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We consider a new type of renormalizable theory involving 

massive Yang-MiJls fields whose mass is generated by an intrinsic 

breakdown of the usual loca'j, gauge symmetry. However, the 

Lagrangian has a distorted gauge symmetry which leads to the 

Ward-Takahashi (W-T) identities. Also, the theory is indepen­

dent of the gauge parameter £. We completely carry out an 

explicit renormalization at the one-loop level by exhibiting 

counter terms, defining the physical parameters and computing 

all renormalization constants to check the W-T identities.
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In a previous paper,^ w  liave discussed a renormalizable 

theory (by power-counting) involving massive Yang-Mills fields 

in which the /ector Boson masses are generated by an intrinsic 

breakdown of the usual loc.il gangs symmetry. The vector-boson 

mass M cannot be obtained from spontaneous symmetry breakdown 

due to the absence of the quartic potential of scalar fields. 2 

Although the Lagrangian is no longer invariant under the usual 

local gauge transformation, it is still invariant under a gen­

eralized or 'distorted' local gauge transformation involving M.S,< 

In the limit M-*0, the distorted gauge transformation reduces to

the usual one. The unitarity and gauge independence of the theory 

have been verified by calculations up to and including the two- 

loop level. Furthermore, based on the distorted gauge synaetry, 

one can give a general formal proof of unitarity ard 5- indepen­

dence of the theory. 3

In this paper, we derive the W-T identities, S ’ 6 which 

lead to constraints among the renormalization constants (Z's).

The renormalization of the theory * is carried out in a manifest 

way to supplement the general formal treatments .3 All Z's are 

computed to confirm the W-T identities antf to ensure the con­

sistency of renormalization. Ke show some of the interesting

I. Introduction
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features of those theories with intrinsic symmetry breakdown 

that are not revealed in previous formal treatments and provide 

a theoretical framework for discussing the cancellations of 

divergences.

We choose a linear gauge condition and derive the fictitious

Lagrangian (f-Lagrangian) based on distorted gauge symmetry 

7 3
considerations ’ . We obtain an f-Lagrangian which is apparently 

different from that obtained in the Lagrange multiplier forma-

Q
lism. Yet, in fact they are equivalent when the class of 

linear gauge condition is chosen; this question has been dis-

q  i n
cussed before. ’ However, it is not so when one chooses bilinear 

gauge conditions. In this car.c, it has been shown that the usual 

gauge formalism (in which the C-Lagrangian is obtained by gauge 

synsatry considerations) leadsi to violation of unitarity, while 

the Lagrange multiplier formalism leads to a unitary and gauge- 

independent theory. For details, we refer to Ref. 11.

II. Distorted Gauge Sysaetry

Let us consider the l.ngrangian involving massive Yang-Mills 

fields and scalar ! ields $ and 0 : 1



j .  « t , ?»v . I H*t i» ,  » J UI'U
i i tiw i )» <? (i

* r '■> i) kst '&’**< ' h vU)• If * M

* I t2 ?.*fU * °ZJ * ? tHt * M?i 7“ , (I)
9  ti »  -J V

t * » I ■ i f  - £? * I  (2)
fcV V U i; V *  if V #

Kc cnphas( ;e that (I) docs not have a quartic potential of 

the scalar fields, an csssntiil for spontaneous breaking of 

gauge syBsctry. in this sense, the suss M of the vector field 

? in (1) has little to do with spontaneous iycaetry breaking. 

!t could be regarded as generated hy an intrinsic syraetry 

breaking because if M * 0 the t.agrangtan Lj in (1) will be 

invariant under the usual SO Cl) local gauge t rans Coma t ion.

One can verify that the Lagrangian Lj is invariant under the 

distorted SU(2) gauge transfornation:

,a ..a ,a ,abc bfc , a 
f •• f* « f * * e u f • i n ,U U U * tt It

* - . i° . I  g e3bc - V  . I  *«a lU.JM/g) .£

u - U' • U - x I-"*3 . (S)

where u ■ «i(x) is an infinitesisal gauge function. When M • 0 ,

: t -inJ U transform like conponcnt* of a cosplex isodoublet field. 

