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SUMMARY

The variational synthesis method has been applied to the steady-
state Boltzmann neutron transport equation in two- and three-dimensional
rectangular geometry. In this application the energy dependence has
been treated in the standerd multigroup energy approximation, the de-
pendence along all but a single remaining spatial variable has been
treated by a multichannel discontinuous spatial synthesis approximation
and the angular dependence has been treated by a discrete ordinates
approximation. All approximate treatments of these variables have been
developed consistently from a variational principle by the standard
trial function reduction procedure, applied sequentially to the energy
variable, the spatial variables and the angular variable. The approxi-
mate method as developed in this gpplication allows the user to obtain
approximate solutions to the transport equation by combination of the
solutions to related problems of lower dimensionality.

An experimental computer code has been written by the author for
use in obtaining approximate solution to the two-dimensional, one
energy group problem with isotropic scattering. The experimental com-
puter code has been used to obtain approximate solutions to several
test problems of the type encountered in the reactor field and the
accuracy and comparative cost of these approximate solutions has been
determined by comparison to consistently obtained direct solutions to
the same problems. Both fixed source and eigenvalue problems, as well

as problems with both vacuum and.reflected boundary conditions, have
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been investigated. Results of the test problems have indicated that
the method, as developed, is capable of producing accurate approximate
transport solutions st a fraction of the cost of the direcf'éolutions,

and with accuracy superior to the diffusion approximation.



CHAPTER I

INTRODUCTION

Baqggyound

The description of the steady-state neutron behavior in nuclear
reactors requires the specification of dependence of the neutron
density on six independent variables -- three spatial, two direction
and one energy. Although this specification cannot be described ana-
lytically in realistic reactor situations, it is conceptually possible
to attack the problem by straightforward finite difference or orthogo-
nal polynomial expansion methods. In the sense that these direct
methods approach the exact description in the limit as the finite d4if-
ferences approach zero and as the number of terms in the expansion
becomes infinite, they are usually considered to be "exact".

Practical limitations on the speed and storage capacity of the
current generation of computers prevent the implementation of these‘
direct methqgs, however, and the reactor physicist must resort to
methods yielding approximate descriptions. Thesc approximate methods
uéually involve simplifying assumptions, about the physical\model or
about the equations themselves, which effectively remove one or more
independent variables from consideration.

For example, if the physical process describing the neutron
transporﬁ is assumed to be equivalent to a diffusion process, then the
tﬁo angular direction variables are removed from consideration, and the

neutron behavior can he described by only four independent variables.



A straightforward finite difference approach mey then be implemented to
obtain a description of the neutron behavior based on this simplified
model. The "diffusion epproximetion” has been, and continues to be,
the most widely used method in describing the neutron behavior in
nuclear reactors. While not yielding any information about the angular
dependence of neutron distribution, it does provide an approximation
to the scalar neutron flux, which is of primary importance in reactor
core design work. The diffusion theory solution is valid at points
within the reactor where the angular neutron flux is approximately
isotropic. Near external boundaries and internal material interfaces,
howevér, anisotropy of the angular flux can cause the diffusion approxi-
mation to be highly inaccurate.

Alternatively, the angulexr variables may be retained and the
neutron behavior assumed independent of one or two of the spatial
variables. These variables are then omitted from the governing equa-
tions and a two- or one-dimensional transport solution may be obtained
by the direct methods mentioned above. If the extent of the spatial
variables omitted from the governing equations is very large, then
these lower dimensional solutions can be expected to give an adequate
approximate description of the neutron behavior at points far removed
from boundaries of the omitted variables.

A more accurate method of obtaining approximate solutions by
the removal of one or more variables is the synthesis method, which
has evolved in the reactor field over the past decade primarily for
diffusion theory applications. The term synthesis, in its broadest

application, refers to a wide class of "trial function" approximation



techniques utilizing some form of the general method of weighted
residuals. More specifically, the term varistional synthesis refers
to the use of an approximation technique of the wvariational calculus
known as the indirect, or Kantorovich,l method. The basic idea behind
the synthesis method is to incorporate some a priori knowledge about
the dependence of the neutron density on the variebles to be removed.
This a priori knowledge may be due to the experience or intuition of
the reactor physicist, or may be obtained from auxiliary calculations
which are readily performed.

Suppose, for example, that the reactor physicist has at hand a
set of functions, fk(x), k=1, é, ..., K, which are known to be
capable of describing the dependence of some unknown function, ¥(x,¥),
on the independent variable x. To utilize the synthesis method to
obtain an approximetion to the unknown function, ¥(x,y), an approximate

function or "trial function", Y(x,y), is formed as

K
vxy) = ), ¢ (v) £ (x) (1.1)

k=1
when the fk(x) are the known "base functions" and the ¢k(y) are unknown
"mixing functions" which must be determined. The synthesis method then
prescribes a way of determining the unknown mixing functions ﬁk(y).
Heving detefmined the functions ¢k(y), the approximste solution is
obtained by recombination wvia Equation 1.1.
There is an interesting parallel between the development of the

synthesis method in the reactor field on the one hand and the increased

speed and capacity of each new generation of computers on the other.



The capacity of the earliest computers was so limited that the calcu-
lation of the neuiron distribution was restricted to the one-dimensional
diffusion-theory spproximations. Attempts to utilize the awvailable
one-dimensional solutions to obtain approximate two-dimensional results
were widespread.® The most commonly used method wes termed "Buckliné
Iteration", and although not called synthesis at that time, has been
shown to correspond to a particuler application of the synthesis
method.>

With the increased capability of the next generation of computers,
direct solutions to the two-dimensional diffusion approximation became
practical. Utilizing the available two-dimensional diffusion-theory
solutions, many attempts were made to obtain spproximate three-dimen-
sional diffusion-theory solutions,%’5’6’7 the direct solutions being
impractical. Indicative of the success achieved in these attempts is
the fact that Meyer's synthesis method,® and Wachspress' generalization
of Meyer's method,? were widely used for design calculations at Bettis
and Knolls Leboratory.®’®

When the computer capacity.had advanced to the point where direct
solutions to the three-dimensional diffusion approximation were practi-
ecal, the approximate synthesis methods were still used in design situ-
ations where many calculations were required. This usage is still
found, even for obtaining approximate two-dimensional diffusion solu-

10511,12 pecause the cost of obtaining the approximate synthesis

Ations,
solution is much less than that of obtaining the direct solutions. The
usefulness of the synthesis method is thus seen to be twofold: at a

time when higher dimensional solutions were impractical, it provided



a means of obtaining approximate solutions by utilizing the available
lower dimensionel soluticns as bhase functions, and when the higher
dimensional solutions became available it provided a fast and accurate
approximate solution for use in design situations where many calcu-
lations were required and where a direct solution for each one would
be unnecessarily expensive. .

Examples of the successful application of the synthesis method
to other problems in diffusion theory are plentiful. The removal of
all or some of the spatial variables from the time dependent diffusion
equation has been shown repeatedly to give good approximate results
with large savings in computational time. Successfui applications
have been made to both fast transientl?’ 14215186 gng gepletion-type
problems.8’11’17 The removal of the energy varisble by & synthesis
approximation has also been shown to give good results in comparison
to both experiments and to direet multigroup calculations.t8?19220
It is interesting in this respect to point out that the multigroup

approximation, which is the standard direct treatment for the energy

variable, can be considered as a particular case of & synthesis approxi-

mation.21’22

The current problem of obtaining multidimensional transport
solutions is much like the problem faced a decade ago, with regard to
obtaining multidimensional diffusion-theory solutions. Fast and effi-
cient solutions to the one-dimensional transport equation are obtained
routinely but direct two-dimensional solutions are expensive and time
consuming, and their frequent use in routine design situations is

impractical. Computer codes for obtaining direct solutions to the



three-dimensional transport equation are now in the very early stages
of development. The Monte Carlo method is cepable, at present, of
yielding solutions to the three-dimensional transport equation but the
statistical nature of this method often requires excessive amounts of
computer time.

The success achieved in applying the synthesis method to the
diffusion~theory problem quite naturally suggested its epplication to
the more difficult problem of transport theory. Davis and Kaplan®>
first reported an attempt to obtain a transport solution by using the
synthesis method to remove a spatial variable from the two-dimensional
problem. In this work the synthesis method was applied to the discrete
ordinates approximation to the transport equation and the results were
described by the authors as both encoureging and discouraging. The
results were encouraging because they were more accurate than the
diffusion-theory solution, and less expensive to obtain than the direct
solution to the discrete ordinates equations. They were discoursging,
however, because the selection of base functions was not as clearly
defined as for diffusion-~theory applications, and because the results
failed to reproduce certein characteristics of the direct solution to
the problem. These characteristics, called "ray effects", will be
discussed in more detail in Chapter V.

Keplan, Davis, and Natleson®? applied the synthesis method to
the transport equation to remove the angular varisbles in a technique
termed "Space-Angle Synthesis" (SAS). After initially successful
applications of the method to Milne's problem, Natleson proposed a

"Strategy for the Application of Space-Angle Synthesis to Practical



Problems of Neutron Transport".2® 1In obtaining solutions to practical
two-dimensional problem, Natleson's strategy was to obtain the angular
base functions from & high-order, two-dimensional transport calculation
for a problem of interest. He then proposed using these base functions
to synthesize fluxes for "similar" two-dimensional problems of interest.
Noting that the SAS calculation'was less sensitive to the spatial mesh
structure than true transport calculations, he proposed that the mefhod
be incorporated into existing diffusion theory codes to allow the
transport synthesis to be performed only within energy groups where
diffusion theory gave a poor approximation.

While there is, no doubt, a class of problems for which the SAS
method will provide relatively accurate and inexpensive calculations,
one useful (and perhaps the most useful) capability of the synthesis
method appears to have been neglected: That of extending the com-
putational capability to allow approximate solutions to problems for
which direct solutions are unattainable. The capability of three-
dimensional transport theory solutions is a case in point. Fcllowing
Natleson's strategy, base functions for a three-dimensional problem
must be obtained from a three-dimensional transport code. Even assuming
that such base functions could be easily obtained, the system of
equations for the mixing functions would be three-dimensional; and as
such, very difficult to solve.

The angular base functions from two-dimensional calculations
cannot be used in the SAS method to synthesize three-dimensional trans-
port solutions. Angular fluxes from, say, an x-y transport calculation

are symmetric about the x-y plane and their use in g three-dimensional



trial function with angular dependent base functions, will, of course,
produce synthesized fluxes which are also symmetric.

0'Reilly3® has reported the development of a synthesis method
in which angular base functions from two-dimensional calculations could
be used to synthesize three-dimensional transport solutions. To avoid
the possibility of obtaining symmetric approximete solutions, he modi-
fied the SAS method so that the mixing functions, as well as the base
functions, were dependent on the angular variable. This angular de-
pendence of the mixing functions was accomplished by segmentation of
the unit sphere into octants, in a discrete-ordiinates-like manner.
Since, however, only eight segments are proposed, it is questionable
whether the results, at least along the third dimension, would be any
more accurate than diffusion theory. No numerical results have been
offered in support of O'Reilly's method.

An interesting and somewhat similar method has been proposed
recently by Natleson and Gelbard.Z®” By choosing base functions depen-
dent on angle and on two spatiasl variables, their method allows one
to use transport base functions in a diffusion-theory synthesis. The
method is similar to O'Reilly's in that the results along the third
spatial variable are expected to have accuracy of the order of the
diffusion approximation.

Other authors have reported application of the synthesis method
to the transport equation. Zwibel and Bowes=® gpplied the method to
remove the spatial variable from the one-dimensional transport equation,
and Luco®® developed a method of removing the spatial and angular vari-

ables from the time~dependent transport equation. More recently,



Lancefield?° applied the method to remove the energy variable from the

one-dimensional equation.

Purpose of the Research

It was the purpose of the research described in this thesis to:

(1) Develop a variational synthesis technique, applicable to
both two- and three-dimensional problems, which would allow approximate
transport solutions to be obtained with greater accuracy than the 4if-
fusion approximation.

