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This report w m  prepared as an account o i  ~ovehrntslrt sponsored work. Neither 

the United States, nor the CommissimcQ., nor AJ t i  s-ChalrSrws Mqnufocturlng Company, 

nor any person acting-on behalf of the CMnmislrioh or Allis-Chafrngrs Manufacturing 

Company : 

A. Makes any warranty or representation to others, expressed or impjied, with 

respect to the accuracy,, complstuness, or usefulness of the.infprmatiarn contained 

in  fhis report, or that the use of arty information, apparatus, method, orproceslrdis- 

closed in this report may not infringe privately owned rights; or 

B. Assumes any liabilities t o  others with respect to the use ~ f ,  or for damages 
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that such employe or contractor of the Cornmissien, or A l  I i s-Chalmers Manufacturing 

loye of such contractor prepares, dissemincttes, or provides access 

pursuant to  his employment or contract with the Commission or 
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F ~ E W ~ D  

One o f  a ser ies o f  re 'por ts  on research and deve l opment i.n connect 1 on ' 

w i t h  t h e  design o f  t h e  Path f inder  Atomic Power Plant ,  t h i s  p a r t i c u l a r  

r e p o r t  deals w i t h  t h e  design o f  t h e  r e c i r c u l a t i o n  p ip ing .  The Path- 

f i n d e r  p ! a n t  w i  l 1 be located a t  a s i t e  near Sioux Fa l  Is ,  South Dakota, 

'and i s  scheduled f o r  opera t ion  i n 11964 Ow'nets and operators o f  . t he  

p l a n t  w i  l l be the  Northern States Power.Cmpany o f  Minneapol is,  Minn-' 

esota. .  A l l i s -Cha lmers  i s  performing the  research, development, and 

dosign as we1 l as being rcvponsi  b l e  f o r  p l a n t  cons t ruc t i on .  
. . 

The u.s'. Atomic Energy Commiss ion, through Cont rac t  ' No. AT( I  I- I )-589 : . .  

w i t h  Northern States Power Company, and Cent ra l  Uti. l i t i e s  Atomic Power 

Assoc iates. (CUAPA) a r e  sponsors. of t h e  research and development program. 

The p l a n t ' s  r e a c t o r  w i  l  l be o f  t h e  c o n t r o l  led R e c i r c u l a t i o n  B o i l i n g  

Reactor type w i + h  Nuclear Superheater. 
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Forced r e c i r c u l a t i o n  o f  coolaf i t  i n  t h e  Path f inder  r e a c f o r  i s  accomplished 

by th ree  mixed-f low ce 7Pr . i  f uga I  pumps. The coo 1ar.t i s  forced, by 

t h e  pumps, through p i p i n g  t o  Phe.reactor  vessel.  F i g .  I  shows one 

o f  t he  th rbe r e c i r c u l a t i o n  loops t h a t  a re  located i n  the  reac to r  b u i l d i n g .  

The Pathf i nderqs  r e c i r c u l a t i o n  p i  p ing  loops were des-igned t o  c m p l  y 

w i t h  t h e  code f o r  pressure p i p i n g  ASA 831.1-1955 and app l i cab le  

nuclear  code cases. A p i p i n g  f l e x i b i l i t y  ana lys i s  was performed us ing 

u T '  

5 t h e  Ke l logg  ene era 1 Ana lyt-i-ca 1 Method. Other c a l c u l a t i o n s  were made 

t o  determi ne whether v  i b r a t  ion was a s  i gn i  f  i can t  prob tern. For v i b r a t  ion 
. . 

a n a l y s i s  r e f e r  t o  App8ndix.C. .-.. 

"i ' " 
2.0 OBJECTIVE 

... 

To r e p o r t  code c a l c u l a t i o n s ,  f l e x i b i  I i t y  and v i b r a t i o n  analyses, 

', . 
and a l  1 p i p i n g  s t ress  c a l c u l a t i o n s .  

3.0 CONCLUS l ONS 

A l l  s t resses a re  w i t h i n  t h e  a l lowab le  l i m i t s .  Ca lcu la t i ons  i nd i ca te  
. - 

- _ t h a t  t he re  should be no resonance d i f f i c u l t i e s  du r ing  any phase o f  

t h e  r e c i r c u l a t i o n  pump operat ion.  Operat ion o f  t h e  pumps i n  the  f i e l d  
I 

con f i rm  t h i s .  

- 1 
.. - Ca lcu la t i ons  performed ind i ca te  t h a t  loop No. Two i s  t h e  most c r i t i c a l .  ' 

-- 
.- It a l s o  ind ica tes  t h a t  v i b r a t i o n  should present no problem. 

- .. 
. 3  



Forced r e c i r c u l a t i o n  o f  coolaf i t  i n  the  Pathf inder reac to r  i s  ackompl ished 

by th ree mixed-f low ce1tr . i  fuga l pumps. The coo 1ar.f i s  forced, by 

the  pumps, through p i p i n g  t o  t h e ' r e a c t o r  vessel.  F i g .  I  shows one 

o f  t he  t h ~ e e  r e c i r c u l a t i o n  loops t h a t  a re  located' i n  the  reac to r  bu i l d ing .  

I The B t h f i n d e r ' s  r e c i r c u l a t i o n  p i p i n g  loops were designed t o  comply 

w i t h  the  code f o r  pressure p i p i n g  ASA 831.1-1955 and appl i cab le  

I nuclear code cases. A p i p i n g  f l e x i b i l i t y  ana lys i s  was performed uskng 

t h e  Ke l logg General A n a l y t i c a l  Method. Other c a l c u l a t i o n s  were made 

t o  determi ne whether v  i b r a t  ion was a s ign i f  i can t  ' problem. For v  i b r a t  ion 

ana lys i s  r e f e r  t o  Appendix C. 

2.0 OBJECTIVE 

I To r e p o r t  code ca lcu la t i 'ons ,  f l e x i  b i  I i t y  .and ,"i b r a t i o n  analyses, 

and a l l  p i p i n g  s t ress  c a l c u l a t i o n s .  

3.0 CONCLUS l ONS 

A l l  s t resses a re  w i t h i n  the  a l lowab le  l i m i t s .  Ca lcu la t i ons  i nd i ca te  

t h a t  there  shou l  d  be no resonance d  i f f  i cu  l t ies dur i ng any phase o f  

t h e  r e c i r c u l a t i o n  pump operat ion.  Operat ion o f  t he  pumps i n  t h e  f i e l d  . 
con f i rm  t h i s .  

Ca lcu la t i ons  performed ind i ca te  t h a t  loop No. Two i s  the  most c r i t i c a l .  

I t a l s o  ind ica tes  t h a t  v i b r a t i o n  should present no problem. 





4.0 ESCRIPTION OF RECIRCULATION PlP~lNG CCMPLEX 

The r e c i r c u l a t i o n  p i p i n g  i s  designed f o r  700 p s i g  a t  a  temperature 

o f  500 F. The ins ide  diameter o f  a l l  p i p i n g  i s  20-1/2 in .  The 

ou ts ide  diameter o f  t h e  pip, ing v a r i s ,  depending upon the  p i p i n g  

m a t e r i a l .  A t y p i c a l  r e c i r c u l a t i o n  loop i s  shown i n  F ig .  I; F igs .  

2 and 3 show t h e  p i p i n g  arrangement w i t h i n  t h e  reac to r  b u i l d i n g .  

% r t  o f  t h e  p ip ing  i s  fab r i ca ted  o f  5/8 i n .  t h i c k  ASTM A155 G r  KC70 

t ype carbon s t e e l  w i t h  a  1/8 i n . s ta in less  s t e e l  c ladd ing o f  Type 

304L. The c ladd ing i s  i n t e g r a l l y  bdnded t o  t h e  carbon s t e e l  backing 

ma te r ia l  by a  n i cke l  i n t e r f a c e  layer .  Th is  type const ruc t ion ,  both 

- - s uc t  ion and d  i scharge p i  pes , extends from t h e  r e a c t o r  vesse l t o  a  

p o i n t  one f o o t  from t h e  reac to r  s ide  o f  t he  b u t t e r f l y  valves. The 

s i n g l e  f o o t  o f  pi-pe before the  b u t t e r f l y  va lves ,  and the  p i p i n g  

connect ing r e c i r c u l a t i o n  pumps, i s  constructed o f  13/16 i n .  thiclc 

s t a i n  less s tee l ,  Type TP304. 

5.0 B S I G N  CRITERIA 

Design and cons t ruc t i on  o f  ' t h e  r e c i r c u l a t i o n  p i  p ing  system i s  i n  

accordance w i t h  t h e  Code f o r  Pressure P ip ing  ASA 831.1-1955 and 

a p p l i c a b l e  nuclear code cases. I n  order  t o  f u l f i l l  code requirements, 

~ and ensure complete s t r u c t u r a l  i n t e g r i t y ,  t h e  f o l l o w i n g  des,ign c r i t e r i a  

1 have been adopted : 

I 5.1 boadins Cond i t ions .  

I  . l nterna l  pressure. 

2. Mechanical forces i nc lud ing  t h e  dead weight o f  pipe, i n s u l a t i o n  



F ig .  2.. .Pi p i  ng arrangement w i t h i n ,  Pathf inder reactor  bu i  
(43-002-03.4, Sheet I )  

Id ing.  



Fig. 3...Reactor with Pumps in Reactor Building 



and contents,  and the  f r i c t i o n  loads a t  t h e  pump 'supports. 
' 

.3 .  Therma I  loads due t o  

a ) .  D i f f e r e n t i a l  a x i a l  therm1,expans ion of vessel, p ip ing,  

and pump cas i ng . 
b). D i f f e r e n t i a l  r a d i a l  expansion a t  t he  j unc t i on  o f  the  

c l a d  carbon and s o l i d  s t a i n l e s s  s t e e l  pipe. 

c ) .  D ' i f f e r e n t i a l  a x i a l  expansion between the  base metal and 

s t a i n l e s s  s t e e l  c ladd ing of the. carbon.stee1 pipe. 

5.2 Steadv-State Mechanical Stress L i m i t s .  

Before summarizing t h e  s t ress  li.miI-s .used i n  the  Pathf inder 

design, i t i s  necessary t h a t  c e r t a i n  terms be def ined.  

5.2.1 Stress In tens i ' t y  ... Ttie s t r e s s . q u a n t i t y  upon which' a l l  

s t r e s s  l i m i t a t i o n s  a r e  es tab l ished here i s  "s t ress  i n tens i t y . "  

I t  may be def ined as the  equ iva lent  i n t e n s i t y  of"combined 

st resses due t o  m u l t i - a x i a l  s t r e s s  cond i t i ons ,  and i s  t h e  

la rgest  a lgebra ic  d i f f e r e n c e  between two o f  t h e  t h r e e .  

p r i n c i p a l  s t resses a t  a g iven po in t .  

5.2.2 Primary Stress ... A d i r e c t  o r  shear s t ress  developed by t h e  

imposed loading which i s  necessary t o  s a t i s f y  on ly  the  simple 
I 

laws of equ i l i b r i um.  The primary st resses a r e  the  longi-  

t u d  i na I st resses due t o  the  pressure, dead weight, and 

I .  Basis o f  Stress L i m i t s  

Where m u l t i - a x i a l  condi. t ions e x i s t ,  some theory  must 

be used t o  c o r r e l a t e  these cond i t i ons  w i t h  avai l ab le  



.un iax ia  1 t e s t  data. Although some exper imenta 1 data 

ind ica tes  t h a t  t h e  "Maximum D i s t o r t i o n  Energy Theory" 

i s  more accurate f o r  most d u c t i  l e  .mater ia ls  (Ref. 2 )  ? 

t he re  i s  l i m i t e d  experimental data f o r  d u c t i l e  ma te r ia l s  

i n  the  p l a s t i c  range. Because o f  . t h i s ,  and s ince the. 

"Maximum Shear Stress Theory" i s  s l i g h t l y  more conser- " 

I v a t  i v e  and eas ier  t o  apply, th f .s  theory  i s  used t o  

c a l c u l a t e  maximum i n t e n s i t y  o f  combined s t ress .  

2. Primary Stress L i m i t  

R i m a r y  st resses a re  1 imi'ted by code. No primary 

s t ress  sha 1 l exceed t h e  a l l  owab l  e  code vvSu va 1 ue 

a t  a opera t ing  temperature tabu la ted i n  Table. I  o f  

spec ia l  code case N-7. 

