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 SCATTERING OF POSITIVE PIONS ON PROTONS AT 310 Mev:
RECOIL-NUCLEON POLARIZATION AND PHASE-SHIFT ANALYSIS
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Lawrence Radiation Laboratory
~University of California
Berkeley, California

September 16, Al 960
ABSTRACT ¢

The recoil-proton polarization_i-n' .Tr+—Ap :elastic scattering ,é.t
310-Mev incident-pion laboratory kinetic energy has been .experi-
mentally measuréd at four scattering angles with plastic scintillation
counters. These polarizatioh results have been.combined with accurate
differential- and total-cross-section data at 310 Mev, and a compre-
hensive phase-shift.analysis performed. The D-wave phase shifta
were found to be definitely needed in order to attain an adequate fit to
the data. A general search for phase-shift solutions was carried out,
using S-, P-, and D-wave phase shifts. The solution.that best fits the
data is of the Fermi type. The calculated errors in the phase shifts
of this set vary from 0.4 to 0.6.deg. Because it was felt that-these
errors might be Adeceiving'l'y»,restrictive, the effe“cts ,éf small nuclear
F-wave phase shifts on,the results of the analysis were investigated
and were found to be large; not only are the uncertainties in the
original Fermi-type solution increased, but additional sets A'of phase
shifts that fit the data well arise. One of these new solutions is similar
to the original Fermi set except that the magnitudes.of the phase shifts
in this new fit are in,general larger.than those in the initial solution and
the signs of the D-wa{re phase shifts are reversed. The nuclear phaée

shifts in the original Fermi solution and their rms errors are (when
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appears to favor this.set, further theoretical and experimental evidence

is desirable.,' Inelastic-scattering processes were neglected during the

phase-shift analysis; calculations indicate that, if these processes

. could properly be taken into account,. any changes in the quoted values
. of the phase,shifts .would probably be well within the corresponding
-errors given.here. Extension of the phase-shift inquiries to include
.G waves was attempted, but it w_a:s observed that the available data
;an<‘i theory do not allow the G-wave inte;ractioh.to be significantly in-

.corporated into the analysis.

) ~Results obtained for the recoil-proton polarization, related rms
experimental errors, and mean center-of-mass recoil angles are:

+0.044 + 0. 062 at 114.2 deg, - 0.164 +0.057.at 124.5 deg, -0.155 =

. 0.044 at 133,8 deg, and -0.162.% 0.037 at 145.2 deg. The sign of the

recoil-proton polarization is defined to.be positive when a preponderance

.of the protons recoiling to the right side of the incident pi-meson beam

. had their spin vectors pointing up. A beam of 1 X 10~ pions per sec

incident upon a :1,0.-g/cm; - thick liquid-hydrogen.target produced the
recoil protons,. which were then scattered by a.carbon .target at a mean
energy varying with recoil angle from 113.to 141 Mev. .. The polarization
of the recoil protons was analyzed by measuring the asymmetry produced

in the carbon scattering. ' A proton beam of known polariz‘atio'n-awas used

. in order to determine the analyzing ability (measured asfmme't'ry divided

. by the polarization of the incident protons) of the system at each recoil

angle. Values obtained for the analyzing ability vary from 0.4} to 0.57.



I. INTRODUCTION

. The investigation of . pi ‘mesons and their intéractions is of
fundamental importance'to the understanding of nuclear phenomena.
For example, we think of nué¢lear forces as resulting principally from
the interchange of pions (positive, negative, and neutral pi mesons)
‘between nuclear particles. Because of the basic hature of nucleons
(neutrons and protons), their interactions with pions are of particular
significance. Present theories. concerning pion-nucledon processes do
‘not completely explain the experimental data. Tlie improvement of
the quantity ‘and quality of the knowledge obtained from pion experi-
ments .will aid the theoretical interpretation of the pracesses involved.
Evcntually, it 1s-hoped that sufficient data will be available so that
one can accurately check any proposed theory describing the pion-
nucleon interactionzand its associated phenomena,

An important class of pion-nucleon interactions includes
n+-p and T -p eié,stic scattering. In Qi’de.r to investigate these pro-
cesses, we can measure the differential cross section (DCS), the total
cross section, and the polarization of the recoil protons as a function
- of scattering angle. Cross sections have been.measured by many experi-
menters.at many energies and with varying degrees of accuracy. How-
ever, very few measurements exist of the recoil-proton polarization
in elastic pion-proton scattering because of the difficulty of obtaining
pion beams of high energy-and, in addition, high intensity. Beams with
both of these characteristics are needed in order that the polarization
of'the recoil protons.can be. satiéfactorily analyzed. If the flux of these
protons were not adequate or if their energy were too low, we would
not be able to determ1ne their polarlzatlon with the desired accuracy
The data obtained in ﬂi-p scattemng experiments can be an-

-alyzed by the method of partial waves. In this type. of analysis, the.
quantum-mechanical wave function representing the amplitude for the

scattering process is expanded in a series of terms. Each term is
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relatAe_d.to a definite .orbital-ang‘rul,a.r --rﬁomentum state .of the 'rri-p
system and is the "partial-wave function corresponding to that
particular state. Th‘e states with.the ,orbital-;an.gular-vamentum
quantum number L = 0,1, 2,3,4y::-0are referred to as S,P,D, F, G,
states. The successive terms in the partial-wave expansion are.there-
fore known as. S, P, D, F, G;---- waves. Owing to the proton.spin, more
than one total-angular-momentum state is usually contained in each
orbital-angular-momentum term.

The partial-wave expansion.contains parameters.called the .
phase shifts, which depend upon the characteristics of the interaction
and which have zero magnitude if there.is no interaction. The pion-
nucleon scattering process is generally different for the diffe.rent, orbital-
-and total-angular-momentum states involved.. Thus the related phase
shifts vary with . L. and J, where J 1is the total-angular-momentum
quantum number. The phase shifts are obtainable from such experi-
-mental results .as cross-section.and «polarization measurements. - The
amount of success .with which an.analysis Ainsterms of phacc ehifts can
be performed is a measure of the completeness of the experimental
d,ata at the energy being considered. A satisfactory comprehensive
theory must predict the behavior and magnitude of the phase shifts.
These.parameters therefore provide.a meeting:place for theory and
experiment. . The more .accurately the phase shifts . are known, the more
severely is an acceptable theory limited. '

Although the partial-wave expansion.contains.an infinite number
.of terms, we .neglect all but the first-few when considering the pion-
nu<':'1e,o_n,nu.c1ear interaction at mod-erate..:energies'. In so doing,. we
assume that-the orbital-angular-momentum states of higher order (and
their related phase shifts) become important only gradually, as the energy
of the incident pion increases. This assumption appears. reasonable
from a classical viewpoint. Classically, an increase.in the energy of
the pion is.related.to an increase in the maximum value of angular

momentum that can lie.within the reach of the nuclear force. From
~ .

~
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this point of view, only the S wave is important at-very low energies.
As the incident pi meson obtains more energy,.the ‘P-wave inter-
-action begins to enter, : At still g’réater energies, we éxpect to see.the
effects of D waves and.even higher-order éngula'r-momentu’rn states.
Many phase-shift analyses of Tr'i—p .cross-section data have
been performed in the past. At pion laboratory kinetic energies below
about 200 Mev, the experimental data have been fitted satisfactorily by
using only the first two terms of the partial-wave .expansion, that'is,
S and P waves. Above the 200-Mev energy region,.the possible
participation of D waves: in.the pion-proton interaction has made the
results.of the data analyses uncerté.in. It has:been difficult to deter-
mine the valucs of the D-wave phase shifts becausé of the insensitive
manner in which these parameters enter into the cross-section equations
~and.the relatively large efrors in . many of the cross-secfion measure-
ments.' . The indefiniteness .of the. D-wave phase shifts has introduced
uncertainties in other phase.shifts. In these earlier analyses, not only
have the values and. signs of some of the phase shifts in a solution been
uncertain, but several different types of solutions have been obtained.
These dissimilar sets of phase shifts are all good fits .to the data.
Measurements of'the recoil-proton polarization can be very
-useful in.removing these uncertainties. Different Vvariations 6f the
polarization with scattering angle are predicted by the various types of
phase-shift solutions obtained when only the cross-section data is
available. On-the basis of polarization measurements, one may 'theré-
fore be able to decide which type'of phase-shift set is the physic'ally
valid one. - These measurements also improve our knowledge of the
individual parameters in a solution:-because many of the phase shifts
are sensitive to the recoil-proton polarization data. The phase shifts
. relatedto D Waves,aré e‘.s‘pecia‘lly sensitive to'the results of polari-

T

.zation measurements.,

o
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There now exists a limited amount of experimental information

.on the polarization of the recoil protons in -7 -p elastic scattering.

Kunze, Romanowski, Ashkin, and Burger used a counter-controlled

.expansion cloud chamber in which a carbon -analyzing target was

placed. 1 They investigated © -p scattering at 225-Mev incident pion

energy. . (All energies mentioned in.this.report are in.the laborator
gy g : P y

system unless otherwise specified.) The recoil protons, which were

produced by the pi-meson beam, entered the cloud chamber and were

scattered by the carbon.target. These scattering events were photo-

.graphed, and the resultant tracks examined. .. The polarization of the

protons entering the chamber could then be determined. In.this way,
data were obtained at two recoil angles.,

In another polarization.experiment, Gr-i‘gor'.ev-'and Mitin in-

vestigated .1'r'+-p scattering at. 307 Mev.with the aid of photographic

_emulsions. ¢ The emulsions. served as both analyzer of the recoil-

proton polarization.and detector of the asymmetry.thus produced.
Through use of this .method, they obtained the polarization ot the protonb
at ‘one recoil angle '

Vasilevsky, and Vishnyakov report. tentative results at three
angles,op,the polarization of .thé recoil protons in .m -p scattering at
about 300 Mev. 3 This is.a counter experiment and employs .apprc;xi-
mately - 900 Geiger counters to detect the. desired events.

There are large experimental errors :in all the rec011 -proton -

polarization results just discussed. Nevertheless, these .data have

been useful in the analysis of pion-proton.scattering. The polarization
results have indicated.that certain.sets of phase shifts are not p_hirsically
acceptable. (Thé,.advent and development of the dispersion relations
haveralso aided in eliminating certain ambiguities.) Worthwhile in-
formation has been obtained concerning the magnitudes .and signs of
the n+—p D-wave phase shifts; there are, however, still sizable

errors associated with these parameters. Considerable uncertainties

.also exist in.the values of other phase shifts.
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A Before a prec1se set of phase .shifts can be obtained, accurate
polarlzatlon experlnientb are needed. In.deciding to perform this type
of experiment, we have had to consider carefully.the ppoblem of ob-
taining .a high-energy, high-intcnsity piva beam. . We have fortunately
~been-able to produce a beam with the desired characteristics at.the
184-inch synchrocyclotron. The resulting beam contains positive .pi
mesons -and has a maximum intensity of approximately 2 X10~ pivns
pef sec-at-about. 300 Mev. This energy is ar'iéquately;high so that
D-waves should definitely be present, but yet sufficiently low S0 Lhat
d‘nly, a minimum of inelastic s.catte_:ringi shouldioccur. .Inelastic
sg:atte.ring is undesirable bccause it can.complicate the measurements
and.subseyuent analysis. ‘

) Our pion.beam has.now.been used to detect the polarization of
‘the recoil protons in_ 1T+-p elastic scattering at 310 Mev: Plastic
s'cmt111at1.on,colunt_erzs were used for this purpose. We have obtained
data atfoﬁr_recoﬂ,angles.and with an accuracy considerably exceeding
any previous measurement of this kind. The polarization data have
been combined with accurate cross-section data at 310 Mev, and a
,comprehensive phase-shift.analysis perforrnéd..'This,report discusses
E f_he.polarization ‘measurements, .the phase-shift analysis, and the results

of these endeavors,
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II. THEORETICAL BACKGROUND

Before we consider the polarization measurements and phase- v
shift analysis, a di‘_scus sion of the relevant theory is in order. Let
“us first discuss the quantities pertinent to the experiment, and present
. the theoretical basis for expecting the recoil protons to be polarized.
The necessary formulas fer the phase-shift analysis will then be
developed. Finally; we will explain the various types of phase-shift

4amb1gu1t1es that can arise in this kind of ana1y51s

A. DPolarization

1. Polarization and Related Quaniities

In order to define polar1zat1on and its related quantities, . let us
-emp10y an x:< y z Carte51an coordinate system. The associated
.spher;cai angular coordinates Gi and ¢, are defined in the customary
manner. We consider a beam of protons moving along the z axis
in.the +z direction, with a scattering target placed.at the origin. Let
the x and .z axes lie in the horizontal plane and allow the +y
direction to be up. The polarlzatlon of the incident proton beam 1n the
direction.iperpeﬁdlcula; to the horizontal plane .can be defined as

P = (NU - -ND)/(NU + N‘.D)'where. NU and ND ere‘the numbers of
incident protons per unit beam with their spin vectors pointing up and

- "@own, respectively. (When .we speak of protons with their spin vectors
"point;ing parallel and antiparallel to a specified direction, we are re-
ferring to the two distinc‘t groups of protons obtained in a.Stern-Gerlach
- experiment in which the inhoi’nogeneity in the magnetic field is along the
gpecific direction being considered.)

E3 ,
‘The angle Gi is measured with respect to the +z axis, and ¢'i is

measured inthe x-y plane with respect to the +x axis, the +y axis
lying at $=90 deg. " In this report, we designate general laboratory
scattering angles by Gi and ¢i, and laboratory angles at the center’

of the particle detectors by Gi and % i’ where i'is an identifying sub-
script. '
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If a beam of protons is polarized in the direction perpendicular
to the horizontal (x-z) plane and is incident upon a target composed of

spin-zero nuclei, one can write [Eq. (6) of Chamberlain et al, 4]
(6, ;) = 1,(6,) [ 1+ P, . P(6,) cos (¢,) | (II-1)

where

I(Gi, ¢i) is the value of‘the DCS for elastic scattering of polar-
ized protons in the direction defined»by the laboratory angles 6 and ¢
, Pinc is the polar1zat1on {in the y direction). of the incident proton beam,
I (9 ) is the DCS for the elastic scattering of an unpolarized proton
beam under conditions identical to those for the scattering of the
polarized .be;pn, and P(Gi) is the p-olarization.that would be produced
by the previously mentioned elastic scattering of an unpolarized beam
(fhis polarization is perpendicular to the plane of the scattering). The
quantities 10(91) and P(Gi) depend upon the angle and energy of scattering
and the target material.

Let us consider the elastic scattering of protons in two directions
defined by the same value of 0 but with values of ¢ differing by
180 deg. For. P % , 0, Eq. (II 1) states that, in general, there will
be a difference in the number of protons scattéring in these two di-.
rections. This difference is qudntitdtivelv described by Lhe d.syuuuel.l. Y,
" e, which can be defined as
N(Gi, ¢i) - N(Bi, cbi + m)

e(0,,¢,) = . - (11-2)

The quantities N(Qi, ;) and qui, ¢, + M) are the intensities of elastically
scattered protons at the designated angles. Combining Eqs. (II-1)

and (II -2), one obtains

e(6;, ;) = P, P(6;) cos (¢,) . S (1I-3)
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The asymmetry can be .experimentally determined by .observing,

-with a proton.dete;tgr, ‘the iriiensities N(Qi, ¢i) gnd .N(Gi, ¢i + m). - The
center of the detector is.customarily placed at ¢i values of 0 and
-180 deg, so that the cos (¢i) factor of Eq. (II-3) is.unity. Then one
-measures the largest possible asymmetry for a given Pinc and Bi.

A large asymmetry is desirable in order to minimize the effects of
.certain types. of experimental errors. Owing to the finite size .of the
detector, an asymmetry averaged over a-region of Gi and q>i values

is obtained. We therefore rewrite Eq. (II-3) as

e (9;) = P.

inc P (@i) , | (I1-4)

where the bars indicate that the quantities are average values and
,G)i 1is:the value. of Bi ‘at the .center of the particle detector. In.ob-
taining Eq. (II-4), we have assumed q:i,: 0; any, significant variation
from +1 of the cos‘(cp'i) factor in Eq. (II-3) is included in .P(Bi). The
bar over Pinc 'allows, for averaging that may take pla‘:’ce -‘when obtaining
the .polarized protons. '

The scattering of a polarized beam in.order to determine its
polarization is referred to as an 'analyzing'' scattering. A proton
.that has been.scattered and ,then'.d.etected'is:design‘ated an "analyzed"
proton. The factor ?(@i) in'Eq. (II-4) is.called.the ."analyzing ability"
of the arrangement. . This is not to be confused with the'analyzing
efficiency,"which is.defined later in Table V. |

- We have discussed only elastic.scattering in.this section. Whén
protons are incident upon an.analyzing target such as carbon, inelastic
scattering can also occur. Although some kinds of inelastic processes ...
may produce as large an asymmetry- as the elastic scattering, other
types do not. ' Thus the inelastic reactions.tend to lower the average
measurable asymmetry. We theréfore try to arrange the experimental
conditions in an-asymmetry measurement so as to discriminate against

as many of the inelastic processes as possible.
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2. Recoil-Proton Polarization

Ferm1 examined theoret1ca11y the elast1c scattermg of p1ons on
unpolarlzed protons and showed that one can in general expect the re-
‘coiling protons to be polar1zed > The polarization will be perpendlcular
" to the plane of the scattermg We now discuss a few aspects of pion-
proton elastic scatterlng and obtain an expressmn for the rec011 -proton
‘polarlzanon in terms of scattermg amphtudes. )

It is convement to discuss the pion-proton scattering in the center-
of-mass (c.m.) eystem, " Let the.scatterin'g take place in the horizontal
plane, which is experimentally the simplest plane to treat. We can con-
-sider either the pion or the proton.to be moving in the +z direction be-
tore the collision. . The scattering is,'assumed to occur at.the origin
and the +y direction is again up, perpendicular to the plane of the
scattering. The spherical angular coordinates in the center of mass will
be denoted 6 .and ¢ (with no subscript). We will use the symbol 6. m.
to represent the angle in the c. m. system between the direction of
scattering and the iﬁitial direction of motion of either particle. This
angle will be referred to as.the c. m. scattering eng-le. :

~Quantities that remain constant during the pion-proton elastic-
scattering process are the quantum numbers J (total angular momentum),
L (orbttal angular momentum), s (proton spin), and MJ' {(component of
the total angular momentum in the z direction). - The quantum number
1, remains constant because it can only change by one unit and still
combine w1th .8 to conserve total angular mementum. Such .an alteration

in L would violate a basic assumption in this discussion, the conservation

of parity. .Although L. and s cannot change during the scattering process,

the componenté of the orbital angular momentum and proton spin'in the z
direction can change: ' This situation gives rise to "spin-flip'".scattering,
in which the fcomponentA of the. proton spin in th‘e.dir_ection of the. incident

beam is reversed,
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In order mathematically to express Fermi's conclusion that.the pe-- -
coilin'g.p,rotons.will be polarized, let a and B represent the'pi‘o';con
spin.states corresponding to the spin in the +z and -z difg,ctions_,
respectively. . We denote the c. m.' elastic-scattering ampiitudes b)}
the symbol ”S".l with two subscripts, where the first subscript refers
to the final spin state and.the second to the initial spin.state (the reverse
of Fermi's subscript Anotation), Thus the non-spin-flip scattering

amplitudes will be denoted S, 4 2nd ‘Sﬂﬂi and the spin-flip scattering -
amplitudes, S and Sa.

Pa B’

functions of the c. m. scattering angle (see Sectionll-B-1).

. These four scatteringdamplitudes are

The elastic scattering of a beam of pions on unpolarized protons
can be described in terms -of the scattering amplitudes just presented. '
If NU and ND are lthe numbers of the recoilingip_fotbns per unii:
incident pion beam with their spin.vectors .pointing in.the +y ,and -y
directions, respecfively, then Fermi has shown that one can write (see
Appendix A for derivation) '

2

N-: OC-[S

U aa i sﬁdI. (II-5)

Np lsao, + ‘i.. Sﬁo. IZ

where both expressions cbh»t‘ain,the same constant of proportionality.

In his derivation, Fermi used the equalities S =S,, and S, =--S _.
aa " “pp Ba~ ~ “ap

We will discuss these equalities in. Section II-B-1.

Let 1 denote the DCS in the.c.m. system.for the pion-proton

.elastic scattering, and let P be the polarization of the recoiling pi'otons.

Using Egs. (II-5), one obtains

: 5 5 :
I Njy+Nye [S| +[s{30 2, (11-6)
and . * *
p = NU_ND_ 1(Saasﬁa-sﬁasaa‘.)
- - : 2 2
Ny + Np - llsaa I M Ispa | (11-7)
_ 2Im(S¥,4 Sa,)

[SaalF+ [Sed
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Because the sca't';e.ring,é.mplifudes' are~cofﬁpltezx ér_ld vary with scattering
anglé (see-Secﬁion. 1I-B-1), thvg polarization ,’\.}vill be d_if'fer:ent in general
from zero and will vary with .angleA. Equation (‘II-7)A shﬂows> thaf there can
Jbe no polar'izatiqi; uniess both spin_-ﬂip aﬁd‘nbﬁi-s_pbir.l—ﬂip,sélattteiriné
o.c“cur. ‘ i ': . _ . o ‘

B 'We can determine the polarization of the pi'otons recoiling at a
speuifiu laburalusry angleiby' pérforniing o-.n.‘o._nul'y-ﬁing gcattering ae

described in-_Section II-A-1. Let us rewrite Eq. (1I-4) as
e (@2) = 'PlP2 (@2) : ' B : S - (II-8)

where 1 .refers to the pion-proton SCaftering, and 2 to thé analyzing
scattering. Accordihg to Eq. (II-8), we can ascertaiﬁ the r'ecoil-proton
polarization, T’l, by measuring e (82) and f’z (@2) . Our asymmetry
measurements will be .described in Sections III-B and III-C. The '
determination of ?2 .(92) will be discussed in Section III-D. Once the
polarization as a function of laboratory scattering angle has keenmeasiured, .,
a relativistic kinematical transformation yields the polarization as a
function of c. m. scattering angle. Because the polarization is perpen-
“dicular to the plane of the scattering; its.values do not change in the

transformation; only the scattering angles change.



