C2v symmetry at R = 4.0
au., r = 1.406 au. The SCF terms for the basis sets are essentially
identical, and the smaller basis set gives almost 80% of the CI
correction. The discrepancy is due almost exclusively to neglect of
the d-functions: a 2pld augmentation on each center gave virtually the
same res 9 as the large basis set, Similarly, retaining the three
sets of p-groups on each center gave essentially the same result as the
2p augmentation. The last point to be made about the switability of
the basis set is that even at R = 4, a 20Z error in the correlatica term
represents an error of three percent in the total interaction. As one
goes to smaller values of R, two trends should further reduce the
relative error. First, the SCF term should fncreasingly dominate
over the CI correction, and secondly the relative error in the CI

caused by neglect of the d-functions should decrease, because the
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*
Table I. Basis set comparison , c2v symmetry, r = 1,406 au.

Hl6s3pld/4s3pld] H[582p/4s2p)

Basis Set
Hel[7s83pld/5s3pld] He[7s2p/5s2p]

E(SCF), R = 4 au -3,9907871 (H) -3.9905592 (H)
E(CI), R =4 au - .0764175 - 0726905
E(SCF), R = 20 au ~3.9948078 =-3.9945912
E(CI) , R = 20 au - ,0755C00 - .0719772
AE(SCF + .0040207 + .0040230
AE(CI) - .0009175 - (007133
AE(TOT) + .0031032 + .0033187

*
See text for contractions and orbital exponents.
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very diffuse d-orbitals should become less important in describing the
system at close distances. In the region probhed, one would expect
relative error to be a few parts per thousand, certainly less than one
percent.

For each of the three symmetries discussed above the interaction
potential was calculated on a grid of points with R = 1.8, 2.2, 2.6
au. and r = 0.9, 1.406, 2.2 au, (The asymptotes for each r-value
were calculated in C2 symmetry with R = 20 au,) The resvlts for the

v

C,. and Cs symmetries at each value of R were interpolated quadratically

2v

to give the values at r = 1.0 and 1.8 au. The results for r = 2.2
in va symmetry were suspect because the CI correction was positive,
i.e., the correlation in the close~in system was less than in the
asymptote. It was felt that this could signal a curve-crossing or
some other complication. The collinear calculations were repeated
atr = 1,8 with R= 1,0 2,2, 2,6, 3.0 and 3.5 au. The correlation
correction was once again positive at R = 1.8. The results were
plotted on semi-log paper to reveal a linear r. lationship for all
the points except the first, with R = 1.8, which lay above the line.
In other word, the potential was increasing exponentially with
decreasing R, as one would expect for an SCF-dominated interaction,
until R = 2.2,and then rose more sharply at distances smaller than
thiz. To ease the task of fitting the points, the exponential was
extrapolated to R = 1.8, and this value was used in place of the
questionable ab initio one. The collinzar values at r = 1.0 were

obtained by quadratic interpolation of the values at r = 0.9,

1.406, and 1.8 au.
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A Legendre analysis was performed on the potential values as
a function of angle. The symmetry of the homonuclear dlatomic allows
only even terms in the Legendre series. At the R-distances used in
the present extension, as well as the select points at which Tsapline
and Kutzelnigg give results for Y = w/4, the coefficlents of the
first three Legendre terms, wviz., PO‘ Pz, P&, were calculated. At
the other Tsapline-Kutzelnigg points, only the coefficlents of
Po and ?_ could be found, The results showed that the P4 coefficient

was negligible for R > 4 au. The potential was then fir to the

following analytical form.