5.3 Steady -State Thermal Stress L i m i t s  

Steady-state thermal s t resses a re  1 imi ted by B r a .  622(c), 

Sect ion.  6 o f  t he  code f o r  Ressure  Pi p ing  ASA 831.1-1955. This 

paragraph s ta tes  t h a t  t h e  maximum computed expansion s t ress ,  

based on 100 per cen t  o f  t he  expans ion .and"E1'for t h e  c o l d  cond i t ion ,  

sha 1 1 no t  exceed the  a l I  owa b l e s t ress  range, .SA. . 
Where SA = f (  1.25 S ' + 0.25 Sh) 

C 

and Sc = a l lowab le  s t ress  ( S  value)  i n  the  c o l d  c o n d i t i o n  

Sh = a l  lowable s t ress  ( S  va lue)  i n  the  h o t  , cond i t i on  

f ' =  s t ress  range reduct ion  f a c t o r  f o r  c y c l i c  

cond i t i ons  ( I  f o r  7000 cyc les  o r  less)  



6.0 OPT I M 1.2 I NG DES lGN OF. REC l RCULAT l ON LOOPS 

The r e c i r c u l a t i o n  p i p i n g  loops a re  very r i g i d  s ince they c o n s i s t  

main ly  o f  s t r a i g h t  lengths o f  p i  pe from the  reac to r  vesse I t o  t h e  

r e c i r c u l a t i ~ n  pumps. Rest ra in ing  the  thermal expansion would cause 

, . 
s t resses we1 l above the  y i e l d  s t reng th  o f  t he  p ipe mater i a  I s .  There-, 

fore,, t h e  pumps and p i  p i  ng must be a  l lowed t o  expand r a d  i a  l l y  fran 

t h e  reac to r  vessel.  This . . freedom o f  motion i s  provided by the. pump 

'support  .arrangement. 

The r e c i r c u l a t i o n  pump . sYpport . assembly w i  I I  s  I i  de on Lubr i t e  

ex pans i on p  l ates t o  a  I  l ow freed& o f  movement i n  a  hor i zonta I p  lane. 
. . 

The pump. cas i ng t runn ions  a r e  mounted i n  L.ubr i t e  bush i ngs t o  provide 

freedom o f  r o t a t i  on about t h e  t runn ion  ax i s .  

Severa l p i  p  i rig f l ex i b  i l i t y  and l  yses were made t o  determi  ne t h e  best 

support arrangement and combination 6f p ip ing  ma te r ia l s .  

. . . . 

-The types o f  support arrangement ana l yzed were: 

I .  Freedom i n . h o r i z o n t a l  plane 

Ass umes : 
, . 

a. Pump can move i n  x  a n . z  d i r e c t i o n s  on a  f r i c t i o n l e s s  sur face 

(F ig . ,  I ) .  . 

b. ' Pump can r o t a t e  f r e e  l  y  'a bout the  z-ax is,. 

2 .  Freedom 'i n  hor i zonta l  plane and a  bout the  z-ax i s  

Assumes : 

a,. Pump-can move in ' k ' bnd t ' z "d i rec t i ons  on a  f r i c t i o n l e s s  sur face.  



. . 
b. Pump can r o t a t e  f ree  I y about the y-axis. 

c .  Pump mounted on trunnions wh ich a l lows freedom o f  r o t a t  ion 

'about the z-axis. . . 

E f fec ts  o f  f r i c t i o n  considered f o r  Case 2. 

Assumes : 
. . 

a.. F r i c t i o n  force o f  5000 I bs r e s i s t  i ng movement . i n  the .hor i zonta I 

. . 
plane. 

b. Torque of 6500 f t -  l bs on pump cas i ng cons i dered as, externa I 

moment about the y-ax i s . 
c: Res is t ing f r i c t i o n  moment of 1600 f t - l b s  i n  t runn ion bearings. 

Pump c0ns.i dered as f I oat  i ng . poi n t .  

Assumes : 

a. Freedom o f  movement i n  a l l  planes. 

b. Freedom o f  r o t a t i o n  about x, y, .and z-axis 

c .  No f r i c t i o n  o r  external  r e s t r a i n t s  cons'idered. 

The mater ia l  combinations studies were: 

I . p i  pi nb for' en+ i,re system- ---- ----------------- A155KC 70 w i th  s ta in less  
s tee l  c ladding 

. pump -Carbon s tee l  w i th  sta,i n less 
steel.  cladding 

2 .  P ip ing , f o r  e n t i r e  system---------------------- A155KC 70 w i th  s ta in less  
. . s tee l  c ladding 

pump Casing----------------------------------- So l i d  s ta in less  s tee l  
cas t  i ng 

3. Piping from reactor  vessel-------------------- A155KC 70 w i th  s ta in less  
t o  one foot  on reactor  s ide o f  s tee l  c ladding 
b u t t e r f l y  valves. 



Piping f ran  end o f  c lad  carbon---------------- Type TP304 s t a i n  less 
p ip ing  t o  pump casing s tee l 

Pump,Casing----------------------------------- Sol i d  s ta in less  s tee l  
cas t  i ng 

These ana l yses were made us i ng the Ke l l ogg Genera l Ana l y t  ica l Method, 

w i t h  each loop considered as a two anchor-point system having one 

intermediate res t ra in t . .  The connections o f  the suct ion and discharge 

p i  pes a t  the vessel were considered ,as the two anchor poi nts, w i t h  

the pump as an interinediate r e s t r a i n t .  This method was adapted for  

use. i n the p i  ping f l e x i  b i-l i t y  program coded fo r  the 1W 704 computer 

by A l  l is-Chalmers. 

The Number Four pump support arrangement l i s ted  above .gave ' the most 

' favora b l e l w.p cond it i ons regard i ng f wces  and moment magn i tude . 
However, t h i s  type o f  pump support presents add i t i ona l  f a c t o r s . t o  be . , 

considered such as v ibra t ion,  and' feas i b i  l i t y  o f  support i ng the pumps op 

constant support, hangers from above. The Number Two support arrange- . ' 

ment gives the .most favorable loop condi t ions f o r  the design o f  the 

pump supports. 

The r e s u l t s  a l s o  show t h a t  the e f f e c t s  o f  f r i c t i o n  and external  

moments d i d  not  ' a f  f e c t  the rmgn i tude of  . forces and moments enough 

t o  necessitate a change i n  the design o f  the pipe loop or  the pump 
. . 

supports. 

~  he' resu l t s  . o f  the s t ress ana l ys i s show i ng the maximum stresses 

~ . - ,  
an t i c ipa ted  i n  the pipe loops.at-e i n  Table I .  This.data includes 



- - 

. . 3 .  ? > 2 . . . - ? ' P 

, TABLE I I 

where SALL = f (1.25 Sc + 0.25 Sh) 
Sc P A I lowab le  stress i n  co.ld condit ion (ambient' temperature). . . 
St1 " Allowable stress i n  hot condit ion (operation temperature 490°F) 
SY Yield strength of material a t  operating temperature. 

* The stresses due t o  the d i ssimi l a r  m t a  l j o i n t  are i nc I uded i n  these f igures based on a bu t t  j o l  n t  of two d iss i m i  l a r  
metals. (See Calculations i n  Appendix A, A3, Condition 2). However the j o i n t  design c a l l s  for a gradual metal transit 
t i o n  resu l t ing  i n  a considerable reduction i n  stresses. (See Condition 3 Calculations). 

I = t4ax. Pr incipal  stress psi 
2 = Equivalent Uniaxial In tens i ty  of Cmbined,Stress, psi; 

Based on Max imum-'Shear Theory 

Allowable 
Stress. 

SALL 
, , 

I 
i 23,620 

1 . '  26,560 

Sh 

3 15,750 

3 12,500 

. . SY' 

1 31,000 

5 19,500 

. . -- 
Class i f i ca t ion  

of Stress 
Max. -Hoop Stress 

I. Thermal Expansion and 
Discont inui ty Stresses * 

Clad pipe - inside 
Clad pipe - outside 
Sta. Stt l .pipe - inside 
Sta. S t 1  I .pi pe - outs'ide 

2. R-essure stresses 
Clad pipe - inzii.de 
Clad pipe - outside 
Sta. S t '  I .pipe - inside 
Sta. S t '  l.pipe - outside :I - - 

I 

3. Max. Tota l Stress 
Clad pipe - inside 
Clad pipe - outside 
Sta. St8 l .p ipe - inside 
Sta. S t '  l .pipe - outside 

I 

A t  D iss in i  
See Note I 

Max. Axial Stress 
l a r  Jo int  

See Note 2 
Near Dissimi lar 

See Note I 
Joint  

See Note 2 

20,070 
19,710 - 12,820 

-13,130 

10,630 
g., 230 
9,900 
8,500 

.30,000 
28,940 
10,560 
.lo, 130 

. . 

14,150 
610 

-8,040 
0,040 

4,610 
4,610 
4,250 
4,250 

18,760 
5,220 
5,050 

12,290 

14,150 
1,810 

-8,040 
.9,020 

5,310 
4,610 
4,950 
4,250 

19,460 
5,220 
5,720 ' 

13,270 

19,160 
19,710 

-.12,820 
-12,360 

. 9,930 
9,230 
9;200 
8,500 

29,090 
28,940 
.9,780 
10,130 



stresses r e s u l t i n g  frun forces and moments due t o  the therma I. expans'ion 

o f  a  l l the rec i r c u  l a t i o n  loop components. These stresses are w e  I 1 

w i t h i n  code a1 lowances. Detai led ca lcu la t ions  are given i n  Appendix A. 

The maximum st ress calcul 'at ions are based on an assumption t h a t  the 

j o i n t  between the s ta in less  s tee l  and the c lad  pipe i s  a  sharp but t '  

j o i r t .  The actual  j o i n t  design i s  shown i n  Fig. 4.: The t r a n s i t i o n  

f r a n  Type 304L s t a i n  less s,teel p i  pe t o  the c  lad carbon, s tee l  p i  pe 

' i s  very gradua I. This. i s  accompl ished by machining a  15 degree taper 

on the end o f  the c lad  carbon s tee l  pipe. The pipe i s  overlay* 

w i t h  s ta in less  s tee l  f o r  the length o f  the taper. 

. A  p ip ing f l e x i b i  1 i t y  analysis o f  the f i n a l  rec i r ' cu la t ion  pip ing 

compjex. was run  by ~ r t h u r  D. L i t t l e ,  Inc. as a- qheck. The moments, 

forces, def l e c t  i ons, r o t a t  i ons and stresses were ca lcu lated f o r  the  

per t inent  points i n  the systems. These ca lcu la t ions  a re .  tabulated 

i n  Appendix B. 

7.0 VIBRATION ANALYSIS 

I n  t h i s  analysis the v ib ra to ry  charac te r i s t i cs  p f  the rec i ' rculat i ,on 

pump and p ip ing of  Loop No. ' .  Two ( the most cr i? i .ca l  from a v i b ra t i on  
' 

stand poi n t )  were determined. ' 771e natura 1 frequenc ies o f  v i  b ra t  ion were 

ascerta i ned and cunpared t o  the dr i v  i ng frequency . . o f  the r o t a t  i ng 

elements o f  the pump and motor assembly. Since there i s  unbalance 

i n  these r o t a t i n g  elements, v i b ra t i on  w i  1 1 be induced i n  the pump, 

motor mass, and the cpnnected piping. Hence, the pump, motor masses, 

a'nd the  attached p ip ing w i l l  be re fe r red  t o  as the v i b ra t i on  system. 



TYPE 309 b 308L WELD ROD 7 

304L CONSUMABLE 
INSERT RING 

F i g .  4 . .  .Weld Repara t ion  o; Austcnit ic  Stainless Stee.1 Clad 
Carbon Stee.1 Pipe t o  Austenit ic  Stainless Steel  P i p  



I f  the  induced v i b r a t i o n  ' i s  a t  t he  natura l  frequency o r  frequencies 

o f  t he  v i b r a t i o n  system, resonance wi t  1 r e s u l t .  Since the  ampli tude 

o f  v i b r a t  ion becomes ' ve ry  large a t  reson'ance, a resonant cond i t ion 

must .be avoided, as t h i s  may r e s u l t  i n  s t r u c t u r a l  f a i l u r e .  The natura l  

frequencies can be s h i f t e d  by changing t h e  p i p i n g  c o n f i g u r a t i o n  o r  

by i ntroduc i ng add it iona 1 r e s t r a  i n ts .  However, even i f resonance i s  .. 

no t  present o r  can be avoided , the  i nduced v i b r a t  ion present w i 1 1 impose 

loads on the' p i  ping, pump casing and vessel .' . 

I n  t h e  ac tua l  system the re  a re  two obvious sources o f  e x c i t a t i o n  which would 

induce v i b r a t i o n :  

I .  unbalance o f  t h e  r o t a t i n g  elements,. 

