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S.CATTERING O F  POSITIVE PIONS ON PROTONS AT 310 Mev: 
RECOIL-NUCLEON POLARIZATION AND PHASE-SHIFT ANALYSIS ' 

' J a m e s  Herbe.rt Foote 
(Thesis)  

Lawr.ence Radiation .Laboratory 
.University, .of California 

Berkeley, California 

ABSTRACT . 

The recoil-proton polarization in  nt-p elast ic  scat ter ing ,at 

3 10- Mev incident -pion laboratory kinetic energy has been experi-  

mentally measured  at four scat ter ing angles with plastic scintillation 

counters.  These polarization resu l t s  have been combined with accura te  

differential-  and total-cross-sect ion data at  310 Mev, and a compre-  

hensive phase- shift analysis  performed. The D-wave phase shift6 

were  found to be definitely needed in o rde r  to  attain an  adequate fit to  

the data. A general  s e a r c h  for phase-shift solutions was c a r r i e d  out, 

using S-, P-, and D-wave phase shifts. The solution that best  fits the 

data i s  of the F e r m i  type. The calculated e r r o r s  in  the phase shifts 

of this  s e t  va ry  f r o m  0.4 to  0.6 deg. Because i t  was felt that these  

e r r o r s  might be deceivingly res t r ic t ive ,  the effects of sma l l  nuclear 

F-wave phase shifts on ,the r e su l t s  of the analysis were  investigated 

and were  found to  be l a rge ;  not only a r e  the uncertaint ies  in  the 

original Fermi- type solution increased,  but additional s e t s  of phase 

shifts that fit the data well a r i s e .  One of these  new solutions i s  s imi l a r  

to  the original F e r m i  se t  except that the magnitudes of the phase shifts 

in this  new fit a r e  in ,genera l  l a r g e r  than those in  the initial solution and 

the s igns  of the D-wave phase shifts a r e  r eve r sed .  The nuclear  phase 

shifts in the original F e r m i  solution and the i r  r m s  e r r o r s  a r e  (when 



F-wave phase shifts . a r e  allowed): .S- = - 17.2 * .2.6.deg, P = - 2.9 
31 1 3 , 1  

*4.0.deg, P g g 3  = 135.0 *0.6.deg, D3,,3 = 3.1.*2.6.deg,:D395= - 4 . 9 .  

. * . 2.1 . deg. F315,= 0.5 *0.6 deg, F317= - 0.6 1.4 deg. Although theory 

appears  to  fav0.r this  .set ,  fur ther  theoret ical  and, experimental evidence 

i s  desirable.  Inelast ic-scat ter ing pro,cesses were .neglected during the 

phase: shift analysis ;  c,alculations indicate, that,  if these pr.ocesses 

could groperly be taken into account, .  any changes in  the quo.ted values 

. . . of.  the .phase,  shifts .would probably, be well within t h e  corresponding 

. e r r o r s  given. here.  Extension of the ,phase- shift inquiries to  i n d u d e  

,G waves was .attempted, but it was 0bserved;that the available data 

and .theory do not allow the G- wave interaction . to be significantly in- 

. co.rporated. .into the analysis.  . . 

Results obtained for the recoil-proton p.ola:rization, re lated r m s  , . 

experimental e r r o r s ,  and mean center-of-mass recoi l  angles a r e :  

t0,-0_4.4.* 0. 062 at  114.2 deg, - 0.1.64 * 0.05.7.9 124.5,deg, -0.155 * 
... 0,044' at 1.33.8 deg., . and -0.162. * 0.037 a t  145,2 deg. The sign, of. the 

r e.coil:proton polarization . i s  defined to  !b,e positive wheri a p ~ e p o n d e r a n c e  

.of the protons recoiling to  the right s ide of the incident pi-mes.on beam 
6 

had. their  spin .vectors .. . p,ointing .up. A beam of 1 X 10 pions per  s e c  
2 

incident upon a : 1 . 0 - ~ / c m .  - thick l iquid-hydrogen.target produced the 

rec.oi1 .protons,. which .were then sca t te red  by. a .carbop, ta rge t  at  a .mean 

. energy varying with recoi l  angle f r o m  ,113 ..to 141 Mev. . . The polarization 

of the recoi l ,  protons was '.analyzed by measuring the a symmet ry  produced 

in .the .carbon scattering. . A proton beam of known polarization...was used 

: i n  o r d e r  t o  determine, the analysi!~g ability (measured  asymme't.ry divided 

, by the polarization.of the incident protons) of the sys t em .at each re.coil 

angle. Values obtained for  the .analyzing ability, va ry  fr,om 0.41 t o  0.57. 

- .  . . 

I . , . . ... 

.. . . ' .  ' .  ' 
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. . 
I. INTRODUCTION . - ' 

. , . .  . . .  

.. . The investigation o f ,  pi .mesons and.their interactions i s  of 

fundamektal iniportanced.to the.unders't$nding of riuclear phenomena. 

Fo r  example, we think .of nuclear forces .as' resulting principally . from 
' 

the':int'erchange .of pions .(positive, riegative, and.neutra1 'pi mesons) 
. . 
between nuclear par.ticlesi 'Because of the basic-nature of niicleons 

(neutrons and. protons), their interactions with pions i r e  .of particular 

significance. P*esent thsur,i.es . c ~ n c e r h i d g  pion-nsiclebn processes do 

'not  completely explain the.experimenta1 dat i .  T l ~ e  irnprovernent of 

the quantity .and quality of  .the knowledge obtained f rom pion. .experi- 

ments .will aid the theol-elical interpretation df the pracc.s se s iiwolved. 

Eventually, it i s  .hoped that sufficient data will be available so that 

one can accurately check any proposed theory desc.ribing the pion- 

nucleon 'interactio,n?.and. i t s  a s  s.ociated phenomena.. 

An important clas s of pion-nucleorl interactions includes 

nt-p and n - - p  elastic scattering. In order  to investigate these pro- 

cesses ,  we car1 measure  -%he differential c ro s s  section (DCS), the total 

c ro s s  section, and the polarization of the recoil  protons' as a function 

of scattering angle. Cross  sections have been measured by many experi- 

menters  at many energies and with varying degrees of accuracy. Mow- 

ever ,  very few measurements exist of the recoil-proton polarization 

in elastic pion-proton scattering because of the difficulty of obtaining 

pion beams of high energy and, in addition, high intensity. Beams with 

both of these characteris t ics  a r e  needed in order  that the polarization 

of ' the'  recoil protons .can be satisfactorily,  analyzed.. . If the.  flux of these 

protons' were not adequate o r  i f  their energy were too low, we would 

not be able to determine their polarization with the desired accuracy. 

The data obtained in IT -p  scattering experiments can be an- 

.alyzed by .the method of part ial  waves. In this type. of analysis,  the. 

quantum-mechanical wave .function representing the amplitude for the 

scattering process i s  expanded in a se r i es  of t e rms .  Each t e r m  i s  



* related.to a definite ..orbital-angular-.momentum state.of the,  .rr -p 

system and i s  .the q ~ a r t i a l - w a v e q q  function.c.orrespondin.g to.that 

pargicular. state. The states  with-the .orbital-angular-.mamentum 

quantgm number L = 0,.1, 2 , . 3 , 4 ~ ~ ~ ~ o a r e  refer red  to as  .S, P,.D, F, GI 

states. ,  The ..succ.es sive t e r m s  in tbe par.tia1-.wave. expansion. a r e  . there - 
fore known as. S, P, D, F, Gj - waves. Owing to the proton. spin,.  more  

than .one. total-angular -momentum state i s  usually, contained in each 

orbital- angular -momentum term.  

The partial  - wave .expansion. contains parameters  .called .the 

phase s.hifts, which depend upon the. characteris t ics  .of the interaction 

and which have zer.0 magnitude if there.. is no interaction. The pion- 

.nucleon scattering proc.ess i s  generally different for the diffe.rent orbital- 

and-total-angular-momentum states  involved.. Thus the. related phas.e " 

shifts .va ry  with . L and J ,  where J i s  the total-angular-momentum 

quantum number. The phase shifts a r e  obtainable. f rom such experi- 

.mental . resul ts  as  .cross-section. and .polarization measurements.  . The 

.amount of success .with w h i ~ h , ' a n . a n a l ~ s i s  .ia:terins s f  phacc ehifts .can 

be p,erformed i s  a ,measure of the c.ompleteness of the experimental 

data at the energy being ,considered.. A s.atisfactory, comprehe,nsive 

theory. must p.re.dict the behavior and magnitude. of. the ph.a,se shifts. 

These .parameters  . therefore .provide . a  .meeting ;place .for theory .and 

experiment. . The more  .accurately,.the phase shifts - a r e  known, the more  

severe.1~.  i s  an accept.able .theory limited. 

Although the partial-wave expansion. contains .an infinite .number 

. of t e r m s ,  we. neglect all.-but. the f i r  st.-few when .conside.ring the pion- 

nudle.on..nuclear interaction at moderate ..:energie s. In s . ~  doing,. we 

assume that.the orbital-angular-.momentum states  .of.higher order  (and 

.their related phase shifts) become important only, gradually, a s  .the .energy 

of .the incident pion increases.  This .assumption appear s,.reasonable 

f rom a c lass ica l  viewppint. Classically, an increase . in the  energy, of 

the pion i s  .related,to an increas.e in .the maximum.value of angular 

, momentum that can lie .within the reach of the nuclear force. F rom 
'... 



this point of view,:only,the S wave i s  important at.v'ery low energies. 

A s  the. incident pi meson obtains more  .energy, .. thk :P-.wave inte.r - 
.action begins to enter. At still' greater  energies,  we expe:ct to se.e .the 

effects .of D waves and.even.higher-order angular-momentuni states. 

Many phase-shift analyses of 7i -p ,cross-sec.tion.dat'a have 

been-p.erformed in. the past. At pion .laboratory.kinetic energies below 

about 200 Mev,. . the .experimental data have been fitted satisfactorily, by. 

u.sing only .the f i rs t  two t e rms  of the partial-wave .expansion, that ' is ,  

S and  P waves. Above the 200-Mev energy region,, the' possible 

participation of D - watks- in :the pion-proton interaction has made .the 

resul ts  .of.  the data analyses uncerta.in. It has %been difficult to  deter - 
mine the valuca of the D-wave phase. shifts because of the insensitive 

manner in-which'these .parameters  enter into the cross-sect ion equations 

and. the relatively large  e r r o r s  . in ,many .of the c ross  -section measure-  

ments.  % The indefiniteness of the D-wave phase shifts has introduced 

uncertainties in other phase shifts. Tn these ear l ier  analyses, not only 

have the values and signs of some of the phase shifts in  a solution been 

uncertain, but severa l  different types of solutions have been obtained. 

These dissimilar  se ts  of phase sh.ifts a r e  all  good fits to the data. 

Measurements of the recoil-proton polarization can be very 

useful in removing these  uncestaintiec. Different variations of the 

polarization with scattering angle a r e  predicted by, the various types of 

phase-shift solutions obtained when only the c ro s s  -section data i s  

available. On the basis of polarization measurements,  one may there-  

fore  be able to decide which type of phase-shift set  i s  the physically 

valid one. These measurements also improve our knowledge of the 

individual parameters  in  a solution because many of the phase shifts 

a r e  sensitive to the recoil-proton polarization data. The phase shifts 

related to D waves a re  especially sensitive to the resul ts  of polari- 

zation measurement s o  



. . 

There now exists a ' l imited .amount of experimental information 
. * 

' .  .on the polarization of the recoil  protons in -p elastic scattering. 

Kunze, Romanawski, Ashkin, and Burger used a counter-controlled 

,,> I 
- ..expansion c.loud chamber in .whi.ch a carbon analyzing targ,et was 

placed. They investigated scattering ,at  2 2 5 - ~ e i  incident pion 

energy. . (All energies.  mentioned inkhis ' repor t  a r e  in.the laboratory 

, sys tem unless .otherwise specified. ) The recoil  protons, which were 

, .produced. by the pi-meson beam, entered .the .cloudchamber and .were 

sca t tered  by:the carbon. target.. These .scattering events were photo - 
.graphed, and .the resultant t racks  .examined. . . The ,polarization .of the 

protons entering the chamber could.then be dete:rmined. In..this way, 

data were .obtained .at two recoil  'angles. 

In .another polarization. experiment, Gri'gor ' .ev. and Mitin in- 

vestigated .nt-p .scattering,at, 307 ~ e v w i t h  the aid of photographic 

emulsions. The .kmulsions served a s  both analyzer of the -recoil- 

proton polarization .and detector of the asymmetry. thus produced. 

Through use of this .method, they obtained the polarization of the protons 

at 'one recoil  angle. 

Vasilevsky, and Yishnyakov report. tentative . resul ts  a t  thre.e 

angles on. the polarization .of .the recoil  protons in .n--p scatter.ing. at 
3 

about 300 Mev. This i s .a  counter experiment and..employs .approxi- 

mately ,,900 Geiger counters to detect the .desired events.. 

The.re a r e  large experimental e r r o r s  :in al l  the recoil-proton 

polarization .results just discussed. Nevertheless, these .data have 

been useful in the analysis .of pion-proton..scattering. The poldrization 

resul ts  have .indicated,.that certain ..sets .of phase shifts . a r e  not physically 

acceptable. (The advent and development of the dispersion relations 

w liaver.als~ aided in eliminating certain ambiguities. ) Worthwhile in- 

formation has.. been obtained .concerning ,the magnitudes . and signs of 
t 

1.1 the n -p ,.D-wave .phase shifts; there  a r e ,  however, s.til1 sizable 

e r r o r s  associated with thes.e parameters.. Cons.iderable unce.rtainties ., 

,also exist in.the values of other 'phase shifts. 



Before a prec ise  set  of phase shifts can be obtained, accurate  

polarization experimerits a r e  needed. In deciding to per form this  type 

of experiment,  we have had to  consider carefully the ppoblem of ob- 

taining a high- ener ey, high-intensity pivri beam. We have fortunately 

been able to  produce a beam with the des i red  charac ter i s t ics  at the 

184-inch synchrocyclotron. The resulting beam contains positive pi 
6 

mesons and has a maximum intensity of apprnximately J X 1 0 pions 

per  sec  at about 300 Mev. This energy i s  adequately high s o  that 

D-waves should definitely be preserlt,  but yet snfficiently low so Llidt 

orily a minimum of inelast ic  scat ter ing s ~ ~ o u l ~ o c c u r .  Inelastic 

scatterirly i s  undesirable bccause i t  can,complicate  the measurements  

and subs cyuent analysis.  

Our pion beam has  now been used to  detect the polarization of 

the r eco i lp ro tons  in  IT+-^ e last ic  scat ter ing at  310 Mev. P las t ic  

scintillatiori counters were used for this  purpose. We have obtained 

data at  four recoi l  angles and with an accuracy considerably exceeding 

any previoua measurement  of this  kind. The polarization data have 

been combined with a.ccurate c r o s s  - se.ction data a t  310 Mev, azld a 
.,;:.'. .. . 

co~nprehens ive  phase- shift .  analysis performed. This ,  repor t  d iscusses  
I . .  . . . . 

the polarization measurements ,  the phase- shift analysis ,  and the resu l t s  

of these  endeavors. 



II. THEORETICAL BACKGROUND 

Before we consider the polarization measurements and phase- 

shift anadysis, a discussion of the relevant theory i s  in order .  Let 
. . 

us f irs t  discuss the quantities pertinent to the experiment, and present J 

the theoretical basis for expecting the recoil  protons to be polarized. 

The necessary formulas for the phase-shift ana1ys.i~ will then be 

developed: F.inally; . we will explain the various types of phase - s hift 

ambiguities that can a r i s e  in this kind of analysis. 

. A. Polarization . 

1. Polari'zation and Related ~ u a n t i t i e s  

In o rder  to define polarization .and i t s  related .quantities, . let  us 

employ, an x-y-z ~ a r t e s i a n - c o o r d i n a t e  system.. The associated 

.spherical angula'r coordinates 8. and 4 a r e  .define'd in the customary 
1 i * 

.manner. We consider a beam of protons moving along the z axis 

in. the t z  direction, with a scattering.,target placed.at, the origin. Let 
I 

the x and . z  axes l ie  in the horizontal plane and allow the .+y ' 

direction to be up. The polarization of the incident proton beam in the 

direction-perpen'dicular to the horizontal plane c a n  b e  defined as  

P = (N,U - .N,,)/(N~ + ND) where . NU and N,, a r e  t h e  numbers of 

.incident protons pe r  unit beam with their  spin vectors  pointing.up 'and 

. 'down, respectively. (When .we speak of protons with the i r .  spin .vectors 

' pointing paral lel  and antiparallel to a specified .direction, we a r e  r e -  

fer r ing  to the two distinct groups of protons obtained i n  a .Stern-Gerlach 

experiment in. which the inhomogeneity in the magnetic field i s  along the 

specific direction ,being considered. ) .* 
The angle Bi i s  measured with respect  to  the t z  axis,  and +i i s  

- - 

measured i n t h e   plan& with respect  to  the t x  axis,  the t y  axis 

. 1ping.at +=90 deg. In th i s  report ,  we designate general laboratory ' 

scattering angles by 8. and and laboratory angles a t  the center 
1 i' . . 

of the particle detectors by 9. and 3 where i . i s  an identifying sub- 
1 i' 

scr ipt .  



If a beam of protons i s  polarized in the direction perpendicular 

to the horizontal (x-z)  plane and i s  incident upon a target  composed of - 
spin-zero nuclei, one can write [ Eq. (6) of Chamberlain et al,, 4] 

l(ei ,  4) = I,(B,) [ 1 + P. P(Oi) cos (+i) l ' (II- 1) inc 

where 

I(Bi, +i) i s  the value of'the DCS for elast ic  scattering of polar- 

ized protons in the direction defined by the laboratory angles Bi and + ,  

Pint i s  the polarization (in the y direction) of the incident proton beam, 

I ( 8 . )  i s  the l3CS for the elastic scattering of an unpolarized proton 0 1 

beam under conditions identical to those for the scattering of the 

polarized beam, and P (Bi) i s  the polarization that would be produced 

by the previously mentioned elastic scat ter ing of an unpolarized beam 

(this polarization i s  perpendicular to the plane of the scattering). The 

quantities I (9.) and P ( B i )  depend upon the angle and energy of scattering 0 1 

and..the target  material .  

Let us consider the elastic scattering of protons in two directions 

defined by the same  value of Bi but with values of 4 differing by 

180 deg. For  Pint #= , 0, Eq. (II- 1) s ta tes  that, in general,  there  will 

be a difference in .the number of protons s.cattering in these two di- .  

rkctions. This difference i s  quantitative'ly described by Llle a8 ylllluelr y , 
'e, which can be defined a s  

(II- 2) 

The quantities' N(Oi, Oi) and N(Bi. +i + +) a r e  t h e  intensities of elastically 

scat tered protons at the designated angles. Combining Eqs. (LI-1) 

and (I4[ - 2),  one obtains 

e(Bi, +i) = P. ' P(Bi) cos ( + )  . inc 

i j ,  

(II- 3 )  



The asymmetry can be .experimentally determine.d by,;observing, 

with a protondetectpr ,  the intensities N(Bi, +.) and .N(8., 0. + n). The 
, . . 1 .  1 1  

c,enter of the detector is .customari ly placed at 4 values of 0 and 

- 180 deg, so that the cos ( @ )  factor of Eq. (11- 3) i s  .unity. Then one 

.meas.ures the largest  possible asymmetry for a given and Bi. Pint . 

A large a symmet ry i s  desirable in .order to minimize the effects of 

ce r t a in typesof  experimental e r r o r s .  Owingto the finite sizk .of the 

detector, an asymmetry averaged over a region of 8 and +i values 
i 

i s  obtained. We therefore rewri te  Eq. (11-3) as 

- - 
e (8.) 1 = F.. P (Oi) , inc 

where the bars  indicate that the quantities a r e  average .values and . 

.@. . is  .the value. of 8 ,at the .center of the particle .detector. In .ob- 
1 i 

taining .Eq. (11-4), we have assumed 4 . .  = 0; any,. significant variation 
1 

f r o m  t 1  of the cos . (+i) factor in Eq. (11-3) i s  included in B(o.). The 
1 

bar over P. .allows for averaging ,that may, take place when obtaining inc i. 
the protons. 

The scattering of a polarized beam in.0rde.r to determine i t s  

polarization is  . refer red  .to a s  an "analyzing" scattering. A proton 

.that has been. s.cattered and .then.detected'is: desigiated a n .  "analyzed" 

proton. The factor P(e . . j  in Eq.  (11-4) i s .  ca l ledthe  . "analyzing ability" 

of. the arran,gement. . This- i s  .not to be confused with. the1-'analyzing , 

effici,ency,!'which i s  .defined la ter  in Table V. 

..We have discussed only elastic.scattering in.this section. When 

.protons a r e  incident upon an.  analyzing ;target such a s  carbon, inelastic 

scattering can also occur. Although some kinds of.inelastic processes 

ma.y produce a s  la rge  an asymmetny a s  the elastic scattering, other 

types do not. Thus the inelastic reactions.tend to lower the average 

measurable asymmetry. We therefore t r y  to arrange .the experi.menta1 

conditions in .an.asymmetry, measurement so as  to discriminate against 

a s  .many,of the inelastic processes a s  possible. 



2. Recoil-Proton Polarization 

F e r m i  examined t h e o r e t i c a l l y t h e e l a s t i c ~ c a t t e , r i n ~  of on 
. . .  . . ... .. & 

unpolarized protons and showed that one can  in general  expect the r e -  
. . 

coiling protons to  be polarized.   he po la r i za t ion  will' be perpendicular 

to  the plane of the scattering. We now discuss  a few aspects  01 pion- 

proton elast ic  scat ter ing and obtain an expression for the recoil-proton 

polarization in t e r m s  of scat ter ing amplitudes. 

It i s  convenient to  d iscuss  the pion-proton sca t te r ing  in the c.enter- 

of -mass  .(c. In. ) system. Let the scat ter ing take place in  the horizontal 

plane, which i s  experimentally the s implest  plane to t r ea t .  We can con- 

sider either the pion o r  the proton to  be moving in the t z  direction be- 

fore  the collision. The scat ter ing i s  assumed to occur  at  the origin 

and,the t y  direction i s  again up, perpendicular to  the plane of the 

scattering. The spherical  angular coordinates in the center  of m a s s  will 

be denoted 6 and 4 (with no subscript) .  We will use  the symbol Bc. 

to  represent  the angle in the c. m. sys t em between the direct ion of 

scat ter ing and the init ial  direction of motion of e i ther  particle.  This 

angle will be r e f e r r e d  to  a s . the  c. m. scat ter ing angle. 

Quantities that r ema in  constant during the pion-proton elast ic-  

sca t te r ing  p rocess  a r e  the  quantum numbers  J (total angular momentum), 

L (orbital  angular momentum), s (proton spin),  and M (component of 
J 

the total  angular momentum in the z direction). The quantum number 

L remains  constant because i t  can only change by one unit and s t i l l  

combine with s to  conserve total  angula= momentum. Such an al terat ion 

in L would violate a basic assumption in this  discussion, the conservation 

of parity.  Although L and s cannot change during the sca t te r ing  p rocess ,  

the components of the orbi ta l  angular momentum and proton spin in  the z 

direct ion can  change. This situation gives r i s e  to "spin-flip1' scat ter ing,  

in  which the component of the proton spin in  the direct ion of the incident 

beam i s  reversed .  



In order  mathematically to express Fe rmi '  s conclusion that the s- 
coiling protons will be polarized, let a and P represent  the proton 

spin states  corresponding to the spin in the t z  and -z directions, 

respectively. We denote the c. m. elastic - s cattering amplitudes by 

the symbol '!S" with two subscripts,  where the f i rs t  subscript refers  

to the final spin state and.the s.econd to the initial spin..state (the reverse  

of F e r m i ' s  subscript notation). Thus,the non-spin-flip s.cattering 

amplitudes will be denoted S and .S  and the spin-flip scattering 
.aa PP;. 

amplitudes, S and S 
aPO 

These four scattering amplitudes a r e  
Pa 

functions of the c. m. scattering angle (see SectionII-B- 1). 

