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Abstréct. The adiabatic theéry.of charged-particle motion is deve10ped.
systematically in this review. We present the essentials of the theory
without giving all the analysis in detail. The general expressions

for guiding-center motion and particle energy change are given, with
application to the Van Allén radia£ion and to Ferml acceleration. It

 is shown that Fermi acceleratioh and betafron accelération should not

be regarded as distinct processes., ModificatibnsAéfkthe no@relativist;c
'theory necessary when the particle'iS'relativisfic are'discusséd. Proofs
are given of the invariance to lowest order of fhé first aﬁd sécond -
adiabatic 1ﬁvariants for thé»caée of static'fields.v Finaily, applications

are made to the theofy of plasmas.,



UCRL-10750
ADIABATIC CHARGED-PARTICLE MOTIONl
Theodore G. Northrop
Lawrence Radiation Laboratory
University of California
Berkeley, California

April 2, 1963

‘l. INTRODUCTION

The adiabatic approximation to charged-particle motion has
been widely used in our atﬁémpts to understand the Van Allen radiation
‘and to predict the results of high altitﬁde nuclear explosions. It
has'aléo been used.extensivgly in fhe theory of plasma confinement
and stability in strong magﬁetic fields.i A thorough.undérstanding :
§f the adiabatic predictions is therefore desirable; particularly
since deviationé from these predictions may be important in explaining
whét we observe. Our purpose In this review is ﬁo'presént what
‘adiabatic theory sayé, witﬁout ﬁresenting all of the analysis in the
greatest possible generality. Some of the.énalysis, especially for
' relativistic particles in time-depéndentifields, becomes quite 1eng£hy

T

and will be omitted.

. This work was performed under the auspices of the U. S. Atomic Energy

Commission.
T “Many of the subjects pfesenﬁed here are amplified in a monograph by'

the author [Northrop, 1963].
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2.. THE.GUIDING CENTER MOTION OF NONRELATIVISTIC PARTICIES

In a uniform magnetic field that is constént in time a charged
'particle moves in a hélical path. The motion may Be described exactly
as motion about a circle vhose center 1s moving along a line of férce;
If the field is not quite uniform and not quite time 1ndepehdent, one
expécts that the mbtion will not be quite helical; one also expects -
thaf somethiﬁg apprOximéting‘heliCalfmotionfwill'still bé discernible,’
and tﬁeréfore that a gooa approximation will contain gyfation‘about'a.
centér_thaf now ﬁay move at right éngles to thé.iine of force as. well
as élong it. This expectation islindeed cofrecf; and thé equations
governing fhis- "ouiding oenﬁ@r'; motion ean b@Ad@r;Véd by following
"one's physicallintuition. To do this iet T=R+p, Qhere thé vectors
are defined in Figure 1. To corfespond~£o the bicfure of rapid gyfafidn‘

: - N A : . : .
~about .the guiding center, let p = p(e2 sin wt + e, cos wt) , wWhere w °

3
i the ‘angular frequency of gyration eB(ﬁ)/mc , B(R) 1s the magneiic'
field at R, and e2(R) ‘and eB(R) are unit vectors perpendicular
"to B(R) and to each other. If R + p 1s now substituted into the

. equation of motion: for thc~particle

.

Mo SIXBE) + eBH BRI

and an average is taken over a pefiod of the gyrétion,‘the'result.after .

.. a little algebra with the unit vectows is [Hellwig, 1955; Northrop, 19611

ol

X g(ﬁ)} --%% v B(R) ¥ terms proportional to -E .

. ,(2?

S e -;-» "
R = m E(R) +
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ﬁere M is the well-known maghetic moment ep%»/2c = mv:?/QB )
vhere v, is the particle velocit& perpendicular to B(R) . in (2)
only terms through zero order in m/e have been kept; m/e can be used
as the expansion parameter because if (l) is-vritten in suitable
dimensionless form, the‘dimensionles; parameter that appears is the
gyration radius divided by the dimensiﬁns of the system, and m/e is
proportional tb this ratio.
The component of ﬁ perpendicular to E(ﬁ) in (2) is the

gulding center velocity'perpendicular to ﬁ(ﬁ) . It is the sé-called
"drift. velocity" and is oStained by taking the vector prdduct of (2)

C ey .
with B . We have

- A AU

B xé eXwm e X &
B 2 et M2 ome 1 0(62) (3)
1 - B e B e B

wherej € 1is .m/e 5 gi' is g/B, and all field quantities are evaluated
at R . There are three drift‘termsvhere. The first is the well-known
: "E X B" drift, and the second is ‘the "gfadiént B" drift. The third
term contains ‘the "line curvature" drift, but it also contains quite a
few other drifts, as will be developed below. All the drifts occur
beéause the curvature of the particle trajectory is alternately 1argef
and‘smaller as the particle goes'around‘its fciréle” of gyration; the
gyration "circle" ié not really quite a circle. This variation in the
curvature produces a graduél drift to one side as illustrated in
Figure 2. The cause of the alternately large and small curvature is
different'fdr‘each of the drifts. The "E X B" and "WB" drifts have

been frequently described before [Alfvén, 1950; Spitzer, 1952). The
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six drifts that are contained in the last‘herm of.(3) also can be given

geometric interpretations. That term may be e§panded by writing R as
4 -~

.. . av, de ar
S a,s A SN A i ) 1 A
EE(RL ey R el) =y g Yt W Y @@ where Wl is

R = gﬁ(ﬁ),n theAcomponent of guidiﬁg center velocity'parallellto the
line of force at R . ‘We only need dﬁL/dt to zero order in e , sincel‘
~ the entire term is multiplied by e inA(j). Ey iteration of (5); we.
'bbtain dﬁL/dt = dﬁﬁ(ﬁ)/dt + D(éj , where. Gﬁ is oF X Ql/B .

Also, dgl(ﬁj/dt is ngeﬁed, It is the raté of ohango of thq unit
vector as one follows thé guidingicénter. lThis unit vector chanées
direction in a time—dependent.magnetig field'evgn ipAthe‘abséncé of-
guiding center motion.. Iﬂ addition the ggidiﬁé‘center sees a éhapge,

in AglA A g |
Conseqpenfly, the total defivatiye d@l/dt' equals

as-it moves,in a field whose direction in space is not constant;’
A . A - A : ' ] . ‘
Bel/at oY bel/as + uEfVQl .+ 0(e) , vhere s is distance alogg

o I . o~ . . - - g - . -—r . rnb'
the line of force. Siimilarly dgE/dt equals BuE/dt Y duE/ds + Uy .