2. hyd rau l i c  impulses produced by the  impe l le r  blades. . ' 

The natura l  frequencies o f  Loop ' NO. TWO were ca lcu lated.  as 414 cpm 

and 3850 cpm. The r a t i o  o f  the  opera t ing  speed t o  the  lowest natura l 

frequency i s  about 1.4. - I t  was determined t h a t  t h e  ampl i tude.o f  

v i b r a t  ion under operat  i ng cond i t ions wou 1 d be sma 1 1 . . Actua 1 operat  ion 

o f  a l 1 t h ree  pump loops i n  the  f i e  I d  has proven t h i s  t o  be the  case.. 

I n  concIus ion ,v ib ra t ion  i s  not. expected t o  be a problem. A d e t a i l e d  

presenta t ion  o f  t he  ana lys i s  and c a l c u l a t i o n s ~ p e r f o r m e d  i s  included i n  

Appendix C. 



APPENDIX A 

Thermal Expansion Stress C a l c u l a ~ i o n s  

A . 1  Code Ca lcu la t ions  

A .2 R e s s u r e  Stresses 

,.A.3 Analysis  of Dissimi l a r  Weld J o i n t  

A .4 Ana 1 ys i s o f  Stresses Due t o  ' C  lad Construct ion 



A .  I CODE CALCUlAT l ONS - 
THICKNESS OF CLAD CARBON PI F€ 

Ref.  I ,  P. 13 

I - '  
where: h =  minimum p i  p i a  I I base meta I th ickness,  inches .., 

. . . .  . 

'P = des i gn pressure, 700 ps i g 
. . 

D - ouf s i de d iamefer o f  p i  pel 22 i nches' 
. . 

s '. a l  lowable 9t r056 a-i- design ternperaiure ~ 5 0 0  F f o r  A 135KC70 
. . 

15750 psi  

Y = 0.4 Ref. I Para. 122(.a) 

C = a l l o rab le  f o r  threading,  nochenica I s t rength ,  and/or cor ros ion ,  
. . 

0.065 

-im " 0.545 i n'ches 
& 

The ac tua l  th ickness of 0.525 inches i s  adequate 

TM l CKFJESS OF SOL l D STA I NLESS 'STEEL 

S = a l l okra b l e  s t ress  a i  des i gn temperature o f  500 F f o r  A 

TP 304, 12,500 psi  (Ref.  4 - ~ ~ e c ' i a l  Case .b!-7) 

t, 0.672 inches 

The ac tua l  pipe wal l th ickness o f  0.8125 i s  adequate 

A - I .  



A.2 STRESSES DUE TO 'PRESSURE ALONE 

A X I A L  STRESS . . 

Ref.  3, p .  52 

. . 
where: Y = r i  = r i  + t . .  . 

r i  . . 

P = 700 ps i g . . 

CY L I E!DER A r i  = 10.275, t = .625. 

(Clad i s  included f o r  s t reng th )  

Ja = 4610 psi  
. . 

j a  = 4,250 ps i  ' 

. . 
. . 

h e r e :  ircurnferent i a  1 '  o r  hoop s t ress ,  ps i  ' . 

CYLINOER A 

. . On = 9,230 psi 

CYL INDER B 

, . m = 8 , 5 0 0 p s i  . . 

CIRCUMFERENTIAL STRESS - l NS lDE 
. . 

y2 + I 0, = P 
y2  - I Ref .:"3, p. 52 

CYL l NDER A 

on = 9,'930 psi  

CYL I NDER B 

on = 9,200 psi  



A .3 . P I SCONT I NU I N STRESSES AT D l SS l M l lAR PETAL JO l NTS CAUSED BY TEMPERATURE 

. . 
TEMPERATURE 500. F 

ASTM 'A 155 
-mcr-\ 

ASTM A-  
. .TYPE 309 & 
/ 308 WELD ROD 

The 'p i  pe junct ion i s  considered a t  a steady temperature only. . . 

. Since cy  l inder 'At: as .shown, i s  d i f f i cu  l t t o .  t r e a t  .accurately,. fhree . . ' . ..' . . 

.mathemat ica l mode l s are  chosen t o  represent ' t h  i s  component. 
. . 

. . . .. 
. . .  

The three methematical models w i  I I be t reated i n  order o f  decreasing 

conservatism. The respect ive c,onditions are  ca lcu la ted anda ,g raph ica l  ' 

compar i son presented. a 

Cy l i nder "Ancan be t reated s imply as a sol  i d  carbon s tee l  cy  l i nder . . . , .  .. 

This i s  the  most 
. . 

conservat i de ass'umpt i on. 
. . 

CYLINDER '14" . . 
I 

- 

CONDITION 2 

Cy l i nder 'Rtlcan be t reated as a compos i t e  carbon stee l cy l i nder p i t h  

a s ta in less  s tee l  (c ladding) l i n e r .  

A-3 



. . .  
A coe f f i c i en t  of  t h e k l  . .  , , 

expans ion i s  determined . .. 

. . 
f o r .  the compos i t e  cy l i nder , . . ,. 

. . . . 

, . . .  . 

. . . . 

CONDITION 3 . .  . . 
. . 

Cy l i nder 'R1@can be treated tak i  ng i n to  account the bimetal l i c  weld, 
. ' . ' . 

. . 

region. The b ime ta l l i cwe ld reg ion  can be consideredas a s h c r t  ' 

c y  l i nder wi th  a l i near 1 y varying coef f i c  len t  o f  thekG3 l expans ion 

from tha t  qt the veld metal a n d s t a i n  less &tee l c lad a t  one end t o  t h a t  
. . 

. composite (carbon stee I - s ta in  l e i s  ;tee I c lad) .  cy I i'nder a t  the o t h e r  
. . 

and connict  i ng t o  .a semi -i nf  i n i t e  composite cy l i'nder . 

FORMULAE FOR CYL l NDERS . . 



Mean Radius o f  Cy l i nder =. a 

Thickness o f  Cyllnder = h 

Poisons Rat lo  P u 0.3 

~ h 3  . 

Flexural Rig id i ty ,  D - o 

12( 1k2) 
. . 

. Ref 5 ,  ' p 469.470 

GI, %, cpc4 are constants of integrat ion dt eny d istame, x 

bx : w x -  .-DX ( C ~ C O S B ~  + c2sinBx) t eBX (C~COSPX + C q S i n @ ~ ?  

. . 

Ox = a =  -6 -fk {cI - C2) Cos Bx t (CI t Cp) S i n ~ ~ j  
an 9 Re B~ {(CJ t ~ 4 )  Cos 8, - (C3 - C4) Sin @XI 

& = 9 3 %  = -m52e-Bx {C I S i n px - C2 Cos pxJ 
ax2 

- 2 ~ & f 3 ~  {*3 Sin Bx + ~ 4  ~ o s  

a Qn = -  
bn (4) = + ~ 2 )  cos OX - (cI - C ~ I  Sin pxI, 

3 @x (((25 - C4) COS sx t ( ~ 3  t ~ 4 )  S in  t m g e  - .  

I For an i.nfinitely long cylinder, the second half of'each equation ~ 
has no meaning and two constants of integration are deterrn.ined for 

each of two boundary cond it ions,' MI and Q 1 . For a short cyl inder 

we have four constants of integration determined for each of four 

boundary conditions, MI, Ql, M2, Q2. 

All influence coefficients below are calculated with the use of 

. computer programs based on the four equat,i.ons above. 



CALCULAT I ONS A t  Design. ~e+rature, 500' P . , 

Ess=  26.4 x lo6 'p'i .' ass - 9.'4 x loo6 ins/in/'f ' . 
. . . 

. . 
ECS = 26.8 x 'lo6 psi , , p ~ s  = 7.0 x loo6 ins / in l0 f  : 

. . 
. . 

. . 
' CONDITION I . . . . 

. . . . .  

. . . . 
. . . . 

. . . ' Respective rad ia l  expansions due t o  temperature:. 

Cyl indeitlAtj, nT = -7.0 x x 10.625 x 430 . . 

. . . . .  

= -32.100 x 1 0 ' ~  ins . . 

. . 

. . . . .. . . 
Cy l i nderttBy 6T = -9.4 x 1 o - ~  x I 0.656 x 430 . . 

. =  -43,100 i ins 

The f o l  l owi ng set of equations are 'then obta i ned: 

~ y l i n d e r t ~ : ' 1 0 ~ ~ ~  = 2.331 MI - . '  5.120 Q l  - 32,100 " .  . . 



. . CONDITION 2 . .  . . . 

For, the composite cy l i nder . . .. . . . . . 
. . 

. . , . . ,  

 he .net. temperature def lect ion i s  given by 
: .  .. 

. . 

. . 
..:, . ,  , . .  

where: Css = 9.4 x I V ~  IN/INT. . I ,  . . . . . .  

. . 

. Ess = 26.4 g' lo6 PSI' 
. .. 

Eck = 26.8 x lo6 PSI 
, . 

I I .  - - =. 0.836 
(1 + 0.125 x 26.4) (.I. + tss Ess) . . 

tcs Ecs ,0.629 x 26.8 . 



' ~ence ,  For, Cy I i ndeft A" 

.As before, for Cy 1 i nderngt 

6-r -- -43.1 00 x 1 o - ~  I NS 

Hence, the . .  i nf . l uence coeff icients are: 

Cy 1 i nder 'Btt . . .  
. . . . 

. . 
. . .  

lo6 " 2.019 MI  + 4.625 b l  - M , I O O  , '  . . . . 
' . . .  . . . . . . 

,106~ = -1.763 M I  -2.019 Q 1  
. . . . . , .  

CONDITION 3 

. . ~ o n s i ' d e r i n ~  the bimetal l i c  weld junction: 



cons i der i n i  cy I inderk'fl 

A t  pos i t ion ( I ), coeff /c ient  o f  thermal Exp.=  4 s  

. ,  

A t  pos i t ion (2); ~ o e f f  i c i e n t  of thermal Exp .- ac.oinposite . . cy! inder .'. 

. . . . 

,Then, due, t o  temb., .: 1 

=, -33,800 x I 0-= INS. . . 

. . ,  

. a l so  assuming a l inear '  var ia t ion  i n  coeff i c i e n t o f  thermal kixpanslck; . .. . . the 
. . 

' 0 = -3950 x I rads (see note 1'1 . . 

..Herice influence cotif f  ic ' ients are:' 

Cy 1 i nders '!A1' . . 



. . 
. . . . 

. . 

Note I : ' To be. complete l y r i gorbu.b,s,:bend ... . i "g moments and '  forces' 

shbu l d  be a p p l  ied a t  e a ~ h  e'hd o f  c9 l fnder  .-. f o r  . . cont inu i ty ,  . 
. ,.. 

. . 
but  the. e f f eq t  o f  these:.is smal I .  . - 

. . . . 
. . .STRESSES IN . THE' . . . . , , ASSEMBLY . 

, . . . 

. . 

The stresses tabu,lated oil f o l  lowing. . ~ pages .were c a  l cu  lated 'with. a computer. 
. . 

. . 
using the f o ~ . l : o w i " ~  f~kmula$: ,~  , " . . . . 

. ( I  . . .  
62  *displacement @bia  i i y  at x:due to, d i scon t i nu i t y  . . 

. . 

bend i ng: moments and Shf2m' forces on l y ac t ing.  . 
Mx =d i scont i nui ty bend i ng moment a t  x 

OUTS l OE SURFACE . . --- 

& & i a l - . -  6 = SAO 
' 7- , .. 3 

A - I 0  



I = SHI' 

= S A I  



.t 1. 

CONDITION I :CYLINDER A 

I 

STRESSES I N  A SEMI - I  NFI N I  T E  C Y L l  NDER . 

D E S C R I P T I O N  O F  C Y L I N D E R  B E I N G  . ANALYZED . 

I N S I ~ E  R A D I U S ,  l O b 2 5 0 .  , . l  NCHE S  
W>LL TH I CKNESS ,750 I NCHE-S , . 
YOUNGS MODULUS 2 6 . 8 0 0 0 E + 0 6  P S I  
D E S I G N  PRESSURE ' P S I  
END B E N D I N G  MOMENT - 9 . 0 8 6 5 ~ + 0 1  I NAB/ I N  ,' 

END SHEAR FORCE . '  l 0 1 3 1 7 E + O 3 .  L B / I N  

S H I  SHO 



. . 
8' r r  

CON!3ITION I CYLINDER 8 

STRESSES I N  A S E M I - I N F I N I T E  CYLINDER 

DESCRI P T  ION OF CYL l NDER BE I NG ANALYZED 

I NS'I DE RAD l US 10'. 2 5 0  INCHES 
W ~ L L  TH I CKNESS . 8 1 2  INCHES 
YOUNGS MODULUS 26,4000E+06 P S I  . . .  

