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NOMENCLATURE 

A 

A, 

As(x,t)=A|(x) + as(x,t) 

Aw(x,t)=A^(x) + a ^ ( x , t ) 

B 

Ci,C2 

w 
C i , C 2 , C 

D(x) 

H(x,t)=H°(x) + h(x,t) 

Hfw 

Hs 

Hw(t)=Hw + hw(t) 

Hv 

K(x) 

Ki(x),K2(x) 

k i , k 2 

L 

L' 

Lnb 

Lb'L'b 

M. 
• w 

Ms 

Md.Mnb 

Channel c ros s - sec t i ona l a r ea 

Downcomer c ros s - sec t iona l a rea 

Steam c ros s - sec t i ona l a r ea 

Water c ros s - sec t i ona l a r ea 

Fr ic t ion coefficient 

Fr ic t ion coefficients in the nonboiling 
and boiling regions 

Specific heats of fuel section, cladding 
and water 

Flux distr ibution function 

Half-thickness of the fuel section and 
the thickness of the cladding 

Accelera t ion due to gravi ty 

Enthalpy of subcooled water 

Enthalpy of feedwater 

Saturation enthalpy of s team 

Saturation enthalpy of water 

Latent heat per unit volume of s team 

See Eq.(42) 

See Eqs.(47) and (48) 

Thermal conductivities of the fuel 
and cladding ma te r i a l s 

Reduced core height 

Actual core height 

Length of nonboiling region 

Reduced and actual length of the 
boiling region 

Length of the chimney 

Water m a s s in the vesse l 

Steam m a s s in the vesse l 

Masses of water in the downcomer 
and in the nonboiling region 
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Mb 

Mf^.mf 

M r 

lvlt=lOlr 

N(t)=N° 

P(t) = P° 

Pf .Pi 

Q(t)=Q° 

w 

+ % w 

+ n(t) 

+ p(t) 

+ q(t) 

Q(x,t)=Q°(x) + q(x,t) 

Ri.Rz.Ra 

Ts>Tw 

U(x,t)=U°(x) + u(x,t) 

Up(x) 

Uo 

Ul,U2 

V(t)=V° + v(t) 

Vn(t)=V?, + vn(t) 

Vf 

W(x,t) = W°(x) + w(x,t) 

Wo(t) = Wg + Wo(t) 

Total m a s s in the boiling region 
(water + steam) 

Steady state and inc rementa l feed-
water m a s s flow ra te s 

Mass flow ra te of the rec i rcu la t ing 
water 

Total water flow ra te in the co re 

Nuclear power 

P r e s s u r e 

Fr ic t iona l and iner t ia l forces 

Total thernnal power supplied to the 
channel 

The rma l power per unit height of 
channel 

The rma l r e s i s t ances of the half fuel 
sect ion, the cladding and the film 

Recircula t ion t ime 

Steam and water t r ans i t t imes 

Steam velocity 

Steam per turbat ion velocity 

Average s t eam velocity in the boiling 
region 

Steam veloci t ies at the boiling bound­
a r y and at the core outlet 

Total s team volume in the core 

Net s team volume in the core 

Volume of the fuel p la tes 

Water velocity in the boiling region 

Water velocity in the nonboiling region 

a, j6 

6( t ) 

e(t)=e° + e(t) 

GREEK SYMBOLS 

( T T L ^ / L ) and (TTLnb/L) 

Boiling boundary shift 

T e m p e r a t u r e drop a c r o s s the film 



Qs 

0w(x,t) 

0w(t) 

%(x,t) 

%(t) 

Mx,t) 

S' ' w 

T T 

T T T" T" T" 

d' f> p v qw '̂ qb 

max 

Y(x,t)=¥°(x) + ^(x,t) 

"^s."^w 

Saturation t empera tu re 

Incremental water t empera tu re in the 
nonboiling region 

Total momentum in the circulat ion 
loop 

Incrementa l water t empera tu re 
(averaged in the whole channel) 

Incrementa l fuel t empera tu re (aver­
aged t r a n s v e r s a l l y at x) 

Incrementa l fuel t empera tu re (av­
eraged in the whole fuel plate) 

Nuclear power generated in the half 
fuel section per unit surface a r e a 

Densi t ies of fuel ma te r i a l , cladding, 
s team and water 

(p iCid^/ki ) and (P2C2d|/k2) 

Time constants (see Section XII) 

Time lag due to the s team formation 

Bubble growth t ime 

Heat flow per unit surface 

(a/Ts) and ( ^ / T J 
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THEORETICAL FEEDBACK ANALYSIS 
IN BOILING WATER REACTORS 

by 

A. Ziya Akcasu 

ABSTRACT 

The dynamic behavior of boiling water r eac to r s for 
sma l l per turba t ions was investigated in a sys temat ic way. 
Genera l express ions for the t r ans fe r functions associa ted 
with the individual feedback mechan i sms were obtained for 
an a r b i t r a r y flux dis tr ibut ion, weighting function, and s team 
velocity d is t r ibut ion. Specific forms were derived in the 
case of a f i rs t power flux weighting, a uniform steann veloc­
ity dis t r ibut ion, and a s inusoidal flux distr ibution with an 
adjustable wave length. These forms were simplified and 
single t ime-cons tan t t r ans fe r functions were obtained. The 
e r r o r involved in the lumped t ime-cons tan t approxinnation 
was shown to be as la rge as 4 db in amplitude in cer ta in 
feedback m e c h a n i s m s . Theore t ica l r e su l t s were applied to 
the exper imenta l power-void t r ans fe r function obtained at 
Ramo-Wooldridge R e s e a r c h Labora tory , and to the EBWR 
t rans fe r function. In the fo rmer case , the agreement was 
found to be reasonably good, but yet more sys temat ic ex­
pe r imen ta l data were needed to reach a definite conclusion 
as to the validity of the proposed model , which a s sumes a 
t ime lag assoc ia ted with s team formation and a s team p e r ­
turbat ion speed g rea t e r than the s t eady-s t a t e s team velocity. 
In the second application, the ag reement between the ex­
pe r imen ta l and calculated r eac to r responses was proved to 
be be t te r than 5 decibels in amplitude and 10 degrees in 
phase , in the ent i re frequency range from 0.01 to 100 r a d / s e c . 

I. INTRODUCTION 

This repor t contains an analys is of the inherent nuclear feedback 
in boiling water r e a c t o r s . The objective is to obtain a quantitative under­
standing of the var ious feedback m e c h a n i s m s in boiling r e a c t o r s . The 
analys is is based on the l inear ized t r ea tmen t by means of Laplace t r a n s ­
fo rms of the nonlinear differential equations descr ib ing the reac to r s y s ­
t e m . The validity of the theory is therefore r e s t r i c t ed to smal l var ia t ions 



about the s t eady-s ta te values of the r eac to r p a r a m e t e r s . Separate t r e a t ­
ment of the individual feedback mechan i sms is allowed on the ground of 
superposi t ion pr inc ip le . 

The method of analysis cons is t s of the following s t eps : 

a. The t r ans fe r functions assoc ia ted with each feedback mecha­
nism a r e der ived in an in tegra l form for any flux and s team-ve loc i ty 
distr ibut ion, and for any react iv i ty weighting function (horizontal flux v a r ­
iation and thus hor izontal weighting a r e not considered) . These genera l 
forms may be used for numer i ca l invest igations if the above th ree functions 
a re exper imenta l ly known. 

b . By evaluating the in tegra ls in the case of uniform s team veloc­
ity, s inusoidal flux dis t r ibut ion and f i r s t -power flux weighting, analyt ical 
express ions a r e obtained for each t r ans fe r function. 

c. These analyt ical forms a r e further simplified, and the approxi ­
mate express ions with a single t ime constant a re der ived. The validity of 
the single t ime-cons tan t approximation is checked by comparing the ampl i ­
tude r e sponses of the or iginal and approximated t r ans fe r functions. 

The assumpt ions made in the second step for obtaining specific 
forms of the t r ans fe r functions r e q u i r e further cons idera t ion . The a s s u m p ­
tion of s inusoidal flux dis t r ibut ion becomes fair ly r ea l i s t i c when a "reduced" 
core height is introduced to take into account the flux depress ion near the 
top of the core due to the p r e sence of s t e a m . The assumption of f i r s t -power 
flux weighting r e q u i r e s m o r e apology since the change in the local diffusion 
coefficient due to the voids is weighted with respec t to the square of the 
flux gradient , and the change in the absorpt ion is weighted with the square 
of the flux itself (one-group theory) . F i r s t - o r d e r flux weighting for the 
combined effect may therefore be expected to be quali tat ively c o r r e c t . 
Never the le s s , it is m o r e r ea l i s t i c than completely ignoring the weighting 
phenomenon. As to the s t eam-ve loc i ty dis t r ibut ion, the following arguinent 
may be given: It is found that the t ime constants assoc ia ted with var ious 
t r ans i en t s in the boiling region tu rn out to be propor t ional to the s t e a m -
t r ans i t t ime , with a propor t ional i ty constant which depends only on the rat io 
of the boiling and nonboiling lengths . It may be expected that the value of 
this constant of propor t ional i ty will not be too sensi t ive to a pa r t i cu la r 
s t eam-ve loc i ty d is t r ibut ion . 

The p resen ted r epor t s t ems from the work by E.S. Beckjord.^ ' 
There fore , it is r ega rded by the author as a second step towards a be t te r 
understanding of the dynamic behavior of boiling water r e a c t o r s . 



II. HEAT TRANSFER IN FUEL PLATES 

The heat r e l eased in the fuel section by the nuclear fission is t r a n s ­
fe r red to the coolant through the fuel, the cladding, and the film between 
the fuel plate and the coolant. Therefore , it is appropriate to distinguish 
between the nuclear power N(t), genera ted in the fuel, and the heat power Q(t) 
supplied to the coolant. The purpose of this section is to establ ish the 
re la t ion betweenN(t) and Q(t). 

The heat t ransfer problem encountered here can be simplified by the 
following assumptions , which a r e rea l i s t i c for a thin fuel plate whose thick­
ness i s smal l compared to i ts width and length: 

(a) Heat flow in the x and z direct ions is ignored (see Fig. l ) . 

FIG. I 

HEAT TRANSFER IN FUEL PLATES 

(b) The ra te of heat production is uniform in the fuel. 

(c) The t empera tu re of the coolant is constant. 

(d) The t empera tu re var ia t ions a re sufficiently smal l to allow the 
l inearizat ion of the film res i s t ance . The lat ter is then defined as 



where ^ is the heat flux and 0 is the t empe ra tu r e difference a c r o s s the film. 
An explicit form of Rsb can be obtained fromC^) 

5̂  = 2.55 X lO-^e~°-°^=^^0^ , (2) 

where Y, P (the p r e s s u r e ) and ©are in wat ts /cm^, a tm and °C, respect ive ly . 
Thermal r e s i s t a n c e of the film follows from Eqs . (l) and (2) as 

Rab = © 7 4 ^ • (3a) 

In the nonboiling region, the Di t tus-Boel ter equation(2,3) can be used 
to calculate Ranb as the inverse of the heat t ransfe r coefficient: 

Nu = 0.023 Re°-^ P r "•* , (3b) 

where Nu, Re, and P r a r e the Nussel t , Reynolds and P rand t l number s , 
respect ive ly . 

The solution of the heat t ransfe r problem with the above assumpt ions 
is s t ra ight forward and can be found e l sewhere . (4,5) if the Laplace t r a n s ­
form is used, the final solution is obtained as 

' - —!—[ __£- smhyT2S + R3 coshyTzS + ^ T J S 
i/{x,s) Ri V y r ^ 

( c o s h ^ T p + ~y/T2,s sinh^TgS j cothyTV (4) 

where v(x,s) and -^(xjs) denote the Laplace t r ans fo rms of the inc rementa l 
nuclear power produced in the half fuel section per unit surface a r e a 
(see Fig. l) and the heat flux r a t e , respec t ive ly . The meanings of the other 
symbols in Eq. (4) a r e given in the nomencla tu re . 

One obse rves that, except R3, a l l the p a r a m e t e r s on the r ight side 
of Eq. (4) a r e independent of x. Therefore , by ignoring the var ia t ion of 
R3 or by defining an average R3, one may rep lace -^(x, s) and v(x,s) by 
"q(s) and n(s), which a r e the inc rementa l values of the total heat flow and 
the nuclear power, respec t ive ly . 