With these;substitutidns, the total drift velocity becomes

A ' ae dGE
- X F o Me me, 1, me _E
Ro= B X fCE * e VB + e I dt * e dt
&
- 2oy {F o+ Mgy o I
B e e
A - = o
v, * Fov, 2 Bel + v VAT auE + v auE + 0 Vﬁ.} * O(e2),
St I 33 h YE5TYEL T St I 3s 2" Yg
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where all quantities are eValuﬁted at R . The term proportional to
531/55 is the well-knowm "line curvature" arift. However, the other
five terms iﬁ the square bracket, alﬁhough possibly less familiar; should
not be overlooked. In practical cases the electric field are often so
"small that the four terms containing GE are negligible, and ?he field
lines may change direction so slowly that the Bgl/at drift is small.
But these five terms in the bracket are not necessérily small, and
situations where each‘is of primary importancé are known in plasma
physics. For eiample, the .term proportional to Gﬁ-Qﬂﬁ is responsible
for the shear, or Helmholtz, instability of a plasma [No;thrbp 1956, 1961].
Shears occur at theAsolar win&-aeomagnetic field intérface, wvhere the
solar plasma slides ovér the geomagnetic field.
The Bgl/at drift is an eaéy one to understand geometrically.
If the direction of the ﬁagnetic fiela changes without a change in the
paftidle veloéity, then some of what was ''‘parallel"” velocity wiillbecome
"perpendicular,” and vice versa. -In other words, if there is a change
iﬁ the réference direction, with fespect t§4which one defines parallel
and perpendicﬁlar,:then the respectiveAcomponents of veloc¢ity will change.
‘Tt ié easy .to work out the details and see that there is a periodic
'variation kat the gyration ffequency) iﬁ‘the‘curvature of the particle
trajecfo?y vhile the line of force chanées direction. Thislleéds to
a-drift, Just as in the more familiar case of %he' EXB and VB drifts.
The componen%Aof (2) parallel to tﬁé magnetic field gives the
pérallel.acceleration of thé guiaing center. The scaiaf product of'(2>

ﬁ) is

wi ;chA /e\l(
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e, = - F - - 2B + 0(e), (5)
B -, A, . ' ’ . '
where E; is E(R)-el(R) . The parallel acceleration dv /ét  is
é% (R-el) , which differs from R-gl by R'dgl/dt ; and since the
‘ | ae
. . /\ ) - .. 1 :
latter equals (cl Voot uE) rralii 0(e) , then
A
. d.'V' : . , d.U . .
W e - M OB - .1 '
& TR T mds T wTwm ot ole) (6)_-

. ‘ AN - N A . o,
The term v) e -del/dt vanished because e,. is a unit vector. The

1 1
term -(M/m)(dB/ds) is the wsual mirror effect that produces reflaction
‘of particles and makes them oseillate north and south in the seomagnetic
field, thus tfapping them. The total time derivative dgl/dt_ may be

A

" expanded to (de,/dt) + (v, 3. /ds) + L.-ve
. | 1 [Ras z Vo1

: A . A »
- equation. This Ge-del/dt term is. another -example of an effect

, just‘as in the driff

caused by a change in the reference direction. If the electric field

is small, the term may be megligible.

3. ENERCY CHANGES .
~ The kiﬁetiC»eﬁergy Q: of a particle, averaged over.é gyration
is (mvuz/e) +.(muE2/2) + MB . This ﬁay be demohstrated, but it is
'reallyfobvious.t the first twé terms are ‘phe energy of the .guiding‘
dentef motion and MB is the energy of rotation about the guiding

. ' , 2
center. The parallel energy- W is mv, /2 , and the average

il o
perpendicular energy WL is (mu?é/z) + MB . The rate of change dW/dt

. of total kinetic energy, averaged over a gyrétion, can be deduced,inla
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formal fashion, but the result is so intuitively correct that the

procedure will be;omittéd here. The result is

1 Qv 3o M 3B =z - N :
e ot - RER 1) + T 5 & ) + o), (N
where R is le“ o+ ﬁJ . The first term on the right side is'gnergy

increase resulting from the a&grage particle motion in the eleétric.
field, while the secohd'term is the induction,efféct or "betatron
acceleratidn"Acaused by the curl of E acting agout'the circie of

- gyration. Pgrt of the energy increase given by (7).is fed into the

' pafallel energy, and-the rest into pérpendicular energy. Simultaneouély,
. energy i; exchanged between parallel and perpendicular components by |
“the mirror éffect, the exchange occurring without a‘chapge in total

" kinetic eneréy; The-proéess méy Se visuaiized as in Figure 3, where

the partition of dW/dt between aw, /dt  and aw, /dt comes from the
«forﬁal anélysis. Note that M BB/Bt . is only part of the
perpendicular energy increase; eﬁ-ﬁ. contains the rest of the
perpendicularAenergy'1ncreése plus the entife rate of'incfease of

parallel energy.

4., FERML ACCEIEﬁATION
Fermi apceleratioﬁ [Fermi 1949, 1954; Teller -1954; Davis 1956;
. Parker 1958] is a special.case of the adiabatic energy change of the
:pféceding section.‘AFefﬁi sﬁggested that repeated collisions between a

charged particlé and moving clumps of magnetiied plasma‘in space would
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:iacéelerate a few'particles to extreme energies. In>effeqt, th¢ ciumps
,aqt as massive particles wifh which the high enerpgy particles attempt
to establish kinetic equilibrium. The many particles in a ciump;
" although of low energy, give it a vefy large mass. Thus, at thermal
eqpiliﬁrium, the.high energy pafticles will have very hiéh energies
indeed. The stétistics of these collisions will not hékdiscussed here
[gee Teller 19547 ; instead, detalls of. a single Fermi-type collision
willAbe intefpfeted in light of-theApreceding section. |

Eqpation'(7) applies to any adiabatic situation, but Fermi had
in mind special ones--namely, those where fhere is A frame of referenco
(that of the clump) in which the'magnetic field is static and there 1s
no electric field. 'In the frame of the clump there is’therefore no
.enérgy gain or loss by -the particle, ihe collision is elastic énd ité
net effect is~to'alfey the velocity ofAthe guiding center. In the
earth'é frame, with respect to which the clumpbis in motion, thcré may
be an engrgy change, somewhat in énélogy to a ball étruck by a basebhall
" bat. A particle will lose energy if‘the clump is overtaken by thé
.particle, and 1t will gain if the clump overtakes the’partiéle.

| Suppose the earth is fixed at. 0 in Figure ) and that the elump

is fixed in a frame O*‘ moving'at velocity N with respect ta the

earth. The rate of energy gain is, from (7) and (4)

aw - 3> 2 OB
T - evh E“.‘+ e3L E + M-E%

(8)
A -~
= - ev E_ +ML‘UB +mv, u.* Eil + ma e E;i + M oB
R TR Un n VBT T Vgt 3t
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Quantities in (8) must now be expressed in terms of 3,. For example,
G . % .

e

X B . The

ol

the electric field seen .in O -ié -2 X B
, — % —
-magnetic fields B and B are equal through order u/c , 1i.e.,
nonrelativistically. The actual cosmic problem may have relativistic
clump velocities, and relativistic energy for the cd%liding particle.
Relativistic adiabatic motion will be reviewed in the next section, but
the nonrelativistic case is adequate here for illustrativé purposes.
The following relations also hold, as seen from the earth's .