The elastic scattering of a beam of pions on unpolarized protons 

can. be described ,in t e rms  .of the .scattering amplitudes just p.resented. " 
' 

If NU and ND a r e  the numbers of the recoiling:p.iotons per  unit 

incident pion beam with .their .spin. vectors .pointing in  the t y  , and -.y 

directions, respectively, then Fermi  has shown that one can write (see 

.Appendix A for derivation) 

where both expressions co'n.tain.the same constant of p.rop.or,tionality. 

In his. derivation, Fermi  uskd t h e  equalities Saa  = S and .S = - .S 
PP P a  ..aP ' 

We will discuss these equalities in. Section 11-B- 1. 
. . 

Let I denote the DCS in the c. m. system.for  the pion-proton 

.elast ic  scattering, and let P be the polarization of the recoiling 
I \  

Using Eqs. (11- 5), one obtains 

and 



. . . . . . .  

Because the. sca t te r ing .  ampli tudes a r e  complex aqd va ry  -with scat ter ing 
. . 

angle (see Section. 11- B- 1 ), the polarization .&ill be differ'ent in general  

f r o m  zero  and will va ry  with angle. Equation (11-7). shbws that t h e r e  can 
. . . . . . . , 

be no polarization unless  both spin,-flip arid no~-spin-fl ipscatte ' r ing 
J . .  ' . . . ,  

occur.  . , 

We can de termine  the polarization of the recoiling at  a 

specific lc~Lul  alu l  y a l ~ g l e  Isy ptrfor l i~i i lg  a11 . a n a l p i n g  ocattcring ;l~ 

described in.Sectio11 11-A- 1. Let us rewr i te  Eq. (11-4) a s  

. where 1 . r e f e r s  to  the pion-proton scat ter ing,  and 2 to  I&& arlalyzing 

scattering. According to  Eq. (11-8), we can ascertain. . the recoil-proton 
- - 

polarization, PI. by measuring e LO2) and B2 (B2) . Our a s y m m e t r y  

measurements  will be .descr ibed in Sections 111-B and ,111-C. The 

deterlnination o f  F2 .(e2) will be discussed in Section 111-D. Once the 

polarization a s  a function of laboratory scat ter ing angle has  beenmeasiired, , 

a relat ivis t ic  kinematical transformation yields the polarization a s  a 

function of c. m. scat ter ing angle. Because the polarization i s  perpen- 

dicular  to the plane of the scat ter ing,  i t s .va lues  do not change in  the 

t ransformation;  only the scat ter ing.angles  change. 



B. Phase-Shift Formulas 

In this section and i t s  related appendices, we apply the method 

of partial  waves to pion-proton scattering. Expressions for-the non- 

spin-flip and spin-flip elastic - scattering. amplitudes a r e  derived. Both 

nuclear and Coulomb effects a r e  take; into account. Also, we incorporate 

into the equations f i rs t-order  relativistic corrections to the Coulomb- 

scattering amplitudes. Finally, we discus s our phase - shift notation and 

the utilization of  the general phase- shift equations. . 

1. Equations Describing Pion-Proton Nuclear Elastic Scattering 

I The .wave function describing the scat tered particles in pion- ~ .proton nuclear elastic scattering c.an.be separated into a non- spin-flip . 

( N F )  and .a spin-flip (F) part : 
T 

where 

and 

with 

g,(@) =a 

ikr  
e 

SNF = g( 0) - . r 

ikr 

and 

. . : (11-13) 

These :results a r e  derived in Appendix' B; 



'\ . . 
Definitions of qualitities''f6bnd i n  Eqs; (11- 9) through (11- 13) a r e :  

. . 
: -L"=- orbital- angular -momenturn quantum number ,. . . 

r .= distance .between the two particles :.invoIved...in th.e 'rsll ision, 

. . 8, 4 .= spherical angular coordinates defining., the-direct.ion..of 

. . sc.at'tering'.of the particle (either pi'on o r  proton) considered 

' .  . . ' to  move in the t z  direction before:the collision, .. 
\. 

)t = wavelength of either particle in the c ,  m. system (k.=l/k), 
* 

6 = phaseshi f t s  related .to s tates  with a specified I ,  and ki th  

~=L*1 /2 ,  where J i s .  the total-angular-momentum quantum. 
* 

number (the definition :of b . i s  given in the next paragraph), L 

Ms 
X = proton- spin wave function, 
, 1/2 

MS = z component of the proton spin (i1 the proton i s  in the spin 

state u, MS=t1/2; i f  the p ro ton i s  in the state p, 
. . . . 

MS=-l/2), 
I M = value of M before. the collision (I=initial), S S 

PL(cos 9 )  2 Legendre polynomial, 

* 1 
Y L  ( 8._+), = spherical  harmonics 

The upper sign in the superscript  on the spherical harmonic i s  to be used 
I for  MS = + 1/2; the lower sign, for MI = - 1/2. 

S 
The b t  factors  in Eqs. (11- 12) and (11- 13) have magnitudes l e ss  

than o r  equal to unity, and take into account inelastic reactions. By * * * 
setting b t  = exp (-2PL). the expression b exp(2itiL) can be written L - 
exp 1 ~ i ( 6 . L  + i ~ c  ) ]  . Therefore inelastic s ca t t e r i ng  can be represented  

. . 

mathematically, by coillplex phase .shifts. In..this . repor t ,  the t e r m  



* * 
.phase..shift will refer  to just the rea l  par t ,  -- 6-L.  The b L  factors 

will be called ssinelastic parametersD9. Often.we will. se t  al l  the. inelastic 

:equal to unity, . thus neglecting inelastic processes. 

The .phase shifts .always .enter into the equations in  .the form 
. . . 
. . 2 C L .  Thus multiples of 180 deg c a n b e  addedto  or subtracted f rom 

. the phase shifts without changing any function .of these .pararneter.s., . 

Before quoting ,phase- shift values, we will freque'ntly. make .changes of 

180 deg in..order to reach a.:desired ,angular regi'on. 

The quantities ..S and S,F in..Eq. (11- 9 )  a r e .  the non-spin-flip 
NF . 

and spin-flip . sca t ter ing  amplitudes introdiced in..~ection'.11-A-2. .The 

equalities. menti&kd iri.that section.can .now be S.een to be true.  F rom 
. . 

Eqs. (11- 110) and (11-1 2) we see that S i s  .inc$.ependent o f  MI ' and 
i -  .N F . 2 S' 

therefore , .sad's 
PP' 

Setting + equal. to .0  o r  180. deg .in. Eq. {II- 151, 
. . 

and using,Eqs. (11- 111) and (11-1 3) ,  we obtain .the relationship 

5 .  =-s  his .spedificktion of the + value i s  actually, no restriction : P a  .a@.' 
bkcause.one may, choose .the x-z 'pl.ane,. whish contains +=O and 180 deg, 

, . 
to  coincide 4 t h  anyycattering plane of interest;  

' 

. We .now write .the .equations for . the DCS and the recoil-nucleon 

. .polarization in . e l a s ' t i ~ . ~ i o n - ~ r o t o n  scattering in t e r m s  .of g(8) and 
. . .  . . 

h,(8, $1,; to  which we. apply the a .and P subscript notation. (In the. r e s t  
, ,- . . . .  

of th is .  report we will call g(8) and h(8, $1 t'he non- spin- f l ip  and spin-flip 

scattering amplitudes. ) For +=o' o r  180 deg, we can write 
i 

and . . 

These expressions have been obtained f rom Eq. (11-6~.in..conjunction. with 
6 

~ e t h e  and de Hoffmann  and.^^: (11-7). With $ specified, gab a n d  h 
Pa 

depend on ly  on the .  one .angular coordinate 8. Because .8 can.. r e fe r .  to  the 

angle between the direction of scattering and.the initial direction .of motion 



of either particle,  we have used the symbol 8 in Eqs.. (11- 16) and 
c .m .  . . . . . . , . . 

(11- 17) following the definition in Section 11- A- 2. . . .  

If we change the angle. + in Eq. (11- 15) f rom 0 to ,180 deg, h 
pa' 

and therefore the polariz8tion, changes sign. Thus p o t o n s  recoiling 

at the same angle with respect  to the incident pion beam, but on opposite 

sides of the beam, will have polarizations of the same magnitude but of 

2. Inclusion .of Coulomb Scattering 

a. Scattering amplitudes with the Coulomb interactioA present. A 

localized aucltal- interaction was assumed in  t h e  de6el.oprnent of 

Eqq. (11- 12') and (11- l3):9 When the infinite-range ~ o u l o m b  .inl;;raclion i s  . 

also included i n  the analysis, the situation becomds more '  complicated. 
. . 

According to  Mott and Massey, ' E ~ s .  (11- 12) and (11- 13) c=n also be 

employed to descr.ibe the scattering of a spin-.1/2 particle by a pure 

Coulomb potential. If we riow add a local nuclear interactibn to  the 
. . 

Coulomb scattering, the outgoing parts  of the wave function d e ~  cribing 

'the interaction ar.e .expected to differ only in phase and ..amplitude f rom 

those i n t h e  pure Coulomb case ,  in anaiogy to  the partial-w&ve treat- 
9 

merit in Halliday.  h his' idea i s  discus sed on pp. 1 1  9- 120  of Schj ff.  ) 
' .  

~ h e r e ' f o r e  expressions 'in the lorm of Eqs. (11-12) and (11-13) can also 
. . 

describe the elastic scattering'  ar is ing from a combination .of Coulomb 

and nuclear interactions. With Coulomb scattering included, the phase 

ikr  in Eqs. (11- 10) and (11- 11) i s  replaced by i[ k r  - n ln(2kr)],  where 

n will be defined later .  " The additional phase. factor a r i s e s  f rom the 

fact that the wave.function can be distorted by the Coulomb interaction 

even at large distances f rom the scattering center.  + 

With both nuclear and Coulomb scattering present ,  we can write 

the non- spin-flip and spin- flip elastic - scattering amplitudes a s  



Et n 
g T ( 4  = - . exp {-in in [ s i n  (8/2)] 

2 sin2(8/2) 2 .  i 

where T denotes the total (nuclear plus Coulomb) scattering. In 

Appendix C, we obtain these resul ts  from expressions in the form of 

Eqs. (11-12) and (11-13), The phase shifts 
L 

and the inelastic 
* 

parameters  b now describe the total interaction. The quantity mL L 
i s  zero  for L=O and i s  given by 

Z 

. - .  
for L 1 , with . . , . . - , .  . , 

where Ze and Z '  e a r e  the charges of the interacting part icles ,  and 

v i s  the laboratory velocity of the incident pion. Although we will refer  

to YL, a s  the nonrelativistic Coulomb phase shift of o rder  L, i t  i s  actually 

the difference between the nonrelativistic Coulomb phase shifts of order  

L and of order  zero. Equations (11- 18) and (11- 19), in a slightly different 

form and with the inelastic parameters  ,set equal to unity, can be found 

in th& work of Critchfield and Dodder. 
10 

The f i rs t  t e r m  in Eq. (11-18) i s  the nonrelativistic Coulomb- 

scattering amplitude, which approaches infinity as the scattering angle 

approaches 0 deg. Because of this singular behavior, we will find the 



f o rm  of Eq. (11- 18) an advantageous one. The summation in this ex- 

pression f o r .  g '  (' 8 )  contains -just the.diffef.&ice betweeill the total and T 
the nonr elativistic Coulomb- scattering amplitudes, and i s  .expected to 

c.onverge 'more  rapidly. illdrl, ail expansion. in .the form of Rq. (11- 12). 
. . . .  . 

Let us divide 'the phage shifts desdribing .the total interaction 

into a pure Coulomb part  and an additional portion that a r i s e s  only 

when the nuclear interaction i s  added to the C o u l d  interaction. We 
- * 

then. can .write the total phase shifts a s  
L - 2 . L  + 6 . ~ ,  N* 

.where the 

symbols gL represent  the complete Coulomb phase ,shifts o f  order  L * *  * 
L'+ A E L  . The quantities A q L  a r e  corrections and a r e  se t  equal to' 5 . . 

to  HL, due to modifications of the rlollr elativistic Coulomb scattering. 

The modifications that we will discuss a r e  the relativistic corrections 

given by Solmitz. The quantities 
6 ~ , N  

approximate the pion-proton 

nuclear phase shifts of. order  L. It i s  to b,e s t ressed that they, a r e  only 
/ 

approximations ; the quantities obtained when the pure Coulomb phase / 

shifts a r e  subtracted from the total phase shifts sti l l  contain remnants 

of the Coulomb interaction. We assume that the additional c u r  ections ., ..:-. 

needed.to obtain the t r ue  nuclear phase shifts a r e  small. 

* f 
As in the case  of zL9 the phase shifts 6 (and <) ?re  actually 

L 
the differences between the total phase shills (and the complete .Coulomb 

phase shifts) of o rder  L and the nonrelativistic Coulomb phase shift 

of order  zero. A few remarks  summarizing the notation and phase- .. ' 
shift  transformations of this section and Appendix .C may be of value 

. . 
at this time. In t e rms  of the notation in Appendix C, the phase shifts 

. . 
where .* f 

. L ' .  T L '  and q and denoting 
L ' 

$Cr:gL + AS:. These 

last:  equations. a.re those presented above. : 



ij.. F i r s t  -0rde.r relativistic Coulomb corrections. Fir st-.order r e -  

lativistic corrections to the nonr elativistic . Coulomb- scattering ampli- 

tudes can .be written 

(non- spin-flip correction),  (11- 21) 

and 
- X n B s i n  6 AhC = + - e ($$dliir' correction) , . (11-22) 

2 sin2.(6/2) 

f3 p = c. m. velocities of the proton.and pion, divided by P' IT 

t@e.:ue'locity of light, I 

\ 

pP = magnetic moment of the proton in.nuclear magnetons, 

and 
2 

n = e /rv (the + sign i s  for  IT'-^ .scattering, t h e  - 
.sign i s  for  IT--^). i 

11 
These formulas.were obtained .from Eqs. (2 )  and ( 3 )  of Solmitz; . we 

used the  relationship v/c ,= ( f in  + P ) / ( I  t PIT Pp). where (as i n t h e  , P .  
e ~ p r ~ e s s i o n  for n) v . is the laboratory. velocity of the incident pion. 

The'.effect. of the magnetic moment of the proton i s .  included in these 

correc t ions .  The double sign .before the expression for ahC,  a n d  the 

e factor after,  a r e  nece s sa ry  t o  account for the two sible .ihitial 

spin states.  Once ,again, the upper si,gns . refer  to  4 = t 1/2, +nd.the ' 

1/2. The order  of these s i gnshas  been chosen lower signs .to M = - S"  
so that the relative .phase of the nuclear and ~~~~~~~b spin-flip scattering 

amplitudes in'.Eq. (1) of reference . l  1 agrees .  with the corresponding 
' 

. relat ive phase in .our Eq. (XI- 3 1). 



T.0 incorporate.  these c.orrection.s .into our analysis ,. we shall . . . .  . . 
decompose them .into partial  wave,s. This will allow t h e m t o  be 

separated into two parts ,  one corresponding .to states with .L ,C.L MAX 
and the..s econd 'part kdntaining the remainder.  The quantity 

. . L~~~ 
: .  is; the maximum value .of ,the quantum number L whose related partial  

wave i s  affected by the nuclear interaction. For L < LMAX, urlitarity 

will be .maintained by employing the usual partial-wave expressions but 

now interpreting part of each phase shift a s  arising from the correction 

terms.  These phase - shift corrections wi l l he ~st ixnated  by eompari i~g 

the f i rs t -order  Solmitz corrections with Eqs. (11- 18) and (11- 19), these 

la t ter  a l ~ o  taken to luwest order .  Our basic a'ssumption will be that 

these corrections to the Coulomb phase shifts a r e  not al tered by the 

other interactions. We will subtract them, along with the nonrelativistic . 

Coulomb phase shifts, f r om the total phase shifts, in order  to obtain 

estimates .of the nuclear phase shifts. In contrast to the method for 

L 5 LMAX, the part  of the correction AhC lor L > LMAX will 

simply be added to  the r e s t  of the spin-flip scattering amplitude, with 

no attempt being made to preserve  unitarity in the higher-order s tates  

(see Section 11-B-2-c). 

If only the Coulomb interaction were present,  we could write 

the scattering amplitudes, to  the accuracy.used by Solmitz, a s  

and '- 

- hC,,S(e, 0) = dlc - (11- 24) 
L=, 1 



where ,C and S refer to .Coulomb and Solmitz,' .respectively;' . Using 

the, orthogonality of the Leg,endr e polynomials '.and ixpherical' harmonic s , 
.we find . . . . .. 

g~ = O  for L & 1 ,  (11- 26 j 

and 

L 

. We .now wis,h to compare the Solmitz f irst-order expressions for 

the scattering amplitudes with Eqs. (11- 18) and (11-.IS), . which a r e  
I 

written .in .terms of phase shifts. With no nuclear interaction present, * G L  = P L  = SL t AC and the inelastic parameters a r e  unity. Comparing 

Eqs. (11-23) and (11- 24) with Eqs. (11- 18) and (11- 19) when the exponentials 

in tKe latter two equations a r e  expanded just to f irst  order ,  and allowing 

only. the Coulomb interaction, we. obtain 

and 

4: k [ ( L  + 1) A $ ~  + LA&] 5 ~g~ for L = 0 
(11- 28) 

=:k n .B 2L + for L 31. (11-29) 
L L  111 

Equations (11-2.5) through (11-27) were used in deriving these results.  

From Eqs. (11- 28) and (11- 29), . one obtains the following ,expressions for 

the corrections. to the nonrelativistic Coulomb phase shifts: 

for L , '+r.m 
.-.:nB for L 3 1 .  A& -- 
L 

Using these . results  and. Eq. (11-20), we can compute ,the numbers .pre- * 
-sented i n .  Table I. It i s  observed .that the quantities A$ a r e  small  and, 



Table I-...: Nonrelativistic. Coulomb phase shifts, .  f i rs t-order  relativistic 
. . . . . _ .  I 

corrections, and corrected Coulomb phase shifts (deg). . The signs 

given here apply to nt-p scattering and a r e  reversed for nT-p . The 

,incident pion laboratory kinetic energy i s  3.10 Mev. 



for  low L, 9 i s  also small. Thus, for low L and 8 not too near  
L 

0 deg, the approximations made in expanding Eqs. (11- 18) and. (11- 19) 

to f i r s t  0rde.r (with only the Coulomb interaction .allowed) a r e  justified. 

c. Final fo rm of.the scattering amplitudes. If we a r e  .advantageously 

to apply. the method of partial  wave.s to our data-analysis problem, we 

must limit to a finite number the t e rms  in the summation expressions 

representing the .elastic-scattering .amplitudes. When conside.ring the 

nuclear inte.raction only, we assume that the phase shifts. related .to L 

values above a certain maximum value ( L  MAX 
) a r e  zero. In other words, 

the nuclear short-range interaction i s  expected to appreciably influence 

only. a finite .number of the incident partial  waves. On the other hand, 

the infinite-range Coulomb potential affects the partial  waves related 

to all  values of L. In order  eventually to limit the number of t e rms  in 

the summation in Eq. (11- 181, we separated out the nonrelativistic 

Coulombscattering amplitude. We can res t r ic t  the number of t e r m s  in 

Eq. (11-19) by treating AhC in a similar  manner. The correction Ag C 
poses no problem because i t  i s  a constant, independent of 8. 

Let us divide the summations in Eqs. (11- 18) and (11- 19) into 

two parts ,  the f i rs t  corresponding to s tates  with L \< L MAX and the second 

containing al l  other states.  The contributions to gT(8) and hT(8, +) for 
f 

> L~~ a r i s e  f rom the Coulomb corrections (if  A$L = 0, these higher- 

order  angular-momentum contributions a r e  also zero). . We will replace 

these higher-order summations by the L > L MAX 
parts  of the Solmitz 

amplitude corrections. All of AgC has been included in the L = 0 t e r m  

of gT(8). so we set  equal to zero  the > L~~~ portion of gT(8). We 

include the L > LMAX part of a h  by adding the entire QhC and then 
C 

subtractingoff the L 4 LMAX portion. We therefore replace the 

> L~~~ summation in hT (8, +) by 



Equations (11-24) and (11- 27) were used i n  obtaining this , last  expression. 

-Our general form's of the non-spin-flip, and spin-flip elastic- 

scattering .amplitudes can now be written " .  

hT(B, +) = T k n  B sin 8 .fi+ 

2 s,in2(8/2) 

$11-31) 
In obtaining these expressions, we used Eqs. (P-18)- and (11-19) \ 

. in ..conjunction .with the results  of the last  paragraph, and Eq. (11.- 22). 

We summarize .the. sign .conventions ' employed in :Eqs. (11-3'0) and. (11- 3.1.): 

(a) In each place where double signs occur in.the expression 

for hT(8, +), the upper sign i s  to be used when MI - +  1/2; t h e  lower 
S - 

d sign, when MS = - 1/2. 

(b) The * superscripts  on and bL refer  to states with 

J = L * 1/2. 

( c ) .  The quantity n i s  positive for scattering, and 
5 .  

negative for. 

Equations (11-30) and (11-31) a re  similar  to expressions that a r e  

obtained if one simply.,adds the nuclear and Coulomb scattering amplitudes. 

However, differences exist because the method presented here  .adds 

nuclear and Coulomb phase shifts.  rather .  thaz zr;.,p?it~des foi. L \<.LMAXo 



Exc 

i s  e 

ept .for .the modifications .due,to the S,olmi,tz co:rr.e.ctions,. our approach 
1 7  
1 L. 

ssentially: that used by Stapp, Ypsilantis, and Metropolis. 

3. Utilization .of the General Equations ; Phase-Shift Notation 

In 0rde.r to  obtain..e'quations for the DCS .and.recoil-proton 

polarization in t e rms  of phase shifts, when both nuclear and Coulomb 

effects. a r e  present,  we substitute the scattering amplitudes given in 

Eqs. (11-30) and (11-311) into Eqs. (If-16) and (11-17). These-resul ts  a r e  
t general in that they c.an be .applied to either n -p o r   IT--^ elastic 

scattering. Howeve.r, i t  i s .  not -advantageous to apply ,Eqs.. (11-30) and 

(11-31 Q direct1y:to ~ i -  -p. elastic scattering because. of .the sizable amount 

of charge-exchange scattering that must be taken into account by the 

inelastic. parameters .  One customarily assumes the  conservation.of 

isotopic spin. Then, with..appropriate .modific.ation, Eqs. (11- 30). and 

. (11-31) can be u.sed t o  'describe  IT--^ elastic 'scattering. In the remainder 

of this.  repor t , .  we. will usually;res.trict our considerations. to the scattering 
+ of IT mesons off protons. 

The phase-shift notation .that we will employ i s  given in. Table 11. 

The .conventional symbols . for  the. S-, P-, and D-wave phase shifts have 

.been modified in order  to  present a consistent notation when ..F, waves 

a r e  included .in. the analysis. As before, .the f i r  s t  subscript is.  twice 

.the total isotopic spin, and. the second i s  .twice the total angular. momentum. 

Because we a r e  dealing with  IT+-^ , scattering,, only the state d t h  isotopic 

. spin .of 3/2 .enters into the interaction! 

The application .of our general phase-shift equations .to the analysis 

of. scattering data by an.electronic computer i s  .discussed in Appendix: D. 

Formulas a r e  presented .that enable one to  change a phase.  shift and. r e -  

calculate values of She polarization and DCS without being,required to 

recompute any, trigonometric functions. 



t.:. Table 11; Phase-shift notation for n -p scattering. .  . . 

L J Phase-shift 
symbol 



In Appendix E we present several  . . useful phase-shift equations, 

which can be obtained f rom the r n ~ r e . - ~ e n e r a l  formulas, of Secti0n.U-B. 

1ncluded.are expressions' f o r  the total nuclear 'c*'oss .section,..the total 

nuclear elastic- and ine.lastic- scattering ,c.ros s sections, and the. r ea l  

and imaginary. parts  .of the nuclear forward elastic-scattering~amplitudes. 
. . . . . . 

C. Types of Phase-Shift Solutions 

Owing .to the nature. of the. equations, more  than one set of phase 

shifts have ar isen  in .the analysis of pion-proton scatte.ring data. Each 

set  has distinct chara.cteristics .and, within .certain limitations, yields 

a .satisfactory fit to the experimental data. It i s  .important to determine 

which of th.e several  possible solutions corresponds to the t rue  solution. 