By expanding the r ight -hand side of Eq. (4) into a Taylor s e r i e s 
and retaining only the f i r s t and the second t e r m s , one obtains 



n(s) 1 + ST 
f 

where 

T^= T, R2+R3 +1+J2.(1+^ 
Ri 3 Tj V 2 R2 

(6) 

If the method of eigenfunctions is used, the final solution is obtained 
as an infinite s e r i e s : 

00 

q(s) . V — 7̂̂  
H(s) ~ L 1+ (s /xj ' ^̂ ^ 

1 

where the Ĉ ^ a r e constants depending on the geometry of the two-region 
slab and on the t he rma l proper t ies of the fuel and cladding; the X̂^ a re 
the roots of the following equation: 

/ T T = _^2di_ n r dz cosyr^V - R 3 k 2 v ^ sinv/T2X ,^. 
kid2/xjTi dz sin ./T^ + R^kz-Zi^ cos^r^ A. 

which reduces to 

when the cladding is d i s regarded . Note that Eq. (8) can also be obtained 
from Eq. (4) by replacing s by jX and by equating the right side to zero. 

The advantage of Eq. (7) over Eq. (4) is that it direct ly gives all 
the t ime constants , viz. , (l/A.j^), as the roots of a t r igonometr ic equation. 
The previous method, however, yields the t ransfer function in a compact 
form ra ther than as a s e r i e s and, thus, enables one to calculate the exact 
t ransfer function. 

The s ingle- t ime-cons tant approximation is obtained by retaining 
only the f i rs t t e r m in Eq. (7). The remaining t e r m s of the se r i e s de ­
c rease rapidly with increasing n. The gain of this approximate t ransfer 
function, viz. , Cj, should be replaced by unity in order to obtain the exact 
zero-frequency response . Note that 2Cj^ = 1. 

It follows that both methods yield the same approximate form, 
namely, Eq. (5). The t ime constant T^ can be evaluated either from 
Eq. (6) or from Eq. (8) in a given application, since both equations yield 
approximately the same numer ica l value. In fact, Eq. (6) r epresen t s an 
approximation by which to calculate the lowest root of the t ranscendental 
equation in Eq. (8). 



Amplitudes of the exact and approximate t ransfer functions have 
been calculated from Eqs . (4) and (5), respect ively, using the numer ica l 
values for EBWR at 20 Mw and 41 a tm operation. The resu l t s a r e plotted 
in Fig. 2. It is observed that the s ingle- t ime-cons tant approximation is 
quite sat isfactory up to 25 r a d / s e c . 

I 2 2.6 4 6 8 10 IS 20 
FtEQUENCY (RADS / l e c . ) 

AMPLITUDE RESPONSE OF 

FIG. 

FUEL 

2 

PLATE TRANSFER FUNCTION 

The following r e m a r k s seem to be in order : 

(a) The frequency region, in which the s ingle- t ime-cons tant 
approximation is valid, may not contain al l the frequencies of in te res t for 
the kinetic s tudies . This point should be verified by plotting the amplitude 
(or phase) of the exact t ransfer function. If necessa ry , nnore than one time 
constant should be considered. In the la t ter case , the method of eigen­
functions proves to be nnore convenient. 

(b) The value of the single t ime constant depends on the power leve 
as well as on the p r e s s u r e , because Rsb var ies with power and p r e s s u r e . 
The var ia t ion of R3b with power is obtained from Eqs. (2) and (3a) as 

Rfb = R3°b ( Q V Q ^ ^ . 



where Q" and Q''̂  a r e the power levels corresponding to R%) and Rf'b* One 
obse rves that R3b, and thus T£, will d e c r e a s e with increas ing power for a 
constant p r e s s u r e . The var ia t ion of Rsb with p r e s s u r e is obtained as 

Rfb = R3b exp [(P° - px) /900] . 

Hence, Rsb and Tf d ec rea se with the increas ing p r e s s u r e . Exper imenta l 
curves given in Reference 6, p . 29, support the predicted t rend for the 
power var ia t ion . 

(c) The t ime constant Tf will have slightly different values in the 
boiling and nonboiling regions , due to the different cha rac te r of the cooling 
in these two r eg ions . This difference becomes negligible in the case of 
c e r a m i c oxide fuel elennents, due to the la rge value of Rj as compared 
with R3. 
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III. FUNDAMENTAL EQUATIONS OF MODERATOR DYNAMICS 

The analys is of the modera to r dynamics is essent ia l ly based on the 
conservat ion of both m a s s and energy. The fo rmer yields the following 
equation, when it is applied to a volume element of th ickness dx along the 
channel: 

5(AsP6 U + AwPw W) ^ a(AsPs + AwPw) ^ Q /^QV 

Sx ^ 

The conservat ion of energy r e su l t s in(^) 

a(PsAsHsU +PwAwHwW) ^(PsAsHs + P^A^H^) 
Sx at 

= Q(x,t) , (11) 

if (a) the var ia t ion of the kinetic and potential energ ies , and (b) the p r e s ­
sure change along the channel a r e neglected. The second assumption en­
ables one to use enthalpy instead of in terna l energy . 

In addition to (a) and (b), the following assumpt ions have been made 
throughout th is r epor t : (c) sa tura t ion enthalpies depend only on the p r e s ­
su re ; (d) s team densi ty and latent heat (Hv) a r e constant (see Appendix C); 
(e) s t eam and water phases a r e in equi l ibr ium at any t ime ; and (f) axial 
dis t r ibut ion of the power (or flux) is unchanged during t r a n s i e n t s . 

With these assumpt ions , Eqs . (10) and (11) give 

a(AsU) a As Q(x.t) 1 / dHs d H ^ \ dP 

The meaning of the symbols is given in nomenc la tu re . 

Fo r smal l deviations from the s t eady-s t a t e values , Eq. (12) takes 
the following form: 

A ( , uO+uA°) + ̂ - ^ - ^ - - f p A O ^ + P A ° ^ ^ ^^ (agU +uAs)+ ^^ - ^ ^ Hv V ^ ^ d P +^wAw ^ P / dt ' 

(13) 

if the second-o rde r t e r in s a r e ignored. 

Equation (13) can be solved for as(x,t) when q(x,t) and P(t) a r e 
specified, if another re la t ion between ag(x,t) and u(x,t) can be found. Such 
a re la t ion can be obtained, at leas t formal ly , from the momentum equation. 



Instead, the following re la t ion will be postulated in this r epor t for the 
sake of s implic i ty of the analys is : 

A°(x)u(x,t) +ag(x,t)U°(x) = Up(x)a3(x,t) , (l4) 

where the new function Up(x) will be cal led "s team perturbat ion velocity" 
for the reason which will be obvious below. The re la t ion between Up(x) 
and U°(x) follows from Eq. (l4) as 

Up(x) = 7(x) U°(x) 

where 

M . ) = 1 . 4 . ^ . (15) 
U ag(x,t; 

Equation (l5) indicates that the ra t io of the re la t ive changes in the 
s team c r o s s - s e c t i o n a l a r e a and in the s team velocity has been implicit ly 
a s sumed to be independent of t ime in the postulated relat ion, Eq. ( l4). The 
physical in te rpre ta t ion of the s team per turbat ion velocity can be given as 
follows: A per turba t ion in the local s t eam volume causes the s team ve­
locity at that point to change. Therefore , the per turbat ion propagates with 
a new s team veloci ty r a the r than the unper turbed s teady-s ta te s team 
velocity U (x). 

The use of Eq. (14) in Eq. (l3) yields 

S(U a ) aa^ q(x,t) 1 / dH3 d H ^ \ dP 
+ = p A° + p A° , (16) 

ax at H H V^ ^ dP "̂ ^ ^ dP y dt 
V V 

which will be the fundamental equation of the modera to r dynamics in this 
r epor t . 

The validity of the above postulate can be checked by considering 
the solution of Eq. (16) for a s tep change in power: 

^ s W "̂  / X 
H^Up(x) 

The exact s t eady-s ta te solution, on the other hand, is found from 
Eq. (12) as 

A°(x) = L _ / QO(x.)dx' . 
H^UO(x) J^ 
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Since the distr ibution of the incrementa l power step q(x) is the 
same as that of s teady-s ta te power Q°(x), the following relat ion holds: 

as(x) 1 q 

A°(x) 7(x) Q̂  
(17) 

where q and Q a re the total powers del ivered to the whole channel. 

F igures 3 , 4 a n d 5 showthe exper imental curves represent ing the v a r ­
iation of the void fraction, i .e . , Ag(x)/A, with position at different power levels 
and p r e s s u r e s . Designating one power level byQ and the other by (Q + q) 
in these f igures, one obtains the exper imenta l values for Ag and (Ag + ag). 
One observes by comparing the exper imenta l values and those predicted 
from Eq. (l7) that the factor 7(x) is approximately independent of x. This 
nneans that the s teady-s ta te steann velocity and the s team perturbat ion 
velocity a re proport ional . The constant value of 7 depends on the p r e s s u r e 
and on the power level. At a tmospher ic p r e s s u r e (Fig. 3), 7 = 2 seems to 
be an appropr ia te choice. At higher p r e s s u r e s (Fig. 4), 7 = 1 yields abe t t e r 
agreement . Increasing the power at constant p r e s s u r e r equ i res higher 
values of 7 (Fig. 5, 7 = 2). The proper value of 7 can be obtained in a given 
application by plotting the void fraction curve at two slightly different power 
levels . 

It is noteworthy to mention that the value 7 = 1 corresponds to the 
assumption that the s team velocity remains unchanged during the t ransient . 
This follows from Eq. (15) by setting u(x,t) = 0. Hence, the approxinnation 
of constant s team velocity appears to be valid at high p r e s s u r e s as is the 
case in boiling water power r e a c t o r s . 
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In conclusion, one nnay state that the introduction of the steam 
perturbat ion velocity into the theory yields a new adjustable pa ramete r , 
and thus extends the region of validity of the presented theory. 



IV, THE EFFECT OF POWER VARIATIONS 

Assume that the heat power del ivered into the channel is subjected 
to smal l var ia t ions while the p r e s s u r e r emains constant. In the boiling 
region, power var ia t ions d i rec t ly affect the s team production and thus the 
s team volume. In the nonboiling region, power var ia t ions cause the boiling 
boundary to fluctuate, which in turn gives r i s e to changes in the s team vol ­
ume in the boiling region. These two effects will be considered separate ly . 

A. Power-Void Transfer Function 

Since the p r e s s u r e is a s sumed to r ema in constant, the las t t e r m on 
the r ight hand side of Eq. (l6) van ishes . Hence, one finds 

a(asU°) aag q(x.t) 
+ — ^ = - — - . (18) 

and 

ax at H^ 

The init ial and boundary conditions for solving this equation a r e 

ag(x,t) = 0 for t = 0 

a (x,t) = 0 for X = 0 

The second condition means that the re is no change in the position 
of the boiling boundary with t ime . The effect of the boiling boundary 
var ia t ions on the s t eam volume will be t r ea t ed in Section VII. 

In view of the assumpt ion (f) in Section III, viz. , q(x,t) has the same 
spat ial dis t r ibut ion as the s teady-s ta te flux, one has 

q ( x , t ) = ^ D ( x ) , (19) 

where D(x) c h a r a c t e r i z e s the s t eady-s ta te flux dis t r ibut ion and is normal ­
ized by means of the express ion 

• N o dist inction will be made between U°(x) and Up(x) in the remaining 
pa r t of this r epor t , except in Section XIII A, since these veloci t ies 
a r e a lmos t ident ical in h i g h - p r e s s u r e power r e a c t o r s . 