N

frame of reference:

OB '_» :
B—t' = <u-V3 ,
dé] aél
- - wy)seT s
and
*..EEE = ~(§ lu Ju v, - ael
E dt = T n I Lo BS ¢

Substitution into (8) gives

‘ de. '
LM, 2y, cu )Pt s oD (9)
If the magnetic field in the clump is sﬁch that the guiéing center moves
aloné a straight line of force, the last term in (9) is zero, and one then
has what Fermi named "type a" acceleration. ~As_seen'from the clump frame,
the particle moves into an increasing mégnetic field (magnetic mirror)
along a straight line of force,.and reflects with no energy change; As

viewed from the earth's frame there will be an .energy change.
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On the other hand if the field line‘along which the guiding.center
ﬁoves is curved, and if the magnitude of the field is constant along the
.line, the first term on the right side of (9) vanishes: The last>term
is then Fermi's "type b" accelerétioh. In either case, (9) may be
' intégrateﬁ'with respect fp time to give the total:energy change producgd
by the particle's collision witﬁ the clump. Types a and BAreally differ
'oniy in the mechanism vhereby the gulding center velocity 18§ reversed

in the clump frame. In either case the energy change seen by the

observer on the earth is 2mu, (vH- - ul‘), vhere Vv is the component

I

of guidiné center velocity parallel.to the magnetic field after the

collision (i.e., far from the clump) and, u“ is the coﬁponent of 31

~parallel to thaf field. This energy change is naturaliy mofe easily

obtained from the fqét that the velocity in the‘static frame is‘merely

reveréed by the collisioﬁ. But'ﬁur pufpose here has been té apply (7)

| in. the frame of reference in which there is an energy ohange. an?tion (p)

can also be 1ntegrated over a colllslon w1thout breaklng 1t up 1nto the‘

special caées fa" 'and "p"

| Fermi acceleration gnd betatron acceleration-are sometimes

. invoked as distinct processes whereby a partlclé.gains energy. Hnwe?er;

they are not distinct. If one follows the fate of the (M/e) aB/at

. fgrm i£ the transitioﬁ'frbm (8) to (9), he findsifhe term éoes into
'fofminﬁ - g u,, (9B/3s) , whlch is the "type a" acceleration. Consequeptly,
‘betatron acceleratlon should not be viewed as a process distinct from

Fermi acceleration, since it is part of "type a". It is correct to

distinguish between betatron acceleration and acceleration resulting
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from guiding center motion in the elgctric‘field, since these appear as
distinct terms in (9). | H

Pure bétatron acceleration in space is improbabie, since if .-
thefe is a OB/dt , there will usually be an electric field at the

guiding center, and the. R-E term in (7) will be nonvanishing.

5. REIATIVISTIC ADIABATIC MOTION

If the particle has relativistic energy, (1) is replaced by

G _a _™F e 3.2 2 | |
= = = 0 2)12 = E'rXB_(I")‘ + ei(r) , (10) .

where 5 is the momentum, ‘BA= v/c, and m, 1is the rest mass. Three

 cases can be distinguished: when the electric field is zéro,lwhen its

component EL. perpendicular to .§ is small, and when E;_ is large..
If there is no electric field, the force on the particle is
always at right angles to the Veldcity, with the result that the cnerg&
is constant. Then mo/(l - 52)1/2 can be removed from under the d/dt
"in (10) and the equation is identical vith_the nonrelativistic one for .
' 2,1/2 ' . e
a particle of mass mo/(l - B%) . All the preceding nonrelativistic
theory, with E set equal to zero, nov applies. In the following two

equations the‘nonrelatifistic guiding center équations are rewritten

with mo/(l - 62)1/2 replacing m . The drift velocity is -
m v ° e. X VB ' n.c e Bé
3= 1 - 0+ ¢ 1 . 1 ‘ v 2 ly 2
L7 2y1/2 B e 2,1/2 e il B 35
(1- g2 2 B (1 - g2V ‘
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and the parallel force is o

m av ' ‘m v 2.
-0 W 1 0 L 3B

(2 _'32 1/2 at -.(l ,,32)1/2 OB ds

- (12)

Nonrelativistically, the magnetic moment is M= mYL?/2B .
Relativistically, tHe corresponding invarianﬁ is
IR NAVES 1-8)=p /mB . It is not obvious that this is the
correct generalization of M for relativistic.energy. It is easy .
enough to verify for the simple case of a particle‘in a uniform,
'azimuthally symmetric, field that éhanges with time. 'The'general case
16 not 80 casy to prove. The adiabatic invariants will be studied
more in the next section.
: _ ) ) . 2,-1/2 ,
The parallel force in (12) is now larger by (1 - B°) than
- would be predicted by the ﬂonrelativiétic equation for the same rest.
mass. Similarly, the drifts in (11) are faster by the same factdr.
These effects are caused by the increased gyration radius resulting
* from the relativistic mass increase. For example, the increased
gyratioh radius increases the amoun®t of field inhomngeneity sampled
by the particle, hence increases the VB drift. Similarly,‘the
paréllel force increaseé'because<the laréer gyration radiﬁsvsubjecté
the pafticle to a greater convergence of the field lines and it is -
" this convergence that produces the mirror effect. As illustrated in

Figure 5, it is the product of v, and the radial component of. B

- that results in a parallel force.
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If the electric field is sufficiently small (formally, of
“order ¢ ), the four terms containing Gﬁ' in (4) become of orde;_ 52

- and may be dropped. The drift proportional to 56‘/8t will also
probably be negligible, since VX . and BB/at are related bj bhe
Maxwell equation. Then only the three familiar drifts remain. One
may surmise that the correct relat1v1ot1c modlflcation is obtained by

| adding kX B/B to (11) and eE” to’tbe-parallel force in (12).
AThis dpes in fact turn out to be the-correct procedure, but it is not é
deductive one, since (11) and (12) wvere derived by assuming no electfic
fiela. The relativistic case has been studied by Hellwig [1955] end by
Vandervoort [1960] fér ﬁL large (i.e., of order i}; and the small

El resglts are a special case.