DESIGN PRESSURE. P S I  
. END BEND l NG MOMENT -9.0865~+01 I N-LB/ I N 

. . END SHEAR FORCE - l m 1 3 1 7 E + 0 3  . L B / I N  

SHMO= .OOOOE-gg , 

SHMI= -a 0 0 0 0 E - 9 9  
I SAM = . OOOOE-99 
I 
1 

I SHO SH I S A 0  SA I 

. X = .  .OO -'I;. 3 1 9 9 E + 0 4  - l m 3 6 9 5 E + 0 4  8.2704E+02 -8,2704E+02 



STRESSES. I N  A SEMI- I N F I  N I TE CYLINDER 

DESCRIPTION OF CYLINDER L3EI.NG ANALYZED 
. . 

INSIDE RADIUS 10.250 INCHES 
' WP.LL THICKNESS 07.50 l NCHES 

- ' YOUNGS MODULUS 26,80OOE+06 P S I  
DES I GN...PRESSURE . . P S I  

. END BEND l NG MOMENT -8.5161 ~ + 0 1  I N-LB/ I N 
. . END SHEAR FORCE l e 0 5 9 7 E + 0 3  L B / I N  

.0000E-99 SHMO= 
SHM I = a 0000E-99 
SAM = . OOOOE-99 

. . 
SHO SH I S A0  SA I 

. 'X= : .OO 
. . i . .03456~+04 1 ,291 2E+04 g0O774E+02 -g0O774E+02 

.x=' .25 1 . 1 2 5 5 ~ + 0 4  1 . 2 2 2 6 ~ + 0 4  -1 .6196E+03 1 .6196E+03 



Q r/ 
' . - CONDITION 2 CYLINDER B 

STRESSES I N  A SEMI - INF IN ITE  CYLINDER 

. . . DESCRIPTION OF CYLINDER BEING ANALYZED 

' I N S I D E  RADIUS 1 0 . 2 5 0  l NCHES 
WILL THICKNESS .812  INCHES: 
YOUNGS. .MODULUS 26,40OOE+06 PS I 

'. DESl GN PRESSURE P S I  
. . .  ' END BENDING MOMENT - 8 . 5 1 6 1 ~ + 0 1  IN-LB/IN 

END SHEAR FORCE - l aO597E+03  LB/ I N 

. . 

SHMO= . OOOOE-99 
', SHM I =, .0000E-99'  

.SAM, = . .0000E-99 

SHO 



DESCRIPTION OF CYLINDER.BEING ANALYZED 

INS IDE  RADIUS 10.250.  I NCHE S. 
WALL TH 1 CKNESS i 7 5 0  INCHES 

' .  YOUNGS MODULUS . 26.8000E+06 P S I  
- . DESIGN.PRESSURE P S I  

. END BENDING MOMENT 4 . 7 9 ; 3 ~ + 0 2  I N-LB/IN 
. END.. SHEAR FORCE 207118E+02 L B / I N  . 

. . 

. . SHMO= ;OOOOE-99 
SHM.1 = . ; 0000E-99  

. SAM = . .  .0000E-99 . . 

SHO SHI - 



. . . .  . . 

b w  
CONDITION 3 CYLINDER B 

STRESSES I N  A S E M I - I N F I N I T E  CYLINDER' 

, . .  . . 

DESCRI PT I-ON OF CYL l NDER BE 1 NG ANALYZED 
. . 

. . I N S I D E  RA'DIUS 10; 2 5 0  INCHES . .  . . 

WALL THICKNESS ,812 I NCHES 
' YOUNGS MODULUS 26.4000E+06 P S I  

DES l GN PRESSURE P S I  
. . 

END BENDING MOMENT -5.59;3~+02 IN -LB / IN  , . 

END SHEAR. FORCE .-2,8741E+02 L B / I N  . . 

. . 

SHMo'= .0000E-99 
SHMI= . ;00OOE-99 
SAM = . .0000E-99 

SHO SAO 

5 093 5E+03 

5.6221 E+03 

SAI  . ' 

-5.0935~+03 
. .  . . . 

-5.6221 E+03' 

- 5 , 9 2 6 8 ~ + 0 3 ,  



4 , I /  
CONDITION 3. SHORT CYLINDER A 

STRESSES I N  A SHORT CYLINDER 

' . DESCRIPTION O F  CYLINDER BEING ANALYZED - 
INSIDE R A D I ~ J S  

WALL THICKNESS 
AX I,AL LENGTH 

' YOUNGS MODULUS . 

DESIGN PRESSURE 
,BEYO I NG MOMENT-END 

,BENDING MOMENT-END 
SHEAR FORCE-END 1 

.SHEAR FORCE-END 2 

l NCHES 
l NCHES 
l NCHES 
P S I  
P S I  
I N-LB/ I N 
IN -LB / IN  
L B / I N  
L B / I N  

SHMO= ' ;0000E-.99 
SHMI= ;0000E-99 
SAM = ,, OOOOE-99 

SAO S A I .  ' - SHO 
a 

) STOP . , 



I - ' . INCHES 

Ax i a l Stresses - SAO = outside 
SAI = inside 

conditibn I 
w ---- r - -  

condition 2 

--- condition 3 



. . 
0 I 2 3 4 5 6 7 8 9 10 1 1  12 13 

l NCHES 

J4oo~ Stresses - SHO = outs ide condi t ion I 
SHI = ins ide - --- 

r-- 
cond i t i on  2 

- 7  condi t ion  3 



I A.4 S'IRESS IN CLAD CARBON STEEL P I E  DL€ TO DIFFERENTIAL EXR4NS ION BEWEN 

MSE ETAL AND C~ADD ING 

Axia l  and Circumferential Stress i n  Base Metal 

where aa = ax ia l  stress, psi 

gc m s ircumferent ia  I €tress 

tc P thickness of.cladding, 0.125 in. 

tb = thickness of carbon steel  base metal, 0.625 in. 

= thermal expansion of cladding, 9.4 c loo6 in/ in/% 

ab = ,  therma I expnsion o f  base natal, 7.0 x loo6 i n/ i  n/+ 

AT temperature change, 430 F 

E, = Young's Modulus fo r  cladding 26.4 x lo6 lbs/tn2 

Eb = Young's Modulus for  base 'metal, 26.8 x 106 lbs/in2 

v * Poisons Rat io '  

' 

a, 6520 psi tension on outer and inner surfaces should be 

added t o  the d iscont inu i ty  stress f o r  Conditions 2 & 3. 

Ax ia l  and Circumfert ia l  stress i n  Claddins 

ca = oc = - 19,000 psi 

A-2 1 



APPENDIX B 

Piping Flexibility Calculations 

~e;formed by Arthur D. Little Inc. 
. . 

NOTE - 
. . . . . . , - . . 

The computer printout sheets contained in this Section were 
. . .  , 

reproduced from Arthur D. Little, Inc. originals. Some of 

these original sheets were hardly legible because of missing 

parts of figures and words. Nevertheless it was felt that 

the i nformat i on presented here shou l d be inc l oded as re- 

ference material. It is also felt that the desired information 

can be obtained even though all of the printout sheets are 

not completely legible. 



E l i s  Appendix confa ins  fho  r e s u l t s  o f  work performed by A r thu r  D. L i t t l e  Inc. 

on p ip ing  f l e x i b i l i t y .  A .tot-a1 o f  f i v e  cases were ana.lyzed. f o r  each r e c i r -  

c u l a t i o n  loop. 

T la  f i v e  cases can be described as fo l lows:  

Case I - ' T i e  pump w i l l  be complete ly  r e s t r a i n e d  from 

move~nent a long tho  x a x i s  and a long the. z a x i s .  

bu t  w i l l  be f r e e  t o  r o t a t e  about t h e  z ax is .  

Case I I - Tim pump w i  1 I. be res t ra ined .  from movement a long 

t h e  x a x i s  and a long t h e  z a x l s  as i n  Case I, 

and a moment o f  2500 foot-pounds w i l l  be app l i ed  

about t h e  z a x i s  t o  oppose t h e  r o t a t i o n s  observed 

about t h e  z a x l s  i n  Case I. 

Case I 1 I - The m m n t  dof ined i n  Case I1 w i l l  be app l i ed  

about t t ie  z a x i s  b u t  t h e  pump w i l 1 be f r e e  t o  

mwe i n  the  x - z plane. 

Case' V 

- The nonsnt de f ined i n  Case I1 w i l l  be app l i ed  

about t h e  z a x i s  and a fo rce  of 2500 pounds w i l l  

be -appl ied  t o  oppose fhe  def l e c t i o n s  observed a t  

t h e  pur;lp i n  Case I I I. 

- The cond i t i ons  w i I I be t h e  same -as i n  Case 1 

except t h a t  :he p i p i n g  system w i  I I be analyzed 

for t h e  e f f e c t s  o f  g r a v i t y  i n  the  absence o f  

thermal sxpansion. 
c 



The fo l lowing i s  a l i s t ' o f  informal-ion wl.lich i s  t o  be found i n  t h i s  

Appendix and explanation o f  t h a t  information. 

a. The pr.inted r e s u l t s  o f  the machine computations of cases I through 

5 o f  each o f  the three loops. 

b. Isometric drawings w i th  enc i rc led  numbers which correspond t o  the 

member numbers on the pr in ted resu l t s .  

me forces, motions, and other output are  given a t  the ends o f  member. 

The fo l lowing convention. i s  used t o  determine the d i r ec t i on  o f  forces: 

I. The force pr in ted out  a t  POINT 0 i s  t h a t  which the anchor exer ts  

on the p i  ping system. 

2. The arrows along the sect ion show the s ign convention o f  the forces 

and and moments; f o r  example, the force pr in ted out  a t  POINT 2 i s  t h a t  

which member 2 exer ts  on t h a t  pa r t  o f  the system wt i  i ch  f o l  lows 2. 

3. The force p r in ted  out  a t  a r e s t r a i n t  . is t h a t  which the p i  ping 

system exer ts  on the res t ra i n t .  

4. External forces a re  forces exerted on the p i  ping system. 

5. The force p r in ted  ou t  a t  A i s  t h a t  which the p i  ping system exer ts  

on the vessel. 

Forces are designated as Fx, Fy 6. F,, moments as 4, M and Mz, 
Y 

stresses as SE, de f lec t ions  as Dx and DZ, and r o t a t i o n s  as Rx, R and R,. 
Y 
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0 RESTRT 
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APPENDIX C . 

V i b r a t i o n  Ana lys is  

C. I I n t r o d u c t i o n  

C.2  ~ m e n c l a t u r e  

, ,  C .3  Assumptions 

C.4 Free V i b r a t i o n  Ana lys is  o f  an idealized System 

C. 5 Forced V i b r a t  i'on Ana l ys i s o f  an Idea l i zed System 

C.6 Determinat i .on o f  In f luence C o e f f i c i e n t s  

C.. 7 D  i scuss i on 

C.8 Attached Data 



C.l INTRODUCTION. . . 
. . 

. . 
. . 

Ttl i s  append i x  i nc.1 udes The. +hesi,s, " V i  b r a t  i on C h a r a c t e r i s t i c s  of a  . . 
. . 

pump 'and Motor Mass Attached t~ '6 Pi pi ng Cmp lex, I '  w r  i t t e n  by . . 

Donald Jerome Nolan.   his paper was 'submitted i n  p a r t i a l  f u l f  i 1 I- ' ' ' : '  

ment o f  ' the degree o f  .Master 'of science j n  Flechan i ca  1 Engineer i "g 

a t  the  u n i v e r s i t y  o f . ~ i s c o n s i n ' ,  1962. 

I n  t h i s  ana lys i s  the. v i b r a t o r y  c h a r a c t e r i s t i c s  o f  t he  r e c i r c u l a t i o n  
.' 

. . 

pump and p i  p i  ng o f  Loop Number' Twg ( the  most c r i t i c a l  from a  v i  b r a t  ioln 

. . 
sSandpoint) were determined. ' The na tu ra l  frequencies o f  v i b r a t i o n  

were ascerta i ned -and compared t o  the  d r  i v  i ng frequency o f  t h e  r o t a t i  ng . . 
. . . . 

. . . . 
e  l e m n t s  o f  t he  pump and, motor assembly. Since there  i s  unba lance. . . 

. . . . 
. . 

. i n  these r o t a t  i'hg e  le'r%nl.j, "vi  b r a t  i on' w i I I be i.nduced .i n  the  pump., 

motor q s s ,  and +he connected p i  Ring'. Hence, t h e  pump, motor masses, 
. . 

and t h e  a+tached p i  p ing  w i . 1  1 be r e f e r r e d '  t o  as t h e  v i b r a t i o n  system. 
. . 