The sbrkbu,s unceirtainties in th'e nt-p phase shifts may be .classed.as 

the Fermi  - Y ang- Minami ambi-guity, , the. D-.wave .phase.- shift ambiguity, 

and the uncertainty in the absolute sign of a given set  of phase shifts. 

(In the ambiguity discussions to follow, we neglect inelastic scattering. ) 

1. Fermi  .and Yang Solutions 

.. . 
The pbase-shift set  known a s  thk Fe.rmi type i s  the most.uni- 

&rsal ly accepted solution. Its principal characteris t ic  i s  a la rge  

P3, 3.  which passes through 90 deg in the re.sonance-energy: region near  
. . .. 

ZOO-Mev pion laboratory. kinetic energy. Other. chara.cteristics of the 

. . . Fermi  set  include a smal l  P and a relatively, smal l  S3,  1 ,  ev.en a t  
3 , 1  , ., 

. energies as  High as .300 Mev. I '  . 

The Yang-type s.olution orlginally.,arose. in connection with 

: analyses that assumed. all  nuclear phase shifts to be neg.ligible exce,pt 

-those related to S,,, and .P waves (hereafter r e fe r red  to as, S P  analyses). 

... When fitting DCS data alone, only the absolute square.s .of the non-spin- 

flip and.spin-flip scattering amplitudes enter into the equations.. The 

relative s,ign.of- these .amplitudes .is unimportant because there  i s  no 

interference te:rm involving them. under these circumstances, .  the 

analysis of the partial-wave -amplitudes.leads.to the resul t  that, 'besides 



. . . . 

the. Fermi  se t ,  there  i s  another set of phase sh i f t s  that wi'll. fit t h e  data 

well. Let us denote the Fermi  phase shifts b< symbols ,without pr imes ,  

and the second (Yang) set  by symbols with primes;  '   hen, . negl';cting 

' coulomb effects andconsider ingonly  the phase' 'shilts, w6 can  
. . 

' write .e.quations relating the two solutions : 
' 

where 
2 sili(2 P ) + sin (2  P3, 3,.3 

tan w = 
2 cos(2 P ) t cos ( 2  Pg, 

3 , 3  
. . 

These expressions lead to the r e s u l t t h a t . P 3 ,  - P3, 1 A (PI 3, 3-P1 3, 

(The preceeding equations c.an be unde r s to0d .b~  ai appropriate plotting 

of the relevant part ial-kave amplitudes in the complex plane;') Recanse 

the relative sign of the non- spin-flip and spin-flip amplitudes enters  

into the polarization expression, the Fermi  and Yang solutions predict 

different variations of the polarization with angle. 

2 .  Mina~ni and Uther Solutions 

.. Another type of phase-shift se t  that occurs i s  the Minami 
13 

solution. In order  to obtain i t  f rom the Fermi  solution, one separates 

the phase shifts :into groups o f  two, each group containing the phase 

shifts related to s tates  of the same total is.otopic spin and total angular 

momentum. If we then interchange the values of the phase shifts in each 
. . .  . . 

.pa'ir, arid we do this simultaneously for all  pairs ,  we obtain the Minami 

solution. As applied to rr'-p scattering, the Minami transformation 

means the interchanging of the values of the phase shifts S3, 1 and 

P3, l '  P3, 3 and .  D 3 ,3 '  D3, 5 and . F 3 ,  5., and. so forth. .Because P 
3 , 3  

of.the Fermi  solution i s  la rge ,  D3, 3 of the Minami solut'ion will be 

large. If the Fermi  solution i s  a good f i t  to  the existing DSS 'da ta ,  



. . . . .  . 3 . . 
the corresponding5,Minami solution will als;o fit the data well. Onthe  

. . . . 

other hand, the twosolutions predict different 'behaviors for the polari- 
, , .  . 

. zation because. the Minami .transformation .causes the sign of. this 
. . 14 . .  . 

quantity:to . . reverse .  
. .  . . . . . 

The transformatibn just described can also be appliedto the Yang 

solution. l 5  We shall  refer  to the resulting se t  of phase shifts a s  the 

sqMinarni- Yang." type, a s  opposed t o  the " ~ i i a m i  type, which i s  obtained 

f r o m  the Fermi  set.  

. ' For every., solution obtainable in .an 8 SP analysis,  two solutions 

can occur when the pion energy i s  sufficiently high so that the D-wave 
16 

nuclear phase shifts a r e  not negligible. We again assume that only 

DCS data a r e  being fitted. The D-wave phase shifts in the two com- 

peting se t s  have different characteristics.  The polarization i s  especi- 

ally, sensitive to these phase shifts and will behave.differently for the 

two solutions. 

Although Coulomb. effects are no t  helpful to us in attempting ..to 

resolve the ambiguities previously discussed, Coulomb scattering can 

be very useful in-determining the absolute sign of a set of phase shifts. 

Assume that only , DCS data exist and only at c. m. s catteringiangles 

sufficiently large  s.o that Coulomb-nuclear inte.rference.effects.are .small. 

Then, . for each set of phase shifts that  satisfactorily fits the data, another 

set .  that also fits can be found .by changing ,the signs of all  .the phase shifts 

in..the f i rs t  set. That i s ,  only. the r.elative sign.of the phase shifts can 

be .determined .from the assumed .data. On.the other hand, if adequate 

DCS . measurements . a r e  available .at sufficiently, small  angles, the 

Coulomb-nuclear interference effects can reveal  which o f  the se ts  .of 

signs. is. correct :  one se t  predicts .destructive interference at s:mall angles; 

the other set ,  c.ons.tructive. Besides reversing the .Coulomb-interference 

.effects, .the pr.ocess .of inverting the sign of every phase shift a lso inverts  

the sign o f t he  polarization .at all  angles. 



We have seen how the different possible solutions predict  var ied 
. ,  . . . .  

behaviors' for the polarization a s  a function of ang le .  ' ~ e a s u i e i k n t s  of 
. , 

the recoil-proton polar i ia t ion a r e  therefore useful in the investigation : 
. . . .  . . .  . , 

of the pion-proton phase- shift ambiguities, 
t In Section IV, we will d i scuss  our phase- shift analysis of IT -p  

. . 

' sca t te r ingdata  a t  310 ~ e v .  The various types of soluti'ons just explained 

will appear in. this analysis,  and the effects of the available polarization 

data '&ill be o'bserved. 



IIIb POLARIZATION MEASUREMENTS 

Our experimental meas.urements .of the re.c.oi1-proton polarization 

in e l i s t i c  nt-p scattering. a t  310 Mev &ill now be discu.ssed. Let us  f i r s t  

explain the manner in  which the required high-intensity , nt beam was 

obtained. and the charac ter i s t ics  of this  .beam. . We will .then descr ibe  

..the method, apparatus,  and.procedures  .u.sed to  determine the polarization 

.of the recoi l  protons. The calibration of the.apparatus  will .be included 

in this di's.cussion. Finally, we will present  the resu l t s .  of. the polarization 

measurements  and discuss  uncertainties in these  resul ts .  

A. Positive- Pion Beam 

1. Positive-Pion Production ' . 

The external  proton beam of the 184-in. . synchroc.yclotron .at 

Berkeley pr0duce.d .the des i red  positive pi mesons.  .. The mesons were  
. . 

.created in, the experimental a r e a  known. a s  the .  Physics .  Cave. Befo.re 

reaching this region, the proton .beam passed .  through a bending magnet, 

a focusing .magnet, and. through a ,hole in the concrete  shielding su r  - 
' rounding the cyclotron. At the where i t  .entered the cave, the 

b e a m  was about 2.5 in. wide a n d  1.5 in. high. These dimensions were  

. . 
determined by exposing x - r a y  f i lm in the beam. The .proton beam had 

. . . .  . 
an.  energy, of approximately.  743 .Mev, an r m s  energy, spread.of  about 

. - 

*8 Mev, and. a maximum intensity of ( 2 t l )  X 10" per  set; 
Positive pi .mesons .can be produced 'by protons .in var ious nucleai- 

interactions.  In producing our pi-meson beam, we made part icular  use  
t 

of the react ion p t p 4 .rr + d(to be denoted pp-nd).  Because t h e r e  a r e  

only two part ic les  in the final s ta te ,  the mesons have a unique energy. at  

any, given angle in .the c. m.  system. There  a r e  also.other  react ions 
t 

that give ..n mesons.  . . They yield, however, 'more than two in 

:.the .final state.  Kinematics 'allows the positive pions f rom ' these  react ions 

to, have a . spec t rum of energies  at  each angle, r a the r  than a .  single energy 

a s  in. the pp- IT.^ .case.  .. We.were able to  obtain an optimum number of 310- 

Mev pi me,sons by taking maximum advantage of the .pp-rrd reaction. 



Apolyethylene (CH2) ta rge t  was placed in the external  proton 

beam near  the point a t  which the beam entered the cave (see  Fig. 1). 

This type of mater ia l  was selected principally on the basis  of i t s  f r ee -  

proton constituent (HZ), which can enter  into the pp-nd process .  We 

' utilized the positive 'pions that 'were '  produced in the forward dir.ection 

be'cause the DCS for the pp-'nd reactiori .'is g rea tes t  a t  0 deg. The 
.-. thickness of the CHZ targe t  was experimentally rlsterlrlined t o  g ive  

.'the..maximum number of positive pi meso'ns .leaving the t a r  get ' i n .  the 

forward  direction with the des i r ed  energy. The opt imum-target  thick- 
. , .  nes s was .about 19 ill; 

The high intensity of our  resulting po'sitive-pi&r, beauii! was 

part ia l ly  due to a for tunate  charac ter i s t ic  of the experimental a r range-  
t ment. Let us consider the IT mesons that were  produced in the forward 

direction by the pp-nd reaction. The various energy los ses  in the CH2 
were  'such that the energy of these  pions a s  they emerged f r o m  the ta rge t  

was approximately independent of the position in the CHZ a t  which they 

were  produced. Thus by choosing the co r rec t  thickness of polye~hylene,  

a l l  the pions. of the type mentioned he re  pos s e.s s ed energies  in .a sma l l  

inte.=val centered a t  the .desir  e.d 'value. 
' 

' '  heo other IT'. - producing r'eactions contributed mas,ons of a la rge  

range _sf energies.  Posit ive pioris u l  bhis urigi l i ,  wit11 energies  approx- 

mately equal to  the required value, were  also utilized in our beam. 

2. Pi-Meson Beam 

The positive pions with the requisi te  energy, af ter  leaving the 

polyethylene ta rge t ,  were  momentum-analyzed and focused by a s e r i e s  

of two bending and th ree  quadrupole focusing magnets (Fig. 1). The . . 

f i r s t  focus of the sys t em was within the center quadrupole magnet'. This 
. . . . 

magnet acted.on the off-axis par t ic les  in  .such a manner  a s  to  increase  

the number reaching the final focus, which was at  the liquid-hydrogen 

ta rge t  shown in  Fig. 1, In o r d e r  to  obtain the des i red  phys.ica1 ar range-  

ment ,  the second bending magnet was built into the concrete  shielding 

surrounding the cave. 



. '. 

Fig. 1. Scale drawing of the magnet sys t em for the nt beam; 
The bending magnets a r e  designated M and M2;'  

1 
Q1, Q2, and Q~ a r e  the quadrupole focusing magnets. 

Magnets Ql and Q j  have 8-in. aper tures ,  and Q2 

has a 4-in. aperture .  Also sho-m i s  the counter 
arrangement '  used to detect the recoil-proton 
polarization. The dimensions of the counters and 
carbon target  a r e  not to s'cale. 



Only positive par t ic les  in  a definite momentum range were able 

t ~ ,  pass  through the ent i re  s e r i e s  of magnets. Other par t ic les  were  lost  

a t  various points along the beam path. The i ron s t ruc ture  of a magnet 

o r  a wall of the cave usually intercepted the positive par t ic les  that were 

rejected by the system. Par t ic les  o1 negative charge were bent away 

f r o m  the beam direction by the f i r s t  bending magnet. The external  

protori beam of thc cyclotron, a f te r  passing through the CH2 and the 

f i r s t  focusing magnet, was changed in direction slightly by thc i i r s t  

bending magnet. It Lhell b l l  U C ~  t k t  rcilr wall of the cave. 

Besides nt mesons,  there  were  other positive par t ic les  leaving 

the CH targe t  in the forward direction with momentum acceptable to  L 
the magnet system. Lower -ener  gy part ic les  with the proper  momentum, 

such a s  protons,  were removed f rom the beam by placing a 2-in. -thick 

piece of carbon absorber  direct ly  af ter  the cent ra l  focusing magnet. 

Higher-energy part ic les  with the required munlentum, such as mu  

mesons ,  were  not affected great ly  by the carbon, and remained in the 

beam. The pi me.sons .of in te res t  lost  only a sma l l  amount of energy in 

the carbon. 

A well-defined beam was obtained at  the final focus of the magnet 

system. The symmetry  of the magnet arrangement  enabled the second 

half of the- sys t em to approxin~ate ly  cancel the momentum dispersion 

crea ted  by the f i r s t  half. Thus a distinct focus was obtained in  which 

t h e r e  was l i t t le correlat ion between momentum and position a c r o s s  the 

beam. In o r d e r  t o  investigate the shape of the beam, the intensity was 

lowered considerably and a counter te lescope was moved through the 

focus. The telescope consisted of two square  scintillation counters of 

0.50 in. and 0.25 in. on a side. The beam was found to be near ly  

symmetr ic  in  both the horizontal  and ver t ica l  directions.  I ts  full width 

and height a t  half maximum intensity were  about 3 in. and 2 in. , 
respectively.  



At the final focus, the mean energy, of our  beam was 3 10. Mev 

(momentum of 427 ~ e v / c ) ,  and the maximum i k e n s i t y .  was about 
6 t 2 x 1 0  .n mesons per ,  s e c '  (The beam intensity actually, employed,in 

the polarization measurements  , is  given in Section 111-C- 1. ) Owing.to 

the i r  natural  decay, about one-third of the ac.ceptable pi.me'sons were 

los t  between the CH2 ta rge t  and the final focus. The r m s  uncer,tainty 

in  the mean energy of the .beam was approximately *3 Mev, and. the rrns 

energy. spread  in the beam was *9.Meu, corresponding to  .a mome.ntum 

' .s.pread o f  .*20/0. The stated value of ,310 Mev i s  the' meson energy at  .the 

center of the liquid-hydrogen target .  Because of energy loss  by ioni- 

zation, the  mesons had a slightly higher energy before the target;  and 

. a s t i l l  h'igher energy, before the 2-in. -thick piece of carbon- abs0rbe.r. 

The e.nergy of the mesons .was measured  by.determining the i r  range in 

copper , ,  and also by, the suspended-wire.technique. 

B. ~ e t h o d  .and. Apparatus 

1.. Methud 
t The .rr beam pass.ed ;.through a liquid-hydrogen . target ,  which was 

placed at the final focus of the  magnet system. A s m a l l  fraction of the 

beam part ic les  interacted with protons in the liquid hydrogen. Protons 

were  knocked out of the ta rge t  in many directions.  In t e r m s  of the nomen- 

clature  in Fig. 2, counters A and B selected the recoi l  protons that left 

the ta rge t  a t  angles approximating 8 Counter C was placed at the 1' 
appropriate angle (0 ) t o  count the elastically sca t te red  pi mesons that C 
had knocked protons in  the AB direction, This counter placed a seve re  

res t r ic t ion  on the type of scat ter ing event that could be detected by the 

system. In general,  events other  than elast ic  nt-p scat ter ing could not 

produce a count in  C a s  well as a part ic le  through A and B. Iron 

of 0.125-in. thickness surrounded counter C and helped guard against 

low-energy charged part ic les .  



A portion.of the recoi l  protons,  af ter  pas sing through counte.rs . . '  . . . . . . .  

A and B, were  sc-attered by the carbon analyzing, target  :placed i.m- . . ., .. . . . . 

mediately following B. , We chose carbon a s  the m a t e r i a l  . . f o r  this  target  

because of i t s  ability to  analyze.the polarization of protons in  the energy 
. . . ,' 17 

region .of our  recoi l  protons (1 10 to 140 Mev.). . C 0 u ~ t e . r  B played ..a 

. d u a l  role  in  that i t  a l so  served  a s  part ,  of the analyzing target .  Carbon 
. .  . 

.being one of i ts  principal constituents, counter B produce.d.about the 

s a m e  asymmetry  as did lire nc.lual carbon targct .  

The two counter telescopes shown in  Fig. 2 detected protons that 

were  sca t te red  by the analyzing targel.  Copper abaorbcr  was placed bc- 

tween the counters in each telescope to  help prevent unwanted part ic les  

f ~ n m  counting in D ' o r  D The counter telescopes were in te r -  
0 E0 

changeable in position. In this way, each independently measurkd the 

a symmet ry  produced by the analyzing scattering. The second telescope 

increased  our  counting r a t e  and served  a s  a check on the f i r s t  se t  of 

counters.  The s i ze  of D and DE was chosen so  that these counters 0 
accepted almost  a l l  the ..scattered protons detected by counters I11 and IV. 

Be.cause of the low counting r a t e s  expecte.di, c0unte.i.s with l a rge  

a r e a s  were used. We had to  reach  a compromise,  however, between 

counting r a t e  and angular resolution. The s izes  of the counters in  the 

analyzin$tele's copes were  1imite.d because of the .undesirabili ty of ex- 

cessively lowering the average measurable  asymmetry.  One wishes to  

measure  a s  la rge  an asymmetry  a s  possible,  consistent with a sat isfactory 

counting r a t e ,  in o r d e r  to  minimize the influence of e r r o r s  that affect 

the asymmetry  by a fixed amount. Immoderately l a rge  counters would 

extend over an excessively great  range of the analyzing angles B 2  
and '+i; 0nly .ovar  cer ta in  regions oi values of these 'angles a r e  both . 

. . .. . 
the a s y m m e t r y  and' counting r a t e  satisfactory. As +2 approaches 

.. .. . .  
90 and 270 deg, the asymmetry  disappears ,  according to Eq. (11-3). 

S f  O 2  i s  too smal l ,  the  asymmetry  due to nuclear  scattering i s  con- 

siderably lower than the maximum obtainable val';;, ' and a lso  the un- 

polarized Coulomb scat ter ing ,can en te i .  At la rge 'va lues  . o f  O 2  the 

intensity of the sca t te red  protons dec reases  greatly,  l 7  and the effects 

of inelastic scat ter ing increase .  It i s  hoped.that a reasonable compromise 

was reached .in our experimental arrangement .  



Lead Carbon 

OPPer 
bsor be r 

Fig. 2. Scale drawing (plan view) of counter and target  
arrangement  used to  -measure  the polarization of the 
recoi l  'pro'tons. 



In order  to limit the spread of recoil  angles accepted by the 

system, and to aid the O 2  angular resolution, counters A and B 

were made smal ler  than those employed in the analyzing telescopes. The 

estimated r m s  spread in the 8 values of the accepted recoil  protons 
1 

was *2.4 deg (corresponding to  4.8 deg in 8 This number did 
C. m. 

not vary appreciably over the range of recoil  angles investigated. 

Principal sources of the spread in 0 ,  were ( e s t i ~ ~ i a t e d  rms val l~es  

a r c  given): 

(a) countcr s ize M . 8  deg 

(b) pi-me son beam (conme~.,gence k1.8 deg.- -- 
( r )  h ~ a m  width and liquid-hydrogen-target length + 1 . 3  deg. 

The r m s  sum of these numbers i s  the value of 2.4 deg just presented. 

2. Counters and Electronics 

Each counter was composed of polystyrene p1aski.c scintillator 

and was viewed by one KCA-6810 photomultiplier tube. A solid luci te  

light pipe connected each photo-tiplier to i t s  corresponding scintillator. 

The dimensions of the scintillating regions of the counters (all rectangular 

in a r ea )  a r e  given in Table 111. 

Our electronics arrangement employed fast coincidence circuits 

of the Wenzel type1' to  detect the scattering events of interest.  Output 

pulses from each of the counters were delayed and amplified when 

necessary,  and fed into the coincidence circuits.  A coincidence between 
t pulses f rom counters A, B, and C detected .rr -p scattering events at 

the liquid-hydrogen target.  The output pulse f rom the ABC coincidence 

was amplified, split, and fed into two additional coincidence circuits.  One 

of these circuits accepted pulses f rom counters 111 a n d .  D the other 
0 ; 

received pulses f r om IV and DE. In this manner,  coincidences were 

formed of the types ABC 111 Do and ABC IV DE. The output pulses 

representing the five-fold coincidences, ' and a1s.o an ABC output puls.e, 

were amplified, passed through amplitude discriminators ,  and. finally 

were fed into scaling units. 



Table 111. Dimensions of the scintillation counters used to measure  . k :~ . .  
, , 

the polarization.of .the rkc.oii 'protons' ' 
. .  . . . 

. . 
' Counter; Dimensions of counter 

(width X height X thickness) 
(in. ) 



. . . .  . . . . . :. ~. . . . . 
3. Scattering ,Apparatus 

The liquid-hfdrogen. ta rge t ,  with slight modification, was that 

d&Sciib&d l5y:Ga'rrison. . Enclosing, t h e  hydrogen,.,was,,a stainles s - 
stee*l ~ . ~ l l n d r i c a l  can with a wall thickness' of 0.004 .in. and a diameter  

. . 'i.. 

! ,of .5.6-.in,' The a.mount of liquid hydrogen in  the scat ter ing plane was 
- 3 .  
L 

1.0 g/cm . ~ ' 0 . 1 2 5 - i n .  -thick dura l  vacuum jacket surrounded the 
. . , .  . 

liquid-hydr,ogen container. The pion beam passed through 3 -in. -diam. 

holes .  cut, ir! the vacuum jacket. Mylar of 0.0 15-in. thickness covered 

these  holes. In o r d e r  to  determine the portion of our  final counting 

r a t e  not due to  the liquid hydrogen, a second target  as'sembly was a l so  

employed. 'l'his "bLank was . s imi l a r  in  construcliurl 'to the liquid- 
. . 

hydrogen ta rge t  assembly  but containedno hydrogen, When des i red ,  
'' 

- - the  .actual t a r i , e t  was moved. 6ut of position a n d  the.  evacuated .blank 

placed on the beam line. 

Our counters,  t a rge t s ,  a.nd principal supporting frameworks 

a r e  shown in Fig. 3.  Not indicated i s  the miarlner in which counters 

A and B and the carbon ta rge t  were attached to the scat ter ing a r m .  

Counter C and i t s  support a r e  alsomot included i n  the  drawing. In 

Fig. 3,  a s  in  Fig. 2, i t  i s  the scintillating region of each  counter that 

i s  shown. Distances between counters and ta rge ts  a r e  given i n  Table 

TV. As indicated in  Fig. 3 ,  the analyzing angles werc measured  by 

means  of a plumb bob Attached to each counter teles-cope. 

C. . E x ~ e r i m e n t a l  Procedures  - .  - 
1. General Procedures  

We optimized the pion beam by making a s e r i e s  of variations 

in  the magnet cu r ren t s  and the thickness of the meson-producing t a r -  

get. The cur rent  s initially selected in this investigation were obtained 

through u s e  of the suspended-wire technique. The small-counter  te le-  

scope, which was descr ibed in Section 111-A-2, was placed at  thc final 

focus. I ts  counting r a t e  was observed while the var ious pa ramete r s  

of the sys t em were changed. In this  way, we optimized the beam in  

position and intensity,  and obtained the des i red  energy. 



Fig. 3.  Scale drawing (elevation view) of counters,  tar 'gets,  
and principal supporting frameworks used to  measure  
the polarization of the recoi l  protons. The angles 
-31 and O2 have been se t  equal to  0 deg in  this figure.  



Table IV. Distances between centers  of components of the apparatus 

used to measure  the polarization of the recoi l  protons 

F rom Distance 
(in. ) 

Liquid-hydrogen ta rge t  Counter C 16.5 - 19.25 
(depending on 8 ) 

1 
Liquid-hydrogen ta rge t  Counter A 2 4 

Counter A Ca-r.bo.n. t.a r.get? 2 4 

Carbon t a rge t  .Couritetr.. ILL 0.r TV 37.5 

Counters I11 o r  IV Counter.: D o r  DE 
0 

55.5 



The appropriate voltages at which to set our counters and the . 

proper amounts by which to delay the pulses from the counters were 

determined by observing coincidence counting ra tes  a s  a function of 

these parameters.  In ascertaining the voltage and delay settings, we 

examined particles that were of the same type and energy as  those to 

be investigated in the asymmetry measurements.  We therefore adjusted 

.the system to count the desired particles and to discriminate against 

unwanted particles. After selecting the final voltages, t ime delays, and 

amplifier settings, a simultaneous change of *50 v in  al l  the counter 

voltages did not significantly al ter  the counting rates .  On many occasions 

during the data-accumulating period, this tes t  was performed a s  a check 

on the stability of the electronics. 