The relativistic rate of energy change fof i&_ small 1is

aw o 2,1/2 3B : =
% - R +Mr(l-[3)' A ! (13)

. Only the betatron term has been gitered, a_comparisbn with (7) shows.
The éomplete guiding center equaﬁions for large ﬁj_ are

. rather long and will not bé repeated here [see Vander#oort, 1960;
'Northrop; 1963]. Their priﬁcipal features are -corrections ﬁo éxisting
terms of thé small EJ_ relativistic exﬁressions above. Additionally,
two ﬁeﬁ drift tefms that are in the direction of EJ_ appcdri They
afé pure felativistic-effects,that have ﬁo analog in the small- EJ_
relativiétic case. One of<£hése two drifts can be explained by the
change ih'direcﬁion‘of B when a Lorentz transformation is made 1ﬁ

the presence of an electric field. -Basically, the drift is a result
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of the change in the reference direction with respect to vhich parallel
\gnd perpendicular are .defined. Some of what was pafallel velocity is

converted to perpendicular velocity.

6. THE ADTABATIC INVARTANTS

'The-magnetic moment. The emphasis so far has been .on the guiding center
motion and on gnergy chéhges. Nol vnly are ﬁhe guiding center cquationc
usefﬁl, but also valuable are quantities that are constunl over long
periods of guiding centér motion--i.e., any invariants of fhe adiabatic.
" motion, or "adiabatic iﬁvafiants.".They ere not exact invariants of the
particle motion, any more than the guiding center éqﬁations are exacf
'equations. for the particlg motion. TFormal analys.is [Kruska]t, -1960;
Northrop aﬁd Teller, 1960] shows that there a?e at thé most thfee
‘adiabatic invariants for the charged particle. Eéch one isAreélly an
asymptotic series in a smallne;é pa:ameter € ;7a series of the form:

’

conatant = ao + ¢ ay o€ N + +.+ . Systematic analysis [Gardner, 1959;

Kruskal, 1960] is .essential for obtaining higher order terms in the
series. Historically, however, the forms of the lowest order invariants

(i.e., the ao'é) were deduced by physical insight and by consideration

of special cases [Alfvén, 1950; Rosehbluth, 1955;. Northrop and Teller;.
1960].: The éonnection with more'fbrmal theory'was ﬁade later. Such'én
A evolutionary history is common in physical science. In this paper only
iﬁ&ariance to lowest order (the ao's) will be proven. |

The formal theories al80 shov that the adiabatic invariant
r

series are not the action integrals of the form -? p dq , vhere D and

q are canonical variables, but are instead Poincare integral invariants
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" of the form ‘g ~é-piidq_i ,, wvhere the number of terms in the sum is the
_number of deg;ees of freedoﬁ of the canonical system. Howvever, the
‘number of adiabatic invariants may vary from one to three, depending on
the field gebmetry, as will become abparent sﬁortly;. Iﬁ geheral, the
number of invariants is less than or equal 0 the number of degrees of
freédoﬁ of the system [Kruskal, 1960].
The first invariant'is the magnétic moment, defined previously

as vag/QB. for the nonrelativistic case; mYL2/2B is really M, of .
the magnetic moment series: constént‘f MO + € Ml + ;2 M2 + eee . 'Thé
definition of v, was glossed over slighﬁly in the bégihning 6f this
'mview. If the component of i perpendicular to B is small, th.é
EXB drift is much less than the particle velocity and the pérticie
':trajectory will bé as in Figure 2. The motion is almost circular, and
‘the v, to be used in the magnétic moment is the velocity about the
circle. When f&_ is this small, the last“foﬁr drifts in (h) will
probably'Be negligible. Suppose that ﬁL is now increased. Eventually
: tﬁe trajectory will resemble‘a proléte cycloid as in_Figure_6. There
is no resemblanceAtﬁ circular motion in the laﬂoratory fréme, but in
- the frame moving at EX3B the motion is‘approximateiy circular again
as in Figure 2. It is the v, in thiswdrifting.frame that should be
psed‘ih mYLQ/EB . Adiabatic theory therefore can still app;y even

when thq perpendicular electric field is so large that the particle

trajectory in the observer's frame shows no looping or resemblance to

circular motion. One must only be careful to use the complete expressions

in (%) and-(6); and to define vxgpr0perly.
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TheAinVaridnge of M is edsy to demonstrate fqr simple casés,
like a time dependent magnetic fieﬁd viihiazimuthal symmétr& aﬁd ﬂtréight
: lines of ‘force. A proof for the most general situation (general time-
dependent mawnetlc field and larce electric electrlc field) seems to be
rather long [Kruskal, 1958;. Gardner, 1959; Northrop, 1963). The mos't
general case for which a simplelproof seems to.exist is the static one,
-where the energy is constant; a largé curl-free electric field may.bé.

present. By conservation of energy,

2 2
d ( m‘v” +'muE
2 .

2.

R R T €8

ﬁhere ¢ 1is the electrostatic potential} Recall that the invariance of
M was not invoked in der1v1ng the guidlng center eqpaulons. Thus”the

value of dv”/dt from (6) can be used to convert (lh) to

du &,
a(MB) edd - e M B
at . T T Tar T ™e'we © ™ u'( T “E

(15)
The total derivative. d¢/dt equals Wn 5¢/Bs) +- §435¢3,'wheré ﬁi'
"is given by (4). Puttlnv it all together and doinw a llttle vector

" algebra glves

an’

MUVB Mv”g-?- =g | L (28)

- a(vm) 4
= T

dt

or
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. , The next two higher terms in the magnetic moment serics have

also been derived [Kruskal, 1958; Gardner, 1962]. They are ra£her

. complicated. |

‘The éxpre§sion "nonadiabatic behavior" as applied to the magnetic

moment has by custom come to mean any deviation of mYLQ/QB from

cohstancy. HoweVer, it is actually the series 'Mo + c'Ml + e21M2 4 e

. that is the invariant of the particle motion, and not just MO..

:“Therefore, Md

preferable to define as-nonadiabatic ény behavior not ﬁredicted by the

¢an vary according to adiabatic theory. It seems

.'éeries. Since the series is asymptotic [Berkowitz and Gardner, 1959],
and not convergent, it would not be surprisinglto see pérticle béha&ior
that complételyAignores the adiabatic predictions, even in Tow order,
énd this would be genuine‘nonadiabatié behavior. 4Ekamples of‘such
motion aré known [Gafren ef al., 1958; Northrép, 1963] for the magnetic

moment.