Combining Eqs . (l8) and ( l9) , and using the Laplace t ransform of 
ag(x,t) with r e s p e c t to t, there is obtained 

d[UO^(x,s) ] q(g) 
+ s as(x,s) = - ^ ^ D ( x ) . (20) 

dx " "sv ' / L p ^ 

The total var ia t ion in the steann volume is obtained by integrating 
ag(x,t) along the channel. To calculate the total reac t iv i ty change, however, 
the weighted s team volume has to be considered. The la t ter is obtained by 
multiplying the e lementa ry volumes , as(x,t)dx, by some weighting function 
F ( X ) . Then, the inc rementa l value of the weighted voids, v(t), is found as 

v(t) = / F(x) a , (x, t ) dx , (21) 

where 

The Laplace t r ans fo rm of Eq. (2l) is 

v(s) = / F(x) i 7 ( x , s ) dx . (22) 

^ nb 

Solving Eq. (20) for arj(x, s) with the boundary condition "5^(1^^, s) = 0 
and substituting the solution into Eq, (22) give 

L X 

^ n b uV) 

^ d x D ( x . ) e ^ W - ' ) - ^ W ^ d x - . (23) 

^^^^ ^ ^ n b 

(24) 

Equation (23) is the gene ra l form of the heat power-void t ransfer 
function. The integrat ions involved in this equation can be performed, at 
leas t numer ica l ly , if the s t eady-s ta te flux distr ibution D(X) and the s team 
veloci ty U (x) a r e known. 

A factor e should be added to the r ight of Eq. (23) in order to 
take into account the t ime delay a s soc ia t ed with the formation of s t eam 
bubbles in the nucleate boiling. The mechan i sm of nucleate boiling from a 
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heating surface was descr ibed by Jakob.v^) According to this descr ipt ion, 
"only a ve ry smal l amount of the heat produced in the heater is d i rec t ly 
t r a n s f e r r e d to the in ter ior of the bubbles adhering on the surface. The 
main pa r t of the energy makes a detour through the liquid." The bubbles 
originate on the roughnesses of the heating surface, and break off when 
their volume has grown so much that the buoyancy force exceeds the cap­
i l la ry forces which bind them to the heating surface. During the r i s e of 
the bubbles in the slightly supe r sa tu ra t ed water , the volume of the bubbles 
continues growing by evaporat ion through the bubble surface. Steam forma­
tion during this per iod is l a rge r than the init ial s team fornnation on the 
surface . 

Consider an e lementa ry channel section at a given height x where 
the heat flux undergoes a s tep change at t = 0. In view of the above expla­
nat ions, the main p a r t of the heat energy is f i rs t t r a n s f e r r e d to the water , 
producing a g r e a t e r degree of supersa tura t ion . The front of the m o r e 
superheated water will move upwards with the local water velocity. The 
volume of the s team bubbles coming from the lower sect ions of the channel 
will i n c r ea se , by evaporat ion through thei r surface , during the t ime they 
t r ave l within the superheated region. As soon as they leave the front of 
the nnore sa tura ted region, their s izes will s t a r t decreas ing as a r esu l t of 
condensation. In this way, the heat energy is t r a n s f e r r e d to the higher 
sect ions of the channel before the water front actual ly a r r i v e s . In other 
words , the water front will lose its sha rpness as it p r o g r e s s e s . 

One may readi ly show that a bubble a r r iv ing at x at t = tj will spend 
a t ime [ W / ( U -W )]ti before it r eaches the water front. Suppose that the 
bubbles acquire their final s i ze s , which a r e de te rmined by the superheat ing 
available and by the s team flow r a t e at x, after they spend a t ime Tj^iax 
within the supe r sa tu ra t ed region. Then, the l a rges t per turbat ion in the 
s team fraction in a higher channel sect ion x' will occur after a t ime 

' ^ ( ^ ) = ( : ^ - O ^ n a a x (25) 

following the a r r i v a l of the f i r s t pe r tu rbed bubbles at x' (the change in the 
s team veloci ty with per turba t ion is ignored for the sake of s impl ic i ty of 
this quali tat ive analys is ) . The t ime delay T(X) can be in te rpre ted as a delay 
assoc ia ted with the s team formation t ime at x, as long as (x' - x) i s l a rge r 
than U°Tj-̂ 3^x (or Tĵ g ĵ̂ . is sma l l e r than the s t eam t r ans i t t ime between the 
two channel sect ion under considerat ion) . If (x' - x) < U T ^ a x ' then the 
max imum per turba t ion at x' will be exper ienced after the a r r i v a l of the 
water front. In this case , the t ime lag will be given by the difference of the 
water and s t eam t r a n s i t t i m e s . 

One obse rves that the t ime delay T(x) depends on the channel pos i ­
tion insofar as the s l ip ra t io , i .e . , r = (U°/w°), and Tj^ax ^^® functions of 



the position. The la t ter becomes a function of x because it depends on the 
bubble concentrat ion at that point. The g rea t e r the number of bubbles 
present , the shor te r will Tma.x be. 

One may draw the following qualitative conclusions: 

(a) The t ime delay T(X) will be negligible in high-power p re s su r i zed 
boiling water r e a c t o r s as compared to the s team t rans i t t ime because the 
slip ra t io approaches unity in such r e a c t o r s . 

(b) Due to the sma l l e r average bubble size in such r e a c t o r s , "̂ j-nax 
a lso will be smal l . The dependence of ''"^nax °^ *^^ bubble size is given 
by Jakob. (8) 

(C) It is noticed that '7"(x) may be appreciable as a consequence of a 
la rge s l ip ra t io , even if '̂ jT-a.x ^^ smal l . 

(d) An average delay (T) m a y be defined for the whole channel to 
take into account the effect of the d is t r ibuted time delay assoc ia ted with the 
s team formation, viz. , '̂ "(x), in a lumped manner . It is this averaged delay 
t ime which would give r i s e to an exponential factor, exp(-sT), in Eq. (23), 
as previously mentioned. This factor w^ill not be considered in the follow­
ing ana lys is , since we will be mainly concerned with the high-power p r e s ­
sur ized boiling water r e a c t o r s . 

A specific express ion for the power-void t ransfer function given 
in Eq. (24) will now be obtained in the case of a uniform s team velocity 
and a s inusoidal flux dis tr ibut ion, i .e . , 

U°(x) = Uo 

and 

D(x) =—sinTT— , (26) 
di L 

where UQ is the average s team veloci ty in the boiling region. The actual 
flux dis t r ibut ion can be bet ter approximated by a sinusoidal curve if L in 
Eq. (26) is in t e rp re ted as a p roper ly reduced core height instead of the 
actual core height (see Fig. 6). By doing this , one takes into account the 
flux depress ion near the top of the core due to the voids. 

When evaluating the ze ro- f requency response , the var ia t ion of 
the s team velocity along the channel can be taken into account without 
much complexity. Assume that 

U°(x) = Ui e^^ , 

where Uj is the s t eam veloci ty at the boiling boundary, and b is a pa rame te r 
re la ted to the outlet s team velocity U2 as b = ( l /Lb^ in(U2/Ui) . The choice 
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of a n e x p o n e n t i a l d i s t r i b u t i o n , 
t o t a k e i n t o a c c o u n t t h e v a r i a ­
t i o n of t h e s t e a m v e l o c i t y , i s 
m a i n l y a m a t t e r of m a t h e m a t i ­
c a l c o n v e n i e n c e . O t h e r f o r m s , 
s u c h a s a l i n e a r o r a q u a d r a t i c 
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l i n e a r r i s e . T h e r e f o r e , t h e 
e x p o n e n t i a l d i s t r i b u t i o n s e e m s 
t o b e r e a s o n a b l e . 

T h e w e i g h t i n g f u n c t i o n 
F ( X ) w i l l b e a s s u m e d to b e i d e n t i ­
c a l w i t h D ( X ) . T h i s a s s u m p t i o n 
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f l u x w e i g h t i n g , a s e x p l a i n e d i n 
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W i t h t h e s e a s s u m p t i o n s , z e r o - f r e q u e n c y r e s p o n s e i s o b t a i n e d f r o m E q . (23) 
a s 
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2Tr 
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F o r t h e c a l c u l a t i o n s of E q ( 2 3 ) a s a f u n c t i o n of f r e q u e n c y , a u n i f o r m 
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w h e r e 

z = s/cDg 

a = TT LT^ / L b / 

s - V T 3 a3„ = a / T 

T3 = L b / U o • 

Z e r o - f r e q u e n c y r e s p o n s e in the c a s e of u n i f o r m s t e a m v e l o c i t y i s 
ob t a ined f r o m Eq . (28) by se t t i ng z = 0 o r f r o m Eq . (26) by se t t ing b = 0 
and Ui = UQ: 

v(0) _ 7T(1 - cosa )^ 
q(0) " SH^OOg 

H i g h - f r e q u e n c y r e s p o n s e of Eq. (28) a p p r o a c h e s 

v'(z) 7r(2a - s in 2a) 1 j. I 1 \ , 
^=7-4= i ^ r r • - ' for | z | > l 
q(z) l6H^CDg z 

The fact t h a t the h i g h - f r e q u e n c y r e s p o n s e fa l l s 6 db p e r oc tave s u g g e s t s 
tha t the t r a n s f e r funct ion in Eq . (28) c a n be a p p r o x i m a t e d by a s ing le t i m e 
c o n s t a n t , i . e . , 

v ( s ) _ 7T(1 - cosa )^ 1 , . 

q ( s ) - 8H^CD^ 1 + ^ V ' 

w h e r e 
2(1 - cosa )^ 

T T . (30) 
qv ( 2 a - s i n 2 a ) a s 

T h i s s i m p l i f i e d t r a n s f e r funct ion a p p r o a c h e s the e x a c t one a t low and high 
f r e q u e n c i e s , both in m a g n i t u d e and p h a s e . H o w e v e r , s o m e d i s c r e p a n c i e s 
m a y o c c u r in the i n t e r m e d i a t e f r e q u e n c y r a n g e about OD. 

Note tha t the ga in of Eq. (29) v a n i s h e s when a = 0, i . e . , when t h e r e 
i s no bo i l ing in the c o r e , a s one would e x p e c t . 

Note a l s o t h a t the co fac to r of T^ in Eq . (30) i s not s e n s i t i v e to the 
v a l u e s of a, i . e . , to the pos i t i on of the boi l ing b o u n d a r y (0.375 for a = 0, 
0.40 for a - TT). F o r the a v e r a g e boi l ing he igh t in E B W R , a = 2 7T/3 and 
T = 0.42 T^. qv s 

In F i g . 7, the a m p l i t u d e of the e x a c t and s i m p l i f i e d t r a n s f e r func t ions , 
n a m e l y E q s . (28) and (29), a r e p lo t t ed . It i s o b s e r v e d tha t the d i s c r e p a n c y in 
the i n t e r m e d i a t e r a n g e i s a p p r e c i a b l e in the c a s e of a = 7T and a = 27T/3. One 
m a y d e s i r e to have a b e t t e r fit in t h i s f r e q u e n c y r e g i o n a t the e x p e n s e of the 



high-frequency fitting, since the resonance peak of the overal l t ransfer 
function usually occurs in this region. Figure 8 shows that this correct ion 
can be made by decreasing T^ by a factor of approximately 0.80. For 
smal le r values of a, such as 7r/3, no correc t ion is needed. For EBWR, the 
cor rec ted tinae constant becomes 

T = T / 3 
qv s^ 
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B. Power-Boi l ing Boundary Transfer Function 

The effect of the power var ia t ions on the boiling boundary will now 
be considered. The t ransfer function assoc ia ted with the heat t ransfer in 
the nonboiling region is obviously s imi la r to that in the boiling region. The 
only difference l ies in the value of the t he rma l r e s i s t ance R3. 

The heat supplied to the channel in the nonboiling region brings the 
subcooled water to the saturat ion t empe ra tu r e at the boiling boundary. 
Assuming that the rec i rcu la t ion water entering the core is at saturat ion 
t e m p e r a t u r e , the var ia t ion of the feedwater enthalpy along the channel is 
given by 

which is obtained from Eq. ( l l ) by setting Ag = 0 (no s team) and Mf^ = p A WQ. 
Boiling s t a r t s at x = L^b* where H (L^b) ~ -^w Hence, the boiling height is 
de te rmined as 

, """nb „ 
^ f w (Hw - ^fw) = / Q^") ^ " • (^^) 

With the inc remen ta l va lues , Eq. ( l l ) yields the following equation in 
the nonboiling region: 

^h(x,t) ^ _!_ ^h(x,t) _ q(x,t) z^^) 
Sx w§ at ~ ^^^ 

Init ial and boundary conditions a r e : h(x,O) = 0 and h(0,t) = 0. The 
la t te r impl ies that the enthalpy of the coolant at the inlet is constant. The 
var ia t ions of the coolant enthalpy, such as those caused by p r e s s u r e v a r i a ­
t ions, will be separa te ly t r ea t ed in a l a te r section. 