(2) To incorporate into the appréximate method variocus refine-
ments which have recently been developed and used successfully in the
application of the synthesis method to diffusion-theory problems, and
to determine their applicability to the transport problem.

(3) Develop an experimental computer program capable of obtain-
ing the approximate solution for the two-dimensional transport problem.

(4) Demonstrate the applicability of the method by comparison
of the accuracy and cost of the approximate two-dimensjonal solutions
to direct transport and diffusion-theory solutions.

Demonstration of the applicability of this approximate method to
several sample problems allows an assessment of the practicality of

developing a computer program utilizing the method for use as an actual

design tool.
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CHAPTER II

THEORY

The Variational Synthesis Method

The use of the wvariational calculus as a tool for obtaining ap-
proximations in reactor theory is generally attributed to Selengut,’
although specific applications to the criticality problem by Pryce and
by Fuchs were reported as early as 1943.3' It was the work of Selengut,
however, which systematiéed the application of the variational calculus
to a wide variety of problems in reactor theory. Kaplan®2 first
utilized the indirect, or Kantorovich, method of the variational cal-
culus for approximating multidimensional diffusion-theory solutions
using as base functions solutions of lower dimensionality. This and

various subsequent works>’23224

of Kaplan are largely responsible for
the popularity of the term wveriational synthesis, and, indeed, the
popularity of the method itself.

Qutline of the Variational Synthesis Method

Prior to the develcpment of the variational synthesis method for
the neutron transport problem, it is instructiwve to outline the use of
the method in a brief, but general, example.

Suppose the state of some physical system is governed by the

equation

T(x,y,ﬁ) 'Y(x:yyﬁ) = S(X)Y)ﬁ) (2°l)
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supplemented by appropriate boundary conditions. Here Y is the un-
known state function, T is the linear system operator, and S is the
source or forcing function. If the system operator is not self-adjoint,

then there is an auxiliary or adjoint state description
T*(X)Y’ﬁ) ‘k‘*(x,y,ﬁ) = S*(X;Y:ﬁ) _ (2°2‘)

where ¥* is the unknown adjoint state function, and S* is the adjoint

source. T¥ is the operator adjoint tc the system operator T by the

usual definition

fax [ay [[af ur+v = fax [ay [[af vu (2.3)

for arbitrary functions u and—v. Subsequent discussion will refer to
Equations 2.1 and 2.2 as the forward and adjoint system equaticns
respectively, and to their solutions as the fééwafd and adjoint state
functions.

To utilize the variational synthesis method in obtaining an
approximation to the unknown. state function, ¥, a functional [ ¢,¢*]

must be obtained such that the variational principle
8% = O (2.4)

is a complete alternate description of the physical problem within the
'class of functions, ¢ and ¢*, forming its domain. If the boundary
conditions of Equation 2.1 are essential boundary conditions,'in the
sense of the calculus of variations, then the domain of % includes
only those functions satisfying these conditions. If the boundary

conditions of Equation 2.1 are natural boundary conditions, then the



domain mey include functions not satisfying those conditions, although
it 1s often advantageous to consider only those which do satisfy them.
The functional chosen here is of the Roussopoulos type,>” which
can be derived by the method of Pomraning>% and Lewins>° or otherwise
obtained as proposed by Becker.’® The Roussopoulos functional has, as

its Euler equations, the forward and adjoint system equations (Equations

2.1 and 2.2), and is expressed as

#¢,6%] = [ax [ay [[ad {d:*[s - T¢] + s*¢} (2.5)

where, for the sake of clarity, the arguments of the functions in the
integrand are omitted, and assumed understood. The details of the
demonstration that the functional is a valid variational character-
ization of the system equations are given in Appendix A.

Having an appropriate functional, an approximation to the state

functions ¥ is obtained by forming the trial function

2

¢ (x,y,8) = g}l ¢, (v,8) £ (x) (2.6)

A similar trial function for the adjoint must also be formed as

¢ (x,7,8) = é}_l 8x(v,8) £ (x) (2.7)

Here fk(x) and fg(x) are known forward and adjoint base functions which
are considered capable of describing the x variations of the state
functions Y and ¥* respectively. The ¢k(y,§) and ¢§(y,§) are the un-

known forward and adjoint mixing functions. To obtain the spproximate
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solutions, the trial functions ¢ and ¢* are inserted into the functional
and the integration over the base function variable, x, performed.
Resulting from the procedure is a reduced functional ¥ depending on the

mixing functions ¢, end ¢§:

- 2
#9435 = ?:—.1 [ay [f 4B {qﬁj [sj - 1;:1 Tjkd)k:) + s;quj} (2.8)

where the following definitions have been employed:

5, v,8) = [ax £4(x) 5(x,3,0) (2.9)
T, (7,8) = fax £3(x) Tx,¥,8) £, (x) (2.10)
Sy, = [ax s*(x,5,8) £,(x) (2.11)

To obtain equations governing the mixing functions ¢k(y,§), the
variational principle is imposed on the reduced functional by requiring
the variational derivative with respect to the adjoint mixing functions,
¢§(y,§), to vanish. If the reduced functicnal is to be stationary,
then the variational derivative with respect to the ¢k(y,§) must also
vanish, and a set of equations determining the ¢§(y,§) will result.

Thus, imposing the condition

8F 4% = 0 , i=1,2 (2.12)
J

yields the Euler equations determining the ék as



1k

S—-fT(b:O, j=1,2 (2.13)
J ooy Kk
and requiring that
5% =0, k=1, 2 (2.14)
k

yields the Euler equations determining the ¢§ as

2
s - Z 1, 2 (2.15)
J:

™ ¢* =0, k
1 kg3

These equations mey be written compactly using matrix notation

as

T(yyﬁ) d’(y':d) S(y}ﬁ) (2.16)

and

™(y,0) ¢*(y,8) = s*(y,8) (2.17)

where the elements of the matrix operator T are the reduced operators

Jk

2.9 and 2.11. The unknowns are thus column vectors whose elements are

T., and those of the source vectors are Sj and Sﬁ as given in Equations

the mixing functions ¢k and ¢§. The approximate solution ¢(x,y,0) is
then obtained by solving the matrix Equation 2.16 for the mixing coef-
ficients and combining these with the base functions by use of the
trial function expression of Equation 2.6. If an approximation for the
adjoint state function is also desired, it is obtained in a similar

manner by solving Equation 2.17.
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In this example, the variational synthesis mgtﬁod has provided
a means of removing the independent variable x from the system
equations by the incorporation of some a priori knowledge of the de-
pendence of the true solution on x. This a priorl knowledge is, of
course, contained in the base functions fk(x) and fg(x), and the
reduced Equation 2.16, is & set of two coupled equations containing
only the independent variables y and Q. In the more general case
where the trial functions of Equations 2.6 and 2.7 contain K base
functions, the resultant approximate equations for the forward and ad-
Joint mixing functions will each form a set of K coupled equations.
Note that the solution for the adjoint mixing functions is not required
in approximating the state function ¥, but that adjoint base functions
fg(x) must be utilized.

Selection of Base Functions

The accuracy of the approximate solution ¢; obtained by the
variational synthesis method, is strongly dependent on the choice of
base functions fk(x). if the choice of base functions is such that
the true solution can be expressed exactly as some combination of the
base functions, as in Equation 2.6, then the resultant synthesized
solution will be exact. If, however, the base functions bear little
resemblance to the dependence of the true solution on the independent
variables they are chosen to represent, then the synthesized solution
can be highly inaccurate. If an approximation to the forward solution
is of primary interest, the choice of adjoint base functions is less
critical since they enter into the approximation of ¥ as weight func-

tions. Similarly, if an approximate adjoint solution is of primary
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interest, the choice of adjoint base functions must be well made, and
choice of forward base functions is less critical.

Experience in applying the synthesis method to the diffusion-

theory problem has shown that if, within the set of base functions
being utilized, there is contained one or more which are representative
of the true x variation for each portion of the independeﬁt variables
which are not removed, then an adeauate approximate solution can be
obtained. The difficulty in obtaining the synthesis solution, however,
increases roughly as the square of the number of base functions in-
cluded. If the number of base functions necessary to obtain an adequate
approximation is very large, then the cost of obtaining the synthesis
solution will approach the cost of the direct solution.

This sitvation, as well as the situation encountered in some
problems when the choice of which base functions to use is not clearly
defined, has prompted a generalization of the variational synthesis
method to sllow the use of discontinuous trial functions.

Discontinuous Trial Functiions

If the synthesis method is to provide a fast, as well as accu-

rate approximation, it is important not only to include base functions

but also to exclude any which fail to do so. To this end, it is ad-
vantageous to modify the method so as to allow certein of the base
functions to be used only over the portions of the remaining variables
where they are most representative of the true solution. The dif-
ficulty of obtaining the approximation can thereby be reduced, &t the
expense of introducing discontinuities in the approximate solution at

points where the base functions are switched.
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This modification mey be accomplished by including the boundary
and continuity conditions of the system in the functional by use of
Lagrange multipliers as advocated by Buslik®’ and by Pomraning.>%* By
using the method of Lagrange multipliers, the modified functional has
as its Euler equations, the system equations and their associated
boundary and continuity conditions. Details of the modification of the
Roussopoulos functional to allow the extension of the domain are éiven
in Appendix A.

If the nature of the problem to be solved by the synthesis
method is such that & clear choice of base functions is indicated, then
the straightforward application of the method generally yields accurate
results. In obtaining approximate multidimensional solutions using base
functions generated in auxiliary lower dimensional calculations, the
choice of which lower dimensional calculation to perform is often not
clearly defined. It is also true that a large fraction of the total
cost in obtaining the synthesis solution mey be due to the expense of
obtaining base functions. In such situations it is advantageous to
utilize the variational synthesis method in such a way that each base
function is utilized in the best possible manner. The concept of a
"multichannel" synthesis, first introduced by Wachspress? and later
refined by Wachspress and Becker,:"8 has been proposed for use in appli-
cations of the synthesis method to diffusion theory to avoid this type
bf problem. Using the multichannel idea, the variable removed by the
base functions is segmented into "channels" and the synthesis method is
allowed to mix the base functions differently within each segment so as

to obtain a more accurate approximate solution. Using this idea in



the previous example would require the trial function of Equation 2.6

to be written, for the case of N channels, as

N 2
6(x,¥,0) = r};:l A, Ei.l ¢, 7,D) £, (x) (2.18)

with a sindlar modification for the adjoint trial function. In this
expression the function Ah is a step function which is unity over the
nth channel and zero elsewhere. The mixing functions now have 2 piece-
wise dependence on the variasble removed, as indicated by the additional
subscript n. Following the same procedure as before, the resultant
metrix equations determining the mixing coefficients, ¢nk(y5ﬁ), will be
identical to Equation 2.16, except that the operator T is now an NK
square matrix and the column vectors ¢(y,() contain NK elements. The
synthesis method without reference to the multichannel idea is, of
course, the special case for which N = 1.

With the introduction of the multichannel concept, the number
of unknown mixing functions to be determined and the difficulty of
obtaining them by solution of Equation 2.16 has been increased. The
sensitivity of the resulting approximate solution on the choice of base
functions and on the number of base functions has been reduced. The
trade-off between the cost of obtaining the base functions and the cost
of solving for the mixing functicns indicates that some optimum com-
bination of the number channels and the number of trial functions
exists, such that the most accurate and least expensive approximate
solution results. The best combination will, of course, be problem
dependent, and depend to a large extent on how clearly the choice of

base functions is indicated for a particular problem.
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The Nature of the;§ypthesized Solution

Having obtained the spproximate solution by the synthesis method,
it is logical to ask in what sense does the approximate solution satisfy
the system equations. This question may be answered by observing that
Equation 2.16, ia the example, could have been obtained by substituting
the trial function ¢ into the system governing equation and requiring
the integral of the residual error to vanish with respect to the weight
functions fg(x). The approximate solution then satisfies the original
equation, at every point along the remaining variables, in a weighted
integral sense over the variables removed. Similarly, if the approxi-
mate adjoint solution were obtained by solving Equation 2.17, the
resulting solution would satisfy the adjoint equation in a weighted
integral sense, the weight functions being the forward base functions
fk(x).

