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We consider a new type of renormalizable theory involving
massive Yang-Mills fiel&% whose mass is generated by an intrinsic
breakdown of the uwsual loca? gauge symmetry. lHowever, the
Lagrangian has a distorted gauge symmetry which leads to the
Ward-Takahashi (W-T) identities. Also, the theory is indepen-
dent of the gauge parameter &. We completely carry out an
explicit renormalization at the one-loop level by exhibitiné
counter terms, defining the physical parameters and computing

all renormalization constants to check the W-T identities.
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I. 1Introduction

In a previous paper,1 we have discussed a renormalizsble
theory (by power-counting) involving massive Yang-Mills fields
in which the vesctor boson masses are generated by an intrinsic
breakdown of the usual local gange symmetry. The vector-boson
mass M cannct be obtained from spontanzous symmetry breakdowrn
due to the absence of the quartic potential of scalasr fields.z
Although the Lagrangian is no longer invariant under the usual
local gauge transformation, it is still invariant under a gen-
eralized or 'distorted' local gauge transformation involving M. 34
In the limit M+0, the distorted gauge transformation reduces to
the usual one. The unitarity and gauge independence of the theory
have beer verified by calculations up to and including the two-
loop level. Furthermore, based on the distorted gauge symmetry,
one can give a general formal proof of unitarity ard g- indepen-
dence of the theory.3

In this paper, we derive the W-T identities.s'6 which
lead to constraints among the renormalization constants (2's).
The renormalization of the theory 1 is carried out in a manifest
way to supplement the general formal treatments.3 All 2's are
computed to confirm the W-T identities and to ensure the con-

sistency of renormalization. We show some of the interesting

features of those theories with intrinsic symmetry breakdown
that are not revealed in previous formal treatments and provide
a theoretical framework for discussing the cancellations of
divergences.

We choose a linear gauge condition and derive the fictitious
Lagrangian (f-Lagrangian) based on distorted gauge symmetry
considerations7’3. We obtain an f-lagrangian which is apparentiy
different from that obtained in the Lagrange multiplier forma-
1ism.8 Yet, in fact they are equivalent when the class of
linear gauge condition is chosen; this question has been dis-
cussed before.g'lo However, it is not so when one chooses bilinear
gauge conditicns. In this case, it has been shown that the usual
gauge formalism (in which the {-Lagrangian is cbtained by gauge
symmetry considervaticns) leady to violation of unitarity, while
the Lagrange multiplier formalism leads to a unitary and gauge-

independent theory. For detiils, we refer to Ref. 11,

11. Distorted Gauge Symmetry

Let us consider the Lagrangian invelving massive Yang-Mills

ficlds fv and scalar tields 3 and u:!
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Ne eaphasize zhnx,(l) does not have a quartic potentiat of
the scalsr fields, an essantinl for spontancous breaking of
gauge symmetry. In this sense, the nass M of the vectror field
?“ in (1) has little to do with spontancous symmetry breaking.
It could be regarded as ganersted hy an intrinsic symmecry
breaking because € M = 0 the Lagrangian Ll in {1) will be
tavariant under the usual SU{2) lecal gauge transformation.

Gne can verify that the Lagrangian L, is invariant uzder the

distorted SU{2) pavge transformation:
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xhere © v 5(x) is an infinitesinal pauge function., Khen M = 0

¢, 4nd U transform like components of 3 conplex isodoublet field.

We choese as the gauge condition
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where b,(‘) is a suitable function independent of the fields
and the pauge function “a(”' The vacuum-to-vacuum amplitude

of the theary £s7
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where F denotes the sct of flelds in Ll. F £ (Tu. ¢, U). The
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functional determinant det Q@ is defined by 1
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It can be showa that N(ba) is invariant under an infinitesimal
chiange of ba(x) for all ba(x).2 Thus, we may write H(ba) in

{5) as
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{9) corresponds to starting from the offcctive Lagranglian !
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which is renormalizable by power counting. The Lagranglian (10)
completely specifies the sheory involving the physical Yang-
Mills fleld and sealar field U, together with the unphysical scalar
ficids 3“£: + ¢% and the fictitious scalar-formion flelds D)
and D,.