VI(r,R,Y) = Vo(r,R)-Po(cosy) + Vz(r,R)-Pz(cesY) + Va(r,R)-Pé(cosY)

(3.46)
where the coefficients are given by the following relations (all
distances are in au., all energiles in Hartrees.)
V.(r,R) = A (r) e-2.16789~R + B(0) Rlle—4.216'R scC (r)-R-6
0 0 (¢} 0
(3.47a)
Ao(r) = 18.532 (1 + ,2451.Ar - .1646 -(Ar)z) (3.47b)
Bo(r) = 8.146 (1 + 1.7711+Ar + ,.3886 ‘(Ar)z) (3.47¢)
Co(r) = ~5,032 (1 + ,5813-Ar ~ .2347 '(Ar)z) (3.474)
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e—1.667-R

Vo (r,R) = A, (r)+ (L 311-R-Ar) 2R, cz(r).(l’ . ¥ (3.48a)
By(r) = 2.811 (1 + .7613+Ar + .2197+ (4r)%) (3.48b)
Cy(e) = -1.067 (1 + 1.5764-Ar + 1.2274- (Ar)?) (3.48¢)
V4 (5R) = (4, (r) + ReB, (2)) e EF (3.492)
4 4 4
A,(r) = 13,4238(1 - 2,4036+Ar - 2.0953: (Ar)2) (3.420)
B,(r) = ~1.0024(1 - 29.3771-4r - 27.2996- (Ar)%) (3.49¢)

A comparison of ab initio and fitted values is given in Table II;
the units are milli-Hartrees (lmH = 300°K). The quality of the fit
can be summarized by stating that large relative errors correspond
to small absolute errors, and large absolute errors correspond to small
relative ones. In view of the restrictions on the fitting form,
this 18 the best that one can reasonably expect. The chief restriction,
of course, 1s that the form must be analytic (in the complex variable
gsense), so0 that the potential can be continued into the complex
plane. This eliminates the possibility of using different forms in
different regicns, and thus the single functional form chosen must
adequately represent the ab initio values over five orders of magnitude.
Judging the adequacy of the fit is problematic since numerical measures
of the error, such as least-squares, are not as wmeaningful as one
might expect. For example, in V0 and VZ the well-depth is four orders
of magnitude smaller than *he highest computed point on the repulsive
wall. A naive least-squares determination of the coefficients in an

Yexp-six" form will give a fit which 1is correct to 0.1%Z for the highest



Table Ila. Comparison For V. .

0

r=1,0 au
R (au) Potential (mH) Fit Abs. Error Rel. Error
1.8 221.11538 220.50339 -0.61199 -0.00277
2,2 105.33280 106.69225 1.35945 0.01291
2.6 49.10775 47.67970 ~1.42806 -0.02908
4.0 2.34623 2.44200 0.09577 0,04082
6.0 ~0.04740 -0.03138 0.01602 ~-0.33800
8.0 -0.01473 -0.01339 0.00134 ~0.09096

10.0 -0.00380 -0.00364 0.00016 -0.04122

r = 1,406 au
R (au Potential (mH) Fit Abs. Error Rel. Errsr
1.8 229.60883 229.00071 -~0.60813 -0.00265
2.2 115.17960 117.33850 2.158%0 0.01874
2.6 56.59436 54.97151 -~1.62285 -0.02868
3.0 25.75935 25.49497 ~0.26439 -0.01026
4.0 3.35439 3.56826 0.21387 0.06376

5.0 0.26267 0.31978 0.05715 0.21761

-L6=



Table IIa. Gemparison For V. (Cont'd)

R (au)
6.0
6.5
7.0
8.0
9.0
10.0

R (au)
1.8
2.2
2.6
4.0
6.0
8.0

10.0

Potential (mi)

-0.04707
-0.04787
-0.039%40
-0.02020
-0.00993
~0.00523

Potential
229.54969
121.35257
62.45119
4.55460
~0.03627
~0.02553

-0.00677

(i)

r = 1.406 au

Fig
~0.03574

~0.04371
-0.04556
~-0.01849
~0.00940
~-0.00502
re=1.8 au
Fit
229.0983
123.34083
60.46051
4,78582
-0.03042
-0,02203

-0.00599

Abs. Error

0.01132
0.00416
0.00384
0.00171
0.00054

0.00021

Abs. Error
~0.45286
1.98826
~1.99068
0.23122
0.00585
0.00350

0.00077

Rel. Error
-0.24059

-0.08696
-0.09751
~0.08447
~0.05388

~0.03985

Rel, Error
-0.00197
0.01638
-0.03188
0.05077
~0.16126
-0.13709

-0.11441
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Table I1b.