The solution of Eq. (33) is s t ra ightforward: 

/^ •" ""~A ( x ~ x ' / 

M^^h(x,s) = l l i l . / D(xO e ^ ° dx- . (34) 

Inspection of Fig. 8 revea l s that the following re la t ion holds at the 
boiling boundary at any t ime: 

H°(Lnb + ^) + h(Lnb + 6,t) = H ^ . (35a) 



Since the var ia t ion of h is a second-order quantity when x inc reases 
from Lj^^ to (L^b "*" '^)' ^̂  ^^ seen that h(L^b "̂  ̂ >^) may be replaced by 
h(Lj^b»t)- On the other hand, Eq. (3l) yields 

H°(Lnb + ^) - H°(Lnb) =^^^^^ a(t) . (35b) 
Mfw 

Then, one obtains from Eqs . (35a) and (35b) that 

^ '̂̂  = • Q°(L^b) ^ ^ ^ ^(^nb ' t ) (36) 

or, by combining the Laplace t r ans fo rm of Eq. (36) with Eq. (34), 

T(^) 1 r^h -s(Lnb-x')/w 
^ i ^ - ' D(x ' )e dx' . (37) q(s) " LQO(Lnb) 

Equation (37) is the genera l form of the power-boil ing boundary 
t rans fe r function. 

In the case of s inusoidal flux dis t r ibut ion, Eq. (37) becomes 

(38) 
- , . - j S z 

o(z) 1 e + z sinjS - cos j3 
q(z) 2Q0(Lnb) 1 + z2 

where 

z = s/oD 

CD = ^ / T w '̂ / w 

^ = ^ L n b / L 

Tw = ^nb /w§ • 

The s ing le - t ime-cons tan t approximation is obtained from Eq. (38) 
by matching the high-frequency and the zero- f requency r e s p o n s e s . The 
las t factor in Eq. (38) reduces to (l - cos)3) at low frequencies and 
approaches (sinjS)/z at sufficiently high f requencies , where |z s i n P | » ( l - c o s 
holds. Hence, 

Hs) _ 1 - ^ ° ^ ^ 1 (39) 
q(s) ~ 2Q0(Lnb) 1 + sTqb ' 

where 

_ 1 - c o s ^ 
qb ^ s m ^ ^ 



In Fig. 9, the exact and simplified t ransfer functions a re compared 
by plotting their ampli tudes vs the frequency. Two values of jB, namely, 
^ = Tr/3 and /3 = TT, a r e considered. The former value corresponds to the 
nonboiling length in EBWR, whereas the lat ter corresponds to the case in 
which boiling s t a r t s just at the top of the core . 
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AMPLITUDE RESPONSE OF POWER-BOILING BOUNDARY TRANSFER FUNCTION 

It is observed that the s ingle- t ime-constant approximation fails to 
be sat isfactory when |3 = TT. In this ex t reme case, the amplitude of the 
t ransfer function vanishes at frequencies which are odd integral multiples 
of (TT/T ) r a d / s e c . This resonance phenomenon would not be observed in 
an actual r eac to r since it is ex t remely unlikely that the amplitude would 
vanish at the same frequency in each channel of the core . Therefore, one 
m a y take the envelope of the peaks as the overal l t ransfer function of the 
r eac to r . Since the envelope falls 12 db per octave at high frequencies, at 
l eas t two time constants a r e n e c e s s a r y for a reasonable fit when the boil­
ing s ta r t s near the top of the core . 

A physical insight into this resonance phenomenon can be obtained 
by considering the s impler model where the heat production is uniform. 
Substitution of D(X) = 1 in Eq. (37) yields 



6(s) _ ^nb 1 1 - e"^'^'^ 
q(s) L Qo(Lnb) sT 

(40) 
w 

The behavior of this t r ans fe r function is invest igated in Appendix A. It is 
shown there that the amplitude vanishes , in this case , at the in tegra l mul t i ­
ples of 27r/T^ r e g a r d l e s s of the position of the boiling boundary (in the 
case of s inusoidal heat production, the resonance occurs only when the 
boiling boundary is near the top of the core) . 

At the resonance frequency, water pa r t i c les experience a complete 
cycle of the power var ia t ion during their t r a n s i t t ime in the nonboiling 
region. Therefore , the net change in the w^ater enthalpy amounts to ze ro 
at the boiling boundary, and thus no change occurs in the position of the 
boiling boundary. 

The s ing le - t ime-cons tan t approximation is obtained, in the case 
of uniform heat generat ion, by considering the envelope of the peaks (see 
Appendix A) r a the r than by matching the high and low-frequency r e sponses . 
The t ime constant tu rns out to be T ^ / 2 for any value of j3. A compar ison 
of this t ime constant with T^^ in Eq. (39) shows that the la t ter approaches 
T ^ / 2 for smal l values of |3. For la rge values of jB, it tends to infinity, 
confirming that the s ing le - t ime-cons tan t approximation is no m o r e valid 
for these values of j3. One concludes from these considerat ions that the 
t ime constant T ^ / 2 is the best choice for any value of jS, if the s ingle- t ime-
constant approximation is p r e f e r r e d for the sake of s implici ty. 



V. THE E F F E C T S OF PRESSURE VARIATIONS 

Two effects of the p r e s s u r e var ia t ions will be considered in this 
sect ion. The f i r s t one is the immedia te effect on the s team volume in 
the boiling region due to the s team condensat ion or water flashing. The 
second effect is on the boiling boundary position as a consequence of the 
sa tura t ion t empera tu re change due to the p r e s s u r e . 

A. P r e s s u r e Rate -S team Void Trans fe r Function 

It is a s sumed that the condensation, as well as flashing, takes 
place instantaneously after a p r e s s u r e change, so that both the s team 
and water remain sa tura ted at any t ime . In view of this assumption, 
one is allowed to use Eq. (16), which gives 

S(asU ) Sas , , dP 

5X 
a t - K M — , (41) 

where 

H.. V^ ^ s dP + ^ w A w ^ p K(x) — TT- Ps K ^ ^ + Pw A ^ — ^ . (42) 

In Eq, (42), dHg/dP and d H ^ / d P a r e evaluated at the s teady-s ta te p r e s s u r e . 

Initial and boundary conditions for Eq. (41) a r e as(x,0) = 0 and 
ag(0,t) = 0. The second condition impl ies that the boiling boundary r e ­
mains unchanged. The effect of the boiling boundary var ia t ions on the 
s t eam volume will be t r ea t ed in Section VII. 

Using the p rocedure followed in solving Eq. (18), one obtains the 
solution of Eq, (41) as 

dx; K ( x ' ) e = [ ' ( ' ' ' > - ' W ] d x ' , (43) 

where t(x) is given by Eq. (24). This equation gives the p r e s s u r e r a t e -
void t r ans fe r function. 

To determine the explicit fo rm of K(x), one has to know As(x) and 
A^(x) . Since A = Ag + A ^ , it suffices to determine As(x) only. The la t t e r 
is the s t eady-s t a t e solution of Eq. (12): 
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C o m b i n a t i o n of E q s . (42) and (44) g ives the e x p l i c i t f o r m of K(x) a s 

K(x) = 
Ap(6H/dP) 

-•Vy\ — ' w 

H, 

Q^ dHg .P, dH w r x 

. (45) 
C o m p a r i s o n of E q s . (18) and 41) i n d i c a t e s t h a t the t r a n s i e n t b e h a v i o r 

of t h e t o t a l vo id v o l u m e a f t e r a s t e p c h a n g e in p r e s s u r e i s d i f fe ren t f r o m 
t h a t fo l lowing a s t e p change in p o w e r , in s p i t e of the fac t t h a t bo th t r a n ­
s i e n t s enda± the s a m e t i m e . The d i f f e r ence c o m e s f r o m the fac t t h a t the 
r i g h t s i de of E q . (41) c o n t a i n s in K(x) the i n t eg r . a t ed p o w e r , w h e r e a s the 
r i g h t s i de of E q . (18) c o n t a i n s the d i f f e ren t i a l p o w e r . 

In the c a s e of u n i f o r m s t e a m v e l o c i t y , s i n u s o i d a l f lux d i s t r i b u t i o n , 
and f i r s t - p o w e r f lux w e i g h t i n g , E q . (43) b e c o m e s 

v(s) _ 1 - cosa 
sp ( s ) ^ z 

- a z , e + z s m a - c o s a 
1 + z ^ i s i n a - z cosa. Ki 

1 K, 
4 1 +z2 

( 2 a - s i n 2 a - 2z s i n ^ a ) (46) 

w h e r e 

K, = 
AL 

2Hva3s L^ d P 

d H ^ d H s \ Q"cosa 
P w - 7 ^ - P. 

dH w 
d P / 2UoAHv ' w d P 

(47) 

and 

K,= -
Q°L dHv dH. 

2 - - . „ „ , . . . \ P w - d p - - Ps d P 
4UoH2cDg 

(48) 

The s i n g l e - t i m e - c o n s t a n t a p p r o x i m a t i o n i s o b t a i n e d by c o n s i d e r i n g 
t h e z e r o a n d h i g h - f r e q u e n c y r e s p o n s e s a s 

v(s) 
Sp(s) 1 + ST 

(49) 
p v 

w^here 

and 

Co = (K2/4) ( 2 a - 4 s i n a + s in 2 a ) + Ki (a - s i n a ) 

T 
2 C t 

pv a[ZKi (1 - c o s a) - K2 s i n ^ a ] ^ 
(5 0) 

file:///Pw-dp
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It is in teres t ing to note that both the gain and the time constant of 
the p r e s s u r e ra te-void t rans fe r function increase with power. This is the 
only feedback mechanism whose time constant is dependent upon power. 
The physical in terpre ta t ion of this dependence follows explicitly from the 
fact that the initial excess s t eam distr ibution, after a step p r e s s u r e change, 
is approximately the same as the s teady-s ta te water mass distribution. 
At higher powers , the water m a s s dec reases naore rapidly towards the 
top of the channel. Therefore , an inc rease in power will resul t in more 
initial excess s t eam near the center and thus in l a rge r time constants . 

It has to be noted a lso that the p r e s su re rate-void feedback is a 
positive feedback, as one can visualize physically. This fact is implied 
in the sign of CQ, which is found to be negative when numerical values are 
introduced. 

Derivation of the p r e s s u r e rate-void t ransfer function is based on 
the assumption that water is always presen t in the boiling channel. The re ­
fore, it would not be valid at high power levels for which the above condi­
tion is not satisfied (complete boiling, i .e . , As(L) = A). 

F igure 10 shows the amplitude responses of EBWR (for 20 Mw at 
41 atm) in t e r m s of Eqs . (46) and (49). The s ingle- t ime-constant approxi­
mation proves to be quite sat isfactory for all frequencies. 
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B. P re s su re -Bo i l i ng Boundary Transfer Function 

The position of the boiling boundary fluctuates with p r e s s u r e as a 
consequence of the changes in the saturat ion enthalpy of water . The re la ­
tion between the water enthalpy and the boiling height variat ion can be 
obtained from Eq. (32) as 



% w (Hw + hw - Hfw) + ^T hw = / Q°(x) dx (51) 

if the en tha lpy change in the r e c i r c u l a t i n g w a t e r i s t a k e n in to a c c o u n t . 
S u b s t r a c t i o n of Eq . (32) f r o m E q . (51) g ives 

M<. 
h^ , (52) 

Q°(Lnb) 

w h e r e 

^ t - ^ f w + ^ r -

The t r a n s i e n t invo lved in th i s p h e n o m e n o n l a s t s un t i l the a r r i v a l 
of the r e c i r c u l a t i n g w a t e r at the new s a t u r a t i o n t e m p e r a t u r e . If M j . » M £ . ^ , 
one m a y show '^ i t ha t the b o u n d a r y r e t u r n s to i t s o r i g i n a l pos i t i on a f t e r 
the r e c i r c u l a t i o n t i m e Tj.i fol lowing a s t e p p r e s s u r e c h a n g e . T h e r e f o r e , 
the p r e s s u r e - b o i l i n g b o u n d a r y t r a n s f e r funct ion fol lows f r o m Eq . (52) as 

- s T ^ 
6(s) dHw Mt 1 - e 

sp(s ) d P Q°(Lnb) 
(53) 

The def ini t ion of the r e c i r c u l a t i o n t i m e n e e d s f u r t h e r a t t e n t i o n . It 
should be def ined, for e a c h s t r e a m f i l a m e n t in the d o w n c o m e r , as the w a t e r 
t r a n s i t t i m e b e t w e e n the s a t u r a t e d r e g i o n in the v e s s e l and the bo i l ing 
b o u n d a r y . H e n c e , the va lue of the r e c i r c u l a t i o n t i m e is d i f fe ren t in e a c h 
f i l amen t b e c a u s e of the d i f fe rence in t h e i r l eng th and ve loc i ty . The s p r e a d 
in Tj. can be t a k e n in to accoun t by def ining an a v e r a g e t r a n s f e r func t ion , a s 
e x p l a i n e d in Appendix A. U s e of the r e s u l t s of Appendix A in E q . (53) y i e lds 

5(s) ^ dHw Mt T^ 

sp(s ) ^ d P Q"(Lnb) 1 + s T r • (^^) 

w h e r e Tj. deno te s the a v e r a g e d r e c i r c u l a t i o n t i m e . Equa t i on (54) i s the 
p r e s s u r e r a t e - b o i l i n g b o u n d a r y t r a n s f e r funct ion . 