The complete Feynman rules derived from {10} are
given in 2 previous anpcr.! 1n the limit £+0, we Nave o forsally
unitary theory, In shich the nasses of al) unphysical fields
{i.e., a“?y, o Dt and B ) beseme infinfve. For the tree-
diagrams, the unitarity of tho S-sarvix in the limiz 40 is obwious.
However, the effects of unphyaical s¢alars reanin betause the
fictitious loops depencrate to guartizally divergent zontact

terns when ¢ O:

det Q « cxp; i@ trin (% Mg - Prem) !

.

In general, the Yinit 7-0 §s singular and could interferc with

luop-poRentun lntcgra:iuns'B. Thorefore, i1 susi be exanined

carcfully in the framework of fenormalization and regulaviza-

tion.,

1. »T ldentities

Let us define the generating funcriona! ¥(J) in the

pauge spocified by {4) as
¥(J) «s[rﬁrr] 4 FeT¥ . 3 3 b,
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Ko consider the transformazion {3) with the gauge functios

waﬂlﬁ rentrictod by
v < [ain] LF . (10

where f; is an arblisrary infinizestinal nunber indopendens of
Tivlds. Afrer performing the transformation (3) with w(x)
restricted by {12} on the varisbles of the patk istegpral {11},

ane obtaing the %7 identisy 6
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for ¥(J). where [J; 816 J:] - 3¢ (2 s/u“"(:). cte...

The identity (13) ismplies relations between different renorea-

lizavion constants. One may, for axasple, differentiate (13)

with respect to Ju two and threc times, and then ot all
external scurces vanish to chtain the relalécns]
Z, / :3 =Y, / Yy (18)
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where 2,(Y5) is the wave function renormalization (or (: (Dal.
3 (V) is the vertex renarmalization for f: 53 f§ (f;D’bnc)

and 2,
sare as those occurring in the masslesz Yang-Mills !haarys,

is for f:r:r;rg . The ¥-T identities (14) are the

though the actual distorted gauge transformavions (3) are dif-
ferent from the usual pauge transformations. The non-trivisl
ideatities (14) will be checked in sec. 4 hecauss the scalar
particles. which have different interactions fros those in

prevacus xhcoricss. cuntribute o I*s,

V. Hemarzmalization

The affcetive bare Lagrangian of the theosy 5 given by

118y, t.e.,
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where L i3 given by (1). Tho renormalization program is for-

pulatced on the basis of Ly Me rescale fields and parameters
{n Ll according to
- a_ L% 8
£ 23 1 . RN
Uzt g - 52,0023, (16)
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This gives an invaviant renormalized Lagrangian, denoted by Linv'
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The gavge-fixing term L. in (15) is chosen for simple ft and

&

¢a propagators and gives no f: - °a transition propagator in the

bare theory. Hut there will be ar fz -~ ¢ transition propagator
2 “

of order L . g“/(4-n) | fod and complicated f: and &° propagators

in the rcnormalized theory. In order to have a convenient

gauge for the renormalized theory, we choose

Ly = -6(3, %« Mo /0)%/2 (18)

to quantize the theory. We note that, in (17) and (18}, g and
M arc now renormalized parameters and the fields are renormalized.

The renormalized l.in in (17) is ncw invariant under the

v
following renormalized transformation:

- . abc b .c a
f'au fau g(ZIZu/ZS)c wy fu + Zuauur »
1 abc b ¢
0; bl P 8(21123) € w, ¢ Zu (19)
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t = - l ] X a.a
U= U -3 8[211,,,%/(232;;’]“:-‘ ,
a . a a,,)
where we have rescaled w according to w -‘Zwmrlz3 for con-

venience, i.e, zu will be related to the wave-function renorma-

lization constant Y3 of the fictitious field Da in a simple way.
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(sec eq. {32) below). We note that the renormalized Lagrangian
(17) is invariant under (19), which is different from (3),

and Lg in {18) is expressed in terms of renormalized quantities.
Thus, we must now derive the renormalized f-Lagrangian on the
basis of (19) and (18). In analogy with the derivation of

Qab in (8) and (10}, we obtain the following renormalized f-

Lagrangian:

R _ abp . 2.5 e k4
Lff zuaunaa Da Zu" Zm Da Dn/(Z°£)

" abd
Og(ZIZmlzs)B;au(deb)c
(20)

1 abd _,

v 5 (gM/E) (242 /24) € D¢ 4Dy
1 . Y ,

- 2(gM/E) (zlzwzu/zsz"’) b, .