Comparison For

R {(au)
1.8
2.2
2.6
4.0
6.0
8.0
10.0

R (an)
1.8
2.2
2.6
3.0
4.0

5.0

Potential (mH)

31.50332
12.58261
5.83526
0.26087
-0.00880
~0.00247

-0.00060

Potential
59.49735
24.91813
12.26209

5.22535
0.73315

0.05935

(mi)

r = 1.0 au

Fit
30.16833
13,59269

5.77960

§.19400

-0.00981

-0.00229

~0.00060

t = 1.406 au
Fit

53.71098

26.45402

12,31603
5.56225
0.68447

0.05943

Abs. Error

~1.33498
1.01008
~0.05567
-0.06687
-0.00101
0.00018

-0,00000

Abs. Error
~5,78637
1.53589
0.05395
0.33690
-0,04868

0.00008

Rel. Error

~0.04238
0.08028
-0.00954
-0.25633
0.11498
-0.07133

0.00180

Rel, Error
-0,09725
0.06164
0.00440
~0.06447

~0.06640

0.00131
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Table I1Ib. Cowparison For V. (Cont 'd)

. R (au)
6.0
6.5
7.0
8.0
9.0

10.0

R (au)
1.8
2.2
2.6
4.0
6.0
8.0

10.0

r = 1.406 au

Potential (mH) Fit
-0.01513 -0.00559
-0.01295 -0.00779
-0.01080 -0.00673
~0.00500 -0.00375
-0.00247 -0,00196
-0.00167 -0.00106

r=1.8 au

Potential (mH) Fit
86.01750 83,22312
41.83965 43.85438
21.00903 2i.69706
1.63580 1,40625
-0,01573 -0.00144
-0,00887 -0.00654
-0.00193 -0,00192

Abs. Error

0.00954
0.00516
0.00407
0.00125
0.00050

0.00001

Abs. Error
-2.79438
2.01473
0.48803

-0.19955
0.01429
0.00233

0.00002

Rel. Error
-0.63048
-0.39838
-0.37672
-0.24922
-0.20351

-0.00543

Rel. Error
-0.0324%
0.04815
0.02323
-0.12427
~0.90853
=0.26265

~0.00889
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Table Ile.

Comparison For VA‘

R (aun)
1.8
2.2
2.6

R (au)
1.8
2,2
2,6
3.0
4.0

5.0

R (au)
1.8

2,2
2.6

r = 1.0 au
Potantial (mH) Fit
5.37260 10.24889
0,67170 1.20033
0.21872 =-0.00654
r = 1.400 au
Potential (mH) Fit
17.74197 17.82208
3.59722 4.07684
1.05296 0.93139
0.29979 0.21249
0.03195 0.00525
-0.00229 0.00013
R= 1.8 au
Potential (mH) Fit
30.76614 35.38704
10.21711 10.54249
2.80045 3.00918

Abs. Error
4.87629
0.52863

-0.22525

Abs, Error
0.08012
0.47962

=0.12157

~0.08730

-0.02671

0.00241

Abs. Error
4.62090

0.32538
0.20873

Rel. Error
0.90762
0.78699

-0,02989

Rel. Error
0,00452
0,13333
-0,11545
-0.83578
-0.83578

-1.05604

Rel. Error
0.15019

0.03185
0.07453

-101-
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two points on the wall and completely obliterates the well, Modi-
fication of the least-squares to minimize the relative error also gives
poor results, since a 20% error is ineignificant if the ab initio
value is one degree Kelvin, but very significant 1if the value is one
eV. Thus one must settle for the sort of trade-off described above:
small relative error for for small values. Unfortnnately, in this
approach one loses any clear-cut quantitative criterion for deciding
vwhen the fitring parameters have been optimized. One must ultimately
make a subjective judgement about when the fit is "good enough".