VI. THE E F F E C T OF THE FEEDWATER FLOW VARIATIONS 

The posi t ion of the boiling boundary is a lso affected by the var ia t ions 
in the feedwater flow. By differentiation, one obtains from Eq. (32) 

mfw (Hw - Hfw) = Q°(Lnb) 

The feedwater-boi l ing boundary t r ans fe r function is then found as 

J ( s ) Hw-Hfw ^ - S T ; 
mf^(s) Q°(L^b) 

where the exponential factor accounts for the finite rec i rcula t ion time Tj. 
between the inlet of the feed water and the boiling boundary. 

VII. BOILING BOUNDARY-VOID TRANSFER FUNCTION 

Variat ion of the boiling boundary will cause the total s team volume 
in the channel to f luctuate, since a change in the boiling height can be r e ­
garded as a change in the s team production at the boiling boundary, and 
thus as an additional lumped s team sou rce . 

If 6 denotes the shift of the boundary, the s t rength of this fictitious 
source can be given as 6Q°(Lnb) /Hv The per turba t ion in the s team volume, 
after a s tep change in the boiling height, will move upwards as a step wave 
front. Steady state at each point will be reached once the wave front a r r i v e s 
at that point. 

The following equation is readi ly obtained from the s t e a m - m a s s 
continuity at a level x, where the s teady state has a l ready been reached: 

U°(x)as(x) = - - 5 - | r ^ ^ • (56) 

The minus sign indicates that an i nc rease in nonboiling length resu l t s in a 
dec rease in s t eam volume. 

The t r ans ien t in the core ends when the wave front reaches the top 
of the channel, viz. , at t = Tg. The total change in the weighted s team 
volume at a t ime t during the t rans ien t is obtained as 

/>x(t) 

v(t) W ag(x')F(x ') dx' , (57) 

'^Lnb 

for t S Tg, where x(t) denotes the posit ion of the wave front at the t ime t . 



The relation between x and t is given by 

-•-nb 

After the steady state has been reached, i.e., t = Tg. v(t) remains 

constant: 

v(t) =/ as(x')F(x') dx' , (59) 

^J-nb 

for t -̂  Tg. 

Combination of Eqs. (56), (57), (58) and (59) and the use of the 
Laplace transforms yield 

which is the general form of the boiling boundary-void transfer function. 

The zero-frequency response of Eq. (60) for a sinusoidal flux 
weighting and an exponential steam velocity distribution is found as 

v(0) Q°(Lnb) 

6(0) H V 

2 
-̂ ^ 1 / -bL;. bL 

2UiL b^ 
/ -bL^ °^ . \ 

; I ,2 I e + sma-cosa) 
+ (7r/L)^ ^ TT /_ 

(61) 

In the special case of no weighting, viz., F(x) =1, Eq. (60) gives 

v(s) Q^Lnb) 1-e" '^^ 
- . (62) 6(s) H V 

When sinusoidal weighting and the constant-steam velocity approxi­
mation are used, Eq. (60) yields 

v(s) Q°(Lnb) TT e'̂ ^^ + z s ina -cosa 

6(s) Hv T CDs(l+z2) • (6^) 

It is recognized that the forms of Eqs. (62) and (63) are the same as 
those of Eqs. (40) and (38), respectively. Following the same procedure 
used in treating the latter equations, there is obtained 



v(s) Q°(Lnb) """ 1 - c o s a 
6(s) ~ " H^̂  2 a l + s ( T s / 2 ) 

(64) 

which is the approximated boiling boundary-void t ransfer function. 

Figure 11 displays a compar ison of the exact and the approximated 
t rans fe r functions for a = 2 71/3 , which is the case for EBWR. One ob­
se rves that the s ingle- t ime-cons tant approximation is not sat isfactory in 
the in termediate frequency region. More than one t ime constant is neces ­
s a ry for a bet ter approximation. 
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The resonance phenomenon descr ibed in Section IV B will a lso 
occur in the boiling region when a approaches 71, i .e . , when the boiling 
s t a r t s nea r the bottom of the core . In the la t ter case , the amplitude of 
Eq. (63) vanishes at the odd integral multiples of (TT/Tg) r a d / s e c . 

Physical in terpre ta t ion becomes more evident if the case of non-
weighting is considered. As one observes from Eq. (62), resonance occurs , 
in this s impler ca se , at integral mult iples of (2 7r/Tg), i .e . , when the t rans i t 
t ime is equal to the integral mult iples of the period of the sinusoidal bound­
ary var ia t ions . At resonance, the boiling length contains one or more 
complete cycles , and therefore the integrated s team volume amounts to 
zero at any t ime . 
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Note also that the resonance occurs for any boiling height, in 
cont ras t to the sinusoidal weighting model . The effect of the weighting on 
the resonance frequency is also worth mentioning: the f i rs t resonance 
appears at a lower frequency due to the weighting. 

VIII. THE E F F E C T OF WATER ACCELERATION 

In the previous sections water velocity in the nonboiling region and 
in the downcomer was assumed to remain constant during the t r ans ien t s . 
In fact, any t rans ient of the s team volume in the core is accompanied by 
a change in the water velocity, as a consequence of the change in the p r e s ­
sure head. The effect of the water acce lera t ion is such that it tends to 
smooth the s team-void var ia t ions within the core , causing the s team to 
pass more rapidly through the core when there is an increase in the s team 
volume, or vice v e r s a . The purpose of this section is to calculate the net 
void volume in the presence of the water accelera t ion . 

The analysis s t a r t s with the momentum equation in the reci rcula t ing 
loop: 

^ = A P - P i - P f , (65) 

where 2 is the total momentum in the circulat ion loop, AP is the driving 
force, and Pĵ  and Pf a re the iner t ia l and frictional fo rces . Explicit forms 
of these quantities a re as follows: 

Z = l ' (PsAsU + p ^ A ^ W ) d x + f M n b + - ^ M d W o + P w L s - ^ > (66) 
X 1 

Ad ^ y " ' ^ ^ dt 

(67) 

Pi = [PsU^(x3.t)Ag(x3,t) + PwW2(x3,t)Aw(x3,t)]- PwAW^ (68) 

Pf = CjW^ + C2 / W^(x,t) dx , (69) 

where the meanings of the symbols a re given ei ther in the nomenclature 
or in Fig. 12. The f i rs t in tegral t e r m in Eq. (66) is the momentum in the 
boiling region. The second t e r m is the momentum of the water in the non­
boiling region and in the downcomer. The rat io A/Ad takes into account 



the difference between the downcomer and the core inlet veloci t ies . 
The last t e r m accounts for the momentum of the water above the core(9) 
during the t r ans ien t s . 

FI6. 12 

SCHEMATIC DIAGRAM OF RECIRCULATION LOOP 

At steady s ta te , Eq. (65) reduces to 

AP° = p9 + P^ 

One may define an overal l friction coefficient B relative to the water 
velocity in the steady state a s " ^) 

AP° = B Wg^ . 

Assuming that B is constant during t rans ien ts of sufficiently small ampl i ­
tude, one may replace the las t two t e r m s in Eq. (65) by 2BWoWo, where WQ 
denotes the incremental value of the water velocity at the core inlet. 

The incremental value of the momentum in Eq. (66) may be approxi­
mately given as M'WQ, where 

M' = Mb + Mnb + Md(A/Ad) • (70) 

In this approximation, the integral in Eq. (66) is replaced by MbWQ, assuming 
that the distr ibutions of the s team and water velocities and of the s team 
c r o s s section do not change during the t ransient . Only the t ranslat ional 
velocity of the whole two-phase sys tem increases by the amount of wg. 

The las t t e r m in Eq. (66) contains the time derivative of the total 
incremental void volume in the core as well as in the chimney. For slow 
t r ans i en t s , the variat ion of this t e r m may be neglected. Then Eq. (65) 
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r e d u c e s , in i n c r e m e n t a l v a l u e s , t o 

dwo „ C ^3 
M ' - ^ + 2BWgwo = g ( P w - P s ) / ag(x , t ) dx . (71) 

7xi 

It i s now a s s u m e d t h a t ag(x , t ) i s d i s t r i b u t e d in the a c t i v e c o r e wi th the 
s t e a d y - s t a t e s t e a m d i s t r i b u t i o n for a l l v a l u e s of t . Th i s a s s u m p t i o n i s 
j u s t i f i ed a s fo l l ows : C o n s i d e r a s t e p c h a n g e in one o r m o r e r e a c t o r p a ­
r a m e t e r at t = 0. The e x c e s s s t e a m , p r o d u c e d by t h i s p e r t u r b a t i o n in the 
c o r e , wi l l r e a c h the s t e a d y - s t a t e s t e a m d i s t r i b u t i o n cifter the c o r e s t e a m 
t r a n s i t t i m e Tg . At t h i s i n s t a n t , the s t e a m flow in to the c h i m n e y a t t a i n s 
i t s m a x i m u m and r e m a i n s so t h e r e a f t e r . T h e r e f o r e , by i g n o r i n g the t o t a l 
s t e a m v o l u m e chajige in the c o r e a n d in the c h i m n e y p r i o r t o t = T s , one 
m a y v i s u a l i z e a s t e p change in the s t e a m v o l u m e of the c o r e a t the t i m e 
t = Tg with t h e s t e a d y - s t a t e d i s t r i b u t i o n . T h e n , a s t e p w a v e f ron t wi th a 
c o n s t a n t a m p l i t u d e s t a r t s m o v i n g u p w a r d s wi th the ou t le t s t e a m v e l o c i t y , 
i m m e d i a t e l y a f t e r the c h a n g e in the c o r e s t e a m v o l u m e i s e x p e r i e n c e d . 
The a m p l i t u d e of t h i s p r o g r e s s i v e wave is g iven a s 2 v n / L b if the s t e a d y -
s t a t e s t e a m d i s t r i b u t i o n i s a s s u m e d to be l i n e a r (vn d e n o t e s the ne t s t e a m 
v o l u m e c h a n g e in the c o r e ) . 

With t h e s e c o n s i d e r a t i o n s , the i n c r e m e n t a l m o m e n t u m e q u a t i o n , 
v i z . , E q . (65), c a n be w r i t t e n a s ( m e a s u r i n g x f r o m the top of the c o r e ) 

dwo 
M' ^^ + 2BWo°Wo-g(Pw- P s ) | v n ( t ) + ^ / v ^ (t - [ x / u ° ( L b ) ] ) d x j 

Jo 
(72) 

Using the L a p l a c e t r a n s f o r m s and the s t a n d a r d t e c h n i q u e of 
a p p r o x i m a t i o n of t h e p r e v i o u s c h a p t e r s , t h e r e i s o b t a i n e d 

Wo(s) ^ g p w / 2 L c \ l + sTz 

vn(s) ^ 2BW§ V^+ Lb j ( l + s T i ) [ l + ( s T c / 2 ) ] ' ^^^' 

w h e r e 

Tj, = L( , /U (Lb) ( C h i m n e y t r a j i s i t t i m e ) 

Tj = M ' / 2 B W g 

T c / z 
2 - 1 + 2-(Lc/Lb) • 

The d e s i r e d t r a n s f e r func t ion Vn(s ) /v ( s ) i s o b t a i n e d f r o m the d i a g r a m shown 
in F i g . 13 : 
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vn(s) ( l + s T i ) ( l + s 

^(s) 
= G 

1 + 37] + S ^ ^ 
(74) 

where 

T] = G 

gPw 
2BWg 

T,+ 

1 +• 
2L^ \ SV 

Lb j SWo 

1 -
gPw ^V 
2BWg SWo 

and 

C = GTiTc/2 . 

