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in this report, or that the use of any information, apparatus, method, or process dis-

closed in this report may not infringe privately owned rights; or

B. Assumes any liabilities to others with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or process disclosed

in this report.

As used in the above, ‘person acting on behalf of the Commission or Allis-Chalmers
Manufacturing Company’ includes any employe or contractor of the Commission, or
Allis-Chalmers Manufacturing Company or employe of such contractor, to the extent
that such employe or contractor of the Commission, or Allis-Chalmers Manufacturing
Company or employe of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract with the Commission or

Allis-Chalmers Manufacturing Company or his employment with such contractor.




ACNP-63026

PATHFINDER ATOMIC POWER PLANT

——

. '§ ) oo a "g‘g
RECIRCULATION PIPING DESIGN AEREINH !
’ 2d% 2s %
. _ 5§§: %z.:és i
: fErfc fREGES
By: D.J. Nolan and J. F. Patterson ggggf HIH
S H R T
Submitted to o §1Ei% Zsiiis
BT : (B IR iHGE |
L ggis whis §a
U. S. ATOMIC ENERGY COMMISSION 33y B
. . » on8% SHa E,-E ‘
NORTHERN STATES POWER COMPANY ;8 S L] ggg I
CENTRAL UTILITIES ATOMIC POWER ASSOCIATES I §§§§§§§§g°h§§ i
. | Fgifdgifscgsi| |
by | sl
. } :gézggd;é’i‘ 3
ALLIS-CHALMERS MANUFACTURING COMPANY L2 Eef 1 g1 ;
Under , . P ..... .1 ) l
Agreement dated 2nd Day of May 1957, as Amended
between
Allis-Chalmers Mfg. Co. & Northern States Power Co.
’ under . ‘
AEC Contract No. AT(11-1)-589 T
: |l L ; ;
Janvary 10, 1964 _ ¢ | Facsimile Price $ / ‘0: S22
'_ ) Microfilm Price $ 44' 3/
Classification — UNCLASSIFIED || A iiic from the |
;

Office of Technical Services
Department of Commerce
Washington 25, D. C. |

Hibbert Hill .
Vice President-
Engineering

. . LI
Approved : p 6‘ M,‘/ Approved : /M. )M

C. B. Graham
General Manager’s Staff

NORTHERN STATES POWER COMPANY

15 SOUTH FIFTH STREET .
MINNEAPOLIS 2, MINNESOTA

ALALIS-CHALMERS MANUFACTURING COMPANY

ATOMIC ENERGY DIVISION
WASHINGTON, D. C. 20011




PATHF INDER ATOMIC POWER PLANT

RECIRCULATION PIPING DESIGN
 DISTRIBUTION

USAEC,'Chicago.OperaTions Office=-
9800 Wouth Cass Avenue, Argonne, |llinois. .

USAEC, Division of Reactor Development--
WaShi.ng'l'On 25, D.C- - L] ) Y . . . [ . . . . . L]

USAEC, OTIE=--

Oak Ridge, Tennessee ... OFFSET MASTER PLUS. . . . .

Northern States Power Company and CUAPA., . . . .

AIIis-ChaImers'Ménufacfuring Company . ."« . « . .

--ii—

({ G~

ACNP-63026

Total .

. 20
. 26

. 39

98



- EOREWORD

One of a series of reports on research and developmenf'iﬁ connection
with The'design'of the Fafhfiﬁder Atomic Power Plant, this particular
report deéls with the deéigﬁ of the recirculation pip}ng. Tﬁe~Fafhf
finderlb!anf'will bellocafeq af‘é site near‘Sioux Falfs, South bakofa,
'and is scheduled for operaTEOn'in fl964- Owners and opera+ors of the
plant wfll be the Nor+ﬁerﬁ SfafésAPower“Company of‘Minneapolis, Minn-""
esota. Allis=Chaimers is performing the research, deyelophenf, and

dosign as well as being rosponsible'for plant construction.

The U.S. Atomic Eneféy COmhission; through ConfrécT‘No. AT(II-I)-SBQ ;
with prfhern States Power Company, and Central Utilities Atomic Power
 Associates (CUAPA) are sponsors. of the reseérch and developmen+'pr69ram,
The plant's reactor Will be of the Controlled Recirculafjon Boiling

Reactor type with Nuclear Superheater.
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2.0

3.0

1.0 INTRODWCTION

Forced recirculation of coolant in the Pathtinder reactor is accomplished
by three mixed=flow ceatrifugal pumps. The coolart is forced, by
the pumps, through piping to the reactor vessef. Fig. | shows one

of the three recirculation loops that are located in the reactor building.

The Pathfinder's recirculation piping loops were designed to comply

with the code fof pressure piping ASA B31.1-1955 and applicable

nuc lear code cases. A piping flekibilify analysis was performed using
the Kellogg General Analytical Method. Other calculations were made

to determine whether vibration was a sign?ficanf problem. For vibration

analysis refer to Appendix C. -

OBJECTIVE

To report code calculations, flexibility and vibration analyses,

~and all piping stress calculations.

CONCLUS | ONS

All stresses are within the allowable limits. Calculations indicate
that there should be no resonance difficulties during any phase of

the recirculation pump operation. Operation of the pumps in the field

confirm this.

Calculations berformed indicate that loop No. Two is the mos+t critical.’

It also indicates that vibration shouild present no problem.

[ F
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2.0

3.0

INTRODUCT I ON

Forced recirculation of coolart in the Pathfinder reactor is accomplished
by three mixed=flow ceatrifugal pumps. The coolart is forced, by
the pumps, through piping to the reactor vessel. Fig. | shows one

of the three recirculation loops that are located in the reactor building.

The Pathfinder's recirculation piping loops ﬁere:designed to comply .
with the code for pressure piping ASA B31.1-1955 and applicable

nuclear code cases. A piping flekibilify analysis wés per formed using
the Kellogg Generél Analytical Method. Other calculations were made

to determine whether vibration was a signfficanf'problem. For 'vibration

analysis refer to Appendix C.

OBJECTIVE

To report code calculations, flexibilify~and,VibraTion analyées,

~and all piping stress calculations.

CONCLUS I ONS

All stresses are within fhe allowable 1imits. Calculations indicate
Thaf there should be nd reéonance difficulties during any phase of

+he recirculation pump operation. Operation of the pumps‘in the field
c@nfirm this, ' | A

Calculations berformed indicate that loop No. Two is the most critical.

It also indicates that vibration should present no pfoblem.

[ G
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4.0

5.0

DESCRIPTION_OF RECIRCULATION PIPING COMPLEX

The recirculation piping is designed for 700 psig at a temperature

of 500 F. The inside'diahefer of all piping is 20-1/2 in. The
oufsfde diameter of the piping varies, depending upon the piping
material. A typical recirculation loop is shown in Fig. |; Figs.

2 and 3 show the piping arrangement within the reactor building.

Part of the piping is fabricated of 5/8 in. thick ASTM AI55 Gr KC70 .
type carbon steel with a 1/8 ih.sfafnleés steel cladding of Type
304L. The cladding is integrally bdnded to the carbon steel backing
material by a nickel interface layer;' This type construction, both
suction and discharge bipes, extends from the reactor vessel to a
point one foot from the reactor side of the butterfly valvés. The
single toot of pipe before the butterfly valves, and the piping
connecting recirculation pumps, stCOnsfrucfed of 13/16 in. thick

sfainless steel, Type TP304.

DESIGN CRITERIA

Design and construction of the recirculation piping system is in
accordance with the Code for Pressure Piping ASA B31.1-1955 and

applicable nuclear code casés. |n order to fulfill code requirements,

and ensure complete structural integrity, the following design criteria

have been adopted:

5.1 Loading Conditions.

I. Internal pressure.

2. Mechanical forces including the dead weight of pipe, insulation




Fig. 2...Piping arrangement within Pathfinder reactor building.
(43-002-024, Sheet 1) '



Fige 3..;Reac1'or with Pumbs 'in Reactor Building




5.2

and contents, and the friction {oads at the pump supports,

3. Thermal loads due to

a). Differential axiai Thermal,expansion of vessel, piping,
| and puﬁp casing. |
b). Differential radial expansion at the junction of Thé
clad carbqn and solid sTainIesé sTéel pipe.
c)} Ditferential axﬁa[ expansion beTQeen the baée metal and

stainless steel cladding of The.carbon_sTeel pipe.

Steady=-State Mechanical Stress Limits.

Before

5.2. 1

5.2.2

summarizing the stress limits used in the Pathfinder

design, it is necessary that certain terms be defined.

Stress Intensity...The sfressAquanTify upon which all

stress limitations are established here is "stress intensity."
It may be defined as the equivalent intensity of combined

stresses due to multi-axial stress conditions, and is the

largest algebraic difference between two of the three.

principal stresses at a given point.

'Pfimaky Stress...A direct or shear stress devéloped by the
imposed loading which is necessary To'safisfy only The simplé
laws of equflibr}um; The primary sTresseé are the fongi-
tudinal stresses dﬁe to the pressure, deéd weight, and
friction foads.‘

f. Basis of STress Limits

Where mul+ti-axial conditions exist, some theory must

be used to correlate these conditions with available




‘uniaxial test data. Although some experiménfal data
indicafgs that the '"Maximum DisforTi@n Energy Theory"
is more accurate for most ductile materials (Ref. 2),
there is limited experimenfal data for ductile materials
in the plagfic range. Because of this, and since the
"Maximum Shear Stress Theory" is ingthy'mofe conser-
vative and easier to apply, this theory is used to
calculate maximum intensity of combined sTFess.

2. Primary Stress Limit
Primary stresses are limited by code. No primary
stress shall exceed the allowable code "S" value
at a operating femperafure‘+ébula+ed in Table | of

"special code case N-7.

5.3 Steady -State Thermal Stress Limits

- Steady-state thermal stresses are limited by Para. 622(c),
Section. 6 of the Code for Pressure Pipiﬁg ASA B3I1.1-1955. This
'paragraph states that the meximum computed expansion stress,
based on IOO'per cent of the expansion‘aﬁd"E”for the cold condition,
shall not exceed the allowable stress range},SA.
Where S, = f(1.25 Sc'+ 0.25 Sh}

and S. = allowable stress (S value) in the cold condition

Sh = allowable stress (S value) in the hoflcohdifion

f = stress range reduction factor for cyclic

conditions (| for 7000 cycles or less)




,6.0. OPTIMIZING)DESIGN OF: RECIRCULATION LOOPS

fhe recirculation pfping loops are very rigid since{fhey consist
mainiy of ;fraighf lengfhs of pipe from fhé reactor vessel to the
récirculaTiQn pdmps. Restraining the Therhal expansion would cause
sfresées well above the yield strength of the pipe materials. Thére-
fore, the pumps and piping must be allowed to exband radiéliy from
the resactor Qessel; Thié freedom of motion is provided by the pump

‘'support arrangement.

The recirculainn pump support assembly will slide on Lubrite
expansion plates to allow freedém of movement in a horizontal plane.
The pump casing frunnions ére mounted in LubriTe bushings to provide

freedom of rotation about the trunnion axis.

Several piping flexibility analyses were made to determine the best

support arrangement and combination of'piping materials.

~Tﬁe types of supporf arréngeménf analyzed were:
I. Freedom in.horizontal plane |
Assumes:
a. Pump can move in X qn‘z direcfions on a fricfidnless surface
(Fig. 1).

b.” Pump can rotate freely about the z=-axis.

2. Freedom ‘in horizontal blane and about the z-axis
Assumes:

a. Pump-can mQVe in'k"and'"z'directions on @ frictionless surface.




b. Pump can rotate freely about the y-axis.
'c. Pump mounted on trunnions which-allows freedom of rotation

about the z-axis.

3. Effects of friction considered for Case 2.
Assumes:
a. Friction force of 5000 Ibs resisTing_movemenf-in+he horizon+ai
plane. |
b. Torque of 6500 ff-lbs on bump casing considered és,e*fefnal
momen+ about The y=-axis. |

c. Resisting friction moment of 1600 ft=Ibs in trunnion bearings.

4. Pump consﬁdered as floating-point.
Assumes:
a. Freedom of movement ih all planes,
b. Freedom of rotation about x, y, and z~axis

c. No friction or external restraints considered.

The material combinations studies were:

. Piping for entire system=-----=-=m=m—m-——cam—- A155KC 70 wn*h sfalnless
s+eel cladding

Pump Casing=-=--=-=== Fm==m-m==me——mmm=m-=-zm==Carbon steel “with stainless
‘ steel cladding

_ 2. Piping for entire sysfem--———---———¥-; -------- AI55KC 70 with s+a|nless
! - steel cladding
Pump Casing=-==——=——-r-c-emoemo o Solid stainiess steel
casting
3. Piping from reactor vessel---—~-~----——---;---Al55KC 70 with stainless
to one foot on reactor snde of steel cladding

butterfly valves.




Piping from end of clad carbon---------=-=-=-= Type TP304 stainless

piping to pump casing stee| :

Pump Casing====-========-=-=—cecece—aeee--—--So| id stainless steel
‘ casting

These analyses were made using fhe Kel logg General Ahalyfical Method,
with each loop considered as a two anchor=point system having one

intermediate restraint. The connections of the suction and discharge

‘ pipes at the vessel were considered.as the two anchor points, with

the pump as an intermediate restraint. This method was adapted for
use in the piping flexibility program coded for the |BM 704 computer

by Allis-Chalmers.