We choose as the gauge condition

4

3, /C ‘ b (x) , C<)u a * a

where b (x) is a suitable function independent of the fieldsA
and the gauge function <*,(*)• The vacuus*to-vacuum amplitude 

of the theory is7

K(ba> - Ja [p ]  exp | i / d 4 x Ljj dct Q “f a O / a  * ^ a/r- ' fc„>. (5)

where F denotes the set of fields in Lj, F = cT^, « . U). The
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functional determinant dct Q is defined by 

1/dot Q -/ d  [«)]* 4(3uf‘, * /C - *>„) - (6)

It follows fron (6) that

i. i abd z #*l!
Q * 4 M / O  • g c »pfd

I “J «*“ »d • | s*b a* u , (?)

v ! ' <Ju'3> • '3!» • 0 ' v "  • <*>

It can be shown that W(ba) is invariant under an infinitesimal 

change of baCx) for all ba(x ).2 Thus, we nay write W(ba) in 

(S) as
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K ’ f  HCbJ exp 1-1 J V *  Cfc, (x)/2^ d[b(x)]

* Jd [p ) dct Q exp | i / a 4* [tj • | C(Ju tw • M i/C)2J | , (9)

to within unimportant milripJ ieative factors. The a»plitude 

(9) corresponds to starting fro» the effective tagrangian 1

W h  <10>

which is rcnonulisabte by power counting, the Lagrangian (10) 

cooplctely specifics the 'heory involving the physical Yang*

Mills field and scalar field U, together with the untihvsieal scalar 

fields jwf* , $a and the fictitious scalar*fer«i«m fields 8^ 

and D^,

The complete Feynaum rule* derived from (10) are 

given in a previous paper.1 In the Unit t-0, we have a foroaliy 

unitary theory, in which the masses of all unphysical fields 

(i.e., *uf » 8* an^ 8 5 bsvme infinite. For the tree- 

tfiagracis, the unitarity cf the 5**atris in (he Unit is ebvSaus. 

However, the effects of unphy*i<al scalars reaain because the 

fictitious loops degenerate to quartically divergent contact 

terns when (• 0:

det Q - exp | i44{0> trln ( iih «g«*W *|jf W H  * 4*b«U/f2»|) |-

ft

in general, <he liait C-3 is singular and could interfere with
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ioop-taoscnma integrations , Therefore, it «Hi»t be exanined 

carefully in (he fraaework of ronormliiatSen and regulariia*
»
lien,

III. * *  Identities

Let us define the generating functional K(J) in th<? 

gauge specified by (4) as

#(J) B*} c*pj l / d 4x ■ 3# *J • Ju h ] j, (1»

Xp consider (he transfortaaticn (3) with the gauge function 

«a (x) restricted by

where f^ is an arbitrary infini:e»tiaal nuahcr independent of 

fields- After performing the transfer#ation (3) with«(x) 

restricted by fl£j» os the variables of the path integral |lli, 

one obtains the K*T identity 5,6

! , f *. , 5  ̂ \ /iV, 3- ,•«'w Tul t TH* y j IV * * Til;* * * }

•4»- 4»<Mf yjrjJ ’ $is*<b ill" i<h»i - V*It<b*

f % i * ^ jk| 2 I

L^.Vrn’j 4 : (ij;



for K(J), where Jj^ 4/fi / ] ,  • j£ (=) etc...

The identity (JJ) ieplies relations between different renor*a- 

lization constants. One nay, for sxaeplc, differentiate (13) 

with respect to two and three tines, and then let all 

external sources vanish to obtain the relations3

2, I =3 * V, / Vj . (H)

•»"* •?*/“»
4 1 "3

vhcre ijO'j) is the wave function renormlUation for fj| (0*1,

C, (Y,) A* the vertex rcnotaalisation for f4 f** f5 (f^D'^O0)1 1  t> w i p
and ; U  for rbf*ffd • The K-T identities {14) are the

* u w I o

sacc as those occurring in the aassless Yang*Mills theory*, 

though the actual distorted (*uge trsnsforiwtion* (S) are dif­

ferent fros the usual gauge transformtsens. The non-trivial 

identities (14) will be checked in sec. 4 becaim the scalar 

particles, which have different interactions fros those in 

prevjeu* theories5, contribute to £‘*.

fV. RcnoreatUatien

The effective bare ittgran^Uft of the theory is given by

U0i.