We shall now consider one-loop corrections to the theory
in the Feynman gauge, £ = 1 in (18). We employ dimensional
rcgularizationld. which preserves distorted gauge symmetry,
to define the divergent quantities, The divergences due to
one-loop corrections have the form of simple poles at n = 4.
Renormalization amounts to subtraction of the noles with their

appropriate residues to render the theory finite. In gene»- ,
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in higher order corrections, there arec divergent quantities
which must be cancelled by counter terms. A theory which is
renormalizable by power counting can be made finite by the

15 The forms

addition of a finite number of counter terms.
of some counter terms, e.g. the tadpole and the U-mass counter-
terms, do not appear in the bare Lagrangian (15) and must be
included in the renormalized Lagrangian in order to rcnormalize
the theory. The distorted gauge symmetry of the theory severely
restricts the forms of these 'new' counter terms. The situation
is similar to the well-known s meson-nucleon interaction theory,
where one must add a 'new' counter term of quartic meson coupling

for renormalization.

The eflective renormalized Lagrangian is

R R R
Leff = Linv * G(U,Oa) * LE * Lff
(21)
=L (2ss 1)+ e R zse ) a1
= Yinv 3 ff ct
where Z's~ 1 denotes that all Z'sare set to unity and the
'new' counter term G(U.@a) takes the form
2 272 . 3
G(U,¢a) = 6[(U - 2M/g)° + ®a ] + (8% - 168) UM /n {22)
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which is suggested by calculations. The parameters § and

are to be determined later. The counter-term Lagrangian

L

L

ct 1s

ct

,
-3(2,- l)cabc(au(t)fzfs-%gz(Zi/23~l)c

1. u
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1., va 1 . u b,c
32,-1)9,0, 9"0% + (2,272, ey (3%, £00
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We shall ignore the tadpole contributions for the moment.
Let us consider first the one-particle-irreducible diagrans
for the vector-boson seclf-energy and the relevant counter
term, which are given in Fig. 1. The finite parts will be
neglected in our discussions. The sum of contributione

due to Fig. 1 is
ab . oyl . 2
mp(P) = i MLy 5, ei(19/6)L(g, PT-P P 6y,
si(Z_-1)M%g & - i(Z5-13(z, P1-p P )6
= uv ab 3 " Py u‘v’"ab
z w,( 2) § + 1, 2) 3 (24)
2 mip 8,\"ab 2P pupv ab *?

L= (8/4ﬂ)2(2~n/2)'1.

We perform conventional renormaslizations of mass and wave-

function su that Zm and Z3 climinate the divergent quantities

: 2 2 .l . M2
in the expansion of tl(P } about p “phys. M®, We obtain
Z. =1 + 19L/6 , 2 =1L (25)

3 m

The one-loop correcticn to the Yang-Mills tlree-point

function (Fig. 2) is

abc o .
£t [~?E./6 . (zl—‘)] , (:8)

abc _

where fuvl S

“Bape [B,y (P79, ¢ B, (4700, + g, (kp) ]

The constant Zx is decternined by requiving the only contribu-
tion to the physical [:ftfi coupling ccnstant to be the tree
diagram:

2, =1+ 7L/6 . (27)

1

The onc-loop correction to the Yang-Mills four-point

function (Fig. 3) is

t‘:g‘;g ,[L/G] . [zl./s] N [zf /24 1]% (28)
abed 2
where [quO v -ig [cfnbcfcd (gu;gvu ) guogvl)

¢ € factfdb (gucgvx ) guvglu)

* €5adfbe (“uvgxa i guxgvu)] ) (29)

With the help of (25) and (27) we sce that (28) does vanish

as vequired. This implies that

2, @ I (30)

3 [z

P

3,

where .7.‘x is the renormalization constant for f:f&fifg and

therefore, the secoad identity in (14) is confirmed.
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From the self-energy diagrams for ¢ and U, we get
Z, = z¢ =1+ 3L/2, ’ (31)