I f  the  induced v i b r a t i o n  i s  a t  t he  na-kural frequency o r  frequencies 

o f  t he  v ib ra t . i on  system, resonance wi l l  r e s u l t .  Since t h e  ampli tude 

o f  v i  b r a t i  on becomes very  l a r j e  a t ,  resonance, a  resonant condi t i o r )  

must be avoided, as t h i s  , q y  resu I rt. i n  s t r u c t u r a  l f a  i l ure. The natura I. 
I 

f requencies.can be s h i f t e d  by changing the  p i  p ing  c o n f i g u r a t i o n  or 

. . 
by in t roduc ing a d d i t i o n a l  r e s t r a i n t s .  However, even i f  resonance i s  

f 

no? present o r  can be avoi  ded, ' t h e  i nduced v  i b r a t  ion present w i  1 1 

impose loads on t h e  p i  ping, pump casing, and vdsse I. 



. , 

I n  t h e  actua l system the re  a r e  two o b v i o u s  sources o f  exc i t a t  i on wh i ch 

wou l d i nduce v i b r a t  i on : 

I . unba lance o f  She r o t a t  i np e lements, 

2.. hydraul i c  impulses produckd by the  i m p  I l e r  blades. . 

The natura l freq"'enc i e s  o f .  loop. Number TWO "ere ca lculcyted as 414 

cpm and 3850 cpm. The r a t i o  o f  the' operat ing-speed t o  t h e  lowest 

natura l frequency ' i s  ab6ut 1 .'4. It was .determi ned t h a t  t h e  amp l i tude 
. . 

, . .  

o f  v i  b r a t  i on under opera t i  . ng . cond it i o n s w o u ~ l d  'b~5.~rna 1 I. ' ~ c t u a  1 
. . 

opera t ion  o f  a l l th ree ' l o o k  i " t h e  f i-eld has .  proved t h i s  t b  be 



~. M = mass o f  v i b r a t i n g  body ' '. , . . 

, . 
. . 2 .  ' Ib .  sec / f t ,  . . . . , . 

.. , . .  . 

I  , mass moment o f  i n e r t  la. o f  i h e  v i bra,t i ng body about I b. f t. sec? : ' '  ' . 

. . 

. the center  o f  g r ; a ~  i ty 
3 . . . . 

Xo = I, i near acce l e r a t  ion o f  .+he center  o f  grav i t $  o f  . . 

.the v i brat , i  ng body 
. , . . 

80, angular acce le ra t i on  .o f  t h e  centgr  of g r a v i t y  o f  

t h e  v i b r a t  i ng body . . 

Xo., l i neer displacement of t he  center  pf ' g rav i  t i  o f  

t h e  v i b r a t i n g  body 

90 , angular displacement of t h e  cei-:ter o f  g r a v i t y  o f  

t h e  v i b r a t i n g  body , 

. . 

K1 I= I  inbar 'displacement i n f  iuqtice c F f f  i c i e n t  rep ie -  

sent ing  t h e . s t i f f n e s s  o f  p ip ing  complex 
. . 

K12= angular ~ i s ~ l a c e r n e n t  c o e f f  i s  i e n t  reprgsent ing  

the  s t i  f fness o f  p.i p ing  ccinplqx 

K ~ I =  I  inear displacement in f luence.  s o e f f i c i e n t  

represent  i ng the  s t  i f  f'ness ,g f ,  p i  p ing  complex 

K22= angular displacement c o e f f i c i e n t  r g p r q s e n t i i ~ g  the  

s t i f f n e s s  o f  p ip ing  complex 

Ms = r e s t o r  ing m ~ e n t  impo~ed on t h e  v i  b i a i  . i . ng. body 
. ,  . 

due t o  the  e n t i r e  connecled p i  p i "g ca(lplex ' 

. . , in-  I b . . . . . . 

i n - l b  



Hs , r e s t o r i n g  force. imposed on the  v i b r a t i n g  

body due t o  the  e n t i r e  connected ' p i  ping'covp. lex 
. . 

. . 
M = weight o f  v i b r a t i n g  body 

g  , grav i  t a t i o n a  l constant  

r = rad i us o f -  g y r a t i o n  o f  t he  body" about .  t he  center  

. . 
o f  g r a v i t y  

ti) , frequency o f  v i b r a t i o n  , 

3% = natura l frequency o f  v  i b r a t  i ng sys+em 
. . 

X o  , l i n e a r  ampli tude o f  v i b r a t i o n  

80 = angular amp1 i tude o f  v i  braltior. 
, . 

PO , exc i f i  ng fo rce  a c t  i ng o n  v i b r a t  i ng ~ y s t e p .  
. ,  . 

. . . . 

L - - v e r t  i ca  l d  i s t ~ n c e  f r o m  c e ! t e i .  q f  g r a ~ i t y  a t  wh i ch  

. . . . 
PO' a c t s  . . 

& , magn i f i c a t  ion fac to r  f o r  I i near. d  i s  placement 

4 = magni f  i c a t i o n  fac to r  fo r  a n j u l a r  d isplacement 

F , Auxi l i a r y  force-  appi ied whi'le ac tua l  load , i s  
. . . . 

a c t  i ng 

/ 
M , A u x i l i a r y  couple app l i ed  wh i le  ac tua l  load i s  

. a c t i n g  

0, s l o p e . o f  beam.at poin) a u x i l i a r y .  load ' i s  a c t i n g  

I Mm , Bend i moment i n  ,beams due t o  aux.i.1 ia ry . .  load i ng 
. . 

MI1 = vat- i db le  bendi ng moment in beam due t o  ?"x i  l i a r y  

seconds 

f t 

rad ians  

l b  
. . 

, . f t  .. 

. . 

i n - l  b  

rad  ians 

i n - l b  

i n - l b  

I  oad i.ng 



M = benaing moments i n  beams due t o  ac tua l  . loading i n - l b  

ds = in'cremental length o f  beam i n 

E = Young's modulus I b /'i n2 

I = bending moment o f  i n e r t i a  o f  pipe 'cross sec t ion  i n4 

C . 3  ASSUMPT I ONS 

The r e c i r c u l a t i o n  pump and p ip ing  Loop No. Two, shown i n  Fig. I, i s  considered 

r 6 
t o  be contained i n  the  v e r t i c a l  xy  plane. Actual  l y  t he  discharge s ide  of 

the.  pump forms an angle of,  about 2 degrees w i t h  the  suc t i on  side. However, 

t he  p r o j e c t i o n  o f  t he  p i  p ing  i n t o  t ~ ~ e ~ x ~ ' ' ~ l a n e  wouid r e s u l t  i n  a n e g l i g i b l e  

change i n  dimensions s ince the  d i f f e rence  i n  the  s ine  and cosine values 

f o r . O  degrees and 2 degrees i s  very  s l i g h t .  

The ana lys i s  i s  conf ined t o  motion i n  the  x -d i rec t i on  and r o t a t i o n  about 

the  z-axis. The other  possib le degrees o f  freedom, l i n e a r  displacement 

i n  the  z* d i r e c t i o n  and r o t a t i o n  about t t ie  y-axis, a re  no t  considered here. 

The p i p i n g  complex i s  fab r i ca ted  o f  s t r a i g h t  r'uns o f  p ip ing  and elbows. 

I n  the  ana l ys is,the e 1 bows were replaced by square corners which increased 

the s t i f f n e s s  o f  t he  p i  p ing complex, causing a s l i ght  . increase i n  t h e  na tu ra l  

frequencies. However, t h i s  e f f e c t  would be o f  an i n s i g n i f i c a n t  magnitude 

s ince the  elbows have s h o r t  r a d i i  and are  a small p a r t  o f  the  e n t i r e  p i p i n g  

complex. 

Any damping present i n  the  system, i .e., i n t e r n a l  hys teres is ,  energy 

d i s s i p a t i o n  due t o  contained f l u i d ,  and pad f r i c t i o n ,  w i l l  no t  s i g n i f i c a n t l y  

e f f e c t  t he  na iura  l frequencies o f  t he  system, and the re fo re  a re  n o t  included 

i n  t h e  ana lys is .  These f a c t o r s  would tend t o  reduce the  arnpl i t ude  o f  v i  b- 

I r a t i on ,  bu t  t h e i r  e f f e c t s  were not  evaluated. 



. . . .  . 

For v i b ra t i on  analysis,the p ip ing canplex i s  consider:ed t o  have f l e x i b i l i t y  
. . 

but no mass. Of course,. the acf  ua l p i  pi  ng comp'i'ex has mass and i s  v i  brati.ng 
. . 

a long w i th  the pump and motoi  masses. The . .. . corresponding k i n e t i t  energy 
I .  

would introduce add i t i ona l  modes o f  v ibra t ion,  besides a f f ec t i ng  the v ib-  
I 

r a t i o n  charac te r i s t i cs  o f  the pump and motor mass. The extent  o f  t h i s  
. . 

e f f e c t  would depend on the r a t i o 9 o f  pi,pe mass. t o  pump and motor mass. For 

the system being a n a l y z e & t h i s r a t i o  i s  about 25 per cent. However, it would 
. . . . 

be d i f f  i cu  I t  t o  say whether the' fundamental frequencies of the pump and 

motor mass'change by the same percentage.. . 

C .4 FREE V l BRAT l ON ANALYS l S OF AN I DEAL'I ZED' SYSTEM 
. . 

The' v i b ra t  i orl system i s  cons i dere'd,'to have' two, degrees o f  freedom; therefore,  
, . 

there are two cor resp~nd ing  independent coordinates. They are l inear  d is -  . 

placement i n  the x -d i rec t ion  and' angular displacement'about the Z -ax i s .  
. . . . . . 

. . 

Or ienta t ion o f  the coordinates i s  shown i n  F ig .  C-1. Sirice the par t i cu la r  

v i  b ra t  ion system be i ng ana 1 yzed i s  considered. t o  have two i ndependent'coor- 

dinates, two d i f f e r e n t i a l  equations o f  motion w i  l I. be required.  The 

assumpt i'on t h a t  there are  two, i ndepei-;dent coord i nates. does not imp1 y the 

motions are independent. The motions are d e f i n i t e l y  coupled; t h a t  is ,  a 

force o r  moment app l ied a t  the center o f  g rav i t y  w i l l  cause both l i near  and 

angu l a r  'mot ion. 

The equations o f  motion f o r  t h i s  system are found by summing moments and 

hor izonta l  forces i n  the'k\/ 'plane about the center o f  g rav i t y  o f  the os- 

c i I 1 a t  i ng mass. These equations are: 



Fig. C-I.. .Orientation of Coordinates 



  he motions o f  t he  system, 1 i near displacement i n  the  x-d i r e c t i o n  and ang'u l a r  

displacement about the  z-axis, a r e  represqnted by t h e  f o l  lowing equ iva l e n t  systems. 
. . .  . s . ,  

EQU - I VP,LE!\iT SYSTEM FOR L l i.iEAR D I S  PL?.CEMENT 

/ 
/ r- Kt,& L 

I 
' '  ' . 

/ 
~ - ! . p & e .  

K u X  1 K ~ I  
I 
' 

The moiion o f  t h e  system causes a r e s t o r i n g  fo rce  and moment exer ted by the  

connected p i  p ing  complex on the  pump and motor mass. The r e s t o r i n g  fo rce  

and moment represent  i ng the  a c t  ion o f  t h e  e n t i r e  p i  pi  ng complex a r e  expressed 

KI I, K 1 2 ,  Kzl,  and K22 a r e  t h e  ii;f l uence c o e f f i c i e n t s  represer:t'ing t h e  s-t'i f i -  

ness o f  t h e  connected p i p i n g  complex, and K 1 2  w i  I I be nu.mr ica l  l y  equal t o  K2,. 

It i s  des i rab le  t o  w r i t e  Eqs. (2-1 and 2-2) i n  a more workable form. L e t t i n g  



8 

1 ='%?*IT= and d i v i d  i ng through by adwr i-he to1 lowing express ions 

are  obtained: 

Let 

-- lhcreiore Eqs.  (2-5 a n d  2-6 )  become. 

A genera l solut i 'on f o r  each o f  these equations i s  

The second d i f f e r e n t i a l  o f  these so lu t ions w i th  respect t o  "tU i s  

. . 
. . S u i j s t  i t u t i  ng these va l ues i r1.i-o .1.1\2 cl i i f e r e n i  ia 1 equations o f  motion. The . 

f o l  lowi:12 resu l - is  are pbta ized :  

. . -J'x, &wtt  AX, SA wt r 8ea s> lc ) t  sa . ' (2 -9 )  



Comb i n i ng terms 

S i i ~ c e  s i n d  does not  equa l zero f o r  a l l va l ues o f  "tI1 then . . 