The value of S v / S W Q can be evaluated from 

V = A 
/ L ^ Q ° ( X ' ) dx' 

Lnb rWoHvA+r^ Q°(x') dx' 
dx 

which follows from the continuity equation, viz. , Eq. (12), in the steady 
s ta te , assuming that the slip ra t io r is constant and ignoring rpg compared 
to Pvv-

v(«) + •r 
\ 

~\ 

* 

5». 

} > 

«.(•) 
».(•) 

»n(«) 

;(•) ^ ( 1 * . T , ) ( i t . T ) 

I + •>] + «*E 

» » ( • • ) 

FIG. 13 

EFFECT OF WATER ACCELERATION ON STEAM VOLUME 
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IX. STEAM MASS-PRESSURE RATE TRANSFER FUNCTION 

The general form of this t ransfer function was derived in Refer­
ence 1, p . 25 . The simplified form used in Section XI was obtained in 
Reference 6, p . 44. Nothing will be added in the present repor t to ei ther 
of the above der ivat ions . 

X. THE EFFECT OF TEMPERATURE CHANGES 

Power and p r e s s u r e var ia t ions cause the t empe ra tu r e s in the v a r i ­
ous regions of the core to fluctuate. The react ivi ty effect produced by 
these t empera tu re var ia t ions will now be considered. 

A. Tempera tu re Changes due to the Power Variat ions 

Power var ia t ions affect the average fuel t empera tu re and the sub-
cooled water t empera tu re in the nonboiling region. The t empera tu re of 
the w a t e r - s t e a m mixture in the boiling region is not direct ly influenced 
by the power var ia t ions , since the saturat ion t empera tu re depends only 
on the p r e s s u r e . 

1. Fuel Tempera tu re Effect 

Transfe r function between the nuclear power and the average 
fuel t empera tu re is calculated with the aid of assumptions given in Section II 

0f(x,s) Rj dj 

v(x,s) sT^ dj + d2 

PlCl 

' 1 - fi - ^ ^ ) f c o s h y ^ i i + ^ y T ^ s i n h y r p " ^ 

+ • 
P2C2 J v ( x , s ) 

i(x,s) , (̂ ^^ 

where 0f(x,t) denotes the incrementa l value of the fuel t empera tu re at x. 
Taking the s ingle- t ime-cons tant approximation for ^(x,s) /v(x,s) from 
Eq. (4), expanding the hyperbolic functions into a Taylor s e r i e s , and 
finally retaining only the f i r s t and the second t e r m s , there is obtained 

0f(x.s) f ^ + Rz+Rs) di + f ^ + Rs) d2 

v(x,s) ~ djdz 1 + s Tf ' 

where Tf is given by Eq. (6). 

_ The average fuel t empera tu re can be obtained by integrating 
9f(x,s) in the ver t ica l direct ion. Ignoring the var ia t ion of R3 in Eq. (76) 
as was done in Section II, and assuming a sinusoidal flux distr ibution and 
f i rs t -power flux weighting, 
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0f(s) ^ / L ' N ^ ^ l - T + ^ ^ + ^ j + d 2 ( ^ + R 3 ; 

n(s) 8 \ L / V f ( l + sTf) • Ĉ "̂ ^ 

This is the des i red nuclear power-fuel t empera ture t ransfer function. 
The factor L / L s tems from the distinction between the actual and reduced 
core lengths, when calculating the actual volume Vf of all the fuel elements 
including the claddings. 

2. Water Tempera tu re Effect 

Power var ia t ions in the nonboiling region produce fluctuations 
in the local water t empera tu re . Denoting these fluctuations by 0^(x,t) and 
using the energy balance equation, viz. , Eq. (11), there is obtained 

^ew(x't) 1 5e^(x,t) _ q(x,t) 
Sx ^ wg a t " c^Kit • ^'^^> 

The average water t empera tu re is calculated by integrating 
0^(x,t) in the whole channel with the weighting function F(x). Obviously, 
0 (x,t) = 0 in the boiling region. 

Equation (78) has the same form as Eq. (18), which has already 
been solved. Then, the solution of Eq. (78) can be directly obtained from 
Eq.(23), which is the solution of Eq. (18): 

M s ) 1 1 r^nb r x -^(^-^ ' ) 
- - ^ = — ^ 7 2 - / F ( x ) d x / D(x-)e "^^ dx' . (79) 

q(s) c^Mt L^7o Jo 
The explicit form of this t ransfer function for a sinusoidal flux distribution 
and f i r s t power flux weighting is s imi la r to Eq. (28), provided the angle a is 
rep lace^ by ]3 = 7r(Lnb/L). Hence, the following simplified t ransfer function 
is readily obtained: 

Qw(s) 1 ( l - c o s 3 ) ^ _ ^ ^g^^ 
q(s) 8 c^I^t 1 + sT, 

where 

w'^-^t -̂  T o < q-^ 

_ ^ (1 - c o s ^ ) ^ 
'^qw - ^ ^ ( 2 ^ - s i n 2/3) w 

B. Tempera tu re Changes due to P r e s s u r e Variat ions 

P r e s s u r e changes cause the water t empera tu re to fluctuate because 
the saturat ion t empera tu re depends on the p r e s s u r e . 
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In the boiling region, the water t empera tu re immediate ly changes 
to its new value after a s tep change in the p r e s s u r e . In the nonboiling 
region no immedia te change o c c u r s . The effect of a step p r e s s u r e change 
is felt only upon the a r r iva l of the rec i rcu la t ing water at the core inlet 
at the new sa tura t ion t e m p e r a t u r e . The rec i rcu la t ion time Tj. from the 
saturat ion region in the downcomer to the core inlet is slightly l e s s than 
the rec i rcu la t ion t ime Tj. defined in Eq. (53). The difference is equal to 
the water t r ans i t t ime in the nonboiling region. No dist inction will be 
made in the following between Tp and Tj., due to the uncer ta inty in the 
definition of both of them. 

The t rans ien t behavior of the water t empe ra tu r e after the a r r i va l 
of the rec i rcu la t ing water is the same as the one invest igated in connection 
with var ia t ions of the boiling boundary. Although it could be easi ly taken 
into account, this t r ans ien t will be d i s r ega rded on the ground that it l a s t s 
a very shor t t ime as compared to the rec i rcu la t ion t ime . This implies the 
assumpt ion that the water t e m p e r a t u r e instantaneously r i s e s at any point 
in the nonboiling region as soon as the rec i rcu la t ion water a r r i v e s at the 
core inlet . 

With the above cons idera t ions , the p r e s s u r e - w a t e r t e m p e r a t u r e 
t r ans fe r function can be obtained as 

e^{s) 1 d̂  
p(s) L dP F(x) dx + 

Mi-

'Lnb 

F(x) dx . (81) 

In the case of s inusoidal weighting, Eq. (81) gives 

^w(s ) 1 d( 
(1 - cos a) + (1 + cos a) e 

• s T , 

p(s) 2 dP 

where Mj-zM^ is rep laced by 1 (Mj.»Mf-^)» 

(82) 



XI. REACTIVITY COEFFICIENTS 

Three react ivi ty coefficients a r e needed to calculate the total feed­
back react ivi ty . These a r e fuel t empera tu re , water t empera tu re and 
void-react iv i ty coefficients. The following r e m a r k about the void-react ivi ty 
coefficient is t rue also for the other two. 

The total react ivi ty Ak.̂  in voids can be calculated as 

V = - ' ^ Ak,, = ttv I Vi(x)F(x) dx 

where Vĵ (x) is the s team volume per unit channel length about x, produced 
by the ith feedback mechanism. The factor a.^ is the void-react ivi ty coef­
ficient, defined as the react ivi ty per unit s team volume when the s team is 
uniformly dis t r ibuted along the channel. 

Since the weighted t ransfe r functions, namely, / VJ^(X)F(X) dx, 
have always been considered throughout in this repor t , the total react ivi ty 
can be calculated by multiplying the sum of the t ransfer functions by a^. 
The la t te r , however, may not be the coefficient one usually obtains from 
the experiments.V-^^ as explained in the following example: 

Let the exper imental react ivi ty coefficient be denoted by a.̂ .. 
Assume that it is calculated as the rat io of the reactivity change to the 
s team volume change. With the aid of the diagram shown in Fig. 14, 
where s teady-s ta te s team distr ibution is assumed to be l inear , one obtains 
the following relat ion between a and d^: 

1 / Lb \ a2 
a a ' v 71 Lv a- sm a 

(83) 

CORE TOP 

STEAM DISTRIBUTION 

APPROXIMATES 
FLUX DISTRIBUTION 

CORE BOTTOM 

FIG. 14 

CALCULATION OF CORRECTED VOID-REACTIVITY 
COEFFICIENT 

The ratio Lr^/l^ comes from the 
difference between the actual and 
reduced core heights . The co r rec ­
tion factor in Eq. (83) amounts to 
1.75 for EBWR, where a = 2 7r/3 
and L^ /̂Lq^ = 1.2. 

As indicated by this ex­
ample, the cor rec t ion factor may 
be quite significant in cer ta in 
applications. Therefore , ca re 
should be exerc ised to see that the 
proper value of the reactivity co­
efficient is being used. 



XII. BLOCK DIAGRAM OF THE INHERENT FEEDBACK AND 
THE LIST OF FORMULAE 

The complete block d iagram for the inherent feedback in a natural-
circulat ion boiling water r eac to r is depicted in Fig. 15. The express ions 
for the gains and the t ime constants a r e l i s ted below: 

Time Constants 

Tfb.Tfnb: Fuel plate t ime constants in the boiling and nonboiling 
regions (Eq. 6): 

Ti 
r ^ fRz + Rs , 1 -̂ 2 / I RaN] 

Tq^: Water t empera tu re t ime constant (Eq. 80) 

(1 -coS]6)^ 
^qw - ^)3(2/3-s in2^) ^ ^ 

T • Power-void t ime constant (Eq. 30) 

V = alzLlL% =̂ [-"""^^^^y "•'" " = * ' " ' 

T • P r e s s u r e - v o i d t ime constant (Eq. 50) 

^ _ 2a - 4 sin a+ sin 2a+ (Ki/K2)(a - s i n a ) 
pv 2a [ 2 ( K I / K 2 ) ( 1 - c o s a ) - sin^a ] s 

[Ki and K2 a re given by Eqs . (47) and (48)] 

Td: Steam m a s s - p r e s s u r e ra te t ime constant [Eqs. (4) and (5) in Refer­
ence 6, p. 44] 

Td = Tr / < 1 + 
Mw dHw / Ms _ Ms M s + Mg dHg 

H g - H ^ d P / P % dP H g - H ^ dP ]} 
(Qg is in Rankine) 

Gains 

=• '̂^ = w, (T)[^. ( T + ^̂ +̂ ^ '"'{^^ '̂) ]• (̂ -̂ -"^ 

^ (1 - cos /3 ) , (Eq. 80)* 
4cwKlt 

•Multiply by Gio to obtain the r e f e r r ed equation 
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d^s (1 - c o s a) 

G, = 

G6 

dP 2 

d 0 s (1 + cos a) 
dP 2 

7r(l-cos a) 
4 H v a • s ' 

V-^H" 

(Eq. 