‘The Number F our pump support arrangement |isted above .gave the most

favorable loop conditions regarding forces and moment magnitude.
However, this fype of pump support presents additional factors to be
considered such as vibration, and'feasibilify of supporting the pumps on

i

constant support hangers from above. The Number Two support arrange-

“ment gives the most favorable loop conditions for the design of the

pump supports.

The_resulfs also show that the effects of friction and external
moments did not affect the magnitude of forces and moments enough

to necessitate a change in the design of the pipe loop or the pump

- supports.

The results of the stress analysis showing the maximum stresses

anticipated in the pipe loops are in Table |. This data includes



JABLE 1

-Classification ' Max. Axial Stress Max. Hoop Stress Allowable

of Stress _ Near Dissimilar Joint At Dissimilar Joint : Stress
See_Note | See Note 2 _ See_Note | See Note 2
Thermal Expansion and : B ' SALL
Discontinuity Stresses * S '
Clad pipe - inside 14,150 14, 150 19, 160 20,070 , SO
Clad pipe - outside 610 1,810 19,710 19,710 § 25,620
Sta. St'l.pipe - inside -8,040  -8,040 . =12,820 . =12,820 } :
Sta. St'l.pipe - outside 8,040 9,020 | -12,360 -13,130 26,560
Pressure Stresses ' . ' : Sh
Clad pipe - inside 4,610 5,310 . 9,930 " 10,630
Clad pipe - outside 4,610 | . 4610 9,230 - 9,230 } 15,750
Sta. St'l.pipe - inside 4,250 4,950 9,200 9,900
Sta. St'l.pipe - outside 4,250 4,250 . 8,500 . 8,500 } 12,500
Max. Total Stress ' .. Sy
Clad pipe - inside 18,760 19,460 - 29,090 130,000
Clad pipe - outside 5,220 5,220 , 28,940 28,940 } 31,000
Sta, St'l.pipe - inside 5,050 - 5,720 " 9,780 10,560
Sta. St'l.pipe - outside - 12,290 13,270 10, 130 - 10,130 ) 19,500

- where SALL = f (. 25 Sc + 0.25 Sh)
Sc = Allowable stress in cold condition (ambient Temperafure)
Sh = Allowable stress in hot condition (operation temperature 490°F)
Sy = Yield strength of material at operating Temperafure.
* The stresses due to the dissimilar metal joint are included in these figures based on @ butt joint of two dissimilar
metals. (See Calculations in Appendix A, A3, Condition 2). However the joint design calls for a gradual metal transi:
tion resulting in a considerable reducfion in stresses. (See Condition 3 CaICUIaflons). :

Max. Principal stress psi
Equivalent Uniaxial Intensity of Combined. Sfress, psi,
Based on Maximum’Shear Theory -




‘stresses resulting from forces and moments due to the thermal expansion
of all the recirculation loop components. These siresses are well

within code allowances., Defaiied calculations are given in Appendix A

The haximum stress calculations are based on an éssumption that the
joinf'befween the sfainléss steel and the clad pihelis'a éharp buffi
joint, The actual joint desfgn is shown in Fige 4. The fransition
“from Type 304L stainless steel pipe to the clad carbon.sfeel-pipe

‘is very gradual, Thfs.is'accomplished by maéhiniﬁg a 15 degree taper
on the end of the clad carbon steel pipe. Thé pipe is overlayed |

- With stainless steel for the length of the taper.

".A piping fjexibilify analysis of the final'récirCUlaTion piping
complex,was-run,by Arthur D. Liffle; Inc. as a'check.' The moments,
forces, deflections, rotations and stresses were calculated for the
pertinent points in the sysfémé. TheSelcanulaTions are.tabulated

in Appendix B'.'

VIBRATION ANALYSIS

In fﬁis analys?s the vjbrafory characteristics of the recirculation
pﬁmp and pibing of Loopj'No. f Two (the most critical from a vibration
sfandpdin+) were dqfermined.' The nafural'frequencies of vibration were
aécerfained and compared to the driving fréquency of the rotating
elements of the pump and mofor'assembly. Siﬁée there is unbalance

in these rotating elémenfs, vibration will be induced in the pump,
motor maés, and +heAconn§cTed piping. Hence, The‘pump, motor masses,
énd the attached piping will be referred to as the vibration sysfeﬁ.

/s

-2~




TYPE 309 & 308L WELD ROD

ASTM-A212 B ASTM=A312

TP-304

o &9, 90.9.0.9.9.0.60.0.9,
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AN

24
=
&7
ASTM=-A240 308L
3041 ~ CONSUMABLE
INSERT RING
Fig. 4..

.Weld Preparation o i Ausfenifié Stainless Steel Clad
Carbon Steel Pipe to Austenitic Stainless Steel Pipe
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If the induced vibration is at the natural frequency br frequencies
"of the vibration system, resonance will fesuIT. Since the amplitude

of vibrafién becomes very large at resonance, a resoéanf condition

must be avofded, as this may result in structural failure. The nafufal
frequencies can be shifted by changing the pipiﬁgA;onfigurafion or

by infroducing additional restraints. However, éven if reséhance is
nof'presenf or-can be avoided, the induced vibration present will impose

loads on the piping, pump casing and vessel.’

In the actual system there are two obvious sources of excitation which would.
induce Vibrafion:
I. unbalance of the rotating elements,

2. hydraulic impulses produced by the impeller blades. -

The nafural frequehcies of Loop  No. Two were calculated as 414 cbm
and 3850 cpm. The ratio of the operating speed to the lowest natura!
frequency is about !.4. It was determined that the amplifudelof
vibration under operating conditions would be small.. Actual oberafi&n
of all Thrée pump'loops in the field has proven this to be the case.
lh conclusion,vibration is not expected to be a problem. A detailed

presenfation of the analysis and calculations performed is included in

Appendix C.

-14-
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' CODE CALCULATIONS

THICKNESS OF CLAD CARBON PIFE

4 = __M +C ' _ Ref. I, P. 13
m. 25 + 2YP -

where: t = minimum pipe Wéll base metal thickness, inches
P = design pressbre,‘ioo psig
D = outside diameter of pipe, 22 inches
$ = allowable stross at design femperature @500 F for AISSKCTO
15750 pgi | | |
Y = 0.4 Ref. | Para. (22(a)

C = allowable for Threading, mechanical strength, and/or corrosion,

0.065

= 790 x 22 . 4 0.065

2 x 15750 + 2 x 0.4 x 700 -

0.480 + 0.065

T.. & 0.545 iﬁches

The actual thickness of 0.525 inches is adequafé

THICKMESS OF SOLID STAINLESS?STEEL

S = allowable stress at desfgn temperature of 500 F for A

TP 304, 12,500 psi (Ref. 4 - Special Case N-7)

700 x 22.125 " 4 0.065
"2 x 12500 + 2 x 0.4 x 700 '

—+
3
[}

fp = 0.607 + 0.065

0.672 inches

-+
3
1

The actual pipe wall thickness of 0.8125 is adequa%e

A=l



A+2 STRESSES DUE TO PRESSURE ALONE

AXIAL STRESS

o
"
o

P = 700 psi Ref. 3, p. 52 -

Sri=ri_ ¢t
ri

£
=2
)
3
o
=<
1

P = 700 psig
CYLIMDER A ri 10.275, t = .625:

(Clad is included for strength)

Ja = 4610 psi

CYLINDER -B ri = 10.25, t = .812

ga = 4,250 psi

C IRCUMFERENTIAL STRESS = OUTSIDE

on = 2P ‘ - ' : Ref. 3, p. 52

vihere: on=circumferen+ial’or hoop stress, psi
CYLINDER A .

On = 9,230 psi

CYLINDER B .

_on = 8,500 psi

CIRCUMFERENTIAL STRESS - INSIDE

=p Yot |

o - B A i
Y2 - _ Ref. 3, p. 52

n

CYL INDER A

gn = 9,930 psi

CYLINDER B

- an

9,200 psi

A2

<}




SCONTINUITY STRESSES AT DISSIMILAR

TAL JOINTS CAUSED BY TEMPERATURE

A.3 .
TEMPERATURE 500 F
ASTM A 155 | ' ASTM A-
KC 70 ' __TYPE 309 ¢ TYPE 304
' \ / 308 WELD ROD
(
J IR 08125
075, =/ Ve o8, -k |
1 I NERANNAN NN
' ASTM A240 _
r.:10.625 TYPE 304L /10656
CYLINDER "A" - CYLINDER "B"
v ' | | - {
' The‘pipe Junction is considered at a steady temperature only.
Since cylindér'A% as shown, is dffficulf To-freéf~accura+ély; three -
.mafhémafical models are chosen to repreSenfl?his component.
The three mathematical models will'be treated in order of decfeasing
conservatism.- The respec?ivé qondjfidns are calculated and'algraphical
comparison presented. |
CONDITION | -
Cy}inderﬂAﬁcan be treated simply as a solid carbon steel cylindef,
S 075 This is the most
IOESR y conservative assumption.

_CYLINDER "A"
T : .

CONDITION 2

Cylinder 'A"can be treated as a composite carbon steel cylinder with

a stainless steel (cladding) liner.

A=3




£0.75

\ ool 4  Acostticient of ’rhefr"m.a'l:' :

,‘ : ~ expansion is determined -
IO.ZSR for the composite cylindqf, -

'CYLINDER "A™

/

COMDITION 3
'Cyllnder ‘A"can be treated taking into account -rhAe‘ bimetallic weld’
re,éion'. The'bir'ne'ralliAc" weld region can be consldered-és a  short
_ cylir\xderA‘wH‘h a Iin;arly varying coefficient of fhei‘nal eXpansion
frém that of the weld metal and stainless steel clad at one end to that |
E cdnpdsifp (carbon stee} - stainless steel clad),‘cyllfnder at fh‘e'dfrher

and connecting to a semi-infinite composite cylinder.

L L L 27 L Ll . Ll L 2L L

" FORMULAE_FOR CYLINDERS

4

L — - Inf luence Coefficients

| o
'Ml le M

- (|

._._.X__..

" INTERNAL PRESSURE-P
A=4

r@;-



Mean Radius of Cylinder

Thickness of Cylinder = h
Poisons Raflo 2y 0.3
| End
12¢ 1)

Flexural Rigidity, D
=g
B4 = a2y
Cps Co C3,C4 are constants of integration af ahy dlsfanée, X
bx = Wy = =" e™ X (C|CosBy + CoSinBy) + eBx <c3Cossx + C4Sin8><)

6x -_ﬂ = g Bx {c) - ¢ Cos Bx + (Cy +C2) Sin Bx)

AN
+ 80 X {(C3 + C4) Cos By - (C3 = C4) Sin gx)

M* ='-Q82w = -ZDSZe-BX '{C| Sin Bx = C2 Cos By}
-2082e8%  {~C3 Sin B, # C4 Cos B,]

on = 2~ (m) = 208%7Bx {(Cy + C2) Cos Bx = (C) - C2) Sin B},
+21383 Bx {(C3 = C4) Cos ax + (C3 # C4) Sin 8x)

For an infinifely long cylinder, the second half of each equation
has no meaning and ftwo constants of integration are determined for
each of two boundary conditions, M) and Q|. For a short cylinder

we have four constants of integration determined for each of fdur

boundary conditions, Ml’ Ql, M2, QZ.

All influence coefficienfs below are calculated with the use of

computer programs based on the four equations above.

A=5

Ref. 5, pe 469-470



_CALCULATIONS ' At Deéign,TeMpera+ure, 500 F
Ess = 26.4 x 100 psi = 9 4 x 107 ins/in/OF
Ecs = 26.8 x 10° psi tcs = 7.0 x 10 “6 ins/in/oF
COND !
. ) O'
0.75 :

C)8I235

10.25R

CYL. A

"CYL.B

ENRANNNRNW )( \zz772277— :

TT

.25R“ 

' Respective radial expansiohs due to femperatufe:

Cylinder"At 5. =

Cylinder"st &7

-7.0 x-107® x 10.625 x 430

-32,100 x 1076 ins

-9.4 x 1070 x 10.656 x 430

-43.100 x 10~0 ins

The following set of equations are then obtained:

Cy!indervAl 1065,
100 =

. ' . 6
Cylinder¥By10 %,

100e,

2.331 M| = 5.120 Q - 32,100

= 2.122 M| = 2.33] o, |

= 2.019 M + 4.625 Q, - 43,100

-1.763 M, - 2.019 Q,




_ CONDITION 2

Cylinder”A"

¥y =10.625 INS..

For the composite cylinder -
The net temperature deflection is given by

N W N I e
R- %8s =~ Ces) AT | T g Ees | - 0
tcs-Ecs .

where: Cgs ™ 9.4 x 1076 IN/INOF

7.0 x 1070 IN/INOF

®

Ess = 26.4 x 10° psy

' Ecs = 26.8 x 10% Ps|

- I - 0.836

. | =
(I + tss Ess) (! ¢ 0.125 x 26.4)
'~ tcs Ecs .0.623 x 26.8

& 8/R = {=(9.4 = 7.0) 10° x 0.836 + 9.4 x 1076} 430

= 4 7.4 x 1076 x 430



Hence, For CylihdeH'N'

br = -7.4 x 1076 x 430 x.10.625

-33.800 x 10~0-INS

‘As before, for Cylinder"g"

67 = -43,100 x 1076 INS_

Hence, the influence coefficients are:
Cylinder"A"
108 8,

105 2) = 2.122 My - 2.331 Kl

2 33| MI - 5 120 Ql - 33 800

‘Cylfnder?B"

]
!