B. Phase-Shift Formulas

In this section and' its related appendices, we apply the method
of partial waves to pion-proton scattering. Expressions for the non-
spin-flip and spin-flip elastic-scattering amplitudes are derived. Both
nuclear and Coulomb effects are take{l into account. Also, we incorporate
into the equations first-order relativistic corrections to the Coulomb-
scattering amplitudes. Finally, we- discuss our phase-shift notation and

the utilization of the general phase-shift equations.

1. Equations.Describing Pion-Proton Nuclear Elastic Scattering

The wave function describing the scattered particles in pion-
.proton nuclear elastic scattering can be separated into a non-spin-flip

(NF) and .a spin-flipi(F) part:

MIS M
Ysc *Snr X172 *SFX1/2 o (11-9)
where eikr ’ | | /
am:l eikr ‘ :
with '_-sF =h(6, ¢) r - A | (I1411)
‘a0 S e - b al
b, exp(2iét ) -1 b~ exp(2is7 ) -
g(8) =% - Z (L+1) L L + L] L , L. P, (cos ),
o 2i 2i
L=0 .
(11-12)
and
| - c b exp(2i6+ ) -1 b exp(2i6~ ) - 1
h(0,4) = ) hibihing S S SR A
A 21 2 L L
L=1 : C

(I1-13)

These:results are derived in Appendix B.




Definitions of quantities found in Eqs. (II-9) through (Il-13) are:
-L*=-orbital- angular-momentum quantum number,
r = distance between the two particles.involved-in the collision,

0, ¢

spherical angular coordinates defining the direction- of

n

- scattering ‘of the particle (either pion or proton) considered
to move in the +z direction before-the collision, . '~._\

k = wavelength of either particle in-the ¢, m. system (k=1/X),

) L~ phase shifts related to states . with a specified T. and with

J=L#*1/2, where J is.the tOLdl -angular-momentum quanturm.

number (the definition of b ' is given in the next paragraph),

L
M .

X
,1/2

Ms_z z component of the proton spin (i.f the proton is in the spin

= proton-spin wave function,

S
MS="1/2):

MIS = value of Ms before the collision (I=initial),

state a, Mg=+1/2; if the proton is in the state B,

PL(cos 0) = Legendre polynomial,
D _(41rL(L+l) 1/2
L= |l

2141

. (II-14)

:!:
Ll (6,.4) = spherlcal harmonics

. 1/.2 . : B .
o2+l sin § —9 [PL(cos _e)J B (1-15)
4L (L+1) d(cos 6)

The upper sign in .the:supersc_:ript on the spherical harmonic is to be used
for MIS =+ 1/2; the lower sign, for. M]é =-1/2. -

The bt factors in Eqs. (II-12) and (II-13) have magmtudes less
than or equal to unlty, and take into account inelastic reactions. By

setting bL = exp (-ZBL), the expression bL exp.(216L) can be written
exp [Zi(éi + iﬁi )] . .Therefore in.elastic.‘s,cattering can be represented

mathematically by complex phase shifts. In this.report, the term
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e

phase.shift will refer to just the real part, 61. The bL factors

’wi_ll be called *linelastic parameters?. Often.we will set all the inelastic

.parameters :equal to unity, thus neglecting inelastic processes.

The phase shifts.always enter into the equations in the form

i Zﬁi Thus multiples of 180 deg can.be ‘added to or subtracted from

. the phase shifts without chaﬁgihg any function of these .parameters.
Before quoting phase-shift values, we will frequéently make changes of
180 deg in. order to reach a desired angular region. |

The q‘.g‘antities "SNF e.nd S,F in.Eq. (II-9) are.the.n'on-spin-;ﬂip
~and spin flip scattering. amplitudes introduced in:Section .II-A-2 . The
equa11t1es mentioned in that section. can now be seen to be true From
(II 10) and (II-12) we see that S is independent. of MS’ and
therefore -5 a.=Sm5. Settmg ¢ equal to 0 or 180 deg in Eq. (II-15),
and using Eqs (II-11) and (II-13), we obtain.the relat10nsh1p

:’Sﬁ =-S.uf3.' This specification of the ¢ value is actually no restriction
because one may, choose the x-z planP -whlch contams q) 0 and 180 deg,
to comc1de with any\gcattenng plane of 1nterest

We now write the. equations for-the DCS and the rec011 nucleon

A polar1zat1on in elastlc pion-proton scattering in terms of g(8) and

‘h(0 4)), to which we. apply the a and B subscript notation. (In the rest
of this. report we will call g(6) and h(6, ¢) the non- spin-{lip and sp1n -flip

<scatter1ng amphtudes ) For ¢= 0 or 180 deg, we can write i

2 2 ~
I-(ec.-m. ) - €aa + hpa ’ » , (I1I-16)
and . . ,
PO _ )=  — 0¢ '3“ . (II-17)
ac. o o 10, m.) . '

These expressions have been obtained from Eq. (II-€6)in.conjunction with
Bethe and de Hoffman‘n6 and.Eq. (II-7). With ¢ specified, gtui "and hpu
depend only on the. one.ztngular- coordinate 6. Because .0 eah..refer.to the

angle between the direction of scattering and.the initial direction of motion

[’
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of either particle, we have used the symbol 6_ in Eqs (II 16) and
(II-17) following the definition in Section II- A- Z

If we change the angle. ¢ in Eq. (II-15) from 0 to ‘180 deg, hBa’
and therefore the polarization, changes sign. Thus protons recoiling
at the same angle with respect to the incident pion beam, but on opposite-
sides of the beam, will have polarizations of the same magnitude but of

oppnsite sign,

2. Inclusion of Coulomb Scattering

a. Scatterlng arnphtudes with the Coulomb 1nteract1on present. A

].O(.,d.llét:ll nuclear mtcractmn was assumed in the de\‘/elopment of

Egs. (II-12) and (II-13). When the infinite-range L,oulomb ~1nl.e-rd-l,[,:l011 is -
also includf;_dv_in the analysis, the situotion becomes more'complica'ted.
According to Mott and Massey, 7'Equ.,'_ (II-12) and (II-13) can also be
employed to describe th¢ scattering of a spin-1/2 particle by a pure
Coulomb botentia.l., If we now add a local nuclea'r interaction to the
Coulomb scattering, tbe'outgoing parts of the wave function describing
the interaction are expected to differ only in phase and amplltude from

those 1n the pure Coulomb case, in analogy to the part1al -waveé treat-

)

ment in Halhday 8 (Thlb idea is discussed on pp. 119-120 of Schiff.
Thercfore expressmns in the form of Eqs (II- 12) and (II-13) can also
describe the elastic scattering a.r1smg from a comblnatlon of Coulomb
and nuclear interactions. With Coulomb scattering included, the phase
ikr in Eqs. (II-10) and (II-11) is replaced by i[kr - n In(2kr)], where
n will be defined later. The additional phase factor arises from the
fact that the wave function can be distorted by the Coulomb interaction
even at large distances from the scattering center.

With both nuclear and Coulomb scattering present, we can write

the non-spin-flip and spin-flip elastic-scattering amplitudes .as’
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‘ Xn 2,
gn(0) = - - . exp {-in In [sin (9/2)]}
-7 2 sin2(6/2) v

2i J; 2

+ 4 . R .
o b, exp(2id. ) - exp(2id, ) .exp(2i6 ; )-exp(2i, )
+ X Z EL-H)( L =~ L 20\, L(bL L §L>]

X PL(cos e), . {II-18)

' PP . |
. b, exp(Zid’ )-b . exp(2ié )
hp(6,¢) = X ; [ L ZP L L ]DLyil (6,d),  (II-19)

-where T denotes the total (nuclear plus Coulomb) scattering. In

‘Appendix .C, we obtain.these results from expressions in the form of
Eqs. (II-12) and (II-13). The phase shifts .51 and the inelastic. .
+

L
is.zero for L=0 and is given by

parameters b . now describe the total interaction, . The quantity '§L

| L S |
g = X tan™(n/x) (I1- 20)
x=1

for L ->»1, with ' , o N

. n=:22" ez/'hv ,
where :Ze and Z'e are the charges of the interacting particles, and
v is:the laboratory velocity of the incident pion. Although we will refer
to §L as the nonrelativistic Coulomb phase shift of order L, it is.actually
the difference between the nonrelativistic Coulomb phase shifts of order
L and. of orde.r zero. Equatiohs (II-18) and (II-19), in a slightly different
form and with the inelastic parameters set equal to unity, can be found
in thle. work of Critchfield.and: Dodder. 10 ,

- The first term in Eq. (II-18) is the nbnrelativistic.Coulomb-
-scattering amplitude, which approaches infinity as.the scattering angle

_approaches 0 deg. Because of this singular behavior, we will find the



form of Eq. (II-18) an advahtageous one. The summation in this ex-
pression for: g},‘r(} 9)' contains "just the'differ‘,ehce between the total and
the nonrelativistic Coulomb-scattering amplitudes, and is expected to
_converge motre rapidly than an expansion.in the form of Fq. (II-12).
' ' Let us divide the phase shifts des'c”ribiné the total interaction

into a pure Coulomb part and an additional portion that arises only
.~when the nuclear interaction is added to the Coulcm‘mb interaction. We
then can write the total phase thfts as 6 L §L i N -where the
' symbols fL represent the ccd):mpiete Coulomb phase- ShlftS of order L

' anct are set equal to §L + A§L The quant1t1es ,AEL are corrections
to §L due to modifications of the nonrelativistic Goulomb scattering.
The modifications that we will discuss ‘are the relativistic corrections
given by Solmitz. 11 .The quantities 5% LN approximate-the pion-proton
nuclear phase shifts of order L. It is to be stressed that they are only,
approximations; the quantities obtained when the pure Coulomb phase /
" shifts are subtracted from the total phase shifts still contain remnants

of the Coulomb interaction. . We assume that the additional corrections..

needed.to obtain the true nuclear phase shifts are small.

*As in the case of 3, the phase shifts ;6:’;_‘ (and fL) are actually
the differences between the total phase shifls (and the complete Coulomb
phase sh1fts) of order L and the nonrelat1v1st1c Coulomb phase shift
of order zero. A few remarks summarlzmg the notation and phase-
shift transformatlons of this sectlon and Appendix Ke may be of value
at this time. In terms of the notat1on in Append1x C the phase shifts
for the total 1nteract10n can be wr1tten 6L"' ‘n + 6 L, N where '

L Ny and 'qL, and denoting
AnL by A§L , we obtain & §‘+6L N where 3T ’t’—gL + AQL These

last: equations.are those presented above.

nLﬁ n AnL Subtractlng U from 6
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b First-order relafivistic Coulomb corrections. FEirst-order re-

lativistic corrections to the nonrelativistic.Coulomb-scattering ampli-

tudes can be written

XnA ' (non-spin-flip correction), (II-21)

AgC =.
and
Ahc =+ An st1n 0 eh‘b ($p#eflip correction) , . (II-22)
2 sin“(0/2) )
.where
2
- (BpBo)/2 + (2 pp - 1) BR/4
1+B. Pp
(hpB Bo)/2 + (2pp, - 1) Boo/4
B = PP P : P
1+8,6p
" Bp: B, = c. m. velocities of the proton.and pion, divided by
the:velocity of light, ;
p.P = magnetic moment of the pr.oto;z in nuclear magnetons,
and

2 : '
n=z%e /Ay (the + sign is for TT+-p .scattering, the -

.sign is for w -p).

These formulas.were obtained _frém Eqgs. (2) and (3) of Solmitz;ll. we
used the relationship v/c = ((3Tr + ﬁp)/(l + B ﬁP), where (as in.the -
expression for n) v ‘is the laboratory velocity of the incident pion.

The effect. of the magnetic moment of the proton is.included in these
.co?;‘ections. The double sign before the expression for Ahc, and.the
e':k:l ¢ factor after, are.necessaryto account for the two pos‘s,ible‘iﬁitial
 spin states. Once again, the upper signs refer to MIS = +1/2, and.the
lower signs to Mé = -1/2. The order of these sign's‘has been chosen
so that the relative phase of the nuclear and Coulomb spin-flip scattering
amplitudes in'Eq. (1) of reference 1]l agrees with the corresponding

relative phase in our Eq. (II-31).
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To incorporate.these corrections . into our analysis, we shall
decompose them into partial waves. This will allow them to be
separated into two parts, one corresponding to states with -L ‘<:'LMAX

and the .second part c¢ontaining the remainder. The quantity LMAX

. is the maximum value of the quantum number L whose related partial

wave is affected by the nuclear inlte.ract'ion. For L < LyAX unitarity

¢ will be maintained by employing the usual partial-wave:expressions but
now interpreting part of each phase ehift as arising from the correction
terms. These phase-shift corrections will he estimated by comparing
the first-order Solmitz corrections with Eqs: (II-18) and. (II-19), .these
latter also taken to lowest order. QOur basic assumption will be that
these corrections to the Coulomb phase shifts are not altered by the
other interactions. We will subtract them, along with the nonrelativistic
Coulomb phase shifts, from the total phase shifts, in order to obtain
.estimates of .the nuclear phase shifts, ’In c.ontrast to the method for

simply be added to the rest of the spin-flip scattering amplitude, with

the part of the correction AhC for L > 'LMAX will

no attempt being made to preserve unitarity in the higher-order states
(see Sectlon I1-B-2-c). ) _

1f only the Coulomb interaction were present we could write
the scattering amplitudes, to the accuracy used by Solmitz, as

(6) = - kn +e

g'c' S 2 Sinz(e/z) gC,
Sl T - kn : Z ) . s
2 sin (9/&) L=0 PL (Cos o). , ' (11-23)
and : o  w |
he,sl0 ¢ = ,Ahe = Z hp, Yil} 6,9) . (I1-24)
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where C and S refer to Coulomb and Solmitz,  respectively.’ . Using

the orthogonality of the Legendre polynomials and spherical harmonics,

we find .
8g= 88 = RXn A, - N (II-25)
g, = 0 for L>»1, , (1I-26)
and
. . 1/2
h =xnB [i*_“_(il‘_ﬂ for L »1. (-27)
‘ L(L + 1) A

- We now wish to compare the Solmitz first-order expressions for
the scattering amplitudes with Eqs. (II-18) and (II-19); which are
written in terms of phase shifts. With no nuclear interaction present, '
51 = §:‘L = §L + A{i and the inelastic parameters are unity. Comparing
Eqgs. (II-23) and (II-24) with Egs. (II-18) and (II-19) when the exponentials
in the latter two equations.are expanded just to first order, 'é.ﬁd.a;llowing
only the Coulomb interaction, we obtain

|

k(L +1) A§L'+LA§'LBzAgC for L=0

(I1- 28)
= 0 for L >1,
‘and
R.(Af;_‘ - A'§-L) ~xn B 2L+l oL >1. (1I-29)
L(L+ 1)

-Equations (II-25) through (II-27) were used in deriving these results.
From Eqs. (II-28) and (II-29), one obtains the following expressions for

the corrections.to the nonrelativistic Coulomb phase shifts:
- +y o '
AEO (= A§0) ~ Agc’/k ’

+ _ nB

A§'L z-wII:—B for L >1.

Using these .results and Eq. (II-20), we can compute the numbers pre-

: +
-sented .in. Table I. It is observed that the quantities A‘§L are small and,



-27-

Table I... Nonrelativistic Coulomb phase shifts, first-order relativistic

corrections; and.corrected Couiomb phase shifts (deg).  The signs

given here apply to 1r+-p_s_catte'ring and are reversed for m -p. . The

incident pion laboratory kinetic energy is 310 Mev.

- 0.92

0.03

.0.95

Loy ST TR 1A 9
0 0.00 0.09 - 0.09 -
1 - 0.4% 0.09 - -0.17 0.53 0.27
2 0.66 0.06 -0.09 0.72 0.57

3 0.81" 0.04 -0.06 © 0.85 0.75
4 -0.04
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for low L, §L is also small. Thus, for low L and 6 not too near
0 deg, the approximations made in expanding Eqs. (II-18) and (II-19)

_to first order (with only the Coulomb interaction .allowed) are justified.

c. Final form of.the scattering amplitudes. If we are advantageously

to apply the method of partial waves to our data-analysis problem, we
must limit to a finite number the terms in-the summation expressions
- representing the elastic-scattering amplitudes. When considering the
‘nuclear interaction only, we assume that the phase shifts.relatedto L
_values above a certain maximum value (LMAX) are zero. In other words,
the nuclear short-range interaction is expected to appreciably influence
only a finite.number of the incident partial waves. On the other hand,
the infinite-range Coulomb potential affects the partial waves related
to all values of L. In.order eventually to limit the number of termsA‘in
the summation.in Eq. (II-18), we separated.out the nonrelativistic
Coulomb-scattering amplitude. We can restrict the number of terms in
Eq. (II-19). by treating 'AhC in.a similar manner. . The correction Agc
poses no problem because it is.a constant, independent of 6.

Let us divide the summations in Eqs. (II-18) and (II-19) into
two parts, -the 'first corresponding to states with L Lyviax and the second
.containing all other states. The contributions to gT(B) and hT(G, ¢) for

L > Lpax
order angular-momentum contributions are also zero)., - We will replace

arise from the Coulomb corrections (if 83, = 0, these higher-

* these higher-order summations by the L > 'LMAX parts of the Solmitz
amplitude corrections. All of Ags -has been included inthe L =0 term
of g‘T(G), so we set equal to zero the L > LMAX portion of gT(G)° We
include the L > LMAX part of Ahc by adding the entire V&hc and then
subtractingoff the L g LMAX portion.- . We therefore replace the

L>L summation in hT(O, $) by

MAX

L : -
MAX
: Ahc"‘i’B‘Z (QJJ_I D Yil (6, d).
& L(L + 1)




Equations (II-24) and (II-27) were used in obtaining this-last expression.
‘Our general forms of the non-spin-flip and spin-flip elastic-

. scattering amplitudes can now be written

. gT(e_) = - __%n_ exp.{-in‘ln. [s'inz(\O/AZ)]}-
2 sin“(6/2) ,
T [ + i - .
- - 'MAX ' b exp(2i6.) - exp(213. ) cexp(2il ] )=eap(lid. )
+x Z (L+1) [ —2— L L)yl X L. L
1.=0 a e 2
X PL-(COS ) , (11-30)
“and
hp(6,4) =¥ XnBoin O sy
O 2 sin"(6/2)
L +

+ gt - - :
7 ' MAX b, exp(2i6.) - b_ exp(2i6 ) .
+x »L L L L L . B(ﬂ”_l) DLyil (6, ).
1= ' 2i : L(L + 1. A

/(1I-31)
In obtaining these expressions, we used Egs. (II-18) and (II-19) R

.in.conjunction with the results of the last paragraph, and Eq. (II-22).

We summarize.the.sign conventions employed in:Eqs. (II-30) and. (II-31):
(2) In each place where double signs occur in.the expression

for h(6, ¢), the upper sign is to be used when MIS =+ 1/2; the lower

sign, when Mls =-1/2,

(b) The % superscripts.on 6L and b, refer to states with
J=L=z1/2. '

(c) The quahtitj n is positive for '1r+-p scattering, and

L

negative for w -p.

Equations (II-30) and (II-31) are similér to expi-essions that are
obtained if one simply adds the nuclear and Coulomb scattering amplitudes.
H;)wever; differences exist becausé the method presented here.adds

nuclear and Coulomb phase shifts rather than amplitudes for L SLhyviaxe
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Except for the modifications due,to the Solmitz corrections,. our approach

is essentially that used by Stapp, Ypsilantis, and Metropolis. 12

3. Utilization .of the General Equations; Phase-Shift Notation

’

In order to obtain.“e'quations for the DCS -.and,rec.:'oiloproton
polarizétion in terms of phase shifts, when both nuclear and Coulomb
effects. are present, we substitute .the‘scattering amplitudes given in
‘Eqs. (II-30) and . (II-31) into Eqs. (II-16) and (II-17).  These. results are
general in that they can be applied to either 1T+-p or T -p elastic
scattering, However, it is.not advantageous to apply Eqgs. (II-30) and
(II-31) directly.to w -p elastic scattering because of the sizable amount
.of charge-exchange scattering that must be taken into account by the
inelastic. parameters. One customarily assumes the conservation of
isotopic spin. Then, wilth.'appropriate modification, Eqs. (II-30) and
{II-31) can be used to describe .'n==p elastic ‘'scattering. In the remainder
of this. report, we will usually restrict our considerations.to the scattering
of n mesons off protons.