6§ = -9Lg2/64

In the f-Lagrangian (20), we may regard the scalar-
fermion Da and the fuﬂD coupling constant as being rescaled
according to

Da*Y“Da. Y‘Bzw
- (32)

: 4
g - gY,/(Y2]) ,

together with (16). From the diagrams in Fig. 4, we obtain

the sum of the Da self-energy and the counter term:

w20(p?) ~ -i(sL/a)6%® - iLp? - WPt

-ivgzd 7zt e . iorgnpt . (33)

The constant YS is determined by

3 : 2
=5 P ez, gm0 (31)
ap~
i.e. \'3 =1+ L. (35)
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Note that ﬂ;b(ﬂz) vanishes automatically ,

ugb(Mz) =0 , g =1 (36)

as required for conpsistency. Also note that .he Da mass
counter term in (33) contains no new Z constants.
:Dch three-point function and

the relevant counter term in Fig. 5 give

The corrections to the f

.gcabcku [} * (ySZI/ZS'I)] 4 (37

which vanishes as can be seen with the help of (25), (27),
and (35). From the bare f-lLagrangian Lff in (15), the scalings

(32) and (16), and the result (37), we get

Y=Vl /2, (38)
which confirms the first identity in (14). This and (30) ensure
that g has been renormalized consistently. Other one-loop vertex
corrections are given in the Appendix.

Let us now consider the tadpole diagrams. The contribution
of tadpoles is divergent and must be cancelled by a counter term.
The tadpole counter term in (22) is not gauge jnvériant. This
does not matter because the counter terms may not be gauge

tnvariant in general and tadpoles arc to be omitted in calculating



with the renormalized Lagrangian.16 The tadpole diagrums We are grateful to Professor E. C. G. Sudarshan for

and the related counter term in Fig. 6 give helpful discussions,

i[*gLMS/(ZgZ’) + a'Ms/gs]- (39)
which must vanish, and so we obtain

i = -9L/2. (40)
V. Remarks and Conclusion

What we have done is to carry out an explicit and com-
plete renormalization of a theory in which the vector-boson
mass is generated by an intrinsic breakdown of the usual
gauge symmetry. Yet the Lagrangian is nevertheless in-
variant under a distorted gauge transformation. This is
the essential feature for the theory to be renormalizable.

In spontaneously broken gauge theories, the Lagrangians are

also strictly invariant under a distorted gauge trnnsformution.4'3
Conceptually, the distorted gauge transformation is a geaner-
alization of the usual gauge transformation, as one can see
from (3). The distorted gauge symmetry is a general con-

cept in the sense that it includes different symmetries as
special cases, ec.g. spontaneously broken gauge symmetry,

intrinsically broken gauge symmetry,and the usual local gauge

symmetry.
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Appendix
The renormalization constants in section 4 are summarized

as follows,

23 = 1 v 19L/0, :m =1 - L
:l = 1 « 7L/G, ZU = 2Zs o 1+ 3L/2
(A1)
V.= 1 ¢ L=2, Y, =1 -1,
3 w 1
5 = -9Lg" /g, ot W -9L/2

L (e !
for fal, Hecause of the distorted gasuge symaetry, the re-
normalizations of various couplings in (2!') are related.
There are also many types of ‘new' counter terme., The re-
normalized Lagrangian is

LR e [10191./0](3-‘!‘\'.-3"{‘:32 . H{I'LJszpr:

.[pn/u] gcabc(au f:)f;f:.\.[l-Sl.NJ:

1 u
. H[X'SL/:J(?.Uf ({3 \L:li : )

Y3 A
SO ETE U CIWE D ‘.[1-{./:]g< abet T e

‘H[I'L/:]"ff (U)L:a-:dﬁb“)
I I L :
‘[1 SL/ ]n. 1A gy 0%

-

1 ’ "
'["”'“J ,;\sf_“f;u . [x-u:}:q,";“.r"

~

S{SL/&IMgY [:; U7y - {9L72; MBU/n

abe nde boou v
P N ol ¢
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!
-oL/60) wleedy? -(a e %2
(o u 2 .
‘[UL]B D;‘au()a-[l-L/d]M DD,
abc v, Cb abc
*[]-L][g‘. p1a¥ (€50 o gucnin 6 /2

-3MD&DaU/Z]. (A2}

We have checked each term of (A2) to make sure that the
theory 15 renormalized consistently in accordance with the
distorted gauge symmetry. The cocfficients of the new
counter term (°a°a)z‘ for example, is obtained by calculat-

ing the diagrams in Fig. 7.