(Eq. 

oi-y 

82) 

29) 

G7 =-T^ (2a - 4 s i na + sin 2a) + Ki(a - sin a ) , (Eq. 49) 

Os = 
Q°(Lnb) TT 1 - c o s a 

Hv 2 a 
Tg, (Eq. 64) 

G9 = (Power in the boiling reg ion /Power in the whole 
channel) 

Gjo = 5 (Power in the nonboiling reg ion /Power in the 
whole channel) 

dHw Mt ^ 
^^^= dP Q"(L ,b )^ - ' ^ ' ' ^ • ' ^ ^ 

Hw - Hfw , 

Gi4 = V 
Mg Mg des ^s dHg M^ dH • w 

P " ^ dP Hg - H ^ dP Hg - H ^ dP 

(0g is in Rankine) [Eq. (5) in Reference 6, p. 44] 

•Multiply by Gg to obtain the r e f e r r ed equation 

••Multiply by Gio to obtain the r e f e r r ed equation 



Xin. APPLICATIONS 

Two specific examples will now be considered to i l lus t ra te the 
application of the theore t ica l formulae der ived in previous sect ions, and 
to check the validity of the assumpt ions : f i rs t , the power-void t ransfe r 
function m e a s u r e m e n t s pe r fo rmed at the Ramo-Wooldridge Research 
Laboratory, '-^2) on a boiling channel simulating the S,PERT-IA reac to r ; 
secondly, the t r ans fe r function measu remen t s ( l 3 ) on EBWRat 20 Mw and 
41 a tm. 

A. Power-void Trans fe r Function 

The power-void t r ans fe r function measu remen t s were made by 
modulating the channel power with 10% amplitude about the mean value 
(usually 500 watts) at a given frequency and measur ing the amplitude and 
phase lag of the local void fract ion at a given channel location. The exper ­
iment was repea ted at different f requencies and channel locations to obtain 
the var ia t ion of the amplitude and phase with frequency and position. De­
ta i l s of the exper imenta l technique and the resu l t s of the measu remen t s 
a r e repor ted in Reference 12. 

The flow d iagram of the power-void t ransfe r function is shown in 
F ig . 16. It is obtained from Fig. 15 by considering only the boxes des ig­
nated by G9, Ĝ O) Gfe, Gu and Gg. P r e s s u r e effects a r e el iminated, since 
the exper iments were pe r fo rmed at constant a tmospher ic p r e s s u r e . 

The gain fac tors of the fuel plate t r ans fe r functions beconne G9 =L]-,/L 
and Gjo = ^ n b / ^ ' since the heat genera t ion is uniform. 

Heat flux-void t r ans fe r function is obtained from Eq. (23) by setting 
D(X) = 1 and F(x) E 1. The integrat ion f rom L^]-, to L in Eq. (23) is dropped 
because the local , instead of the integrated, s team volume is being con­
s idered h e r e . The factor e~sT r e p r e s e n t s the t ime delay assoc ia ted with 
the bubble format ion (see Section IV-A). 

The heat fl\ix-boiling boundary t r ans fe r function readi ly follows from 
Eq. (40). 

The boiling boundary-void t r ans fe r function is obtained frona Eq. (6O) 
by setting F(x) = 1 and by consider ing only the integrand. 

The effect of the flow var ia t ions of the inlet water will not be con­
s idered in the overa l l power-void t r ans fe r function for the sake of s impl i ­
city. It is believed that such var ia t ions do not play any important role in 
the observed behavior of the power-void t rans fe r function. The power-void 
t r ans fe r function is obtained from Fig. 16 as 
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a s ( x , s ) _ 1 e-^^(^) 
n(s) LHv U 

P 

'Jo es t(x-)dx ' , Lnb 1 - e " ' ^ 
TTTPFTT) + (1 + sTf , ) fb^ ^^-^^'inhf s T ^ 

, (84) 

where x is the distance f rom the boiling boundary. 

The s team propagation velocity will be taken as U^ = 2U''(x), as 
explained in Section III. 

The integral in Eq. (84) can be approximately evaluated by assuming 
that t(x) is proport ional to x. Note that this assumption is made only in 
evaluating the integral . 

The final form of the power-void t ransfer function is obtained from 
Eq. (84) as 

I s 

where 

s(x.s) _ e-J^^^W r x d i f ft(x) jZTTfr, Lnb dif f T ^ -J7Tf[Tw +t(x)] ] 
H(s) ~2U"(x)LHvll+j27rfTfT^ l+j27rfTf^b J 

(85) 

sin COT, 
dif 2fTw = —- " -W 

The following numer ica l values a r e taken from Reference 12: 

L = 62.5 cm Heated channel length 
Lnb = 36 cm Length of nonboiling region 

X = 11 cm Distance from the boiling boundary 
A = 0.61 cm^ Channel c ross - sec t iona l a rea 

T-^ - 0.74 sec Water t rans i t t ime in the nonboiling region 
U°(x) = 260 c m / s e c Steam velocity at x = 11 cm 

t(x) = 0.03 sec Steam propagation t ime (this is half of 
the actual s team t rans i t t ime of 
0.06 sec) 

ijj = 1.9 W/cm^ Average heat flux (modulated by 10%); 
average power is 500 watts . 

H-. = 1.04(10"^) (W)(sec)/cm'' Latent heat per unit volume of s team. 

The fuel t ime constants T£|_) and Tf^b ^^® calculated from Eq, (6): 
Ti and Rj a re calculated as 7.89 x 10"^sec and 4.15 x 10~^(cm^)(°C)/watt, 
respect ively, for the aluminum fuel p la tes . The value of the incremental 
heat coefficient (I/R3) is obtained from Eqs . (2) and (3a) in the boiling 
region as ( l /Rsb) = 0.85 watts/(cm^)(°C). The nonboiling heat t ransfer 



coefficient is calculated from Dit tus-Boel ter equation, i .e . , Eq. (3b), as 
(l/R3nb) = 0.46 watts/(cm^)(°C). These values a r e in good agreement with 
the exper imenta l values given in Reference 12, p 67, which a r e 0.8 to 1.5 
in the boiling region and 0.5 to 0.8 in the nonboiling region. Use of the 
average exper imenta l values yields 

and 

T£b = 0.20 sec 

^fnb = 0-30 sec 

The t ime lag T in Eq. (85) is taken as r = 0,35 sec for the reasons 
given l a te r . 

Use of the above numer ica l values in Eq. (85) yields the amplitude 
response shown in Fig, 17. 

FREQUENCY cp< 

FIG. 17 

AMPLITUDE RESPONSE OF POWER-VOID TRANSFER FUNCTION 

(EXPERIMENTAL CURVE REPRODUCED FROM FIG. IIB2-2 OF REF. 12) 



One observes that this curve is in good agreement with the experimental 
curve except for the high-frequency response . One finds, however, that the 
high-frequency response is very sensi t ive to the magnitude of the fuel time 
constant in the boiling region. Therefore , the agreem,ent could be improved 
by suitable adjustment (by decreasing) of the fuel t ime constant, which is 
not accurate ly known anyway. Note that the frequency at which the node 
occurs coincides with the exper imenta l value. 

The high-frequency response of the power-void t ransfer function is 
de termined only by the boiling region because the second t e rm in Eq. (85), 
which r ep re sen t s the effect of the nonboiling region, becomes negligible at 
high frequencies as compared to the f i r s t t e rm . 

Spatial distr ibution of the amplitude at a constant frequency is 
shown in Fig. 18 for different f requencies . The variat ion of the steam 
velocity, which was needed in calculating the spatial distribution, was ob­
tained from the void curve and the slip ra t ios given in F igs . 1 and 4 of 
Reference 15, 
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The shape of the 
anaplitude distribution curve 
is determined by (x + Lj^-j.,)/ 
U (x) at very low frequencies 
and by x/U°(x) at high f r e ­
quencies. In the la t ter case , 
the effect of the second t e r m 
in Eq. (85) is negligible, as 
mentioned before. In the 
intermediate frequency r e ­
gion, the shape of the ampl i ­
tude curve depends on the 
relat ive phase and magnitude 
of the f i rs t and second t e r m s 
in Eq. (85). If the phase dif­
ference happens to be approx­
imately 180 degrees at the 
specified frequency, the 
amplitude curve possesses a 
node at a cer ta in channel 
position (see Fig. 18, 
f = 2 cps). 

The shapes of the 
amplitude distribution 
curves in Fig. 18 are in 
good agreement with the 
experimental curves given 
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in Fig . IIB2-6 of Reference 12. A quantitative compar ison was impossible 
because the exper iments were per formed under different conditions. The 
predic ted node is not observed at all in the exper imenta l cu rves . This is 
probably due to the fact that the ampli tudes were m e a s u r e d only at th ree 
channel posi t ions at each frequency. The node might have been m i s s e d even 
if it rea l ly exis ted at an in termedia te posit ion. The predic ted behavior may 
serve as a bas i s to check the validity of the proposed model . 

The m e a s u r e d phase lag of the void response does not approach an 
asymptotic value, but i n c r e a s e s approximately l inear ly with frequency 
(Fig. IIB2-3 of Reference 12). Such a behavior indicates the existence of a 
t ime lag in the sys tem. This lag may be at t r ibuted to the t ime delay a s s o ­
ciated with the s t eam format ion, as explained in Section IV A. Indeed, a 
slip ra t io of 8-9, as r epor t ed in Fig . 4 of Reference 15 [see also F igs . 120 
and 122 of Reference 14], and a bubble growth t ime of 40-50 mi l l i seconds 
(p 634 of Reference 8) yield a delay of T = 0.30-0.35 sec , according to 
Eq. (25). This value checks well with the exper imenta l value of T = 0.30 sec . 
However, this ag reemen t cannot be r ega rded as conclusive because of the 
uncer ta in t ies involved in the bubble format ion t ime. ( lo) 

The dis t r ibut ion of the phase lag along the channel has some in te r ­
esting fea tu res . One obse rves in Eq, (85) that the phase of the overa l l 
power-void t r ans fe r function is equal to the phase of the second t e r m when 
X is siifficiently smal l . The phase of the second t e r m va r i e s between zero 
and 37T/2 as explained in Appendix A. At high f requencies , where the second 
t e r m is negligible, the phase lag is given by -•r[2T 4- t(x)]7rf 4- tan~''(00T£^)J- . 
Hence, the phase lag will exper ience a rapid inc rease with the channel pos i ­
tion, when the magnitude of the f i r s t t e r m exceeds that of the second t e r m . 
As an example, consider the case that f = 4 cps . The phase lag is approxi ­
mately -(377/2) at X = 0, and -3.22Tr at x = 11 cm. This rapid change is ob­
served on the corresponding exper imenta l curve in Fig . IIB2-7 of 
Reference 12. 

As a conclusion to this section, one may state that the theore t ica l 
power-void t r ans fe r function in Eq. (85) checks reasonably well with the 
exper imenta l data p resen t ly avai lable . However, this ag reement is not 
sufficient to c la im that the model r e p r e s e n t s the t rue descr ip t ion of the 
actual physical phenomena which take place in the boiling channel. More 
sys temat ic exper imenta l data mus t be col lected in o r d e r to reach a definite 
conclusion. 

B. EBWR Trans fe r Function 

The technique and the r e su l t s of the t r ans fe r function m e a s u r e m e n t s 
on EBWR a r e p resen ted in Reference 13. The compar i son of the theore t ica l 
and exper imenta l t r ans fe r functions has been made for operat ion at 20 Mw 
and 41 a tm. 



Table 1 in Appendix B contains the numer ica l values for the p a r a m ­
e te r s needed in the analyt ical formulae . Table 2 contains the calculated 
values of the tinae constants and gains appearing in Fig, 15. 

The block d iagram shown in Fig. 15 can be r ea r r anged as shown in 
Fig, 19 when the effects of the feedwater var ia t ions and the water a c c e l e r ­
ation a r e ignored. The pa ra l l e l feedback paths corresponding to the t e m ­
pe ra tu r e effects have also been d i s r ega rded in the nunaerical applications 
because thei r magnitudes a r e smal l in compar ison with the magnitude of 
the void effects, except at very low frequencies . 