Background particles posed a considerable problem at the be- 

ginning of the experiment. Much of the background was produced by 

the external proton beam of the cyclotron stopping in the r ea r  wall of 

the cave. In anticipation of difficulty, we solidly embedded the second 

bending magnet in the cave wall, placed concrete roof blocks on the cave, 

and put concrete above, below, and on both sides of the last  focusing 

magnet. These precautions were not sufficient. We -were able to 

further reduce the accidental counting ra te  by using the fast electronics 

already described and by employing a s  long a cyclotron beam spill a s  

possible. We finally were forced to lower the intensity of the external 

proton beam, and therefore the pion beam, by a factor of two (the 
6 

resulting nt intensity was 1 X 10 per sec). 

To determine our accidental counting ra te ,  we delayed the ABC 
-8 

coincidence output pulse by 5.2X10 sec  before it entered into a coinci- 

dence of the type ABC III DO or  ABC IV DE. T h i s  .amount of delay 

repres.ented the time. differenc.e between. two. radio-frequency;fine- structu.re 

pulses of the cyclotron; . We investigated singles. r a tes  .and: various 

coincidence ra tes , '  and concludeddhat our principal source of accidentals 

was a valid ABC event forming a .coincidence with a second particle 
I 



that passed through one of the sets  of analyzing counters. The 

accidentals were reduced by piling lead bricks near  counter B, a s  

shown in Fig. 2. This lead shielding extended approximately 1 ft above 

and below thc beam line. It limited the of parlicles 111a1: could 

pass through the analyzing counters without also passing through A and 

B. At our smaller  recoil  angles, the lead wall nearer  the pion beam 

was extended until it almost completely shielded the analyzing cou~i ters  

f r o~ r i  the beam. We placed additional shielding, ar all recoil angles, 

just before the liquid-hydrogen target;  it was put on the same side of 

the pion beam a s  the scattering arm.  This lead shielding elirxlirlated 

many particles that scat tered off or  near the last  focusing magnet. 

The region of laboratory recoil  angles investigated was 17 to 

32 deg, and the range of analyzing-target thicknesses was 0.5 to 2.0 in. 

The recoil  angle could not be made excessively small  o r  the set  of 

analyzing counters nea rc r  the pion beam would extend into the beam. 

The carbon target  could not be made too thin, o r  our counting ra te  would 

become prohibitively low. We were limited at the other extremes by the 

desirability of obtaining a relatively high average energy at the analyzing 

scattering. As explained in Section 111-B-1, it was advantageous to 

measure  a s  la rge  an asymmetry a s  feasible. For a given incident 

proton polarizhtion, the asymmetry that can be produced by carbon 

decreases  rapidly below 135 Mev. l 7  We therefore did not allow our 

average scattering energy at the carbon target  to  fall below this value 

any further than necessary. Our recoil  angles were thus restr icted to 

the forward direction in the laboratory, corresponding to large angles 

of scattering in  the center of mass .  We used thinner carbon targets  

at the larger  recoil  angles in order  to compensate a t  least  partially 

for the decrease  in energy of the recoil  protons. 

The range of B2 values (analyzing-telescope angles) used in 

the asymmetry measurements was 15.5 to 17.0 deg. In deciding upon 

these settings, we compromised between various factors. These factors ,  

which were discussed in Section 111-B- l ,  included inelastic scattering, 

counting ra te ,  and magnitude of the asymmetry, 



On at least  one occasion during the experiment, we observed 

the ABC counting ra te  with no liquid hydrogen in the target.  We 

compared ehei counting ra te  when the evacuated target assembly was 

on the beam line with the corresponding ra te  when the blank was in 

position. The agreement was found to be satisfactory for the polarization 

measurements,  and therefore the blank was considered a reliable 

facsimile of the actual target assembly. 

0n.another occasion during the experiment, we removed the 

carbon analyzer and left only counter B to  scat ter  the recoil protons. 

The ra te  of analyzed protons decreased by approximately the predicted 

amount, thereby increasing our confidence in the experimental method. 

A few more  comments about our general experimental procedures 

. a r e  inorder ;before  we discuss specific .procedures .at  each. recoil  angle. 

An .argon-filled .ionization chamber was placed in .the pion .be.am before 

the liquid-hydrogen target in order  to monitor the beam intensity. Our 

counting ra tes  were normalized.to a standard amount of beam through the 

ionization .chambber. Because .the polarization. measurements .did not 

. requirle aknowledge of. the -absolute intensity of nt*'rhesons s t r ik ing the 

target ,  no corrections were made for beam contamination. For  each 

of four values of al, we analyzed, under the same conditions, the 

polarization of the protons recoiling to both the left and right sides of 

the pion beam (in the horizontal plane). The two resulting asymmetries  

at each O1. were then compared. According to Section 11-B- 1, these 

two asymmetries  should have the same magnitude but opposite sign.:. 

The agreement generally obtained served a s  a check on the experi- 

mental proceedings, 

2. Procedures at ~ a c h  Recoil Angle 

We began the data collecting a t  each recoil  angle by determining 

the range of the recoil  protons. During these measurements,  the 

angle El2 of the selected-analyzing telescope was set  near Odeg and 

the carbon target  to b.e used in the asymmetry determination was in 



i t s  position immediately af ter  counter B. One of our  range curves i s  

shown in Fig. 4. At the ear ly  recoi l  angles,  range curves for both 

. se t s  of analyzing counters were  obtained. We found sat isfactory agree-  

ment between the two telescopes,  and eventually investigated only one 

range curve at each recoi l  angle. Equal ranges were a l so  observed for 

protons recoiling to  the left and right s ides  of the pion beam at a given 

value of The mean energies  of the protons.  a s  determined f r o m  the 

rdllgt: curves ,  dgreed well with the predictions of kinematics.  h 

examination of the ta i l s  on the range curves indicated that about 97% of 

the  detected part ic les  were  the des i red  recoil .protons,  

The "running point", indicated by an a r r o w  in Fig. 4, r e f e r s  to  

the amount of copper absorber  that was placed between the counters in 

each  analyzing telescope during the asymmetry  measurements .  The 

copper pairtially guarded against par t ic les  associated with inelastic- 

scat ter ing p rocesses  in  the liquid-hydrogen and carbon t a rge t s  and stopped 

a portion of the s t r a y  background part ic les .  At the s a m e  t ime ,  the ab- 

s o r b e r  allowed the  detection of the recoi l  protons that were elastically 

sca t te red  a t  the analyzing target .  (Fur ther  information on experimental 

procedures  in  polarization experiments i s  available in the work of 
2 1 

~ ~ s i l a n t i s ' '  and of Tripp. ) 

Following the range-curve measurements ,  we next obtained the 

profile of the recoil-proton beam defined by the ABC coincidences. 

Each  analyzing te lescope was individually moved through this  beam and 

counting r a t e s  determined a t  var ious angular sett ings.  The profile and 

subsequent a symmet ry  measurements  were  made under a s  identical 

conditions a s  possible. In par t icular ,  both s e r i e s  of measurements  

used the s a m e  analyzing ta rge t  and the s a m e  amount of copper before 

and DE. A beam profile i s  shown in Fig. 5. The center  line was 
- .  

determined f rom the experimental  data and r ep resen t s  the center ,  

horizontally, of the beam of detected recoi l  protons. 



8,  = 16.9 deg r ight 4 

Copper before Do ( g/cm2)  

M U  -20230 

Fig.  4. Range curve of t he  recoi l -proton beam at  
3 = 16.9 deg right.  

1 



P l u m b  - b o b  reodinq (deg r ight )  . 
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Fig. 5. Beam profile of the recoil-proton beam at 
9 = 16.9 deg left. 
~ f r e  angular reading of the profile center line l i e s  near  
8 deg r a the r  than 0 deg because the point f r v r ~ i  which 
the plumb bob hung was  not at  the center of the counter 
telescope. 



After aligning .the apparatus at a selected. re,co jl angle, and 

after obtaining a range .curve and two beam..profiles, we 'measured the 
: . .  . . 

asymmetry, of. the recoil  protons.that scat tered off the carbon, target.  

No variation of asymmetry with beam intensity was found a s  1 o n g . a ~  
6 

. the pio,n intensity did not exceed .1~10  particles per  sec. The analyz- 
. .. 

ing telescopes were regularly interchange.d.in order  to allow each set 

of.c.ounters independently, to. measure  the asymmetry. . By alternating 

the telescopes frequently, we reduced the adverse effect of slow t ime 

..variations in the equipment on the asymmetry.measurements.  The 

lef t  and.right analyzing angles for each, telescope were .se.t with respect 

to the c,enter.line of the profile.obtained . , with . . that te1escop.e. In this 

way, we minimized the influence .of differences in the.two counter 

arrangements on the measured asymmetries .  Systematic e r r o r s  in 
, .  . 

the asymmetries  were lessened by accurately. determining with .each 
. . .  .. . . .  . . .  . . 

telescope.the center line of .the recoil-proton beam, and by precisely 
. . .  

setting the analyzing .angles. The profiles were checked frequently 

.during t he  asymmetry .. . measurements by repeating ,two' observations .on 

each side of the center line. 

With .the telescopes positioned at the appropriate analyzing 

angles, a se r i es  of counting, ra tes  was determined. The ABC III.DO 

and ABC IV DE ra tes  were obtained .for the. following experimental 

arrangements : 

(a) liquid-hydrogen target on,the pion- beam line, and normal 

t ime delays 

(b) liquid-hydrogen target on the pion-beam line, and the ABC 

pulse delayed by 5 . 2 ~ 1 0 - ~ , s e c  (accidental ra te)  

(c)  blank on the pion-beam line, and normal t ime delays. 

The accidental ra te  with the blank on the beam line was found.to be .neg- 

.Ligible and was .therefore not measured regularly. We obtained.the 

ra te  .of analyzed recoil  protons by subtracting the ra tes  in (b) and (c)  

f rom that in (a),  and by combining the statistical counting e r r o r s  in  the 

appropriate manner. 



The types of par t ic les  that we wished to  detect in measurement  

(c)  may have passed through the liquid hydrogen during the (a) measure -  

ment. If this  were the case ,  r a t e  (c)  should have been determined with 

additional copper absorber  before Do and DE in o rde r  to  compensate 

for the ionization energy 10s s in the absent liquid hydrogen. The r a t e  

in (c) was observed with and without .the added absorber ,  and no dif- 

ference was detected, Therefore we generally neglected this  copper 

correction. 

3igl1ificd~rl expel iliitiltal quailtitics a r c  liotcd in Tablc V, In 

cluded a r e  angles and energies ,  analyzing-target thicknesses ,  

five-fold coincidence counting r a t e s ,  and analyzing, efficiencies. Our 

final-five-fold counting r a t e s  were  l imited by the number of ABC coin- 

cidences.   he ABC ra t e ,  in turn ,  was r e s t r i c t ed  by counter B and to  
. . .  

a sma l l e r  extent by counters  A and C. The accidental and blank c o r -  

rections 'each averaged about 570 of the corresponding cor rec ted  analyzed- 

proton ra te .  The 'rims energy spread  of the recoi l  protons, .as de- 

te rmined f r o m  the range curves ,  did not va ry  great ly  with angle and was 

typically about +10 Mev. 



.Table V. Significant experimental quantities - -angles,  ana1yzing;ta.r get 

. thicknesses ,  energies ,  . five-fold coincidence .c.ount'ing r a t e s , .  and .an- 

.alyzing efficiencies - -for the .four .mean laboratory angles .of detected 

r e ~ o i 1 ' ~ r o t o n s .  
. . 

Mean .laboratory. anglk of detected 
recoi l  protonsa 

Experimental quantity 

Laboratory. angle .of conjugate pi 
mes.ons (deg) 

Analyzing-t eles,cope angle, 
a2 (deg)  

Thickness .of carbon.  analyzing 
, t a rge t  (in. ) 

Mean .kinetic energy;of recoi l  
protons at..cente.r of liquid- 
hydrogen ta rge t  ; ; ' ( ~ e v )  

.Mean kinetic .energy, of con- ' . 

jugate .pi mesons a t ,  center 
.of liquid-hydrogen target.  
(MeV) 

Mean kinetic energy of recoi l  
protons at center  of carbon 
analyzing t a r  get (Mev) 

.Approximate average ABC 111 
.Do o r  ABC IV D coincidence - .  bE : 

. r a t e  per  minute 

Approximate .analyzing ,e f f i c i enc .~  
, or' each telescopec 
. - 1/300 1/600 1/1100.1/700 

a 
Bec,ause of the angular variation in .the DCS, each mean . laboratory 

: angle .is about 0.3 .deg, . smal le r ,  than e l ,  the corresponding ,angle at  the 
center  of counters A '  and B. ' 

. . - .  

b ~ o r r e c t e d  for accidentai  a n d  blank counts .  
...... 
. -..'.:C&ilyziiig. & f f i d ' ~ ~ ~ ~ ~ y  .'ii ( : f i i ; ; @ - f o l d : . i & ~ ~ ) / t : ( ~ ~ c  ' fate) ... . : ...... . " " ' . . . . , y. - :, : -- . 

.. .. . 



., . .. . . . .. 
D. Calibration and initial ~ o l a r i z a t i o n  Measbr ement s ' 

' .. . . , . 
1. Calibration 

. . ' ,. r. 
- - 

As explain.ed in  Section 11-A-2, the formula e = P  i s  applicable 
1 .2 

'. t o  the experiment. d i scussed .  in this report.' The b a r s  indicate that we 

a r e  concer-ned with average values of these quantities because our  pion 

beam, counters ,  and t a rge t s  a l l  have extended dimensions. In o rde r  

to  obtain P a t  var ious r eco i l  angles, w e  measured  e and P2. We 1 
-have descr ibed how e was determined. The "calibration" portion of 

the experiment,  in whichwe measured  P2, will now be dis.cussed. 

The analyzing ability of an experimental arrangement .  depends 

on thc charactcr iot ico of thc polariocd bcam, analyoing ta rge t ,  and 
- 

detecting counters.  Examples of quantities affecting P2 a r e  the energy 

of the polarized protons at  the analyzing ta rge t ,  the type and thickness 

of ma te r i a l  composing the ta rge t ,  the angles subtended by the counters 

measur ing  the asymmetry ,  and the amount of copper abs.orber in.the 

analyzing telescopes.  If a l l  components and charac ter i s t ics  of the system 

a r e  identical for  two different asymmetry  measurements ,  then. the analyzing 

abili t ies a r e  the same.  

In o rde r  to  determine the analyzing ability of our sys t em 'for each 

measured  recoi l -proton asymmetry ,  we employed a proton beam of 

known polarization. The polarized protons passed  through counters  

A and B, scattered off the arialyzirlg eargee, and were derecred by rhe 

:same analyzing te lescopes a s  those employed in the recoil-proton 

measurements .  Corresponding to  the recoil-proton investigations, the 

analyzing scat ter ing ltck place in the hori iontal  plane and the incident 

protons were  polarized in  a direction perpendicular t'o this plane. 

Equation (11-8)-can be rewri t ten for the calibration po'rtidn of the experi-  
-. 

ment a s  E(') = -(C)-(C)o P1 P 2  . BY knowing 
,-,  and by measur ing  F(", we - 

could' experimentally determine ~ 2 ~ ' .  If the conditions under which we 
L. 

obiained F:') were  the same  a s  those. in t h e  measu iemen t  of a recoi l -  
L 

proton asymmetry ,  then the equl&lJty F$')= p2 if valid, where 3 i s  the 
. . 



analyzing ability. that we wished to ascertain. Bec.ause the characteris t ics  
.. . 

of the analyzing scattering were different for each recoil  angle (see Table 

V), four separate analyzing abilities had to be determined. This method 

of obtaining the values o f  F2 took into account the small  portion of the 

analyzed recoil  protons that had been .inelastically scat tered .at the carbon 

target. 

We produced the proton beam of known polarization by passing 

unpolarized protons through the magnet system shown in Fig. 1 and 

scattering them off a carbon target  placed at the final focus. The protons 

were obtained by. degrading,the external proton beam of the cyclotron a s  

it entered the Physics Cave. With the 2-in. -thick carbon absorber r e -  

moved f rom i ts  position after the central focusing magnet,  the degrader 

thickness and the magnet c.urrent s .were. adjusted .to give an unpolarized 

proton beam of the desired energy. The proton-beam size at the final 

focus of the magnet system was nearly the sanie a s  that of the rrt beam. 

The liquid-hydrogen..target used in . the. recoil-proton .measurements .was 

.rcplaccd .by. a carbon target nieasuri~lg 0.25-in. thick by 6-in. wide 

and 8-in. high, which was .centered on the beam line. A range .curve 

of the unpolarized proton beam showed the fraction of mesons in the 

beam to be negligible and the mean energy of scattering in.the .carbon 

to be 173 Mev. 

The .scattering. a r m  was .place.d s.o that counters A and .B accepted 

a mean scattering angle of about 13.8 deg (left). By,using data f rom 
22 

D i ~ ~ s o n a n d S a l t e r . ~ ~ T y r 6 n e t a l .  andAlphonceeta1. .  andHafner ,  
23 

-- -- 
we. calculated the mean polarization of the.  s,c.attered protons detected 

by counters A and B to be 0.71 *' 0.05 (in the direction perpendicular to 

the plane .of scatte.ring). W k  included .the effects .of inelastic scattering 

in this . calc.ulation. Although a higher elastic - scattering polarization 

could have been obtained at alBl;gerangle, the relative importance of 

the l e ss  -desirable inelastic scattering would have been in.creased. The 

r m s  e r r o r  of * 0.05 in the polarization i s .based.on uncertainties in the 

elastic and inelastic experj.m.enta1 data employed in. t h e  ca:ciilation ,of 

the polarization, and uncertainties in, the distribution .and .values of. the 

scattering angles accepted by, counters A and .Be 



Using the polarized-proton beam defined by 'counters A and B, we 

reproduckd the different  se t s  of recoil-proton analyzing.conditions a s  

closely a s  possible and measured  the four resulting asymmetr ies .  In 

o r d e r  to obtain the required mean scat ter ing energies a t  the analyzing 
. . . .  

t a rge t s ,  sufficient amounts of  degrader  were  placed just before counter 

A. The thickness of degrader  was different for each of the four measure -  

ments.  Range curves showed that we had attained the salne mean sca t -  

te r ing  energies  a s . l n  the recoil-proton o b s e r v n l i u ~ ~ a  trs within about Z 

~ d v .  The r m s  energy spread  in the polarized-proton beam was *8 

Mev, slightly l e s s  than the *lo-Mev erlergy spread  of the recoi l  protons. 

F o r  each of the four calibration measurements ,  a beam profile was ob- 

tained with each analyzing te lescope and the appropriate analyzing angles 

were  set  with respec t  t o  the observed c e ~ l t e r  l ines.  The positions of 

these  profile center  l ines were not the same  a s  in . the recoi l -proton 

~ n e a s u r e m e n t s ,  . owing to the diffezences in the angular distributions of 

the protons f r o m  p-C: and nt-p scattering. 

Data 'were obtained in  the calibration meas.urements by observ-  

ing the AB I11 DO and AB IV DE coincidence ra tes .  Counter C could 

not be employed in  the calibration procedures  because the conjugate 

par t ic les  (carbon nuclei) .. ,. received too l i t t le energy, t o  be counted. We 

determined the "blank" r a t e  by removing the 0.25-in. -thick carbon ta rge t  

f r o m  i ts  .position i n  the  unpolarized-proton beam. ' The calibration counting 

r a t e s ,  af ter  cor rec t ing  for accidental, and .blank counts, were  approxi-..:?;: I 

mately t en  t imes  the r a t e s  in the recoil-proton measurements .  Our 

accidental  ' '  coincidences averaged about 5 70 of the corresponding cor  - 
r ected analyzed-proton r a t e ,  and the ta rge t  -out (blank) coincidences 

averaged about 1 4 %  Much higher counting r a t e s  could have been ob- 

tained by rais ing t h e  intensity of the external. proton .beam of .the cyclo- 

tron. We res t r i c t ed  our net counting r a t e  in order .  to 1ilnit.the accidental 

and blank coincidences to  reasonable levels.  The effect of background 

part ic les  was reduced by stacking lead br icks a t . the  s a m e  positions a s  

in the recoil-proton measuremer-ts.  



2. Initial Polarization .Measurements 

Our data .on..the polarization .of the rec.oi1 protons were obtained 

.during two different running periods .at  the .  cyclotron. I n  general, the 

procedures and the apparatus were the same in both runs. . Where .dif- 

ferences :existed we have refer red  .to,the Run-2 arrangement,  . a s  . a  pre'- 

.ponderance of our data was acquired. during the s.ec.ond period. Owing 

principally to the. la rger  -area  .telescope counters employed .in. the. fir st 

. run,  the: analyzing ,abilities measuredathen were .s.maller 'than. those 

l .a.ter. obtained. Thc polariz&d proton beam used .in .the calibration por.tion 

.of Run .l had .a polarization of 0.58*0.09. 0nly.one analyzing .telescope 

was employed ,in the initial polarization, meas.urements. 

. During ,the .recoil-proton measurements in the. f i r  s t  run, we 

photographed the pulses f rom the counters a s  a check on the performance 

of the electronics. Signals f rom the counters were displayed on a four- 

beam oscilloscope. Whenever the electronics detected a five-fold co- 

incidence, the oscilloscope was triggered and the I pulses appearing on 

the lour sweeps were recorded on 35-mm film. The film was later  

developed and projected on a viewer. We measured and plotted the 

heights and relative positions of the pulses f rom each counter. 

The resulting distributions enabled us to select restr ict ive 

c r i t e r i a  for  the validity of an event. We rejected a set  of pulses if the 

position o r  height of any individual pulse did not closely conform to the 

appropriate normal value. The acceptable film events determined an 

asymmetry at each recoil  angle. There was no blank counting ra te  to  

be subtracted; blank coincidences were negligible during the early 

measurements owing to the relatively low intensity of the pion beam. 

Accidentals that could deceive the ,electronics were presumably eliminated 

in the f i lm analysis because of the restr ict ive cr i ter ia .  Values of the 

asymmetries  calculated f rom the film data agreed well with the electronic 

asymmetries  and increased our  confidence in ,the electronic method. 



i .  ' 

E. ~ r r o r s  and Results ' 

1.  Experimental ~ r r b r s  ' 

. , . . 

Principal sources of experimental e r r o r  in the asymmetry 

measurements were counting statistics and uncertainty in the center line 

of the recoil-proton beam. Uncertainty in the position of the center line 
t can ar ise ,  for example, f rom variations in the direction of the *rr beam 

due to magnet-current fluctuaefons. Alotl.ier soupcc of this Lyys of er ror  

i s  in the determination of the beam-profile centcr line from the observed 

profile counting rates .  

In order  to estimate the e r r o r  caused by the center-line uncertainty, 
20 we employed the iorluula de/d O 2  d( Pn ~ ~ ) / d t ) ~  (p. 7 1 of Ypsilantis ) -  

The symbol 10, denotes the DCS for the analyzing scattering at the 

laboratory angle e2,  averaged over left and right scatterings. This 
.2 

equation i s  valid for srrlall e and gives the uncertainty in the measured 

asymmetry due to the uncertainty in the position of the center line of the 

polarized-proton beam, When applied to our analyzing arrangemcnts,  

the above equation gives de/dtr2 = 0.2/deg. This result  reflects the 

rapid variation of the DCS with angle and indicates that c a r e  must be 

taken when determining the beam center line and when setting the 

analyzing angles. 