21

References

1,

2.

10,

J. P, Hsu and J. A. Underwcod, Phys. Rev. D12, 620 (1974).
J. P. Hsu and E. C. G. Sudarshan, Lett. Nuovo Cimento 13,
557 (1975); J. P. Hsu, Lett. Nuovo Cimento 12, 503
(1975); E. C. G. Sudarshan, "Unitary Unified Theory",
Proceedings First International Symposium on Mathematical
Phys, Warsaw. 1974. {(in press).

J. P. Hsu, Lett. Nuovo Cimento 11, 525 (1974); 33, 128

(1975); Ppreprint 1976.

G. 't Hooft and M. Veltman, TH:1571-CERN, 1972 (unpublished).

A. A, Slavnow, Theoret. Math. Phys. 10, 99 (1972); see
also J. C. Taylor, Nucl., Phys, B33, 436 (1971) and Ref. 7.
B. W, Lee and J. Zinn-Justin, Phys. Rev. D5, 3121, 3137,
3155 (1972); D7, 1049 (1973).

L. D. Faddeev and V. Popov, Phys. Lett. 25B, 20 (1967);

G. 't Hooft, Nucl. Phys. 33B, 173 (1971);358, 167(1971).
J. P. Hsu and E. C.G. Sudarshan, Phys. Lett. 51B, 349
(1974); Phys. Rev. D9, 1678 (1974); J. P. Hsu, Phys. Rev.
D8, 2609 (1973); DY, 1113 (1974}, appendix.

J. P. Hsu and E.C.G. Sudarshan, Nuci. Phys. B91, 477

(1975).
N. G. Despande and P. Kielanowski, CPT 249 (1975).

11,

12.

13.

14.

15.

J. P, Hsu, E, Mac and E. C. G. Sudarshan, Phys. Lett. 59B,

471 (1975) ; preprint ORO 235 (1975); J. P. lsu and E.

Mac, CPT 236 (1975); J. P. Hsu, Lett. Nuove Cimento (in press)

One must be careful in the formal expansion of the
functional determinant; see Ref. 9.

T. D. Lee and C. N. Yang, Phys. Rev. 128, 885 (1962).
For a discussion with an illustration concerning the
limit ¢-+o and the loop-momecntum integration, see S, R.
Borchardt, Ph.D. Thesis, Univ. of Colerado (1973); X. T.
Mahanthappa, CPT lecture (Univ. of Texas at Austin,
preprint, 1973).

C. G, Bollini, J. J. Giambiagi and A, Gonzales-Dominguez,
Nuovo Cimento 31, 550 (19€64); G. 't Hooft and M. T.
Veltman, Nucl. Phys. B44, 189 (1972); G. Cicuta and
Montaldi, Lett. Nuovc Cimento 4, 329 (1972).

N.N.Bogoliubov and D. B. Shirkov, Introduction to the

Theory of Quantized Fields (New York, N. Y., 1959).

D. A. Ross and J. C. Taylor, Nucl. Phys. B51, 125 (1973);
T. Appelquist, J. Carazzone, T. Goldman, and H. R. Quinn,

Phys. Rev. D8, 1747 (1973).



23 VAN L
- - —
2 b 2
Figure Captions TN
{ \ -
/
: \ $ > __,,f'“”
. a - ) . +.l. —— e 4 _I..____-..-..\__ -+ ___L
Fig. 1. The one-loop self-cnergy of fu' We use a solid line 2
for f, a wavy line for U, a dashed line for ¢, a dotted tu ¢
line for D. + f + !D x
Fig. Z. Corrections to the Yang-Mills three-point function.
Fig. 3. Corrections to the Yang-Mills four-point function, Fig. I.

Fig. 4. The self-energy of Da'

Fig. 5. Corrections to the ijbDC vertex.

P 4.0
Fig. 6. Tadpole and its counter term, i
- . 2 0D .. .
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