In the multichannel procedure, the resulting epproximate solution
satisfies the system equation in a weighted integral sense over each of
the channels, and can therefure be expected to more closely approximate
the true solution. Indeed, as the number of channels is increased, the
accuracy of the approximation can also be expected to increase.

The weighted residual nature of the synthesis solution suggests
that the same gpproximation could be obtained from an application of
the method of weighted residuals, without reference to the variational
calculus. This is, in fact, the case since the indirect method of the
variational calculus is & special case of the method of weighted
32

residuals. Utilization of the variational principle, however, allows

in addition to the approximate solutions, a determination of the
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stationary value of the functionel to a demonstrably high precision.
Thus, if the functional is chosen such that its exact value is some
integral quantity of interest, then it may be approximated to "second
order accuracy when the trial functions are accurate to "first order”.

This is to say that if

¥ —¢ = 0(€) (2.19)

and
¥* — ¢* = 0(¢€) (2.20)

then the value of the functional can be shown to be accurate to order

62’ i.e.,

Fly,¥¢] — F¢,6*] = 0(e®) (2.21)

Although this fact has been the subject of some dispute in the liter-
ature, 39740 Kaplan*! has recently demonstrated that Equation 2.21 is
indeed correct.

For linear, inhomogeneous equations of the form 2.1, the adjoint
source may be chosen as some reaction rate probability of interest, and

the stationary value of the Roussopoulcs functional is

v, v = [ax [ay [[48 =(x,¥) ¥x,v,0) (2.22)

This quantity msy be approximated by the variational synthesis method
with accuracy to second order. ©Note that this second order accuracy
does not require that the solution for the adjoint mixing functions be

obtained, but does require that the choice of adjoint base functions be
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made such that x variation in the adjoint state function ¥* is ade-
quately represented. In this light, the variational synthesis method
can be considered as a special case of the method of weighted residuals
which specifies the choice of weight functions, i.e., adjoint base
functions, so as to give the best estimate of the quantity chosen as
the stationary value of the functional.

Another great appeal of the variational syrthesis method is the
fact that the variational characterization of the system equations and
their boundary and continuity conditions is a complete alternate de-
scription of the problem. In deriving approximate methods by the
variational method, all assumptions regarding the approximastion are
embodied in the choice of the form of the trial function. Once this
choice is made, the approximate equations, their consistent boundary
and continuity conditions, and consistent definitions of reduced system
constants follow directly and unambiguously from the variational de-
velopment. In obtaining approximations by simple application of the
method of weighted residuals, the choice of consistent boundary and
continuity conditions must be made aside from the development of the -
approximate equations themselves -- a fact which introduces the possi-
bility of significant error. As a result of the completeness of the
variational characterization, one finds in the literature examples where
the redevelopment of classical approximations by the variational method
has removed the ambiguity and arbitrariness in the choice of boundary
and continuity conditions,?®’%42 and has suggested alternate and possibly

superior approaches to the approximation involved.%>
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CHAPTER III

A VARIATIONAL SYNTHESIS APPROXIMATION FOR THE
NEUTRON TRANSPORT PROBLEM

The Boltzmann Tra.n§port Eguation

The equation governing the behavior of the steady-state neutron
distribution in the Space-angle-energy phase space is the very general
Boltzmann transport equation. It mey be derived, assuming that sta-
tistical fluctustions about the average distribution are negligible,
by requiring a part?iléle balance within a differential volume element
‘;;‘f--‘.;,{hase space. Under tixe further assumptions that the presence of
the f;é'ug;'ons does not alter the physical state of the system and that

interactic;h-s._ between neutrons may be neglected, the equation becomes

the linear Boi%z;gann equation and may be written as

§.7UZ,8,E) + £, (F,B) ¥B,0,E) = 8(2,0,E)

« [laie] 3 (0,8 EE) T LE) (3.1)
™ o
where
¥ = the spatial position vector, -
E = the neutron energy,
Q = a unit vector in the direction of neutron motion ’
V = the gradient operator,
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S(?,ﬁ,E) = the source density, cr rate per unit phase space
volume at which neutrons are introduced into the
system,

¥(%,Q,E) = the neutron flux per unit energy and solid angle,

Zt(?}E) = the macroscopic total iniaraction cross section at

position ¥ and energy E,

ZS(?}ﬁ,ﬁ’,E,E'). the macroscopic differential scattering cross section
at position ¥, for scattering events of neutrons in
dE’ and df)’ which result in neutrons in dE and 4Q
per unit energy and solid angle.

Considering a volumetric region, R, enclosed by a convex sur-
face, s, and composed of a finite number, A, of contiguous subregions
QA’ A =1,2,...,A, the boundary and continuity conditions necessary
to complete the specification of the neutron distribution are:

a) Neutrons crossing the external surface are lost to the
system, and

b) The neutron flux is spatially continuous across any internal

interface between contiguous subregions.

These conditions may be expressed as

¥(R,3,E) =0, Q-5<0 (3.2)
and
Y(r%,v(%))Q)E) = \l’(rV(7\),7\,Q’E) (5-5)

with the notational conventions that: -~
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R = points along the exterior surface s,
8 = the outward unit normal to the exterior surface s,
{(v(A)} = the set of indices of subregions contiguous to the Ath sub-
region,
and
;%;V(%) = points along the interior surface between subregions QA and

R ith] .7
y(A) 88 approached from within subregion Q% u(n),) BTe

the same points as approached within subregion QP(A)’

With the further notational convention that

N)?

= e R
GA,V(A) the interior surface between subregion Qk and y(
8% = the outward unit normal to interior surface of &,

)

A that part of the exterior surface, s, belonging to sub-

region Qx,

and

e o
]

the Heaviside step function defined such that

o) - 005 & )

a complete variational characterization of the transport problem may

be expressed as
5F = O (3.5)

where % is the modified Roussopoulos functional:
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A o
Ho,0%] = ) (fffa? R/fdu’s [ aE {ws ~ T] + s*¢}
h=lfRA 1 o)

d da ood.E {H(—E\)-G )(aoo 3 ¢*(; ,6,E) ¢(; ,ﬁ,E)
+ ”;” %f{m i ﬁq fo MR (Y [ A v (M)

_¢(;v(7\),7\’6’E)]}+ Jfas [J i [ "az {n(-a-s(ﬁoé‘)w*(ﬁ,ﬁ,m ¢(§,ﬁ,E))
Sy i o

(3.6)
In this expression, the first integral corresponds to the transport
equation itself, where T(;,ﬁ,E) is the linear transport operator and
the arguments of the functions in the integral are assumed understood.
The second integiral accounts for the continuity of the angular flux
at the interfaces between contiguous subregions and the third term
corresponds to the external vacuum boundary condition. Thus con-
structed, the functional admits as arguments functions ¢ and ¢* which
are piecewise continuous functions of the variables ;;ﬁ and E, and
which do not satisfy the boundary conditions imposed on the true
forward and adjoint angular fluxes Y and ¥Y*¥. As shown in the develop-
ment of this functional in Appendix A, the vanishing of the variational
derivation of ¥ with respect to ¢* yields, as Euler equations deter-
mining the function ¢(r,Q,E), the Boltzmahn Equation 3.1 and the con-
ditions of Equations 3.2 and 3.3. Vanishing of the variational de-
rivative with respect to ¢ then yields the adjoint Boltzmann equation

and its consistent boundary and continuity conditions. Thus, within
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the very general class of piecewise continuous functions of ;,ﬁ end E,
the modified Roussopoulos functional as given by Equation 3.6, has, as
its stationary functions, the continuous solutions to the forward and

adjoint Boltzmann equations.

Th= Energy Approximation

The Multigrogg Ene:l:g_x Ag_proximation

In this approximation the energy variable will be treated in
the standerd multigroup energy method. This approximation, developed
originally from physical arguments, segments the continuous energy
range into energy groups end determines the energy dependence of the
neutron distribution in a groupwise manner. The following redevelop-
ment will serve to illustrate how historical approximations, their
consistent boundary and continuity conditions, and consistent defini-
tions of the approximate system constants may be obtained clearly and
systematically by use of the variational method.

Given an energy spectrum, X(E), which will serve to approximate
the energy dependence of the angular neutron flux density Y(;,ﬁ,E) ’
and an associated adjoint energy spectrum, X*(E), to approximate the
energy dependence of the aajoint flux density Y*(;,ﬁ, E), trial functions

for the spproximate forward and adjoint fluxes are formed as

e
6(7,5,8) = ) 6,(3,8) 5 X(E) (3.7)
g=1



G
ox(¥,0,E) = ), ¢*(¥,0) & X*(E) (3.8)
1 & g
g_
Here G is the total number of energy groups or segments into which the
continuous energy range is divided and Ag is a step function which is
unity within the gth energy segment and zero elsewhere. Denoting by
Eg the upper energy of the gth segment and adopting the standard nota-
tion that group numbers increase with decreasing energy, the functions

Ag may be express=d as

l, E < ELKE
A ={ 7 gt gl (%.9)

g 0, otherwise )

The energy spectra X(E) and X*(E) are the forward and adjoint base
function for this approximation and the unknown mixing functions ¢8
and ¢; will be determined by imposing the variational principle on the
reduced functional.

Inserting the trial functions 3.7 and 3.8 into the functional
of Equation 3.6 and integrating over energy yields the reduced funce

tional

g% A - A - A - A. -> A - A
Fo 921 = gzzlwg ;ﬂ(egf i [[ ab {62,005, G0 - 1,0 ¢, G,0)]

+ S(5,8) ¢.G,0)}

Continued..c...
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do [/ afi {H(Q.5 )(QO' ) ¢ (z- ,0)
+"; ,ff(x) “g { e

< [8,F, 00000 - 6 Fony, ]}

. sffds ﬁl;tfdﬁ {H(_ 0.8)(01.8) ¢%(%,0) ¢g(R,n)}) (3.10)

This is the multigroup functional where

E
W, = J & x*(E) X(E) dE (3.11)
Eg+1
= A 1 E -> A
5,(r,8) = = [ & x*(g) s(z,0,E) 4aE (3.12)
g Eg+l
- A ('E |
s¥(r,0) = ) B sx(r r,0,E) X(E) 4E (3.13)
g E
g+1

and Té(;;ﬁ) is the multigroup-form.of the linear transport cperator.
Imposing the vnv*ﬁ*“"al.prinéiple o the multigroup functional
by requiring it to be stationary with respect to arbitru‘ variations
in the adjoint mixing functions ¢; results in a set of equations which
must be satisfied by the ¢é' Writing the multigroup transport operator

Té(;;a) explicitly these equations become
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v, (7,0) + ztgGv’) 8, (x,0)

- s (7,0) == Z da' (r,0,8) ¢, (7,&) v, (3.14)
g Vg g’'= ag’ g g

¢ (R,8) =0, 8.5<0 (3.15)

d’ (r7\ V(?\)’Q) ¢ (rV(‘}\) )\)Q) (5-16)

The consistent definitions of the multigroup total and scattering cross

sections resulting from the variational development are

- E -
£, (F) == [ & X*(E) £,(7,E) X(E) dE (5.17)

& g Eg+1

and

A A E ’ A A
z, (@) =2 [ Car [ Bam (@) £ (7,0,8,5,5) X&)
&’ 8 Fgr Fgra (3.18)

Recognizing Equation 3.1% as the multigroup form of the trans-
port equation, the mixing functions ¢g(;;ﬁ) can be interpreted physically
as the average angular neutron flux per unit energy over energy group
g. Equations 3.15 and 3.16 are, respectively, the consistent multigroup
boundary condition requiring no incoming neutrons through the external
surface s and the continuity condition requiring spatial continuity of

the multigroup angular fluxes for each energy group.
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Historically the multigroup equations have been written in terms

of the group integrated flux rather than the group average flux. By

renormalizing the energy spectrum functions X*(E) and X(E) such that

E
[ & x*(g) aE

=1 (3.19)
Eg+l
and
E
J B x*(E) X(E) 4B = w_ =1 (5.20)

Eg+ h §

Equation 3.14% takes on the classical multigroup form and the mixing
functions ¢g(;;ﬁ) may be interpreted as the usual multigroup angular
flux.