We obtained an estimate of the uncertainty in the position of the 

recoil-proton-beam center line by examining the variation at each r e -  

coil angle of the observed beam-profile center lines. It was assumed 

that these fluctuations reflected the various sources of e r r o r  and therek 

fore gave an approximate experime~ltal  determination of the composite 

uncertainty. This investigation yielded an r m s  e r r o r  in the profile 

center line of * 0.10 deg for Run 1 and * 0.06 deg for Run 2. In t e rms  

of uncertainty in r ,  the de/de2 equation gives r m s  values of about 

* 0.020 for Run 1 and *O;Q12 f o r .  Run 2. These numbers a r e  based 

on the r ecoil-proton observations but appear approximately valid for 

the calibration portions of the experiment also. 
- 



. A thorough e r r o r .  analysis was performed on.the scat ter ing 

apparatus during the period between the two runs.  We devoted part icular  

- attention to  the reproducibility, in .  aligning .and .positidning the .equipment, 

and.to the accuracy of the scale  by which 'we.  s.et. the analyzing angles. 

The reproducibility was found .to be quite satisfactory. The i n a c c u r a c . ~  

. . .  in setting the plumb bobs at  the required angles was negligible. Although 

smal l  e . r ro r s  .were observed in . the .analyzing-angle sca le ,  t he i r  effect 

on the measured  asymmetr ies  was slight compared with.the twq,pri~n&ipal 

uncertainties :previously mentioned. 

We .est imate an' r m s  uncertainty of *0.45 deg in e.ach mean 

laboratory. recoi l  angle given in Table V. This corresponds to  an e r r o r  

of about * 0.90 deg in.  each c. m.  scat ter ing angle. Pr incipal  sources  

of th i s .  e r r o r  a r e  .uncertainties in: the position and direction .of the pi- ' 

meson beam at the liquid-hydrogen ta rge t ,  the position of counter B, 

. the  .position .of the liquid-hydrogen ta rge t  along the beam line,  . and .the 

c.orrection .applied .in..order to  obtain the mean recoi l  angle f rom the angle 

at the geoinetric &rller of c0unte.r B. In the calibration for Run 2, these  

s .ources of e r r o r  yield.an r m i  uncertaihty of It 0.6 deg in the mean 

laboratory scat ter ing angle acc-epted ,by counters A and Bi 

2. Exp.e.riment a1 Results 

~ a b l e s  VI and VII present  the .experimental resu l t s  of both runs.  

The .satisfactory, ag r  eement:that was ,obtained .between. the. two se t s  .of 

analyzing counters in Run. 2 i s  .not shown; only, the combined r e su l t s  a r e  

.presented. When .combining two asymmet ry  o r  polarization .measurements  , 
the individual quantities have been weighted .by .the inverse  .of the s'quare 

- 2  - 2  - ~ / 2 .  
of the i r .  e r r o r s .  24 The r m s  e r r o r  i n t h e  resu l t  i s  [ (Ax ) +(Ax ) ] . >  1 2 
where Ax and Ax2 a r e  the r m s  e r r o r s  i n  the individual quantities. 

.1 



Table VI.' Experimentally measured asymmetries  of the analyzed 
. :::. . . . . . .  :a ' 

. . 

recoil  protons 
. . . . . .  . . . . . . 

Mean c o m a  . Run 1 b . . ~ u ~  z C .  
. . . . . . . . . . . . . . .  . . .  . scattering angle 

. i  d 
. . (deg) Left . . .  Right Left 

. . *  
Right 

a The e r r o r s  given a r e  standard deviations and a r e  due to counting 

statistics drily. 

b ~ l l  Rim-1 asymmetries  a r e  based on the resul ts  of the film analysis,  

except t,he 1.33.8-deg (left) asymmetry,  for which, only electronic data 

exist;., , . . . . . . 

C The asymmetries  measured with each analyzing tele.scupe wer.e 

combined in order  to obtain the Run-2 asymmetries  given here. A total 

of 800 to 2000 analyzed recoil  protons determined each Run-2 a s y m m e t r . ~  

listed. 

d ~ h e  ItLeft " and "Right column headings. refer  to the side of the 

incident, pi-meson beam on which the recoil  protons .were observed. 



Table VII. Summary of experiment a1 resu l t s  - 

Experimental  quantity Run Mean .c. m. scat ter ing angle (deg) 
,No. 

114.2 124.5 133.8 : 145.2 

Recoil-proton a symmet ry  ( z ) ~  1 '+0.002*0.055 '-0.178*0.043 -0.063*0.034 
2 +0.020*0.027 -0.094*0.032 -0,.054~0.023 -0..088*0.022 

Analyzing abi l i ty  (F2) b 1 t o .  276*0.047 +0.407*0.043 +0,452*0.041 
2 t0.413*0.048 + 0 . 5 7 3 ~ 0 ~ 0 4 6  + o o 5 ~ ~ ~ ~ o ~ 4 7  t o .  517*0 023 

Recoil-proton polarization (q =Z/Tp2) 1 +0.007*0.199 , -0.438*0.116 -0.139*0.076 
2 +0.048*0.065 -0.164*0.057 -0. 108*Ooo47 ' - 0 ~ 1 ~ 0 ~ 0 . 0 4 3  .' o 

Recoil-proton polarization C 0 
1 and.2 +0.044*0.062 -0.164*0.057 -0.155*0.044 -0.162*0.037 

I a 
These resu l t s  were obtained by combining the "Leftn and "Right!' a symmet r i e s  of   able'^^ 

a t  each  scat ter ing angle, af ter  revers ing  the sign of the "Leftn asymmetry,  and.af ter  add ing '  
(in r m s  fashion) to  each s t a t i s t i ca l  counting . e r r o r  in  .Table VI the beam-center-l ine .un- 
cer ta in ty  discussed. in. Section III-E- 1. 

b ~ e  determined each analyzing ability by computing Pa= .. F ( ~ )  , f, . - - ;(c)p 1 where -(c) e 
i s  the appropriate  asymmetry  that was measured  during t e cali  ration portion of the  experi-  
ment,  and 3kC) i s  the polarization of the proton beam used in the calibration measurement .  
The e r r o r s  presented h e r e  a r i s e  f r o m  the experimental  uncertainties in  the cal ibrat io  
asymmetr ies  (counting s ta t is t ics  and beam-center -line uncertainty). The e r r o r  in  prc) i s  

1 
not included. The resu l t s  of both analyzing te lescopes in  Run:2 have been combined, 

' ~ h e s e  final polarization values were obtained by combining the resu l t s  of Runs 1 and 2. A 
plot of these  values is given l a t e r  in  Fig. 7. The . e r r o r s  a r e  assumed to  be independent. 



The uncertainty in the, polarization . - of each calibration proton 

beam,is  not included in the e r r o r s  given.in -Table VII. Thus there  i s  .an . . 

additional r m s  e r ro r '  of i.15.570 in a l l  Run-1 values of a,nd p l ,  

' and. o.f *77oo.in al l  Run-2 values. .When .combining the -polarization resul ts  

of the two runs, we neglected thie type of uncertainty. . T h e l 5 . 5 %  e r r o r  

in  Run 1 and 79% e r r o r  in  Run .2 .are partially correlated because they a r e  . . . . 
ha.sed tn a certain extent on the same experimental scattering data. 

Even if these e r r o r s  were conlpletely correlated, which is not the 

situation, .the maximum possible effe.ct on any nf nllr final (c0mbine.d) 

pol'a,rization .values would be .an additional r m s  . uncertainty of only 

*llO/o. This i s  small  compared.with the final e .rrors  given. 

Our sign conventions will 'now be'. summarized. In   able VI, 

the s ignof  the .asymmetry i s  considered'positive if more  of the recoil  

protons scat tered to the left than to the right at the carbon target.  A 

positive, analyzing ability in Table VII signifies that a majority of the 

protons scat tered to the left at  the analyzing target when a prepon- 

derance of the incident protons had their  spin vectors p,ointing up 

(out of the plane of Fig. 2). The sign of the recoil-proton polarization 

i s  defined to be positive when a majority of the protons recoiling to the 

right side of the incident pi-meson beam had their  spin vectors pointing 

up. This definition corresponds to setting + = 0 deg i n  the phase-shift 

equations of Section 11-B. 



IV. PHASE-SHIFT ANALYSIS 
. . 

We have .completed. a .  se r i es  of meas.urements of the recoil- 

proton polarization in elastic nt-p scat ter ing.  at 310 Mev. . Data have 

. .been .obtained at four. angles of.observation. Complementing these 

resul ts ,  .Ernest H. Rogers has measured. the elastic DCS and the total 

. cross  sec t ion  in nt-p sca t ter ing  at the same energy.25~he polarization 

and-cross-section. data a r e  noteworthy.-because .of the relatively .high 

accuracy that has been obtained. We will now describe our phase-shift 

analysis of these experimental n~easurements .  The quantity, variety, 

and quality of the available data a r e  reflected in the resul ts  of the 

analys i s o  

A. Search Program 

1. General Method 

In the analysis of our experimental c ross  -se.ctionand.p.olari- 
, . . . 

zation data, we us.e the .formulas developed.ii~.S,ecl;ion.II-B. Because 

of the complicated equations involved, a t r ia l -and-error  p.rocedure i s  
. % 

emp1oye.d in order  to solve for the phase shifts. We .assign.definite 
. . 

values . . to the phase shifts, substitute them into the r.elevant formwlas, 
. . .  ... . . 

.. . and .calculate the observable quantities, The resul ts  of these .calcu- 

lations can then be c.ompared with.the available experimental data. If 

the comparison does .not yield satisfactory agreement, ,  other va1u.e~ of 

the phase shi f t s  can be selected.and.the calculations performed again. 

An electronic computer can readily t h e  many repetitions of this 
' 

c.yole .necessary in o rder  to obtain an adequate fit to  the .data. . 

~ e ' h a v e  written-an IBM-704 program that incorporates the.tria1- 

and-error  procedure just described. The program instructs the com- 

puter to search .for a .set of phase .shifts t ha t  will fit the data, beginning 

at a given .... se t  of values. The grid. s.earch procedure i s  .employed, in 

. which the phase. shifts a r e  varied in cycles. 26 ~ u c c e s s i v e l ~ ,  smal ler  

. change.s.aie made in the phase shifts.unti1 a fit is.obtained with.the de- 



s i red  accuracy. When varying a pha'se shift, the program uses the pro- 

cedure'.descr.ibed in  Appendix D, thus airoiding iterative~calculation of 

.. . tiigonomet'ric functions. .. . 

. .  . - .  . : . .  Theprogr 'am is:zirr.ariged s'o that.;' in the: search  for'a' fit.to the 

- . ' .d'ata,..the. computer varies  the phase shifts but.not the'.i'nelasti.c par-  
. .  . . . ameters .  In the major  portion of our phase - shift inve-stigations, and 

1. unles s..otherwis e .stated,' the inelastic parameter's a r e  as'siimed' to be 
: uni'ty;',.:&& ' j  s;, only elastic scattering i s  allowed. This assumption i s  

re 'asoiable ..o wilig to' the appar.ently 's.mall 'amount of.'inelastic. scattering 

at 3 10 .M.liev. (see Section V-A). ' If there  were substantid iailaatnc ~cjbt-  

tering, the inelastic parameters  could he considerably 1e.ss'thari unity. 

We might then have to vary both the inelastic parainctcrE .and the phase 

shifts in the search for the t rue .  solution, and the analysis would be- 

come more  complicated. . . . .  - . 

Although we generally disregard inelastic scattering, we will 
. . 

ev'kntually want to investigate' i t s  infli.~enck o n  the resul ts  of the phase- 

shift analysis. Our program enables the computer to accept selected 

values of the inelastic parameters  and employ these initial values 
. .  . 

' . '  , . 

throuihout . . the sea rch  procedure. various combinatiomof tilese pa r a -  
. . . . . . . . .  . . 

me.ters call be chosen, the solution .of interest 'can. be redetermined, 
. . 

nnd the resultant phase - sh i l~  changcr ban be:examined. 1A:thie way, one 
.. , . . . .  . , . . . .  . 

i s  able to obtain estimates df the e r r o r s  introduced into the 'analysis by 
. . . . . 

the assumption that a l l  the inelaktic parameters  a r e  unity'. 

2. '  he   east-squares Quantity M;  it cr i t e r ion  
- . . .  . . .  . . . 

The predictions o f - a  given se t  of phase shifts' a r e  compared with 

the available experimental data by computing the quantity My where 
? I 

Here d e b h e  qudntity' X. a s  obtainkd f rom experiment, Ei i s  the 
1 1 

experimental e r r o r  (standard deviation) in d e ) ,  and dc) i s  the quantity 
1 1 

Xi as  calculated by the computer f rom a given se t  of phase shifts. We 
sum over all the experimental measurements.  



Expressing M in t e rms  of quantities for which we have .experi- 

mental data, we write 
. . 

(IV- 1) 

J 
where .P, i s  the polarization :of the recoil  protons at .the c. m. s.catter- 

6") , E ( ~ )  i s .  the experimental e r r o r  in  P ( ~ ) ,  , Ik i s  the ing angle 
c. m. J 

(k) J 
elastic DCS for s.catte.ring at the c. m. angle 6 (I) i s  the experi- 

c. m. 9 ,  Ek , . 
mental e r r o r  in .I!-~), e i s  the variable .normalization parameter  for the 

K 

DCS, E(') i s  the experimental e r r o r  in . (the experimental value of 

s i s  0 * .E(')) . I, i s  the total c ross  section (e las t i cp lus  inelastic) 
I 

between the cutoff angles 8 ( I )  and .6 i s  t h e  experi- 
C. m. 

(2' , and E 
C. m. 

n ~ e n t a l  e r r o r  in $ I. The fir  s t  summation in the .  expression. for M 
- 

extends .over. al l  angles for which polarization..data .exist; . the second 

summation, over all  angles for which ... DCS data .were .obtained. ' We 

assume that the kxperimental e r r o r s  ,entering into M a r e  independent, 

normally distributed, and realistically estimated. 

The sea rch  program requires the computer to find a set  of 

phase shifts for which M has a minimum value. In this way, a ' l eas t -  

squaress '  fit to the data i s  attained. Such a f i t  corresponds to a mini- 

mum point in the sense that a change of * A FINAL in .any one of the 

phase shifts gives a la rger  value of M than the value calculated at the 

minimum. Here A 
FINAL 

i s  the smallest increment employed when the 

phase shifts a r e  varied. The resulting value of M may not have, the 

absolute minimum magnitude obtainable because the computer stops at 

the f i rs t  relative minimum that it notices. Different initial s e t s  of phase 

shifts can lead to differe'nt minima, some of which may. have even .lower 

M 'values . 



. ,. . . . . 

" During the search procedure, the computer varies  E in the . . 

same manner that it varies  the phase shifts. T h u s  t h e  computer i s  able 

to modify t h l  absolute scale of the DC'S in order  ,to improve the fit 

to the data.:   he experimental e r r o r  in , , i s  comprised OI L h t !  

uncertaintids in the DCS absolute scale. E r r o r s  of this  type in.cl~.ide 

uncertainties in the intensity and contamination of the incident .pi-meson 

beam and in  the thickness of the liquid-hydrogen target.  lndependent 

e r r o r s ,  such a s  statistical counting uncertainties, a r e  attached to each 

DCS measur emcnt individually and a r e  denoted E!' . These independent 
. . 

e r r o r s  indicate the a.ccu,racy with which the various measurements a r e  
. . . . .  

Bngwn wi,th respect to one another (effects of systematic uncertainties id 
. 

the shape of the DCS a r e  discussed in Section IV-C- 1). The use of the 
. . 

variable E enables the phase-shift analysis to keep the independent 

e r r o r s  in the individual DCS me.asurements separate f rom-the  uncer - 
. . 

tainties in the absolute scale,  thus allowing an optimum amount of in- 

Ior~nat ion to be obtained f rom the DCS data and  permitting independcnt' 
. . 

e r r o r s  in the expression f o r  M. Although we All generally d i s regard  
, ' 

r in our further discussions of the  pro&sm and when quoting resul ts ,  

i t  will always be present in our analysis. 
. . . . ' 

Owing to the influence of the small  relative e r r o r  in I ' ~ ' ,  the 
T . 

principal effect of E was to  enable the elastic DCS curve to be nur-  
. . . . 

r n a l i ~ e d  t o  the t o t a I B r r n s ~ - s e C t i ~ n  rneasurerrleht. In performing this 

normalization, we usually assumed that we could neglect the inelastic- 

.scattering contribution to the total c ross  section. ~ e c a u s e  the amount 

of inelastic scattering at 310 Mev i s  apparently not appreciable, ' the 

e r r o r  introduced by i t s  d is regard  in the normalization procedure appears 

to be small  compared with the e r r o r  in the total-cross-section measure-  

ment. . . 

' ,  
It i s  illuminating to visualize the hypersurface that would be ob- 

tained if M could be plotted a s  a function of the phase shifts: The 
. . 

region around a point where M has a .minimum value corresponds to a 

depression in the hyper s-urface. in the phase- shift discussions to follow, 

we will often refer  to this visual repres.entation. 



3. Rounding-Error Check 

A possible .source of trouble in .the search procedure a r i ses  

from the fact that the computer can.onlywork to a limit'ed number of 

figures of accuracy. The IBM-704 .computer generally .r'ounds. off the 

resul ts  of its'. numerical operations- to. 27. binary digits (about eight deci- 

.ma1 digits) of precision. 
If ' ~ I N A L  i s  .made too i mall, the cor re -  

sporiding .changes in M might become of the same.  order  a s  the. e r r o r s  

in '.M created by the rounding process.  The .s.earch.method.would.then 

, lose. i t s  .utility, because the . t rue  minimum could be .c.onfused .with false 

minima created .by the rounding. e.rror s. In. t e rms  of our hyper surface 

model, - the exploratory. s.teps taken .along the M surface .would be suf- 

ficiently, smal l  so that the computer would notice the unevenness .caused 

by, the .approximations inherent in  the rounding procedure. 

In .order .  t'o investigate the influence of rounding e.rror  on .our :re- 

. .  sults', a ..special subroutine has been written into .the program. This. .sub- 

'. .routine i s  .employed, when desired, after. the regu1a.r minimization pso- 

cedure has been completed. The computer.make.s .several successive 

.changes of the magnitude 
A FINAL in each phase shift, beginning. at the 

minimum point under consideration. After a phase shif t ' is  changed.in 

the positive direction the desired number of t imes ,  it. i s  returned to i ts  

value at the minimum.and severa l  variations in .the neg,ative direction 

.are..made. 0nly.one phase shift i s v a r i e d  at a t ime, and i t s  initial value 

, i s  res tored  after the se r i es  of changes i s  comp1ete.d. 

- . After each.modification in .a  phase . ~ h i f t ,  the computer calculates 

.and prints oui, (via.magnetic - tape) the new value of . M. These ,results 

. can be examined for e r ra t i c  behavior, which might indicate .rounding- 

e r r o r  trouble. Our investigations have shown. that any* e r r o r  due to  

rounding - is .  l e s s  than .the accuracy for ,which. we a r e  s.triving. 



B. E r r o r  Analysis < .  

1. E r r o r  -.Matrix Method 

: The usefulness of any possibly, acceptable phase-shift fit will be 

increased if we.are  able to ascer ta in  the accuracy with which the ex- 

..per.imental data determine the individual phase shifts. A method in- 

volving the e r r o r  matr ix  i s  customarily used to obtain the uncertainty 

in each phase shift. This.  method will. be examined. briefly. here. .. Addi- 

tional informati nn c a n  *be found .in the phase-shift-analysis dis,cussion 

of Anderson, Davidon,. Glicksman, and Kruse'. 2 7  

.To o.btain the e r r o r  in  each phase shift, we investigate Llae 

region on the , M hyper surface near the bottom of the depression whose 

lowest point corresponds to the solution mdez  consideration. We wish 

to study the behavior of M when the phase shifts a r e  varied .from their 

values at the minimum point to other nearby values. Let us expand M 

in a Taylor se r i es  about the minimum and retain . terms only up through 

. second o rder  in ..the phase-shift differences. The f i rs t  de,rivatives .of ' 

M with respect  to  the phase shifts axre zeyo because they. a re .  evaluated 

- . . at . the minimum. *?'he res,ulting equa t i0n . i~  therefore 

where N i s  the number of phase shifts assumed; the quantities . d  
M 

M 1 '  

6 2 9  
. O O O  , 6: a r e  the values of the N phase shifts at the minimum 

point on the hypersurface; A b g ,  A d 2 ,  - -', A b N  a r e  the changes in  the 
M M M phase shifts f r om their  values a t  the minimum; Mo(6 , 6 2 a o o - o  a 6 N) 

2  i s  the value of M at the minimum; and G.. i s  (1/2)( 8 M / ~ I  3 
1.1 

evaluated .at the minimum. . The i and j summations extend over al l  



the phase shifts employed. To the extent that Eq. (IV- 2) i s  valid, M 

varies  quadratically with the changes in the phase shifts f rom their  

.values at the minimum. In the discussions in the res t  of this section 

.(IV-B) and in i t s  .related appendices, we assume that.this quadratic 

behavior is 'approximately correct .  

The e r r o r  matrix, G i s  the a r r a y  of numbers obtained by 

inverting the .matr ix  G, which consists .of .the symmetric  a r r ay  of 

quantities . G. An extension of our IBM-704 program enables the ij' 
computer to calculate G and G-I. The method by which the elements 

.of G a r e  obtained i s .  explained in Appendix -Fo 

T h e  ele,ments of G-' a r e  re la ted .  to the unc.ert:~m&;s ig&e 

phase shifts. According, to .statistical theory, we can write .(to within, 
27 .the accuracy;of the assumptions made) : 

M which i s  the root-mean-square e r r o r  .(standard deviation) in .6 .. , and 
1 

B 
(G- , ) * .  = C. .. X ( ~ . 6 ~ ) ~ ~ ~  Ic (A6j)rms? for  i f j ,  (IV - 3) 

1J 1J. 

where Cij i s  :the . ijth correlation coefficient (wi tha  value between 
1 $1 . and -,I), . and (GnIlii  and ( G  ) . a r e  elements ,of G - ' ~  The 

1 .I 
correlation.c.oefficients indicate the degree to which the phase s,hifts 

a r e  related. For  C. = 0, Si and 6 are.independent; f o r  Cij = *.I, 
l j  j 

the r e  i s  : maximum dependency. A geometrical interpretation of .the 

c.orrelation. coefficients . i s  given in Appendix G. If . F  i s  any -function 

.of the phase shifts, then .the e .rror  (standard deviation) in F i s  .ca&cu- 
28 

lated f rom the mat r ix  :G-I by using t he  formula 

(IV - 4) 

1 2 .  ..where the elements (G' ..) . a r e  in (radians) 
i j 



. . .  
2.: Auxiliary ~ e t h o d ' . o f  E r r o r  ~ e t e r m i n a t i b n - -  ' ' 

L . . .  . .  8 .  
, . 

The ' r m s  e r r o r  in each phase shift can .alsd be determined by 
. . . * :  . 

.. . a procedire  which we $11 c a l l  ' ~ ~ ~ ' ' ( a u x i l i a r ~ ) .  , An important 
3 '  ' . .  . 

function of AUX ' i s  to check t h e  resbltsobtdiked thruugh usc of the - . . , . . . . . . . . ; . .  
er ro r -mat r ix  method. It can also be. emplbyed to investigate the gen- 

e r a l  shape of the hypersurface in the vicinity of a minimum. In order  

to  obtain the e r r o r  in every phase shift, AUX requires considerably 

;more .computer t ime than i s .  needed by the e r ro r -mat r ix  method. The 
. . . . . . 

reason for this is LlCiat AUX omploys the  time-consuming minimization 

procedure of our search program, and the other e r r o r  methud does 

not. 

In order  'to understand AUX, let us '  consider the situatioq .in 

which only two phase shifts exist. Then, a plot of M as  a function 

of i ts  two parameters  i s  a three-dimensional surface and.is easily 

visualized. . We wish to obtain the e r r o r s  in  a set  of phase shifts. The 

.region a ro ind .  the corresponding minimum on the M .surface must 

therefore be investigated, as  in the e r ro r -mat r ix  method. Let S 1  
M 

and 62  represent  the two phase shifts and let & y  and 6 be their 

values at the minimum. We define 

The origin of the x-y-AM coordinate system i s  therefore at the 

minimum of the, dkpressior?.that i s  to be inspected. 

With only two phase shifts present , . Eq. (IV- 2) can be rewritten 

(in the x-y .notation) a s  

(IV- 5) 

* 
.This .procedure was .suggested for u s e  in our analysis. by Professor  

Owen Chamberlain. 