With the potential defined by Egs. (3.46) thru (3.49) scattering
calculations using both the coupled~channel and the classical-limit
techuiques were performed at four total energles: 0.9, 1.1, 1.3 and
1.5 eV. The classical-limit calculations werc a straightforward
application of the methods developed for llz-Li+. The partial~-averaging
and the approximation of neglecting the rotational and orbital
contributions to the damping function, both discussed extensively in
the previous section, were used to reduce the problems incurred in the
root~search. The searching procedure converged for over 907 of the
Monte Carlo points with the higher caergles showing higher converg:nce
rates than the lower energies. The coupled channel calculations were
done using the Lester version of the Gordon program. The nature of
the method has been discussed in the previous chapter, and the reader
is referred to the articles by Gordon (1970, 1971) and Lester (1973)
for further Jdetails. All tolerance values in the program were set to

10-1‘, and the basis set used consisted of the following states:
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n=0,14=0,2,4,6,8
n=1,1=0,2,64,6 (3.50)

n=2,3=0,2,4

The wavefunctions of these states, required to compute the coupling
matrix (see Eq. (2.33b), were found by numerical solution of Eq. (2.12¢c)
using the Numerov method with v(r) taken to be the Kolos-Wolniewicz
potential.

The calculations yielded a plethora of results. The cross-sections
are the first level at which a meaningful comparison can be made
between the coupled-channel and cisssical-limit results. Figure 3 shows
the coupled-channel result for 01'0*0 as a function of total energy.

The cross-sections for the other initial j-states behave very

similarly. They are all approximately equal at .9 eV; the cross-sections
for j, =~ 4 and 6 rise somewhat more rapidly, becoming about twice and
four times as large, resp., as 01’0+° ar 1.5 e V. It would appear

that values of the cross-sections at 1.5 eV are too large. This

could be due to neglect of the state (1,8). Pure rotational transitions
from the louerjl states to (1,8) would, of course, decrease the cross
sections for the V=R transitions to the ground state. For reasous

stated below, one would expect such large Aj transitions to (1,8)

to become more important at higher energies. Figure 4 shows the same

quantity, 01 00’ calculated by the classical-limit method. Qualitatively
»

the behaviour is similar, however the classical-limit results are two
to three ordérs of magnitude larger than the coupled channel results.

This is a disasterous showing, especially in view of the quantitative
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agreement in the HZ—L:L+ ostudy,
It is also illuminating to examine the distribution of final
j~states. Figure 5 shows this distribution for scattering arising
from the (1,0) state, calculated by the coupled-channel method.
Agailn the other initial j-states follow a well-defined pattern. At
.9 ¢V the scattering from each state peaks at j2 = jl + 2; at higher
energies the same relation hold for all states except j1 = 0, which
peaks at j2 = j1 + 4. Figure 2 shows that HZ-L:L+ follows a similar
distribution. The qualitative fearures of the final rotational
distribution can be rationalized by observing that the system has
weak coupling and widely-spaced energy levels. In the limit of no
coupling both the internal energy and rotational angular momentum
would be conserved. With weak coupling, the system would like to
undergo transitions which almost conserve these two quantities. Of
course, that is impossible. Small Aj's require large energy changes,
on the order of .5 eV if j1'= 0. Similarly, small E's require

j's on the order of six or eight. At .9 eV, 4j = 2 is the most
probable transition, with |AE| = .48, .42, .35, .30 eV for j1 =0, 2,
0,

n

4, 6 resp. at higher energies, Aj = 4 is more probable for jl
with |AE| = .38 eV. For the other initial j-states, the Aj = 4
trangition also rises more rapidly than Aj = 2 with increasing total
energy, but Aj = 2 still remains the wmost probable transition. This
trend can be understood by recalling that rotational excitation

zakes place by transfer of angular womentum from the orbital to the
rotational mode. Loss of angular momentum is more likely if the initial