Requiring the multigroup functional to be stationary with
respect to arbitrary variations in the ¢g yields equations determining
the ¢Z, which are recognized as the multigronp adjoint trensport equa-
tion and consistent boundary and continuity conditions. The mixing
functions ¢;(;;ﬁ) may thus be interpreted as the usual multigroup ad-

Joint angular flux.

Other Energy Approximations. Other approximate treatments of
the continuous energy variable utilized in the reactor field may also
be derived by the varietional method, and could have been chosen for
the method being developed in this work. For the sake of generality,
the trial function choice leading to several of the more common treat-
ments will be discussed.

The overlepping group, or spectral synthesis, method may be

obtained by utilizing a set of energy base functions Xk(E) and X;(E),
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k =1,2,...,K and forming the trial functions

K
$(x,0,E) = gjlesk(?,ﬁ) X (E) (3.21)
and
- N K -, A
¢*(x,0,E) = JZ #1(7,8) X3(E) (3.22)

The usual reduction procedure then yields equations determining the
mixing functions ¢k(;,ﬁ). One notes here that no groupwise energy
segmentation has been utilized, since the step functions A have not
been included in the tricl functions, and as a result the reduced total
cross section Zt will be & full square matrix of order K. The multi-
group total cross section, when written as a square matrix of order G,
is a diagonal matrix as a result of the use of the step functions Ag.
The multigroup energy approximation with regionwise spectrum
averaged constants may be developed by utilizing a forward and adjoint
energy spectrum, XA(E) and )S"‘;(E), for each of the subregions 91]\ The

trial functions are then

A G
$EE) = ) gZ___l«:sgor,n) A, %(E) 8, (5.23)
and
- A ¢ -
¢*(r.§,E) = 7Z\:=1 gZ]:ltbz(r,a) &, X (E) & (3.24)

where A7\ is a step function of position, ;, which is unity the sub-

region 95\ and zero over all other subregions. Equations resulting for
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the mixing functions Qg(;;ﬁ) in this approximation will be the same as
Equations 3.14 through 3.16 if each of the pairs of base functions
XX(E) and X{(E) are normalized according to Equations 3.19 and 3.20.
The multigroup constants appearing in these equations will then be
regionwise dependent in that they were obtained by averaging over
regionwise dependent spectra XA(E) and Xi(E), using the formulas in
Equations 3.17 and 3.18.

The multigroup lethargy epproximation is obtained in a manner
analogous to the multigroup energy approximation by introducing the

change of variasble in the functional

EO
u = ln(f:—) (3.25)

where u is the lethargy variable and Eo is an arbitrarily chosen energy
at which the neutron lethargy is defined to be zero. Choosing the

spectrum functions X(u) and X*(u), the trial functions are written as

¢(;,ﬁ,\1) = %; 'bg(;,a) Ag X(u) (3.26)
g=1
and
- A %'\ - A
¢*(r,Q,u) = /, ¢f’g"(r,n) By X*(u) (3.27)
g=1

The function,aé must now be defined as

1l u su<u
Z+ 1
A .—.% gt g}; g = 1,2,...,8 (3.28)
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where u.g is the upper lethargy boundary of group g. With no normali-
zation of the spectrum functions, the mixing functions ¢g(;,ﬁ) and

¢;(;,ﬁ) may be interpreted as the average angular fluxes per anit leth-

argy over lethergy group g.

The §pgtial sxnthesis AQroximation

The veariational synthesis method will now be applied to the
multigroup transport problem to effectively remove one or more of the
spatial variables from consideration. 1In that the gradient term in
the transport operator is dependent upon the coordinate system chosen,
only the case of rectangular geometry will be considered here. If; for
the case of three-dimensional systems, two-dimensional transport solua-
tions for several related problems may be obtained, then the method to
be developed will specify a manner in which these two-dimensional solu- -
tions may be combined to form an approximeate three-dimensional solution.
Similarly, for the case of two-dimensionel systems, the method will
specify the manner in which solutions to related one-dimensional prob-
lems may be combined to obtain approximate two-dimensional solutions.

This approximation will be developed in detail for the two-
dimensional case, since the geometric and notational complexity is
much less then for the three-dimensional case. The development for
the three¢-dimensional case follows precisely along the same lines,
yielding reduced equations very similar to those of the two-dimensional
case. The equations for the three-dimensional case will be given in

Appendix B.



The Two-Dimensionsl Case

Consider & typical rectangular two-dimensional reactor as shown
in Figure 1. The reactor is assumed to be composed of a number of
rectangular subregions, as indicated, over which the macroscopic
material prcoperties are constant. DPlacement of the rectangular sub-
regions is seen to be such that a natural segmentation of the y-axis
is indicated. These segments along the y-axis are termed "axial zones",
and as seen in the figure, there is no y-variation of the macroscopic
properties within an axial zone. Notice, however, that within an
axial zone the macroscopic properties do vary with x in a piecewise
constant manner.

To construct an approximate two-dimensional solution to the
transport equation by the variational synthesis method, base functions
fk(x) and f; (x), which are representative of the x-variation of the
true forward and adjoint solutions, must be obtaired by solving related
one-dimensional problems. The natural segmentation of the y-axis into
axial zones suggests tha‘t if a2 one-dimensional c¢alculation 2lcng the
x-axis were performed for each axial zone coantidered separately, the
resultant x-variations of the cne-dimensional angular fluxes could be
combined %o give a good approximation to the x-mariation of the true
two-dimensional solution.

Noting that if the number of axial zones, M, is large tae total
number of base functions obtained in this manner may be guite large,
it is advantageous to allow the trial functions to be discontinuous.
In doing so, the base functions from the one-dimensional calculation

of a particular zone may be used in the trial function only at points
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on the y-axis within and near that particular zone. Then, for example,
base functions obtained from one-dimensional calculations of axial
zones near the top of the reactor and which may bear little resemblance
to the true solution near the bottom of the reactor, need not be in-
cluded in the trial function in axial zones near the bottom.

Anticipating more difficult situations where the choice of the
base function is not so clearly defined, the base function axis, x, is
segmented into channels. Such situations might arise, for example,
where base functions from two adjacent axial zones are radically dif-
ferent or where the heights of several adjacent axial zones are so
small that the x-variation of the true solution is not characteristic
only of those zones.

One further observation about the nature of the transport prob-
lem may be effectively incorporated into the choice of the form of the
trial function. This is the observation of the similarity of the x-
variation of the angular flux for all angles with Qi<0, where Q& is
the x-direction cosine, and the similarity of the x-variation for all
angles with Q£>O. There is, however, little similarity between the
x-variations of the angular fluxes belonging to different ranges of
the x-direction cosine. Since the base functions from the one-dimen-
sional calculations also share this characteristic, it is advantageous
to utilize the base functions only over the range of Qx where they are,
in fact, most representative.

With the sbove considerations, the trial functions for this
approximation have been chosen for the forward multigroup angular flux

as
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N K
¢, (x,y,8) = nzzl A, ;:1 H(=,) b (v,8) £3 ) (%)
+ HQ,) 60 (r,8) £y (x) (3.29)
and for the adjoint, as
N K
ACEEUR PN szl H(-0,) 9%2(v,8) £330 (x)
+ H(Q) ¢34, (r,0) £75 0 (x) (3.30)

where g is the energy group index, n is the channel index, and J and
k are the indices for the forward and adjoint base functions respec-
tively. The index m refers to the axial zone and the notation j(m)
and k(m) is used to indicate that the base functions may be different
in different axial zones. In this expression the step functions Ah
and H are as previously defined, and the mixing functions and base
functions now have the superscript + or - to indicate the range of Qx
which they represent.

By the usual procedure, the trial functions of Equations 3.29
and 3.3%30 are substituted into the multigroup functional of Equation
3.10, and the integration over the base function variable, x, performed.
The presence of the step functions H(Qx) and H(—Qx) effectively splits
the angular integral in the functional into two parts and, using matrix

notation, the reduced multigroup functional becomes
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Here the reduced transport operators ‘l“ (y,ﬂ) and T

gnm(y,m ara de

fined, in matrix form, such that
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Aa A o 9 40
o (560 ¢ L(30) = Qngnn an() + QAL S (v,0) + nm gn(y,n)
< a
- gZ v [0y 250 (@8) 67, (,80)
+ Bog) =3, B8 6, 8] 5 ass,- (3.32)

and the reduced constants are matrices whose j,kth elements are def'ined

consistently as

ok o1 gxa o
gnm x g.j(m)(x) k(m)(x) y @ =ty- (3.33)
n
ok 1 %o d_ ey
Fenm = x fei(m) & gk(m)(x) x5 o=+, (3.34)
n
Jk %
Com = Zgg(m) *n) Tete(m) (%a) 5 @ = (3.35)
ajk n+1 ""a ) e
Do’ = fx £ 3 tm)(®) £ k(m')(x) dx ; Q = +,-; m’ = m-l,m+l
n
(3.36)
ajk XN+ *Ot
ztgnm - x ga(m‘ <1) Z (x) f, )( ) dx ; O = +) (3-57)
n
and
X
k _ n+1l *a A A ] _ )
igg o /;( Sd(m)(x) ngg,m(x,n,ﬂ ) fg’k(m)(x) dx 5 B =+,

" (3.38)
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*4.
The unknowms ¢§n and ég; are, of course, column vecic:is wnose elements
o+
are the mixing functions ¢énk and ¢;ij, and the forward and adjoint

sources are column vectors whose elements are

Sl I

T Ty () Splel) ax s a =, (3.39)
n
and
X
Sgm@ = [ S 08) (0 ax s = wie (3:40)
n

Note that the y-dependence in the reduced constants and sources appears
only as an index, m, since over each axial zone these have been assumed
constant. In the above expression for the reduced functional, trans-
position of the adjoint source and mixing function vectors necessary
for proper matrix multiplicetion is assumed understood, as is the fact
that the matrices Dznmm' are the null matrices for m’<0 and m’>M. The

notation y end y

m,m-1 n-1,m is used to indicate the value of Yy 88

approached from within axial zone m and m-l respectively, and the
symbol & is the Kronecker delta.

The equations determining the forward mixing functions d;n(y,ﬁ)
and. ¢;n(y,a) are found in the usual way by requiring the reduced func-
tional to be stationary with respect to arbitrary variations in the
¢;;(y,ﬁ) and ¢;;(y,ﬁ). In order to solve the resulting equations,
however, some angular approximation must be employed. This angular
approximation may be obtained consistently from the variationel method
by choosing an appropriate trial function to approximate the angular

A * ~
dependent mixing functions ¢§n(y,ﬂ) and ¢8:(y,ﬂ).
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The angular epproximation chosen here is the discrete ordinates
app: o>ximation, which segments the continuous angular varisble in a
manner snalogous to the multigroup energy segmentation. To accomplish
this, the unit sphere is divided into D discrete segments and the

anguler step functions, Aﬂ’ are defined such that

1 for {} within segment d
Aﬁ =

}d.= 1,2,...,D (3.41)
0 otherwise

One restriction to be imposed on this segmentaticn is that, within
each octant of the unit sphere, there ﬁust be an integral number of
discrete segments.