.For. a .fixed AM, .Eq, (IV-5). represents  .an. ellipse. Different values of 

AM give .e.llipses of different s izes.  The .ellipses represent  the. inter-  

sections with the M surface .of planes .parallel to the x-.y. plane. .. The 

pr,ojectio.ns :on the x-y plane. of three  of .these intersections. a r e  shown 

Curve C in Fig. 6 i s  the locus of points at which lines, per-  - 
.pendicular to the x .axis, a r e  .tangent to the .family of ellipses . repre-  

sented by .Eq. (IV- 5). In App.endix G, we show that the points .on.  curve 

.C. (denoted by the s.ubs,cript C) possess coordinates .that follow a 
.7 
.L 

AMC a x behavior. .. We also prove thereathat  the value of xC a t  C 
point P in  Fig. 6 i s  the r m s  e r r o r  in the phase shift 6 * .  Point P 

i s  the intersection of curve C and the A M  = 1 .ellipse. 

We .now have the necessary information to understand the man- 

.ner  in which AUX determines the e r r o r  in each phase shift. For the 

purpose. of ascertaining the e r r o r  in 61, the value of this 'phase shift 

i s  changed f r o m  to 6 y  + x l .  The s e a r c h  procedure that was 1. 
,nriginally. e.mployed.to locate the srlirlirnum i s  now used again. However, 

i s  now never varied but  i s  held constant at the value 6 y  + x' . In 

our'three-dimensional example, only .62 i s  changed. This corresponds 

to a movement along the. l ine. that i s  .perpendicular to the x axis and 

passes. through.  x. ' ,  the selected value of x. The .lowest value of M 

obtainable along,this line is;the value ass,oc.iated with the ellipse to 

which the line i s  tangent. Therefore the minimum point found by our 

modified search procedure i s  on curve C. 

Knowing the values of x and AM at  this minimum point, we 
2 

can employ the AMC a x formula and obtain the value of x at point C 
P (corresponding to AM = 1) .  In an actual application of AUX, the 

formula A 
2 

MC ==Xc may only be approximately t rue  because the mini- 

mum may not be perfectly quadratic in  shape. We therefore t r y  to se-  

lect the initial increment,  x ' ,  so that the resultant AM will be close 

to unity. In this way, we need only assume the validity of A 
2 

MC a Xc 



Fig. 6. 'T'he el l ipses  represent  curves of constarlt M for the 
case  of 'only two phase shifts. The eccentricity of the 
ell ipses and the i r  orientation with respect  to  the x 
and y axes a r e  a rb i t ra ry .  The significance of curve  
C and point P i s  explained in Section IV-B-2 .  



over a small  range of x .values in o rder  to obtain the x coordinate 

at point , P. The resulting value of x i s  the . r m s  e r r o r  in  .-ti1, a t .  
. . 

least  t o  the extent that the e r r o r  theory,.  based on .the second-order 
, . .  . . . .  

Taylor-series  expansion, i s  valid. We obtain the value of y , repre -  
. . 

senting the r m s  e r r o r  in 5 by using.a procedure analogous to that 
. . 2 . ,  . 

employed to find the e r r o r  in b l .  . . 

The AUX method can be generalized to the problem where 

there a r e .more  than two phase shifts. The points o:n the M hyper- 

. aurface that correspond.to a fixed AM then .form an .ellipsoid .or  

hyper-ellipsoid [ assuming that F,B. (IV- 2) i s .  valid]. An e x t e n ~ i o n o f  

our IBM-704 program permits  the calculation, through the use  of 

AUX,. of the e r r o r  in each of the phase shifts. One phase shift, . dk8 

i s  changed by a preselected amount and then :held fixed while .the other 

parameters  a r e  varied, in analogy to the example employing only two 

. phase shifts. F rom the smallest value of M obtained in this manner,  
7 
L 

one,, can estim,ate the r m s  e r r o r  in .d by, employing :the AMC a x k C 
: formula andcalculating x for .  AM^ = 1.. 

C 
. . .  . . .  In order.  to approximately take..into account any a.symmetry in . 

the: shape of the M depression, .we determine ,both the positive and 

negative changes .in each phase s.hift required .to give: AM = 1. ,An 

estimate of the r m s . e r r o r ,  averaged over the two directions of vari-  

ation, is. .thereby .obtained: . . . . .  

. We found the r m s  phase-shift e r r o r s  obtained by AUX to  

.generally agree  with those derived f rom the e r r o r  ,matrix. .In certain 

of our investigations, the lack of sufficient data o r  the existence of 

, many variable parameters  caused the shape of an examined minimum 

. , to .deviate noticea:bly, from the desired.  quadratic behavior. Although 

disparities .were,.then found between the results .of- the .two e r r o r  . ' 

.:methods, satisfactory agreement could often:be obtained by. limiting . 

the . e r ro r  investigations .to the region on the M hypersurface cor re -  

sponding to AM 6 1. . . . . . . 



. . . , C. Phase -Shift. Investigations 2 9 

We next describe our phase-shift analysis, which uses the 

sea rch  program and e r r o r  procedures explained in Sections IV-A and 

' IV- B. The information obtdined in thebe ihvestigations will b e  pre-  
.. . . . .  . . 

sented. F i r s t  of all, we discuss the analysis i nvo l< ing '~ ,P ,  and D 

waves .and the evidence that the D-wave phase shifts a r e  needed in 

order  to attain a satisfactory fit to the data- The ambiguity in the D- 

wave phase shifts i s  examined. We investigate the sensitivity of the 

various phase shifts to  the diffcrent types of experimental data, The 

inclusion of F waves in the analysis i s  discussed, and also described 

i s  t h e  attempt to add G waves. 

rli 
1. The SPD Random Search 

a The phase-shift investigations were begun with a random search 

involving S-, P - ,  and D-wave phase shifts. In order  to  find every 

minimum. that might l ie i11 .the neighborhood.of the t rue  solution, . the 

computer was asked to  begin searching at a large number of random 

points scat tered over the 2 M hyper surface. A total of 244 random 

se t s  of phase shifts were fed into the computer. The values of al l  five 

phase shifts (S3, l y '  P3# l ,  P3, 3 y  D3, 3 #  D3, 5) in  every set  were 

randomly selected. The initial value of c was always zero. Fro111 

these 244 random positions on the hypessurface, the computer searched 

.and found 27 distinct clusters  of solutions (phase-shift fits). The 

s.olutions in each cluster  agree with one another to within a few tenths 

of a degree'  in every phase shift. The different clusters  apparently 

correspond to various relative minima. Each of the ten relative .minima 

in  the group .with .the .lowest values of M was detected.by .the computer 

a t  least  five t imes.  If one assumes that the relative minima a r e  ran-  

domly spaced on the sM hypersurface and can be cntered with equal 

ease ,  then :the probability of having overlooked a set  .of phase shifts 

with. a low M value i s  l e s s  than 1 O/o. 
, *. 

The notation SPD will refer  to  our analysis in-~c?vizg ,S-, T-, and .D- 
wave nuclear phase shifts only. We will also use the abbreviation.SPDF, 
which i s  a straightforward extension of this notation. 

I 



Since the completion .of our SPD random search , .  both the 
. .  . _  :. ' ,  

computer program and. the .input data .have been revised and extended. 
. . . . .  - . .  . . 

The most important  change.^ were ,the addition of a total-cros s -section . . . . . 
3 .  

measurement  and the inclusion of DCS data i t  angles 'sufficiently smal l  

so  that Coulomb-nudear interference 'effects .a re .  noticeable. ' It 'is 
. .  . . ; .  

assumed that no new minima with low values of M were clreated'by the 
. . . . 

changes made. (The validity, of this assumption is, supported by .the 

resul ts  of the SPDF random search  to be described in:SectionIV-C-5 ) 

In genexal, the changes in the data and program produced .only smal l  

alterations in the phase - shift values re1ate.d .to each minimum. The 

presence .of t h e .  DCS .data at smal l  angles caus'ed the M va1ue.s of 

s.evera1 of .the original minima .to increase c.onsiderably. These 

.minima corre.spond to. se ts  .of phase shifts :that give the incorrect  sign 

for the Coulomb-nuclear interference .effects. 

In all  resul ts  to fd*low, we employ, the re.vised and. extended 

data and program. The data used include our four p.olarization mea- 

surements,  values of .the DCS at 23 angles of observation, and a total- 

c ro s s  -section measurement of .56.4*1.4 .mb (between the c,.m. cutoff 

angles 14.7- and 158..0 deg). All.the .cross-section data were obtained 

by ~ r n e s t  H. Rogers.. 25 T h e  po1arization:and. DCS data a r e  given in 

Tables VHI and VIII, and a r e  .plotted .in. Figs. 7 and. 8. 

Of the 27 distinct se ts  of phase .shifts found in. the SPD r.andom 

search,  all  but three  have negligible probabilities of lying in. the vicin- 

i ty of t h e t r u e  solution. We base th i s  statement on the x distribution 

of statistical theory, which can be applied at least  approximately,to our 
2 

. results.  30 The .X distribution for 23 degrees o f  freedom i s  used h e r e  

because we a r e  endeavoring to  fit 29 pieces of experimental information 

(including ,.E = 0.00 0.06) with five phase shifts .and the parameter  .E.. 

The. 2'4 solutions that were .disc.arded..on the basis of statistical theory 

have values .of M in  the range.  86 to 1100,. and are . therefore  .highly 

improbable (the mean M value expected is.equa1 to the number of de- 

grees  of freedom). .If the polarization data had not been present in  the 



. . 

Table VUI. ~ x ~ e r . i h e n t a 1  DCS m e a s u r e m e ~ t s  (in the center  -of-mas s 

system) used in the phase-shift analysis.  he :errors  a r e  stand- 

a rd  deviations and a r e  independent. Not' included i s  an r m s  e r r o r  of 

*p60/o in the absolute DCS scale. These data were obtained by Ernest  

H. Rogers. 
2 5 

C~ Ine - 
s cattering. angle 

(deg) 
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Fig. .7. Experimenta.1 r.ecoi1-proton polarization measur  e n ~ e n t s  
given in Table VII. The solid curves represent  the 
fits to  the data predicted by the SPD solutions in 
Table .IX. The S P  fit,  which i s  discussed in 
Section IV-C-2, i s  indicated by the dashed curve. 



Fig. 8. The experimental. c .  m .  DCS measurements  given 
in 'Table VIIl have been multiplied by 1 + e i.n o rde r  
to normalize them to the total  c r o s s  section. The 
value of E used '(-0.018) i s  that giving the minimum 
magnitude of M for  both the SPD and S P  Fer'mi-type 
solutions. Independent- e r r o r s  only .a re  shown. The 
solid curve,  whi:ch r ep resen t s  the F e r m i  SPD solution, 
fi ts  the data well. The dashed curve at  smal l  angles shows 
the behavior of the SPD F e r m i  and Yang solutions that 
possess  phase-shift signs opposite to those given in 
Table IX. The curve with short  dashes,  shown only at  
l a rge  angles,  i s  the F e r m i  S P  fit discussed in 
Section IV-C-  2. It i s  given only where it deviates 
sufficiently f r o m  the SPD fit to  be easily d r a - m .  



analysis,  some of these improbable. s e t s  of phase shifts would have had 
.. . .. . . . a  . 

low M values and therefore  could not have been discarded on the 

s tat is t ical  basis alone. . . .  
.. ... . . .  

- ' Our t h r e e  acceptable solutions a r e  in 

Table IX. The phase shifts given the re  a r e  of the nuclear -typg. They 

-;ere acquired by subtracting the Coulomb phase shifts -Lo $ which a r e  

l is ted in  Table I, f rom the total  phase shifts obtained by the s e a r c h  

program. The th ree  solutions in  Table IX a r e  of the F e r m i  type, 

Minami type, and Yang type, in  o r d e r  of increasing M. The connections 

between these  se t s  of phase shifts a r e  not precisely the re.lationships 

explained in Section 11-C b'ecause of the additional constraints .cr ,eated 

by the polarization' data. However, the features  that charac tqr ize  these  
. . .  

solutions can be noted. 

Two other se t s  of phase shifts a r e  good fi ts  t o  a l l  but the DCS 

data at sma l l  ang1e.s. These solutions a r e  s imi l a r .  to  .the F e r m i  and 

Yang fi ts  in  Table IX except that the s i g n s o f  most  o f  the phase shifts 
. . 

a r e  opposite to  the signs of the corresponding quantities in  the table. 

Because these  two solutions give destructive Coulomb-nuclear .inter - 
derence in the forward direction of scat ter ing,  we can definitely exclude 

them by using the DCS data  at  sma l l  angles (see ~ i ~ .  8). 

Figures  7 and 8 'show the manner  in  which the 'SPD solutions 

in  Table IX f i t , the data. The DCS curves calculated f r o m  the Minami 

and Yang se t s  of phase shifts a r e  not shown; they closely resemble  the 

F e r m i  plot. All t h r e e  phase-shift s.ets give values for  the total  c r o s s  . . 
section that a r e  i n  good agreement  with the experimental  measurement .  

We present  in  Table X the e r r o r  ma t r ix  that is associated with 

our  SPD F e r m i  solution. The square  root of each diagonal element 

of this  ma t r ix  i s  given l a t e r  in  Table XVI. In o r d e r  to  make the problem 

manageable, we have neglected the systematic  uncertainties in the shape 

of the DCS, and have used only the independent uncertainties r e f e r r e d  

to  in  Section IV-A-2. It is these independent e r r o r s  that a r e  given in  
. . 



 able IX.  h he solutions found in.t'he .:SPD random' search that best .fit 

the experimental 'data . 

Type of solution M Nuclear 'phase shift (deg) 

Fe rmi  15.8 -18.5 -4,7 134.8 1.9 .-4.0 

Minami 

Yang . , 

Table X. E r r o r  matr ix  for the SPD Fermi  solution. The matr ix  
2 

e l e m c n t ~  a r e  in .(deg) 



Table VIII and .shown in Fig. 8. .. We investigated.the influence .on-the 

phase shifts of the systematic uncertainties just mentionedb. and found 

the effects to be small  compared with the r m s  e r r o r s  obtained f rom 

'the e r r o r  matr ix for the SPD Fermi  solution. 
C 

In the remainder of this .  section, our attention will often be con- 

centrated on .the Fe.rmi solution given in Table IX. The reasons . for  

' disr,egarding.the Minami. and Yang sets  of phase shifts will be discussed 

in Secti0n.V-A. 
. . 

2. 1na.dequate S P  Fit 
, . '  

Is, the inclusion of D waves in the analysis ne.cessary in .order  

to obtain a ,good fit to the data, ,  o r  will S and P waves alone suffice ? 

Besides our SPD analysis, we,have also analyzed the data assuming 
. . 

that the pion-nucleon nuclear interaction affects only the S .and P 
. . 

waves. . The best S P  fit that we .obtained i s  g ivenin  Table XI; the 

co~responding polarization and .DCS curves. a r e  shown in Figs.. 7 and 

8. This solution is .of  the Fermi  type and i s  obviously an inadequ.ate fit 
. . , .  , 

to  the experimental data. The poor, f i t . i s  shown numerically in the 
. . 

large .M value of ,532.5. , Although the, .  D-wave nuclear phase shifts a r e  

smal l  in  our SPD. Fermi  set ,  they a r e  definitely.needed . . in order  to  

. obtain a satisfactory fit. 

. . . . By comparing the SP  and .SPD Fermi  s.olutions, we obser:ve 
that the inclusion.of D waves in the analysis has a noticeable effect 

on . S3., Each i s  reduced in .absolute magnitude when the and P3, l o  , . . . 

. . D-wave nuclear phase shifts . a re  allowed to have . . values other than zero. 

Only the phase shift P i s  ra ther  insensitive to the number of-spartial 
393 . .. 

waves included in the analysis. 
. ,. 

3: Ambiguity in..the D-Wave .Phase. Shifts .. . . 

When our four polarization measurements . a re  excluded f rom the 

S.PD analysis, an uncertainty appears in the D-wave phase shifts. This 

ambiguity was mentioned i n  Section 11-C-2. I t  gives r i s e  to t:wo Fermi -  
. . . I  

type solutions yielding low values of M, instead of just the one pre-  
. . . .. . . 
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viously di*scussed,. The two Fe.rmi phase-shift se ts ,  obtained when 

only the cross-sect ion data a r e  utilized, a r e  given in. Table XI. (They 

posses.s lower M values than the Fermi  solution in Table.IX because 

there  a r e  fewer experimental measurements to 'fit. ) ' A principal dif- 

. ference between thcsc two solutions is  that the D-wave phase shifts in 

one se t  have signs reversed compared with those in the other set. The 

.use.fulnes s of the polari.zation data in differentiating between these two 

SPD phase-shift solutions i s  demonstrated in Fig. 9. 

The utility of the polarization mecteurement6 in eliminating tho 

D-wave phase-shift ambiguity f rom our SPD analysis i s  also indicated 
. . 

in Figs. 10 and 11. The AUX e r r o r  procedure was employed in order  

to obtain these plots. In t e rms  of the three-dimensional example in 

Fig. 6 ,  these curves give A M  as  a function of x for points along 

curve C. When many phase shifts a r e  present a s  in our SPD analysis, 

an ahalogous plot can be obtained for each parameter .  The differences 

between Figs. 10 and 11 a r i s e  f rom the fact that only the cross-section 

data a r e  used in the f i r s t  figure, and al l  data including the polarization 

measurements a r e  employed in the second. The minima depicted in 

Figs. 10 and 11 correspond to the Fermi-I  solution in Table XI and the 

Fe rmi  solution in Table IX, respectively, and therefore represent  the 

sa.me solution fitted to different amounts of experimental data. Several 

of thi curves in Fig. 10 deviate greatly f rom a quadratic behavior owing 

to  the existence of the nearby SPD Fermi-I1 solution. A comparison 

of Figs. 10 and 11 therefore shows the effectiveness with which the 

polarization data i s  able ,to dispose of the SPD Fermi-I1 solution, whose 
. . 

' M va1u&.ch&nges f rom 14 to 1'95 when. the polarization data i s  included 

in  .the analysis. 

4. .Sensitivity of the Phase Shifts 
. 

We examined the SPD ~ e r m i  fit in  able IX and investigated 

.the sens'itivity of i t s  i n d i ~ i d u a 1 ' ~ h a s e  shifts' to the various. types of 
. . 

experimental measurements.  Different 'combinations' of the. 3 10-.Mev 

data. were used, and approximate values .for the e r i o r s  in the phase 



Table XI. The ."SP F e r m i "  solution is our best  S P  fit to  the experi-  

.mental. data. IqFermi Is' and . 'Termi 11" a r e  the two SPD F e r m i  so-  

lutions with low M ' v a l u e s  that a r e  obtained.when the computer i s  r e -  

quired to  fit only the cross-sect ion data (these,.solutions exhibit the 

ambiguity in  the .D-wave phase shifts). 
. '  

Nuclear phase shift (deg) 

' Type of solution M S3.1 . P 3 , 1  P 
383 . D3. 3.  D 3 8  5 

S P  F e r m i  9 2.5 -22..3 -8.1 . 136.1 0 0 

.. F e r m i  I 113.9 -16.8 -4.0 134.8 3.3 -.-5.44 

.Fe rmi  I1 14.1 .-24.0 -8.8 137.3 -3,5 2.4 



Fig. 9. Variation of polarization with ,angle predicted by 
the two SPD F e r m i  solutions with low M .va lues  
that a r e  obtained when the computer fi ts  only the c r o s s  - 
section data. These solutions exhibit the ambiguity 
in the D-wave phase shifts.  The values of the phase 
shifts for these  f i ts  a r e  given in Table XI. The experi-  
mental recoil-proton polarization measurements  a r e  
also shown above. 



Fig. 10. In t e r m s  of the three-dimensional example in Fig. 6 ,  
we have plotted AM a s  a function of x,  now denoted 
AGi, for points along curve C. With five phase shifts 

.p resent  (SPD fit) ,  an analogous plot i s  obtained for 
each. The variable A 6 .  represents  the chang,e in any 

1 
one of the phase shifts f rom i ts  value at the minimum 
point. The origin of the coordinate sys tem corresponds 
to the SPD Fermi - I  solution given in Table XI. ,Only 
the c ross-sec t ion  data a r e  utilized in the calcul'ations 
summarized 'here.  



Fig. 11. The curves a r e  the same  as  those in Fig. 10 except , 
t6a.t n o w  the polarization m.easurem.e,nts a r e  also ~v,c,l.~.~rled 
in 'the analysis.  The origin of the coordinate sys tem 
corresponds to  the SRD F e r m i  solution in 'Table IX. 
In o r d e r  to  simplify the f igure,  the behavior near  the 
origin 'of cer ta in  curves i s  not shown. 



shifts were calculated.for each combination. A comparison of the r e -  

sulting se ts  of e r r o r s  shoild indicate the types of data to which each 

phase shift i s  sensitive. In order  to obtain the desired e'stimates of 

the e r r o r s ,  the e r ro r -mat r ix  method was employed. The resul ts  o f .  

these calculations a r e  summarized in .  Table XII.' 
. . 

Certain qualitative .conclusions can be. drawn from the relative 

magnitudes of the e r r o r s  l isted in Table XII: 

(a) The phase shift P i s  essentially sensitive .only to the 
3,3 

total c ross  section; SgSl i s  also sensitive to this type of experimental 

measurement,  but t o  a l e s se r  extent. 

(b)  hep phase shifts SgSlD DgI3, and D a r e  strongly sensi- 
395 

tive ,to the pola,rization data. 

(c)  All the phase shifts a r e  dependent to various degrees on the 

DCS measurements; Pg ,3  i s  relatively insensitive to these data. 

The three -preceding conclusions depend, in part ,  on the magnitudes 

of the phase shifts. Therefore ca re  must be exercised when applying 

these results to  energies othcr than those in  the region around 310 Mev. 

: The ability .of the polarization measurements to reduce the 

magnitudes of the phase-shift e r r o r s  can also be observed .by. compar- 

.ing Figs, 1 0  and 11. These'figures indicate that the addition of the 

polarization data not only. eliminates one of .the two SPD Fe.rmi so- 

lutions but also causes the minimum point. of. the. remaining depression 

to become more  sharply de.fined, thus reducing the e r r o r s  ,in certain 

of the phaqe shifts. . . 

5 .  Inclusion of F Waves 

Because of the relatively, high accuracy with which the phase 

-:shifts in .our SPD Fermi  fit a r e  determined, we felt it necessary, to 

extend the analysis to include F waves. It appeared quite .possible 

that the addition o f  smal l  F-wave phase .shifts might cause changes in 

the other phase shifts l a rge r  than the quoted e r ro r s .  This indeed.turned 

out to be true. We found that the inclusion of a smal l  F-wave nuclear 

interaction not only a l ters  the values of almost al l  the S-, P-, and D- 

wave phase shifts but also causes their e r r o r s  to increase  considerably. 
A1s.0, new solutions appear that fit the data.wel1. 



' T a b l e  XII. Investigation of the sensitivity of the phase shifts at  3 10 
.. . 
Mev to  the different kinds of experimentaldata. The type of solution 

examingd i s  the ' S P D  F e r m i  fit in  Table IX. Given .below a r e  the data 

'utiiized in  each set of. calculaLiolis and thd c ~ t i m a t e s  .oMa.ined .for the 
, . . . 

r m s  e r r o r s .  
. . . .  ' . . . . 

Nuinbe r  of c~rporimsntal  Estimated r m s  e r r o r  in 
' nieasuremencs utilized 

Total Differ cneial Recuil-proton 
c r o s s  c ross  section polarization 'gJl P3,1 P3J3 n3J3 D3,§  

section (deg) 

. a.~llrse',i-rre.asurcmcnts a r e  spread thrm~ghout the angular range f o r  

which DCS. data exist. . . 

. . .. . . . 



With the F-wave nuclear phase shifts allowed to be different 

f rom zero, another ~ a n d o m  search for solutions was conduct'e.d. New 

random initial values were picked for t h e  phase shifts related t o  the 

S, P, and D waves. The initial F-wave phase shifts were also chosen 

at random, but were restr icted to the interval 0*9 deg because we 

assumed thes.e parameters  to be small. ..The number of random sets  

used was 260, and about twice a s  .many minima were found a s  in the 

SPD random search;  Every solution with an M value of l e s s  than 40 
.2 

was obtained at least  five times. According to the x distribution, 

now for 21 degrees of freedom, the probabi1ity:is l e s s  than 1% that the 

M value of the t rue  solution i s  greater  than .40. 