orbital angular momentum is large, i.e., AL = =4 i3 more likely if
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21 = 30 than if 21 = 6. However, if the Interaction potential has a
finite range, say bmar’ the largest orbital angular momentum of amy
consequence is %:ax =k bmax‘ For f-values larger than zmax the
corresponding impact parameter is so large that the system never enters
the interaction region and all asymptotic quantities are conmserved.
The wavenumber k depends on the energy, of course, with the consequence
that for fixed bmax’ zmax increases in energy. Thus one would expect
Aj = 4 transitions to increase more rapidly with energy than A = 2
transitions. In the case of jl = 0, the transitions are roughly
comparable at .9 eV, so at higher energies Aj = 4 becomes dominant.
For the other j-states, Aj = 4 1s one or two orders of maguitude
smaller than Aj = 2, so although it rises more rapidly, it does not
dominate over Aj = 2. Of course, the importance of Aj = &4 transitions
at higher energies may invalidate the results for (1,6) cross-sections
at 1.5 eV, since the state (0,10) was not in the basis set. Figure

6 shows the final rotational distribution from state (1,0), computed
by the classical-limit method. The distribution clearly overestimates
the relative probability of the 3 = % transition. This seems to

be true for other jl—states and energles as well. It would appear
that the very poor showing of the classical-limit results for this
system is due to the approximaiion neglecting the rotational
contribution to the damping function. The HZ—He systems exhibits far
less angular anisotropy than HZ—L1+, and apparently the rotational
contribution to the "forbiddenness" cannot be neglected, as it was

in the H -Li+ calculations. Thus it follows that a successful

2
application of the classical-limit method to H2-He can only be done
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using the full boundary conditions of Eqs. (3.2) and necessitating

the use of a four-~dimensional root-search procedure.
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The final sctep in the Hz-He calculations was the use of the cross-
section data to find the rate constaants and relaxation times. Rate
constants connecting specific quantum levels were found by fitting the
corresponding quantum cross—-sections to a power law and carrying out

the integration of Fgs. (2.68). More specifically, to find the rate

of transition from state i to f the cross-section was fit to the form
P
O¢eq © A(Etr) N (3.50)

where Etr is the translational energy in state i and the values of A
and p were found by taking the logarithm of both sides of the equation
and passing a least-squares line through the known points. Substitution
of Eq. (3.50) into Eqs, (2.68) and use of Eq. (2.67) gives the follow-
ing final expression for the rate corstant;

. 8 \1/2 )

feg = G ) oA (D) 27T (pv2) (3.51)
Of course, only the downward rate constants (i.e,, 1i>f) need be
computed this way: the reverse rates are given by the detailed
balance relationship (see Eq. (2.76)). Once all the off-diagonal
elements of the rate matrix were found the diagonal elements were
computed by use of Eq. (2.74).

With the rate matrix knoun the relaxation rate was computed in

two ways. The first approach can be termed a pseudo two-state method,
since it makes use of the well-known result that the relaxatiorn rate

is given by
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~B+AE
kr = kD*l (1+e ) (3.52)
for a system with twc levels, labelled zero and one in this case.

The variable AE is just the emergy spacing of the two levels. In
applying this approach to Hz—He one approximates the system by two
states, corresponding to uw=0 and n=1. The relaxation rate is then

given by Eq. (3.52) with the parameters defined by

) ( D ) ( ) -B(E,, ~E,0)
. 11, o0
g i ko <15, Jlas+1 ). e 1
_33\3, 03504, 1 , (3.538)
Z(ijl)'e_B(Eljl-EOO)
1

koeq

AE = ( (3.53b)

E107Eoo? -
The second method used was the diagonalization scheme outlined in

Section (II.C). The states included in the rate matrix were

n=0,1=0,2, 4,6, 8

n=1,3§=0,2 4, 6

the results of the two methods agread to better than one-half of a
percent for temperatures below 2,000°K.