-The second or longitudinal invariant. Another invariant of the particle-

motion, or really of the guiding center motion, is

J = ué-‘p“ ds ,' o | ' (17)

where p“ is mv , the guiding center momentum parallel to the line

H
of fbfce. The invariant J exists if there'is a mirror—t&pe geometfy,
such that the guiding Eentér'oscillates back and forth along the lines
of force'while drifting slowly at right angles to them, as illustrated
in Figure 7. Tor J to be constant, it is ﬁecessary that the drift

be slow compared to " v --i.e., that ﬁa_ be of order e . The

H
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inténral is taken over a complete osciiiation, the deviation of the
guiding centcr from a line due to the drift during one osc1llation being
negligible if QL is small. |
The earliest suggestion that J io an invarlant appears to have
.come from Rosenbluth ' [Chew Goldberger, and Low; 1955] A proof of ‘the
iﬁvafiance of UJ and some applications ta laboratory macnetic-ﬁield
N configurations was given by Kadomtsev [1958] for a nonrelati&istic
"Epafticle 15 a staticlmagnetic field. A proof that remains valid at.
relativiotic énérgies, and that includes time-dependentvfields has been
given»by Northrop and Teller ' [1960] ~aJnng‘w1th‘applications to the
: dVaﬂ'Alien radiation; The proof of‘the<invdriancé of J given below is
fdrla nonrelativistic-particle in a static field with oo electric field;
‘inclusion of nonstatic fields Qreatly;incredses the lengthfof‘ﬁhe proof;'
_Therefofe, only thé results will be given for the time;dependent case,
The time-depéhdent'results ﬁill bemﬁeeded to discusc. the third inVariént;
Relativistic modifications do noé séém to materially cohplioatg the pfooﬁsf
To begin the proof of Jl, a curviiineor ooordinate system will
now be introduced.. The three coordinates will be denoted by o, B,
“and ‘s , Vhere 2 and B are Twn parnmpters gpaoifyinw the 14 e Qr
force? and o denotes position along the line. (Distinguish this P
Trom v/o' in u previbus sedﬁion.) A:systemiofAnoninterseofiné lines |
éoh‘be génerated as;the iniersectiops of . two fémilies of sqffaoes-
a(r) = .constaht,' and ,B(¥) = oonstant,‘ﬁhefel d(;) and B(T) are
t&o diffofentdfunctions of'position.. It is appareﬁf that'fofua'given

system of lines the functions ‘d(?)_ and B(7). are not unique. Consider
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the simple example of~straight lines df fqrce. They can_be.generated by
the 1ntérsectiqns of two families of planes, by a family of planes and
' one of cjiinders, etc. Among the many possible paifs 6f functions ~a(;)
and B(T) for a glven maéneticAfield, there is a subclass for whicﬁ
thé_?éctdr-potential A is ovB and B therefore is :Vd X . That'
suéh.a subclass exists is not quite vaious; but it is not difficult to
'ﬁrOVe. The utility of the subclass is that for it‘lﬁu X 931 /B is
;chétant ever&vhere, béing unity, and this faét redﬁces fhé algébra
~ involved in the prqéf.A | | |
| In the absence of electric fields the energy W ‘equals

mv”2/2 + MB , so that
ey B, M, W) = f enltr - 1B(, B, )1Y/2 asy. © (18)

The Instantaneous rate of éhange of J due to the particle drift

ﬁi_,in Tigure T is.

ar - & o 37

- do a8
& T a7 P at (19').
Differentiation of the 1'nteg;~ai in (18) gives
- 3J.._} mAM‘Lii‘ : ds . oB(q, B; s)
= - . . 2
% [en(W - MB)]"VQ =)
ahd : . , : .
37 }g de .- dB(e,.B, 5) . ’
= .= -mM . - (20)
® Cten(i - 18)172 P -

\

Because @ and B are constant on a line of force, they are changed

only by.the drift vélocity, and not by the parallel velocity. Therefore,
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.dafat = R - w(R) and dp/at” = R,-WB(K) . substituting K, from
(14), with the electric field zero, gives

me 2 ae

ao ' ,
= - X (——VB +»—e—v )W."Q_. (21)

o o>

- Consider now the quantity (aﬁ/ae) X B , vhere the. guiding center
‘position R 16 a tunction of (a, B, s)
X =2 . R, 7ou OR a S
3B X B = gr'i (VU X wB) = -(VU'EE B+ (VB )VU . ':(22).

- By implicit differentiation of « = a[R(a, B, s)] one finds that

\Ve I g% = 0, . ‘and that | Avﬁ . %g = 1 . .
Thus, (JR/3B) X B = fva , and (21) becomes

| & o 28 = ,

§ o L o Meo, me 2 L +., ©R wa :

gfﬁ-x(;w+?v,, )(SEXB').'Z (23)

'Interchanging the dot and cross, and expanding the triple vector product?

‘é‘l" X ( X B) gives
' . : ‘ Ai\ o ." -
o, (Mg, ome 200y, F o, o &
dt B -8 ’ c ] 3 3 P 171 9
' -» - - aé\ >
Me OR me 2 OR 1, M 4 R 4

gs_ + 'e—- . l . 65 . el.VB
Mc BB'(azB,s), me . 2 3R(x;3,s). e (a,B,s)
= -"é" g -?VH 38 ao |
Me 4 aR B(a,B,8) . . '
+ C .el ) T . (gu)
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In the second term on the right-hand side of (24), we have

BR) , since 'l E—a—aigf—g—s—)—;é‘l-%a‘g , and

= aé A
A 8 BR A, 1 . - :
el~8-§ 35 < & 5 which is zero. Therefore, the second term becomes -
‘me _2d ,. 3R me 4 oR
- v 5 (81.83 ) = - = i T (e e ) . From (6),
‘BB" o Y | ' ' ' »
= 5 "W I3 o S° that the last two terms in (24) combine to
me & .~ R\ . o . Lo
T (v e- B ) . The instantaneous rate of qhange of &« finally is
ao Mc 3B(a,B,5) _ mc d a B .
T e ®m o T emag) (23)
By a similar analysis, we have
| d a 3R -
ap Mc B me ( 1 a . ) ) (26)

&t T e T e

If OB/OB -from (25) is substituted into dJ /3B  from (20), the result is

dJ . mas e fax . _a g ,a‘ﬁ'
® - } — Iz < {d_‘c tomge (v &y 65)]

- MB)] ¢
e ds do : g
N E} vpoae o S 1)

The integral of m d( Al gﬁ ) has vanished because ds/v, is dt,
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is zero.at the reflection points. Eqﬁation\GQ?)'can be

{ -
!

and vy,

written as.