As a check on the SPD random-search resul ts ,  we made 'SPD 

fits to the data using .as .starting points the f i rs t  five phase shifts i n  the 

various .SPDF solutions. All the original SPD solutions appeared. 

In addition, only two new minima were found and these possess ex- 

t remely  high M values. Therefore, we had apparently obtained all 

the existing :SPD solutions with low M values in our original random 

search.  '. 

Every discovered SPDF solution with a value of M l e s s  than 

40 i s  l isted in Table - XUI. The. Fermi-I ,  . Minami-I, and Yang-I solutions 

correspond to  the three SPD fits given in Table IX. The designation 

'oMinami-YanggE re fe r s  to the type of fit of that name discussed in 

Section 11-C- 2. Many of the phase-shift values . in.  the various solutions 

denoted vE1P8 i n    able XIII. a r e  approximately connected. by the ambiguity . . 
relationships discussed in Section 11-C. Similarly interrelated a r e  the 

three  fits denoted '!IIgq. We will disregard solution 6 because of i t s  

excessively large F3,7 .  When SPD fits to the cross-section data 

only. a r e  obtained, . the SPDF Fermi-I  and -11 solutions reduce to the 

solutions of the same nam.es given in  Table. XI and therefore appear to 

be manifestations of the ambiguity in the D-wave phase shifts. The 

e r r o r  matr ices for these two se ts  of phase shifts a r e  pr.esented in 

Tables XPV and XV. The square root of each diagonal element of these 

matr ices  i s  given la ter  i n  Table XVI. 



Table. XIII. . Solutions found in.  the SPDF random .search that pc s s.es s values :o'f M less than 40; 

Nuclear phase shiEt (deg) 

No. Type of solution . - 

1 Fermi  I 14.1 -17.2 -2.9 1,35.0 3-1 -4.-9 0.5, '-0.6 

2 Min'ami-YangI 

3 Fermi  I1 

5 Minami- Yang ,I1 . 26.9 139.9 ;-3.9. 0 13 .1  ,164.0 -4.9 -5.7 . 2.0 

7 Minami I 

8 Yang.1 



.Table. XIV. . Er ro r  matrix for  the., SPDF Fermi-I solution. . 

L 
The matrix .elements a r e  in .  (deg) . 



Table.. X.V..' .Er.ror: matrix:for the SP-DF soluti.on FermiipII.: ., 

2 
'The matrix ,elements aye in .(deg.) . . . . 



The Fermi-U solution and the two Minami-Yang fits were also 

found in the SPD random search but then had improbably large M 

values because of their inability to  fit the polarization data. The 

presence of small  F-wave phase shifts has enabled these three pre-  

viously unacceptable solutions to become good fits to the polarization 

measurements.  We present in Fig.  12 the variation of the polarization 

with c. m. scattering angle predicted by the f i rs t  four SPDF solutions 

in Table XIII. The analogous curve for solution 5 i s  intermediate be- 

tween those for 2 and 3. We do not show the polarization plots for 

the SPDF solutions Minami I and Yang I, but they a r e  essentially the 

same as  the corresponding curves in Fig. 7. 

6. Addition of G Waves 

An attempt was made to observe the effects of G waves on the 

SPDF analysis, again with the aid of the IBM-704 computer. When 

no restrictions a r e  placed on the size of the G-wave phase shifts, we 

found that our former  solutions become poorly defined, and additional 

se ts  of phase shifts t h a t  fit the data well appear, 'I'he SPDF Fermi-I  

and Fermi-I1 solutions a r e  al tered in character  considerably when the 

nuclear G-wave interaction i s  allowed because the computer i s  best 

able to fit the data by changing some of the phase shifts in these solutions 

by a s  much a s  10 to  20 deg (the M values dropping to about 10 and 16, 

respectively). Even i f  the magnitudes of the nuclear G-wave phase shifts 

a r e  held to within the a rb i t r a ry  limit of 0.2 deg, the uncertainties in 

many of the other phase shifts in the two Fermi  solutions increase  to  

one and one-half to two t imes their former values. With the nuclear G- 

wave interaction allowed, we reinvestigated al l  the minima obtained in the 

SPDF random search. The magnitudes of the nuclear G-wave phase shifts 

in a given fit were arbi t rar i ly  restr icted to be l e s s  than one-fifth the 

magnitude of the larger  nuclear F-wave phase shift in the same fit. 

Even this constraint did not prevent new solutions with low M values 

f rom arising. With our present data and the limited amount of available 



Fig. 12. Variation of the polarization with c. m. sca t te r ing  
angle predicted by the f i r  s t  four  S P D F  solutions. in 
Table  XIII. For  r ea sons  of c la r i ty ,  the  large-angle  
behavior of two of the curves  i s  not shown. A l l  
curves  sa t i s fac tor i ly  fit the t h ree  negative polarization 
measu remen t s .  



theoretical information.,concerning the phase .shifts. related to angular- 

momentum states  .of higher .or.der ,. we conclude that we cannot meaning,- 

.fully include .G waves in .the. analysis. 



. . .  . . . .  . . . . .  ' .  . : . . . .  . . . :  . . . . .  . . v. ' ~ ~ s c u s s ' i o ~  OF. RESULTS 
. . . . .  . . . . .  . . . . . .  ;. , , I " . . .  I : . , ' !  .' 

, . 

A. Phase-Shift Analysis . . . . .  . . . 
. . . . . . . . .  

The resu l t s  of the polarization experiment have been combined 

with the recent ly obtained accurate  c ross-sec t ion  data and a compre-  

hensive phase-shift analysis  performed. The D-wave phase shifts 

were found to be definitely needed in o rde r  to  attain an adequate fit t o  

the data. We investigated the influence on the analysis of the presence 

of small ,F-wave phase shifts:  not orlly a r e  the e r r o r s  in our  original 

Fermi- type solution increased ,  but additional solutioils that fit the data 

well a r i se .  Although tlie introduction of a slliall F - w a v e  inte.1-action 

does not great ly  improve the best obtainable fit t o  the data, .no justifi- 

cation can be found for completely neglecting F3,5 and We 

attempted to  extend the phase-shift inquiries to include G waves but 

found that the available data  and theory do not allow the G-wave in ter -  

,action to  be significantly incorporated into tlae analysis.  

Our investigations indicate that i t  i s  difficult t o  obtain a com- 

pletely meaningful se t  of phase shifts f rom pion-nucleon experimental 

data  by using the part ia l -  wave t rea tment  alone. Fur ther  ass i s tance  

f r o m  theory may be requi red  before one can handle with confidence 

a l l  the angular-momentum s ta tes  measurably affected by the interactiun, 

The discussions to  follow will principally be l imited to  the resu l t s  of 

our  SPDF investigation. 

Let us  begin the  discussion of the var ious phase-shift solutions 

by discarding a l l  those that a r e  of the Yang, Minami, o r .  Minami-Yang 

type. A principal reason  for  reject ing these  se t s  of phase shifts is' that 

they appear to  d isagree  with the requirements  of the dispersion relations 

for  the spin-flip ampli.tl.ide of the pion-nucleon scat ter ing in the forward 
15 ,31 ,32  

direction. The Minami-type solution i s  a lso unreasonable 

because of i t s  l a rge  D393 and the implausible behavior of i t s  phase 

shifts at low energy. 15,33 



Of the. pha,se-shift. solutions listed .in. Table XIII; only.the 

.Ferrrii-I.and Fermi-I1 sets. .remain:..to be ..c.ons,i.dered: (we .earlier,  r e -  

: jected ,set 6 . because of..its .exces.s,ively large  F3,7). 1n.Tabl.e XVI, 

we summarize .the .charact,eri'stics of these.  two SPDF. Fermi-t,ype 

.. fits. The SPD Fermi  s.et i s  also..included . . ,  ,for . comparison . ... . The 

r m s  e r r o r s  l isted a r e  .the..square roots .of the diagonal elements of . . .  . . .: 
the respective . e r ro r  matric.es. In .comparing .the closely related .SPD 

Fei.&i .and S P D F  Fermi-I  solutions, we n'otice that only . P. i s  
3,3 

essentially.unaffected by,the addition of the F-wave interaction (owing 

to the strong dependence of this phase shift on only the total c ross  

s.ection). Although :F and . FjI7 in the S P D F  Fermi-I  s.01ution 
3 I 5 

a r e  smal l  and their  e r r o r s  overlap 0 deg, the .effect of.their presence 

Table XVI shows the drast ic  increases in the phase-shift e r r o r s  

that occur when F waves a r e  added to  the SPD Fermi  solutibn and 

the SPDF Fermi-I  set i s  thereby obtained. This would seem,  at 

f i r s t  glance, to indicate that much l e s s  information can be derived 

f rom this type of solution now that F waves a r e  allowed. Actually 

this  i s  not t rue  because many of the correlation coefficients a r e  large  

in  the SPDF Fermi-1 solution. Large ,correlation coefficients signify 

strong relationships between the phase shifts , and thus information 

about one phase shift will, in general, give useful information about 

other phase shifts. In any comparison of theory with the SPDF 

Fermi-I  set ,  it will be important to use the entire e r r o r  matr ix  

(Table XIV). 

In order  to facilitate the phase- shift analysis, we neglected in- 

elastic scattering. Additional uncertainties in the solutions of Table XVI 

exist because of this disregard of all  but the elastic-scattering reaction. 

There i s  .little experimental information available on inelastic processes 

in nt-p scattering at 310 Mev. However, est imates can be made of the 

magnitude of the total inelastic c ro s s  section at this energy by combining 



Tsble .XVI. ~ h a s e , * s h i f t s  for solutions of. the. Fermi: tYpe ar is ing in the 
t 

. SPD and .SPDF .analyses of ? -p scattering. data at  3!0 :Mevp:., .The 

units a r e  degrees.  ,The err0.r  s a re .  standar,d d.eviations...and a.re-.obtained 

f r o m  the e r r o r  ma t r i ces  presented in Tables X, XIV, . and XV.. 

. . :Solution, . . .. . 
Nuclear SPD SPDF F e r m i  I 

. a . . . 
. SPDF Fe,rmi I1 

phase . . . . . 
shift . (M = 15.8 

. . 
, .  14:l .  , 

' .  L - .  18.3) : 



34 
the experimental measurements .of Willis . at 500 Mev with theories 

. . 
s u c h  as.  those .by ~ o d b e r g ,  35 Franklin, 36 and Kazes. 37 The resul ts  

indicate that the total inelastic cross  section i s  l e s s  than 1 mb 

at 310 Mev. 
. . 

. The inclusion in ,  our' analysis .of e.ven this .'small amount of in- 

. elastid scattering can' cause .changes in the phase shif ts .  We have .ob- 

served the alterations in.the solutions given. in  ..Table .XVI when a total 

.inelastic c ross  section .bf 1 mb i s  allowed. Various extreme a s  sump- 
. . . . 

tions were made about the manner in which this .amount of in.e.lastic. 

scattering might be distributed among the different angular-momentum 

states  .of the intera.ction. Each inelastic parameter  was assumed, . in  

.turn, to have a,value s.ufficiently .less than.unity so as  to account for 

the ent i re .  1.-mb c ross  .section (al1:the o ther  inelastic parameters  r e -  

maining at unity). Equation .(E-4) was .used in  .order  to calculate .these 
' 

values. For  each assumed s.et of inelastic parameters  and for each 

solution considered, - the  c.0mpute.r redetermined the values of .the phase 
. . 
shifts,  yielding the minimum.magnitude .of M (this general procedure 

was discb.ssed briefly,in .Section..IV-A- 1:). . We .conclude . from the resul ts  
. .  . 

,of this investigation that, i f  inelastic- s.cattezing processes c.ould properly 
. . 

' .be  taken into account, any changes i n t h e  quoted values -of the phase 

shifts .would .probably, be well within the .corresponding e r r o r s  given in 

Table. XVJ. 



. . B. , compar i son  of the ' SPDF :F'erm?-Typ'e 'Solut'ions 
. . .* . - .  . . . , 

' Let us  examine mor'e closely the two SPDF ~ e r m i - t ~ ~ e ;  
'.. . . ' .  . . .  , . . . '  

solutions, both of which a r e  excellent fits to. the data. Both se t s  a r e  
8 . .  . . .  . 

reasonable f rom the point of view that the F-wave phase' shifts a r k  
.. .. I .  . - .  , . ... . . .  

s m a l l  compared . . &ith 'those relat 'ed to  the D wave. We aye unwilling 
\ , .  

to  d i sca rd  the Fermi-I1 solut ionon the basis  of iack o f  continuity with 
. .  . 

resu l t s  of phase-shift analyses at other energies  because we believe . , -  

these  other analyses  may suffer the same  uncertainties a s  our SPD 

rcsul ts .  In the remainder  of this  section, coinparisons be tween  lhe 

two SPDF F e r m i  solutions will be made in  an  attempt to  eliminate 
. .  . .  . . - .  . . . , . .  

one o f  these two *eta of phase shifts. 
. , 

Both solutions give ~ e l f ( 0 ' ~ ) 1  = - 0.686 i 0 . 0  12 in units of ' 

. . 
%/PC ()I denotes the 'pi- ison rest m a s s )  where Re[f(o0)1 i s  the r ea l  

. . 
par t  of the forward-scat ter ing amplitude, . for . nt-p nuclear  e last ic  

. .. . 
scat ter ing,  in  the c. m. system. The value -0.686 was calculated by 

. . . . . . . .  . . 
inser t ing thk nuclear  'phase shifts nf ~ab1.e '  XVI j.,nt.o Eq. (E-2). W e  
. . . .  . 
obtained the e r r &  by using E ~ ;  (fi-4) and the e r r o r  mat r ices  in  

. . 

' ~ a b l e s  X I V . ' ~ A ~  . . XV. The sign . of . R&[ f(o")] i s  deterrnine&'by the  
. . . . .  

' absolute s ign of the set  pf phase shifts used,  which in tu rn  i s  determin-  . . . . . . . . 

ed by the '  s ign of the ~bu lomb-nuc lea r '  interference contribution to the . . .  , . . . 

DCS, ' We neglect a s m a l l  correct ion (appai-ently'less than 1 %) t o  

RC[ f(oO)] arioing f r o m  the disregard of 1x1s ailde inela s t i i  c ~ l ~ l r i l > u b i u ~ r ~  

to the total  c r o s s  section when the computer normalizes  the experi-  

mental  e last ic  DCS to  the experimental value of the total  c r o s s  section. 

If inelastic scat ter ing takes place but i s  neglected in the phase-shift 

analysis,  DCS values calculated . f rom the resulting se t s  of phase 

shif ts  will be too large.  Because of the close relationship between 

Re1 f(o0)J and .the value of the DCS for nuclear scat ter ing a t  

6 = 0 deg, the d i s rega rd  of inelastic scat ter ing causes  the magni- 
C. m. 

tude quoted for ~ e [ f ( o O ) B  to  be slightly too great .  



Our resul t .  for ~ e [  f(oO)] agrees:well.iivith. values predicted .by 
* :the .disp.ersion relations and based on other experimental data. 

Figure 13 shows the accord obtained between our value and the curve 
2 

calculated by;Spearman f o r  f = 0.08, where f 2  i s  the renormalized, 

unrationalized, pion-nucleon .coupling constant. 38 Another .recent 
-13 analysis i s  that by, Cronin, who predicts, -.1.35X10 c m  at 310 Mev 

for the rea l  part of the forward-scattering .amplitude in:.the laboratory 
2 

system (for f = 0.08). 39 .. When transformed to the laboratory, system, 

our result  becomes ( -  1.36~*.0.02) X.10- l3  c m ,  again in good agreement 

with the .disp,ersion relations. 

When.the two SPDF Fefmi:type solutions a r e  compared with 

the predictions .of the phase-shift formulas .of Chew, Goldberger, Low, 

and ~ a m b u .  40, we find that Fe rmi  I i s  in better agreement. .  The P-wave 

phase shifts of Fermi  I - a r e  .more  . in.accord .with the.effective-range 

formulas of Chew et al. than a r e  the corresponding phase shifts of - 
Fermi  11. The .effective-range equations predict approximately -5 deg 

for  P3,  , and 127 .  deg f o r  P 
393 

at 310 Mev. We .obtained .these . r e -  
2 

.suits by, assuming f = 0.08 and w = 2.1. The .quantity . w i s  the 
r r 

.value .of w at .the .reeonance, whe.re w denotes . the .totai energy .in.the 
2 

c. m. s.ystem, exclusive .of the nucleon.rest energy, . in.units .of PC . 
The .effective -.range formulas a r e  expected ..to be .valid only. at low 

energies. Therefore the fact that the Fermi-I1 set. disagrees more  

notic.eably with these ..equations .than.does ..the Fermi-I  s.olution i s  .not 

sufficient reason .by itse.lf for discarding .the fomer. s.et of phase shifts. 

One often compares .experimentally obtained values of P .with the 
3,3 

effective-range theory by means of the Chew-Low plot41 [ i. e. 
3 (ci .cot  P )/a ve.rs.us .o, where q i s  the mqmentum of. the pi meson 

3., 3 
.in. .the .c. m. system, in..units .of p.c]. The values .of P in both 

3,3 
Fe.rmi I and .Fermi  11 give .results that fall. below the .straight line 

* 
We acknowledge informative discussions ..with .Dr. H. Po Noyes 



, *+laboratory kinetic energy (Mev) 

0 . .  Fig. 13. a The quantity. RC[ f ( O  )I  1.6 the r e a l  a r t  of the 
forward-scat ter ing amplitude, for ,T '-~ nuclear 
e last ic  scat ter ing,  in the c. m. system. It i s  plotted 
a s '  a function of inci.dent #pion laboratory kinetic . 

energy. The curves were calculated by Spearman, 38 
usinq the dispersion relations and the' indicated values 
of f . Only the hi her  energy portion of the curve 5 -  - corresponding to f - 0.085 i s  shown. The experi-  
mental value at 310 Mev i s  that obtained f rom the 
S P D F  Fermi - I  and Fermi-I1 solutions discussed in 
this  repor t .  



passing through the low-energy points .on this type of plot,.. in .accord 

with.the resul ts  of other experiments.at energies near o r  above 300 

Mev. The D-wave phase shifts in the SPDF Fe.rmi-I solution agree 

,in sign and reasonably, well .in. magnitude with. the theoretical. formulas 

of Chew -- et a l . ,  which predict D = + 0.3 .deg .and D = - 2.5 deg 
3,3 385 

at 310 Mev; , the  D-wave phase .shifts in Fermi  I1 disagree in .both sign 

.and magnitude. However, these formulas do not include .the .effects 

of the pion-pion interaction and .thus .may, not give accurate predictions. 
42 

The straight-line plot at  low energies o f  S3,91 a s  a function 

.of q .can be linearly extrapolated .to 310 Mev and compared with the 

values.of this phase shift in .our two SPDF Fe.rmi solutions. . The 

extrapolated value obtained i s  near - 13 deg,, and therefore the .com- 

parison yields the better agreement for Fermi  I. Once again, this 

alone i s  not adequate evidence against Fe rmi  I1 because the linear 

relationship between S3,, and q probably,. does not extendto energies 

a s  high a s .  310 Mev. 

Although both.the SPDF Fermi-1 :and:.:S.e.r:mi-11 solutions give 

resul ts  that agree  with the dispersion relations predicting Re[ f(oO)], 

these-two se t s  of phase shifts yield contrasting resul ts  when compared 

with the dispersion relations for the spin-flip forward-scatterin 

amplitude, following the method of Davidon and Goldber ger. 
B 

318 Dis- 
2 2 

persion-relation theory predicts that y = f t Cx, where f i s  again 

the pion-nucleon coupling constant, C i s  a constant, x i s  a given 

function of the energy, and y depends in a stated way on the phase 

shifts and .the energy. As shown in Reference 31, Fermi-type phase 

shifts .that a r e  bas.ed on .SP analyses over a range of energies .lower 

than 310 Mev.exhibit approximately the predicted y-x linear behavior 

* 
We wish to thank Professor  J; Ashkin o i  Carnegie Institute of 

Technology .for suggesting ,the use of the spin-flip dispersion relations 

as  a possible mean.s of discriminating between the two SPDF Fermi  

solutions. 



2 
' arid' '&xtripolatd'.to a reasoriabl6 ... value .o:f f .. (At suffici,ently low 

ener.gies, . we would expect the ' . SP-type analysis .to be adequate.. ) 
~. . 

strictljr-speaking, '.ti;e' function y . depends .on the phase shif ts  at all  
. . . . 

eneigies.  ~ o w e v e r , ,  for Fermi-type sol&ion.s and for. the region of 
- .  

energies considered in  the Davidon and .Goldberger ar t icle ,  y . de- 
, . : pends psidcipally on.the values of the phase. shifts at  the .energy at 

which it i s  being; evaluated and'on the- behavior of P 3 a 3 a t  other energies,  

about which reas'onable assumptions can .be made .when necessary. 

Approximate .calculations using. the ~ e r m i  -I solution gir.e:. 
. , 

y z + 0.03M.08; when Fermi  ~ ~ . ' i s . c o n s i d e r e d ,  y = + 8.33*0.U2. We 

have 'inc1bde.d i n  thc e r r o r s  quoted. only, the e r r o r  arising from the t e r m  

Re(ag) in Eq. (2.6) of Reference 31.  'The eiltil-c c r r o r  matr ices (Tables 
. . 

XIV and : XV) 'were .used when .calculating these e r ro r s .  Assuming that 

the other uncertainties in the calculation do. not greatly change.the 

'geneial . feature& df these resul ts  for y, we find that the ,Ferrni-I 

solutiurl i s  in m.oderately good agreement with the straight. line of 

.' ~ e f e r e n c e  31 (which.$ields about,OOl5 fo r  y at 310-Mev) but that 

' F e r m i  I1 disagrees. Relying on the  avido on and Goldberger analysis, 
. . 

then, we appar@ntly may .say that only the Fe:rmi-I .solution i s  admis.sS!bl-e., 
. . 

, Go Cbncluding Remarks I .  

Although theo iy  appears  to fzi~0.r the Ferrrii-I se t  over the 
. . . . 

, 
Fermi-11, further theoretical evidence and, . in addition, experimental 

justificatidn a r e  desirable.  Useful experimental information could 

probably. be .obtained by performing .supple~nental polarization measure-  

ments at sufficiently smal l  angles. 'we note in Fig., 12 that appreciably 
. < 

different values of the polarization a r e  predicted by the two Fermi  

solutions' at c. 1x1. scattering angles in the vicinity of 60 deg. If a 

practicable method:could be developed fur determining the polari.zation 

of protons with ene!rgies approximating 50 Mev, one could perform r e -  

coil-proton po1ariz;ation measurements that might distinguish between 
I 

t h z  two SPDF Termi. s,olutions. The same data might also provide 

expe.rimenta1 evidence -against the SPDF Minami, Yang, and 
Minami- Y ang ,solutions. 



In ..conclusion,. the' success of the SPD analysis .was .so striking 

that an..investigation .of 'the effects .of: F waves was:in order.  The 

inclusion ..of F waves has .  given a .good fit to the data, .:'but not. an 

,.appreciably, better .fit than .in .the SPD analys'is. The :errors  +.the 

phase shifts .of the Fermi-.I type have .become:very .much l a rger .  than 

.they .were before .the . F waves we.re added, but. because .many .of the 

correlation coefficients..are. quite large..these i s  sti l l  a great deal of 

information contain'ed in .the . SPDF analysis. It i s  hoped ..that this work 

. .co'nstitutes a significant s tepin the quantitative study, of pion-,nuclean 

-scattering; ' 
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APPENDIXES 
. . 

A. ~ e r i v a t i o n  of the ~ k ~ r e s s i o n  fo'i $he~~~ec<il-~?bto~'~olarization 
. . . . . . . . . , . 

. ,  . . , . . . . . . .  

We presen t .he re  F e r m i  s ,  derivati.on.leading to  the: equation 
. . . _ . :  . .  . 

. . .. . . . C . 
. . 

2 
... for the polarization.of the recoi l  protons. I f  the proton.is initially . . . .  . ' . . .  . , . . .. . - . ,  . . :  

.in the  spin.s tate  . . a ,  the scat tered wave can be . . written 
. . . . . , 

. . . . . . . . . . . . . . . . * .  . . . . . . .  
. . 
. . 'SC - S  - aa  a t S  .Pa p .  . . . . . . . (A-1) 

If t h e  p r o t o n i s i n i t i a l l y  in thk spin s ta te  ' P , '  the e&pre t i i&n. for  the 
. .  ~ 

sca t te red  wave i s  
' I .  