The use of the Heaviside step functions H(Q ) and H(-Q ) in the
multigroup trial function of Equation 35.29 has, in the reduced problem,
divided the angular dependence into iwo ranges, Qﬁ<0 and QQ>O. Without
any loss of generality, the angular segments, 4 = 1,2,...,D, in the
discrete ordinates approximation mey be ordered such that the segments,
d = 1,2,...,%, lie in the range Qx<0 and the segments, d = g"' l,...,D,
lie in the range Q£>O. Witk this convention, the trial functions for

the discrete oxdinates approximation to the angular variable may be

written as

D/2
6, (,0)) = él bopa® & (3.42)

b0 (v,0) = Oena(¥) &4 (3.43)

+ 1

|
nlopgo

d
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%(2

¢8;;(y,0) =L, ¢g,nd(y) B4 (3.44)

% . D

bon(v,01) = § bna(¥) &y (3.45)
d=§ + 1

These are matrix equations implying that the same expansion be applied
to each element in the column matrices. The discrete mixing functions
¢gn d and gn q are thus column vectors, each containing X elements to
be denoted as ¢> (y) and ¢* J( y). Note that the superseript + or -
is not required on the discrete mixing functions since the range of QY
for each discrete segment may be inferred from the value of the sub-
script d.

Now, upon substitution of the trial functions into the reduced
fuanctional of Equation 5.31, the angular integration may be performed
to obtain a further reduced functional depending only on the unknown

discrete mixing functions d’gn d(Y) and ¢* (y). The requirement that

gnd
this reduced functional bte stationary with respect to arbitrary vari-

ations in the ¢;nd(Y) then yields the ollowing equations and con-
ditions which must be satisfied by the ¢gnd(y):

¢

Tld gnm dy gnd( ) [Z‘tgmn + “ngnm] nd v) = gnmd

D/2 D Z-+ Wy ()
a4 1Zség'nmdd' WarBgrngr (V) + ), “seg'mmaa’ “ar%grnarV
g_ = =

+ e ] 0 gt ~ S aa @} agra @) 5 g0 (3:460)
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k3

+ +
"a 4 8‘““ dY ¢8ﬂd y) + [z’csnm ¥ “stmn] nd(y) gnmd
+- \ i
24 =1L d’=1l d'_g N
2

. udczm%(l-ﬁm)[‘ﬁgn_ld(y) =g ()] —Smcﬁgnd(y)z; mg0  (3.460)

Derumn.1 ¢gnd( m-l,m) = Agnm 'bgnd(ym,m-l) 3 K#g<0,Mg>0 (5.46¢)
Agnm ¢gnd(ym,m+1) = Dgnmm+1 ¢gnd(ym+l,m) ) d<0’nd (5.h6e)

+

Dgnmm-l ‘bgnd(ym-l,m) - A;m ¢gnd(ym,m-1) 3 Hg0,ng>0 (3.h6e)
A;nm ¢gnd.( m,m+1) = D;nmm-:l. ¢gnd(yml~1,m) > “d.)O nd. <0 (5.46¢)
8 na¥1) = 05 10 (3.46g)
bgnaipey) = 0 3 159 (3.46n)

The discrete angular constants appearing in these equations are

ined consistently as
Wy = &[nf a4 | (3.47)

by = %’E Bfitf QxAddﬁ (3.48)
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and may be interpreted as the number of steradians subtended by dis-
crete segment d and the aversge values of the direction cosines qx
and Qy in segment d, respectively. The discrete angular sources and

scattering cross sections are now given by

a1 N
S ma ;gaf;‘[s:m(n)addn,aﬂ«r,- (3.50)

l
+

*x 1 *Q oo P~
Sgrma = 5 &q S () 8580 5 @ = 4, (3.51)

and

z‘;‘gg,nmd, - ﬁuff"ﬁnf{dﬁ' Adzi‘gg,m(ﬁ,ﬁ') Bys 5 QB = +,e
(3.52)

Equaticns 3.46 completely determine the unknown discrete an-
gular mixing functions, and must be solved to cbtain an approximate
two-dimensional multigroup transport solution by the variational syn-
thesis method. Several observations pertinent tc these equations may
now be made.

The form of Equations 3.46a and 3.46b is seen to bhe similar to
the direct one-dimensional discrete-ordinates equations with an an-
gular dependent buckling term and an added source term due to coupling
between the channels. This similarly suggests that the standard finite-
difference treatment successful in the direct discrete-ordinates solu-

tions would be applicable to the remaining independent variable, y, in
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these eguations. Also, the angular dependence in these equations is
seen to oe represented by two discrete direction cosines, Hq and g
The direct one-dimensional discrete-ordinates equations differ in that
symmetry arguments allow the angular variable to be represented by only
one discrete direction cosine.

The nature of the added source term due to channel coupling has
strong physical sppeal since each channel is coupled to the neighboring
channels in a directional sense; i.e., channel n is coupled to channel
n+l through neutrons with ud<0 and to channel n-1 through neutrons with
ud>0. The same directional sense is evident in the coupling between
axial zones as prescrihed by the continuity conditions 3.46c through
3.46f.

Now examine the consequences of the choice of the trial function
utilizing different base functions in the positive and negative ranges

- + - -
of Qx‘ The matrix constants Agnm and Agnm are each square matrices
* * I %
of order K, as are the matrix constants ggnm’ anm’ qg , and Ztgnm’

and the discrete mixing functions ¢énd(y) are each K by 1 column
vectors. The number of elements associated with each pair of mabtrices

(+ and -) is this 2K2, If all the base functions had been used in the

s C

expansion in both ranges of Q» the matrices Agnm? B onm? D

gnm gnmm’ ?
tgrm would each be square matrices of order 2K conteining 4kKZ

and &
elements, and the mixing functions ¢gnd(y) would be 2K by 1 column
vectors. By utilizing the trial functioris of' Equations 3:29 and 3.30,
the number of matrix elements tc be calculated has been significantly
reduced and the number of unknown mixing functions has been halved.

In that the difficulty of solving for the mixing functions varies



roughly as the square of the number urknowns, the total cost of the
approximate solution has been significantly reduced by this dual range
segmentation of Q&'

In that the weighted scattering cross section serves to ccouple
the two reduced Equations 3.46a and 3.46b, no reduction in its size
has been accompiished by the half range segmentation of qx. The size
of the matrix may be reduced by representing the anisotropic scattering
as the first few terms in a lLegendre series expansion, as is standard
practice in direct calculations. In this manner the double angular
subscript 4,d’ may be replaced by a single index £, denoting the /4th
term in the Legendre series. In many cases the inclusion of only two
terms in the series is adequate, and the transport approximation may
be used requiring only the scattering matrix Ezg’gnm’ with the total
cross section being replaced by the transport cross section. It should
be mentioned at this point that if the discrete angular spproximation
had been made prior to the spatial synthesis approximation in this
develcpment, the double angular subscripts 4 and &’ could not be removed

in this manner.

The Three-Dimensional Case

To utilize the method to obtain aspproximate three-dimensional
solutions, related two-dimensional problems would be solved to obtain
multigroup base functions of two spatial variables,'fék(x,y) and
fzj(x,y), and the variational synthesis method used to obtain reduced
equations for the mixing functions dependent on the remaining variables

z and ﬁ. The three-dimensional reactor will be assumed to be composed

of rectangulmr subregions, placed so as to indicate & natural coarse
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mesh segmentation of the z axis into axial zones over which no z vari-
ation in macroscopic properties occurs. As in the twoe-dimensional
case, this axial zone segmentation of the remaining spatial variable,
z, will yield the obvious suggestion as to which related two-dimen-
sional problems should be solved to obtain the base functions.

The szegmentation of the base function axes, x and y, is accom=
plished by defining segments n = 1,2,...,N along the x-axis and
m=1,2,...,M along the y-axis. The term channel will then be applied
to each portion of the x-y plane possessing unique subscripts n, m, as
formed by the x and y segmentation. A segmentation of' the angular
range, analogous to the half.range segmentation of Qx in the two-dimen-
sional problem, is the division into four ranges defined by the com-
binations of positive and negative ranges of Qx and Qy.

The trial function for the approximate three-dimensional solu-

tion is thus formed, for each energy groups, &as

N M K
A I ~ I
b (x,5,2,8) = ;__l A mz_-fm kZ=l H(0,) H(Q,) b2 (2,0) £ (6¥)

”

+ H(-0,) HQ,) b (2,8) 500 (67)

+ H(Q,) BQ)) S (2,8) £ ) (,3)
+ 1) B 60 (2,8) £ 4 (x,y) (3.53)

The same form for the adjoint trial function is used, in terms of the
adjoint base functions. The superscripts I, II, III and IV are used

here to denote the following ranges of Qx and Qy’ respectively,
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I: Q£>O, G%?O

IT: 00, Q>0

III: Qi<0, ﬁ&{O
Iv: Q£>O, Q%§O

and serve to replace the superscripts + and - used in the two-dimen-
sional case. These superscripts then denote the ranges of the vari-
ables C& and Qy in which the base functions are to be used.

Now, by the same two step reduction procedure used previously,
the base functiqn variables are removed and the angular dependence of
the mixing functions treated by the—-discrete-ordinates approximation.
This procedure then results in equations determining the discrete an-
gular mixing functions, ¢gnmd(z)’ and their consistent boundary and
continuity conditions. By ordering the angular segments, d = 1,2,...,D,
such that the first g-lie in the angular region I, and the next three
sequences of g-segments lie in the regions II, III, and IV, as given
above, the equations and conditions determining the discrete angular
mixing functions are formally similar to those for the two-dimensional
case. These equations and the corresponding definitions of the reduced

constants will be given in Appendix B.

Method of Solution

The application of a straightforward central differencing
technique to the remaining spatial variable in Equations 3.46a and
3.46b, or to the corresponding equations for the three-dimensional
case, allows the determination of the discrete angular mixing function

along that variable. The method of soiution to be presented here is



applicable to both cases, but will be developed particularly using the
notation for the two-dimensional problen.

To obtain the finite-difference form, define a spatial mesh
along the y-axis with increments, I = 1,2,...,IMAX, such that over
each axiel zone, m, the widths of the increments are constent and given
by hm' Denoting by ¢gndI the vealue of the discrete angular mixing

as the value at the

functions at the center of increment I, and ¢gndi

lower edge of increment I, the derivative over increment I in Equations

3.46a and 3.46b may be represented as

¢ =D
da ~  gndi+l gndi
S g (V) i (3.54)

for each increment in axial zone m. Further, the assumption of a

linear variation over each mesh increment allows the centered values

¢

gndT to be expressed in terms of the edge values as

O g =50 ot b o) (3.55)

g g gndi+1

Inserting fhese expressions into Equétions 3.46a and 3.46b then yields
the finite difference form ameneble to computer solution. For the
most efficient solution it is advantageous to adopt the convention
that the discrete angular segmentation be symmetric with respect to
180 degree rotation, then each quadrant of the unit sphere contains g
discrete segments and fof every segment with discrete cosine N4, thera
is also a segment with tne cosiné._nd. Without loss of generality,
the discrete elements are further ordered such that for the discrete

segment, 4, having cosines Hgo> Ngo (nd>o), the discrete segment 4’/ with
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cosines Hyr = “d and nd, = =Ny is the segment 4’ =4 + gu With this

convention, one solves the finite difference equations for ¢gndi+1 in

terms of ¢gndi for discrete angles with n,>0 and for ¢gnd' in terms of

i
¢gndi+1 for angles with nd<o. The I mesh is then swept by chemnel from
n=1%on =N for discrete angles with pd?O and fromn = Nton=1

for discrete angles with ud<o for each energy group. The equations to
be solved for each group at each point on the mesh, and the order of

thelr solution, thus become

_ (1" 1| a" R - 1.C” 1-5 ]
Sgnair: = Tgrma) [Sgnd.I L D $gnai ~ Ha%gn+ mPen+2a1 (1 Pny )
grmd -+ )I
D .
d. = 1,2,00-,E; n = l,2,oa-,N; 1 = l,2,ooc,IMA.X (3.56&)
+ -1 [ + +
¢gndi+1 - (Ignmd) [SgndI - L D ¢gndi * udcgnm.(bgn-ldI(l_anl)]
gnmd. + E
a=2+1,...,2% n=NN1,...,1; i =1,2,...,IMAX  (3.56b)
_—2 ,ooc,r, X - ] -,onu, ,l—— ) PN .5
- -1 - - -
d’gndi - <Lgnmd) [SgndI B Lgnmd _ 1]% ¢gndi+1 - “dcgn+ m¢gn+ 1dI(l_6nl\T)]
de=4 D, 1,2 - 1 6¢)
= E"“‘ ,ao.,é‘, n = ’ ,A...’N, 1 = IMAX,IMAX" ,loa’l (5.5 C
+ -1 [ + +
¢gndi B (Lgnmd) [SsndI - Lgnmd. _ ’1% ¢gndi+1 * “dcgnm¢gn-1d1(l"5n1)]

4 =2+ 1,000,050 = N,N-1,000,1; 1 = TMAX,IMAX-1,...,1  (3.56d)

+
In these equations SéndI represents the total source including scatter-

o+
ing and the matrices Ig are defined as

nmd
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+ + + +
B

K N4 A Z, b4 C
L+ _ _dgmm + d_gnm + tgnm + d gnm (3.57)
gnmd 2 b 2 2
_ Hngnm.+ nd.Agnm + Ztgnm __“d9§p+xm (3.58)
gnmd. 2 B o 2 )

Note that the discrete segments are now ordered such that for angular

segments d, with nd>0,

a

I"gnm =L 5 D 3y @ = *+,~ (5-59)
gnma + E—
and for segments d with nd<0,
ol a
Lomg = U LD ; O =4, - (3.60)
gruma. - g

so that only D/2 matrices for each group, channel and axial zone need
be calculated and stored to obtain the approximate solution.