106 &) = 2.019 M, + 4.625 Q| = 44,100

108 e,

=1.763 M, =2.019 Q,

CONDITION 3 -

Consfdering the bimetallic weld Junction:

Q

.
-&\\\\\\\\
LL _LL // LL ‘
Y, =10625INS. | M2\|
o | Y ]
. Ql \ . - -
CYLINDER"A" CYLINDER "A"




VConsiderinQ cylindersWff
.Af position (l), coeffucuenf of fhermat Exp = ass o
) . ' 'A= 9.4 x 1076 ln/in/°F.

EA! =26.6.x 106 Ps1.

At position (2); coefficient of thermal Exp = acomposite cylinder -

7.4'% 1070 INS/IN/OF

Then, due tfo temp.,
" 87| = ~43,000 x +076 INS
A2 = 33,800 x 1070 NS,

also assuming a linear variation in coefficient of thermal .expansion, the

: ‘slope a? each end, iss

0. ==¢ 3,000 - 33,8002 |0
; 2.35
8 = ;3950 x 1076 rads (see note 1)

- Hence influence coéffidienfs are:
Cylinders "A" - .
1 10% 33 = 2.331 My - 5.120 Qp - 33,800

10% 62 = 2.122 My = 2.331 Qp

‘-Cylinder"B"'

6 ' -
10 5| 2.019 Ml '+,.4.625 Q| "4-4, [OO

105 p) = -1.763 M| = 2.019 Q,

A=0




IIA "ll

Cyllnder ‘
106 6, = + 6.531 M) - 6. 095‘5M24.- 9.633 Q| = 4.772 Qp = 44,100
406 By = + 6.208 My = 5. 082 M -'6.531 Q| = 6.095 Qp - 3950 -

10° 6y = - 6.095 M; + 6, 53| M2 ¢ 4.772 Q,- +9.83 Q, - 33,800

| 196-9"2, + 5.082 M, "6".'208 M2 6,095 0 = 6.531 02 - 3950

Note [-' To be complefely rngorous bendlng momen+s and forces
should be applned at each end of cwlinder for'conrunuify,.

. buf The‘effecf of Thesefns small.

DISCONTINUITY

" STRESSES IN THE ASSEMBLY

The sfresses Tabulafed on followung pages wére calculafed w:fh a compufer;
usnng ‘the follownng formulas-' | | |
| 3x'=dtsplacemenf radually at xVHQe +d,d{sconffnui+y
bendlng momenTs and shear forces only acTnng

Mx -dlsconfnnunfy bendung momenf a+ X

.:hAo ' ()0'

(rorsserss)

-

s’TRessEs AT -

QUTS IDE SURFACE

o hoop ==E 5'- v 5 Mx = SHO
Rm h2 :

L}
v -
>
o

& axial = = 6
=2




NS IDE_SURFACE -

c'hoop =A

"o axial =

A=11




CONDITION 1 :CYLINDER.

i

STRESSES IN A SEMI=INFINITE CYLINDER

A

DESCRIPTION OF CYLINDER BEING ANALYZED

INSIDE RADIUS
WALL THICKNESS
YOUNGS MODULUS
DESIGN PRESSURE
END BENDING MOMENT
END SHEAR FORCE

. SHMO=

SHMI =
§/\M =
X= .00
X= .25
.50
X= 1,00
X=  2.00
X= 3,00
X= .00
X=  5.00
6.00
X= 8.00
X= 10.00

. 0000E-99
.0000E-99
.0000E-99

SHO
1.4371E+0k
1.2019E+04
9.8693E+03
6.1993E+03
1.2813E+03

. =1.0345E+03

41.6944E+03

-1.5145€E403
| ~1.0439E+03
=2.4102E+02

5.0059E+01

sHI
1.3789E+0k
1.3057t+0u
1.2173E+0h

1.0143E+04

6.0093E+03

_7.3385E+dz

. ~2.,768LE+02

~6.1076E+02

~1,2035E402
~1,0861E+02

’

A -

102250 . . INCHES
75 INCHES

26,8000E+06 PSI 4
-~ ., PSI

-9,0885E+01

_ IN-LB/IN -
“ 1,1317E+03 LB/IN

SAO

 9.69L4E+02

21.7296E+03

-3,8393E+03

~6.5730E+03
-7?8801E+03

-6,3344LE+03
 ;4;04725§03 g
~2.0628E403
~7.2203E+02
| 2.9888E402
: .2-6uu6£;oz

e SAL

=9, 69LLE+02

1.7296E+03
3.8393E+03
6.5730E+03

~ 7.8801E+03

6.33L4E+03

- 4,0472E+03

2.0628E+03

 7.2203E+02
-2,9888E+02

-2.64L46E+02



I
CONDITION | CYLINDER B

STRESSES IN A SEMI-INFINITE CYL INDER

| DESbRIPTION OF CYLINDER BEING ANALYZED

INSIDE RADIUS
WALL THICKNESS
YOUNGS MODULUS
DESIGN PRESSURE .
END BENDING MOMENT
END SHEAR FORCE

SHMO=
SHMI=
SAM =
X .00
X= .25
X= .50
X= 1.00
X= 2,00
X= 3.00
X= 4,00
X= 500
X=. 6.00 -
X= 8.00
X%_lo,oo

. 0000E-99
.0000E-99

10,250 INCHES
26;Eégos+06 pey
~9.08856401  INoLB/IN
-1.1317E403 LB/IN

. 0000E-99 .

SHO ~ SHI
~1.3199E+04  -1.3695E+04
-1.1003E+04  ~1,2876E+04
-9.0034E+03  —1,1942E+0k
45.§017E+03 -9.89L44E+03
~1.0486E+03  -5,8676E+03
1.1105E+03 -2,7397E+03
1.7381E+03 -7 .5837E+02
1.5714E403  2,5573E402

111436403 "6.1600E+02
2.9LL1E+02 4,6233E+02
- 1.4046E+02

A=13

~SAO
8.2704E+02
3.1215E+03
hf8991E+03
7.1544E403
8.0315E+03

. 6.4171E+403

4,1607E+03
2.1928E+03
8,3060E+02
~2,7985E+02

=2.,9474E+02

SAI
-8.2704E+02
-3.1215E+03
-4,8991E+03
~7.1544E403

'~8,0315E+03

-6.4171E403
-1, 1607E+03
-2.1928E+03
~8.3060E+02
2.7985E+02
2 94T LE+02



“ 4
CONDITION 2 CYLINDER A

STRESSES IN A SEMI-INFINITE CYLINDER

 DESCR|PT|0N OF CYLINDER BEING ANALYZED

INSIDE RADIUS
WALL THICKNESS
YOUNGS MODULUS
DES1GN- PRESSURE -
- END BENDING MOMENT
- END SHEAR FORCE

. X= 1,00

SHMO=
 SHMI=
. SAM =
S X= .00
X=l lfzé
X= .50
X= 2.00
X= 3,00
X= h,OO
X= 5}00
X=- 6.00 -
X= 8.00
X=.10.00

.0000E-99
.0000E-99
.0000E-99

- SHO
1.3456E+0L4

1.1255E404

9,211 4E+403
v5.80h9E+03
1.1997E+03
~9.6873E+02
=1.5866E+03

- -1.4181E+03
-9.7757E+02

~2,2568E+02
4,687 5E+01

10.250 INCHES
«750 INCHES
26.8000E+06 PSi
e PSI
-8,5101E+01 IN-LB/IN
1.0597E+03 LB/IN

- SHI

1.2912E+04
1.2226E+0k

1.1398E+04
9.4979E+03

5.6270E+03

2.5901E+403
6.8716E+02
-2, 59 23 E+02

~5.7191E+02 -

~3.9360E+02
-1:0170E+02

A~14

. Sho
9.0774E+02

~1.6196E+03

-3.5951E+03

-6.1548E+03

~7.3788E+03
-5.9314E+03

- -3,7897E+03

~ =6.7609E+02

2.,7986E+02

2 4764E+02

SAI

~9.0774E+02
1.6196E+03

3.5951E+03
6.1548E+03

'7.3788E+03

5.9314E+03
3.7897E+03
1.9316E403
6.7609E+02
~2.7986E+02
~2 . 476LE+02




) W\
- CONDITION 2 CYLINDER B ”

STRESSES IN A SEMI-INFJNITE CYLINDER

- DESCRIPTION OF CYLINDER BEING ANALYZED

A=15

-'2 07599E+02

INSIDE RADIUS 10,250 INCHES
W/LL THICKNESS .812 INCHES:
YOUNGS' MODULUS 26 .4ODOE+06  PS|
DESIGN PRESSURE - . PSI
END BENDING MOMENT -8,5101E+01 IN-LB/IN
END SHEAR FORCE =1.,0597E+03 LB/IN
SHMO=  ,0000E-99
SHMI=  0000E-99
SAM =  .0000E-39 -
o ~ SHO ~ sHI ~ SAO SAl
X=. .00 ~1.2359E+04  —1.2824E+04  7.7hAIE+02  -7.7hL1E+02
X= .25  -1.0303E+04  -1,2057E+04 -~ 2.9229E403  -2,9229€+03
X= .50 ~ -8.4306E+03  ~1.1183E+04 L.5874E+03  -L,587LE+03
X= 1.00  -5.2453E403  =9.2649E+03 6.6992E+03  —-6.6992E+03
X= 2,00  -9,.8197E+02  -5.4943E+03 -  7.5205E+403  -7.5205E+03
X= 3.00  1.0399E+03  -2.5654E+03 ' 6,0088E+03  -6.0088E+03
X= 4,00  1,62756403  -7.1012E402  3.8960E403  -3.8960E+03
X= 5.00 1.4714E+03 2.3946E+02 2,0533E+03  -2.0533E+03
6,00 1.0434E403  5,7681E+02  7.7776E402  =7.7776E+02
 X=" 8.00 2.7568E+02°  4,3292E402  ~2,6205E+02 2.6205E+02
X='10.00  -3,4066E+01  1.3152E402 2,7599E+02




INSIDE RADIUS
WALL THICKNESS
YOUNGS MODULUS
+ DESIGN PRESSURE

- END BENDING MOMENT
END.. SHEAR FORCE

.00

SHMO=
SHM|=

. SAM =

Ax=;

X= .25
X= .50
X=1.00
X= 2.00
X= 3:00
X= .00
X="5.00 ‘
X= 6,00
X=- 8.00

10.00

CONDITION 3 CYLINDER A

STRESSES IN A SEMI-INFINITE CYLINDER"

- 0000E-99
-~ 0000E-99

SHO

 6.1086E403 |
5.0747E+03

h:]3th+03
A2.§243Ef03
2577ZOE+02
=9.2671E+02

-1.4029E+03
—1,&287E+03'

-1.2177E+03
~6.1870E+02

©~1.7969E+02

10,250
2750
26.8000E+06 PS|

4,797 3E+02
2.7118E+02  LB/IN

| DESCR‘PTION OF CYLINDER BEING ANALYZED

INCHES
INCHES

PSI

SHI
9,1789E+03
8.5242E+03

7,86205;03
6.5518E+03

L,1668E+03
2,2812E+03
9.4950E+02

-3,3702E+02
45;2797E+02
-3.&058§+02

A-16

IN-LB/IN

’ SAQO
-531171E+03
-5.7491E+03
~6,2127E+03

. -6971 2’+E+03

-6,4827E+03

 =5.3466E+03

-3.9207E+03

. -2 @ 5691 E+03

—1?4678E+03

=1,5122E+02

2.6814E+02

SAI
5,1171E+03
5.7491E403
6.2127E+03

6.7124E+03

6.4827E+03

| 5.3466E+03

3.9207E+03
2.5691E+03
1.4678E+03
1.5122E402
~2.6814E+02



INSIDE RADIUS
WALL THICKNESS -
YOUNGS MODULUS
DESIGN PRESSURE
END BENDING MOMENT
END SHEAR FORCE

SHMO=
SHM =
SAM =
X= .00
X= .25
X= .50
X= 1.00
X= 2:00
X= 3.00
X=" k.00
= 5,00
X= 6,00
X= 8,00

X= 10,00

o ' \ ¥
CONDITION 3 CYLINDER B

STRESSES IN A SEMI-INFINITE CYLINDER

- 0000E-99
. ,0000E-99
. +0000E-99

SHO

~L,5785E+03

-2,52#8E+03
~1.0043E+03

7.+3530€+02
© 1.2802€+03

1.1919€+03
8.6121E+02

5,107 6E+02

6.6056E+01
-5.3600E+01

o DESCRIPTlON OF CYLINDER BEING ANALYZED

10,250
.812
26.4000E+06 PS|

~5.5973E+02
=2.8741E+02

INCHES
INCHES

PSI
LB/IN

.SHJ
-7.6346E+03
~6.8545E+03
~6,0809E+03

-4,6168E+03

~2.2115E+03
1.4500E+02

"4, 47236402
L4,6311E+02
2.2296E+02 .