H

Sr(a) , (28)

e

where T 1is the time for a longitudinél oscillation, and the brackets
‘denote the time average over an oscillation. . Similarly,

Yo -Sw(hy . | (29)

.Eqﬁation (19) can then be written as
& _ e AT R | 4
g e T[<a>s : <:a>.ce],T (30)

Now this quantity is not zero except-under‘vé:y special circumsfances, so
" that J is not instantaneously being conserved by the guiding center
- motion.. However, the rate of change of J évéraged‘over a lgna;tudinal'

aseillation 15

ds d4J eT [ . | ds :~ ;. as ; i .
§owd-F o 2o fEd o

- '9?'[-.(& WE) - (BXé >]‘ ,

Vhich'is identically zero,{and this'is the important fact for the long
term motion{ | | | |

| Fquations (28) and (29)_arp nev equations of motion, with the
guiding<center oscillation dvefaged out; they aré‘thé analog of_the gulding
center eépations of motion, which afe the particle equatiqns of motion

with the particle gyration averaged out.
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When Eqauvations (28) and (29) are solvea for (&) and (8,
vthey'are-at first sight suggesfi&ely canonical in form; with J(a,B,M,W).
‘playiﬁg the role of Hamiltonian. But they are not quite canonical. In
‘ fhe firstAplace the time of'oscillation T 1is also a function of_"

(a, 8, M, W). .Furthermore there are the time averagés of & énd B s
ratherlthén the ihstantaheous valﬁes. The first difficulty can be
overcome by‘differéntiating ‘5 = J(a, B, M, W) implicitly with respect
' ' (35 /3 (a,B,1,0) /%,

to @ and '8 to yield &(q,B,M,W)/de
“ete. for dJ/%a . The factor 37/3W s simply ' T , as can be verified

frqm (18). Then

e m': [ Mo, B, M, J;) e
_(M_.-e_aa ' ,
and o (22)
e ‘c aW' |
()= s % -

Excepf for the time averages, these a%e now canonical. It would seem that
_the matter 6f the time avérageé COﬁid be overlooked if one ié in%erééted |
only in the average.guiding-centér pdsition, ahd:thérefore ﬁhét ihe‘

equations of motion«can be rega;déd a; canoniééi. If this is the'bage,l
any theorems in classicalimeéhanics that come from fhe‘canoniéalleéuafiané
shoulﬁvhave an analog in the (o, B) spacg. Liouville's tﬁeprem cones
to mind iﬁmediatel&, aﬁd:it is possible to defive it [Northrop and fellér,
1960] for fﬁe density in (a, B) space by“disregarding the time averages.
To dispel any lingefing'doubts about.the time averages, a‘more direét |
derivation caﬁ bé madé by using the expressions for the instantanebhs'
values of & and é . The concegquencec of the Liouville theorem will

be described shortl&.'
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The third adiabatic invariént. As a guiding center oscillates betveen
ﬁirror points{’it gradually changeé lines §f force. During ité rotion
along a liﬁee it instantanceously drifts towards a variety of adjacent
lines, but theré is one liﬁe towards which it moves on the average and
this line is specified by (32). Thus a surface comp&sed of lines on -
"which i. 1s constant is gradualiy traversed by the guiding center;
Noﬁ it may happen that this curface is clbsed, So that the particle
eventually returns to'a line it traversed eaflier. if 50, there 1s a
th;pd periodicity and a third adiabatic invariant is to be expected.
The surfacés seem to be closed for particles in the inner Van Allen
‘belt. Such a surface (idealized)is sketched in Figufe 8.

Nété that if the pérticle i; hot trapped betﬁeeh mirrors, the
Alongitudiﬁal mbtion.is not periodic éna there is not;even a. second
~adiabatic invariant,<nor is there a third. Only the magnetic moment
exists. This illustrates the fact that the number of adiabatic
ihvérianté &epehds on the géometr& and is less than or equal to the
jnﬁmber of degrees of freedom. | |

To return to the Liouville theorem: 1t says fhgt in the steédy
.state in‘the absence of electric fields; contours of constaqt:maggetiq
field are also constant guiding-center aensity contours on a,longitudinai
invariant surface (Figure 8).' |

- The third adiabatic invariant is the flux @ of 37.encloéed
by the surface of Figure 8. That this flux should be constant in a
static situation is a trivial statement, much as the invariance'of‘the

magnetic moment in a uniform field is- trivially true. But the flux is
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also invariant if thg field ié time dependent, and this is the
significant fact. The surfa;e aﬁout which the particle ﬁreéesées
is not even well definéd unless the particle traverses it in a'time
small compared to'the time scale for fields to change. Tt is not |
'surprising thereforelfhat this rapidAprecession assuﬁption 15 necessary
to’ prove the invariance df i . TFrom a practiqal standpoiht, the tiﬁg
écale of field fluctuations must be slowést to conserve é ; they can
A be faster and still conserve J ) and fastest of all without disturbiné
M, since the time scale then need only be lbng.coﬁpared to the gyratioﬁ
period. -

Proof of the invariance of q is reminiscenﬁ of the proof
"for J . It is necessary to extend equatiohs (52) to include time-

dependent fields. When the fields are‘time dependent, it is appropriate

to'generalize the quantity W wused previously to0.a quantity K,
defined by

vy e
K = + MB + e(f =+
c 2

(33)

e
e

0lQ

where ¢ is the scalar potential for -the electric fieid, so that E is’
- v¢ - % %%92&1 . In a time—dependgntlfield a and B: are functi9ns

of both time and pdsition.‘ The second invariant is now defined by

- | - : 1/2
' ¢ . e s,
J(a, B, M, K, t) = oom k- e( 22+ d) - MR Cas
‘ Y e ot )
(34)
where 38/t is to be expressed as a function of (a, B, s, t). The

generalization of equations (32) turn out to be
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s ¢ & ,
( a ) = - ’e' \073' (O!, B, J, M, t) )
< é > = 'g' % 2
( I.{ ) = 'g% b
and | A _ ‘ (35)
1 = T%‘E .