The phase-shift notation that we will employ is given in. Table II.
-The .conventional symbols for the S-, P-, and D-wave phase shifts have
‘beén modified in order to present a consistent notation when . F waves
are included in the analysis. As before, the first subscript is. twice
the total isotopic spin, and the second is twice the total angulax:. momentum.
Because we are dealing with TT+-p 'scattering, only the state w:ith isotopic
.spin of 3/2 enters into the interaction,

The application of our general phase-shift equations to the analysis
of scattering data by an electronic computer is discussed in Appendix:D.

. Formulas are presented.that enable one to change a phaseAshif‘t and. re-
calculate values of the polarization and DCS without being required to

recompute any, trigonometric functions.
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Table II. Phase-shift no»tat.i’_on for 'n+'-"‘pjscattering” o

oL : , - J ‘ . A - 'P}"lé.-se-s'hift
a A ' B ol i :symbol

t1/2 : = S
1/z2 . P
~3/2,A. P
3/2 ' D
5/2° .. D
- 5/2 F
“1/2 F

W W NN =
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In Aprendix E we present several useful phase sh1ft equations,
: whlch can be obta1ned from the more- general formulas of Sectlon II-B.
Included.are expressmns for the total nuclear cross .sec_t1on,uthe total
1 nuclear elastic- and iﬁe,las';icfscatterir!lg'c-r;oss se'ctions.,‘ and the real

and imaginary parts of the nuclear forward elastic=scatfering,amplitudes,

C. Types of Phase-Shift Solutions

Owing .to the nature.of the equations, more than one set of phase
shifts have arisen in the analysis of pion-proton scattering data. . Each
set has distinct characteristics .and, within certain limitations, yields

~a satisfactory fit to the experimental data. It is important to determine
which of the several possible 'solut'ions corresponds to the true solution.
The &é;ribu,s uncertainties in the 1T+-p phase shifts may be classed.as
the Fermi-Yang-Minami ambiguity, the D-wave phase-shift ambiguity,
and the uhcertainty in the absolute sign of a given set of phase shifts.

(In. the ambiguity discussions to follow, we neglect ineias_tic scattering.)

1. Fermi-and Yang Solutions

' The phasé—shift set known as the Fermi type is the most-uni-
versally accepted solution. Its principal characteristic is a large
P3 3s -which passes through 90 deg in the resonance-energy: region near
200-Mev pion laboratory kinetic energy. Other. characterlstlcs of the
.. Fermi set include a small P3, 1 and a relatively small S3’v 1» even.at
_energies as high as 300 Mev. v .

The Yang-type solution or1g1nally arose in connection with

analyses that assumed. all nuclear phase shifts to be negligible except
-those related to S, _and P waves (hereafter referred to as SP .analyses).
-~ When fit_tiﬁg DCS data alone, only the absolute squares .of the non-spin-
flip and.spin-flip scattering amplitudes enter into the equations. The
relative sign. of these amplitudes is unimportant because there is no
interference term _invblving them. Under these circumstances, the

analysis of the partial-wave -amplitudes-leads-to the result that, besides
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the. Fermi set, there is another set of phase'ehi'ft.s that will. fit the data
well. ~Let us denote the Fermi phase shifts by Symbols w1thout prlmes,
and the second (Yang) set by Symbols with primes. Then, neglectlng
Coulomb effects and cons1der1ng only the ‘rr+- phase ShlftS, wé can

‘write . equat1ons relating the two solutions:

1 -—
S'3,1 7531+
7 —
Plg, =9~ P3
' = =
Ply3=w-P3 3.
‘where _ .
2 siii(2 P3"3) + 8in (2 P3, l)
tan w =
2 cos(2 P3, 3) + cos (42 P3’ 1)
1 These express1ons lead to the result that". P3 3 - P3 1= - (P! 3,37 P! 3, 1).

(The preceedmg equat1ons can be understood by an appropr1ate plotting
of the relevant partml—wave amplitudes in the complex plane.) Because
the relative sign of the non-spin-flip and spin-flip amplitudes enters
.into the polarization expression, the Fermi and Yang solutions predict ‘

different variations of the polarization with angle.

2. Minami and Other Solutions

> Another type of phase-shitt set that occurs is the Minami
solutioh. 13 In order to obtain it from the Fermi solution, one separates
the phase shifts:into groups of two,‘ each group containing the phase
shifts related to states of the same total isotopic spin and total angular
momentum. If we then interchange the values of the phase shifts in each
'pa'i'f; and we do this simultaneously for all pairs, we obtain the Minami-:
solution. - As applied to 1T+-p _scattering, the Minami transformation
.means the interchanging of the values of the phase shifts 'S3 1 and
P3, 1’ P3, 3 and . D39 3 D3’ 5 ande3 5

of the Fermi solution is large, D; 3 of the Minami solution will be

, and.so forth. Because P3 3

large. If the Fermi solution is a good fit to the existing DCS - data,
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th,é‘ cé)rr;esponding‘:hdihafni solution will a.ls:o fit the data well. On.the
othe r hand, ‘the two '-s,‘olutio'ns predict cflifferent"behaviors for the polari-
.zation because.the h/iihémi..fransformation causes the sign of this
quantity to reverse. o o _ ‘ |

' The tfahsfozjméfibn just déspfibed can also be applied.to the Yang
_solution, 15 We shall refer to the re,sulting set of phase shifts ‘é.s the
YMinami-Yang? tyi:)e, as opposed to the '.'Mir‘lami" type, which is obtained
from the Fermi set.

.For every solution obtainable in.an :SP analysis, two solutions
can occur when the pion energy is sufficiently high so that the D-wave
nuclear phase shifts are not negligible. 1 We again.assume that only

-DCS data.are being fitted. The  D-wave -phase shifts in the two com-
peting sets have. different characteristics. The polarization is especi-
ally sensitive.to these phase shifts and will behave.differently for the
two solutions. ' _

) Although Coulomb. effects are not-helpﬁil to us in attempting.to

. resolve the ambiguities previously -discussed, Coulomb scattering can
be very useful in determining the absolute sign of a set of phase shifts. |
Assume that only ,DCS data exist and only at c.m. scé.ttering"”angles
sufficiently large so that Coulomb-nuclear inte.rfer_ence.effecté.are small.
Then, -for each set of phase shifts that satisfactorily fits the data, another
set.that also fits can be found by changing the signs of all .the phase shifts
in.the first set. That is, only the relative sign of the phase shifts can
be determined from the assumed data. On.the other hand, if adequate
DCS measurements.are available at sufficiently, small angles, the

Coulomb-:nuclear interference effects can reveal which of the sets of
signs. is correct: one set predicts.destfuctive interference at small angles;
the other set, constructive. Besides reversing the .Coglomb-interference
effects, the process .of inverting the sign of every phase shift also inverts

the sign of the polarization at all angles.
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We have seen how the different p0551b1e solutlons predlct varied
' behaviors for the polarlzatlon as a function of angle, Measurements oi
‘the recoil-proton polarlzatlon are therefore useful in the 1nvest1gat10n
of the pion-proton phase-shift amb1gu1t1es, '

In Section IV, we will discuss our phase- shift analys1s of TT+-=p
‘sca't'termg data at 310 Mev. The various types of solutions just explained

" will appear in this analysis, and the effects of the available polari'zation

data will be observed.
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III. POLARIZATION MEASUREMENTS

Our experimental meas.urement.s' of the recoil-proton polarization
in elastic Tr+-p scatteringiat 310 Mev will now be discussed. Let us first
explain the manner in which the required high-intensity . ot beam was
obtained.and the characteristics of this.beam. . We will then describe

.the method, apparatus, and procedures used to determine the polarization
.of the recoil protons. The calibration of the apparatus will be included
in this discussion. Finally, we will présent the results of the polarization

measurements and discuss uncertainties in these results.

A. Positive-Pion Beam

1. Positive-Pion Production

The external proton beam of the 184-in. synchrocyclotron at
Berkeley produced the desired positive pi mesons. . The mesons were
created in the experimental area known. as the Physics. Cave. Before A
reaching this region, the proton . beam passed.through a_bénding magnet,

a focusing ‘maghet, and -through a hole in the concrete shielding sur-
rounding the cyclotron. At the point where it entered the cave, the

' beam. was about 2.5 in. wide and.1.5 in. high. These dimensions were
| determined by exposing x-ray film in the beam. The proton beam had
'éh.énergy, of a‘pp'roximately}743 Mev, an rmé energy. spread.,of about
+8 Mev, and a maximum intensity of (2%1) XlOll particles per sec.

Positive pi. mesons can be produced by protons in various nuclear
interactions. In producing our pi-meson beam, we made particular use
of the reaction.p + p -s).w+ + d(to be denoted pp-'rrd), Because there are
only two particles in the final state, the mesons have a unique energy at
any, given angle in the c. m. Systém, There are also.other reactions
that give - ot me's;o_n_s. They yiéld, however, more than two particles in
the final state. Kinematics allows the positive pions from these reactions
to have a‘.s-pectr.um of energies at each angle, rather than a single energy
as in the pp-7d .case. We were able to.obtain an'optimum number of 310-

Mev pi mesons by taking maximum advantage of the pp-md reaction.
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A;polyethylene (CHZ) target was placed in the external proton
beam near the point at which the beam entered the cave (see E1g 1).

This type of material was selected principally on the basis of its free-
proton const1tuent (HZ)’ which can enter into the’ pp-1Td process. ~We:
“utilized the positive pions that were produced in the forward direction
because the DCS for the pp-md reaction is greatest at 0 deg. The
thickness of the CH, target was experimentally determined to give

the maximum number of positive pi mesons leaving the target'in.the

" forward direction with the desired energ‘y; The optimum target thick-
ness was about 19 in; ' "

The high intensity of our resulting pdsitive-piim:. beastn was
partially due to a ,fortunate characteristic of the experimental arrange-
ment. Let us consider the at mesons that 'were produced in.the forward
ldirection by the pp- 11d reaction The various energy losses in the CH2
were such that the energy of these p1ons as they emerged from the target
was apprommately independent of the pos1t1on in the CH2 at which they
were produced Thus by choosing the correct th1ckness of polyethlylene,
all the pions. of the type mentioned here possessed energies in a small

_ mterval centered at the desired value.
The other Tt producing reactions contributed mesons of a large

range ,of energies, Positive pions of this or lglu, with energies approx
mately equal to the requlred value, were also utilized in our beam.

2. Pi-Meson Beam

'The positive pions with the. requisite energy, after leaving the
‘polyethylene target, ~we.re momentum—analyzed and focused by a series
of two bending and three duadrupole focusing magnets (Fig.,: 1). The
first focus of the system Was within the center quadrupole magnet' Th1s
magnet acted.on the off-axis part1c1es in such a manner as to increase
the number reach1ng the final focus, wh1ch was at the 11qu1d hydrogen
.target shown in F1g l. In order to obtam the deS1red phyS1ca1 arrange-
ment, the second bendlng magnet was bu1lt into the concrete sh1e1d1ng

surround1ng the cave.
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Fig. 1. Scale drawing of the magnet system for the ot beam,
' The bending magnets are designated M., and M,
Ql’ Q,, and Q3 are the quadrupole focusing magnets.

Magnets Q, and Q3 have 8-in. apertures, and Q,

has a 4-in. aperture. Also shown is the counter
arrangement used to detect the recoil-proton
polarization. The dimensions of the counters and
carbon target are not to scale.
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Only positive .particles in a definite momentum range were able
to pass through the entire series of magnets, Other particles were lost
at various points along the beam path. The iron structure of a magnet
or a wall of the caveﬁsually intercepted the positive particles that were
rejected by the system. Particles of negative charge were bent away
from the beam difection by the first bending rﬁagnet. . The external
proton beam of the cyclotron,v after passing through the CHZ and the
first focusing magnet, was changed in direction slightly by the tirst
‘bending'rhagnet. It thew slruck the rcar wall of the cave,

Besides nt mesons, there were other positive particles leaving
the CHZ target in the forward direction with mqmentum acceptable to
the magnet system. Lower-energy particles with the proper momentum,
such as protons, were removed from the beam by placing a 2-in. -thick
piece of carbon absorber directly after the central focusing magnet.
Higher-energy particles with the required momentum, such as mu
mesons, were not affected. greatly by the carbon, and remained in the
beam. The pi znesAons‘,of interest lost only a small amount of energy in
the carbon. | .

A well-defined beam was obtained at the final focus of the magnet
system. The symmetry of the magnet arrangement enabled the.second
half of the system to approximately cancel the momentum dispersion
created by the first half. Thus a distinct focus was obtained in which
there was littie correlation between momentum and position across the
beam. In order to investigate the shape of the beam, the intensity was
lowered considerably.and a counter telescope was moved through the
focus. The telescope consisted of two square scintillation counters of
0.50 in. and 0.25 in. on a side. . The beam was found to be nearly
symmetric in both the horizontal and vertical directions. Its full width
and height at half maximum intensity were about '3 in. and 2 in. ,.

respectively.
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At the final focus, the mean energy of our beam was 310 Mev
{momentum of 427 Mev/c), and the maximum imi:ensity‘was about
'ZX‘106 nt mesons per sec. (The beam intensity actuallny' employed.in
.the polarization measurements .is given in Section III-C-1.) Owing to
their natural decay, about one-third of the acceptable pi.mesons were
lost between the CH, ta:r‘get and the final focus. The rms uncertainty
in the mean energy of the beam was approximately *3 Mev, and.the rms
energy spread in the beam was %9 Mev, corresponding to a momentum
spread of *2%. The stated value of 310 Mev is the meson energy at the
center of the liquid-hydrogen target. Because of energy loss by ioni-
zation, the mesons had a slightly higher energy before the target, and
_a still higher energy before the 2-in. -thick piece of carbon abéorbe.r. :
- The energy of the mesons was measured by determining their range in
copper;_ and also by the suSpended-wire.technique.

: B. Metho'd,and.Apparatus

1. Method o |

The ! beam passed through a liquid-hydrogen target, which was

" placed at the final focus of the magnet system. A small fraction of the.
beam particles interacted with protons in the liquid hydrogen. Protons

-were knocked out of the target in many directions. In terms of the nomen-
‘clature in Fig.. 2, counters A and B selected the recoil protons that left
the target at angles approximating @1 Counter C was placed at the

- appropriate -angle (G)C) to count.the elastically scattered.pi. mesons that
-had knocked protons in.the AB direction. . This counter placed.a severe
restriction on.the type of scattering event that could be detected by the
éysterh. In general, ex‘/e'nts .other than elastic -1r+-p_-scattering could not
produce a,lcount, in C as'well as a particle. through A and B. Iron

.of 0.125-in. thickness surrounded.counter C and helped guard.against

low-energy charged particles.
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A portion of the recoil protons, after passing through counters
A and B, .were scatfered tA)y' the carbon analyzing-target. placed im-
1ned1ate1y followmg B. We chose carbon as the material for this target
Abecause of its ability to analyze the polarization of protons in the energy
reglon of our recoil protons (110 to 140 Mev). L .Counter B played .a
dual role in that it also served as part. of the analyzmg target. Carbon
.belng one of its principal constltuents, counter B produced about the
same astmetry as did the aclual carbon target.

The twe counter telesco‘pes shown in Fig. 2 detected protons that
were scattered by the analyzing targel. Coppef absorbecr was placed be-
tween the counters in each telescope to help prevent.unwanted particles
from counting in "D ‘or Dp. The counter tele.seopes were int_er-
changeablé in position. In this way, each independently measured the
asymmetry produced.by the analy‘zinglscatteri'ng. The second .tele.scope
increased our counting rate .and seérved as a check on the first set of .
counters. The size of DO and DE was chosen so that these counters
accepted almost all the scattered protons detected by counters IIland IV,

Because of the low counting rates expected;. counters with large
areas were used We had to reach a compromise, however, between
counting rate and angular resolution. The sizes of the counters in the
analyzmg telescopes were limited because of the.undesirability of ex-
cesswely lower1ng the average measurable asymmetry. One wishes to
measure as large an asymmetry as possible, consistent with a satisfactory
Acountlng rate, in order to minimize the influence of errors that affect
‘the asymmetry by a fixed amount. Immoderately lafge eonnfers vs}ould‘
‘extend over an excessively great range of the analyz’ing angies 62
and ¢, Only. over certain reglons Sf values of these angles are both
the asymmetry and countmg rate satlsfactory As ¢2 approaches
90 and 270 deg, ‘the a5ymmetry dlsappears, according to Eq. (II-3).

If 92 is too small, the asymmetry due to nucleaf s,catt'e.ring is con-
siderably lower than the maximum obtainable .vallilie, Y7 and also the un-
polarized Coulomb scattering can enter. At larg.e".valnes of 6, the
intensity of the scattered protons decreases greatly, 17 and the effects

of inelastic scattering increase. It is hoped.that a reasonable compromise

was reached in our experimental arrangement,
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In order to limit the spread of recoil angles accepted by the
system, and to aid the 62 angular resolution, counters A and B
were made smaller than those employed in the analyzing telescopes. The
estimated rms spread in the 91 v'a,luevs of the accepted recoil protons
was *2.4 deg (corresponding to * 4.8 deg in GC. m. ). This number did
not vary appreciably over the range of recoil angles investigated.
Principal sources .of the spread in 0]‘ were (estimated rms values
are given):

(2) countér size - - £0.8 deg

(b) - pi=fneson beam convergence ; - *]1.8 deg.—

(¢} heam width and liquid-hydrogen-target length +1.3 deg.

The rms .sum of i:hese numbers is the value of 2.4 .deg just presented.

2. Counters and Electror_i,ics

- Each counter was composed of polyistyrene plastic scintillator
and waé ,vie"wed by one .RCA-6810 photomultiplier tube. A solid lucite .
light pipe connected each photonmiltiplier to its corresponding scintillator.
The dimensions of the scintillating regions of the,cbunters (all rectangular
in area) are given in.Table III.

Our electronics arrangement émployed fast coincidence circuits .
of the Wenzel ty_pe]'8 to detect the scattering events of interest. Output
pulses from each of the counters were deiayed.and amplified when
necessary, and fed into the coincidence.circuits. A coincidence between
pulses from counters A, B, and C detected 1T+-p scattering events at
the liquid-hydrogen target. The output pulse from the ABC coincidence
was amplified, split, and fed into two additiohal_ coincidence .circuits. One

of these circuits accepted pulses from counters III and . D the other

O;

received pulses from IV and D In this manner, coincidences .were

formed of the types ABC III D

Ed
o and ABC 1V DE’ The output pulses

representing the five-fold coincidences, and also an ABC output pulse,

. were amplified, passed through amplitude discriminators, and finally

were fed into scaling units.
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Table III. Dimensions of the scintillation counters used to measure .-

the polarization.of the recoil ‘protons -

Counterc ‘Dimensions of counter
- (width X height X thickness)
(in.) ’
A 2 Xb X:1/4
B ' B - 2X8X1/4
C 12 X12X1
JAII, IV ' 4X20X3/4
: D P D

o 6-X 22-X ~3/4




3. Scattering"lApparatus h

The liquidLh;fdrogen.té.,rget, with s'iight modification, was that
'~ described by Gartrison. L9 .Enclosing.the hydrogen was a-stainless-
steel Cyhndrlcal can with a wall thickness of 0.004 in. and a diameter
of 5.6.in. The amount of liquid hydrogen in the scattermg plane was
1.0 g/qmz-._ A 0 125-in. -thick dural vacuum Jacket surrounded the
liquid-hydrogen container. The pion beam passed through 3-in. -diam.
holes cut in the vacuum jacket. Mylar of 0.015-in. th1ﬂckness covered
these holes. In order to determine the portion of our -(final counting
rate not due to the liquid hydrogen, a second target as'sembly was also
employed. ‘'L'his "bJ.ank“ was similar in construclion Lu the liquid=
hydrogen target assembly but contained.no hydrogen, When desired,
‘the ‘actual target was moved out of position and the evacuated blank
placed on the beam line, ' |

Our.counters, targets, and principal supporting frameworks
are shown in Fig. 3. Not indicated is the manner in which counters
A and B and the carbon target were attached to the scattering arm.
Counter C and its support are also:not included in.the drawing. In
Fig. 3, as in Fig. 2, it is the scintillating region of each counter that
is shown. Distances between counters and targets are given in Table
IV. As indicated in Fig. 3, the analyzing angles werc measured by
means of a plumb bob attached to each counter telescope.

C. . Experimental Procedures
l. General Procedures

We optimized the pion beam by making a series of variations
in the.magnet currents and the thickness of the meson-producing tar-
get. The currents initially selected in .this investigation were obtained
through use of the suspended-wire technique. The small-counter tele-
scope, which was described in Section III-A-2, was placed at the final
focus. Its counting rate was observed while the various parameters
of the system were changed. In this way, we optimized the beam in

position and intensity, and obtained the desired energy.
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Fig. 3. Scale drawing (elevation view) of counters, targets,
and principal supporting frameworks used to measure
the polarization of the recoil protons. The angles
'81 and @2 have been set equal to 0 deg in this figure.
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Table IV. Distances between centers of components of the apparatus

used to measure the polarization of the recoil protoﬁs

From To Distance
(in.)
Liquid-hydrogen target Counter C 16.5 - 19.25
_ : (depending on @1)
Liquid-hydrogen target Counter A 24
Counter A Carbon.target: 24
Carbon target Countex. IIl or TV 37.5
Counter: III or IV Counter.: D_ or D 5.5

@) E
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The appropriate voltages at which to set our'countérs-a,nd. the
proper amounts by which to delay the pulses from'the . counters were
determined by observing coincidence.counting rates as a function of
these parameters. In ascertaining the vbltage and.delay settings, we
examined particles that were of the same type and energy as:those to
be investigated in the asymmetry measurements. We therefore adjusted
.the system to count. the desired particles and to discriminate against
unwanted particles. After selecting the final voltages, time deldays, and
‘amplifier settings, a simultaneous change of 50 v in all the counter
voltages did not significantly alter.the counting rates. On many occasions
during the data-accumulating period, this test was performed. as a check
. on the stability of the. electronics.