3,.880LE+01

A=17

IN=LB/IN

SAO
5.0935E+03

5.6221E403
5.9268E+03
6,0107E+03

L,911L4E+03
3,2414E+03

1.7449E+03

6,8996E+02
7:9419E+01

© =~2.6150E402
- =1.5400E+02

SAI

© -5,0935E403

| ;5}622it+03 -
-5.9268E+03

| -6,0107E+03

4&f91]h£+03_

| -3.2414E403

~1,744IE+03
"'6 ° 8996E+02 R

—7,94195+01

2.6150E402
1 45400E+02



'CONDITION 3 SHORT CYLINDER A'

I

STRESSES IN A SHORT CYLINDER

DESCRIPTION OF CYLINDER BEING ANALYZED

INSIDE RADIUS 10,250 INCHES
WALL THICKNESS - .750 INCHES
AXTAL LENGTH 2,330 INCHES
' YOUNGS MODULUS 26.6000E+06 PS|
DESIGN PRESSURE e PS!
BENDING MOMENT-END 1 -5.5973E+02 IN-LB/IN
'BENDING MOMENT-END 2  4.7973E+02 IN-LB/IN
'SHEAR FORCE-END 1 2.87L1E+02 LB/IN -
SHEAR FORCE-END 2 2.7118E+02 LB/IN
SHMO= " 0000E-99
_SHMI=  L0000E-93
SAM = .0000E-99
) ~ sHo sHI ~ sA0
X= 400 =h,364OE+03  -7.9472E+03 5.9704E+03
X= .25  =3,1837E+03  -6[2262E+03 5.0708E+03
X= 50  =2,1411E+03  =L.5109E+03 = 3.9L96E+03
X=  o75  =1.2017E+03  —2.B0L7E+03 2.6716E+03
X= 1.00  -3.2862E402 -1.1082E+03 1.2992E+03
X= 1,25  5.1579E402  5.7997E+02  =1,0696E+02
X=- 1,50~  1.3694E+03  2.2619E+03  ~1.4874E+03
X= 1.75 - 2,2698E403 . 3.9393E+03  =2.7824E+03
X= 2,00 . 3.2536E403  5.6123E+03  -3.9311E+03
X= 2,25 s 3560E+03 7.2786E+03  =k.8710E403
X= 2,33 ~-5.1171E403

L4 ,7392E+03

END OF ANALYSIS

J STOP‘

7.8095E+03

A-18

) SAl .
-5,9704E+03

| _5507085+03 |

-3 ,9496E+03
-2;6716E+03
-15299ZE+03

1.0696E+02

1.487L4E+03
2,782AE+03
3.9311E+03
4,8710E+03
5.1171E+03




/
= /
1/ _
/4
- (SHO)
CYL.A
R
— i
_ (SHI)
= |
- s/
L
o I 2 3 4 5 6 7 8 9 10 I 2
: INCHES '
Axial Stresses =~ SAO = oufside condi’ri'on |
SAl = inside " _ _ condition 2

condiTion 3




2k (SA0)

" STRESS X107°PS|

Hoop Stresses = SHO =

SHI

4 5 6 7 8 9

INCHES
outside u condition |
inside - condition 2

——— = g - —

condition 3

A-20.




A.4 - STRESS IN CLAD CARBON STEEL PIFE DUE_TO DIFFERENTIAL EXPANS1ON BETWEEN

' BASE_METAL AND CLADD ING

Axial and Circumferential Siress in Base Meial

Oa = Oc = fc (ac - ﬂb) AT Ec

b

AT

AEb

tp (1 - guras
b (1= V) (IHEES)

axfal stress, psi

circumferential stress

fhﬁckness of cladding, 0.125 in. _
thickness of carbon steel base metal, 0.625 in.

thermal expansion of cladding, 9.4 cA'IO"6 in/in/°F

“thermal expansion of base metal, 7.0 x 1076 in/in/°F

temperature change, 430 F
Young's Modulus for cladding 26.4 x 108 1bs/in2

Young's Modulus for base’mefal, 26.8 x 10% 1bs/in?

‘ Pbisons Ratio’

ok ® Oc = 0,125 (9.4 x 1076~7.0 x 10~6) 430 x 26,4 x 106

a

. 00625( |-003) X

I+ 0.125 x 26.4 x 105,
0.625 x 26,8 x 106

(

’

O, B Oc ™ 6520 psi tension on outer and inner surfaces should be

added to the disconfinuifyAsfress for Conditions 2 & 3.

Axial]_and Circumfertial stress in Cladding

. Ga = O'c':" -(cc "ab) Ec AT

C(I=V¥(1 4 tc Ec)
b Eb
- 1,4 x 1076 x 26.4 x 106 x 430

7T X (1 4 0.25 x 26.4 x 106
- 0.625 x 26,8 x 106

- 19,000 psi

A=-2]




'APPENDIX B
Piping Flexibility Calculations

Performed by Arthur D. Little Inc.
NOTE

The computer printout sheets contained in this Section were

Eeproduced from Arthur D. Lifttle, Inc. originéls. Some of

- these original sheets wéreAhardly legible because of missing

parts of f{gures and words. Nevertheless it was fel+ +haT’

the information presented here should be included as re-
ference material. if is also felt that the desired informafjon
can be obtained even though all of the printout sheets are

not completely legible.

22
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This Appendix contains the results of work perforined by Arthur D. Little Inc.
on piping flexibilitys A total of five cases were analyzed for each recir-

- culation loop.

The five cases can be described as follows:
Case | - The pump will be completely restrained from
movement along the x axis and along fhe.z'axis.

but will be free to rotate about the z axis.

Case || , - The pump will be restrained from movement along
| ~the x axis and aIOng:fhe z axis as in Case |,
and a moment of 2500 foot=pounds will be applfed
about the z axis to opbosé the rotetions observed

about the z axis in Case I.

Case |11 - The moment dqflhed in Case |1 will be applied
about the z axis but the punp will be free to

move in the x = z plane,

Case IV - The moment defined in Case Il will be applied
about +he z axis and a force of 2500 pounds will

be applied to oppose The deflections observed at

the punp in Case Il1l.
Case V - The conditions will be the same ‘as in Case |
except that +the piping system will be énalyzed

for the effects of gravity in the absence of

thermal sxpansion,




The

following is a list of information which is to be found in this

Appendix and explanation of that information,

Qe

be

The prinfed results of the machine computations of cases | through

5 of each of the three loops.

Isometric drawings with encircled numbers which correspond to the

member numbers on the printed results,

The forces, motions, and other output are given at the ends of member.

The
la

2,

and

3.

4.

5.

Forces are designated as F, Fy & F,, moments as My, M

stresses

following convention. is used to determine the direction of forces:
The force printed out at POINT O is that which the anchor exerts

on the piping system,

The arrows along the section show the sign éonvenfion of the forces
and moments; for example, the force printed out at POINT 2 is that
which member 2 exerts on that part of the system which follows 2.
The force printed out at a restraint is that which the pipfng
system ekerfs on the restraint.

External forces are forces exerted on the piping system,

The force printed out at A is that which the piping system exerts

on tha vessel.

y and M,,

as SE, deflections as D, and D,, and rotations as Ry, Ry and R,.
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q : _Qpendlx c - _VIBRATION ANALYSIS .

INTRODUCTION

This appendix inc-ludes"l"het ftn'esi':_s, "Vibration Characferisfics of a
Pumpkand Motor MassAATfaahad Ta'a_Piang Complex,'" written by

" Donald Jerome Nolan. jThis,paper"was's'ubmiﬁed in par{ial fulfill=
manf of‘fhe.degree_of'Masfer'of Science in Mechanical Engineering

at the University of Wisconsin, 1962.

In this analysis Theavibratory chafaaferisfics of the recirculation
pump and piping of Loop ﬁumber'Tﬁp (the nosf critical from a vibra+fon
standpoint) were defernined.. The naTural frequencies of vibration |
were ascertained- and compared fo fhe drlvang frequency of the ro+a+|ng
elenenfs of the pump and motor assembly. Since there is unbalan;e

. in these roTaTnng elemenfs,‘v;braflon wull be induéed in the pump, '
motor mass, and #ha connegfed:piping. Hence, the pump, motor masses,

" and the attached piping will be referred to as the vibration system, -

It the induced vibration is ar the na.aral frequcncy or frequencues
~of the vibration sysTem, resonance will resu|+ Since the amplnfude

of vibration becomes very large at resonance, a resonant condition
-must be avoided, as Thia'may resylt in sfrucfural failure. The natural
frequenc:es can be shifted by changnng the piping conflgurafnon or |
"~ by lnfroducnng add|T|0nal res.raln.s.~ However, even if resonance |S"'

noT presenf or can be avonded ‘the induced vibration present will

impose loads on the piping, pump casing, and vessel.



In the actual system there are two -obvious sources of excitation which
would induce vibration:
. unbalance of the rotatinc elements,

2.- hydraulic impulses produced by the impeiler blades. .

The natural frequencies of4Loop'Num5er Twp were célcu{afed as 4I4. ‘
cpm and 3850 cpm. The ratio 6f the operafing-speed to the lowest
néfuréi frequency is about 1;4.,'jf‘ﬁas deTermined that Thé amplitude
of vibration under operafing_ééndi+?gﬁs,wou]d'be.sméll;' Aciuél |
oberafion §f all three pUhp‘lodps-ih the fieJd has.proved this to be

the qase.' In conclusion,-vibrafion is not exbecfed fo be a problem,



NOMENCLATURE

X0 o

K=

Ki2=

K2|=

K22z

Ms _—

mass of vibrating body i
mass momenf of nnerfia of The vnbrafnng body abouf

the center of gravnfy

™

- lunear accelerafion of fhe cenfer of gravnfy of . .

the vubraflng body

- angulér acceleration of the center of gravity of

the vibrating body
linear displacement of the center of gravity of

the vibrating body

- anguléf displacement of the certer of gravify of

the vibrating body
Iinear'disblacemen#.infiugﬁce‘cqéffICieﬁf repre-
senting the stiffness éf pipiné cohhlgx |
aﬁgular gisplacémenf.éoefficienf representing

the sfiffness of piping complex - '
Innear dnsplacemenf nnfluence coefficient
represenf:ng the stiffness Qf pup:ng compléx
angular displacement coeffuc!entlrepresgnfing the
stiffness qf pipiné compiex

reSTorihg homenf jmpopéd on the vibrating. body

due to the entire connected piping qomplex

“Ib.

rad/sec”

WNITS -
Tb.bsecz/ff‘.‘

#t. sec?

'ff/ségz

2
#+

radians’

.fb lin

in-lb

in-1b



Hs

W

MII

restoring force imposed on the vibréfing

body due to the entire cqnnécted'pfpfng'comp1ex
weight of vibrating body
gravitational constant '

radius of gyration of the body about the center

of gravity

1§

frequency of vibration ;
natural frequéncy of.vibrafing syéfém
time . . | o
linear amplitude of.vibrafion

angular amplitude of vibration

exciting force acting on vibrating system =~ -

vertical distance from c¢n+er.qf gravity at Which .

Po acts

magnification factor for linear displacement -
magnification factor for angular,displacehenfﬂ
Auxiliary force'abbiied whfle.ac+yal Ioad~is _
acfiné N |

Auxiliary couple applied while actual load is

racting

slope of beam at point auxiliary load is acting

Bending moment in beams due to auxiliary loading
variable bending moment in beam due to auxiliary

loading

Ib
f’r/sec2

rad/sec
rad/sec
seconds

ft

‘radians

Ib

ft

in=lb

radians

in=1b .

in=lb



c.3

M = behding moments in beams due to actual loading ih-lb
ds = iﬁéremenfal length of beam . in

E = YoUng's‘modulus : Ib /in2
I = bending moment of inertia of pipe cross section ind
ASSUMPT!ONS

The recirculation pump and piping Loop No. Two, shown in Fig. |, is considered
. o ‘v :

to be contained in the vertical xy plane. Actually the discharge side of

the. pump forms an angle of about 2 degrees with the suction side. However,

the projection of the piping into #he“xy”plane would result in a negligible

change in dimensions since the difference in the sine and cosine values

for O degrees and 2 degrees is very slight.

The analysis is confined fo motion in the x-direction and rofafion‘abouf

the z-axis. The other possible degrees of freedom, linear displacement

in tThe z'direction and rotation about the y-axis, are not considered here.
The piping complex is fabricated of straight runs of piping and elbow;.

In the analysis,the elbows were replaced by square'corners which increased
the stiffness of the piping complex, causing a slighf,increase in the natural
frequencies. However, this effect would be of an iﬁsignificanf magnitude
since +he elbows have short radii and are a small part of the entire piping

complex.

Any dampihg'presénf in the system, i.e., infernal hysteresis, energy
dissipation due to contained fluid, and pad friction, will not significantly
effect the natural frequencies of the system, and Thérefbre are not included
in the analysis. These factors would tend to reduce the amplitude of Qib-
ration, but their effects were not evaluated.
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c.4

For vibration analysis,fhe alplng‘oomplex is-considered to have flexibilify
but no mass. Of course, the acfual pnp;ng complex has mass and is vibrating
along with the pump and motor masses . . The correspondlng knnefuc energy
would introduce addifional modas of vnbraf:on bes«des aftecting the vib=
ration cnaracfernsfucs of the pump and motor. mass ‘The extent of ‘this |
effect would depend on the raflo of pnpe mass fo pump and mofor mass. For

the system being analyzed,fhis ratio is about 25 per cent. However, it would

be difficult to say whefher the fundamenta!l frequencies of the pump and

-motor mass change by the same percentage.