Relaxation rates were also computed on the basis of the classical-
limit scattering results. However, because of the uncertainties in

the final j-state distribution of these results the procedure involving
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specific quantum levels had to be modified. The cross-sections
fit to the power law of Eq. (3.50) were first summed over the final
rotational state, i.e., they were of the form:

co‘_ljl - JIZ GOJz*ljl (3.54)

Evaluation of Eq. (3.51) then gave an approximate value for ko«lj .
1
Substitution of this wvalue into Eq. (3.53a) gave the classical-limit

relaxation rate, since kO*lj can equivalently be defined by
1

kmljl = Jzz koqujl (3.55)
The diagonalization scheme could not be applied to the classical-~limit
results for two reasons. The first is the final j-state distribution
mentioned earlier. The second is that the scheme requires the rates
for purely rotationai transitions within the n=0 and n=} manifolds.
The corresponding cross--sections had not been computed in ihe classical-
1limit calculations (only vibrationally inelastic transitions were
considered), and these rates were not available, However, because
of the agreement between pseudo two-state and diagonalization results
for the coupled-channel data, it can be presumed that the pseudo two-
astate results are an accurate representation of the relaxation rate
for the classical-~limit data.

Figure 7 shows a comparison of the classical-limit, coupled

channel, and experimental results for the relaxation rate in the
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Fig. 7. Relaxation rate for Hz-lie system as function of temperature.
CC ~- Coupled-channel
¢y -- Classical-linit
EXP -- Experiment
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temperature range of 50 to 500°K. Clearly the classical~limit
results are in very poor agreement with experiment. They predict
the wrong curvature and are several orders of magnitude in error
over most of the range. The coupled-channel results show much better
agreement. The curvature is qualitatively correct but much weaker
ithan that shown by the experimental points. Extension of the curves
to higher temperatures (not shown) indicates essentially guantitative
agreement in the range of 1500 - 3000°K between the coupled-channel
results and the shock-tube data of Dove, Jones and Teitelbaum, as
quoted by Audibert, et al. (see Ref. 2 of Audibert, Joffrin and
Ducuing). The classical-limit results in this range fall about two
orders of magnitude above the experiment,

In order to draw any conclusions from these curparisons one
must recall that the underlying cross-sections were computed in the
range of .9-1.5 eV total energy, or .3-1.0 eV relative translational
energy, since the internal energles of the states dominating the
relaxation; namely (1,0), (1,2), (1,4), are about .5-.6 eV. The
translational energies correspond to temperatures of 3,000 to
10,000°K. Thus the shock~tube experiments probe the relaxation rate
at temperatures comparable or slightly below the energy range of the
cross-section calculations. Not suprisingly then, the high~
temperature relaxation rates reflect the discrepancy between the
coupled-channel and classical-limit cross-sections, with the coupled-

channel results being essentially exact,
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The low temperature (T<50D°K) relaxation results depend
sensitively on the behavior of the cross-section immediately above
threshold. This behaviour is poorly represented by a power-law
extrapolation from higher energies. Below room temperature the
relaxation rate is dominated by k0$10 (see Eq. (3.53a)), and test
calculations indicate that the extrapolation used here would result
in a serious underestimate of the underlying corss-section,
00*1'0, for Etr < .042 eV (=460°K). In this energy range vibrational
deactivation competes only with elastic scattering: pure rotational
transitions to higher states of the n=1 manifold are energetically
forbidden. Of course, in the range where the cross-sections were
computed purely rotational transitions are allowed; their effect is to
reduce the probability of vibrational deactivation. (That is, if
the states nxl, =2, 4, 6 were dropped from the coupled-channel
calculation, the effect would be to increase 00‘1.0') Extrapolation
of the cross-section curve to low energiles underestimates the
cross-gsections around threshold by improperly including the effects
of purely rotational transitions, which in fact cannot take place
at those energies. It is felt that this is the cause of the
discrepancy in degree of curvature between the curvature between the
coupled-channel results and the experimental work of Audibert,
et. al. Unfcrtunately, removing ihis discrepancy would call for very
difficult calculations just above threshold to deteimine the correct
cross-gection behaviour there. Test calculations show that the S-matrix

elements of interest are very small, less than 10_8. Computing
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them reliably would require exacting tolerances. Further, because of
the low transitions probabilities involved, it may prove necessary
to use the de Vogelaere algerithm in place of the Gordon method

used in the present study.