Background particles posed-a considerable problem at the be-
ginning of the experiment. Much of the background was produced. by
.the external proton beam of the cyclotron. stopping in the rear wall of
" the cave. In anticipation of difficulty, we solidly embedded the second
bending magnet in the cave wall, placed concrete roof blocks on the cave,
and put. concrete above, below, and on both sides. of the last focusing
magnet. . These precautions were not sufficient. . We.were able to
further reduce the accidental counting rate by using the fast electronics
~already described and by employing as long a cyclotron beam spill as
possible. We finally were forced to lower the intensity of the external
‘proton beam, and therefore the pion beam, by a factor of two (the
_ resulting nt intensity was 1X10 per sec).

To determine our accidental counting rate, we delayed the ABC
coincidence output pulse by 5.2)(10-8 sec before it entered into a coinci-

- dence of the type ABC IIL DO or ABC IV DE' .This ,amount_of delay
represented the time. difference between two. radio-frequency fine-structure
‘ pulses of the cyclotron: - We investigated singles. rates .and. various
coincidence rates, and concluded that our principal source of accidentals

was a valid ABC event forming a coincidence with a second particle

3
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‘that passed through one of the sets of analyzing counters,. The
accidentals were reduced by piling lead bricks near counter.B, as

shown in Fig. 2. This lead shielding extended -approximately 1 ft above
and below thc béam line. It limited the number of partlicles that could
-pass through the'analyzing counters without also passing through A and
B. At our smaller recoil angles, the lead wall nearer the pion beam
"was extended until it almost completely shielded the analyzing counters
from the beam. We placed additional shielding, at all recoil angles,
just before the liquid-hydrogen target; it was put on the same side of
-the pion beam as the scattering arm. This lead shielding eliminated
"many particlés that scattered off or near the lasf focusing magnet.

The region of laboratory recoil angles investigated was 17 to

32 deg, and the range of analyzing-target thicknesses was 0.5 to 2.0 in.
The recoil angle @1 could not be made excessively small or the set of
analyzing counters nearecr the pion beam would extend into the beam.
The carbon target could not be made too thin, or our counting rate would
‘become prohibitively-low. We were limited.at the other extremes by the
‘desirability of obtaining a relatively high average energ’y at the analyzing
scattering. As explained in Section III-B-1, it was advantageous to
measure as large an asymmetry as feasible. . For a given incidi'ent
proton polarizhtion, the asymmetry that can be produced by carbon
 decreases rapidly below 135 Mev. 17 ~We therefore did not allow our
average scattering energy at the carbon.target to fall below this.value
any further than necessary. Our recoil angles were .thus restricted .to
the forward direction in the laboratory, corresponding to large angles
.of scattering in.the center of mass. - We used.thinner carbon targets

‘at the larger recoil angles'in order to compensate at least parﬂtially
_for the decrease in energy of the recoil protons.

The range.of O, values (analyzing-telescope angles) used in

the asymmetry measurements was 15.5 to-17.0 deg. In deciding upon
" these settings, we compromised between various factors. These factors,
which were discussed in Section III-B-1, included inelastic scattering,

counting rate, and magnitude of the asymmetry.
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. On at least one occasion during the experiment, we observed
the ABC counting rate with no liquid.hydrogen in the target. - We
compared the: counting rate when the evacuated target assembly was
on.the beam line with the corresponding rate when the blank was in
position. The agreement was found to be satisfactory for the polarization
measurements, and therefore the blank was considered a reliable
facsimile of the actual.target assembly.

On.another occasion during the experiment, we removed the
carbon analyzer and left only counter B to scatter the recoil protons.
The rate of analyzed protons decreased by approximately the predicted
amount, thereby -in.creasing our confidence in the experimental method.

A few more .comments about our general experimental procedures

.are in_brder,'before we discuss specific procedures.at each recoil angle.
An argon-filled ionization chamber was placed in.the pion beam before

. the liquid-hydrogen target in order to monitor the beam intensity. Our
counting rates.were normalized.to a standard amount of beam through the
ionization chamber. Because .the polarization measurements did not
.require a-knowledge of the .absolute intensity of nFmesons .striking the .
target, no corrections were made for beam contamination. - For each

of four values of 81, we analyzed, under the same conditions, the
polarization of the protons recoiling to both the left and right sides of

the pion beam {(in the horizontal plane). The two resulting asymmetries
at each @1. were then compared. According to Section II-B-1, these
two asymmetries should have the same magnitude but opposite sign..

The agreement generally obtained served.as a check on the experi-

mental proceedings.

.

2. Procedures at Each Recoil Angle

We began the data collecting at each recoil angle by 'determining
the range of the recoil protons. . During these measurements, the
angle @2 of the selected.analyzing telescope was set near 0.deg and

the carbon target to be used in the asymmetry determination was in
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its position immediately after counter B. One of our range curves is

shown in Fig. 4. At the early recoil angles, range curves for both

. sets of analyzing counters were obtained. - We found satisfactory agree-

ment between the two telescopes, and eventually investigated only one
- range curve at each recoil angle. Equal ranges were also observed for
protons recoiling to the left and right sides of the pion beam at a given
value of @1‘, The mean energies of the protons, as determined from the
range curves, agreed well with the predictions of kinemartics. An
examination of the tails on the range curves indicated that about 97% of
the detected particles were the desired recoil protons.

The '"running point'', indicated by an arrow in Fig. 4, refers to
the amount of copper absorber that was placed between the couﬁters in
-each analyzing telescope during the asymmetry measurements. The
copper pafrtially guarded against particles associated with inelas tic-
scattering processes in the liquid-hydrogen and carbon targets and stopped
a portion of the stray background particles. At the same time, the ab-
sorber allowed the detection of the recoil protons that were elastically
scattered at the analyzing target. (Further information on experimental
procedures in polarization éxperiments is available in the work of
Ypsilantiszo and of Tripp. '_21)

Foliowing the range-curve measurements, we next obtained the
profile of the recoil-proton beam .defined by the ABC coincidences.
Each analyzing telescdpe was individually moved through this beam and
counting rates determined at various angular settings. The profile and
.subsequent asymmetry measurements were made under as identical
conditions as possible., In particular, both series of measur'ements
used the same analyzing target and the same amount of copper before
DQ
determined from the experimental data and represents the center,

and DE-- A beam profile is shown in Fig. 5. The center line was

horizontally, of the beam of detected recoil protons.
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- After aligning the apparatus at a selected recoil angle, and
after obta1n1ng a range -curve and two beam. prof1les, we measured the
" a5ymmetry of the recoil protons: that scattered off the carbon target.
No variation of asymmetry with beam intensity was found as long as
‘the pion -intensity did not exceed 1X106 particles per sec. The analyz-
ing telescopes were regularly 1nterchanged in order to allow each set
of counters 1ndependent1y to. measure the asymmetry. - By alterna_tmg
‘the telescopes frequently, we reduced the adverse effect of slow time
variations in the equipment on the asymmetry measurements. The
' ‘left and right analyzing angles for each telescope were set with respect
to the center-line of the profile. obtalned with that telescope. In this
way, we m1n1m1zed the 1nﬂuence of dlfferences in the two counter
‘ arrangements on the measured a5ymmetr1es Systemat1c errors in
_ the asymmetnes were lessened by accurately determining with .each
telescope the center hne of the recoil- -proton beam, and by prec1sely
sett1ng the analymng angles The profiles were checked frequently
-durmg the asymmetry measurements by repeatlng two’ observat1ons on
each side of the center line.

With the telescopes positioned at ‘the approprlate analyzmg
angles, a series of counting rates was determined. The ABC IIL .Do
and ABC IV D

arrangements:

E rates were obtained for the following experimental
(a) liquid-hydrogen target on the pion-beam line, and normal
time delays
(b) liquid-hydrogen target on the pion-beam line, and the ABC
pulse delayed by 5.2x10"8 sec (accidental rate)
(c) blank on the pion-beam line, and normal time delays.
The accidental rate with the blank on the beam line was found.to be .neg-
ligible and was therefore not measured regularly. We obtained the
rate of analyzed recoil protons by subtracting the rates in (b) and (c)
from that in (a), and by combining the statistical counting errors in the

appropriate manner.
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The types of particles that we wished to‘"dAetect‘ in measurement
(c) may have passed through the liquid hydrogen during the (é) measure-
ment. If this were the caée, rate (c) should have been determiheéd with
additional copper abso.rb'er before DO and DE in order to compensate
for the ionization energy loss in the absent liquid hydrogen. The rate
in (c) was observed with and without the added‘absorbe‘r, and no dif-
ference was detected, Therefore we genera11'y neglected this copper
~correction, -

» Siguilivaul experiinental quantities arc listed in Table V. In
cluded are pertinent angles and en.ergies, analyzing-target thicknesses,
five-fold coincidence counting rates, and analyzing efficiencies. Our
" final.five-fold counting rates were limited by the number of ABGC coin-
cidences. The ABC 'rate, in turn, was restrictéd by counter B and to
" a smaller extent by counters A and C. The accidental and blank cor-
rections each aﬁreragéd about 5% of the corresp‘onding’corre'cte‘d.analyzed-
proton rate, The rms energy spreéd of the recoil protoﬁs, as de-
termined from the range curves, did not vary greatly with angle and was

typically about +10 Mev.



‘Table V. Significant experimental quantities--angles, -analyzing-target

.thlcknesses, energies, . five-fold coincidence countmg rates, and an-

alyzing eff1c1enc1es-=for the four mean laboratory angles of detected

recoil protons.

Experimental quantity

Mean _laboratoryA.angl"e‘ of detected
recoil protons?
(deg)

Laboratory. a’ngle,of conjugate pi
mesons (deg)

Center-of-mass scattering .angle
(deg)

- Analyzing-telescope angle,
9, (deg)

Thlckness of carbon. analyz1ng
_target (in.)

Mean kinetic energy of recoil
protons at.center of liquid-
hydrogen target (Mev)

Mean kinetic energy of con-
jugate pi mesons at center
.of liquid-hydrogen target
(Mev)

Mean ‘klnetic .energy of recoil
protons at center of carbon
.analyzing target (Mev)

Approximate average ABC Il

'DO or ABC IV Dy coincidence

-rate per minute

Approximate analyzing efficiency
_of each telescope®

131.6 -117.2 106.2  94.7
145.2 133.8 .124.5 114.2
15.5 15.5 17.0 .17.0

- 2.0 1.0 0.5 0.5

178 167 .154 _ .139

132 143 156 171

141 140 128 113

5 2 1 1

1/300 1/600 1/1100.1/700

%Because of the angular variation in the DCS, each mean laboratory
.angle is about 0.3 deg smaller than ©), the corresponding angle at the

center of counters A and B.

bCorrected for acc1denta1 and blank. counts ' -
Analyzlng efficiency £ (fivezfold vate)/(ABC ¥ate)... ~~"... " "V 7.
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D Cahbratlon and In1t1a1 Polar1zat10n Measurements ‘

0

1. Cahbratlon

As explaih.ed in Section II-A-2, the formula E:f’lp—z is applicable
" to the experiment discussed .in this report. The bars indicate that we
are concerned with average values of these quantities because our pion
beam, counters, and-targets all have extended dimensions. In order
‘to obtain —1—51 ‘at various recoil angles, -we measured e and TDZ' We

have described how e was determined. The 'calibration'' portion of
 the experiment, in which.we measured pf’ will now be discussed.
The analyzmg ability of an exper1mental arrangement depends
" on the characteriotics of the polarized bcam, analysing targct, and
detecting counters. Examples of»quant1t1es affecting P2 are the energy
of the polarized protons at the analyzing target, the type and thickness
of material composing the target, the angles subtended by the counters
rheasuring the asymmetry, and the amount of copper abs_orbe'r in the
analyéing telescopes. If all components and cha'racteristics'of the system
are identical for two different asymmetry measurements, then.the analyzing
abilities are the same. ‘

In order to determine the analyzing ability of our éystém for each
measured recoil-proton asymmetry, we empleyed a proton beam of
known polarization. The polarized protons passed through counters
A and B, scattered off the analyzing target, and were detected by the
‘same analyzing telescopes as those employed in the recoil-proton
measurements. Corresponding to the recoil-proton investigationé, the
analyzing scattering:took place in the horizontal plane and the incident
protons were polarized in a direction perpendiculai' to this'plane.
Equation (II-8) can be rewritten for the calibration portion of the experi-

O . (C) (C) By know1(r(1:g) Pl( )and by measuring elc ),

If the conditions under which we

ment as we
could’ experlmentally determme P
obtained P( ) were the same as those in the measurement of a recoil-

proton asymmetry, then the equahty P( )- P2 1s valid, where P is the
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analyzing ability that we wished to ascertain. Because the characteristics
.of the analyzing scattering were different for <..a‘ac_.h recoil angle (see Table
V), four separate analyzing abilities had .to.be determined. This method
of obtaining the values .of TDZ took into account the small portion of the
analyzed recoil protons that had been inelastically scattered.at the carbon
target. ‘

We produced the proton beam of known polarization by passing
unpolarized protons through the magnet system shown in Fig. 1 and
scattering them off a carbon target placed at the final focus. ‘The protons
were obtained by degrading the external proton beam of the cyclotron as
it entered the Physics Cave. With the 2-in. -thick carbon absorber re-
moved from its position.after the central focusling magnet, the degr‘a,der
thickness and the magnet currents were adjusted to give an unpolarized
proton beam of the desired energy. The proton-beam size at the final
focus of the magnet system was nearly the samie as that of the ! beam.
The liquid-hydrogen.target used _in.the4reéoi1-proton measurements was
rcplaced by a carbon target measuring 0.25-in, thick by 6-in. wide
and 8-in. high, which was centered on the beam line. A range curve
of the unpolarized proton beam showed the fraction of mesons in the
beam to be negligible and the mean energy of scattering in the .carbon
to be 173 Mev, .

‘ The scattering arm was placed so that counters A and B accepted
-2 mean scattering angle of about 13.8 deg (left). By using data from
Dickson .and Salter, 17 Tyrénﬂil_. and Alphonce et al,, 22 and,Hafner,23
we.calculated the mean polarization of the.scattered protons detected

by counters A and B to be 0.71 + 0.05 (in the direction perpendicular to
the plane of scattering). Wetincluded the effects . of inelastic scattering
in this calculation. Although a higher elastic-scattering polarization
could have been obtained at alargerangle, the relative importance of

the less-desirable inelastic scattéring'would have been increased. The
rms error of * 0.05 in the polarization is-based on uncertainties in the

elastic and inelastic experimental data employed in.the calculation of
the polarization, and uncertainties in the distribution .and values of the -

scattering angles accepted by counters A and B.
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Using the polarized—prot_o‘n beam defined by”cAounters A and B, we
reproducéd the different sets of rec.6i1=pr6ton a,naiy‘zing gconditions as
closely as possible and measured the four resulting asymme;‘cries. In
order to obtain the required mean scattering energies at the a:.nallyzing
targets, sufficient amounts of degféder were ~p1aéed just befoilv'éA counter
A. The thickness of degrader was different for each of the ~four measure-
ments. Rahge curves showed that we had attained the same mean scat-
tering energies as. in the recoil-proton observaliuns to within about 2
Mév. The rms energy spread in the polarized—pfoton beam was %8
Mev, élight’ly less than the #10-Mev energy spr'ead of the recoil protons.
For each of the four calibration measurements, a beam prolile was ob-
tained with each analyzing telescope and the appropriate analyzing angles
were set with reépect to the observed center lines. The positions of
these vproﬁle.cente.zl'. linés were not the same as in.the recoil-proton
rneasu;ement& owing to the differences in the angular distributions of
the protons from p-C and n+-p scattering.

Data 'wefe obtained in the calibration measurements by observ-
ing the AB III Dy

not be employed in the calibration procedures because the conjugate

and AB IV DE coincidence rates. Counter C could

particles (carbon nuclei) received too little energy to be counted. We
determined the 'blank' rate by removing the 0.45-in. -thick carbon target
from its',position in the unpolarized-prbton beam. The calibration\ counting
rates, after correcting for accidental and blank counts, were approxi-..n; !
mately ten times the rates in the recoil-proton measurements. Our
accidental coincidences averaged about 5% of the corresponding cor-
rected analyzed-proton rate, and the target-out (blank) coincidences
averaged about 14%. Much higher counting rates could have been ob-
tained by raising the intensity of the external proton beam of the cyclo-
tron. We restricted our net counting rate in order.to limit the accidental
and blank coincidences to reasonable levels. Thel effect of.background

particles was reduced by stacking lead bricks at the same positions as

in the recoil-proton measurements,
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2. Initial Polarization Measurements

Our data on.the polarization of the recoil protons were obtained
during two different running periods.at the.cyclotron. In general, the
procedures and the apparatus were the same in both runs. . Where dif-
ferences 'existed we have r.eferred.to the Run-2 arrangement, .as.a pre'-
ponderance of our data was acquired.during the second period. Owing
principally to the larger-area .telescope counters employed in the first
.run, the analyzing abilities measured.then were smaller than those
~tater obtained. The polarizéd proton beam used in the calibration portion
.of Run .1 had a polarization of 0.58+0.09. Only one analyzing telescope
was employed in the initial polarization measurements,

.During the .recoil-proton measurements in the first run, we
photographed the Isulses from the,couﬁters .as a check.on the performance
of the electronics. Signals from the.counters . were displayed on.a four-
beam oscilloscope. Whenever the electronics detected a five-fold co-
incidence, the oscilloscope was triggered and.the pulses appearing on
the four sweeps were recorded on 35-mm film. The film was later
developed and projected on.a.viewer. We ‘measured and plotted the
heights and relative positions of the pulses from each counter. |

The resulting distributions enabled us to select restrictive
criteria for the validity of an event. We rejected a set of pulses if the
position or height of any individual pulse did.njot closely conform to the
apprdpriate normal value. The acceptable.film events determined an
.asymmetry at each recoil anglel-; .There was no blank counting rate to
be subtracted; blank coincidences were negligible during the early
measurements owing to the relatively low i'ntensity of the pion beam.
Accidentals that could deceive the.electronics were presumably eliminated
in the,filrﬁ analysis because of the restrictive criteria. Values of the
asymmetries calculated from the film data agreed well with.the electronic

asymmetries and increased our confidence in.the electronic method.




‘E. Errors and Results

1. Experimental Errors

Principal sources of experimental error in the asymmetry
‘measurem'e‘nts were counting statistics.and uncertainty in the center line
of the recoil-proton-beam. Uncertainty in the position of the center line
can.arise, for example, from variations in the direction of the 7t beam
due to magnet-current fluctuations. Auother source of this lype of error
is. in the determination of the beam-profile center line from the observed
profile counting rates. . _

In order to.estimate the error caused by the center-line uncertainty,
we employed the forinula de/d 92 r‘--d(,(Zn.IO)/d!F)d (p. 71 of Yps,ilantiszol).

The symbol 1. denotes the DCS for the analyzing scattering at the

- laboratory angole 62, averaged over left and right scatterings. This
equation is valid for small e and gives the uncertainty in the measured
asymmetry.due to the uncertainty in.the position of the center-line of the
polarized-proton beam. When applied to pux"a_.n.alyzing arrangements,
‘the above equation gives de/dGZ ~ 0.2/deg. This result reflects the
rapid.variation of the - DCS with angle and indicates that care must.be
taken when .determining the beam center line and when setting the
analyzing angles. _

We obtained‘.an_erstirhate of the uncertainty in.the position of the
recoil—profon—beam center line by examining the variation.at each re-
coil angle of the observed beam;profile center lines. It was assumed
that these fluctuations reﬂecfed the various sources of error and theret
fore gave.an approximate experimental determination of the composite
uncertainty. This investigation yielded an rms error in ‘thé profile
.center line of #* 0.10 deg for Run 1 and * 0.06 deg for Run 2. In terms
of uncertainty in e, the de/dG,2 equation gives rms values of about
+ 0.020 for Run 1 and # 0.012 :for.. Run 2. These numbers are based
on the recoil-proton observations but appear approximately valid for

the calibration portions of the experiment also.
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A thorough error analysis was performed on .the scattering
apparatus during the period between the two runs. We devoted particular
attention to the reproducibiiity' in.aligning and positioning the equipment,
and.tb the accuracy of the scale by which we set.the analyzing“angles.
The reproducibility was found to be quite satisfactory. The inaccuracy
in setting the plﬁmb bobs at the required ahgles was negligible. Although
small errors were observed in the analyzing-angle scale, their effect
on the measured asymmetries was slight compared withthe two principal
uncertainties previonsly mentioned.

We estimate an rms uncertainty of +0.45 deg in each mean
laboratory recoil angle given in Table V. This corresponds to an error
of about * 0.90 deg in.each c. m. scattering angle. Principal sources
of this.error are uncertainties in:the position and direction ,of the pi- -
meson beam at the liquid-hydrogen target, the position of counter B,

.the p_osi_tioﬁ of the iiquidwhydrogen target along the beam line, and the
correction applied in.order to obtain the mean recoil angle from the angle
at the geometric center of counter B, In the calibration for Run 2, these
sources of error yield an rms uncertainty of £ 0.6 deg in the mean

laboratory scattering angle accepted by counters A and B.