FREE VIBRATION ANALYSIS OF AN lDEALI7ED SYSTEM

The vibratiorn system is: c0nsudered to have fwo degrees of freedom Therefore;
there are two correspondlng |ndependenf coord:nafes They are linear dis-
placemenf in the x-dnrecTuon and angular dlsplacemen'l' abou+ the Z -axis.
Orientation of the coordunafes is shown in an. C~]. Since The particular
vibration system being.analyaed is considered.fo have two independenf‘coor-
dinates, two dlfferenfial eodafions of motion will be'required. The

assumpflon that there are two indepefdent coordinates does not imply the

'mofions are independent. The motions are‘definifely coupled; that is, a.

force or moment applied at the center of gravity will cause bothllnear and

angular motion.

The equalions of motion for this sysfem are found .by summing moments and
horizontal forces in The'kV'pIane about The center of gravity of the os-'

cillating mass. These equations are:

WA, = - —~ Ky %= Wiz 8 | (2-1
I @ : o Ko — Kea @ o (2-2)
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of Coordinafes'

Fig. C-l...Orienfafion



' The motions of the system, ‘linear displacement in the x-direction and angular
displacement about the z-axié, are represented by the following equivalent sys*ems.

| EOUIVALENT SYSTEM FOR LINEAR DISPLACEMENT

| —e b
K% - ]

j V- K,.K“G B

Ku

EQUIYALERT SYSTEM FOR ALGULAR DISPLACERMENT

—~

S

o

/ IQ.

a k;IL¢2-
Kul?|

NG

/

-The motion of the system causes a restoring force and moment exerted by the
connected piping complex on the pump and motor mass. The resforing force
Hand moment representing the action of the entire piping complex are ekpressed

as folicus:

*ﬂs = "‘(ll7to _'.M;|1 d%> _ - (2-3\_
M‘b "‘Ktio‘Vsz@ (2"?)

Kyy» Kj2, K21, and Kpp are the influence coefficients representing the stviff- |

ness of the connected piping complex, and K|2 will be numerically equal +o,K2i.

1+ is desirable to write Eqs. (2-1 and 2-2) in a more workable form. Letting
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I = MY and dividing through by s a.a/?ﬂ"' The followung expressuons

are obtained:

Tiib + M:\l Ko *f.lélk—‘zl' =e

~ Let

A= Ky ; Bz Ku ; C- K

m » 2r*

Therefore Egqs. {2-5 and Z2-%) become:

‘ ii:‘,‘ + /4’;XL.9 + B ‘s) _==c§

é + .__B__.x'o‘ +,C @0 o
r? |

A general solution for each of these equations is

X, =X, sdn wT a,.qa’ﬁo:easinwt

(2-534

A(z-(-’)f

The second differential of these solutions with respect to "+" js -

“)Lo = ~w?Xo stnwl  ayd @: =6, w’scta w—c |

Substituting these values info vhe differential equations of motion. the

. following resulis are obtained:

—w ZX‘,_-SdnaﬂH AXo scn a{'(f + B, siawt .o

WG, sl + L XoSentdl + CE, S =2

V‘Z
Cc-9

(2-9)

(2-10)



Combining terms

(rw X%, N AXo + Ba,) Smwl =o " (2-1))
CCwre, +B Xo +CONSTuwt =o @D
"'Since ;;.ﬁf does not eq:gl zero for all values §f M1 then |
—wiX, t+ }4>§o -'f B6p =o o ! (2-13)
cwi6, rEXo +CO e (2

The maghjfudes.of | inear amplifudé Xo and angular amplitude 8o cannot
be determined fof +he'ffee vibration case, but their ratios can be evaluated.’
These amplifddes define the two principal modes of free vibrafion.A The
nafural frequencieslwil! be found by'défermining the amplitude rafios'and
eqﬁafing them. | |
From Eq. (2-13) A

Xo (‘W2+A3.="Beo

" Xo = *.B A .v @-5).
So (f‘*’zﬂ“/;) ' ' '

~and from Eq; (2-14)

| ol-w?rey-_ B X,
S e

Xo = = . 24 .
& Tl (2-14)

- EL¢~Z
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Equating the amplitude ratios

f'f:B" _ = _____u)'z_‘__c
~wiA . -Blrd

which becomes

wE-wMmO A B e gy

.This quadratic is the frequency equaf]on'for th'sysfem whose roots aré

the natural freqpencies4correspondingi%o the principle modes of .vibration..

| o T £ (2-18®)

With +hé‘9arues of %hé‘frequenéies aséeffained;-fhe’poSi+foﬁ‘of'fﬁe mbdésﬁ-

can be determined using Eqs. (2-15 and 2-16).
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C.5 FORCED VIBRATION ANALYSIS OF AN IDEALIZED SYSTEM

C.5.1 Linear and Angular Amplitudes of Vibration

Previously the equations of motion were evaluated for the case

of free vibration, f.e., the rigﬁf side of the equafions'were
equalv+§ zero. Thié represents part of the general solution
calléd the complementary function. The complemenfary function
procedure is followed to deferminé the natural frequencies of the

system; however, the system is under the action of an exciting

force P = Po sir\u)f, which will maintain the vibratory motion

.a#Aconsfahf amplitude. The primary reason for evaluating a forced
vibration system is to determine the amplitiude at the driving

frequency.

The assumptions and discussion for the free vibration analysis
Ieadjng up to Egs. (2~9 and 2-10) apply'foh the forced vibration
sysfém. Now, it is necessary to obtain @ parfichlar solution fbr
the steady-state motion governed by the forcing function

Pl= 7o) sin‘i-)'6 . A pafficular solution is obtained by taking

Xy = Xo sin (an -4) and Po = 90 sin (u)t -0), © is the phase

angle by which the motion lags the impressed force. Since

' damping is not considered in this analysis the phase angle is either

zero or 180 degrees. The.differential equations of motion for the
forced vibration system are the same as the case of the free

vibration system (Eqs. 2-9 and 2-10) except the equations are

- set equal to the exciTing force Po sina)f—insfead of zero. Thus

the equations are:



" | ,("w'zX“’o + AX, + 39‘,3&#««)‘5: O seor wt (‘3-/)’_
(w?e, + B;Xg_-{— c’e;,\'fmd =D ssiwt)l (32)
re ' ‘ . r* _

5 P,
where D= —=.
‘ MM , - , - .
For the forced vibration system the amplitude of the linear and angular-
displacements are fhe‘desired quénfifies By solvnng The above equa+|ons

simultaneously the maximum amplitude values are defermnned. :

’ Xy = P" Cw?tC) - LB/r‘l ]
- o - m (-uﬂm\(_w fcs e/ﬂl ('5.3) 4
" O N VA Y ey
o few? nqy-qu Bz/"‘l | J

The defauled solution for these formulas are shown in the aTTached

data secTnon.

Ignoring free vibration, fhevsfeady;gfafe'fOrced vibration is defined by the
- follownng equafnons

- . 2 EZ; (;cu-+<i) - L-g?}-zl x é;u?léoﬁf l.cé'dﬂ
. 2 (~w&A) (= w _‘7-+C)—.3%2-| |

B - Poll CwtrAY, 2 - ‘?/f"', xSM“/" (3"‘\
| b A wad) - BY |

At the natural frequencnes the quanhfyl( w f-ﬁ)(w -/C) B}’rl-, equals
zero; therefore, the ampllfude of the linear and angular dnsplacemenfs

- become infinitely large.

Iin describing the relafionshrb beTWeenfémpIifudevof yibrafion‘and frequeﬁcy;

C=13



a non-dimensional expression called the magnification factor is used.
‘The magnification factor is the ratio of the dynamic displacements or
amplitudes due to the exciting force Po to the zero frequency displace-

ments produced if Po is acting statically.

The relations between the linear and angular displacements or amplitudes

and the force Po acting statically are

| Po = - \IC.|’7C"0 "' K:?_ Q. (?-7)
| Pa L =-Wopto - Koz &, Ch2

These equations are equivalent to Eqs. (2-3 and 2-4) where
Po=Hs and BlL= s

By solving these two simultaneous equations the zero frequency displacements

are

(X atatic = Po l‘ - L 'm%r‘c, -9
77 A - 78, 2 |

and

\,'50)575;*,& - Po ,/ — AL/B , 4 (3-0)
7 ’/5 - /}r’-_c/él '

The deTailied calculation determining these values are given beiow. To obtain

the magnification factor for linear displacement divide the numerator and

denominator of Egs. (3-3) b
e omnln v of Eqs Y | = Lx B/MVLC
WA= nBYY, i
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" This gives

Pl - L »;M’B/?Wd . (- )~ -S4
x WA ~ (MB)Z/mrzc
° B/ 2
. WI/ nll K’m%rtl x (_wa,q)(_wz,Lc)—‘ B//‘
wh.ere 77///4 - (W‘g')/”’lflc | '
A : =)
” e i- L T
><o s‘"l:a'(:ic : 2 '
e l%A'“W@/?ﬂﬂC,
and , :l : :
- omf R e e e e
A=y e TP - B
Therefore ’ - | o |
(X otatic I(-w2+c3—. LB/VZI |
X, = . LB B
Xo l 443 x (-w’z+r45(-w2+c3~ B}el

A- Cheu

Rearfénging terms the magnification factor for linear displacement is -

IA‘— B2 e I'VI(‘W_Z*‘C‘\"' LB/’/ZI | ()

< =_Xo = B? ‘
: T L3 2 A\
‘Similarly the magnificafion factor for angular displacement is obtained by
dividing the numerator and denominator of Eq. (3-4) by :
m 18- Ar<g|

". This gives the following: A
[Poli= A%l |, L Gw=a) _ B
O, =< I 18- A" <] re r:
m |8 - Arrcg]

oA e - BL]

%
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where .

(e'o)statm = FO { = ALZQ_.

Therefore _

. = (Bo)static (L' CwteAla- B/f/'-\
© (l -— AL-/B) (__ wz.f,q)(_wg_'ﬁ\_ Bz/rz. |
(B- AYp) ;

Rearranging terms the magnification factor for angular displacement is

8 <=_éa_ < (B/zA - szC) (L.(-wz#‘“/r'z = B/fz.)
_ (eo)st#;c (B/A - L_) ' (.wzfﬂ?c_wz*c\_ 57'_‘. - |

The significance of the magnification factors is shown by plotting them
against a frequency ratio. This ratio is arbitrarily defined as the
frequency of the exciting force divided by the lowest frequency of the free

vibration system.

The initial value of the magnification factor will be unity since the
frequency of the exciting force is zero. |In other words, the displacements

are a result of the statical application of the exciting force. This can

be shown by equating the frequencya) to zero in Eqs. (3-I1 and 3-12).

o _ fﬁ - 5334,;4: .(:'- L4E;¢,a
zx"is‘ta‘h’c / - LB/V'"C AC - tT"/”‘"
CAC = ALBfa = By LBl
/4 C - EBz/Qfl - lql-E;G,L + "E;;4/41:
= /
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)

}

.

Similar Iy | B}A"‘-V‘C LAz - Bpe

o =
Bt Ba-L - AC-BYre

- B2l - B34 - LAC+BC
_ PC - B’/'/‘A"'L-A-C__ + LB77/,_

_The.magnificafiod factors for linear and angular displacement were calculated for -

different values of the frequency ratio. These calculations are given by Tables
c.! and C.l] in The attached data. Fig. C.2 shows the values of the magnification

factor ploftted against the frequency ratio."

As the frequenéy of the disturbing. force increéses, both magnification factors
incfease in the positive direcfionf‘ As the ratio of“%ﬁh\approaches the .first and
Iowés+ natural freqﬁency of the free vibration sysfém, the magnification factors:
and +he-ampli+udes become infinite. _This is a resonanf condition. For This-regfon,
both the linear.and angular motions ére in phase with fhe‘excifing force Po. When
the frequency of the exciting force goes beyond the firsf natural frequency, the
magnification factors become finite but they now have negative values. Both types
of mofion'afe now 180 degrées out-of-phase with the exciting force, but in-phase
with each other. WIith further increases inu«l, the magnification factor for linear
disblacemenf goes through zero and becomes positive while the magnification factor
for angular displacement reﬁains negative. This means the |inear dfsplacemenf is
again in-phase with the exciting force while the angular motion is ouf—df -~phase
wifh the excifing force. As the frequency of the exciting force approaches the
second natural frequency of the free vibrafion,‘fhe magnification factors, and there-
fore the amplitudes of vibratton, become infinite again. As the frequencylof fhe
exciting force goes beyond the second natural frequency, the linear displacement is
positive and in-phase with. the exciting force while the angular motion is negative
and out-of-phase. Also,béfh the linear and angular motions decrease with less and
less amplitude. As the driving frequency,w, becomes very large, the amplitude

approaches zero asymtotically.
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y | AIRAGNIEIEATION FACTOR FOR LINEAR
.‘ AND ANGUAR DISALACEAENT AS
A FUNCETION OF FREPIENCY RAT/O.
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Fig. C.2..Meagnification factor plotted
against the frequency ratio

c-18



C.5.2 yibratory Loads in the Piping of an Actual System” .