The amplitude.and the phase response of the closed loop t ransfer 
function have been computed on the IBM-704 using the (BUM) t ransfer func­
tion code (RE-132). The exper imenta l and theore t ica l curves a r e depicted 
in F igs . 20 and 21 . The difference between the exper imental and calculated 
values is l e s s than 5 decibels for the ampl i tudes , and 10 degrees for the 
phase angles in the frequency region of four decades. It can be noted that 
the d iscrepancy occurs mainly at low f requencies , where the closed-loop 
response is s trongly dependent on the magnitude of the rec i rcula t ion t ime 
Tj.. The value of Tj. was 9 sec in these calculat ions. This value was given 
as the bes t unbiased es t imate f rom the theore t ica l calculations or out-of-
pile m e a s u r e m e n t s . The agreement at low frequencies might have been 
improved by p roper ly adjusting (probably by increasing) the value of Tj., 
but a p a r a m e t e r study of this type is outside the scope of this repor t . 
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XIV. CONCLUSIONS 

An at tempt has been made in this repor t to investigate the in ternal 
feed-back mechan i sm of a boiling water r eac to r in a sys temat ic and gen­
e ra l way. The dynamic behavior of such r e a c t o r s for smal l per turbat ions 
can be predic ted in advance with the aid of the theore t ica l formulae der ived 
in this r epor t , if the numer ica l values of the quantit ies entering these for­
mulae can be obtained from the bas ic calculations or from out-of-pile 
exper iments . 

The success of the theory in predict ing the reac to r response de ­
pends on the validity of the nmain assumpt ions as well as on the accuracy 
of the numer i ca l values of the var ious p a r a m e t e r s . Using the simplified 
t rans fe r functions with single t ime constants instead of the exact e x p r e s ­
sions introduces another source of e r r o r . The magnitude of this e r r o r in 
some specific feedback mechan i sms beconnes as la rge as 4 db in annplitude 
at ce r ta in f requencies , as pointed out in the text . There fore , it is difficult 
to know to what extent any observed d i sc repancy between the exper imenta l 
and calculated r eac to r r e sponses is due to the inadequacy of the assumption 
underlying the theory . More fundannental nneasurements , such as those 
investigated in Section XIII, a re requi red to check the validity of the theo­
re t i ca l model . 

In view of these uncer ta in t i es , the agreennent obtained in the case 
of EBWR should be regarded as a confirmation of the analysis p resen ted 
in th is r epo r t . 



APPENDIX A 

DISTRIBUTED DELAY TRANSFER FUNCTION 

The t r ans fe r function 

1 - e - sT 
Z ( s ) = ^ ^ - ^ | (lA) 

will be now invest igated in more detai l due to i ts frequent occur rence in 
the mode ra to r dynamics . The t ime constant T in Eq, (lA) r ep resen t s a 
t r ans i t tinne in genera l , such as the s team t rans i t t ime and the water 
t r ans i t tinne. This t r ans i t t ime is usual ly different for the individual 
s t r e a m fi laments in the channel due to the nonuniform distribution of the 
veloci t ies a c r o s s the channel. There fore , an averaged t rans fe r function 
ought to be defined. 

Let the spread in the t r ans i t t ime be denoted by AT. By assuming 
a l inear dis t r ibut ion in the range of AT, one may define an average t rans fe r 
function as 

1 / ^ ^ ^ ^ 1 - e - J ^ T _ 1 sin ooeT _jQ^T 
ooeT 

Z ( j a ) ) = - — — r-= dT =-. ^ 
^^ ' 2 AT J T - A T ^^^ J 

where e denotes the re la t ive spread , v iz . , e= A T / T , 

The ampli tude and the phase response of the average t ransfe r func­
tion a r e plotted in F igs . 22 and 23 for two values of e. Note that 

Z ( j a . ) . - ^ ^ l i ^ : ^ e - J ^ T / 2 
^•^ ' (OOT/2) 

when e= 0. 

It is observed that the high-frequency response of Z(JOQ) approaches 
l/jODT for any nonzero value of €, The low-frequency response , on the 
other hand, approaches l / [ l + (JODT/Z)] . The la t te r is obtained by expanding 
the exponential t e r m in Eq, (lA) into a Taylor s e r i e s and retaining the 
f i r s t th ree ternns. 

When Z(JOD) is to be approximated by a single t ime constant, the 
value of the l a t t e r should be chosen according to the frequency region where 
m o r e accuracy is des i r ab le . If T is l a rge , so that the b reak point in Fig , 22 
is below the frequency region of in t e re s t , the t ime constant should be taken 



a s T [see Eq. (54)], If T is smal l , so that the b reak point falls above the 
frequency region of in te res t , then the t ime constant ( T / 2 ) should be p r e ­
fer red . At any r a t e , s ing le- t ime-cons tan t representa t ion is not s a t i s ­
factory if the frequency region is l a rge . 
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APPENDIX B 

NUMERICAL VALUES FOR EBWR AT 20 Mw AND 41 atm 

Table 1 

REACTOR PARAMETERS 

A 

C w 

Cl 

C2 

di 

dz 

^ w -

H v 

L ' 

L 

L n b 

M w 

M s 

R i 

Rz 

R3b 

= 7831.5 cm^ 

= 1 ca l / (kg ) ( °C) 

- 0.037 ca l / (kg ) ( °C) 

= 0.069 ca l / (kg) ( °C) 

= 0.216 c m 

= 0 .0488 c m 

Hfw = 111.2 c a l / k g 

= 8.5 10-^ c a l / c m ^ 

= 121,9 c m * 

= 107.3 c m 

= 48 .77 c m 

= 8981.3 kg 

= 326.6 kg 

= 3647 (cm2)(sec)(°C 

= 1127 (cm2)(sec)(°C 

= 365 (cm2)(sec)(°C 

) / c a l 

) / c a l 

) / c a l 

Rsnb 

T r 

T s 

T w 

M, 

r 

Vf 

w"o 

d H w / d P 

d H g / d P 

d T s / d P 

X 

^ 

ttf 

^ 

^ v 

= 7376 ( cm2) ( sec ) ( °C) / ca l 

= 9 s e c 

= 0.35 s e c 

= 0.64 s e c 

= 476,3 k g / s e c 

= 2 

= 493 i 

= 83,82 c m / s e c 

- 7.096 (kw) ( sec ) / (kg ) ( a tm) 

= 0.659 (kw) ( sec ) / (kg ) ( a tm) 

- 1 . 3 8 ° C / a t m 

- 6 10"^ sec"^ 

= 0,0073 

= - 0 . 2 7 c e n t s / ° C 

= - 2 . 9 c e n t s / ° C 

= -2 .12 c e n t s / i * * 

•The reduced core height may be bes t de termined by fitting a cosine 
curve with adjustable amplitude and wave length to the actual flux 
distr ibution by means of the l e a s t - s q u a r e technique. However, the 
p re sen t value was obtained by graphical fitting in Fig, 6 as a rough 
e s t ima te . 

• • T h i s value has a l ready been co r r ec t ed for uniform distr ibution (see 
Section II). 



Table 2 

TIME CONSTANTS AND GAINS 

-^fb 

•7'fnb 

"^qw 

"^pv 

T q v 

-^d 

T r / 2 

T s / 2 

T w / 2 

Gi 

G2 

= 0,38 s e c 

= 0,44 s e c 

= 0,25 s e c 

- 0.03 s e c 

= 0,11 s e c 

= 1,46 s e c 

- 4 ,5 s e c 

= 0,175 s e c 

= 0,32 s e c 

= 1,39 10-3 

= 5,18 10-3 

° C / ( c a l ) ( s e c ) 

° C / ( c a l ) ( s e c ) 

G3 

G4 

G5 

G6 

G7 

Gs 

G , 

Gio 

G n 

GxE 

G u 

--• 

= 

= 

= 

= 

= 

= 

-

= 

-

= 

3,88 1 0 - 3 ° c / ( c a l ) ( s e c ) 

2 .54 10"^ ° C / ( c a l ) ( s e c ) 

1,32 10-^ ° C / ( c a l ) ( s e c ) 

2 ,25 10-2 i / ( c a l ) ( s e c ) 

- 1 2 , 8 9 i / ( a t m ) ( s e c ) 

- 2 . 6 i / c m 

0.65 

0,34 

- 1 . 2 3 10-2 c m / ( c a l ) ( s e 

14.06 c m / a t m 

2.39 10-2 a t m / k g 

Table 3 

GAINS OF THE PARALLEL FEEDBACK LOOPS 

Ci = 

C2 = 

C3 = 

C4 = 

C5 = 

C 6 -

C7 = 

C8 = 

C, = 

ttf Gi 

Of G2 

o^v G3 Gjo 

a^(G4 + G5) G, Gi4 / (Hs - H ^ ) 

- a ^ Tj . G5 G9 Gi4 / (Hs - Hw) 

tty Gg Gjo Gil 

CLy G(, G9 

tty G7 G9 Gi4 / (Hs - Hw) 

ttv T r Gg G9 G12 Gi4 / (Hs - H ^ ) 

= - 0 , 9 0 10-* 

= - 3 . 3 4 lO-"* 

= - 0 , 8 8 10"* 

= - 0 , 3 5 10"^ 

- - 0 , 1 1 10-3 

= - 1 . 4 6 10-2 

= - 1 , 3 9 10-2 

= +0.48 10-3 

= +1,16 10-2 

c e n t s / k w 

c e n t s / k w 

c e n t s / k w 

c e n t s / k w 

c e n t s / k w 

c e n t s / k w 

c e n t s / k w 

c e n t s / k w 

c e n t s / k w 



APPENDIX C 

REFINEMENTS IN THE TREATMENT OF PRESSURE EFFECTS 

Should var ia t ions with p r e s s u r e in s team density and in latent heat 
per unit s team volume be considered,* the fundamental equation, viz. , 
Eq. (16), of the modera to r dynamics takes the following form: 

a(Upas) 

)x at 

q(x,t) Q°(x) dHy 1 

H° " (H° )2 d P P^'^ " H^ KPI 
dHs 
~dP" 

" s - -"w 

p 

dPs 
d P + P. 

w w 

dHw 
dP 

dP 
dt ^ . ( i c ) 

where Hv , Pg and p° refer to the equil ibrium values of latent heat per unit 
s team volume, s t eam density, and water density, respect ive ly . 

The effect of var ia t ions in H^, viz„, the second ter in on the right 
side of Eq. (IC), can be invest igated using the proceedure followed in 
solving Eq. (18). One readi ly finds the p r e s s u r e - v o i d t ransfe r function as 

v(s) 

p(s) 

Q" dH, 

H" dP 

v(s) 

q(s) 
(2C) 

where [v(s)/q(s)] is the power-void t r ans fe r function given by Eq. (23) in 
the genera l ca se , and by Eq. (29) in the single t ime-cons tan t approximation. 
The p r e s s u r e - v o i d t rans fe r function will give r i s e to a new block in F ig . 15 
from the p r e s s u r e column to the input of the power-void t ransfe r function 
marked by G^ in the d i ag ram. This block has a gain (-QYH^)(dH^/dP) Gg 
and no tinne constant . One can see that this new feedback link tends to de­
c r e a s e the total void volume when the r eac to r power tends to i nc rease , and 
thus r e p r e s e n t s a posit ive reac t iv i ty effect. The low values of the calculated 
amplitude response in F ig . 20 at low frequencies may therefore be attr ibuted 
to the neglect of this posit ive reac t iv i ty effect. 

The var ia t ions in s team density with p r e s s u r e appear in Eq. (IC) as 
a cor rec t ion on the value of dHg /dP . Therefore , it can be taken into account 
in the t r ea tmen t of the p r e s s u r e r a t e - s t e a m void t ransfe r function by r e ­
placing dHg/dP in Eqs , (42), (47) and (48) with 

'dHg 

. dP 

H" H w 

P°s 

dPs 

d P 
(3C) 

•The author is indebted to Mr . N. Suda at the IINSE for pointing 
out the possibi l i ty of var ia t ions in H^. 



However, this cor rec t ion does not have any appreciable effect on the p r e s ­
sure r a t e - s t e a m void t r ans fe r function, s ince it is smal l as compared to the 
t e r m corresponding to the water enthalpy var ia t ions in Eqs . (47) and (48). 

Final ly , for the sake of connpleteness, one may add another block in 
F ig . 15, from the boiling boundary shifts to the s team generat ion point, to 
include the boiling boundary effects on the s team generat ion. It is readi ly 
seen that this block has a gain [-Q (Lnb)/(Hg-HTj^^)] and no t ime constant . 
Inclusion of this link, however, is not expected to influence the overa l l 
feedback t r ans fe r function appreciably . 
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