2, Experimental Results

Tables VI and VII present fhe .experimental results of both runs.
The .sa,tisfé.ctory, agreerhent:that was ,obtairied‘between.the.two sets of
analyzing counters in Run 2 is not shown; only the combined results are
presented. When.combihing two asymmetry or polarization measurements,
‘the individual quantities have been weighted by the inverse of the s‘quarel/'2

3

of their errors, 24 The rms error in.the result is [ (Axl,)-;+(Ax2)'2]

where ax and Ax, are the rms errors in the individual quantities.
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Table VI. Expenmentally measured astmetrles of the analyzed

‘a
recoil protons

Mean c. m. . ' - " Run lb © “Run 2%
scattering angle . .. d g . T
(deg) Left Right Left ~ Right
114.2 -0.132%#0.089 -0.074#0,066 +0.005%0.039 +0.039%0.033
© 124,5 ' +0.099%0.054 -0.091£0.038
133.8 - -~ 40.130%0,064 ~ -0.212%0,053 +0.068%0.031 - -0,039%0.031
"145.2 +0.04540.053 -0.073£0.038 +0.046+0.031 -0.12340.028

The errors given are standard dev1at1ons and are. due to countmg
statistics only R

bAll Run-1 asymmetries are based.on the results of the film analysis,

except the 133.8-deg (left) asymmetry, for which only electronic data

existy.

“The asymmetries measured with each analyzing telescope were
combined in order to obtain the Run-Z asymmetnes g1ven here. A total
~of 800 to 2000 analyzed rec01l protons determined each Run-2 asymmetry
‘listed.

drhe MLeft'" and "Right'" column headings.refer to the side of the

incident pi-meson beam on which the recoil protons. were observed.




- Table VII. Summary of experimental results
Experimental quantity ﬁﬁn Mean .c. m. scattering angle A(deg)
114.2 124.5 133.8 145.2
Recoil-proton asymmetry (E)a 1 '+0.002+0.055 -0.1780.043 -0.06320.034
A 2 +0.020+0.027 -0.094+0.032 -0.054%0.023 -0.088%0.022
Analyzing ability (TDZ)b 1 +0.2760,047 ———— +0,407%£0.043 +0.452%0.041
2 +0.413+0.048 +0.573+0.,046 +0.500%0.047 +0.517+0.023
- Recoil-proton polarization A ' ' : : .
(plze/'PZ) 1 +0.007+0.199 —  -0.438%0.116 -0.13940.076
2 4+0.048%0,065 -0.164+0.057 -0.108+0.047 = -0.170+0.043~
. 0
A ‘ o
Recoil-proton polarization® 1 and .2  +0.044%0.062 -0.164%0.057 -0.162+0.037 ¥

-0.155+0.044

%These results were obtained by combining the !'Left' and "Right'' asymmetries of Table VI
at each scattering angle, after reversing the sign of the ""Left'' asymmetry and after adding’
(in rms fashion) to each statistical counting error in .Table VI the bzam-center-line un-

certainty discussed in Section III-E-1.
b

ment, and -Pi(‘

We determined each analyzing ability by computing P
is the appropriate asymmetry that was measured during
is the polarization of the proton beam used in the calibration measurement.
The errors presented here arise from the experimental uncertainties in the calibrati
The error in B

t%le caﬁii%)r;a_fi

asymmetries (counting statistics and beam-center-line uncertainty).

not included. The results of both analyzing telescopes in Run:2 have been combined.

- .29 E(C)/_p(c),‘i where otC)
on portion of the experi-

(©) i

CThese final polarization values were obtained by combining the results of Runs 1 and 2, A
plot of these values is given later in Fig. 7. The errors are assumed to be independent.
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~ The uncertainty in the. polé.rization of éach célibration proton

beam is not 1nc1uded in the errors g1ven in Table VII. Thus there is an
addltlona.l rms error of +15.5% in all Run -1 values of P‘2 and Pl’
‘and of :h7%'1n all Run-2 values. ‘When combining the polarization results
of the two rlinvs, we neglected thié type of uncertainty. . The 15.5% error
in Run 1 and 7% error in Run 2 are partially correlated because they are
‘hased to a. certaln extent on the same exper1menta1 scattenng data.
Even 1£ these errors were.completely correlated, -which i& not the
_situation, - the maximum possible effect on any of anr final (combined)
pol'a_rizatibnvalues would be-an additional rms .uncertainty 6f only
. *11%.  This is small compared with the final errors given.

Our sign conventions will now be summarized. In Tgbie'VI,
the sign of thé asymmetry is cons'ider.ed'positive if more of the recoil
protons scattered to the left than to the right at the carbon target. A
positive. analyzing ability in Table VII signiﬁeé that a ‘.rnla.».jority'of the
protons scattered to the left at the analyzing farget when a prepon-
derance of the incident protons had their»_spin vectors pointing up
(out of the plahe of Fig. 2). The sign of the recoil-proton polarization
" is defined to be positive when a majority of the protons recoiling to the
_right side of the incident pi-meson beam had their spin véctcjrs pointing
up. This vde_finitiop corresponds to setting ¢ = 0 deg in the phase-shift

equations of Section II-B.
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IV. PHASE-SHIFT ANALYSIS

We havecomple_ted-a.series of measurements of the recoil-
-proton polarization in elastic ot ~-p scattenng at 310 Mev. . Data have
- been obtained at four angles of observation. Complementing these
results, Ernest H. Rogers has measured the elastic DCS and the total
.cross.section in 1T+-p sc.attering'at the same energy.sthe polarization
and.cross-section data are noteworthy because .of the relatively high
accuracy that has been obtained. .We:will now describe .our phase-shift
~analysis of these experimental measurements, _T'he quantity, variety, .
and quality of the available data are reflected in the results of the

analysis.

A. Search Program

1. General Method

. In the analys1s of our experimental cross- -section. and.polari-
4'<zat1on data, we use the formulas developed in-Section II-B. Because
'pf the comphcated equations involved, a trial-and-error p-rocedure is
er'r‘w.ployed in order to solve for the phase shifts. We assign definite

_ 'VQlu_eé.to the phase shifts, substitute them ihto the relevant forrﬁulas,
‘.-é.h‘c.l.'calculate the obsérvable quantities, The results of these .calcu-
l'a'tio_ns can then be compared with the available experimental data. If
the comparison does.not yield satisfactory agreement, other values of
the phase shifts can be selected.and.the calculations performed again.
An electronic compufer can readily perform the mé.ny repetitions of this
“c.ycle .necessé;ry in order té obtain an adequate fit to the data.

WeAha';re written.an IBM-704 program that incorporates.the trial-
and-error procedure just descnbed The program instructs the com-
puter to search for a.set of phase .shifts that will fit the data,-beg1nn1ng
.at a given.set of values. The grld. search procedure is ‘em‘ployed, in
_which the phase . shifts are varied in cycles. 26 Successively smaller

.-changes are made in the phase shifts. unt11 a fit is. obtalned with. the de-
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sired accuracy. When Varying a phase shift, the program uses the pro-
cedure described in Appendix D; thus avoldlng iterative“calculation of
trigonometric functions.

“. The program is- arranged so that, in the search for a fit'to the
data, the computer varies the phase shifts but not the inelastic par-
‘ameters. In the major portion of our phase-shift invéstigations, and
unless-otherwise stated, the inelastic parameters are as'sumed to be
‘unity;iadt is, only elastic scattering is allowed. This 4ssumption is
reasonable owing to the apparently small amount of‘inelastic- scattering
at 310 Mev (see Section V-A). 1f there were substantial inélastic §cat-
tering, the inelastic parameters could he considerably less than unity.
We might then have to vary both the inelastic pavametcre and the phase
shifts in the search for the true. sOlirtion, and the analysis would be-
come more complicated. k R

Although we generally dlsregard inelastic scattermg, we will
'eventually Want to 1nvest1gate its 1nf1uence on the results of the phase-
'-shxft analysls. ~Our program enables the computer to accept selected
.values of the 1ne1ast1c parameters and employ these initial values
throughout the sear(,h proceduret Var1ous comb1nat1orbof these para-
meters c,an be chosen, the bulutlon of interest can be redetermlned
and the resultant phase shifl x.hangcs can be examined. In. th1s way, one
is able to obta1n est1mates of the errors 1ntroduced 1nto the ana1y51s by
the assumpt1on that all the melast).c parameters are un1ty

2. The Least- Squares Quantlty M F1t Cr1ter10n

The predlctlons of a given set of phase sh1fts are compared with

the ava1lab1e exper1menta1 data by computlng the quant1ty M where

Z[x‘c) x‘e)

Here X( isthe quantlty X ‘as obtained from exper1ment, 'Ei is the
exper1menta1 error (standard deviation) in X(e), and X(C) is the quantity
-X1 ras calculated by.the computer from a given set of: phase shifts. We

sum over all the experimental measurements.
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Expressing M in terms of quantities for which we have .experi-

‘ mental data, we write

. 2 |
.S Bl g \._F'I}ch)’ (1+e) 1)
= ! + Z—
3 f-£§T$f“ k Eiﬂ

2
(c) (e) :
Ip 7 -1p

F a2 S
+[_m:‘ A| | F=m |- av-1)

where P. is the polarization of the recoil protons at the c. m. scatter-

ing angle GéJ)m s ES( )1s the experlmental error in P(e) Ik is the-
elastic DCS for scattering at the c. m. angle G(k) , (I) is the experi-

.mental error in 1( e) € is the variable norma11zat1on parameter for the

DCS, E( €) is the exper1menta1 error in .¢ (the experimental value of

e is0xE), 1
B (1) )(2) (T) |

between the cutoff angles 6 m and GC .’ and E _is the experi-

is the total cross section (elastic plus inelastic)

n1e11ta1 error in IT The f1rst summation in the.expression for M
extends .over all angles for which polarization.data .exist; .the second
.summation, over all angles for which. DCS data were obtained. We
assume that the éxperimental errors entering into M are independent,
-normally distributed, and.realistically estimated. '

.'The search program requires the computer to find.a set of
phase shifts for which M has a minimum value. In.this way, a 'least-
sﬁuares" fit to the data is attained. Such a fit corresponds to a mini-

‘mum point ,ih the sense that a change of * A LINAL in any one 'of. the
phase shifts gives a larger value of M than the value calculated at the
minimum, Here AFINAL is the smallest increment employed when the
phase shifts are varied. The resulting value of M may not have'the
absolute minimum magnitude obtainable because the computer stops at
the first relative minimum that if notices. Different initial sets of phase

- shifts can lead to different minima, some of which may have even lower

.M 'values.
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" During the search lpr‘ocedure, the cor‘npute‘r v.arie_s € 1in the
same manner that it varies the phase shifts. -Thus the-c\‘omputer is able
to modify the absolute scale of the DCS in order to improve the fit

wle)

to the data.’ The experimental error in €, - , 18 comptrised of the
uncertaintieés in the DCS ahsolute scale. Errors of this type include
uncertainties in the 1ntens1ty and contamination of the incident pi- meson
beam and in the thickness of the liquid-hydrogen target. Independent
errors, such as statistical counting uncertainties, are attached to each

M

DCS measurement individually and are denoted E These independent
errors 1nd1cate the accuracy w1th Wthh the various measurements are
known with respect to one another (effects of systematic uncerta1nt1es in
the shape of the DCS are discussed in Section IV-C- l) The use of the
var1ab1e € enables the phase shift analysis to keep the 1ndependent
errors in the 1nd1v1dual DCS measurements separate from the uncer-
ta1nt1es in the absolute scale, thus allowing an opt1mum amount of in-
Iorniation to be obtained from the DCS data and permitting independent
errors in the cxpressmn for M Although we will generally disregard

€ in our further discussions of the prograrn and when quoting results,

it w111 always be present in our analyS1s

{e)
T

principal effect of ¢ was to enable the elastic DCSl curve to be nor-

Owing to the influence of the small relatlve error in I\o', the

malized to the tntalarrnss section measurernent In performing this

V_ norrriallzatlon, we usually assumed that we could neglect the inelastic-

: ‘scattering contribution to the total cross section. Because the amount
~of inelastic scattering at 310 Mev is apparently not appreciable_, ‘the
error introduced by its disregard in the normalization procedure appears
to' be small compared with the‘error in the .total-'cross-section measure-
ment. . | .. ‘ - | ‘
'_ It is illuminating to visualize the hypersurface that would be ob-
tained if M could be plotted as a function of the phase shifts. ~The
region around a point where M has a2 minimum value corresponds to a

depression in the hypersurface. In the phase-shift discussions to follow,

we will often refer to this visual representation.
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3. Rounding-Error Check

A possible source of trouble in.the séarch procedure arises
from the fact that the computer can only ‘work to a lih'nit'ed n,urhber, of
.fi_gurés of accuracy. The IBM-704 computer generally rounds off the
results of its' numerical operations to 27 binary digits (about eight deci-

.mal digits) of precision. If a is .made too small, the corre-

FINAL
sponding changes in M might become of the same.order as the errors

in ‘M created by the rounding process. The search method would then
lose its -utility because the true minimum could be.confused with false
.minima created by the rounding errors. In.terms of our hypersurface
model, the exploratory steps taken along the M surface would be suf-
ficiently small so that the computer would notice the unevenness.caused
by the approximations inherent in the rounding procedure.

. In order to investigate the influence of rounding error on our re-
~sults, a.special subroutine has been written into the program. This sub-
“.routine is-employed, when desired, after the regular minimization pro-
cedure has been completed. The computer makes several successive
.changes of the magnitude AFINAL in each phase shiff, beginning. at the
minimum point under consideration. After a phase shift is changed-in
the positive direction the desired nurhber of times, it is returned to its
value at the minimum.and several variations in the negative direction
are.made. Only one phase shift is-varied at a time, and _its.initial value
is restored after the series of changes is completed. '

- After each.modification in.a phase shift, the éomputer calculates
_.and prints out (via. magnetic tape) the new value of .M. These results
.can be examined for erratic behavior, "which might indicate rounding-
error trouble. Our investigations have shown that any error due to

rounding is.-less than.the accuracy for which.we are striving.



B. Error Analysis

1. Error-Matrix Method

. The.usefulness of any possibly acceptable phase-shift fit will be

. increased . if we.are able to ascertain.the accuracy with which the ex-

.-perimental data determine the individual phase shifts. A method in-

. volving the error matrix is customarily used to obtain the.ﬁncertainty
in each phase shift. This method will. be examined. briefly here.- Addi-
tional information can be found.in the phase-shift-analysis discussion
of Anderson, Davidon,. Glicksman, .and Kruse.

.To obtain the error in each phase shift, we investigate the
region on the .M hypersurface near the bottom of the depression whose
-‘lowest point corresponds to the solution under consideration. We wish
to study the behavior of M when the phase shifts are varied from their
“values at the minimum point to other nearby values, Let us expand M
. in.a Taylor series. about the minimum and retain terms only up through '
.second order in the phase-shift differences. The first derivatives. of
M with respect to the phase shifts are zero because they. are evaluated

-at'the minimum. .The resulting equation.is therefore

M &M cee.  gM
M(d 1 + A§1, 5 2 + A.ﬁz, s 6N+ A§N)
N N

N M M M,

“‘Mo@'l’ 62, ak 6N)+ -;_ E G A6 A6 (Iv-2)
where N is.the number of phase shifts assumed the quantities. 6M ,
6 20 Tttt GII\GI are the values of the N phase shifts at the minimum
point. on the hypersurface; 'Abl A6 ' A6N are the changes in the’
phase shifts from their values at the ‘minimum; MO(GM , 6 25 00 81\1\?)

is.the value of M at the minimum; and _Gij is (1/2)(8%°M/a 5.8 sj)

evaluated .at the minimum. . The i and j surmmmations extend over all
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the phase shifts employed. To the extent that Eq. (IV-2) is valid, M
varies quadratically with the chénges in the phasé shifts from their
‘values at the minimum. In the discussions in thé rest of this section .
(IV-B) and ih its related appendices, we assume thatthis quadratic
behavior is approximately correct.

The error matrix, G-l, is the array of numbers obtained by
inverting the. matrix G, which consists of the symmetric array of
quantities 'Gij° An extension of ::);n IBM-704 program enables the
computer to calculate G and G ~. The method by which the elements
of G are obtained is. explained in Appendix F, '

The elements of G'l are .rélatedto the uncertainties in the
phase shifts. According to statistical theory, we can write.(to v.vi-thin._

_the accuracy of the assumptions ma.de)':27

G Y., = (as.)

ii i'rms’

which is the root—mean—squafe error (standard deviation) in 461\;1, and

-1, - o
(G )ij = Cij.'x (A'ai)rms X (Aé‘j)rms’ for i % j, (IV-3

where Cij .is the Ai_jt}i corr-elatiole.coefficient (with‘»a va-luflbetween
C+1 .a—nd -1),-and (G ,)ii and (G ‘)ij .are elements of G . The
correlation .coefficients indicate the degree to which the phase shifts
are related, For C.1j = 0, 61 and '6j .are.independent; for Cijzi'l’
there is. maximum dependency. A geometrical interpretation of the
correlation coefficients-is given in Appendix G. If ‘F is-any' function
.of the phase shifts, then the error (standard devia,tihon) in F is calcu-

lated from the matrix :G"l by using the formulza.‘2

8F B8F , .-1
as; 35, (G )50 (IV-4)

.where the elements (G~ ")ij _are in (radians)2 o




2. Auxiliary Method of Error Determination: "

'The rms' error in each phase sh1ft can also be determlned by
a procedure which we will call’ AUX (aux111a.ry) *' An 1mportant
function of AUX is to check. the results obtamed thluugh usc of the
‘ error- -matrix method. It can also be. employed to 1nvest1gate the gen-
eral shape of the hypersurface in the vicinity of a minimum. In order
to obtain the error in every phase shift, AUX requires con51derab1y
‘more computer time than is. needed by ‘the error- matr1x method. The
reason for this is that AUX omploys the hme -consuming minimization
procedure of our search program, and the other error method does
not. | -

In order to understand AUX, let us consider the situation,in
which only two phase shifts exist. bThen, a plot of M as a func.tion‘
of its two parameters is a three-dimensional surface and.is easily
visualized. . We wish to obtain the errors in a set of phase shifts. The
region around.the corresponding minimum on the M -surface must
therefore be investigated, as in the error-matrix method. Let 81
~and 5, represlentrthe two phase shifts and let Aél\f. and 61\;1 be their

values at the minimum. We define

M
X-—ﬁl"slﬂ
M
Y=62'62'
z= AM= M(5,,8,) - M, (6 ,)

‘The or1g1n of the x—y—AM coordinate system is therefore at the
nunlmum of the depreSS1on that is to be 1nspected
With only two phase shifts pres<ent ,  Eq. (IV 2) can be rewritten

(in the =x-y notation) as

aM=G_ x2+2G xy+ny2. (IV-5)

* .
‘This procedure was suggested for use in our analysis. by Professor

Owen Chamberlain.
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For a fixed AM, .Eq. (IV-5) represents an ellipse. Different values of
AM give ellipses of different sizes. The .ellipses represent' the inter-
sections with the M surface of planes parallel to the x-y plane. : The
projections:on the x-y plane of three of these intersecfions'are shown
in Fig. 6, A

Curve C in Fig., 6 is the locus of points at which lines, per-
-pendicular to the x .axis, are.tangent to the family of ellipses repre-
sented by Eq. (IV-5). In Appendix G, we show that the podints on.curve
.C.(denoted by the subscript C) possess coordinates .that follow a
AM, « xé behavior. . We also prove there.that the value of X~ at
poipt P in Fig. 6 is the rms error in the phase shift 61. Point P
is the intersection of curve C and the aM = 1 .ellipse.

We now have the necessary information to understand the man-
ner in which AUX determines the error in each phase shift. For the
purpose of ascertaining the error in 61, the value of this phase shift
is changed from 61\11 to 61\11 + x'. The search procedure that was
originally employed to locate the minimum is now used again, However,
61 is now never varied.but is held constant at the value 61\1[ +x'. In
our’'three-dimensional example, only ,‘62 is changed. Th.is corresponds
to a movement along the line that is perpendicular to the x axis and
passes-through. x', the selected value of x. The lowest value of M
obtainable along this line is the value associated with the ellipse to
which the line is tangent. Therefore the minimum.i:oint found by our
- modified .search procedure is on.curve C. |

Knowing the values of . x and AM at this minimum point, we
can employ the AMC < xé formula and obtain.the value of x at point
P (corresponding to AM = 1). In an actual application.of AUX, the
formula AMC o xé may only be approximately true because the mini-
mum may not be perfectly quadratic in shape. We therefore tryto se-
lect the initial increment, x', -so that the resultant AM will be close

to' unity. In this way, we need only assume the validity of AMc « xé
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MU - 20232

Fig. 6. The ellipses represent curves of constant M for the

' case of only two phase shifts. The eccentricity of the
ellipses and their orientation with respect to the x
and y axes are arbitrary. The significance of curve
C and point P is explained in Section IV-B-2.
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over a small r‘ange of x wvalues in order to obtain the x coordinate
at poi,n_t ; P. The resoltirrg value of x is the rms errorin ‘.61,. at .
least to the extent that the error theory, based on the second-order
Taylor -series expansmn, is valid. We obtain the \Ir'a‘ltrel of y .repre-
sentlng the rms error in 6 by u51ng a procedure analogous to that
employed to find the error in 6l

The AUX method can be generahzed to the problem where
there are more than two phase shifts. The p01nts on the M hyper-

.‘ surface that correspond.to a fixed AM then form an ellipsoid or
hyper elhpso1d [assummg that Eg. (IV-2) is. vahd], An extension of
our IBM-704 program permits the calculation, through the use of
AUX, . of the error in each of the phase shifts. One phase shift, ’61(’
is changed by a preselected amount and then held fixed while the other
parameters are varied, in analogy to the example employing only two
- phase shifts. From the smallest value of M obtained.in this manner,
one-can estimate the rms error in '6k by. emp10y1ng ‘the AMC X
formula and calculating Xc for . AMC 1..