The differential equations of motion for the forced vibration system f:'

are expressed by

R M?ﬁ, o "’.—:_z@d? Fo $u1 &JT _. - 23‘-’:3
M + Ky %ot [u @:(ﬁ, Swiwt)l "*:"3./4‘ .

where

- C&lz ;x<;> é;uéaALsz:

7
B = -w? B, sl
Ky %o + Ko D, = Hs
Ku o + Kir &o = s
. |

(4, = Co Sl

1

Therefore Eqs. (3-13 and 3-i4) become
(-mwiXe +H:3)swr1aC = 2o Sl
(-mrt w2 Bo pts) s.06T=(Po sl )L

The maximum value of the disturbing force occurs when sin u.)é =1,

and the linear and angular amplitudes of vibration: Xo and 6o are given

by Egqs. (C-! and C-2) in fhe attached data. After subsfifufing,
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‘ - Egs. (3-15 and 3-16) become

_szl e, l(-...»#c.‘) - ‘LB/K“ '
| | . lc_wz.'.c)é.w?--rﬁ)- Bz/fz.l

+ Hs = PO | (3’/5)

and ~
L(-wisn) I 4 .
-ortw? | o I N 4"’ . f'lf/3= AL B-1e)
|<‘W1fﬁ)(-w?‘f'§\ - By
Rearranging fterms will givé expressions for Hs and Ms as follows:

Hs

Po |l + w? I(-w’-—t-c) - L'B/r'-J T (3-07)
| ' [(—wl-.,.A)(-w?fq - B.z/yz.l |
Po L + y2a? IL('WZ*'.“/{“ B2

m

(3-19)
l(—‘wl‘f"q)c-wz'-f-d - .32/,,1.
The ex;fi-'rir)g. force Po is given by
. Pc - w—R wl/a (3"43
| Therefore _ .
2 | 2 I 2 LB :.I '
Hs= wRaw* || +w? |Cuwxc)- "/ (3-20)

9 ‘(.’.wz +A)(~wrc) - ,3.'2/',1_’ B

My - wRa? |t + yviw |Lewzeay,. -8 .
9 ,(“«)‘r"’]( wirc) - B/}”'

(3¢zt\

Where ZJRis the amount of unbalance in the sysfem

For any pump and motor aséembly, the amount of unbalance is specified;
the driving frequency (the speed of the rotating parts) is known;
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the weight and radius of gyration for the assembly can be easily determined;
‘the gravitational consfanf'g"is‘knOWn and the influence coefficients for
the attached piping complex can be determined. With these quantities the

external or restoring force, Hs, and moment, Ms, can be calculated..

The reactions at the pertinent points in the piping complex. are known
in terms of Hs and Ms, and fherefore,lfhé max imum vibréfory'bending

stresses are easily determined.
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C.G DETERMINATION OF INFLUENCE'CQQEFIC[ENTS

The elestic energy method is used fo determine the influence coefficients
K_w Ki2, K|, and Kz which represent the stiffness of the piping complex.
This method is based on the prinéip]e of the .conservation of energy.

On the basis of the aboye principie, energy stored in a sfrucfdre‘

is equated to work done by the actual load, bécause an auxiliary'

load is acting while the actual load is benng applled

The equations which express this principle are

Fg = M"”MAs
ET

: (4-1)
M@=\ YU MYds
i

The IefT side of each equation represents the mechanical work done by
an aUXIllary force or moment, and the right 5|de of the equations express
elastic energy stored in the beam because an auxiliary force or moment

is acting during application of fhe actual force.

Several assumptions must be made when using the elastic energy theory.

They are: 1) The structure being analyzed behaves as a homogeneous and

elastic body...2) Deformations are small ... 3) The effect of direct

shear on deformation is negligible,[.4) The law of supposition is

* The effect of direct shear on deformation can be evalvated if it is of
a significant magnitude.

C-22



. .plicable..n) The équa*rions of'equ‘i librium apply.

To explain the application of the method fo this problem, a step by

step procedure will be given for a typical auxiliary loading.

METHOD OF ANALYSIS

WTEP |. An auxiliary load is introduced, only for the sake of analysis,

at a certain location and in a direction in which the displacement

or rotation is.desired.

=

POINT 1 POINT O
30
i

R

w
ao—0

- v

LY

The Auxiliary Force Fv is applied at Point | fo obtain the vertical

displacement at this location. Before applving Auxiliary lLoad Fv

or any other auxiliary loading, it is permissiblé fé remove sufficient
restraints from the structure in order o make it statically determinate.
Therefore, the piping compiex is considered free at Roint | and the vertical
restraint at Point O is removed. This is allowed as long as the beam

is stable and no addifiénal supports or restraints are introduced into the

system.




STEP 2. Determine the expression for the bending moment due

k ' to the auxiliary.load for each member in the structure.

The elastic energy equation for the vertical displacement

at POINT | is

y A £ |
Fv v = M YL - Fow HWow 4 f;[j*al)/ﬂ/,,‘ E

() ,EZ;_‘_ o ’ E—Z—.o-,‘: 0 ' E—.Ta-j;

(PR tdy + (A lled) uds

A C_[ ool N E_Z-a-j\

j/ (,/fa’—/)/ﬁc/z . (4-2)
-Jq- :

where Fv xéxis the value of the auxiliary bending moment from

W= o to.u=1.

Fv(1‘+ d) is the value of the auxiliary bending moment from

x:-ofox:Q,‘_

Fv(J+ d=y) is the value of the auxiliary bending moment from
y =0 toy =fs'. The total auxiliary bending moment is eval=-
vated by two separate integrals, one expressing the variable

moment Fv x(y) and the other the constant moment Fv( /Q.,+ d).

FV(Q1+ d-,es) is the value of the auxiliary bending moment from
Z=otoZ = .
)’4
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Since = . Auxll'i‘a'ry toad Fv is common to both sides of the energy |
‘equation, it can be cancelled out. “The bending moment of .lne'rﬂa -

‘for the entire beam Is constant, and is factored out a_e a common

term.

The energy equaﬂon reduces to

Sy el [[Tw Ml + (Dad [MJ¢—‘ '
' : E-Ib-t. °
o +¢e.+4)/ M, +(,l.*d—l-,\[ Mdz} (4-3>
L,

Thé expression 5 wMAw- represents the moment of the area of 'rhe

actual .benfding moment diagram between POINT O and POINT I, since "M"

represenfs “the acfual bending momen*l'. A similar analogy « Is drawn

forf y/ﬂ/é The expression j MM represents the area of -rhe; ~

- actual bending moment diagram between The limH-s o 1-oQ because "M"

esenfs the acfual bendnng momenf. A slmllar analOgy is true for S

S MJ% and 5 MA% . For the actual condition of loading,
POHNT | is completely restrained, i.e., dlsplacement and rotation
ar?e ‘zero., Therefore, the energy expreSSIOn is equai to zero. "The

final expression for fhe elastic energy equa*l'lon is

o -_- Avrea i&-l f' + Lﬂﬁ/}{ /4_/“._ - Area. ‘jl

| ¢ o, [’ + /Jﬂ/ ‘4@",'4’“ ‘a‘P (443’

STEP 3. Determine the _expfession for the bending moment for each .
member in the structure due to the actual loads.

. The actual loads referred to here are the horizontal and vertical
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forces and the moment acting at the terminal points in the piping
complex, i.e., H;. VI’-M|' H,, Vo, Md: etc.. However, all the forces
and moments at these Terminal_poinfs will be expressed in terms of

reactions at POINT |, the vérfical reaction at POINT O, and the
resToriné loads Hs and Ms. This introduces five unknown quantities,
Hy, V|, My, V and Hs or Ms depending upon which external load is

’ . }. o N

considered acting.

The end result of this part of the analysis is to determine the
unknowns in terms of the loadé Hs and Ms. The energy equation

: beiﬁg der ived in‘dé+ail for the Auxiliary load Fv gives one equation
in terms of the unknowns. Three additional energy equafidns are
obtained by applying horizontal and momént auxiliary loadings at
POINT | and a vertical auxiliary load at POINT 0. This gives

four equations }n terms of the five unknowns. The four eguafions are

solved simultaneously to give H;, V,, M, and V  in terms of the

i
loads Hs or Ms. Where Hs and Ms have been defined as the re-
storing force and moment acting on the Qibrafing mass, but could

be thought of as the,loads acting on the piping complex due to the

linear and angular displacement of the vibrating mass.

The unknown quantities are now evaluated in terms of the eiTernaI

or restoring force, Hs, for Auxiliary joad Fv.
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LINE DIAGRAM WITH Hs ACTING Y

Now it is necessary to evaluate the quantities In Eq. (4-4)

— A : 2 )
e v oML |
g
ﬁ/ca = -/'/»/ //s/z-
P 2N ‘ I | y AN |
Y o = % b - /’/4'/1. ? ' (4"5)
4 3 > .
ﬂ5 ' 2
/}YCa 0 = Vc-j; *4/¢/3
_ T
Avea L R "/5/4» Mf/q-J |
o : 2
Subsﬂ'l‘uﬂng these values In Eq. (4~4) ylelds .
| O = 3' -ra-f—d)’ H)/_/{/’;/[Z
. _5 _2
+ /+d)x v4-[;__/l/é_j3
+ /+d—jg) //o'/@- #5/4
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FREE BoO) O/AGRALT

P A // 77
/
Y+ ey
A | _‘,J'% 1% T a$
4 a’é |
Y ""6‘4‘ ’ AI,
3 l )
% | T b
'*'Iv
. (:ff | ‘hé A; o
Hs |
% 43 ‘! %
% o
ACTUAL BENONG AOMEN T O/7GRALS -
. -—a//—‘—?-‘ -
A, T
* .
- 2
~ =é—l,“‘l | v-]»f% L
— o Az =_ 24,
r~ﬁ. /9&&‘; A! ‘J(—uz - *,4’—f1?£
AN =3¢ 4 % !
z_—_‘éﬁ o —
T -, T #4
Mg "“‘7=‘z"’
“4 W | M-
. 1ot
S L 524 Y4
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The values of. the horizénfai and vertical forces and the bending'
moment at termainal points 2, 3, 4 and 5 in terms of Hy V)
and M, are obtained by using the equations of static equili~

brium. Substituting for these values and the values of the
dimensions of the piping complex ',Q;, J., ﬁz’e, Q 3 and.l:;‘,.
yields. '

0= 11.22235 x 108 ~ 0.06307 x 10%M = 2.08154 x 10%;

|
+ 2.84237 x 10%_ - 3.02440 x 10%s - © (4=7)

Three additional energy equations can be obtained, giving four

totals from which the quantities H,, V , M,, and V, can be

Il l)

expressed in terms of Hs.

STEP 4. Apply an auxiliary load'FHo at the center of gravity

of the pump mass in the direction of the Hs force.

The Auxiliary Load F, is applied at the center of gravity

Ho
to obtain the horizontal displacement at this location. The
piping complex is made statically determinate by removing

restraints at POINT | and POINT Q.
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STEP 5. Determine the expression for the bending moment due to

the auxiliary load for each member .in the structure.

The elastic energy equation for the horizontal displacement

~at POINT 0, the center of gravity, is

L i} ‘ } '
FHOSch M MdL:_/‘lFHgl_Md,ﬁ

° . EIQ-L EI,_IIA
(e My - / L3 Uy re) Moy
e EZos. o £T, 1,
23 | Le -
C Fuo2MdeE —/ 7 Fus (€+l;) MCI&
o EIo-Jq.A o ‘ 'EIo-I& o

:This exbression can be simplified by following a procedure

similar to that given in STEP 2. However, the displacement will

not be equal to zero and is given by the foilowing equation.

' guo = /__ -/‘ XM x / C/I/Io/»(
. EL,. 0
/ e di) / —m/z

(Cf/é) Moz @9
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AREE BOO) DIAGRANS

/o

”:%ﬂa_\zf’) A*&o o "J("‘ / A= /f;o/@"/) |
TR
~- ———}= 4o
Ve@oﬂ’ vd) | = MLl )

/VJ'/[M&’/’ BENO/NG MﬁMé’A/ 7 0//&'/?/44
_";'o ’!4 . |

’,_“'I-_";a/" %) ,-——-’-4,', e
—|

A);/;,z \/\/\\ 2[ A ‘@*\Mﬁ@ &
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~The quantities in Eq. (4-9) are expressed as follows:

b Mdi = Pl o it - Mo by

3 2

g’h_ Mde = HArea 'oh ._‘-‘ .-'/'/31:.2'. - M3 L, RE ,
fl.s /140/‘, = Area ob = W dE - ’t/fji (- (4-10)
f" ZMdzr < AvesZ Yo /‘/5/4;3 - -’Vfﬂ“'

° > z ‘

-]

[0/"4 Mdz - Avea |t - Ho bt _ Msds
A | 2

v

Substitution of the above expression into Eq. (4~10) gives

Sl { &z, Auzl..ﬁ L2 My
EI -L ) rA :

¥ (d +.42) Vg jsz- W*jb
2

Hs b~ sl
3 2

(#-11)

—(e+0. ) Hs Zq—z— Ms Mo

The. equations of static equilibriumn give  reactions at

terminal points in terms of VI,'HI, MI' Vo and Hé, and since The
values of V,, H, M, and V_ have been found in terms of Hs from
the preceding work,Eq. (4-!2) simplifigs to

H 5 = (I’:.I'BK/O‘)gHO
Thereforg,influence coefficien+ KH equals 13.13x10% 1b /in. By

the same procedure,the other influence coefficients are determined.
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C.7 DISCUSSION

‘In the actual sys*ém analyzed fhere are two ébvious sources.
~of excitation which would jnduce viprafion:rl. the unbalance
_ éf the rotating eleménfs; 2. the hydraulic impulses pfoduced.

by the impeller blades. This méans there are two driving

frequehcies; the operating speed 6f the rotating elements and

the operating speed times the number of impeller blades.