The Iteration Procedure

Since the right hand sides of Equations 3.56a through 3.564
depend on the unknowns égndi through the scattering source term, some
iteration procedure must be employed to effect the solution. The
source term in these equations may be considered to be composed of
three distincet parts: the contributior from the fixed source, the
contribution from the scattering of neutrons into group g from all
other groups g’, and the contribution from the scattering of neutrons
within group g. Over most of the energy range of interest in neutron
transport problems, neutrons undergoing scattering collisions are

degraded in energy. Thus, if the solution is begun with the highest
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energy group and then obtained for each energy group, g, by proceeding
downward in energy, the contribution to the source from scattering in
higher energy groups is completely determined. Then the complete

solution for a partvicular energy group, g, may be represented formally

as

= 5 - s k ) *
¢, = £, (5, + . 8 ) (3.61)

a

ﬁhere $é is the total sclution for the discrete angular mixing func-
tions in energy group g. ié is the inverse of the finite difference
form of the complete reduced transport operator, which operates on the
total source to group g and yields the solution for aé. §é is the
fixed source to group g plus the contribution from scattering in other
groups g’. g;g is the within-group scattering operator which operates
on the discrete angular mixing funections aé to yield the third con-
tribution to the total source to group g.

As the scolution proceeds through the energy groups from upper
to lower energies, an iterative technique must be applied at each
eaergy group to obtain its solution. These groupwise iterations are
termed "inner iterations"; and the most straightforward technique to
employ is the standard Gaussian or power iteration method.4* This
procedure is begun by assuming a first guess to the solution, az, which
leads to the first iterate solution |

l _ ~ ~y -
=2 (B + I %) (3.62)

The first iterate solution them becomes the next guess and the procedure

repeated



:2 _ ~o [ad l !
2 =2 (5 + 5 o) (5.638)
— I -~ -1 =
52 = ;ﬁg(Sg + ng $§ ) (3.6%b)

Defining the absolute error vector after t iterations as

ot
& - § - ?p’; (3.64)

where $é is the sclution to Equation 3.6l and $t is given by Equation

3.63b, it follows by direct substitution that

&° (3.65)

The inner iteration procedure for each energy group should then con-
tinue through as many iterations as are required to reduce the abso-
lute error for that group, 6;, to an acceptably small level. The
absolute error @2 cannot be calculated during the iterative procedure,
however, since it depends on the unknown solution $é and a relative
error vector for each inner iteration must be used. The elements of
this relative érror vector may be defined in terms of the iterate

solutions t and t-1l as

b gt
& - | -1 | (3.66)
.¢g

where each element of the error vector is given by this equation in

terms of the corresponding elements of the iterate solution vectors.



An indication that the iterative process is convergent is that

t-1

t
€’ < € .6
g 2 (3.67)
and a useful measure by which to terminate the procedure is
t
max(€’) < vy (3.68)

g

where max(ez) is the maximum relative error in the elements of the
solution vector, and 7 is the chosen acceptable error, usually 10~>
or less.%%

Other inner iteration methods could also be employed, &s are
discussed by Mynatt%% in similar context, and seversl techniques may
be applied to accelerate the convergence of the iterative process. One
useful and straightforward technique by which to accelerate the con-
vergence of the Gaussian iteration procedure is the method of over-
relazation. This procedure seeks to drive the iterative solution
toward the converged solution by enhancing the calculated relative
change between successive iterations. It may be applied to the iter-
ative solution vector, 3;, itself, or alternatively it may be applied
to the iterative values of the within-group scattering source. Thus,
if the value of the within-group scattering contribution to the total
source after iteration t-1 is given by

5

S5¢ g

then the value after the next iteration, denoted now by,
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& oy

5 '8

is, for a convergent process, closer to the true value of that con-

tribution. Then the change in value

~ * ~ -
(g 8" -5, &

g

represents a step in the right direction (i.e.; toward the converged
value), and the effectiveness of this step may be enhanced by driving

the value in this direction using the relation

S I SR [ DL 3| (3.69

5S¢ g %€ 8 g

Here B is the overrelaxation, or driving, factor and the driven value

of the within-group scattering source,

SN

S5g &

replaces the starred value as the value aftter iteration t.

The optimum value of the overrelaxation factor, B, is dependent
upon the nature of the combined operator, ‘fggsg , but can bte. determined
only for certain simplified cases. In practice, experience has shown

that values in the range
1.0 <B < 1.6 (3.70)

mey be used effectively. For the value of

B = 1.0 (3.71)



it will be noted from Equetion 3.69, that the change is not driven at

all, and

(3.72)

?
P
it
[
3
Tk

z
5g

During the first few iterations of the process, large changes
in the values of the within-group scattering contributions usually
occur, and care must be taken that the values not be driven too far by
the overrelaxation process. To avold such complicaticns due to large
changes in first few iterations, the overrelaxation process is con-
strained, as advocated by Vondy,*® by limiting the driven values to
the range

05, B <5, B <[E, ¥ 5 8 (3.73)

If all scattering events result in a degradation of neutron
energy, as is the case with fast reactors, then the solution may be
obtained from a single pass through all the groups, solving by inner
iteration for each group vector, 3&, as described above. For thermal
reactor problems, however, where neutrons may gain energy from a
scabtering event, the solution for some group g may depend on the
solution for some lower energy group, g’, which is not yet determinéd
when the group g solution is found. In such cases it is necessary to
perform "outer iterations”, by passing through all the energy groups
repeatedly until the relative error between passes has been reduced to
an acceptable level. The solution guess to be utilized at the begin-

ning of each pass through the groups is, of course, the solution from

the previous outer iteration.
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Summery of the Approximation Procedure

The procedure to be utilized in obtaining spproximate two-
dimensional solutions to the neutron transport equation by the vari-
ational synthesis approximation developed in this chapter may be
summarized into the following steps:

1. Examine the geometry of the reactor to be calculated, and
in particular, observe the natural segmentation of the spatial variable
which is not removed.

2. Perform calculations with computer codes utilizing the
direct solution methods for cne-dimensional problems related to the
problem at hand.

5. Using the solutions to the lower dimensionel problems as
the base functions, calculate the synthesis matrix constants as given
by Equations 3.33 through 3.38 and 3.50 through 3.52, and utilize these
to caiculate the finite-difference matrix L as given by Equaﬁions 3,57
and 3.58.

| L. Solve Equations 3.56a through 3.56d for the discrete sngular
mixing coefficients.

5. Using the discrete angular mixing coefficients, determine
the approximate solution by recombination with the base functions
using the trial function expression. The approximate multigroup an-
gular flux for all angles within discrete segment d, obtained by com-
bination of the spatial and ahgular trial functions of Eguations 3.29,

3.42 and 3.43, is then



N K
A D
¢gd’.(x’y’ﬂ) = Ilz=l An I{Z—l gndk(y) f k(x, ’ = 1,2,000,5 (30,-(1"8,)
K
) (X)Y)a) = JAY Z ¢ (Y) f+ (x) 5 4 = 2"‘ l,...,D (5-7ll'b)
gd n=1 B k=1 gndk gk 2

The approximate multigroup scalar flux, which is of primary interest in

reactor problems, is then determined from

N D
¢g(x,Y) = ré_—]_ A [% gndk gk X) Wd + ]; gndk(Y) (X) wail

+

n

(3.75)

For approxirate three-dimensional solutions, the steps are
analogous, with the base functions being generated from related two-
dimensional problems, and the weighted synthesis constants being calcu-

lated from the formulas in Appendix B.
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CHAPTER IV
COMPUTER CODES USED

In order to demonstrate that the variational synthesis method
developed in Chapter III is a valid and useful technique for obtaining
approximate solutions to the transport equation, an experimental com-
puter code has been written to obtain the solutions for the two-
dimensional case. The two-dimensional case has been chosen to test
the method primarily because direct two-dimensional solutions may be
obtained to provide comparisons by which to check the accuracy of the
synthesized solution. The similarities between the reduced equations
for the two-dimensional case and the three-dimensional case are suf-
ficient to suggest that if the two-dimensional application is successful,
the three-dimensional application should likewise be successful.

In that the method, as developed, seeks to remove a spatial
variable by & synthesis trial function chosen for each energy group, the
adequacy of the spatial nature of the approximation has been investi-
gated by considering only a single energy group. The primary question
arising in the extension from one to many energy groups is in regard to
the coupling between groups through the scattering source term, which
requires that the scattering cross section be weighted over the forward
and adjoint base functions from different energy groups. The same type
cross-weighting, ovér forward and adjoint base functions from the two

different half-ranges of Qx, must be utilized in the scattering source

term for the one-group problem, however, and a demonstration of its
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applicability will be sufficient to infer the applicability of <he

groupwise cross-weighting necessary in the multigroup problem.

The TS2 Experimental Computer Code

The experimental computer code developed for the demonstration
of the spplicability of the transport synthesis method is the TS2 code,
which is written in IBM Fortran IV, H level for the IBM 360 models 75
and 91 and requires, for the type of sample problems investigated in
the work, storage capacity of 256K four-byte words. The large number
of matrix manipulations required in the solution for the mixing function
has necessitated the use of double-precision arithmetic which allows a
numerical accuracy of approximately fourteen significant figures. The
normal six digit accuracy of single-precision arithmetic in the IBM 360
series can be the cause of significant machine round-off errors, par-
ticularly in the operation of matrix inversion. Auxiliary equipment
required by the TS2 code consists only of a card reader, printer, and
one disk used for temporary storage in passing input information between
the first and subsequent cases of & single run.

The TS2 code accepts, as punched card input, the normal geometric
and cross-sectional description of the reactor to be calculated, plus
the base functions to be used in the synilhesis approximations. The code
utilizes the input information to calculate the matrix synthesis conr
stants and the finite difference form of the reduced matrix transport
operator. After inversion aad storasge of the reduced matrix transport
operator, the code solves for the discrete angular mixing functions, by
the iteration procedure described in Chapter III, and combines these

with the base functions to obtain the approximate scalar flux by use of
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Equation 3.75. Only inner iterations, as described in Chapter III, are
reguired, since the code considers a single energy group. Using the
approximate scalar fluxes, the code then calculates neutron reaction
rates for each material in the reactor in a form comparable to those
cbteined from codes used to determine the direct solution. The approxi-
mete angular fluxes as given by Equations 3.74a and 3.74b may be wb-
tained by input option.