The mag& tudes .of I i near amp1.i tude Xo and angu tar amp l i tude 00 cannot 
. .. 

be determi ned f o r  the f ree v i b ra t  ion case, but the.i r r a t i o s  .can be eva l uated . ' 
These amp l i tudes def i ne the two pr i nc i pa 1 modes o f  f ree v i b ra t  ion. The 

natural  f requenc ies 'w i l l  be found by determining the amplitude r a t i o s  and 

equating them. 
. . 

From Eq. (2-13) 

and from Eq. (2-14) 



. . 
. . , . 

. 8 

. . .  , Eqna+i ng the  amp1 i.t"de r a t i o s  . . 

. Th i s quadrat i c  i s t h e  frequency q u a i - ?  o n  for the ' system whose r o o t s  ar'e .. . . . . . ,. 

. . 

t h e  natura I frequent ieq  correspond i ng' t o  the p r  i nc i p l e  modes o f  .vti brat ' ip" .. 

. . . . 
. . .  

:W-i t h  the " a  l,ue$ o f  t h e  fcequenc ies asce i te  i ned, t h e  po$i t i o n  o $  t h e  yod6?:. , , ,  
., . . .  . .  

.can be determined using Eqs. (2-15 a.nd,.Z-16). . , 

. . . . '  .. . , 

. . 

. , 
. . 



'c.. 5 FORCED. V l BRATI ON ANALYS l S OF AN l DEAL l ZED SYSTEM 

C.5.1 Linear and Angular ~ r n ~ ' l  i tudes o f  V i b r a t i o n  

R e v i o u s l y  the  equations o f .mo t ion  were evaluated f o r  t he  case 

o f  f ree  v i b r a t i o n ,  i .e . ,  the  r i g h t  s ide  o f  t he  equations were 

. equal t o z e r o .  This rep resen ts .pa r t  o f  the  generai s o l u t i o n  
1 

ca l led t h e  complementary func t ion .  The complementary func t i on  

procedure i s  f o l  lowed t o  determi ne the  natura I frequenc'ies o f  t he  

./ . . . system; however,..thesystem i s  under the  a c t i o n  o f  an exc . i t ing  

. force P r Po s i n  46, which w i l l  ma in ta in  t h e  v i b r a t o r y  motion 

a.t constant  ampli tude. The primary reason f o r  eva luat ing  a forced 

' v i b r a t i o n  system i s  t o  determine the  ampli tude a t  the  d r i v i n g  

frequency . 

The assumptions and d iscussion f o r  t h e  f r e e , v i b r a t i o n  ana lys i s  

leading up t o  Eqs. (2-9 and 2-10) a p p l y ' f o r  t he  forced v i b r a t i o n  

i system. Now, it i s  necessary t o  ob ta in  a p a r t i c u l a r  s o l u t i o n  f o r  

I - ~ t he  steady-state motion governed by the  fo rc  i ng func t i on  

P = F)J s i n d t .  A p a r t i c u l a r  s o l u t i o n  i s  obta ined by t a k i n g  

x0 = Xo s i n  (df -d) and 00 = 0 0  s i n  (a t  -0, 0 i s  the  phase 

angle by which the  motion lags the  impressed force.  s ince 

damping i s  no t  considered i n  t h i s  ana lys i s  the  phase angle i s  e i t h e r  

zero or  180 degrees. The . .d i f f e ren t ia l  equations o f  motion f o r  t h e  

forced v i b r a t i o n  system are  the  same as the  case o f  t h e  f ree  

v i b r a t i o n  system (Eqs. 2-9 and 2-10) except the  equations a re  

s e t  equal t o  the  exc i t i nb fo rce  Po s i n &  instead o f  zero. Thus 

t h e  equations a ie :  



P . 0. where D-, .w 
~ o r " t h e  forced v i b r a t  ion system the amp1 i tude of  the  l i near Bnd angu,lar. ' 

'' 

I - 
d i splacements a re  the  des.i red  q u a n t i t i e s  . ,By so l  v.i qg the  above, e.quat i ons 

s imu l taneous l y the  max i mum. amp l i tude va l ues a r e  determ i ned . 
. . 

- - I ( 3  -3). 

m I (-&+A\(- w' + cs - 
' and 

The dej -a i led s o l u t i o n  f o r  these formulas a r e  shown i n  the  a.ttached 
. . 

data sect ion.  
. . 

Ignor ing  ' f ree v i b r a t i o n ,  t h e  s teady -p ta te fo rced  v i b r a t i o n  i s  def ined by the  

f o l  lowing equations.: 

A t  +he natura l  frequencies t h e  q u ~ n t i + y ( ( - ~ ~ ~ ) ' ( - ~ i ? 7 ( ~ ) - ' ~ ~ r ' y r ~  equals 

zero; there fore ,  the. ampl'i tude o f  , the l i near and angu l a r .  d i splacements 

become i n f  i n  i te.1 y large. 
. . 

I n descr i b i  ng the  r e  t a t  i  onsh i-p between! amp l  i tude o f  v i b r a t  ion' and frequency, , . 



a non-dimensional expression c a l  l e d ' t h e  magn i f i ca t i on  fac to r  i s  u,sed. '' ' '  'The magn i f i c a t i o n  fac to r  is the  / - t i0  o f  +he dynami= d i sp lacemnts  o> ' ' 

I t ,  

ampl i tudes due t o  t h e  e x c i t i n g  force Po t o  the  zero frequency d isplace-  

~ . -  
ments produced i f  Po i s  a c t i n g  s t a t i c a l  l y .  

The r e l a t i o n s  between the  l i near and angular displacements o r  amp1 i tudes 

and l -he f o r ce  Po a c i i n g  s t a t i c a l l y  a re  

These equat io r~s  a r e  equiva l e n t  t o  Eqs. (2-3 and 2-41 where 

By s o l v i n g  these two s imu l taneous equations the  zero frequency displacements 

a re  

and 

The d e i a i l e d  c a l c u l a t i o n  determining these values a re  g iven below. To ob ta in  

the  magn i f i ca t i on  fac to r  f o r  l i nea r  displacement d i v i d e  t h e  numerator and 

i denominator o f  Eqs. (3-3) by 



This g ives  

where 

and 

 earr ran^ i ng terms the  magn i f  i c a t  ion  f a c t o r  f o r  l i near d i splacement i s  

S i m i l a r l y  t h e  magn i f i ca t i on  f a c t o r  f o r  angular displacement i s  obta ined by 

d i v i d i n g  t h e  numerator and denominator o f  Eq. (3-4) by I - 

This g ives t h e  fo l l ow ing :  



G . . .  

where 

(Qo&tdtlr a PO 1 0  AL/a 

Therefore 
. . 

I . . 

I \  Rearranging terms the  magn i f i ca t i on  fac to r  f o r  angular displacement i s  

The s i g n i f i c a n c e  o f  t he  magni f icat i0 .n fac to rs  i s  shown by p l o t t i n g  them 

aga ins t  a  frequency r a t i o .  This r a t i o  i s  a r b i t r a r i l y  def ined as the  
- 

frequency o f  t he  exc i t  i ng fo rce  d i v ided  by the  lowest frequency o f  t h e  f ree  

. . 
v i b r a t i o n  system. 

The i n i t i a l  value o f  t h e  magn i f i ca t i on  fac to r  w i  1 .1  be u n i t y  s ince t h e  

frequency o f  t he  e x c i t i n g  fo rce  i s  zero. I n  other  words, the 'd isplacements 

a r e  a  r e s u l t  o f  t he  s t a t i c a l  a p p l i c a t i o n  o f  t he  e x c i t i n g  force.  This can 

be shown by equat ing the  f r e q u e n c y d  t o  zero i n  Eqs. (3-1 1 and 3-12). 



Simi l a r l y  
' n 

bZC/- - B3/rLA - LAC + ac 
b c  - B ~ L ~ - L , +  t L B 7 f ~  

. . . . . .  . =..J . - 
The .magni f icat ion fac to rs  f o r  1 inear and angular displacement were ca lcu la ted f o r  

d i f f e r e n t  values of the frequency ra t i o .  These calculat . ions are  given by Tables 

C.1 and C.11 i n  the attached data. Fig. C.2 shows the values o f  the magni f icat ion 

fac to r  p lo t ted  aga i ns t  the frequency rat i .0. " 

As the frequency o f  the d is tu rb ing .  force increases, both magni f icat ion fac to rs  

increase i n  the p x i t i v e  d i rec t ion.  As the r a t i o  of4)/J,,approaches the f i r s t  and 

lowest natura l  frequency o f  the f ree  v i b ra t i on  system, the magni f icat ion fac to rs  

and the amplitudes become i n f i n i t e .  This i s  a resonant condi t ion.  For t h i s . r eg ion ,  

both the 1 inear and angular motions are  i n  phase w i th  the e x c i t i n g  force Po. When 

the frequency of the e x c i t i n g  force goes beyond the f i r s t  natura l  frequency, the 

magni f icat ion fac to rs  become f i n i t e  but they now.have negative values. Both types 

of motion are 11ow'l8O degrees out-of-phase w i th  t h e . e x c i t i n g  force, but  in-phase 

wi th  each other. With f u r t he r  increases i n d ,  the magni f icat ion fac to r  f o r  l i nea r  . 

displacement goes through zero and becomes pos i t i ve  wh'i l e  the 'magni f ica t ion fac to r  

f o r  angular displacement remains negative. This means the l i near  displacement i s  

again in-phase w i t t i  the  e x c i t i n g  force whi le  the angular motion i s  out-of -phase 

w i th  the e x c i t i n g  force. As the frequency o f  the e x c i t i n g  force approaches the 

second natural  frequency o f  the f ree v ibrat ion,  the magni f icat ion factors, and there- 

fo re  the amp1 i tudes o f  v ibrat ton,  become i n f i n i t e  again. As the frequency o f  the 

e x c i t i n g  force goes beyond the second natura l  frequency, the l i near  displacement i s  

pos i t i ve  and in-phase w i t h . t he  e x c i t i n g  force whi le the angular motion i s  negative 

and out-of -phase. Also, both the 1 i near and angu tar  moti ons decrease with. less and, 

less amp1 i tude. As the d r i v i n g  frequency, 0, becomes very large, the amp1 i tude 

apfiroaches zero asymtotical ly. 



Fig. C.2.. Magnif icat ion f a c t o r  p l o t t e d  
aga ins t  the frequency r a t i o  
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T h e d i f f e r e n t i a l  e q u a t i o n s o f  motion f o r t h e  f o r c e d v i b r a t i o n s y s t e m . ,  ' '  

. . . . .  . .  . . .  . , .  . . .  . . . . . . .  i t  . . . . .  . . a re  expressed by . ,. . . .  , , . .  s . :  . . ' ,. . , . . . . .  . . .  . , .  _ ... . . .  

Therefore Eqs. (3-13 and 3-.14) become 

The maximum value o f  t he  d i s t u r b i n g  force occurs when s i n  d d  = I, 

and the  l i nea r  and angular amplitudes o f  vibratio1.i Xo and 80 a r e  g iven 

by Eqs. (C-1 and C-2) i n  t h e  attached data. A f t e r  subst' i  t u t i n g ,  
,m, 



b .  Eqs. (3-15 and 3-16) become 

I and I. 

Rearranging terms w i l  1 g i ve  expressions .for Hs and Ms as follows: 

The exci.-i- i ng fo rce  Po i s  g iven by 

Therefore 

; i h e r e ~ R i s  the  amount o f  unbalance i n  t h e  system. 

For any pump and motor assembl y, t he  amount o f  unba lance i s  spec i.f ied; 

t he  d r i v i n g  frequency ( t h e  speed o f  .the r o t a t i n g  p a r t s )  i s  I<nown; . 
. 

C-20 ' .  



the weight and rad ius o f  gy ra t ion  f o r  the assembly can be e a s i l y  determined; 

the g r a v i t a t  iona I constant 1 ~ 1 1  i s  known and the i n f  l uence c&f f i c  i e n t s  for 
I 

the  attached p i  ping complex can be determi ned. With these quan t i t i es  the 

external  or res to r i ng  force,. Hs, and moment, Ms, can be calculated.: 
I 

The react ions a t  the per t inent  po in ts  i n  the p ip ing complex. are  known 

i n  terms o f  Hs and Ms, and therefore;the maximum v ib ra to r y  bending 

, . stresses are e a s i l y  determined. 



b C. G DETERMINATION ' O f  INFLENCE COEFFIC IENTS 

The e l e s t i c  energy method ' i s  used t o  determine the  in f luence c o e f f i c i e n t s  ' 
h 

KI I, K12, K2,, and K22which  r e p r e s e n t t h e  s t i f f n e s s  o f  t h e  p ip ing  ccmplex. 