The natural frequencies of the actual system were calculated
as 4I4'cpm and 3850 cpm. The rafio'of the operating speeq to
the lowest natural frequehcy is appuf 1.4. From the graph éf
mégnificafion factor the amplitude of vibration at

operating spéed would be small. The same conclusion can be

made due to the hydraul ic . impulses.

The loads imposed on the pfping complex afll ; operating
speed’Wefe calculated aﬁd found to be insignificant. From
this it can be concluded that the driving frequencies would
have to be vefy close to the natural frequencjes‘before the
émplitudeg-of vibration would build up to a magnitude which

'could:cause serious. effects.

The ncdal point corresponding to the lowest natural frequency
is located at the center!ine of the piping complex dis-.
charge pipe. Due to this fact, the rigidity of this
membér is gfeafly decréased. | Raestraint on the vibration

-

system is thereby reduced,and as a resdlf the pump and motor
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mass osclllates about this poln+ at the lowest natural frequOQCy;

Since there is no experimental verification of the theoretical
analysis, it is difficult to determine the accuracy of the
results. Several simplifying assumptions were made and each
will effect the correcfness of the results to varying degrees.
However, even fhough experimental Qerificafion-is not possible

there are several indications in the analysis which lend validity

to the theory. This is readily apparent in the section on determination

of influence coefficients. The coefficients on either side of
the diagonal of the matrix formed'by the four final energy
equations are equal. This is true for the matrix formed by

consideration of the restoring force and moment.

The final equation giving the ihflueﬁce coefficients representing
stiffness of the piping compiex show that {nfluence coef=
ficients K, ahd K,, are.equal within 2% per cent. This should
be, since Maxwell's Law of Reciprocals says that the coefficient
_for rotation due to a force eﬁualé the coefficient for deflection

due to a moment.

There are no other places‘in the analysis where the theory can
be checked in a similar manner. However, if the remainder of
the anal?sis is carefully executed the results should be correct

within the limits of the assumptions.
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C.8 'ATTACHED DATA

C.8.1 Natural Frequencies
' ' \
el +
‘4ﬂ,z = .lﬂ:tfé_t l!ﬂ:é:l 1'.13&&‘
2 - 4 r*

: wher9¢4) = natural frequencies of vibration system, rad/sec

Y = radius of gyration of vibrating mass, 3.16 ft.

e

' a”d A= K“ = _[_3.'/3»”0‘:« (2

+2&é20
m : 2.2

2 // 9000 Sec

) Eg = Kf;z. af'ﬁ:;l = j§¢9/.jrnrc>6
1 1 . f?i!‘42¢7€;2.2.

| 2
a 227500 f{-sec

C = sz - '7-250.’“0"
’ 2 ¢20/. seixi2
wmr 42 0/32.2#3/4 x ¢

= g5750 sec *

Substitution yields

4—05 rd/;cc ct3<ps 36’6‘0(,007 A

6{/,/2 = . 4 - -
- #3.3 radfsec .7cps) - FE P
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Xo . =8B . - 227500

O (-wiwA) (/62978 +//9005)

" o= +‘5.2 5t.

)(c: . -~ 3 - 22728500
So (-wz +m (-1875+ 115000

= - /£ 99-5t.

C.8¢3 LINEAR AND ANGULAR AMPLITUDES OF VIBRATION -

(-wzx.;+ AXo +'B e.\ simwt = ODsimwt

(- w2 . + B X.+CO, )sxmth'(D.smut L
Y-I. .

Assume sinetel and rearrange terms
e
)(o("‘-*-’ ‘f'A) +S,8 =0

Xo B + & (-w+) = D, L
Y.l r&

: " Aewrl
Multiply first expression by =— W +Q)

8
X (Wi AW+ C) - & BEWHC), - DLwi<)
| 3 3 B
Xo B +Oal-wHA= DL
r2 vt
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‘ - Adding yields

_ x;[(-w2+ax(-w2+c.>_ e ] -p - 4]
B vt [ B v

"~ Simplifying and mulfipfy[ng Through by B yields

O X. = D I(u’zi—c)- LB

2
.“l(-u.?ﬂ- AY-wr) - B2
e T
SUY\C.Q.. D= lpo
_ o '?;;;'
Xo = po (' z"l"C) '—B ,
’ A (-1
"M l(- "H‘\)("w fc) Bz
| Tb obtain expression for 629 mulfiply
IXo B f.@, (-wiyc)- OL h—'j - (.h,z.,,,q)"
Thi; glves |
XO (-w? *'A) | + 6,0 ‘ ::-D

\ ‘ ‘ , | A" Xo u-@_x (" f A) v? - O (‘ wz+()(‘“’z+ A) =0l (_:lwz*h\
‘ ‘ . Lo Y-l - B . . B/V.z : VI B/rz .

'Addlng yields

(w +C)(w +A\Y“ 3 l =-D lL_(-uuz-o-t‘l\_l l

L B B
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Simplifying and multiplying through by ‘E‘a. yields

.‘ S. - DO

LEw?A) - 3

4$V.r\CQ 4D=P‘,'

144!
Oo ». Po lu-wzm\ - 3]
| v y2
M [(-witX-w2+A) - B
Y\l
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C.8.4 SAMPLE CALCULATION OF MAGNIFICATION FACT(RS

l. FOR LINEAR DISPLACEMENT

X

"

| ' __._Bi
Xeo = |A r:c
(X O)Stq‘tic ll - —L——%— X

V-l

(- wits /4)(- @sz\ - —\9—-:

where A= /19000 sec™

B« 227500 §$4-sec®

C= #5950 scc.‘z'

Yy« 3./ Ft

‘ A:sume L =./ft.J- W= 10, 8 radfsec a»t{%,,"'a.lz.ﬁ"
_B* _ _z27500 - /B Roe Sec >
viC N (4F750)

(- w? ¢ )= ~(10.8)2 + (¢5750) = #5€C33 §ec -

é'= ‘3 - / x227800 = 227850 Sec_-z
ryt . (3e)* | |

LB -« {¥227500 - 0. €965
ric (3.76) *(¢5750)

-2

(-wi+tA) - -0‘@.?)1 + //9000 = /7 @EP3 Sec

B2 . (227500)° - Z,55x.07sec”
v? (3.16) 2 -
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Q' ; Therefore | ‘ "
| | _.Ka_ o+ LU

(X o\ static

2. FOR ANGULAR DISPLACEMENT

L-w2+A)_ B | 2
. l h:r-" r? vic - RB

'.ICT' w? +.A) (—U\JZ':' C)‘%:-

=B
(82)statve l L -8
R

As:wm( L= I'H'.,‘ Cu_- /0. 8 md/;cg‘ R w/w" 23,28

" L_(-wa"A\)s "‘l-(lo.'\z-‘. )lQooel- //?f?}l:“:z

Yyt : (3.16) "

T

, _ B ¢ 227500 = 22750 ft- sec”
- . ] V" (30‘6)z -

vic = (3.10)* (¢5750) = ¢575005t 5ec”

l {19000

A
B . 227500 & /.97 F¢
A

Y .? ooo
Therefore
. | o = £ LT
. (Qo \ static

-
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TABLE

Cel  MAGNIFICATION FACTOR FOR LINEAR DISPLACEMENT

b
]
3
A ]

. }
[ RATIO

%

w 2 ] 4

i radfsed | i | (cwac) | S8t CuwA) By
0.25| 10.8 [113400| 45633 | 22750.f 0.4965|118883 | 5.195 |
. 0.50| 21.65 } 45281 118531 g -
0.75| 32.45 200 |} § |n79s0| A
1.05| 45.5 43680 ' 116930 |
1.25| 54.1 42820 116070

1.50| 65.0 41530 114780

'2.00| 86.6 38250 111500

4.00{ 173.2 15750 89000

6.00| 259.8 -21750 51500

9.00| 390.0 ~106250 -33000|
9,15 {. 396.0 -111250 -38000| | |
9.50( 411.0 ~123250 -49800 ﬂ#
10.00| 433.0 | -14205¢00 ¢ Y -68800| Y -.
RATio w z L 2z Xo ,
S |radsses |A- e wtd 5711 - T frwdA)wad)--B ~ X
0.25| 10.8 | 5600 22883| 0.5035 +0.23x109 | +1.11
0.50| 21.65| 22531 +0.16x102 +1.57
0.75| 32.45 21950 +0.07x109 +3.5
1.05| 45.5 20930 -0.09x102 -2.58
1.25| 54.1 20070 -0.23x102 ~0.965
1.50| 65.0 18780 -0.43x109 ‘| -0.485
2.00| 86.6 15500 -0.94x102 -0.183
4.00] 173.2 -7000 ~-3.80x109 +0.02
6.00| 259.8 -44500 -6.313x109 | +0.078
8.00)| 346.4 =97000 -5.121x10% +0.,21
9.00 | 390.0 ~129000 -1.69x109 +0.85 -
9.15| 396.0 ~134000 -0.97x102 +1.54
9.50| 411.0 ~146000 , +0.93x1099 | -1.72
10.00| 433.0 | ! -164800| +4.75x109 ~0.20
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l‘.

TABLE C.ll  MAGNIFICATION FACTOR FOR ANGULA§ D ISPLACEMENT

B

AT O w/ z z . ™
Ui |iradfseeyfewed) [Pr-eei) - 2v | vic | B MR
0.25| 10.80|118883| 11888 |22750| 457500| 435000, -10862
0.50{ 21.65{118531| 11853 b 4 - =10897 |
0.75| 32.45|117950| 11795 f | =10955
1.05| 45.50{116930]| 11693 B ' - =11057
1.25| 54.10|116070| 11607 =11143
1.50| 65.00{114780| 11478 ~11272
2,00| 86.60/111500] 11150 =11600
4.00) 173.2 | 89000 8900 =13850
6.00| 259.8 | 51500 5160 =17590
8.00| 346.4.| -1000 =100 -22850
9.00| 390.0 | =33000| =3300 26050
9,15| 396.0 | -38000| =3800 1 ~26550
' 9,31| 403.0 | -43500| =4350 | . -27100 |
- 9,50 411.0 | -49800| ~-4980 ‘#, 4$. - =27730 |
10.00| 433.0 | -68800| =6880 | | =29630
a* ‘ (] ' 2 &
R O s S e i
0.25] 22500 1.91| -0.91( 45633|5.19x109 4+0.23x109 |+1.17
1050 4 |, || 45281 +0.16x107 | +1.58
0.75 # 43700 4  +0.07x109 - [+3.86
| 1.05 | 43680 -0.09x109 | -3.06
1.25 42820 -0.23x109 {-1.15
1.50 41530 -0.43x109 |-0.635
2.00 38250 -0.94x109 [ -0.305
4,00 15750 -3.80x109 | -0.,090
6.00 -21650 -6.313x109 [ -0.069
8.00 -74250 -5.121x1Q9 | -0.110.
9.00 ~106250| =1.69x10 -0.391
9.15 -111250 -0.97x109 | -0.676
9,20 -112750| - -=0.75x109 | -0.892
9.%1 -116750 L ~
9.50 § | ¢ [-123250 +0.93x102 ' | +0.737
10.00, T |0 -142050, ¥ +4.75x109 | +0.16
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C.8.5 LOADS IMPOSED ON PIPING COMPLEX DUE TO VIBRATION

.

Hs a ’W'sz | + w? -|(-w2+c)" 'LF'%
9 I(-w +AN-wipc)~B2
Yl.

wkerc ’W‘FZ SFCc.lflc. amount o’g
unbalance , o aszn-H 1bs

w s 3F¢.e,d o‘S‘ r‘Och‘t':Vlj
,oa.r'f5 ¢/l.2 ﬂu{/scc.

(-w?4c) = —(u.z.\‘+46.7°’° * 42010 S¢€c

LS = ) X 227500 = 22750 se'f
Y (3./6) *

(-w2eA) = —(6l.2) + 119006 = 1152¢0 &.;z'.,.

B*. (227569)° = d.l?_szo’sa;-al'
v? (3.0¢)°F
Hs = 4.82 lbs
2; A) .
Ms:WQWxL+ Y-(-U' e vt
9 -w? +A3(~w<+c.\ SNl ||

Y&
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where B . 227500 = 227505t gec?
vt 3.6 .

_jw-b‘\\s l'l—(la ?\ +H‘ioaoJ- IIJZ‘*-S«. , v
ks (3/4)‘ . D

Ms~ 785 $i-/bs
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C.8.6 DETAILED CALCULATION TO DETERMINE_ INFLUENCE COEFF ICIENTS

PACT V- DE TERAMINE RERSETIONS AT TECATNAL
Po/N TS //Vf’ft?/l’/.f ok /9(5‘ SAND M' ' .

z/A/.f'O/,mem/ W7 LO9DS 4o AND Ay HETING
r
K}

sLes ‘rJ/z .
B Gy

A

NN
YV

/JP!! Vo (7)2) OMJA’IM 0/" /’//’//VJ COMNI L E A
WITH ONVLY LoO My ASTNG

o — I//f";] Ay
A I"; 2 |2 e
7

4 ol jay
| w7 4
X .
41 Y sy
% A
G PRl
Al 1 %\‘
| \ | , A, 4%
M5 %\~ 41,
M | 3”"
%\1// ‘6 — 7
. G
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,46' Y g7/ /4 6!/1/0//1/6 ATONTEN 7™ D/ AGRANT
/4//7'// 4 ACTING .