In order to approximately take into account any asymmetry in
the.’shape of the M depression, we determine both the positive and
negative changes in each phase shift requ1red to give. AM =1. An
estimate of the rms error, averaged over the two d1rect10ns of vari-
ation, is thereby obtained. }

. We found the rms phase shift errors obta1ned by AUX to
~generally agree with those derived from the error matrix. .In certain
of our investigations, the lack of sufficient data or the existence.of
many variable parameters caused the shape of an examined minimum
to .deviate noticeably from the desired quadratic behavior. Although
disparities were-then found between the results of the two error
..methods, satisfactory agreement could often:be obtained by 11m1t1ng
the error 1nvest1gat10ns.to-the region on the M hypersurface corre-

sponding to AM 1.
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" C. Phase-Shift Investiga'.tions29

" We next describe our phaée’-shift analysis, which uses the
search px;ogra'.fn‘ and error procedures explained in-Sections IV<A and
" IV-B. The information obtained in these investigations will be pre-
Ase'n}téd. First of al'l,l we discuss the analysis involx)ing'S, P, and D
waves and the evidence that the D-wave phase" shifts are needed in
'or'd"ér to attain.a satisfac'to.ry-fit to the data. The .ambigdity,in the D-
wave phase shifts is examined. We investigate the sensitivity of the
various phase .shifté to the different types of experimental data, The
_ inclusion of F waves in the analysis is discussed, and also described

‘is the attempt to add G waves.

1. The SPD. Random Searqh*

-+ The phase-shift investigations were begun with a random search
involving S-, P-, and D-wave phase shifts. In order to find every
" minimum-that might lie in.the neighborhood of the true solution, the
computer was asked to begin searching at a large number of random
points scattered over the - M hypersurface. A total of 244 random
sets of phase shifts were fed into the computer. The values o,f.all five
phase shifts (S3, 1,' P3» 1’ ‘P3’ 3 D3’ 30 D3, 5) in every set were
randomly selectéd. The initial value of ¢ was always zero. From
these 244 random positions on the hypersurface, the computer searched
-and found 27 distinct clusters of solutions (phase-shift fits). The
solutions in each cluster agree with one another to within a few tenths
of a degree'in every phase shift. The different clusters apparently
correspond to various relative minima, Each of the ten relative minima
in the group with the lowest values of M was detected. by the computer
at least five times. .If one assumes.that the relative minima are ran-
.domly spaced on the :M hypersurface and can be entered with equal
ease, then the probability of having overlooked a set of phase shifts

with.a low M value is less than 1 %.

%
“The notation SPD will refer to our analysis invclving S-, P~, and D-
wave nuclear phase shifts only. We will alsousethe abbreviation. SPDF,

which is a straightforward extension of this notation.
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Since the completlon of our SPD random search both the
computer program and.the input data have been rev1sed and extended
' The most 1mportant changes were the add1t10n of a total- cross -section
.measurement and the inclusion of DCS data at angles suff1c1ent1y small
so that Coulomb-nuclear interference effects.are. notlceable., It 1s
assumed that no new minima with low values of M were created by the
changes made. (The vahdxty, of this assumption is supported by the
results of the SPDF random search to be described in-Section IV-C-5, )
In general, the changes in the data and program produeed ‘only small
alterations in the phase-shift values related to each minimum. The
presence of the DCS data at small angles caused the M values of
- several of the original minima to increase considerably. These
minima correspond to sets of phase shifts that give the incorrect sign
for the Coulomb-nuclear interference .effects.

In all results to follow, we employ, the revised ahd. extended
data.and program, The data used include our four polarization mea-
surements, values of the DCS at 23 angles of observation, and a total-
cross-section measurement of 56.4+1.4 mb (between the c.m. cutoff
angles 14.7 and 158.0 deg). All the cross-section data were obtained
by Ernest H. Rogers. €5 ‘The polarization'and - DCS data are given in
Tables VII and VIII, and are plotted in Figs. 7 and. 8.

Of the 27 distinct sets of phase shifts found in the SPD random
search, all but three have negligible probabilities of 1ying in the vicin-
ity of the true solution. We base this statement on the x 2 distribution
of statistical theory, which can be applied at least approximately to our
. results. 30 The x 2 distribution for 23 degrees of freedom is used here
because we are endeavoring to fit 29 pieces of expenmental information
(including . = 0.00 * 0.06) with five phase shifts .and the parameter .c.
The 24 solutions.that were discarded.on the basis of statistical theory
have values of M in the range 86 to 1100, .and are therefore highly
improbable (the mean M value expected is.equal to the number of de-

grees of freedom). If the polarization data had not been present in the
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Table VIII. Exper1menta1 DCS measurements (1n the center of-mass

system) used in the phase shift analysis. The errors glven are stand-

ard. deviétions and are independenﬁ Not. 1nc1uded is an rms error of

:hsé% in the absolute DCS scale. These data were obtamed by Ernest
25 : : .

H. Rogers.

C.m. ' ) ' ' R {( )
scattering angle . . (mb?stlzlel.ztad) :
(deg)
14.0 18.7140.60
19.6 . 16.05%0.46
25.2 13.820.31
30.6 C 12.9920.25
346 | 12.280.27
36,2 : ' | 11.65#0.27
44.0 | 19.82#0.15
51.8 | 8.590. 26
56.8 | 7.54£0.28
60.0 | 6.5840.22
69.6 . 4.,73+40.10
75.3 | | 3,6240.09
- 81.6 ) | 2.77%0.08
97.8 - S o 1.6620.07
105.0 11.51%0.06
1108.1 o | | 1.6220.07
120.9 | |  2.0820.08
135,2 . 2.9320.14
140.6 .. ' | 3.3640.12
1447 . : 3.760.15
1522 | | 4.1020.21
156.4 4,5120.17

1165.0 | 14.88%0.12
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Fig, 7. Experimental recoil-proton polarization measurements
given in Table VII. The solid curves represent the
fits to the data predicted by the SPD solutions in
Table IX. The SP fit, which is discussed in
Section IV-C-2, is indicated by the dashed curve.




Fig. 8.
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The experimental c. m. DCS measurements given
in Table VIl have been multiplied by 1 + € in order
to normalize them to the total cross section. The
value of ¢ used (-0.018) is that giving the minimum
magnitude of M for both the SPD and SP Fermi-type
solutions. Independent errors only are shown. The
solid curve, which represents the Fermi SPD solution,
fits the data well. The dashed curve at small angles shows
the behavior of the SPD Fermi and Yang solutions that
possess phase-shift signs opposite to those given in
Table IX. The curve with short dashes, shown only at
large angles, is the Fermi SP f{it discussed in
Section IV-C-2, It is given only where it deviates
sufficiently from the SPD fit to be easily drawn.
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analysis, some of these improbable sets of phase sh1fts would have had
low M values and therefore could not have been dlscarded on the
statistical basis alone. = . _ o '

' Our three possibly acceptable solutions are presented in
Table IX. The phase shifts given there are of the nuclear type. They
were acquired by subtractlng the Coulomb phase shifts PL‘ Wthh are
listed in Table I, from the total phase shifts obtained by the search
program. The three solutions in Table IX are of thé Fermi type,
Minami type, and Yang type, in order of increasing M The connections
‘between these sets of phase shifts are not precisely the relationships
explained in Section II-C because of the additional constraints created
by the polargzation' data. However, the features that characterize these
solutions can be noted. » ' -

Two other sets of phase shifts are good fits to all but the DCS
data at small angles. These solutions are similar to the Fermi and
Yang fits in Table IX except that the S1gns of most of the phase shifts
are opposite to the signs of the correspondmg quantities in the table.
Because these twb solutions give destructive Coulomb-nuclear inter-
ference in the forward direction of scattering, we can definitely exclude
them by using the DCS data at small angles (see Fig. 8).

‘ Figures 7 and 8 show the manner in which the SPD solutions
in Table IX fit'the data. The DCS curves calculated from the Minami
and Yang sets of phase shifts are not shown; they closely resemble the
Fermi plot, All three phase-shift sets give values for the total cross
section that are in good agreement with the experimental mea;sﬁrement.

We present in Table X the error matrix that is associated with
our SPD Fermi solution. The square root of each diagonal element
-of this matrix is given later in Table XVI. In order to make the. problem
manageable, we have neglected the systematic uncertainties in 'the‘shape
of the DCS and have used only the independent uncertainties referred

to in Section IV-A-2, It is these independent errors that are given in
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‘Table IX. The solutions found in.the .SPD random search that best fit

"the experimental data.

Type of solution M - * Nuclear ‘phase shift (deg)
S3,1 P31 P33 D33 D3
Fermi - 15.8 . -18,5 -4.7 134.8 1.9 -4.0
Minami - . 32.0 o= d.1 -22.3 -1.9. 135.6 0.8
 Yang . . 37.7 -23.2 126.2 159.0 7.5 -1.6

Table. X. Error matrix for ‘the SPD Fermi solution, The matrix

elements are in (deg) 2.

s Py Py 5 D, . D

31 .1 3,3 3,5

3,1 0.41 - 0.26 0.17 0.11 -0.20

P; 0.32 0.05 0.11 -0.18

P; 5 0.42 -0.01 1005

3.3 0.13 w=0%10
D

3,5 10.19
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Table VIII and shown in Fig. 8.  We investigated the influence.on-the
phase shifts of the systematic uncertainties just mentioned, and found
the effects to be small compared with the rms errors obtained from
‘the error matrix for the SPD Fermi solution.
' In the remainder of this.section, our attention will often be con-
centrated on the Fe“rmi solution given in Table IX. The reasons for
" disregarding the Minami and Yang sets of phase shifts will be discussed

in Section V-A,

2. Inadequate SP Fit

_ Is the inclusion of D waves 1n the analys1s necessary in order
to obtaln a good fit to the data,(or w111 S and P waves alone suffice ?
Besides our SPD ana1y81s, we have also analyzed the data assuming
that the pion-nucleon nuclear 1nteract1on affects only the S -and P
waves., The best SP fit that we .obtalned is given 1n Table XI; the
correspondlng polarization and .DCS curves.are shown in F1gs 7 and
8. This solution is. of the Fermi type and is obviously an inadequate fit
to the experlmental data. The poor fit is shown numerically in the
large M value of 92.5. Although the,. D-wave nuclear phase shifts are
small in our SPD Ferm1 _s.et.p they are definitely needed in order to
Aobtaln a satisfactory fit. . »- .

.. By compar1ng the SP and SPD Fermi solut1ons, we observe
_that the inclusion-of D waves in the analysis has a noticeable effect
on .S3"1 and P3 1° Each is reduced in absolute ma'gnitude when the
D-wave nuclear phase shifts are allowed to have values other than zero.

‘Only the phase shift P is rather insensitive to the number ofcpartial

3,3
waves included in the analysis.

3.- Ambiguity in.the D-Wave Phase" Sh1fts '

When. our four polarization measurements .are excluded from the

SPD analys1s, an uncertainty appears in the D-wave phase shifts. This
ambiguity was mentioned in Section II C-2, It glves rlse to two Fermi-

type solut1ons y1eld1ng low values of M, 1nstead of Just the one pre-
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viously discussed. The two Fermi phase-shift sets, obtained when
only the cross-section data are utilized, are given in Table XI. (They
. possess lower M values than the Fermi solution in Table IX because
there are fewer experimental measurements to fit.) A principal dif-
ference between these.two solutions is that the D-=wave phase shifts in
one set have signs reversed compared with those in the other set. The
usefulness of the polarization data in differentiating between these two
SPD phase-shift solutions is demonstrated in Fig. 9.

The utility of the polarization measuremente in climinating the
D-wave phase-shift ambiguity from our SPD analysis is also indicated
' in,Figs'.,' 10 and 11. The AUX error procedure was employed in order
to obicaih these plots. In terms of the three-dimensional example in

Fig. 6, these curves give }'AM as a functioﬁ of x for poihts along
_curve C. . When many phaée shifts are present as in 6qu SPD analysis,
an-aﬁa_logous piot can be obtained for each parameter. The differences
between Figs. 10 and 11 arise from the fact that only the cross-section
data are used in the first figure, and all data including the polarization
measurements are employed in the second. The minima depicted in
Figs. 10 and. 11 correspond to the Fermi-I solution in Table XI and the
Fermi solution in Table IX, respectively; and .th.eréfore represent the
same solution fitted.to different amounts of experimental data. Several
6f the curves in Fig. 10 deviate greatly from a quadratic behavior owing
“to the" existence of the neai'by SPD Fermi-Il solution. A comparison

of Figs'.‘ 10 and 11 therefore shows the effectiveness with which the
polarization data is able to dispose of the SPD Fermi-II solution, whose
"M value .cha“.n:ge's‘from 14 to 195 when the polarization data is included

in the analysis.

40_ .Sensitivity of the Phase Shifts
. We examined the SPD Fermi fit in Table IX and inveétigated

the sensitivity of its individual phase shifts to the various types of
'exp'erimental measurements. Different combinations of the 310-Mev

data were used, and approximate values for the errors in the phase
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Table XI. The ."SP Fermi' solution is our best SP fit to the experi-

mental data. "Fermi I" and "Fermi II" are the two SPD Fermi so-

lutions with low M values that are obtained when the computer is re-

quired to fit only the cross-section data (these solutions exhibit the

" ambiguity in the -D-wave phase shifts).

Nuclear phase shift (deg)

Type of solution M 535 1 ]P3, 1 P3’ 3 D3’ 3. 'D3’ 5
SP Fermi . 92,5 -22.3 -8,1 . 136.1 0 0
. Fermi I 13.9 -16.8 -4.0 . 134.,8 3.3 =5,4
Fermi II 14,1 -24.0 -8.8 137.3 -3.5 2.4
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Fig. 9. Variation of polarization with angle predicted by
the two SPD Fermi solutions with low M "values
that are obtained when the computer fits only the cross-
section data. These solutions exhibit the ambiguity
in the D-wave phase shifts. The values of the phase
shifts for these fits are given in Table XI. The experi-
mental recoil-proton polarization measurements are
also shown above.
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Fig. 10. In terms of the three-dimensional example in Fig. 6,

we have plotted AM as a function of x, now denoted
A&i, for points along curve C. With five phase shifts
.present (SPD fit), an analogous plot is obtained for
each. The variable A&, represents the change in any
one of the phase shifts from its value at the minimum
point. The origin of the coordinate system corresponds
to the SPD Fermi-I solution given in Table XI. Only
the cross-section data are utilized in the calculations

. summarized here. ' ’
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AM

MU -20556

Fig. 11. The curves are the same as those in Fig. 10 except ,
 that now the polarization measurements are also included
in the analysis. The origin of the coordinate system
‘corresponds to the SPD Fermi solution in Table IX,
In order to simplify the figure, the behavior near the
origin of certain curves is not shown.
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shifts were calculated for each combination. A c'ompar_ison ..of the re-
-sulting sets of errors should indicate the i:ypes of data to which each
phase shift is sensitive. In order to obtain the desired elstimé.tes of
the errors, the error-matrix method was .employed. The resuits of -
these calculations are summarized in Table XII. ) o

Certain qualitative .conclusions can be drawn from the relative
magnitudes of the errors listed in Table XII: ' ‘

(a) The phase shift P:,’,‘3 is essentially sensitive only to the
total cross section; 'S is also sensitive to this type of experimental

3,1
measurement, but to a lesser extent.,

{b) The phase shifts Sé,l’ D3’3, and D3¥5 are strongly sensi-

tive.to the polarization data.
(c) All the phase shifts.are dependent to varjous degrees on.the

DCS measurements; P3,3 is relatively insensitive to these data.
The three preceding conclusions depend, in part, on the magnitudes
of the phase‘shifts. Therefore care must be exercised when applying
these.results to energies other than:those in the region around.310 Mev.

- The ability of the polarization measurements to reduce the
magnitudes of the phase-shift errors can also be observed by compar-
ing Figs. 10 and 11. These figures indicate that the addition of the
polarization data not only eliminates one of the two SPD Fermi so-
'lutions but also causes the minimum point.of the remaining dep,ressioﬁ
‘to become more sharply defined, thus reducing the errors.in certain
of the ‘phaé,e shifts. 4

5. Inclusion of F Waves

Because of the relatively high accuracy with which the phase
-3hifts in.our SPD Fermi fit are determined, we felt it necessary to |
extend the analysis to include F waves. It appeared quite.possible
that the addition 6f small F-wave phase shifts might cause changes in
the other phase shifts larger than the quoted errors. This indeeld.turned
out to be true. We found that the inclusion of a small F-wave nuclear

_ interaction not only alters the values of almost all the.S-, P-, and D-

wave phase shifts but also causes their errors to increase.considerably.
Also, new solutions appear.that fit the data.well.
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" Table. XII. Investigatioﬁ of the sensifivify of the phase shifts at 310

q Mev. t¢ the different kinds of experimentaldata. The type of s'ol_ution
examined is the SPD Fermi fit in Table IX. Given .bélow are the data
‘utilized in each set of calculalions and the cstimates obtained for the

rms e€errors.

Number of cxperimental Estimated rms error in
‘measurements utilized

Total Uliierentiaul R.ecuil.-'prc';ton ,83,1 PB,,1 P3,3:”3,3,D3,5
Cross cross section polarization

section : ' - (deg)

0 23 | 0. 1.9 0.8 1.6 1.3 1.3

23. 0 1.6 0.8 0.6 1.3 1.3

0 | 62 4 1.4 1.1 1.7 0.5 0.7

‘ 6* | 4 1.2 1.1 0.7 .0.5 0.7

.0 23 4 1.0 0.7 1.6 0.4 0.4

| . o .23 4 0.6 0.6 0.6 0.4 0.4

#These measurcments are spread thronghout the angular range for

which DCS: data exist.
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With the F-wave nuclear phase shifts allowed to be different
from zero, another random search for solutions was condu.ct"e.d, New
random initial values were pi'ckéd for the phase -shifts relatea to the
S, P, and D waves. The initial F-wave phase s.hifts were also chosen
at random, but were restricted to the interval 0+9 deg because we
assumed these pafameters to be small. .The number of random sets
used was 260, and about twice as many minima were found as in the
SPD random search.: Every solution with an M value of less than 40
was obtained at least five times. According to the X'Z distribution,
now for 21 degrees of freedom, the pr.obaibility is less than 1% that the
M value of the true solution is greater than 40.

As a check on the SPD random-search results, we made SPD
fits to the data using.as starting points the first five phase shiftg in the
various .SPDF solutions. All the original ‘SPD solutions appeared.
In addition, only two new minima were found and these possess ex-
tremely high M values. Therefore, we had apparently obtained all
the existing SPD solutions with low M values in our original random
search.

Every discovered SPDF solution with a value of M less than
40 is listed in Table. XIII. THe,Fe.rmi-I, -Minami-I, and Yang-I solutions
correspond to the thfee SPD fits given in Table IX. The designation
"Minami-Yang' refers to the type of fit of that name discussed in
Section II-C-2. Many of the phase-shift values.in the various solutions
denoted "' in Table XIII. are approximately connected by the ambiguity

: relationshi.ps discussed in Section II-C. Similarly interrelated are the
three fits denoted 'II', We will disregard solution 6 because of its
excessively large 17‘3:i 70 When SPD fits to the cross-section data
only.are obtained, the SPDF Fermi-I and -II solutions reduce to the
solutions of the same names given in Table XI and therefore appear to

be manifestations of the ambiguity in the D-wave phase shifts. The

error matrices for these two sets of phase shifts are presented in

- Tables XIV and XV. The square root of each diagonal element of these
matrices is given later in Table XVI,




Table . XIII, - Solutions found in.the SPDF random search that pcssess values .of M less than 40.

Nuclear phase shift (deg.)

No. Type of solution M 530 - P31 P33 D33 Dy F3g Fyq

1 Fermi I 14.1 =17.2  =2.9 135.0 3.1 -4.9 0.5 -0.6

2 Minami-Yang I 17.6 123.1 -=22.4 3,1 158.6. 0.2 -2.8 -0.1

'3 Fermi II 18.3 -355 =161  151.4 =114 131 -1,1 -1.8

4  Yangll 26.6 -32,0 142.2 .160.4 17,8 -6.4 -1,7 -1.3

5  Minami-Yang I . 26.9 139.9 =390 13.1 .164.0 -4.9 =57 .2.0

6 27.8 -19.2° —7.6  153.8 2.0 -21.1 =27 13.0 n
7  Minami I 31,7 —-7.2 =22.4 -2.0 136.8 0.8 0.2 0.1 9
8  Yangl 34,2 —23.6  124.7 4.1 =15 0.7 '

159.5 5.8
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-Table XIV. . Error matrix for the - SPDF Fermi-I solution.

The matrix elements.are in ..(deg)?.“ .