The equations for the synthesis approximetion have been devel-
oped assuming the existence of an inhomogeneous source term, S(?}ﬁ,E),
in the transport equation. If the source term in the transport equation
is homogeneous, that is, dependent on the flux Y as in the presence of
fissioning material, then & non-trivial solution can be found only if
there exists an adjustable parameter, or eigenvalue, for the problenm.
Since in many reactor applications, the source of neutrons is due to
fission reactions, the TS2 code has been programmed to solve the eigen-
value problem for the special case where the ratio of scattering to
fission cross section is constant over the reactor being considered.
In this special case, the combined scattering and fission source term

in the monoenergetic transport equation may be written as

Source = = afn Jadiz @) + vz ()] ¥(E,0) (4.1)

where v is the number of neutrons produced per fission, 1l/c is the
eigenvalue and the scattering is assumed isotropic. The reduced
synthesis equations to be solved are then identical to Equations 3.46a

and. 3.46b, with the source at mesh increment, I, now given by
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and the matrix constants now having elements given by

(z, + vE oD fx s £ () R E (1) + 12 (0] £y (x) ax
n .

QAP =+, = (h.ﬁ)

The iteration procedure used is the same as for the fixed source calcu-
lation, beginning with a first guess for the solution and the eigen-
value, and refining the eigenvalue estimation at the end of each

iteration, t, by the relation

N IMAX

G S;I)t-l
}_)t - (l)'b-l n=1 I=1 (,-I-.)-l-)
c c N  IMAX
+ a= t
My IZ-—.l (SnI + "’.nI)

Havirr:, solved by iteration for the discrete angular mixing functions
and the eigenvalue, 1/c, the approximate scalar flux, ¢(x,y), is then
calculated and used by the TS2 code to determine the usual eigenvalue,

the effective multiplication factor ke through the relation

£
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Consideration of the eigenvalue problem only for the special
case with constant ratio of scattering to fission cross section wes
prompted by ‘the usefulness of the fixed source iteration procedure in
that . case, end does not imply a limitation on the applicability of the
variational synthesis method. Treatment of the general eigenvalue
problem for neutron production through fission reactions would require
a more corpplicated iteration procedure, necessitating considerable

programming modifications to the TS2 code.

Computer Codes Used for Obtainigg_Direct Solutions

Several computer codes, other than the experimental TS2 synthesis
code, have been used in this investigation. These codes, to be referred
to by name in subsequent discussion, were used to obtain direct solu-
tions to the problems considered for comparison purposes and to obtain
base functions for use in the synthesis approximation. Their names,
descriptions, and use in this investigation are as given below.

ANISN*® -~ A transport-theory code which solves the one-dimen-
sional Boltzmann equation in the direct multigroup discrete-ordinates
approximation. Its use was to obtain solutions to related one-dimen-
sional problems and produce angular fluxes to be used as the base
functions, fki(x), in the synthesis approximation. Since, for the one-

energy-group problem, the forward and adjcint solutions of the Boltzmann



equation sre related by
¥(x,0) = ¥ (x,~) (4.6)

a single ANISN calculation produces bhoth the forward and adjoint base
functions from an exial zone. For the purpose of this investigation,
ANISN was modified slightly to output the angular fluxes in punched

card form acceptable to the TS2 synthesis code.

DOT*7 -~ A transport-theory code which solves the two-dimen-
sional Boltzmann equation in the direct, multigroup discrete ordinates
approximetion. Its use was to obtain direct solutions to the problems
considered and alliow a determination of the accuracy of the approximaﬁe
synthesis solution by comparison. Observation of the computer times
required to obtain the direct and synthesized solutions also gave a
comparative value of the cost of the synthesis calculation and an indi-
cation of the feasibility of using the synthesis method as a means of
reducing the cost of routine design calculations. All computing times
observed are directly campé}able to the synthesis computing time for
fixed source calculations since the same iteration procedure is used.
In solving the general eigenvalue problem, however, DOT normally uses
an inner and outer iteration procedure (even for the one-group case).
For the purposes here, all DOT eigenvalue celculations were obtained
first by the normal iteration procedure to determine the solution and

the eigenvalue, k for comparative purposes and then redone, con-

eff’
sidering scattering and fissions as a single source and calculating the
eigenvalue 1/c. In the second of these calculations, the inner-outer

iteration procedure is not required and the resultant computing time



is directly comparable to the synthesis computing time. Both iteration
procedures result, of course, in the same solution, except for a
normalization factor which is automatically determined.

EXTERMINATOR*® -~ A code which solves the two-dimensional
Boltzmann equaticns in the multigroup, diffusion-theory aepproximetion.
In that the diffusion-theory approximation is the most widely used
method for obtaining approximete neutron distributions, diffusion solu-
tions to the problems considered have been obtained for comparison with
the direct and synthesized transport solutions. EXTERMINATOR is an
order code which, by present standards, is slow and inefficient and
its computing times are longer than to be expected from more modern
diffusion codes. It has been used to obtain comparative solutions in
the diffusion approximation for the fixed source problems considered.

CITATION%*® .- A code which solves the multidimensional Boltzmann
equation in the multigroup, diffusion~theory epproximetion. It is a
modern and efficient code which has been used to obtain comparative
diffusion~theory solutions for the eigenvalue problems considered. Com-
puting times required for the CITATION solutions provide & valid com-
parison between the cost of the direct transport solution from the code
DOT, the cost of the synthesis solution and the cost of the most ef-
ficient diffusion-theory solution. No provision is currently available
in CITATION for obtaining diffusion-theory solutions to fixed source
problems.

Each of these computer codes was modified, for the purpose of
this investigation, so that the computing time in seconds was output

for each calculation.
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In the determination of the accuracy of the approximete synthe-
sized solution by comparison to the direct transport and diffusion
solutions, care has been teken to assure that the spatial finite dif-
ference mesh used to obtain each solution was consistent with that used
for all others. This requires, in the synthesis calculation, that the
mesh chosen along the y-axis for the determinstion of the mixing func-
tions be identical to mesh along the y-axis in the direct transport
and diffusion calculations. It also requires that the mesh chosen
along the x-axis for the calculation of the base functions with the
code ANISN be identical to the mesh along the x-axis of the direct
transport and diffusion calculations.

The discrete angular segmentation utilized in the synthesis
solutions and the direct discrete ordinates solufions has been made con-
sistent by employing the same discrete weights and cosines, w

d
, in the comparison cases for like problems. This segmentation has

J p'd and

g

been chosen to be symmetric in all calculations by requiring the

weights, LA

the angular segmentation, Sn’ will therefore be used to describe the

, of all segments to be equal. The standard notation for

order of the angular segmentation in the synthesis calculations as well
as the direct discrete ordinates calculation. In this notation the
subscript n of Sn implies that the number of discrete segments per
octant of the unit sphere is given by g(n + 2). For two-dimensional
problems, the angular flux solution must be symmetric about the plane

being considered, hence only four octants need be considered and the



subscript n implies that the total number of discrete angular segments

required is
D= g(n + 2) _ (L.7)

In referring to the angular segmentetion used in the code ANISN
for the generation of the base functions, the standard Sn notation
implies, by the symmetry of the one-dimensional problem, that there are
g-segments in each of the half ranges of Qx, and a combined total of n
segments.

In subsequent discussion, all the base functions obtained from
a single ANISN calculation will be referred to as a set of base func-
tions. Thus, for example, a set of base functions from an S, ANISN
calculation will consist of four functions, the angular flux solutions
for the four discrete segments, and will be used in the synthesis
calculation as two fﬂ(x) and two f;(x).

There is no required correlation between the Sn order of the
ANISN calculation producing the base functions, and the Sn order used
in the subsequent synthesis solution for the mixing functions. The
natural choice, however, of consistent angulsr order between the ANISN
and synthesis calculations has been used in this investigation with
only one exception. It was felt that this choice will probably produce
the most accurate approximate solution when the n discrete cosines in
the ANISN celculation are the same as the discrete x-direction cosines
in the synthesis calculation.

In the comparison diffusion-theory calculations, surfaces with

vacuum boundary conditions are treated by requiring the extrapolated



scalar flux to vanish at a distance 0.71 ktr from the edge of the
surface. This is the normal boundary condition imposed on the solu-
tion in the diffusion approximetion, and is consistent with the trans-
port boundary condition at a free surface of infinite extent. No
modifications to the standard diffusion~theory epproximation have been
employed in these comparison cases.

A meaningful computing time comparison between the various
calculations for a given problem may be made only if the iterstive
process in each calculation has reached the same convergence level.
The iterative procedures in the DOT, CITATION and EXTERMINATOR calcu-
lations were all terminated when the maximum relative pointwise error
in the scalar flux had been reduced to 1.0 X 10~%., An equivalent con-
vergeace level in TS2 calculation of the discrete angular mixing func-
tions is obtained by terminating the iterative procedure when the

maximum relative error in the elements of the matrix quantity

D
2 $oarts (4.8)

for any n and I, is reduced to 1.0 X 10™. The ANISN calculations for
the determination of the base functions were converged to a relative
pointwise scalar flux error of 1.0 X 107° to assure that any inaccu-
racies in the synthesized solution were not the result of poorly con-
verged base functions.

Since the synthesis approximation requires, in addition to the
solution for the mixing functions, the solutions to related one~dimen-

sional problems for obtaining vase functions and the calculation of



the matrix synthesis constants, the total computing time for each
synthesis calculation is considered to include the time required to
generate the base functions, the time required to calculate the synthe-
sis constants, and the iteration time required to solve for the mixing
functions. For the direct transport and diffusion solutions, the com-
puting time is considered to be only the time reéuired to converge the
iteration procedure. The time required for input and output operations
is considered incidental, and not included in the computing time for

any of the calculations.
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CHAPTER V

DISCUSSION OF RESULTS

gxpes of Problems Considered

The variational synthesis method has been used to calculate
approximate solutions to the Boltzmann equation for severzal test prob-
lems characteristic of the type encountered in the reactor field for
which the diffusion approximetion is often inadequate. These are small
assemblies with vacuﬁm.boundary conditions representative of fast
critical assemblies often used in experimental reactcr physics studies,
and reflected cell problems representative of periodic lattices in
large reactor cores. The consistent variational synthesis treatment of
reflected boundary conditions, not considered in the development of
Chapter III, is the subject of Appendix C. One further problem, rep-
resentative of the type of probleﬁs encountered in radiation shield-
ing work, was considered in this investigation in connection with the
examination of the adequacy of the discrete segmentation treatment of
the angular variable.

Several approximate synthesis solutions to each of the problems
considered have been obtained with the TS2 code by using different
numbers and choices of base functions, different channel segmentation
of the base function axis, x, and different angular segmentation.

These various solutions were obtained in order to observe the sensi-

tivity of the accuracy and computing time of the synthesis method to



71

the amount and use of the a priori knowledge on which the approximation
is based.

The sensitivity to the choice of adjoint base functions, or
weight functions, is of considerable interest since, for the multigroup
problem, the best choice would require that both forward and adjoint
ANISN calculations be performed. In large scale problems, the cost of
computing the base functions may be a large fraction of the total cost
of the synthesis solution and the adjoint ANISN calculations may be
avoided by using the Galerkin weighting method.®® In this method the
adjoint base functions are chosen to be the same as the forward base
functions. If the accuracy of the solutions from the Galerkin weight-
ing method is close to that of the variational weighting method re-
quiring the adjoint ANISN calculation, the cost of an adequate approxi-
mate solution may be significantly reduced. In the application of the
synthesié method to diffusion-theory calculations, experience has shown
that use of the Galerkin method yields results with accuracy very close
to that of the variational weighting method.

The accuracy of these various synthesis calculations'for each
problem has been determined by comparisons to the results of calcu-
lations with the direct finite-difference Sn code DOT. The comparative
accuracy of the diffusion-theory spproximation has also been determined

by use of the diffusion codes EXTERMINATOR or CITATION.