- ¥
A ///////// .
_24s

J
\
u"*
NL)‘\"\*\
B 4

>_24 T =z
. ’ M 73 /4
44
|  ¢ 4 \\>>\/\> / AN ; >|
‘ vz 7
. BREE BODY D1agesns oF p/p//va {a}p/pz EF |
WITH-ONLY LoD A, ACTING I
S
| w4 a
o | 4 e
i | 4 ML
A P A Y
| | / .
D 2 6 v

X

“§
'/
N
LN
S
<~
Sy
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| . AcTUA &.mm//m MOMENT 0//6?//1/ |
l’- | | WITH Ay ACTING |
i

.——-/-5‘—’1 —————.{ —_—

i w

”’+
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- EXPRESSIONS FOR THE AREAS AND THE MOMENT OF THE AREAS OF THE ACTUAL

- BENDING MOMENT DIAGRAMS

For Hs acting only

A
Avea

Avea

/‘rca.

/?fch o

o . * \/!/ll‘- M| ,Qt ¢ At’ta.w ,:' * .\/'1.3;.'M‘J'z

Le X | !14 A% 2%

Sl ML b Avea [ HA- M
2 3 z

T VA Mty ¢ Avead TN
2 . 3 4

) ' H‘ﬁl_tz- Mshq ¢ /’»’C'a.? l:'=' //5/&’— Ms/:
2 _ ' 3 2

For Ms .acting only

Avea

Avea

L |
= \//l _M. 4, Area VJ. Mjl
.- ¢ Areao].

;- u-w éAmﬂl : M._,_pl

’\/tau o = bg:ga__.A44,1’A é ’Qﬂtt?aly = \f;jé;.AJQJCZ
. 2 ‘ > 2

, La ‘ _ |t 3 2

A-’tm . -stgﬁi Mslq- é Arco.?L = -H5Q¢-M5L

2

The moments and forces at all terninal points in terms of Hy, V1, Ml Vo

and Hs are obtained by the use of equations of static equilibrium,
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//"PZ/K/W&A/ﬂf/ﬂ//ZMf/1&/0//1/6' ¥
' lﬂn"/(/lf?/ rEeELT/ J'/Z AORCCE FLPAL/ED AT /aﬂ//f/r /

 LINE OIIGRANT SAOLNG
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DN

| T 7
N
I
%

/'/?é' E BODY D/I9GRANS OF EACH MEAMEER
' N PIPING cONMPLELY

A
— T s e
. l ‘ | ) -H_J_J-.J___
| w2 fl,” il |\ N
1l Y MJ/I’MQ
' 4
K o 1 |
1 Wt £/ v~ 4) ]L' AL
11 o 4 o
| A | JT,, M,/i-.,g;//,-f&ﬂ
LA e 4) ~
' v ' A y
ey d-5) g e
N 'K
DU |
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RUUNARY BENMONG MOMENT D1 GRANS

Y

© |
k.

-
| L/,
HATA) ;AM) '
\\ TT“* - |

Z///// /// Z

>
___‘L_

. /VX/Z 1 BENOING A @P(F //"/al/é'ﬂ A7 LN/

LINE DIIGRAN SHOLL/NV G

| STHTICALLY OETERMINATE S)STEAT o

‘/////A

©

i

-

_Z
2ty B
7

/
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AREE BOOYV OIAGRANS OF

i
EAH MEMEEP

N PIPING COMPLEX
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LINE O/AGLRANS S/ O IN G

|
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|
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INITIAL ENERGY EQUATIONS

Work dord

by Integral between 6-11 : Integral between o-13
Aux, load . A
S, * |+ FLwMdw + F(Led) M
. E Ig.,'. E IO-J;
Fa O = e XMd . FabMde
EIg.,Qg E I)odt
M « |- MmMdw ~MmMie
E Io——e\ | EI"‘J‘
Fi.su,s
Work dore ' ’ :
by Integral between 0-13 Integral between o-1),
RS = - RUMdy + FuCed)Mid |+ B (L ed-3)Mdz
E];"_'J_! QL-_X; ‘ E.Ig-,(q
Fuby = |+ Fua (Uz+b)Mdy +Eu(bel)Mdz _ FyzZMdz.
EIo-}, EIG-;‘Q- vEIoﬂli
M' O -Mwm Mdﬂ - Mdei
Ei]:,-g, ETo e
‘ ETlo,-2, ETo-24
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- SIMPLIFIED
|

ENERGY BQUATIONS

Integral between o-13

Quantity Integral between 6-11 '- Integral between o-1,
: | EI% +5WMJW | +(1.+J‘)[Md¢
ETS,- e Mdr+ L,fm;
|ETo- —-_Yde-" [ Mda
EI%."
" |Quantity|

Integral between o-1),

EIS, -

‘g‘j Mdy +"(1.*J)JM45

s (had-As) f Mdz

F.If,, .

|e1e

: P(ArD)Mdy

fMdy

Koo LY Md2 - 7 Mde

EI 8Vo=

+flj M‘d‘j._' |
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EQUIVALENT ENERGY EQUATIONS

Quanti ty A . ;
| Integral between o-1; - Integral between o-1,
e _ .
O= |+ lAreo.W * 'ﬂ‘+dl’Af¢&,
. ) o
. ’ . a
1+ Afco._'izli- bl}‘]/caf :
-1Area R -[Area]
Quantity| : - ‘ o o
Integral between o,-1'3 ‘Integral between o-1),
. »os ‘ . ] ‘ J 7%
o - -lA/eM'jL .+,1.*Jpﬂr¢l~,f + !,+d-1,,-lcha.-lo
L3 E o), _ifa
'q = |4 lb*,ﬂz I,A/ca. o + br,ﬂ,_kreaL -lArea.ZL
A e : '
oz [-|Arecal ~ A/caL |
' ) 23 , _ 4
o= |+ /4(_6&1\7 ] -rj;,/?rearf |




" ENERGY BQUATIONS IN TERMS OF THE REACTIONS WITH ONLY Hs ACTING

Wark done | - : : '
- by Integral between o-1ly Integral between o-1p
' Md : ’ _ : .
o = 13—AM0J|7- */?.1" z-,‘/;d;l
l 3 2 “ Z"‘L.
‘0 = - A +‘ -H;izs- Msz{z} H:!:M,(z
S 1l o112
o : ~|3[.L‘. 4{,1,’ o SN
' 2 x o 4

Integral between o-1j

Integral between o-lh

3 2

V2 m,ﬂ, Led-t Wl Moty
wi 2 .

WA YL

IM-LHE%J_ Mgﬂqf{z/%?ﬁgﬁ

‘_v‘&za_ [ [z
3 2

_ , Bt P Mike
2

o = '
sl ele? _ Ms e i
r A . .

C-59



Ihe values of HS’ MB’ V4,‘M4; Hsg and Mg in terms of Vi, H,, aﬁd Ml;
‘are obfained by the use of the equations of static equilibrium.
Substitutiong for these values and the dimensions of the piping -

complex 1y, d, Ip, e, 1z, and l;,yields the following equations:

3
i 0= 11.2223v, - 0.06307M, + 2.00154H, +.2;84237Vo
| -3.02444Hs | |
2: 0 = 0.06308V| + 0.00059M, - 0.01704H, - 0.05949V,
+ 0.02571Hs . o
3: 0= 2.08120V - o.o{7d4M,'+ 0.85870H, + 2.4893V

~1.25409Hs

S
o
"

2.84257v, = 0.05949M| + 2.43930H; + 13.11464V,,

-3.87245Hs

'~'Sofufion ot the s imul taneous equation yields |

Vo= 0.04834Hs; M| = 3.88016Hs; H, = f.2l084Hs; Vo = 0.07257Hs

- The saﬁe auxiliary loading and diagrams used +o‘deTermine the eherg§

equations with only,Hs ac%ing are used to obtain the energy equations

when only Ms is acting. There will be a few sign changes buf The'equa+ions are

essentially the same.
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" ENERGY BQUATIONS IN TERMS OF THE REACTIONS WITH ONLY Ms ACTING

done

by Integral between o-l.]: Integral between o-13
|Aux, load : '
o+ ||MA3. M.nfj | 1.+JIJM_/4,/L
3 z | L
.- MM}AA_ 4l
._ 3 2 7 2 4
o = |- . M /(l - Hw[;— A(sjl
2
o. T -
ork done .
W by | Integral between o-13 Integral between o-1), .
fu:s, load ' . : : : .
o | M’_Ml.ll,dl.l_\é&’:ﬂu, PMHM Mok,
3 2 [4 2 1
oo [ ftfutimng oAt :z/,AH_@m_z;‘
| | A | ‘ 2 s 2
0 = -llq_,_f;—. ﬁ/q.f, ~|-Hs i Mets
2 2
o = l‘/‘b{o’ My ﬂax i/{_»&;.l- Msle
E 2 2 '
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The equations in the precéding page.after substitution for the various

.quantities and dimensions yield - the following equations.

o
n

Il.22236V| - 0.06307Ml - 2.08!54HI + 2.84227Vo
=0.04055Ms

2: 0 = -0.06308v| + 0.00059M, + 0.0f704H - 0.05949v

|
+ 0.00037Ms

3; 0= -2.08120v; + 0.01704M, + 0.095970H, - 2.48930V,
+0.01704Ms |

4: O ; 2.84237v| - 0.05949M) - 2.48930H| + 13.11464V,

- 0.05949Ms

Solving the simultaneous equations produces

V| = 0.00233Ms; M| = 0.20964Ms; H

| = 0.06867Ms; Vo = 0.00333Ms



o

PHRT 2.- /s IND My W TERMS OF THE
oy z’,mmrﬂtﬁ' OF FHE CENTER IF GRAVITY

SRUNILIARY A ORIZONTHL FORCE APRLIED
AT CENTER OF GRAVI TV

LINE OIAGRIN SHOWNG
STHTHALLY OE7ERMINATE SV.STEM

P

FIREE BODV D/NGRAN OF EACK MEMBER
_ N PIAING COMPLEL

fH~—" 4/—7:/6’*/ -4)

%/9 o) N -.’,50

l - 'fv. 72 £ ﬂ’f/ ) M-/-" /ﬂ/ N —
' ’Z" €”;/“"4) Mﬂo/’*4)4 e

AU IARY BENOING AOMEN T OIAGRAN

I"—‘ 4o 4 p |

 MEZ \ 6 =
lgr_ \ #o +
' Z‘ vy | _'_@—;Lzﬁ,/
fole*4) fleh) 0l
. o,

C~63



AU ARV COUPLE APPLIED AT
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INITIAL ENERGY EQUATIONS

MWork don . ,
by Integral between o-13 Integral between o0-1>
Y ~Fuo Ml - Fu€Md2 |
- ETots =
4%041 -‘Zzizﬁdggizi
a EL.J.
: Integral betweeh o-13 Integral between o-1, ‘
Fio oo | ~Ba (e ) My R e A CAY .
EZ, 4, ELbe  EL.t4y |
)hﬂ A;’ 7/ ) ..féﬁ; 4220/2
‘ EI,. 0, ET..»

SIMPLIFIED ENERGY EQUATIONS

Duantity _ ' ‘
| Integral between o-1j Integral between o-1p
ETS,- [xWds -c[Hdt
- |Exg: -/ Mdx
A Integral betwéen o;l3 Iﬁtegral between o-1) E
| ETS| ~(erky) [afty f 22 Lerde)atlz |
£18.| [ 1idy (M
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BEQUIVALENT ENERGY EQUATIONS

uantity . '
Integral between o-1j Integral between o-1>
. -— -+ Il
ELS. - - /4rea.7CL —-c‘}"l/eAL* .
_ L2
E18),- - Avea|
Integral between 0-13 Integral between o-1);
' | A3 —- % Ao
A EIJ;: - ijzHA/m ' /4/‘84.20 "kf’/{zHA"eaL
| . A 3 | /4—
ELH- |- Area L' -'/4/1210

ENERGY BQUATIONS IN TERMS OF THE REACTIONS

unantity

Integral between o0-1;

 Integral between o-1,

EIE, -

: }u_/uk} el A/,/,J

3 2 z

EI1Y) -

—

NN
2

Integral between o-1,

Integral between o-1),

ELS,

W

erds '%A M Js

Vel Mo by
z

,;/4,@ A

[
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The influence coefficients can now be determined. The energy equations in
terms of the reactions can be written as a function of Hy, vy, M,, Vo and-
‘Hs or Ms. From previous calculations the quantities H],VI,Mi, and Vo were
evaluated inlferms of Hs and Ms. 'Affer the apprépria+e substitution, the
1inear and‘angular displacement of the center of gravity as a function of

Ms and Hs are:

Hs = 13.13x10° + 305.0x105

Ms = 298.0x10° + 7250.0x 106 v'
where

Ky o 13.13x108 Ib /in

Kjo = 305.0x106 | Ib

Ky = 298.0x10° “1b

Koz = 7250.0x 100 in=1b

Theoretically, K12 should equal Ky,. They are off by about 2% per cent
which is a reassonable error for the analysis. “In other calculations

where Ky2 .and Ky are present,a value of 30I~.5><IO6 is used.
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