This method i s  based on t h e  p r i n c i p l e  o f  the .conservat ion  of energy. 

On the  basis o f ;  t h e  above p r i n c i  pie, energy stored i n  a  s t r u c t u r e  
, 

i s  equated t o  work done by t h e  actua I load, because an a.uxi l i a r y  

load i s  a c t i n g  whi l e  the  ac tua l  load i s  being app l ied .  

The equations wh'ich express t h i s  p r i n c i p l e  a re  

The l e f t  s ide  o f  each equation represents the  mechanica l work done by 

0. an auxi l i a r y  fo rce  o r  moment, and the  r i g h t  s ide  o f  t h e  equations express 

e l a s t  i c  energy s tored i n  The beam because an auxi l i a r y  fo rce  or  moment 

i s  a c t i n g  dur ing  a p p l i c a t i o n  o f  the  ac tua l  fo rce .  

Severa l  assumptions must be made when using the  e l a s t i c  energy theory .  

They are:  I  ) The s t r u c t u r e  being analyzed behaves as a homo$eneous and 

e l a s t i c  body ... 2 ) D e f o r m a t i o n s a r e s m a l I  ... 3 ) T h e e f t e c t o f d i r a c t  

I  
shear on d e f o r m t i o n  i s  negl i g i  b l e  . . .4 ) The law o f  suppos i t ion  i s  

----------- 
* The e f f e c t  o f  d i r e c t  shear on deformat ion can be evaluated i f  i t  i s  o f  

a  s i g n i f i c a n t  magnitude. 



I. :pl i cab le  ..5) The equations o f e q u i  1 ibri'um app ly .  

To e x p l a i n  the  a p p l i c a t i o n  o f  i h e  method t o  t h i s  problem, a s tep  by 

s t e p  procedure w i  l l be g iven f o r  a t y p i c a l  auxi  l i a r y  loading. 

ETHOO OF ANALYSIS ' 

:;E? I .  An auxi  I i a r y  load i s  introduced, o n l y  f o r  the  sake o f  ana lys i s ,  

a t  a c e r t a i n  l oca t i on  and i n ' a  d i r e c t i o n  i n  which the displacement 

o r  r o t a t  i on i s. des i r e d .  

POIKT 1 POINT O 

The A u x i l i a r y  Force Fv i s  app l i ed  a t  Po in t  I t o  o b t a i n  the  v e r t i c a l  

displacement a t  t h i s  !ocat ion.  Before app lv ing  A u x i l i a r y  Load Fv 

o r  any o ther  a u x i l i a r y  loading, i t i s  permiss ib le  t o  remove s u f f i c i e n t  

r e s t r a i n t s  from the  s t r u c t u r e  i n  order  to make i t  s t a t  ica l  l  y deterrni.nate. 

Therefore, the  p i p i n g  complex i s  considered f ree  a t  Fb in t  1 and the  v e r t i c a l  

r e s t r a i n t  a t  Po in t  0 i s  removed. This  i s  a l lowed as long as the  beam 

i s  s t a b l e  a,nd no a d d i t i o n a l  supports o r  r e s t r a i n t s  a r e  introduced i n t o  the  

system. 



STEP 2. Determine: the express ion fo r  the bending moment'due ' . . 

t o  the a u x i l i a r y . l o a d  f o r  each member i n  the struct.ure. 

I The e l a s t i c  energy equation f o r  the v e r t i c a l  displacement 

a t  POINT I i s  

where Fv x A s  the va l ue o f  the a u i i l  i a r y  bending rimment from 

~ v ( l , +  d) i s  the value o f  the  auxi  l i a r y  bending moment from 

x a t o  x = Q L  

F V ( ~ , +  d-y) is the  va l ue of the au r i  l i a r y  bending moment from 

y = o t o  y =13. The t o t a l  a u x i l i a r y  bending mcment i s  eval- 

uated by two separate integra Is, one expressing the var iab le  

moment Fv x ( y )  and the other the constant moment Fv( k,+ d). 

Fv( l, + d- $) i s  the va l ue o f  the aux i l i a r y  bending !anent from 





I Since Auxi l iary Load Fv i s  camnon t o  both sides of the energy 

equation, it can be cancelled out. The bending manent o f  i ne r t i a  

fo r  the en t i re  beam i s  constant, and i s  factored out as a carmon 

term. - 

m e  energy equation reduces t o  . . 

s v =  . .  . 
. . 

. . .  ES,j- . . 

. . . . 
-4- r +  

0 e, 
m e  expression 5 v represents t h e  moment o f  the area  of the . . 

6 

actual bending manent diagram betreen POINT 0 and POINT I, since I1Ml1 

represents the actual bending moment. A s im i la r  analogy i s  drawn 

for J') o dda . me expression ~rfl* represents the area of the 

actual bending munent diagram between the l i m i t s  o tot, because "MIt 
I 

. . 
t h e  actual bending. m n t .  A slmi l a r  an? logy i s  t rue  fa  . I; 

. .. 
. . . . . . .  , . . 

and ft  i/ldZ . For the a=tual condi t ion o f  loading, # 
WlNT I i s  canpletely restrained, i.e., displace.ment and ro ta t i on  . . 

' ,  

are -zero. Therefore, the energy expression i s  equal t o  zero.. The 

f 1 na f express ion for the e las t i c  energy equation I s  
. . 

SlEP.3. Determine the expression for the bending moment for each 

member i n  t,he structure due t o  the actua l loads. 



fo rces  and t h e  moment a c t i n g  . a t  t he  te rmina l  . p o i n t s  i n  t h e  p ip ing  

canp lex, i .e. , HI . V I , MI , H, , V ,  H6 , e t c  . . However, a I  1 t he  forces 

and moments a t  these te rmina l  po in ts  w i l l  be. expressed i n  terms o f  

reac t i ons  a t  POINT I ,  t h e  v e r t  ica 1 r e a c t i o n  a t  POINT 0, and the  

r e s t o r i n g  loads Hs and Ms. This introduces f i v e  unknown q u a n t i t i e s ,  

Hi j V I , M I ,  V o and Hs o r  Ms depending upon which ex te rna l  load i s  

considered a c t i n g .  

The end r e s u l t  o f  t h i s  p a r t  o f  t he  ana lys i s  i s  t o  determine the  

unknowns i n  terms o f  t h e  loads Hs and Ms. The energy equat ion 

being der ived in. d e t a i l  f o r  t he  A u x i l i a r y  Load Fv g ives one equat ion 

i n  terms o f  t h e  unknowns. Three a d d i t i o n a l  energy equations a re  

obtained by app ly ing  ho r i zon ta l  and m&nt a u x i l i a r y  loadings a t  

POINT I and a . v e r t i c a l  a u x i l i a r y  load a t  POlNT 0. This g ives 

four equations i n  terms o f  t h e  f i v e  unknowns. The four  equations a re  

solved simultaneously t o  g i ve  HI, V I ,  M I ,  and Vo i n  terms o f  the  

loads Hs o r  Ms. Where Hs and Ms have been def ined as the  r e -  

s t o r i n g  fo rce  and moment a c t i n g  on the  v i b r a t i n g  mass, but  could 

be thought o f  as the, loads a c t i n g  on t h e  p i  p i  ng complex due t o  t h e  

l i n e a r  and angular displacement o f  t he  v i b r a t i n g  mass. 

The unknown q u a n t i t i e s  are  now evaluated i n  terms o f  the  ex terna l  

o r  r e s t o r i n g  force, HS, for A u x i l i a r y  Load Fv. 



Now it is necessary to evaluate the quantltles In Eq. (4-4) 

Substituting these values In Eq. ( 4 4 )  yields . 



.. 

. . 

f 
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The va l ues o f .  t he  hor i zonta 1 and v e r t  i ca  l forces and t h e  bending 

moment a t t e r m a i  na l po in ts  2, 3 4 and 5 i n  terms o f  HI V I  
, 

and M I  a re  obtained by using t h e  equations o f  s t a t i c  e q u i l i -  

br  i urn. Subs t i t u t i ng ,  f o r  these va'l ues and the  values o f  t he  

Q ' dimensions o f  t h e  p i p i n g  ccxnplek Q,,k9QaJe, . 9 and/,$ 

y i e l d s .  

0 = 11.22235 x 106v1 - 0.06307 x I O ~ M ~  = 2.09154 x 1 0 ~ ~ 1  

+ 2.84237 x 106v, - 3.02440 x 1 0 ~ ~ s  (4-71) 

Three addi t , ional  energy equations can be obtained, g i v i n g  four  

t o t a  Is from, which the  q u a n t i t i e s  HI, V I ,  MI, and V can be 
0 

expressed i n  terms of Hs. 

STEP 4. Apply an auxi l i a r y  load FHo a t  t he  center  of g r a v i t y  

o f  t he  pump mass i n  the  d i r e c t i o n  o f  t he  Hs force.  

The Auxi l i a r y  Load FHo i s  appl ied a t  the  center  o f  g r a v i t y  

t o  ob ta in  t h e  ho r i zon ta l  displacement a t  t h i s  locat ion .  The 

p ip ing  complex i s  made s t a t i c a l l y  determinate by removing 

r e s t r a i n t s  a t  POINT I  and POINT 0.  



STEP 5. Determine .the e;<press ion f o r  the bending moment due t o  

the auxi l i a r y  load f o r  each member ,,i n the s t ruc ture .  

, .  . . . 

The e l a s t i c  energy equation f o r  the hor izonta l  displacement 

a t  POINT 0, the center o f  grav i ty ,  i s  

. . 

This expression can be s i m p l i f i e d  by fo l lowing a procedure 

s im i l a r  t o  t h a t  given i n  STEP2. However, the displacement w i l l  

not  be equal t o  zero and i s  given by the fo l lowing equation. 





The quan t i t i es  i n  Eq. (4-9) are expressed as f o l  lows: 

Subs t i tu t ion  o f  the above expression i n t o  Eq. (4-10) gives 

The,equation's o f  s t a t i c e q u i l i b r i u i n g i v e  react ions a t  
. . . 

. . 

terminal points i n  terms o f  VI,'HI, MI,  Vo and Hs, and s ince the 

. . 
values of V I P  HI, MI and Vo have been found i n  terms o f  Hs from . . 

the  preceding work,Eq. (4-12) s i m p l i f i e s  t o  

Therefore,inf luence c o e f f i c i e n t  K, I equals 1 3 . 1 3 ~ 1 0 ~  l b  / i n .  By 

the same procedure, the other i n f  1 uence coef f i c  ients  a re  determi r i ~ d .  . . 



(2.7 DISCUSSION 

. .. 
. . 

. I n  the actual  system analyzed there are  two obvious sources, 

o f  exc i t a t i on  which would induce v ibrat ion: .  I .  the unbalance 

o f  the r o t a t  i ng elements; 2 .  the hydraul i c  impulses produced 

by the impeller blades. This means there are  two d r i v i n g  

frequencies; the operat ing speed o f  the r o t a t i n g  elements and 

the operating speed times the number o f  impeller blades. 

, The natura l f requenc ies 'of the actua l system' were ca lcu l ated 

as 414 cpm and 3850 cpm. The r a t i o ' o f  the operat ing speed t o  

the lowest natura.1 frequency i s  about 1.4. From .the graph o f  

magni f ica t ion fac tor  the amplitude o f  v i b ra t i on  a t  

operat ing speed would be small .  The same conclusion can be 

made due t o  the hydraul i c  . impulses. 

The loads imposed on the p i  ping complex a t  : operat i ng 

speed'were ca lcu la ted and found t o  be i ns i gn i f i can t .  From 

t h i s  it can be concluded t h a t  the d r i v i n g  frequencies would 

have t o  be very c lose t o  t h e  natura 1 frequencies before the 

ampl i tudes.of  . . v i b ra t i on  would bu i l d  up t o  a magnitude which 

. . 
I cou I d' cause serious. e f fec ts .  
I 

The nodal po in t  correspond i ng t o  the lowest natura l frequency 

i s  located a t  the center1 ine of  the p i  pins complex d is -  

charge pipe. Due t o  t h i s  f a c t ,  the r i g i d i t y  o f  t h i s  

member i s  g rea t l y  decreased. Rest ra in t  on the v i b ra t i on  

system i s  thereby reduced,and as a r e s u l t  the pump and motor 

, C-34 



amss oscl l labs  about t h l s  point a t  the lowest natura l frequency. 