0

W  - h * V  *■««£• V* ns)

LC * I * *V<)2’

•-ff • W \  * <**'<> %  • 8 <*bS W * b V

- §CWg/t} [c*M 0;#d0b * D’ Dau] ,

where L} is given by (1). The 'fcnor*alisatian progran is for* 

eulatcd on the basis of Lj. Me rescale fields and parameters 

in tj according to

t* .H f* .» ,H .» 
lu 2S u * J 4 •

U « . 8 * 82,/Uj)572, (16)

H1* .

This gives an invariant renorealised tegrangian, denoted by l-jnv,

f* * * f V  * 4lav * J u v v y * n v *

*1* * (V v f V  v ^l,Z3)e»bccaUft y v tJ c

* i w » v« * K v . 1*'*.' l ^ i V ^ S b c ^ X * 0 (IT)

• I £ {yj% ■ * (v ^ v Uf:

.|cS':f/:^^fc:s»}4 ■ :gtn * 4 s t .
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The gauge-fixing torn L in (15) is chosen for simple f* andV ►*
$a propagators and gives no fa - $a transition propagator in the

bare theory. But there will be an fa —  $a transition propagator

■j u s
of order I. . gV(4-n) j , and complicated f and $ propagators 

n»4 u

in the renormalized theory. In order to have a convenient 

gauge for the renormalized theory, we choosc

L* - -e(Va 4 mV° 2/J (18)

to quantize the theory. He note that, in (17) and (18), g and 

M arc now renormalized parameters and the fields are renornilized.

The renoraalized l^nv i*1 (1?) is new invariant under the 

following renormalized transformation:

f 'aH ■ fa„ fu + V / r  •

♦i ’ *a ‘ 7 *< W  e“bC“r Zu (19)

+ I V r  <ZS U/Z5 * Ẑ 32M/C8Z1Z5” •

u' * u -1 «[Z1 -

where we have rescaled «a according to wa-*Z ua/Z^ for con-
u r 3

vrnience, i.e. Z will be related to the wave-function renorma- u
lization constant Y, of the fictitious field D in a simple way.

.5 u
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(see cq. (32) below). We note that the renormalized Lagrangian 

(17) is invariant under (19), which is different from (3), 

and L^ in (18) is expressed in terms of renormalized quantities. 

Thus, we must now derive the renormalized f-Lagrangian on the 

basis of (19) and (18). In analogy with the derivation of 

Qab in (8) and (10), we obtain the following renormalized f- 

Lagrangian:

L ff ‘ W ? \  ' Z/ Zm Da V < ZJ «

♦S(Z1Zu / V Da V fX }cabd

(20)

♦ \ CgM/OCZjZu/h3) cabd D;«dDb

- (V^i/Zs2* > W  •

We shall now consider one-loop corrections to the theory

in the Feynman gauge, 5 * 1 in (18). We employ dimensional

14
regularization , which preserves distorted gauge symmetry, 

to define the divergent quantities. The divergences due to 

one-loop corrections have the form of simple poles at n = 4. 

Renormalization amounts to subtraction of the poles with their 

appropriate residues to render the theory finite. In gens’-' ,
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in higher order corrections, there are divergent quantities 

which must be cancelled by counter terms. A theory which is 

renormalizable by power counting can be made finite by the 

addition of a finite number of counter t e r m s . T h e  forms 

of some counter terms, e.g. the tadpole and the U-mass courter- 

terms, do not appear in the bare Lagrangian (IS) and must be 

included in the renormalized Lagrangian in order to renormalize 

the theory. The distorted gauge symmetry of the theory severely 

restricts the forms of these 'new' counter terms. The situation 

is similar to the well-known meson-nucleon interaction theory, 

where one must add a 'new' counter term of quartic meson coupling 

for Tenormalization.