~118-

IV. CONCLUSICHS

As stated in the introduction, the purpose of this project was
to develop a method of using complex trajectories to extend the
applicablility of quasi-~classical calcuvlations to classically forbidden
problems and to test the validity of the proposed method by comparison
with essentially exact quantum calculations. Thus there are three
basic questions which must be answered by this concluding summary:
how well doas the proposed method compare with exact calculations,
how can the comparison be improved, and what difficulties can be
expected in generalization to systems larger than atom-diatom.

The first two questions have, In essence, heen answered in
the body of this dissertation; however, a recapitulation is in order.

Agreement for the H —Li+ system was quantitative, both in the size of

2
the cross-sections and in the distribution of final rotational states.
In comparison, agreement for the Hz—He case was very poor. The
classical-limit cross-sections were one to two orders of magnitude
too large, they rose too sharply, and the distribution of final
rotational states peaked at the state immediately above the correct
maximum.

The cause of these difficulties is also clear. The angular
anigotropy of the HZ-He interaction potential is much smaller than
that of HZ-L1+. Consequently the neglect of the rotational and
orbital contributions to the damping integral of Eq. (2.59b)

introduced a much more serious error into the results for Hz—He. As

expected, an underestimate of the damping function yields an overestimate
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of the cross-sections, in this case amounting to at least a factor of
ten. Similarly, the final rotational distribution was analyzed as
a trade-off betwuen energy and angular-momentum comscrvation. Since
the approximation described above overestimates the ease of retational-
orbital coupling, one would expect the classical-limit distribution
to show more internal-energy conservation and thus be shifted to
higher final j-valuer.
It will be recalled that the approximation of neglecting part
of thedamping integral wus introduced to redvce the root-search
problem to manageable dimensionality. The original four-dimensional
problem proved not to be amenable to easy solution at each point of
the Monte Carlo average. The results of the H2—He study force one
to conclude that if the proposed classical-liwmit method is to be
made completely reliable in all cages, the full damping integral
must be used and the 4-D root-search must be performed at each Monte
Carlo point. This means that if this line of research is to be
continued, the first order of business must be the development of
a reliable and efficient multidimensional root-searching procedure.
of course, even in its present state the proposed method is of
potential utility. The HZ—L1+ results show that the method works
well 1f the angular anisotropy of the potential is large, and it is in
precisely such cases that coupled~channel calculations become tedious,
since many partial waves must be included in the sum for the cross--
sections. The proposed classical-limit method can be used to
complement exact quantum procedures. In systems with weak rotational

coupling, coupled-channel calculations are easily dome; the
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clagsical-limit method proposed here can be applied conveniently
and reliably to systems with strong rotational coupling.

Lastly, there is the question of extension to larger systems.
'The first problem is obtaining reliable potential surfaces describing
the interaction of such sys.«s. However, since this problem
applies to all exact methods, it is not germane to the discussion.

As regards extension of the classical-limit formulation to larger
systems, the complication of the rotational motion should be

tractable without major difficulties. Problems arise, however,

from the presence of several vibrational modes. Apart from increasing
the dimensionality of the root~search (with "partial-averaging" over
rotation, the rotational modes will each contribute one dimension to
the root-search; the vibrational modes will each contribute two
dimensions), the presence of more than one vibrational mode will
necessitate a reexamination of the algorithm use to statilize complex
trajectories.

It will be recalled that the current version of the algorithm
varies one independent variable (the argument of the time path) teo
control the value of one dependent variable (the oscillator separation).
In the case of larger systems several dependent variables (crrespond-
ing to separations in the gseveral vibrational wodes) will have to
be bounded. One could, of course, try bounding some suitably
weighted sum of such separations; this would at least restore the
parity of one independent variable and one dependent variable.
Nonetheless, the matter would require careful scrutimy. Thus,

extension to larger systems would require a reliable multidimensional
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root-gearch procedure and a modification of the stabilizing algorthm

for complex trajectories.
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