The quantity ( k ) 1is related to the gain.in energy averaged over a
.longitudinal 6scillatibﬁ. |

” The details of £he proof that § ‘is invariant will not be
1 giveﬁ here [see Northrop and Telief, 1960]. One f£inds ﬁhap d@/dt is’

“not zero as the particle drifts around  the surface defined by the

invariance of J (i.e., as it precesses around the earth); the averag

" motion from line to line as givén by equations (35) does not conserve ¢
But if d@b/dt , is évefaaed over a complete precession, the time average
1s zero. This is analogous to the situation with aJ/dt . The
_instantaneous rate of change of @ is
ad T P ] : '
2o ) - wikn] 4o, e

o]

whéréA ({ K }) means ( K ) avérageq oVér a precession, and ‘TP is
.'the time fdr_the'particle'to'precess once arouﬁd‘the surfécg. The‘righﬁ
side of (36) obviously vanisheé vhen averaged over the periéd Té .
Befofe‘leaving the subject of’the third invariant, several .points
shouid be diséussed concerning motion of lines of fb?ce and the average

»‘(over a longitudinal oscillation) guiding-center drift. The "velocity"
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‘of a kine of force in a time—deppdent'field is not physically ctservabvle.,
We cannot see lines of force. One is therefore free to define line
veloéity, and it should be defined so as to cnhance our visualizatiqn

of how the magnetic-field pattern changés with time. One usually uses
-the picture in which a magnetic field has an intensify proportionaliﬁo
the line density ohe'drays. As the field changes with time this picfure
remains valid if the lines are moved:arouhd at a "flux-preserving
velocity." To define:thks velocity, suppose an arbitrary ciosed curve
is drawn in space; now let each elemént of the'curve move at a velocity

U(r, t) . If the flux. through the curve remains constant as the curve

'distofts, % is said'to be flux preserving. As showh by Newcomb [1958],
U mist satisfy . V X (E+TUXB/c)=0. This limits U but does not
.dgtermine it uniquely.  One often.choéses U as cB X ﬁ/B? , which
‘is.aéceptable if V’Xlﬁh is Zero.

A more generai definiﬁion of‘liné velocityithat is always

‘acceptable- (but not unique) is’

00 = (2w - Ew)ox 2 . (€08

It is not difficult to show thet VX (E + U X B/e) is zero for this
L= ' . - ’ . l ooy -
choice of U . Moreover, this choice has the advantage that 3t U.-x -
- is zero, and likewise for B . The significance of this is that as an
' observer moves -at the line velocity, the (&, B) label on the line he
is‘follo&ing remains unchanging with time.
A convenient space in which to visualize the invariqnt'surfaces

is a Cartesian<(a, B, s) space, in which the field lines are straight
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‘ anq péraliel té the s axis, as in Figﬁre 9. The choice of ﬁ in (37)
makes the lines of force fixed in this spaée; by contrast; a pérticle
for which. J (5ut not necessarily @ ) is invariant moves in -(a, B)
space 1n.ac§ofé with equations (55),-and consequently does not feﬁain
éttached to.a line of force.

| The picture devéloped so far of line motign is very appealing,

but is‘not wmique, To illustrate, oﬁpposc ﬁ is defined by

- . N e : B . , (=3
B, 6= e x WEN I, )+ (Lw-Top)zd
eB 1 _ 3 T3 3

- (28)
vhere- X 1is to be fégarded as a func#ion,of'the'sp@éified variables via
(34). ThisAVelocity can also -be proved flux preserving. Hovever, for

'1t, we have .

& = -
3% + ﬁ-va_'- é% (2& X ) =

Eee ) =&y, (%)

olo

and similarly for ( é ) . With this definition of line vélocity, the
line of force consequenﬁly moves ét'exaétly‘the average parficlé drift:.
- veloeldy, and the particle remains attached to the line.

Either of the'two pictures is acceﬁtable, though definitioq‘(B?)
Seems.préferable since it does not depend on any particle parameéers; while
definition (38) debends on J and M . It is a little uneppealing to
'uée a definition of liﬁe velocity that depends.on the particle under

observation. One prefers to visualize the motion of field lines as
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being intriﬁsic to the field andAﬁot dependent on parﬁicles. Furfhcrmore;
1f two particles with diffcrent ¥ and M are on the same line of force,
' there will be an aybivalence in the line-velocity; Finally, if the
electric fields are so large that ali the drift terms in (4) must bév
retained, J. is not conserved. Definition (%) is étill flux presérviﬁg,
but J is now a-time—dépendent parameter. And'becausc‘the puiding
center no longer shows a slow averége dfiﬁt, governed by eqﬁations,(BB),.
-.it.is not ppssible to say that the pénticle‘follows the line of force

‘on the average. The guiding center foilovs é trajectory.-in Figure 9
determined by (h)'and (6). Under ﬁheseAciﬁcumstances; dcfinitioﬁ (37)

for the line velocity certainly is superior to (38).

7."APP1ICATION OF ADIABATIC THEORY TO PLASMAS
-In the previous sections the motion of a'single particle in a
prescribed field hasAbeen étudied. The adiabatiémmodel.may also apply
‘to a piasma, ﬁhere the density of positively and negatively chgrvea

]

pérticles is so large that their interactions are iﬁportant in determiﬁ;pgr
their motions, The field each particle moves in is the sum of (a) eny
"external" field and (b) those fields due to the motions and positions.
of all other particles. TFor the particlg motion to be adiahatic, close
collisions bhetween chargea paftiéles mgsﬁ be inffequent (high plasma
“temperature and low dénsity)_so that a particie at no time feels a

sudden force. Such self-consistent calculations are necessary 1o

~analyze the stabiliiy of plasma corfinement in a given field configu-

ration.
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Néwcomb [i963] has developed a method for using the first two
adiabatic invariants in stﬁdying plaéma stébility. The change in énergy
of‘aﬁ equilibrium plasma,under‘a-prescribed displacement E(r) éf the
clement of plasma at T can be obtained from iﬁvariance of the magnetic
1moméntland longitudinal invariant; If this energy change;is'positiVe
'fof.all possiblg' z<;) 5 the plaéma is stable. " If the cﬁange is negative
" for any &(T) , it is unstable. It is plausihle that the change 1in
barticle energles shoﬁld be derivabie from the first two in?ériants.
The‘magnetic moment is associated with éerpendicuiar energy, whilé the
"'longitudinal invariant is associated with paraliei.vglocity and energy.l
.Chaﬁges in field enefgy uhder'the'perturbation must -also be'accoﬁntedii
- for in obtaining thé tbﬁai chahge in energy; |

‘fhe mechanism of theselinstabilities can be éxplained‘in terms
.of. the adiabatic particle d}ifts, In the presenc¢ of the perturbation
the drifts lead to charge accﬁmu;ations‘whose electrin fields drive
the perturbation further in a'typically regené;ativg fashion fsge
Roséhbluﬁh énd Longmire, i957, and Northrop; 1961,'for exampleé].