The effective renormalized Lagrangian is

Leff ■ Linv + G (U’V  *

(21)

2 Linv(z’s* 13 + L? + Lff(z’s * + Lct

where ;'s- 1 denotes that all Z's are set to unity and the 

'new' counter term G(U,$g ) takes the form

G(U,4>a) = i[(U ♦ 2M/g)“ ♦ ] 2 * («' * J66) UM3/l (22)
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which is suggested by calculations. The parameters i and 6’ 

are to be determined Inter. The counter-term Lagrangian

Lct is

Lct * ‘ ?  CZ3* »  < V v  - V 3/  * I (Zm * ” MZfufa

-g(Z, - l)cabc(S fa)fb fc -ig2(z;/z.-l)e . e . fbfcf^fv 
1 w v u v 46 1 3 abc adc y v d e

* ifV,]VW"U * f-V1)3̂ a3 V  + 5*fZl V Z3*1)cabcfa\

' l*[Zl(V * )h/h  -1] fp (U3\  ■

b 2« A /zl -1}V a  * b 2tvl'zl-»a2

♦ [(W H -1] * h

♦ G(U.*a) * CZu -l)3yD;3*,Da - C Z ^ Z ^ - D M ^ / e  (23)

♦ (z1z(11Zj1-l)gt:abdD^3lJ(fJ‘Db) ♦ (Z1Zu Z31-l)(gM/2e)cabcD-Db«c

- (gM/KHZ^zJz^Z^-UD'^U.
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We shall ignore the tadpole contributions for the moment. 

Let us consider first the one-particle-irreducible diagrams 

for the vector-boson self-energy and the relevant counter 

term, which are given in Fig. 1. The finite parts will be 

neglected in our discussions. The sun of contributions 

due to Fig. 1 is

- i M 2L giiv5ab+iC19/6)L(giiup2-PHPv)4ab

♦ i t V ^ u u ^ b -  i(Z3'1H g wvp2' V v U ab 

5 VP^V^ab * ̂ P^PpPv^ib ’ (24)

1 3  (g/4^)2 C2-n/2)'1 _

We perform conventional renormalizations of mass and wave- 

function so that Z^ and Zj eliminate the divergent quantities 

in the expansion of r ^ p 2) about p Z « » M 2 . life obtain

Zj “ 1 ♦ 19L/6 , Zn * 1 - L . (25)

The one-loop correction to the Yang-Mills tlrec-point 

function (Fig. 2) is

14

fSx I71'6 * (zr s)] * (r6)

"hcrc e *Rcabc [*Mv tp‘q)X * B^ (q'k)W * E>uCk'p)v]

The conste:;l Zj is de'(,croincd by requiring the only contribu­

tion to the physical coupling constant to be the tree 

diagram:

Z, • 1 ♦ 7I./6 . (27)

The one-loop correction to the Yang-Mills four-point 

function (Fig. 3) is

C J  | M * t 2L/3] + K ' v > ] | *  {28)

whcrc C x o  * - ^ [ ^ a b ' f e d  f8w,8V0 - g(j0gvi) 

cfacc fdb

* cfadcfbc (W A o  * 8ulBV0)] • fZ9)

With the help of (25) and (27) we see that (28) does vanish 

as required. This isplies that

: 4 • t\ / s3 / (jo)

where Z, is the rcnornali:ation constant for fa f*’ f^f^ and 
4 u v * 0

therefore, the seco.id identity in (14) is confirmed.
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Z0 * « 1 ♦ 3L/2 . (31)

i = -9Lg2/64.

From the self-energy diagrams for ♦ and U, we get

In the f-Lagrangian (20), we may regard the scalar- 

fermion Dg and the f̂ rfl) coupling constant as being rescaled

Da •* Y  ** Da Y ■ 17

* “ (32)

g - gY,/fYjZj) .

together with (16). From the diagrams in Fig. 4, we obtain 

the sum of the Da self-energy and the counter tern:

"pb(P2) - - i(5L/4)5ab - iL(p2 - M2)«ab

-ifY3Z^ / z£ -l)MZiab ♦ i(Yj-Dp2 . (33)

The constant Y. is determined by

-*2 ’*Sb (P2)lp2a * 0 . (34)
3p

Y j  = 1 ♦ L .  f 35)

16

ab 2
Note that (M ) vanishes automatically .

n„b(M2) » 0 5 • 1 (36)

as required for consistency. Also note that .he Da mass 

counter term in (33) contains no new Z constants.