S P P D D .F F

P31 3,1 3,3 3,3 3,5 3,5 3,7

S31 6.93 10.38  -0.08 ~ 6.65 -5.56 ..1.27 =~ -3.61
P3 ) . 1614  -0.36 10.34 -8,54  .1.96 '-5.66
P; 3 | | | 0.42 .-0.28 0.27 -0.05 "0.16
‘D33 ' 6.76 -5.51  1.28 ;3.67'
Dy B ' 4,61 -1.04 3 3,00
FS’S | o 0.31 -0.70
F - | : 2.03

3,7
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Table. XV.  .Error. matrix for the SPDF solutlon FermisII.,.

‘The matrlx elements are in (deg)

5301 Py Py 5 D3{3:__ P35 F35 F3,7
S5, 0.50 L01 0.30 -‘oﬁos 008 -008  0.13
P31 " 043 -0.37 0.24 2030 013 0.0
Py | - 0.70  -0.25 0.26  -0.13 _0.12
:133,3 o h | | 0.22 -0.22 0.08 -0.08
| D; ; : ' ~ 029 011 0.
F3 5 | ‘ 0.08 -0.06
F . 0.09

3,7
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‘The Fermi-II solution and the two Minami-Yang fits were also
found in the SPD random search but then had improbably large M
values because of their in.ability to fit the polarization data. = The
presence of small F-wave phase shifts has enabled these three pre-
viously unacceptable solutions to become. good fits to the polarization
measurements., We present in Fig. 12 the variation of the polarization
with c¢.m. scattering anglé predicted by the first four SPDF solutions
in. Table XIII. . The analogous curve for solution 5 is intermediate be-
tween those for 2 and 3. We do not show the polarization plots for
the SPDF solutions Minami I.and Yang:I,. but they are essentially the
same as the corresponding curves in Fig. 7. '

6. _Addition of G Waves

An .atfempt was made to observe the effects of G waves on the

-SPDF analysis, again with the aid.of the IBM-704 computer. When

no restrictions are placed on.the size of the G-wave phase shifts,. we
found that our forfner solutions become poorly defined, angj. additional
sets of phase shifts that fit the data well appear. 'TThe SPDF Fermi-l
and Fermi-II solutions are altered in character considerably when the
nuclear G-wave .interaction is allowed because the computer is best

able to fit the data by changing some of the phase shifts in these solutions
by as much as 10 to 20 deg (the M values dropping to about 10 and 16,
respectively). ' Even if the magnitudes of the nuclear G-wave phase shifts
. are held to within the arbitrary limit of 0.2 deg, the uncertainties in
many of the other phase shifts in.the two Fermi solutions increase to

one and one-half to two times their former values, With the nuclear G-
wave interaction allowed, we reinvestigated all the minima obtainedin.the
SPDF random search. The magnitudes of the nuclear G-wave phase shifts
.in a given fit were arbitrarily restricted to be less than one-fifth the
magnitude of the larger nuclear F-wave phase shift in the.same fit,

Even this constraint did not prevent new solutions with low M values

from arising. With our present data and the limited amount of available
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Fig. 12.

MU=20553

Variation of the polarization with c. m. scattering
angle predicted by the first four SPDF solutions in
Table XIII. For reasons of clarity, the large-angle
behavior of two of the curves is not shown., All
curves satisfactorily [it the three negative polarization
measurements.



theoretical information.concerning the phase shifts.related to angular-
momentum states of higher order, we conclude that we cannot meaning-

fully include .G waves in the analysis.
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V. DISCUSSION OF RESULTS

A, Phase-Shift Analysis

The results of the pola'rization experiment have been combined
with the recently obtained accurate cross-section data and a compre-
hensive phase-shift analysis performed. The D-wave phase shifts
were found to be definitely needed in order to attain an adequate fit to
the data. We investigated the influence on the analysis of the presence
of small F-wave phase shifts: not only are the errors in our original
Fermi-type solution increased, but additional solutions that fit the data
well arise. Although the introduction of a sinall F-wave interaction
does n<ot greatly improve the best obtainable fit to the data, -no justifi-
cation can be found for completely neglecting F3,5 and F3'7, We
attempted to extend the phase-shift inquiries to include G waves but
found that the available data and theory do not allow the G-wave infer-
action to be significantly incorporated into the analysis.

Our investigations indicate that it is difficult to obtain a cdmc
pletely meaningful set of phase shifts from pion-nucleon experimental
data by using the partial-wave treatment alone. Further assistance
from theory may be required before one can handle with confidence
all the angular-momentum states measurably affected by the interactiou,
The discussions to follow will principally be limited to the results of
our SPDF investigation.

Let us begin the discussion of the various phase-shift solutions
‘by discarding all those that are of the Yang, Minami, or-Minami-Yang
type. A principal reason for rejecting these sets of phase shifts is that
they appear to disagree with the requirements of the dispersion relations
for the spin-flip amplitude of the pion-nucleon scattering in the forward

15,31, 32

direction. The Minami-type solution is also unreasonable

because of its large D3 3 and the implausible behavior of its phase

shifts at low energy. 15,733
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Of the phase-shift solutions listed in. Table XIII, only the
‘Fermi-I.and Fermi-II sets remain-to be.considered:(we earlier re-
jected set 6 because of.its excessively large F3’7),~ In.Table XVI,
we summarize the characteristics of these two SPDF Fermi-type

fits., The SPD Fermi set is also.included for comparison. .The
rms errors listed are the'square roots of the diagonal elements of

" the re'spective error m'aiti"ic.es.,"".lr.x.cofnpa;ring the Vclosely related SPD
Fermiand SPDF Fermi-I solutions, we notice that only Py 4 is
essentially unaffected by the addition of the F-wave interaction (owing
to the strong dependence of this.phase shift on only the total cross
section). Although :F3,5 and <F3,7 .in the SPDF Fermi-I s,olutiofl

~.are small and their errors overlap 0 deg, the ,e_ffect of.their presence
is .considerable.

‘ Table XVI shows the drastic increases in the phase-shift errors
that occur when .F waves are added to the SPD Fermi solution and
the SPDF Fermi-I set is thereby obtained. . This would seem, at
first glance,; -to indicate that much less information can be dérived
from this type of solution now that F waves are allowed. - Actually
.this is not true because many of the correlation coefficients are large
in.the SPDF Fermi-I solution. Large correlation coefficients .signify
. strong relationships between the phase shifts, -and thus information
about one phase shift will, .in general, give useful information-about
other phase shifts. In any comparison of theory with the SPDF
Fermi-I set, it will be important to use the entire efror matrix
(Table XIV).

In order to facilitate the phase-shift analysis, we neglected in-
elasfic scattering. Additional uncertainties in the solutioné of Table XVI
exist because of this disregard .of all but the elastic-scattering reaction.
There is .little experimental information.available on inelastic processes
in 1r+-p scattering at 310 Mev. However, estimates can be made of the

magnitude of the total inelastic cross section at this energy by combining
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-Table XVI. PhaSe,ashifts for solutions of the _Fe-_rmi:type arising in the
.SPD and SPDF .analyses o_f_n,+.,-p s‘c_:at‘t-ering.da-ta at 310 .Mewv. - The
units are degrees, The errors are standard deviations.and are:obtained

~from-the error matrices presented in Tables X, XIV,.and XV..

... :Solution

pN;:;:ar | SPD ; — SPDF Fermil _  - SPDF l%:‘e.:%mi i

shifft . (M=158 RSN o 18.3)

s31 ' . ~18.5%0.6 " Cl17.2%2.60 R ~-35,»5=t0.7:

Py - 4,720.6 . - 2.9:&4.6. o -1‘6“1}0..7

P3’3 ’ 134,8+0.6 © 135.040.6 : 151.4+0.8
' .53,3 - 1,9%0.4 - . 3.1+2.6 -11.440.5
,D3,5‘ - 4,0%0.4 - 4,9+2,1 . . - ©13.1%0.5

F3’5'~ C T — | 0.540.6 o T »1.,110.3l

F ” - 0.621.4 | - ~1.8i6,3

3,7
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the experimental measurements of W1111$3.4 at 500 Mev with theories
.such as those by Rodberg, ;5 Franklin, 36 and Kazes. 37 The results
1nd1cate that the 'rr+-p total inelastic cross sectlon is less than 1 mb
at 310 Mev.

- The inclusion in,our analysis of even this small amount of in-
-elastic scattering can cause changes in the phase shifts. We have ob-
served the alteratlons in.the solutions g1ven in Table XVI when a total
__1ne1ast1c cross section of 1 mb 1s allowed. Var1ous extreme assump-
tions were made about the manner in which this amount of inelastic.
scattermg might be distributed among the different angular -momentum
states .of the interaction. Each inelastic parameter was assumed, .in
A turn, to have a.value suff1c1ent1y less than unity so as to account for
‘the entlrell,-mb cross.section (all-the other inelastic parameters re-
maining at nnity). Equation (E-4) was used in.order to cal‘culatel,these
values. For each assumed set of inelastic pai'ameters and for each
.s.olution conside.:red, -the computer redetermined the values of the phase
‘shifts, yield,ing the minimumtmagnitude of M (this general procedure
was diécnssed brieﬂy in Section IV-A-1). - We conclude from the results
of th1s investigation that, if 1ne1ast1c scattenng processes could properly
‘ ‘.,be taken into account, any changes in. the quoted values of the phase
shifts would probably be well within the correspondlng errors glven in

Table XVI.
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B Compar1son of the SPDF ‘Fermi-Type Solutions

Let us examlne more closely the two SPDF Ferml—typec
solut1ons, both of which are excellent fits to. the data Both sets are
‘ reasonable from the pomt of view that the F-wave phase shifts are.
l small compared with those related to the D wave ' We are unwilling
‘to discard the Ferml II solutlon on the baS1s of lack of cont1nu1ty with
.' results of phase shift analyses at other energ1es because we believe
'these other analyses may suffer the same uncertalnt1es as our SPD
rcsults ln the remainder of this ‘section, con1pa1 isons between the
two SPDF Ferm1 solutlons will be made in an attempt to ehmmate
ane nf these twn sets of phase shifts., A ' ,

Both solut1ons g1ve Re[f(Oo)], = - 0,686 0. OlZ:in‘units of
‘h/p.c (» denotes the p1 meson rest mass) where Re f(OO)]I 1s the real
part of the forward- scattermg amphtude for 1T+-p nuclear elastic
scatter1ng, in the c. m. system The value -0. 686 was calculated by
lnsertmg the nuclear phase shli’rs ‘of ’T‘ab]e XVI into Eq (E-2)., We
obtalned the error by using Eq (IV- 4) and the error matrices in
Tables XIV and XV The sign of Re[ [(00)], is deterrnmed by the
absolute S1gn of the set of phase shifts used, which in turn is determin-
ed by the s1gn of the Coulomb nuclear 1nterference contr1butlon to the
DCS. We neglect a small correction (apparently less than 1%) to
Rc[ £(0°)] arising from the disregard of possible inelastic coutributivns
to the total cross section when the computer normalizes the experi-
mental elastic DCS to the experimental value of the total cross section.
If inelastic scattering takes place but is neglected in the phase-shift
analysis, DCS values calculated from the resulting sets of phase
shifts will be too large. Because of the close relationship between
Rel f(0°)} and the value of the DCS for nuclear scattering at |
6 = 0 deg, the disregard of inelastic scattering causes the magni-

c. m, .
tude quoted for Re[ £(0°)] to be slightly too great.
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Our result for Re[ £(0°)] agreeswell:with values predicted by
-the dispersion relations and based on other experimental data. *
Figure 13 shows the accord obtained between our value and the curve
calculated by -Spearman for fz = 0.08, where f2 is the renormalized,
unrationalized, pion-nucleon coupling constant. 38 Another recent
analysis is that by Cronin, who predicts --1.,35><10"13 cm at 310 Mev
for the reai part of the forward-scattering amplitude in:the laboratory
system (for f2 = 0.08). 39 When transformed to the laboratory system,
our result becomes (--1.36':1:0‘,02)><.10—13 .cm, - again in.good agreement
with thé .dispersion relations. '

When .the two SPDF Fermi-type solutions. are compared with
the predictions .of the phase-shift formulas.of Chew, Goldberger, Low,.
and Nambu, 40, we find that Fermi I is in better agreement.. The P-wave
phase shifts of Fermi I .are more in.accord with the effective-range
formulas of Chew et al. than are.the corresponding phase.shifts of
Fermi II. .The effective-range equations predict approximately -5 deg
for P3-,l ~and ~127Ad;g_for P3’3 at 310 Mev. We obtained these re- |
-sults by, assuming f = 0.08 and w, = 2.1. The quantity LW is the
value of w at the resonance, where wdenotes the total energy in.the.
c.m. system, exclusive of the nucileon.rbest energy, .in.units .of pc .
The .effective--range formulas are expected.to be valid only at low
enefgies.. Therefore the fact that the Fermi-II set disagrees more
noticeably with these .equations than.does the Fermi-I solution is not
sufficient reason by itself for discarding the fomer set of phase shifts.
One often compares .experimeﬁtally obtained valués of P3,3 -with the
effective-range theory by means of the Chew-Low plot [1_e_

(q’3v.c:0t P3',3)/w versus w, where q is the momentum of the pi meson
in the.c. m. system, in units of pc}. The values of P:,’,3 in both

Fermi I and Fermi II give results that fall. below the straight line

*We acknowledge informative discussions with.Dr. H. P. Noyes

concerning the dispersion.relations.
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Fig. 13.' The guantity Re[ £(0°)] is the real Eart of the
forward-scattering amphtude, for -p nuclear
elastic scattering, in the c.m. System It is plotted

~as’a function of incident pion laboratory kinetic
energy. The curves were calculated by Spearman, 38 _
usin% the dispersion relations and the indicated values
of £ Only the h1gzher energy portion of the curve
corresponding to = 0.085 is shown, The experi-
mental value at 310 Mev is that obtained from the
SPDF Fermi-I and Fermi-II solutions discussed in
this report.
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passing through the low-energy points on this type of plot,.in.accord
with.the results of other experi‘ments‘at energies near or above 300
Mev. The D-wave phase shifts in the SPDF Fermi-I solution agree
in sign and reasonably well in.magnitude with.tl;e theoretical formulas
3,37 + 0.3 .deg and 4D3,5 = --2,5 deg
at 310 Mev; the D-wave phase shifts in Fermi II disagree in .both sign

of Chew et al., which predict D

.and magnitude. However, these formulas do not include the effects
of the pion-pion interaction and thus may not give accurate predictions.

The straight-line plot42 at low encrgices of S3‘ jas @ function
of q .can be linearly extrapolated to 310 ‘Mev and .con;pared with the
values.of this phase shift in our two SPDF Fermi solutions. - The
extrapolated value obtained is near -13 deg,, and therefore the com-
parison yields the better agreement for Fermi I. Once agéin, this
alone is not adequate evidence against Fermi II because the linear
relationship between .S_,,.’1 and g probably does not extend to energies
as high as 310 Mev, .

Although both.the SPDF Fermi—i rand::Fermi-II solutions give
results that agree with the dispersion relations.predicting Re[ £(0°)]},
these.two sets of phase shifts yield contrasting results when.compared
with the dispersion relations .for the spin‘-.flipl_.forward—-scatterin).g
amplitude, following the method of Davidon.and Goldberger. 3;’ ‘Dis-
persion-relation theory predicts:that y = f‘z + Cx, where f2 is. again
the pion-nucleon coupling constant, CI is a constant, x is.a given
function of the energy, and y depends in a stated way on.the phase
shifts and the energy. As shown inReference 31, Fermi-type phase
shifts that are based on .SP analyses over a rangé of energies lower

than 310 Mev exhibit approximately the predicted y-x linear behavior

A ' ' : _ \ N .

‘We wish to thank Professor J. Ashkin of Carnegie Institute of
Technology for suggesting the use of the spin-flip dispersion relations
as a possible means of discriminating bet'wee‘nv the two SPDF Fermi

solutions.
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" and extrapolaté to a reasonable.valie.of fz (At sufficiently low
' energies, we would expect the -SP-type analysis to be adequate. )
' Strictly speaking, the function y: depends on the phase shifts at all

' énefgie's. 'However, for Fermi-type solutions:and for the region of

" energies considered in the Davidon and Goldberger article, y  de-

pends pr1nc1pa11y on.the values of the phase.shifts at the energy at
which it is bemg evaluated and on the-behavior of P3 3 at other energies,
about which reasonable as sumptlons can be made when necessary,
Approximate .calculations using the Fermi-I solution give.

' y %+ 0.0340.08; when Fermi II.is considered, y ~+ 0.33£0.02. We
have included in thc errors quated only the error arising from the term
Re(aé) in Eq. (2.6) of Reterence 31, 'The entire crror matrices (Tables
" XIV and .XV) were used when calculating these errors. Assuming that
the other uncertainties in the calculation do not greatly change the
‘general features of these results for y, we find that the Fermi-I
solution is in moderately good agreement with the straight line of
Reference 31 (which yields about 0.15 for y at 310 Mev) but that
'Ferml II disagrees. Relying on'the Davidon and Goldberger analysis,

then, we apparently may say that only the Fermi-I.solution is admissible..

C. Concluding Remarks

Although theory a__ppea.r‘s.to favor the Fermi-I set over the
F_ermiell, furthér theor.etical'e‘vi-dence and; 1n addition, experimental
justification aré desirabie Useful experimental information could
probably be .obtained by performlng supplexnental polarlzatlon measure-
ments at suff1c1ent1y small angles. We note in Fig. 12 that apprec1ably
different values of the polarlzatlon are predicted by the two Fermi
solutions at c. m.: scattermg,angles in the vicinity of 60 deg. If a
practicable;method'-‘.could be developed for determining.the polarization
of protons with enef"rgiesappro_ximating 50 Mev, one could perform re-
coil-proton polarization measurements that might distinguish between

the two SPDF Fermi solutions. The same data might also provide
experimental evidence against the SPDF Minami, Yang, and

Minami-Yang solutions.
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In ,conclusion,.t.he' success of the SPD analysis was .so striking
that an investigation of the effects of - F waves was 'in order. The
inclusion.of F waves has-given a good fit to the data,-but not-an
.appreciably, better fit than in the' SPD analysis. The errors in.the
- phase shifts of the Fermi-I type have become.very much larger.than
they were before the . F waves were added, ‘but. becausé many of the
correlation coefficients.are quite large there is still a great deal of
information contained in .the SPDF analysis. It is hoped that this work
.constitutes a significant stép:’in the quantitative study of pion-nucleon

‘scattering.

(4
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APPENDIXES

A. Derivation of the EXpressien fo.x" "the"'Recveill%Pfetor"i':Polarization
We present -here Ferm1 S, de1 1vat1on leadlng to the equatmn
. for the polarization of the recoil protons 5‘ If the proton 1s 1n1t1a11y

in the spin state a, the scattered wave can be wrltten )

If the proton is 1n1t1a11y in the sp1n state {3 ‘the express1on for the
scattered wave is h o

Yoo = ap @t Sﬁﬁ B=-Sgy0 '+-sqap ; (A-2)

The equalities S =S.. and S, = - S ., which are discussed in
: . ; aa BB _.  Ba N ¥

Section II-B-1, have been used here. Let y and & represent the spin
eigenfunctions corresponding to the proton spin pointing in the +y and
-y directions, respeéectively. Expressing these,_eigenfunctionsi in terms

of the spin wave functi_onls .a and B, we write
SRS VR - <1/2 . o T
v=2 e, 6= (o 16) . (A-3)

' (A.lthough we now discuss the v d1rect10n, the z axis is nevertheless
a convenient one.with which to begln, ‘being the dir ect1on along which
the incident beam moves. ) Solving Eqs. (A-3) for a and B in terms
of y and 6, subst1tut1ng the results into Egs. (A-1) and (A-2), and

rearranging, one obtains

Initial spin state Scatfered wave

2-1/2g e 15‘3 ) y+ 27 1/2 Sqq *S5,)8

-1/2 1/2 . .
-i2 (Syq- 1 Sga) ¥ + i2777(s +1Sﬁa)6.
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According to-either of these expressions for the scattered:wave, the
probability for the spin . of the s,caitte.red proton to be parallel or anti-
parallel to the +y direction is.proportional to ' '

IS -i8S 2. (parallel) ' ,

and . 2 A .
' (antiparallel) .

Thus,Eqs, (II-5) are proven to be valid. The expression for the.recoil-
‘proton polarization.is easily obtained from Eqs. (II-5), as is shown in

.Section ._II-A- 2,
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B. Method of Partial Waves Applied to Pion-Proton Scattering

We will now use the method of:partial waves in order to obtain
the ‘basic phase-shift eciuation-s presented . in Section-II-B-=1.: .Coulomb
scattering is neglected here; ‘it will be' considered in:Section II=B-2 -
and Appendix C. For definition of. quantities used in this appéndix,
refer to Section II-B-1"-and the references to i)e cited here.