We can also gppiy adiabatic motion to the current density in'a
‘collisionless plééma. Each corponent (i.e,, fons or electrons) of the
'plasﬁa obeys thé-ﬁacroscopic momentum cénservétioﬁ;eqpation . | |

i ; - . . . ) . . B
AV e vy o, = E - o .

m o = - vep +' ge = X B + nek -, : - (%O)

where . V 1s the average (0vervthé veldCity_disfribution)‘of the

'particle velocify- 3‘, and P is the pressure tensor defined as

(am(v - V)(¥ - ¥)) , where the brackets mgan'aﬁAaverage over the

parficle velocity distribution. :The current density 3, of that
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’ - : .
component is ne V , wvhere n is the particle density. Solvinz (10)

. for v , We obtain

v

. AR - >
ce. X V.P el X =2
Vo- Wy o+ —% o1 ome g oy &
H ne B ' : 2 1t A

o

(41)

Consider now a steady situation, wvhere there is no electric {ield.
Then ?L is é@l X V“?/neB . This:is:just,the east-west asyrmetry
' effécﬁ of mirroring protons obsefvéd by Heckman and Nalano {1963].
- They observed that at the inner edge of the inner Van Allen belt, more
high‘energy protons are movingleast'than wvest; there is an averaze
proton velocity v tovards the east. The pressure .gradient is caused
by the atmospheric density grédient, there being fewer particles at
lover altitudes due to the gréater iosé to the atmosphere. At the
outer edge of a radiation belt, where the density decreases with
increésing-radius (for vhétevér reason), thé reverse asymmetry sﬁduld
appear, with more particles moVing west«thén east.

The divérgenée of the preésure tensor can be expanded. in the
adiabatic case as [see Chew, Uéldbérgef, and Lotr, 1956]

o8

"%, P -P ] / 3
- A [T 1 0B 2 ! : Lo
VP = el | S T TR gs' )l ' + L (Pﬂ - 1:3) S F W.L ] ,’
| (42)
o . ' 2 ' . 10 2 .
where P is nm ((v” - v, )7) and P is 3 mm{ vi~ ) . In the

east-west asymmetry experiment there would be a small contribution

from the liné curvature 583/55 in addition to the one from the

pressure gradient o, .
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. It is possible to pro#e from the Vlasov (collisionless

f
*

equation that

.
- — —

?(?, t) = ne\; = Ne( P:_L + f-:‘lvn) + ¢ VX I"-"I, ' .

~wvhere N is the number of guiding centers per unit volume at (r, +)

. o A ] K3 ' » M ‘ B
and ‘M is the total magnetic moment per unit volume of particles with

B - . . . ' . . . .
.eulding centers at r . The hrackets wmean the averapge nver pearticles
- -> . . ;

with guiding centers at r . 'The perpendicular component of (43) is
casily derived from (41) and the guiding-center eguations. However,

the parallel component is rather difficult to prove formally [see

Northrop, 1963], even though the entire. expression (43) is intuitively

ccorrect. It says that the total current density in a plasmd 1s the
sum of the guiding center current and the current that results from

the curl of the magnetic moment per unit volume.

s . 8. NONADI[»\RA;T‘TC TRTRCTS
- The applicaf;on of adiabatic.theéry,and fhg lowest order
iﬁ?afiants to’ the Vén Allen radiatioﬁ has‘Béen'ouplinédf;n‘previoué;
séctions.' Aécofding to the theory, in the absénce-of collisions,
'bérticlés would remain indefinitely in the geomegnetic field and
repegtediy érecess about their‘invariaansurfaéeé. "In praqticé all
three i;variants may not hold sufficiently Wéll for this ﬁeymanent
trapﬁing_to occur. There is lov temperéture piasmé.permeating thé
magnetosphere abéut the eafth, and the solar wind may produce

disturbances that are propagated through this plasma. - These’
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disturbances in turn may be sufficiently fast.to affécy one or mdre of
the lowest order invariants. Even if the deviation of one of fhem‘
from a constant is very small, tﬂis very simall effect can operate d?er
very long times in the geophysical case. The question becowmes whether
these effects are cumulative, or whether they are oscillatory and
seif—cancelling over a lgng period. If the motion is truly nonadiabatic,
inAthe sense defined in Section 6, the effects may be curulative and
thé particle ﬁay become lost from the geomagnetic field. fér example,
if the magnetic moment-decreases‘con£inuoﬁsly, the particle will eventually
Eecome losf in the atmosﬁhere. However, if the motion is adiabatic, in
the sense 6f being predicted by the first few termS'of the invariant
series, then the pa;ticle may stilllbe permancntly trappéd, with the
guiding center‘foilowiné a slightly‘differenh patﬁ from thaf pfedicted
by the lovest order iﬁvariaht.'-The_diétinction ﬁefween these ﬁvq
possigilities? cumuiative.an& osciliatory, may not always be sharp,
ﬁhbugh in one geometry it'ééemed to be quite sharp for tﬁe magnetic
moment [see Garren, et al., 1958].

There would certainly be value in computing,dt léas%'one hizher
term for the longitudinal and flux invariants. The conséqunces of the
earth's rotatioh, counled with the aziﬁﬁthal asyﬁmetry of its fiéld,
do ﬁoé'seem to be known except-in’the’liﬁit Vhen:j¥l'i3;invariant-' In this
'limit a particle precesses rapidly about its invariant surface, and
‘the éurface rotatés slowl& and rigi&ly Vith a 2k-hour period. The
next terms of the longitudinal and flux invariant sefies ought to

describe the lowest order modification to this simple picture.
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To cénclude; it does not seeﬁ poséible afipresént tp-make any 'ﬂ
"genérél statéments_aboﬁt,nonadiabatic effects, other than that'numériqai
- éoﬁputatién is probably needed to study them. However, these éffects  |
may be imﬁortaﬁt iﬁ the dynémics of thé trapped radiation and'théréfore

. - merit attention. .
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FIGURE CAPTIONS.

The charged pafticle gyréﬁeé about its guiding center.

A drift. | |

Enérgy.changes in a timé-dependent field.

Fermi acceleration.

The mirror effect,

Particle'trajéctory vhen EL is large.

Mirror geOmétry needed féf éxistence of sécond adiabafic‘. jf'

invariant.

An invariant surface for a particie frapped in the earth‘s field.ﬁf

A line of force in (@, B8, s) space.
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