The corrections to the faDbDc three-point function and 

the relevant counter term in Fig. 5 give

-8 £abcku [L + fr3VVl>] ’ (3?)
which vanishes as can be seen with the help of (25), (27), 

and (35). From the bare f-Lagrangian L^j in (15), the scalings 

(32) and (16), and the result (37), we get

Y . - Y3V Z3 • <38>

which confirms the first identity in (14). This and (30) ensure 

that g has been renormalized consistently. Other one-loop vertex 

corrections are given in the Appendix.

Let us now consider the tadpole diagrams. The contribution 

of tadpoles is divergent and roust be cancelled by a counter term. 

The tadpole counter term in (22) is not gauge invariant. This 

does not matter because the counter terms may not be gauge 

invariant in general and tadpoles are to be omitted in calculating
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with the renormalized Lagrangian.^ The tadpole diagrams We are grateful to Professor E. C. G. Sudarshan for

and the related counter term in Fig. 6 give helpful discussions.

(39)

hhich must vanish, and so we obtain

o’ = -9L/2. (40)

V. Remarks and Conclusion

What we have done is to carry out an explicit and com­

plete renormalization of a theory in which the vector-boson 

mass is generated by an intrinsic breakdown of the usual 

gauge symmetry. Yet the Lagrangian is nevertheless in­

variant under a distorted gauge transformation. This is 

the essential feature for the theory to be renormalizable.

In spontaneously broken gauge theories, the Lagrangians are

4 3
also strictly invariant under a distorted gau>ie transformation. ’ 

Conceptually, the distorted gauge transformation is a gener­

alization of the usual gauge transformation, as one can see 

from (3). The distorted gauge symmetry is a general con­

cept in the sense that it includes different symmetries as 

special cases, e.g. spontaneously broken gauge symmetry , 

intrinsically broken gauge symmetry,and the usual local gauge 

symmetry.



A p p e n d i x

Tlic rt'iiunn.-i 11;.iiion con.stants in section ‘I are summarized 

as follows,

-n, " 1 - >•frt

Z„ - Z* ” I * 3L/2

1-1..
(Al)

» i • i y>../1., ;j
Z l •  1 * 7I ./6 .  Z

v. • i • i. * : , vJ w

& * -!>Lg'/«i4, o’ “ -9L/2

1. (y / ~  (2-n/2)' * 

for f,»l. Because of the distorted gauge symmetry, the re- 

norna! ir.ati ons of various r.ouplings in (21) are related.

There are also raanv types of ‘new* counter terms. The re­

normalized Lagrangian is

Le\r * ’’H ^ a

.[l.7L/.]*«“bC(3.f:)f^-^[l-SL/6]c-bec6de

• u[l>3L/’](,. IK.-U •

- C - l/s j mV  • (<tL/8)H: :* - '.|\ - il)tl ; (}fl>;

• 'j j\-L/Z
i - si./:

1 - TJ./4

gfa ( i n V - ; V ; i )

g'SfVtl * Ĵl *L/4 * u raMs j l

- <^L/«1MrU fj* *tf) • (91 /2 ) M t//c

- (9L/64) (U2**2)2 - (3u L/2

* 1 1 ♦ l !  DPD ' 3 I) - Ti -Lm I m V ' D .

*[1'L][g'-abC,,aD',(fuDb) * ^ W c ' 2
-CMD^DaU/2]. (A2)

We have checked each terra of (A2) to make sure that the 

theory is renormalized consistently in accordance with the 

distorted gauge symmetry. The coefficients of the new 

counter term (♦a^a)2 . for example, is obtained by calculat­

ing the diagrams in Fig. 7.

20
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Fig. 1. The one-loop self-energy of f®. We use a solid line

for f, a wavy line for U, a dashed line for if, a dotted 

line for. D.

Fig. 2. Corrections to the Yang-Mills three-point function.

Fig. 3. Corrections to the Yang-Mills four-point function.

Fig. 4. The self-energy of D .
0
g

Fig. 5. Corrections to the f D.D vertex.
|i b c

Fig. 6. Tadpole and its counter term.

2
Fig. . Diagram for the new counter term ($a $a) •

Figure Captions
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