Since there i s  no experimental v e r i f i c a t i o n  o f  the theoret ical !  

analysis,  it i s  d i f f i c u l t  t o  deteriine the accuracy o f  the  

resu I t s  . Severa l s imp l i f y i ng assumpt i ons were .made and each 

w i l l  e f f e c f  the correctness of  the r e s u l t s  t o  vary ing degrees. 

However, even though exper i m n t a  l ver i f i ca t  ion is' not  poss i b l e  

there a re  several ind icat ions i n  the ana lys is  which lend v a l i d i t y  

t o  the. theory. This i,s read i l y apparent i n  the sect  ion on deterrai nat ion 

o f '  infl.uence coe f f i c i en t s .  The c o e f f i c i e n t s  on e i t h e r  s ide  of  

. the diagonal o f  the 'matr ix  formed by the four f i n a l  energy 

equations a re  equal. This i s  t r ue  f o r  the mat r i x  formed'by 

cons i,derat i on' o f  the res to r  i ng ' force and moment. 

The f i n a l  equation g i v i ng  the inf luence coe f f i c i en t s  representing 

s t i f f n e s s  o f  the p i  ping complex show t h a t  i n f  l uence c'oef- 
, . 

f i c i e n t s  K12 and KZI a reequa l  w i t h i n  2 t  per cent. This should 

be, s ince Maxwe l l ' s  Law o f  Rec i proca l s says t h a t  the coef f i c  i en t  

f o r  r o t a t i o n  due t o  a force equals the c o e f f i c i e n t  f o r  de f l ec t i on  

due t o  a moment. 

There are no other places i n  the analysis where the theory can 

be checked .in a s im i l a r  manner. However, i f  the remainder o f  

the ana lys is  i s  carefully executed the resu I t s  shou I d  be c o r ~ e c t  

w i th  i n  the l i m i  t s  o f  the assumptions. 



C .8 ' ATTACHED DATA I . ;  

C . 8 . 1  Natural  Frequencies 

I 
. . 

: Where d -. natura l  frequenc ies  o f  v i  b r a t  ion system, rad/sec 

= rad ius  o f  gyrat ion  o f  v i b r a t i n g  mass, 3.16 f t .  

-2 
//?coo sec 

Subst i tu t ion  y ie lds  



= + 5.2 S t .  
, 

Cm8m3 LIMEAR AND ANGULAR AMPLlTlDES OF V IRRATION, 

'~ssume s i n w b l  and rearrange terms 

Multiply f i r s t  expression by - ( - w 2 + ~ )  
8 



. . 

Addf ng ' y  ie'l ds 
. .  . 

. . 

. . Simplifying and mul t ip ly ing through by B yields 

To obtain expression for 6!! mult ip ly  

This gives . . 

~ 'Adding yields 



_a, 
Slmpl i f y i n g  and m u l t i p l y i n g  through by f a  y ie lds  



C a8.4 SAMPLE CALCULATION OF MAGN l F lCATl ON FACTORS 

I. FOR L I E A R  DISPLACEMENT 



Theref ore 

. . 

2. FOR ANGULAR D ISI IACEENT . . 

  he ref ore 





' R A T I O  
(r4d/sec) (-wa+ A) 'Cw:') -+ vat A *+* Y - 

0.25 10.80 118883 11688 22750 457500 43500C -10862 
0;50 21.65 118531 11853 A -10897 
0.75 32.45 117950 11795 -10955 
1.05 45.50 116930 11693 -11057 
1.25 54.10 116070 11607 -11143 
1.50 65.00 114780 11478 -11272 
2.00 86.60 111500 11150 -11600 
4.00 173.2 89000 8900 -13850 
6.00 259.8 51500 5160 -17590 
8.00 346.4 -1000 -100 -22850 
9.00 390.0 -33000 -3300 -26050 
9.15 396.0 -38000 -3800 -26550 
9.20 398.0 -39500 -3950 -26700 
1 403.0 -43500 -4350 -27100 
9.50 411.0 -49800 -4980 

P 
-27730 

lO*OO 433.0 -68800 -6880 , -29630 



. . 

C.8.5 LOADS IMPOSED ON PIPING COMPLEX DUE TO VIBRATION 





C.8.6 RFTA ILED CALCULATION TO DETERM.INE INFLlENCE CEFF ICIENTS 
I 

/FEE B W  OMGRRM U ! !  P/P/NG CUMPIE/ 
W/TH d ?  V LPRo N, RC r/NG 







EXPRESSIONS FOR THE AREAS AND THE MGIENT OF THE AREAS OF THE ACTUAL 

BENDING MOMENT DIAGRAMS 

For Hs acting on ly  

For Ms .acting- o n l y  

The moments and forces  at  a l l  t e r l i n a l  po in t s  i n  terms of H 1 ,  V 1 ,  M1, Vo 

and'. Hs are obtained by the use of equations of s t a t i c  equilibrium. 















INITIAL ENERGY EQUATIONS 

kb* dore 
by 

Aux. load 

F,b, * 

FuS, 8 

M'O * 

Fy.E*s 

W c n k  d m  
by 

A ! .  load 

65, 

Fu&* 

M'Ql 

F* 6v.z 

Integral between 0-11 

+F,wMdw 
E - T ~ - J ,  

", .I  , 3 " 

t , , . , , "  : - Mm Mdw ',$i .. ,* ,  
I , :  ,:;", 

E ~. , - l ,  

Integral between o- l3  

- F w ~ M d ~ + F v ( l ' ~ + . d ) )  
E I,,A, €1,-1. 

+ F ~ ( l r + b \ M d q  ' ' 

E 10.1, 

-Mm Mdy 

Fi, q hnd9' 
E L - &  

Integral be tween 0-12 

+ ~ v ( J , + d )  fad* 
E 1 0 - ~ r  

+FuxMd*.+ FdbMd4 
E L a ,  E I'.A. 

- M+HMd% 
X*-J a 

Integral be tween 0-14 

+ &(J ,+d- l , )Md~ 
El: ,,-A+ 

+ F* (b+J.)Mdr, &i!Mdz 
E L - R S  I'd* 

- MwMdz 
G STO-A, 

I 

&R3 M ~ Z  
E T ~ - A +  

3 



SIMPLIFIED ENERGY EQUATIONS 

l Quantity Integral between 0-11 

- -  - 

1 
Integral be tween 0-12 

Quantity 
Integral be tween o-lh I . . . . 

Integral between 0-13 



EQUIVALENT ENERGY EQUATIONS 

Integral between 0-11 

Inteval  between 0-1) 

1 Integral between 0-12' 

Integral between 0-q, L____I 
. .  



W a t k  done 
i 

by In tegra l  between 0-11 Integral  between 0-12 

m 

. , o  * yj::hAtr + i,*df~;x+L 
. z  

0 = 

3 

'0: -Iu>:N,~, , , 

2 

' .  0 =r 

Wolk dom 

~ 1 , d  

= 

, 

2 

C 
Z 

Integral  between 0-13 

- 

Integral  between o- lb 

+ l,+d-J',k;~:- 

~ + R , H H ~ :  M ~ A I - .  
-- ua3 

3 2 

' 

3 &iZ a. 
d+j:+F+d,b,~- 

3 2 i  

- 1~5'- ~ 6 ~ 1  

2 d 4  

1,. #5.+2 - MgpO 
2 



. . 

. . 

The values o f  H3, M3, V,:..' M i ,  H5 and M5 i n  terms o f  V I ,  HI, ar.d MI; 

-- 
a r e  obtained by the  use o i  the  equat ions o f  s t a t i c  equi 1 i b r  i urn. . . 

~ " b s . t i t u t i o n ~  f o r  :hes'? values a r ~ d  khe'dimensioils o f  t he  pi 'ping 
. . 

complex 1 1 ,  d, 12: e ,  1 3 ,  and' I;,yields T h e f o l  l ow ing~equs t i ons :  , 

'. , .. . 
. . .  

. . 

'sol  u?.i oil o f .  t he  s irnu l taneous ?quat i  on y i e  I d s  . .  

 he same aux i  l  i a r y  load i ng and d iagrams used t o  determi ne the  energy 

equal  i ons v, i t h  on l y  .Hs a c t  i ng a r e  used t o  ob ta in  the  energy equat.ions 

when on l y  Ms i s  a c t i n g .  There w i l l  be a few s ign  changes but  the equat ions a r e  

essent i a I' 1 y She same. 



ENERGY EQUATIONS I N  TERMS OF THE REACTIONS WITH 'ONLY Ms ACTING 

dha( h n e  
by Integral between 0-11 Integral between 0-12 

Aux. load 
0 .  

2 

0 t 

' 0 : 

0 

bork done 
by 

pux. load 

0 .  

t 

; 

0 = 

- 

, 

Integral between 0-13 

3 2 

v,,R,2- ,ucr,L" 
2 

Integral between o-lb . . 

2. 8 

. 

- k,t:-~;,g/k,+dk-a 
7 3 

~ , + ~ - l # ~ ~ ~ ~ ~ - d ~ .  
2 

~+AL-HSA'-&JA - .I!% 
1 2 , 

--~,-1+~-4~~~ 2 . ,  . ,  

b.1, .v~P:- MJI( . , 

2 

-p;l:d~+l, 
, . 



. .  . 

The equations i n the pr6ced i ng page. after substitution for the various 

quantities and dimensions yield . the following equations. 

Solving the.simultaneous equations produces 

V I  = 0.00233Ms; M I  = 0.20964Ms; H I  r 0.06867Ms; Vo r 0.00333Ms 
. . 



P-2.' H AND /H /N TEPMS U ! !  THE P /JA~s~EME~ BF i r ~ ~  t~ivzi7-1~ &F ~ R R Y / ~ ~ Y  
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Integral be tween '0-l1 

t3uantity 

€1 s,= 

E '  .- 

EJ.s6.= 

b 

Integral be tween 0-11 

I n t e ~ r a l  between 0-13 

-(etA.)/$d7. ; 

. .  , 

fMd7 . "  

-. 

Integral between 0-12 

-/;&d4 - ~ f d d d  . 

-/dl.. 

Integral be tween o - a  

+Ji ~ d z  4e+J~)/ddz 



. . . .  ~ . .  . . EQUIVALENT ENERGY EQUATIONS . :  
. . '. . . 

, . .  

ENERGY EQUATIONS I N  TERMS OF THE REACTIONS 

2 u a n t i t y  

LX 5 

E x ! !  = 

EX&, 

t 

I n t e g r a l  be tween 0-11 

. . 
I n t e g r a l  between 0-13 

- ~~+l~(lpJePLt 

C 

2 u a n t i t y  

EIf. = 

E Z ~ =  
I 

I n t e g r a l  between 0-12 

1% 
- I - e u ~ ~ u b $ l  . . 

Rz - 1; 
I n t e g r a l  between o-l,$ 

~-"l;'-k+c.~"mtl" 

E = - 

i 

I n t e g r a l  between 0-11 

I n t e g r a l  between 0- l3  

I n t e g r a l  be tween 0- l2  

- - /Y.~A~ &XI. -+ 
2 

I n t e g r a l  be tween 0-11, 



The i n f  1 uence coef f i c  i ents  can now be determ i ned . The energy equations i n 

I' terms o f  t h e  reac t i ons  can be w r i t t e n  as a func t ion  o f  HI, V I ,  MI, Vo and. 

.Hs o r  Ms. From previous c a l c u l a t i o n s  the  q u a n t i t i e s  HIJVl,MIJ and Vo were 

evaluated i n  terms o f  Hs and Ms. A f t e r  the  appropria-te s u b s t i t u t i o n ,  t h e  

l inear and' angular displacement o f  t h e  center  o f  gra.v i ty  as a func t i on  

Ms and Hs a r e  : 

Hs = 1 3 . 1 3 ~ 1 0 ~  + 3 0 5 . 0 ~ 1 0 ~  

where 

- 1 3 . 1 3 ~ 1 0 ~  K I I  , ~b / i n  

K12 = 3 0 5 . 0 ~ 1 0 ~  I b  

KZ1 = 2 9 8 . 0 ~ 1 0 ~  I b  

K22 = 7 2 5 0 . 0 ~ 1 0 ~  in - l b  

Theore-t ica I l y, K shou 1 d  equa 1 . They a r e  o f f  by about 2+ per c e n t  
12 

which i s  a ressonab l e  e r r o r  f o r  I-he ana l ys  i s .  - I n  o ther  ca lcu l 'a t ions  

6 f 
where K 12 and K2 a r e  present, a va 1 ue o f  301 ; 5x 10 i s  used. 
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