The equalities S = S 
, 

pp. a n d ,  Spa = - S a p ,  which a r e  discussed in  

Section 11-B- 1 , .  have been used here.  Let y. and 6 represent  the spin 

eigenfunctions corresponding to  the proton spin poiriting in  the t y  and 

-y direct ions,  respdctively. Expressing these eigenfunctions, in  t e r m s  
43 

of the spin . . wave  function,^ . a  and .p, we wri te  . . 

. . 
( ~ l i h o i ~ g h  ive &OW d i sc iqs ' t he  y direction,'  the z G i g  i s  nevertheless  

. . 
a c.onvenient onewi th  which to  begin, being the direction olbng which 

. . . . 
the incident beam moves. ') Solving Eqs. (A-3) for a and P in  t e r m s  

of y and 6 ,  substituting the resu l t s  into Eqs.  (A- 1) and -(A-2), and 

rear ranging ,  one obtains 

Initial spin .state Scat tered wave 



Acc0rdin.g. to ;either of these .expressions. for. the s.cattered :wave, .the 

, , 
probability, for. the .spin..of .the .scattered .proton .to be .paralle,l .or anti- 

parallel . .  to the . t y  di'rection i s .  proportional to 
. . 

and 

(parallel) , 

(antiparallel) . 
. , 

Thus. Eqs. (11-5) a r e  proven.to. be.valid. The .expression .for the.rec.oi1- 

-proton .po la r i za t io~ . i s .  easily, obtained f rom Eqs. (11-5), a s  i s  shown in  

.Section ..II-A- 2. 



B. Method of Pa r t i a l  Waves Applied to  Pion-Proton Scattering 

' . .  . .  'We wil l  now use. the method of :partial: waves in o r d e r  to. obtain 

the ,ba.sic phase-.shift equat.ions .presented in Sectioa..II-B-1%;'. .Coulomb 

sca t t e r i r~g  i s  neglected h e r e ;  . i t  will: ber considered iri::Sekti.o.fi 11?.B-'2 

and Appendix C. F o r  definition of, quantities used in  this appendix, 

r e fe r  to Section 11-B-1. -and the references to  be cited here .  
. . 

In the method of par t ia l  waves, the interaction of a beam of . i: . 

part ic les  with a Iocal ized-scat ter ing centeg. $s ;repi.tsentcd by .the . . 
scat ter ing of a plane wave. If thk interacting part ic les  have no spin, 

8 .the, initial, wave. function can be writt.en [ Eq. (1) of Halliday ] : . 

Extending the partial-wave t rea tment  to  pion-proton scatteririg, in  which 

the proton has a spin of 1/2, we rewr i te  Eq, (B-1) a s  

QD 

0 BL(r) N Y (cos 0) x L L 1/2 ' 

L=O 

We have included the proton-spin wave function, M~ 
x1/2 

in  the init ial  

.wave function because the proton spin can a lso  enter  into the reaction. 

The wave f~rlcl iol i  JII describes a proton in  a definite spin state.  For  

convenience, the Legendre polynomials have been changed to  spherical  

harmonics  through u s e  of the relation [ Eq. (2.5) of Reference ,441 

where 

The superscr ip t  on each spherical  harmonic r ep resen t s  the z component 

(ML) of the orbi ta l  angular mornentum. which i s  ze ro  for the incident 
L 

pion beam. 



. . 

Let u s .  consider a pion-proton sys t em in  an orbitalpangular - 
. . . .  

momentum s ta te  with quantum number Lo This sys t em contains total-  

angular-momentum s ta tes  'with quantum numbers J = L : .  + 1/2 , and 

J = L - 1/2. Utilizing Eq. (5.5) and Table 5.1 of ~ l a t t  a n d  Weisskopf, 
44 

0 0 we c a n  wri te  [ denoting Y (cos 9) by Y ] L . L 

1/2 M; u2 p I 

2 L -  11.2, L,. 112 (2=) ,L+1/2, L, 1/2' 

where the functions vJkJ,LI a r e  the total-angular-momentum 

wave functions. whenever a choice of algebraic sign appears  in  the 

equations of this  appendix, Appendix C, o r  Section 11-B, the upper 

s i g n r e f e r s  to  the scat ter ing in which MI = + 1/2; t h e  lower sign is for S 
M; = - 1/2. 

When the method of par t ia l  waves i s  applied to  p,ion-proton .nu- 

c l ea r  s tattering, one uti l izes total-angular -momentum wave functions 

because J and M are esnsel-ved and hence the amplitude i n  each  J 
total-angular-momentum s ta te  can only change in  phase (unless inelastic 

.scatte.ring occurs ,  in which c a s e  the magnitude of the amplitude can 

a lso  chan e). In o r d e r  to  write the initial wave function, $ i n  t e r m s  
6, I' 

the %Jdj,L, 1/2 functions,, we inse r t  Eq. (B-4) into Eq. (B-2). Then, 
8 generalizing the development i n  Halliday to  .pion-,proton scat ter ing,  

we rewr i te  .Eq. (5) of that re ference  a s  . . 



(In pion-proton nuclear  scatterirlg, one d iscusscs  a localized 'sinteraction99 

ra the r  than the "potential" used in Halliday. ) The wave function 14 
SC 

r ep resen t s  the elastically sca t te red  particles.  In writing Eq. (B-5), 

we have allowed the phase shifts,  and therefore the interaction, to 

depend on both the L and J quantum numbers of the system. For  

L = 0, t he re  i s  only one total-angular-momentum state  ( J  = 1/2) and 

therefore  only one phase shift, 

~ e t  u s  now expr es  s the total-angular -momentum wave functions 

of Eq. (B-5) in t e r m s  of orbital-angular-momentun1 and spin wave 

functions. Utilizing Eqs. (5.1) and Table 5.1 of Blatt and Weis skopf, 
44 

(B-6) 
and 

The spherical  harmonics  i r l  Ecls. (13-6) and (B-7) can be written in  t e r m s  

of Legendre polynomials by employin& Eqs. (B-3) and (11- 15). The 

validity of Eq. (11-15) can be seen  by applying the formula of Rodrigues 
45 

44 
to  Eq. ('2.4) of Blatt and Weisskopf, and by using the i r  relationship 

Substituting Eqs . .  (B-6) and (B-7) into Eq. (B-5), and using Eqs. 

(B- 3), one obtains,  Eqs.  (11- 9 )  through (11- 13). These derived expressions 

give the wave function describing the sca t te red  par t ic les  in  .$ion-proton 

nuclear e last ic  scattering. 



. . 

C. Inclusion of C o u l o m d ~ f f e c t s  in the scat ter ing Amplitudes 
. 3 

In Section 11-.B-2-a, we discussed the fact that expressions in 

the fo rm of Eqs. (11-12) and (11-13) can describe.,pion-proton sca t t e r ing  

even when the Coulomb interaction i s  a lso present.  We will. use  .this 

resul t  in o rde r  to  obtain .Eqs. .(II- 18) and (11- 19). 

Rewriting Eqs. . (11- 12) and (11- 13) for the case  in ..which both nu- 

c lear  and Coulomb scattering a r e  prese,pt,. we obtain 

and 

where .T  denotes the total  scattering. The pr ime superscr ip t  will be 

dropped .after a .2at:er: transformation. The phase shifts and inelas t ic  

pa ramete r s  Low describe the total  (nuclear plus Coulomb) interaction. 

In the next few paragraphs,  we will manipulate' Eqs. (C- 1) and (C-2) 

to  obtain expressions more  convenient for our use,  

For  the case  of nonrelativistic Coulomb scat ter ing of. spinless - 
+ I  - 8  

part icles ,  Eqs. (C-1) and (C-2) reduce to (by setting . b L  = bL = 'lL and 
f 

b = 1) L. 

exp(2i 1) - 1 
( C - 3 ) .  

2i 
L = O  . 

and 

h'C(8. 9) = 0 D 



where the subscript  C signifies Coulomb scattering. The symbol 
/ .: 

TL denotes the' nollr eli t iviktic Coulomb +has6 kl.ii.it 6f order. L,  and 
& '. 

can be written q; = arg I? ( L t l ~ i n ) ,  where n . i s  defined. in  section 11-&kTT - 
L 

- 

9 We can a lso  .write g '  . (8) in. closed fo rm [ Eq. ' (20; 1.0) of Schiff .I: : C 

. . where 

, q .  = a r g  r (1 + in) . 
0 

It will be observed short ly  that the choice ul Lhe phase of Eq. (C-4 )  

ag rees  with Eq. (20.24) of Schiff. 

Let us  now wri te  

g '  T ( 8 )  = g'C(8) + [ g'T(8) - 1, - .  

Upon substitution of Eqs. (C-1),  (C-3),  and (C-.4) into this  las t  equation, 

one obtains 
. . 

. ' .  ' . . . s  

)c n 2 " 
g!@) = exp { - i n  in  ( s i n  (8 /2) ]  t. i a  . .  . + 2 i T~ } 

2s i r iL(  8/2) ' , 

. . .  

Equation (C-5) i s  seen  to  reduce to  Eq. (20.24) of ~ c h i f f  for the cask of 
+ '  - 9 

spin-zero par t ic les  (6 - 6 ;  = qL t 4. . where L 6~ i s  defined in the 

reference)  and ilo inelastic scattering. . . 

:k 
This expression for q can be folmd j ~ s t  b z l o ~  Eq. (20.19) of Schiff* L 



... It i s  convenient' to k u l t i p l y ' ~ q .  (c-5') b y t h e  %factor 
' 

. exp(.- 2iq .). .In order  not to change ..any physically obser.vable quantity, 
u 0 

' . 
we must also multiply, the spin-flip: amplitude. given, in,.Eq. (C - 2.) by .the 

same phase.. The -resulting . exp r~s s ions  a r e  Eqs. (11-.18) .and (11- 19), - 
. . where we have defi'ned i ' .  . 

for L .= 0 
* .  

and. 

In obtaining Eq. (11- 18), we have used .the fact that gin.:= - 1. The 

formula.for ' can be .derived f rom the definitions of q and .q -L . L 0 
,,.given earl ier . ,  In. Section 11-B-2, we r e f e r  to $ . rather  than 7 -L L 
a s  the nonrelativistic Coulomb phase. shift 'of o rder  L. We. also refer  * 
to tiL a s  .the total phase ahif tsof  order  L. 



D. F o r m  of Phase-Shift Equations Suitable for Computer Calculations 

:: 
In Section 11-B,. general  .pll,ase+shift. equations were' developed. 

. . 

, We will now; di.scus s the applicatioq of. these equations. to 'the' .analysis 

. of pion-proton scatte.ring.dat.a.:by :an.elect.ronic . . computer'.' '. . a 

.C. 

It is advantageous to  rewr i te  Eqs.  (II-$30). and:(II-31) in the form 
. . 

gT(e) = g+e) + g2(@ 
. . 

arid . .  

hTW. 4) ='h,(Q, $1 + hz(e.  6) , 
where 

L~~~ 

g+e)  = A  2 ( ~ + i )  a; + i a -  1 P ~ / ~ ~ s  8). 
: L .  

(D-1)  

k n  ' . . 2  
g2(e)  = - . exp { -in in [  s in  (BIZ) 1') 

2 s in2(  0/2) 

L MAX 

h 2 P ,  cp) = T k n B s i n e  1 

2 sin2(g/z) 
and 



Let us.  consider the scattering process at c$ = '0 deg so that the' e fi+ 
. . .  , 

factors drop out. . We can. separate E ~ s ; .  (D-1) thrbugh (D-4.) into rea l  
. . 

and.imaginary parts .  For a 'given. set bf phase shifts, there  a r e  then 
. . 

seven quantities to calculate at each desired c, m'. angle [four real ,  

b u t  onlythree  imaginarybecause h2(8 ,+)  i s  real.for + = O  deg]. These 

q;antities can be combined accbrding to the rules dictated byEqs .  (11-16) 

and (11- 17) i n o r d e r  to give values i of the polarization and ' DCS. 

In..the search for a set  of phase shifts that fits..the data (see 

section . I V - A  for details), . the total phase shifts, 6L , may be varied 
. . 

manyt imes .  The quantity h2(8 .  9) and the rea l  and imaginary parts  

of g2(8) do not containthe total phase shifts and therefore needbe  
' .  

computed only. once. However,  the amplitudes 'gl (8) and h1(8, 9) must 

be'recalcu1ated:each time a phase shift is .varied.  An expedient way 

t o  these iterated calculations involves the use ,  of the equalities 

' OLD' 
t A ) ]  - 1 

OLD 
NEW- bL exp[ Z i (6  bL exp(2iA) exp(2i6 . L )- 1 

- . - a ,  - 
9 

OLD i s  the value where A ' i s  the change in. the shift bL; and .6L 

.of. the phase shift before the change. When. separated into rea l  and ' 

. .  ' 

.imaginary parts , ,  these last  equations yield 

and 

where (for both OLD and NEW quantities) 

and . . b ~ o s ( 2 6 ~ )  
- L 
a 
.L, IM.= a ~ ,  IM - 1/2 = - , , 

2 



Through the use  of Eqs.  (:;D-5) and (D-6),  a phase shift be changed 
. . . . . .  

and values , . of the polarization and DCS ' recalculat'ed without the com- 
. . . .  . *  . .. . 

putation of a n y  ne&'tr igonometr ic  functibns. Of course,  k i n ( 2 ~ )  and 
.. . * .  . . .  . .  . . . 

cos(2A) must  he j.nitially calculated. 
. .. . . .  . . . . .  

' In a data ana lys i sby  an electronic compute'r, onk wants to  avoid 
. . .  

. . 
. .  th'e . ' repeated calculation of t r igonometr ic  functions owing to  . the . relatively 

long c o m p u t i n g ' t i ~ e  involved. ~ h u s  the approach suggested he re  i s  an 

a d r r a n t a g ~ ~ i ~ s  nnE. 

We may wish to calculate a value of the total c r o s s  section and 

compare it with an experimental value that has  been measured  betweell 
. . 

. ' (2) the c .  m; cutoff a.ng1.e~ 8 ( I '  ' arid 0 dohtribution ..to the total  
C. m. , C.111. $ 

c r o s s  sect ion(betweeh e(l:) and 0(?.) ) duc to  g1 (8) a n d  h i  (0 ,  4) alone 
C "  m. . .  C. m. 

'can h e  simply expressed  in t e r m s  of the cutoff angles and cer ta in  co- 

efficients .calculable fro 'rn the phase shifts: The remaining elast ic-  

scat ter ing contribution, ariririg f r o m  g2(8),  h 2 (8, +). and their  c r o s s  

t e r m s  w i t h  g1(8) and h i (8 ,  4); i s n o t  expressible  in t e r m s  of a s i l l~p le  
. . . . 

equation. However, this contribution i s  appreci.able only at smal l  

angles and a straightforward numerical  integration Carl be performed 

' in  o rde r  to  obtain it.  If the inelastic p a r a ~ n & t e i - i  a r e  allowed to differ 

f r o m  unity, then t h e r e  i s  an additional t c r m [  involving Ecl. (E-4)1 in 

t l i t  exprcocion for the td;tal c r n s s  .section, l t  'must  a l so  be taken'into 

a c  count . . . 

. . 

ak 
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department for other useful progrzmming ideas.' 



E. Several Useful Phas.e -Shift Equations 

We.present, here  several  useful formulas., which can. be .obtained 

.from the more-general expressions of Section 11-B. These equations 

a r e  directly. applicable .to nt-p scattering, in which there i s  only. one 

isotopic-spin .state to consider. If only, the nuclear interacti-on i s  present,  

we can use-Eqs .  (11-I2), (11-13), and (11-16), and write: 

L 

I (nucl. , el. ) = sr h 
2 t 

T [ 1 t (bL)' - 2 bLcos(26 L)] 
L=O 

where I (nucl. , el. ) i s  the .total nuclear elastic-scattering c ross  .section; T 

where Re [ f(oO)] i s .  the rea l  part of the forward-scattering amplitude 

for pion-nucleon nuclear elastic scattering; 

where 1m[ f(o0)]. i s  the imaginary part of the forward-scattering amplitude 

for pion-nucleon nuclear elastic scattering. The total nuclear 'i.iii;:ic.:ii;: 

c ross  section (elastic plus inelastic) can be obtained f rom 1m[ f(oO)] 

by using the Optical Theorem, which .s.tates 



0 
I (nucl. , el. plus inel. ) = 4 IT h 1m[f(O )I . T 

. 1 '  . .. . . 
, ' . .. . . . . . . . .  

Finally, we can write an equation for  'the"e'ota1 inelastic - scat ter ing c r o s s  
. . .  . , . . , .  . 

section: .'. 
L MAX 

(Lt1) [ 1 -'. I.. ' :  . . 

In the se r i e s  of expressions just presented, the phase shifts and in- 

e last ic  pa ramete r s  a r e  those that descr ibe the nuclear interaction alone. 

Equation (E-4) i s  a l so  vaiid when Coulomb effects are present i f  the 

inelastic pa ramete r s  a r e  redefined a s  those for the total  interaction. * 
For  the c a s e  of no inelastic scat ter ing (b = l ) ,  Eq. ( E - l )  reduces to  L 
the expression 

L~~~ 

I (nucl. ,  el. ) = 4 IT h 2 + 2 
T 

[ ( L t l )  s in  (6L3 + L sin ( 6 ; )  1 . (E-5) 
. . .  . L-0 

The equations just given for the var ious total  c r o s s  sectioris cover the 

en t i re  range of angles;  that  i s ,  no cutoff angles a r e  used. 
. . . . . . .  



F. :calculatibn of the G Matrix ' 

' 1 '  
In the process of obtaining the e r r o r  matrix, G- , the e,lements 

of G must be calculated. The method by which our IBM-704 program 

accomplishes this computation will now be discussed. 

Equation (IV-2) can be rewritten a s  

. . 
where A6. and A 6 .  can have either positive o r  negative values. If 

. D 1 
only the one phase shift 6k i s  changed from i t s  value at the minimum, 

. . 
then Eq. (F- 1) becomes 

. . 

. . 
If two phase shifts , tik and , 61 a r e  varied, Eq, (F- 1). then gives 

The equality Gkp = Gp has been utilized. 

We calculate the elements .of G by v&rying the phase shifts 

individually and.in pai rs ,  and by. making both positive and negative 

.variations. Equations (F-2) and .(F-3) show how the resulting changes 

in M a r e  related to the phase-shift changes and to .the elements of G. 

The magnitude of the alteration in any specific phase shift of a given set  

i s  always the same in our program, although different phase shifts may 

be .allowed to vary, by. different amounts . Both positive and .negative 

phase-shift changes a r e  made because M will not always vary 

symmetrically about the minimum point. We therefore a r e  .able to find 

an. approximate value for each G and Gkp that i s  an average over  
kk 

the region near  the .minimum. 



In order  to calculate the average value of G let a phase shift kk9 
6k be changed in the positive and negative directions (from i ts  value 

at the minimum) by the amount A h k  and let the resultant changes in 
t M be designated A M k  and AM; . Then, employing Eq. (F-2) ,  we 

can write 

The advantage of this form for (%b)av i s  that it i s  independent,. to 

f i rs t  o rder ,  of a smal l  err'or in  the 1ocat"iori of the kninimum. m e n  

two phase.shifts a r e  varied; the change's in M corresponding to the 

four possible directions of variation a r e  denoted  AM'-^ , A%; , 
t- 

A M k l  , and A$: . For example, A signifies that 

A dk i s  greater  than 0 and A 6 1  i s  l e s s  than.0. We now rewrite 

Eq. (F-3) for each of the four se ts  of changes: . , 

, . .  

and 

. .  . From these equations, one' obtains 

Again, i f  the point considered to be the minimum i s  displaced by a small  
, . .  . 

amount f r om the t rue  minimum,.,the . . value obtained for (G ) i s  not kl av 
affected significantly. 



. . . .  . .  
.. . . . .  

Our calculates the e l e m ' e ~ t s  of G by utilizing 

Eqs. (F-4) and (F-5). The increments A!~, O. - , , A 6 . a r e  given the 
N 

.computer at the s t a r t  of the calculation. ... The . phase . shifts a r e  .then 

altered in the manner already discussed, .  . . and the resulting, changes.in 

M a r e  calculated. . . After al l  neces s a ry  variations have *been. made, 

the elements of G can be computed. A subroutine in. the .program then 

inverts G to obta,in the e r r o r  matrix. The method.employed here .to 

calculate the elements of G i s  slightly different f rom that discussed 
27 by Anderson et al. - - 

An attempt i s  made to choose the quantities Adk s o  .that a 

change .in any one phase. shift alone resul ts  in  a variation in .M of .. . . . . . . . 
about unity. In Appendix .G, it i s .  shown that . the A M  = -1 region-on the 

. . . G 

M hypersurface i s  associated.with the r m s  e r r o r  in'.each phase shift. 
. . ' .  

I 

~ h u s  an. investigation c e n t e ~ e d  .a.round this :region will probably.:give ..the 

m o ~ t  accurat.e ep.timation . . of the e r ro r s .  : 



G. Derivations Pertaining to Auxiliary E r r o r  Method and 
Correlation Coefficients 

'With. r e fe rence ' to  Sectidn- IV-B-2  and 'Fig. 6 ,  will prove he re  

that the pojhts along curve C d r ~  relat'ed by the f o r m u l a ' b ~  ' k x  
2 

C C '  
.It wil:l::be shown that the value of the i c  cbordinat'e' at: po'int . 'P 'in .Fig. 6 

i s . t h e  rrns eri-or in the phase shift 6 1' ~ ' ~ e & e t r i c a l . i n t e r ~ r . e t a t i o n  
. . . . 

. . I  
. . 

of the cdrrelat ion co'6fficients will a lso be given. . . 

, . .  . . . .. . 
According to  Eq. (IV-5) ,  we can write 

.' . 

Differentiation with respec t  to  y yields . . .  

At a point on curve  C, we have 8 ~ / a ~  = 0,  and therefore this l a s t  

equation gives y C = - ( G ~ ~ / G ~ ~ )  xC. Substituting this resul t  into 

Eq. (G- 1), we obtain 

Equation (G- 2) re la tes  the values of x and AM at points along curve 

C and i s  of t h e , f o r m  a M C  a x 
2 
C ' 

For   AM^ = 1 (point P), Eq. (G-2) can be rewri t ten 

The .expression on the right of this las t  equation i s  a l so  the expression 

obta inedfor  the f i r s t  diagonal element of the e r r o r  mat r ix ,  G ,  when 
4 

M depends upon only two phase shifts. According to  s ta t is t ical  theory, 

the square  root of this  f i r s t  diagonal elerrlcnt i s  the r m s  e r r o r  in the 
I 

f i r s t  phase shift. Therefore the value of x at point P in Fig. 6 i s  the 

r m s  e r r o r  in 6 The above derivation can be generalized in  a s t raight-  1' 
forward manner  to  the case  of more  than two phase shifts.  
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We .now extend our  discussion to  yield .a geometr ical  inter  - 
pretation of the correlat ion coefficients. In our example employing 

only two phase shifts,  the off-diagonal elements of the e r r o r  ma t r ix  
.. . 

can be written . .  . 

Using this resu l t  and equations in the present  appendix, we can show 

that (0- l )  = x y where x And y a r e  the coordinates of point P, 
XY P., .P~ P P 

Comparing this expression with Eq. (IV- 3 )  and remember ing  that 

X = (A61)rmst we obtain 
P 

C = Y ~ / ( A ~ ~ ) ~ ~ ~  . (G-3) ' -  . ... , XY 
. . .  

Thus the correlat ion .coeffi'cient C i s .  the rat io  of the y values of 
XY 

the points a t  which lines perpendicular to  the x and y axes,  r e -  

spectively, a rc  tangent L u '  the A M  = 1 ellipse. Similarly,  C i s  a l so  
XY 

the inverse ra t io  of the x values of these points. In o r d e r  to  obtain 

the co r rec t  sign for  C. when using Eq. (G-3), x must  be positive. 
XY P 

This geometr ical  interpretat ion can be generalized to  the case  of m o r e  

than two phase shifts. 
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