In the method of partial waves, the interaction of a beam of
part1c1es with a localized" scattermg center: is repr escnted by the
scattering of a plane waye° If the 1nteract1ng particles have no spin,

the initial wave. function can be written [ Eq. (1) ot Halliday‘s]] g

. ikZA"‘ am .. o L , Sl
oy = AT ) B (r) P (cos ). . . (B-1)
L=0 .
Extending the partial-wave treatment to pion-proton scattering, in which

the proton has a spin of 1/2, we rewrite Eq. (B-1) as

o I
Py = Z B, {r) N Y(:)L(cos' B) x 1/2 - (B-2)
L=0
M

We have included the proton-spin wave function, Xl/i , in the initial
wave function because the proton spin can also enter into the reaction.
The wave funclion 411 deecribes a proton in a def1n1te spin state, For
convenience, the Legendre polynomials have been changed to spherical

harmonics through use of the relation [ Eq. (2.5) of Reference 44]

PL(cos 6) = L (cos 0) s | : (B-3)

L
where

=[4 /(2L + 1)];1/2:

The superscript on each spherical harmonic represents the z component
(ML) of the orbital angular momentum, which is zero for the incident

pion beam.
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~ Let us.consider a pion-proton system in 'anﬂc.)r'bitals-ahgular-
momentum state with quanturﬁ number L. This sfstéhﬁbontains total-
angular momentum states w1th quantum numbers J = L + 1/2 and
= L - 1/2. Utilizing Eq (5.5) and Table 5.1 of Blatt and We1sskopf 44

we can write [ denoting Y (cos 9) by Y ]

I
v? xMS =+ L % L L*
L *1/2 2L+ 1 L-1/2,L,1/2 1 2L 41 1.+1/2,L,1/2

' M . , (B-4)
where the functions are the total-angular-momentum
4 J,L,1/2

wave functions. Whenever a choice of algebraic sign appears in the
equations of this appendix, Appendix C, or Section II-B, the upper
sign. refers to the scattering in wh1ch MIS =+ 1/2; the lower sign is for
Mg = - 1 /2.

When the method of partial waves is applied to pion-proton nu-
clear scattering, one utilizes total-angular-momentum wave functions

because J and M, are conserved and hence the amplitude in each

total-angular—momintum state can only change in phase (unlesé inelastic
-scattering occurs, in which case the magrﬁtude of the amplitude can .
also chan e) In order to write the initial wave function, liI, in terms
of the %J L,1/2 functions, we insert E% (B-4) into Eq. (B-2). Then,
generalizing the development in Halliday  to pion-proton scattering,

we rewrite Eq. (5) of that reference as

. 'm . ) . i
1/2 [b: 2167 ) - 1
Yge = K E (2L+1)N, | ¥ _L /2 by exp(2i L) \*L /2, L, 1/2
: P 2L + 1 o2

L+ 1 1/2 .b’ exp(216L) -1 ikr

Ho— . %Lu/z L,1/2

2L + 1 o2

(B-5)
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(ln pion-proton nuclear detLerlug, one discusscs a locahzed "interaction'
rather than the "potential' used in Halhday ) The wave funct1on lJ"SC
represents the. elast1ca11y scattered paltlcles In wr1t1ng Eq (B—5),
we have allowed the phase ShlftS, and therefore the 1nteract10n, to
depend on both the L and J quantum. numbers of the System For

= 0, there is only one total-angular-momentum state (J = 1/2) and
therefore only one phase shift, 4 _

Let us now express the totél—angular—morﬁentum wave functions

of Eq. (B=5) in terms of orbital-angular-momentum and spin wave
functions. Utilizing Eqs. (5.1) and Table 5.1 of Blatt and Weisskopf, * ¥

we can write

ol \ 17 I ' 1 I
%Ms 7 [_L /2 o Ms (L1 |2 2Ms -Mg
L-1/2,L,1/2 \ZL+1 L X1/2 7\5 4 1

Y, X172
(B-6)
and
: I I I
s : NExS 1/2 40 M.S+ L 1/2 YZMS‘ -Mg
L+1/2,L,1/2° L 11 L Xi/2 L1 - L X1/2
.< (B-7)

The spherical harmonics in Egs, (B-6) and (B~7) can be written in terms
of Legendre polynomials by emp.loying"Eqs‘, (B-3) and (II-15). The
validity of Eq. (II-15) can be seen by applying the formula of Rodrigues45
to Eq. (2.4) of Blatt and Weisskopf, 44 -and by using their relationship

. Substituting Egs.. (B-6) and (B-7) into Eq. (B-5), and using Eqs.
(B-3), one obtains Eqgs. (II-9) through (II-13). These derived expressions
give the wave function describing the scattered particles in ‘pion-proton

nuclear elastic scattering.
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C. Inclusion of Coulomb Effects in the Scat‘teri'rig Amplitudes

In Section II-B-2-a, we discussed the fact that expressions in
the form of Eqgs. (II-12) and (II-13) can describe pion-proton scattering '
even when the Coulomb interaction is also present. We will use this
result in order to obtain Eqs. .(II-18) and (II-19).

Rewriting Egs.. (II-12) and (II-13) for the case in which both nu-

clear and Coulomb scattering ai‘eApres,e,{lt,A we obtain

w 4  +! - 5™
bLexp(216L ) -1\ bL exp(2id L).- 1
g'T(G) =k E (L+1) + I_‘(cos 0),
| L=0 _Zi ‘ _ . Zil
(C-1)
and
) ' 1 _ _t
=- b+L exp(216+L) - b7 exp(2i8] £l
th 6, ¢) = x % - DL YL (6,9) ,
54 2i
. , . (C-2)

where .T denotes the total scattering. The prime superscript will be

dropped after a later trapsfdrmation. The phase shifts and inelastic

parameters now describe ;che' total (nuclear plus Coulomb) interaction.

In the next few paragraphs, we will manipulaté‘Eqs. (C-1) and (C-2)

to obtain expressions more convenient for our use. |
For the case of nonrelativistic Coulomb scattering of spinless

'particles, Egs. (C-1) and (C-2) reduce to (by setting ,-61'= 6Ll= L, and

b: = 1)

L . - N .
L exp(2im ) - 1 ‘
gb(@) = kZ (2L+l) . PL(cos 6) , (C-3)°

21

and
1 _
hc(e’ ¢) - 0 »
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where the subscript C 51gn1f1es Coulomb scattermg The symbol
nL denotes the nonrelativistic Coulomb phase shift of order L, and

can be written N, = arg I (L+1l+4in), where n.is defired.in Section II-B-Z-a.
We can also ‘write g C(B) in closed form [ Eq. (20.10) of Sch1ff9~]§'- :

X n

gL(0)= — B
¢ 2 si'nz( 6/2)

exp { -ifi.ln [.sin2~(9/2) F+im+2i 1']0} ., (C-4)

My = arg ' (1 +1in).

It will be observed shortly that the choice of the phase of Eq. (C-4)
agrees with Eq. (20.24) of Schiff.
Let us now write
‘ 1 = ol 1 _ gl i
g (6) = g'=(0) +[g'p(6) - g'c(6) ] .
Upon substitution of Eqs, (C-1), (C-3), and (C-4) into this last equation,

one obtains

Xn
2'sin”(0/2)

. = : exp(216 ) - exp(2in, ) N 'exp(ZiG—‘ )- exp(2in
+kZ[(L+1)< , L) +L<bL‘ L LD}
. ' 2i T 21

g.'T(G) = exP'{ ;'in In ljsinz(é'/Z)} +im+ 2 i'no }

1L.=0
X PL(cos o) . (C-5)
Equation (C-5) is seen to reduce to Eq. (20.24) of Schiff for the case of
§ _t ’
spin-zero particles (6+L =6 L= nL + 6L , where 6L is defined in the "

reference) and no inelastic scattering,

oy

*This expression for N, can be found just ktelow Eg. (20.19) of Schiff.
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v

"It is' convénient to multiply ‘Eq. (C—S‘) by ‘the [.)h-a.'s‘e -factor
.exp(- 2i110~). In order not to change .any physically observable quantity,
we must also multiply the spin-flip-amplitude given in-Eq. (C-2) by the
same phase.. The resulting expressions are Egs. (II-18)-and (II-19),

where we have defined

+
8,81 "M K
=M -y =0 i for L=0
L | -
- % Ctan"ln/x) for L »1,
x=1 .

and-
gp(0) = g4.(6) exp(-2ingy) ,

hp(6,4) = h'T (6, ¢) exp(-2ing) .

In obtaining Eq. (II-18), we have used the fact that e'iﬂ_; - 1. The
formula for EL can be derived from the definitions of n, and Mo

- given ‘ear,ligr._ In-Sectiqn II-B-2, we refer to $'L‘ rather than nL
as the nonrelativistic Coulomb phase shift of order L. We also refer

+
to 6L as the total phase shifts of order L.



D. Form of Phase-Shift Equations Suitable for Computer Calculations

.In, Section 1I- B,  general phase=shift equations were" developed.

We will now discuss the application of these equations to the 'anal;}sis

of _pion-proton scattering data by an.electronic computer, -

It is advantageous to rewrite Egs.

and

gp(0) = g,(6) + g,(0)

h(6,6) ='h (6, 9) + hy(6,9) ,

where

g,(0) =

g,(0) = -

LM
B, (6, 4) = X

I"MAX

T (L+1) ai + L aL} "PL(cos 9),

X n

— B exp{-in In[ sin®(8/2) I}
2 5in"(0/2)

L'MAX

: o exp(Zi$L)’ -1 . o
- x - (2Ltl) | —_—_—— PL(c‘osH) P
, ;E L )T ,

AX
- +]
al -a)D_ Y (6,4),
- |

I"MAX

hz(e:‘b):? Xn B sin 6 4 e:%ld)_an § | 2L.+1

and

el

2 sin“(6/2) i

b:h exp(2id

L L)'1

2i

L(L+1)

(II-30). and :(II-31) in the form

(D-1)

(D-2)

(D-3)

D, Y1 (6,4),

(D-4)
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Let us. consider the scattering process at ¢ = 0 d‘eg'. so that the e11%
Afactors drop out. - We can. separate Eqs (D 1) through (D 4) 1nto real
and imaginary parts. For a given.set of phase sh1fts, there are then
seven quant1t1es to calculate at each des1red c.m. angle [ four real,

.but only three 1mag1nary because h (9 $) is real for ¢ -0 deg]. These
quant1t1es .can be comblned accordlng to the rules dictated by Eqs. (II-16)
and (II-17) in order to give values ‘of the polar1zat1on and DCS.

In.the search for a set of phase shifts that fits.the data (see
Sectioh IV-A for 'details),.the total phase shifts, Gi ,‘ may ‘oe varied
many times. The'qﬁantity ‘h (9 ) anti the real and imaginary parts
of gZ(G) do not conta1n the total phase shifts and therefore need be
computed only once. However the amphtudes g (6) and h (6 ¢) must
be recalculated. each time a phase shift is. var1ed An expedlent way

.to perform these iterated calculatlons 1nvolves the use of the equalities
OLD

' OoLD- '
_NEW _ -bL exp[ 21(6 + A)]| -1 i b _exp(2ia) exp(216 -1
L . 2.'1 - o . : 2i
: OLD
.where A is the change in.the phase shift & L’ ' and 6 is the value

.of the phase shift before the change. When. separated 1nto real and

',1mag1nary parts,.these last equatlons yleld

-NEW _ -OLD -OLD _.
| a1 RE = 2L, RE ¢08(28) - a7 "1y, sin(24), (D-5)
~and

-NEW _ -OLD _OLD _. 5,

A IM " 2L, IM cos(2a) + a L, RE sin(24) , | (D-6)

where (for both OLD and NEW quantities)

_ i i bL 51n_(26L) '

and . o .
: . : chos.(ZGL)

L,IM ;,,IM'I/Z- T,
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Through the use of Eqgs. (‘D 5) and (D-6), a phase shift can be changed
and values of the polanzatmn and DCS recalculated w1thout the com-
putatlon of any new trlgonometrlc functions. Of course, sm(ZA) and .
cos(ZA) must be m1t1ally calculated o o o

In a data analy51s by an electromc computer, one wants to avoid
the repeated calculat1on of tr1gonometr1c functions ow1ng to the relatively
-.long computmg time 1nvolved Thus the approach suggested here is an
ad"antagenns nne. .

We may wish to calculatc a value of the total cross sectlon and
compare it with an exper1mental value that has been measured betwevewn
the c.mi cutoff angles 6( Z’n and 0522) . The contribution to the total
cross section (between 6(1‘) dud 0(7) )duc to gl(G) and h (6 $) alone
‘can he 51mply expressed in terms of the cutoff angles and certam co-
'eff1c1ents calculable from the phase shifts. The remammg elastic-
scatter1ng contrlbutlon, ar1s1ng from gZ(G), (9 ¢), and their cross
‘terms with’ gl(e) and h: (9 $), is not expreSS1ble in terms of a simple
equat1on However, thls contribution is apprem able only at small
angles and a straightforward numerical 1ntegrat10n can be performed
" in order to obtain it. If the 1nelast1c pararneters are allowed to differ
from unity, then there is an addltlona.l term [1nvolv1ng Eq. (E-4)] in
thhe exprcocion for the total cronss section. It must also be taken into

account.

* We wish to thank Mr. Kent K. Curtis of the Mathematical and 4
Computing Section of the Theoretical Group for suggesting this pro-
cedure. Appreciation is also due Mr., Edwin M, Towster of the same _ 3]

department for other useful programming ideas.
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E. Several Useful Phase-Shift Equations

We present here several useful formulas, which can be obtainAed
from the more-general expressions of Section II-B. These equations
are directly applicable to TT+—p scattering, in which there is only one
isotopic-spin state to consider. If only the nuclear interaction is present,

we can use Eqs. (II-12), (II-13), and (II-16), and write:

4 MAX
2
IT(nuclA. d el.)=m X

{(L+1) [ 1+ (b*L)Z -2 blcps(ZGl)]}

=0

+ L1+ .(b"L")Z - 2b7 cos(267) ]} , (E-1)

where IT(nucl. , el.) is the total nuclear eias,tic-scattering_cross-section;
, Lmax :
Re [ £(0°)] = (x/2) [ (L+1) bt sin(267) + L b7 sin(267) ]
: L L ' L L4,

(E-2)

where Reé[£(0°)] is.the real part of the forward-scattering amplitude

for pion-nucleon nuclear elastic scattering;

Lmax _
. o + +
Im[£(07)] = (x/2) E {(L+1) [1- b’ cos(26 L)] _
L=0
+L[1 - bL cos(26 L) ]} , (E-=3)
L : where Im]| f(Oo_)]~ is the imaginary part of the forward-scattering amplitude

for pion-nucleon nuclear elastic scattering. The total nuclear uuoicuy

[

Cross séction (elastic plué inelastic) can be obtained from Im| f(Oo_)]

by using the Optical Theorem, which states
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IT(nucl. , el. plus inel.) = 47 k Im][ f(OO)} .

Finally, we can write an 'eqﬁaliti‘on. for 'th'e:‘fotal inéiastic-scattering Cross

section: :
| “Lmax,
‘IT(nuLl' , inel. )= m X Z {(L+l) [ 1 - (b L)']‘ 4
o ' ' L=0 S -

Py
°

+L1- (b'L)Z}} (E-4)

In the series of expressions just presented, the phase shifts and in-
elastic paré.meters are those that describe the nuclear interaction alone.
Equation (E-4) is also valid when Coulomb effects are present if the
inelastic parameters are redefined as those for the total interaction.
For %:he case of no inelastic scattering (bi = 1), Eq. (E-1) reduces to

the expression
e _ Lvax | o _
I 1., el.) =4 nx% [(L+1) sin®(s7 in(5" E-5
T(nuc",e.)— m l,,(+)81n(L)+LS1n(L)]°(‘-)
: L=0
The equations just given for the various total cross sections cover the

entire range of angles; that is, no cutoff angles are used.
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F. .Calculation of the G Matrix

In the< proéess of obfaining the error matrix,‘ G-I, the elements
of G must be calculated. The method by which our IBM-704 program
accomplishes this computation will now be discussed.

Equation (IV-2) can be rewritten as

NN |
AM = : E G.. Ab. A, , : (F-1)

V4 1) 1 J

1= J=1 . )

where A6i> and A§. can have either positive or negafive values. If

only the one phasé shift 6k is changed from its value at the minimum,

then Eq. (F-=1) becomes
AM = G, . (86.)° " (F-2)
T Tkk k' L
If two phase shifts ‘:Sk ‘and .61 are varied, Eq, (F-1) then gives
AM =~ G AG)Z' 2G. . ab. 85, +G,, (85,05,  (F-3
%G (88, )" +2G, 28 88, + Gy, (85,)" . (F-3)

The equality le = sz has been utilized.
- We calculate the elements of G by varying the phase shifts

individually and in pairs, and by making both positive and negative

variations. Equations (F-2) and (F-3) show how the resulting changes

in M are related to the phase-shift changes and to the elements of G.
The magnitude of the alteration in any specific phase shift of a given set
is always the same in our program, although different phase shifts may
be .allowed to vary by different amounts. Both positive and negative
phase-shift changes are made because M will not always vary
symmetrically about the minimum point. We therefore are.able to find
an.approximate value for each G, and G, that is an average over

the region near the minimum,
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In order to calculate the average value of Gkk’ let a phase shift

63 ‘be changed in the ‘positi":r'e' and hegati've directions (from its value
at the minimum) by the amount - A6 “and let the resultant changes in -
M be demgnated AM ’and AMk .‘ " Then, employing Eq. (F-2), we
can write ’ o ) ' » - o o -
aM! + aM?
My k
(Crdav = Z (F-4)
2(a6,)

The advantage of this form for ('Gk is that it is independent, to

. . k)av ) ‘
first order, of a small error in the location of the minimum. When
two phase shifts are varied, the changes in M eorrespondi'ng to the
four possible directions of variation are denoted AM kl , AM;E s
AMkl , and AMkl . For example, AM'kZ s1gn1f1es that

Aék is greater than 0 and A6£ is less than 0. We now rewrite

LEq. (F-3) fqr each of the four sets of cha_nges:

++
AM; =AM, ~Gk(A5)_+2Gl|A5 A6£|+G£(A6)

and
aM’ xaMt G, (88022 2G, | a6, a5, | +G,, (85,)°
g ¥ AMyy ® G (88 ) 7= 2 Gyg [ A8 A8y | + Gy (ad,

L

From these equations, one'o‘btains

AMk,Q + AM - AM‘kﬂ = AMk!Z

8 -A6k a5, |

‘gkl)av -.::. (F-3)
Agam, 1f the pomt considered to be the minimum is dlsplaced by a small
amount from the true mlmmum, the value obta1ned for (Gkﬂ) is not

A affccted S1gn1f1caht1y. y
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Our prbgram calculates the ,,elemlents"' of G by utilizing

Egs. (F-4) and (F-5). The increments A61, see e, 'A'6N are given the

.computer at the start of the calculation. .. The phase shifts are then

altered in the manner already discussed, and the resulting changes-in
M are ca_lcx_xlated. After all necessary variations have been made,
the elements of G can be computed. A subroutine in the program then
inverts G to obtain the error matrix. The method employed here to
calculate the elemer}?ts of G is sllghtly d1fferent from that discussed
An attempt is made to choose the quantltles A6 s'o that a
change in any one phase.shift alone results in a var1at10n in M of
about unity. In Appendix.G, it is.shown that.the AM =1 region on the
M hypersurface is associated . with the rfns error in'each phase shift.
Thus an investigation centered around this region will probably give the

most accurate estimation of the errors.
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G. - Derivations Pertaining to Auxiliary Error Method and
: Correlation-Coefficients ., - -

‘With reference to Section IV-B-2 and ‘Fig. 6, we will prove here
" that the points along curve C are related by the forrh'ula‘A‘MC‘éc:xc .

It will'be shown that the value of the x coordindte at point 'P in Fig. 6
is'the rms error in the phase shift 61. A"geo.r'netrical'inte'rpr‘étation
of the correlation coefficients will also be given. "

According to Eq. (IV-5), we can write
G x%+2G xy*+G_y =~ M-M_. - _  (G-1)
xx Xy vy -0

Differentiation with resPec-tto y yields

2G. x+2G _y~ M
xy © T C Hyy

&y
At a point on curve C, we have 8M/8y = 0, and therefore this last
equation gives Yo = - (ny/ny) X Subst1tut1§g this result into
Eq. (G-1), we obtain

> G aM

xc = Yy c > - | (G-2)
G G -G
XX vy Xy

Equation (G-2) relates the values of x and &M at points along curve

C and is of the form AM_, . « x2

C C- :
For AMC = 1 (point P), Eq. (G-2) can be rewritten
G
. Yy

P G _G -G
XX vy Xy

The expression on the right of this last equationA is also the expression
obtained for the first diagonal element of the error matrix, G-l, when

M depends upon only two phase shifts. According to statistical theory,
the square root of this ﬁfs.t diagonal element is the rms error in the
first phase shift, Therefore the value of x at point P in Fig. 6 is the
rms error in 61. The above derivation can be generalized in.a straight-

forward manner to the case of more than two phase shifts.
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We now extend our discussion to yield a geometrical inter-
pretation of the correlation coefficients. In our example employing
only two phase shifts, the off-diagonal elements of the_'er.ror matrix
can be written

-1 -1, TS
(G, =G = — .

* & C}xx ny -G Xy

Using this result and equati‘ons in the present appendix, we can show -
that (G—l) =X y , where x_ and y_ are the coordinates of point P,
Xy pPoP S P p '

Comparing this expression with Eq. (IV-3) and remembering that
xp = (Aél)rms’ we obtain

Coay = ¥/ (885) 1 - . (G-3)
Thu‘s the correlation coefficient ny 'is.the ratio of the y vé.lues of
the points at which lines perpendicular to the x and y axes, re-
specfively, arc tangeﬁt lo the AM =1 ellipse. Similarly, ny is also
the inverse ratio of the x wvalues of these points. In order to obtain
the correct sign for C-xy when using Eq. (G-3), .xp' must be pos‘itive.
This geometrical interpretation can be generalized to the case of more

than two phase shifts.
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