Test Problem Results

Problem One

The first problem chosen for calculation by the transport synthe-

sis method is the small ten centimeter square assembly with vacuum
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boundary conditions and macroscopic constants as shown in Figure 2.
Diffusion theory is known to be inaccurate for smell systems of this
type, however this problem is simple enough to allow some basic char-
acteristics of the synthesis méthod to be observed. For example, the
true scalar flux is symmetric with respect to a 90-degree rotation,
but the nature of the synthesis trial function expansion tends to
destroy the symmetry. Consequently, an observation of the asymmetry in
the synthesized scalar flux, such as the ratio of the top-center to
left-center edge flux, is an indication of the error inherent to the
method itself. Also, this problem has been extensively used to detect
programming errors in the TS2 code, since the first iteration of the
fixed source synthesis calculaticn can be obtained analytically if
analytic expressions are available for the base functions.

The first series of cases run for this problem were fixed source
calculations utilizing & single set of base functions generated from
an S, ANISN fixed source calculation. The angular quadrature con-
sisted of 12 equal segments, corresponding to an S, quadrature in
standard discrete-ordinates terminology. Cases were run using a single
channel with variational and Galerkin weighting to observe the effects
of differenﬁ weighting functions.

Results of these runs are given in Table 1 and Figure 3. It
will be observed that both the variacional and Galerkin weighting
methods appear to give accurate results for integral quantities. The
results using variational weighting are seen to be slightly superior
in both the integral quantities and the symmetry of the scalar flux.

The pointwise scalar fluxes from both methods are very near those of
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Figure 2. Geometry and Macroscopic Constants for Problem One



Table 1. Results for Fixed Source Problem One with S, and Sg Angular Quadrature

S4 Angular Quadrature

Se¢ Angular Quadrature

Percentage Deviation from DOT Results

Synthesis,  Synthesis, ... ..

Percentage Deviation from DOT Results

Synthesis, Synthesis, Diffusicn

DOT DOT
. Variational Galerkin Variational Galerkin
Results oichting  Weighting 1 DeOTY Results  yoighting  Weighting  10€O%
Absorption Rsate 0.3425 +0.03% ~0.40% -6.55% 0.3431 -0.09% +0.10% =6.73%
Leakage Ratc 0.7075 -0.01% +0.20% +3.08% 0.7069 +0.09% -0.20¢ +3.27%
Symmetry Ratio®*  1.00 +0.10% +1.70% 0.00% 1.00 +0.36% +0.379% 0.00%
Computing Time 9.22 2.02 1.84 1%.58 16.99 3.42 3.4 14 .58

(seconds)

*
Ratio of left edge center to top center scalar flux.
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the direct finite-difference results, and are superior to those calcu-
lated fram diffusion theory. For this case the synthesis method enjoys
a computing time advantage over the direct Sn method, but use of the

code EXTERMINATOR precludes a meaningful computing time comparison for
the diffusion-theory calculation. |

To demonstrate that the method i1s also applicable to higher-
order angulaer approximations, the same cases were run using 24 equal
angular segments, corresponding to an Sg angular approximation in
standard notation. These runs utilized a single channel with one set
of Sg base functions and the same two weighting methods. Integral
results, also shown in Table 1, indicate that the synthesis method is
also useful for higher-order angular quadrature.

To demonstrate the ability of the multichammel synthesis method
to produce accurate results when a poor chpice of base functions is
made, another series of fixed source S; calculations for this problem
has been performed using base functions of the following analytic form:

f;(x) =1 —-e-ZtX/O’7O7l (5.1)
_ -z, (10-x)/0.7071
fi(x) =1-—¢ (5.2)

where the value of Zt is as given in Figure 2. For these cases the
base functions were hand calculated but could have been obtained, for
example, from an Sy ANISN calculation for a ten centimeter purely ab-
sorbing slab with discrete directions at 45 and 135 degrees from the

positive x-axis. The channel structures utilized for this series of

calculations consisted of five, four, three, two, and one segment of
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the x-axis. For each of the runs the channel widths were equal except
for the three channel case where the first and third channels were
.three centimeters wide and the second channel was four centimeters
wide. Integral results for this series of calculetions are shown in
Teble 2. It will be observed that while the single channel results are
relatively poor, the results approach the direct finite difference S,
results with increasing numbers of channels. It is also observed that
the computational cost of the synthesis calculation increases with
increasing channels and at some point the cost of synthesis calculation
willl approach that of the direct finite-difference calculation. This
clearly indicates that the most accurate and least expensive synthesis
solutions will be obtained by using base functions chosen as carefully
as possible.

Figure 4 shows a plot of the percentage deviations from the DOT
results in the one and five channel synthesis and the diffusion-theory
scalar fluxes along the disgonal. For the five channel synthesis,
scalar fluxes are in error by less than one per cent except at the
corners. Even for the one channel case the results are seen to be
superior to the diffusion-theory results.

Calculations of the eigenvalue for Problem one were performed
in two series of S, synthesis calculations. The first series utilized
a single set of base functions from an S, ANISN eigenvalue calculation.
Runs were made using one, two, three, and four chennels with vari-
ational weighting and the same channel widths as were used for the
fixed-source calculations of this problem. For the second eigenvalue

series, the same calculations were made using base functions from the



Table 2. Results for Fixed Source Problem One with Analytic Base Functions

Percentage Deviation from DOT Results

Reggits S, Synthesis, Variational Weighting, N Channels Diffusion
N=1 N=2 =3 Nb N=5 Theory
Absorption Rate 0.3425 +5.15% +2.65% +1.89% +1.31% +1.05% —6.55%
Leakage Rate 0.7075 -2.55%  -1.30%4 -0.92% -0.64%  -0.51% +3.08%
Symmetry Ratio® 1.00 +21.0%  +312.0%  +11.0%  +8.0% +6.0% 0.00%
Computing Time 9.22 0.99 2.38 3.80 5.14 6.39 .58

(seconds)

*
Ratio of left edge center to top center scalar flux.
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fixed-source S4 ANISN calculations obtained previously. These base

functions are, of course, expected to be relatively poor in comparison
to those of the first series.

The results of these two eigenvalue series are shown in Table 3
as percentage deviations from the S; DOT results. It is observed from
the first series results that more than a single channel is not neces-
sary to achieve accurate results if the base functions are well chosen.
It is also observed that the multichannel synthesis method is capable
of reproducing integral quantities from the direct finite difference
DOT calculations to a very high degree. In fact, errors as small as
those from the four channel synthesis calculation could be attributed
to differences in convergence levels. For the second series, where a
poor choice of base functions was made, it is observed that the results
of the single channel synthesié are marginal because of large errors
in the peak and minimum scalar flux values. Using two channels allow
significant improvement and, as previously observed, increasing the
number of channels leads to increased accuracy at the expense of com-
puting time.

The computing times shown here allow a valid comparison between
the synthesis calculations and the direct transport and diffusion-
theory calculations. It is observed that for the single-channel case,
the synthesis calculation is roughly eight times fastef than the DOT
calculation and slightly faster than the diffusion-theory calculation.

- Even for the four channel calculation, where the deviations in integral
results are practically zero and in pointwise results are less than one-
half per cent, the synthesis calculation is twice as fast as the direct

transport calculation.



Table 3. Results for Eigenvalue Problem One

Percentage Deviation from DOT Results

(secords)

DOT S S, Synthesis, Variational Weighting, N Channels Diffusion
Results - Theory
Series 1 Series 2
N=1 N=2 N=3 N4 N=1 N=2 N=3 N=k

Absorption Rate  0.3477  +0.05844 -0.0141%4 +0.00044 -0.00064 -0.506% -0.0357% -0.037h¢ -0.0086%  —17.20¢
Leskage Rate 0.6523 -0.0%42% +0.0044% -0.0009% -0.0003% +0.265% +0.0159% +0.0168% +0.0015¢ +9.16%
, Eigenvalue, k_op 1.2076  +0.0613% =-0.0108% =0.0008% +0.0003% -0.504% -0.0323% -0.0306% =0.0050% -9.90%
Peak Flux 0.08609 +0.3164 +0.151% +0.029% -0.030% -6.488% +2.880% —1.645% +0.321%  —30.10¢
Minimum Flux 0.02155 +0.329% -=1.113% -0.869% -0.4884 +10.682% +2.607% -0.575% +0.252% +25.8¢,
Campuiing Time 20.40 2.27 5.55 7.02 9.02 2.29 4.35 7.71 11.13 3.12

T3
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Problem Two

The second problem used to test the transport synthesis method
is the small assembly shown in Figure 5. This problem is the same as
Problem one with a strong absorber placed in the lower left-hand corner.
Diffusion theory is inadequate for this problem for two reasons. First,
because the high leakage causes the angular flux to be significantly
anisotropic over a large portion of the total area, and second, because
the strong absorber causes large flux gradients which diffusion theory
cannot calculate correctly. It will be noted that the scalar flux for
this problem does not exhibit the same symmetry as for Problem one.

A series of S; fixed-source synthesis calculations was performed
for this problem which utilized two sets of base functions, one set
from a fixed-source S, ANISN calculation for each of the two axial
zones. Both sets were used in the trial function expansion for each
zone. These calculations were performed using Variational and Galerkin
weighting, first with a single channel and then with two channels

having channel widths of four centimeters and six centimeters.

Integral results for these calculations and the comparison dif-
fusion-theory calculation are given in Table 4 as percentage deviations
from the direct finite difference S, results. Scalar flux plots along
the diagonal through the absorber are shown in Figure 6.

It is observed that the synthesis results using a single channel
are quite accurabe, since the integral quantities and material reaction
rates fcr both weighting methods differ by less than one per cent from
the Sy DOT results. By contrast, the diffusion theory results show

deviations as high as 28 per cent in the resction rates for the absorber
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Teble 4. Results for Fixed Source Problem Two

Percentage Deviation from DOT Results

S4 Synthesis, N Channels

DOT S, Diffusion
Results  y.riational Weighting Galerkin Weighting  ~PeOTY
N=1 N=2 N=1 N=2
Toteals
- Absorption Rate 0.3080 -0.18% +0.011% -0.03% +0.03% 4 .849
Leskage Rate 0.5740 +0.10% —0.003% +0.02% ~0.014% +2.48%
Material 1
Absorption Rate 0.2629 -0.06%  +0.014% -0.13% +0.037% -11.58%
Leakage Rate 0.6191 +0.03% -0.006% +0.05% -0.015% +4.419
Material 2
Absorption Rate 0.0451 —0.90% -0.004% +0.53% +0.006% +28.98%
Leakage Rate -0.0451 +0.90%  +0.004% -0.53% -0.006%  —28.98%
Computing Time 3.03 0.51 1.28 0.51 1.31 4.09

(seconds)

18
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material. Similar observations can be made about the accuracy of the
pointwise scalar fluxes in Figure 6, which shows that the flux gradients
are accurately approximated by the synthesis solution where the 4if-
fusion approximation is inadequate. Comparisons of the percentage
deviations for the one and two channel synthesis results in Table 4
shows a significant increase in accuracy by using two channels, par-
ticularly for the reaction rates in the absorber material. As observed
previously, the comparative accuracies of the veriational and Galerkin
weighting methods suggest that either method may be used effectively.

The computing times given in Table 4 indicate that the single
channel synthesis method is roughly six times faster than the direct
finite-difference Sn method, while the two channel calculation is
roughly 2.5 times as fast. Again the use of the code EXTERMINATOR pre-
cludes a meaningful computing time comparison between the synthesis
mnethod and diffusion theory for fixed source calculations.

Eigenvalue celculaticis for this problem have also been performed
for the case when the ratio of uzf to Zs is the same in both materials.
The first series of eigenvalue calculations was performed using two sets
of base functions and 12 angular segments. Base functions were obtained
from S, ANISN eigenvalue calculations for each of the two axial zones.
Both sets of base functions were used in each axial zone and variational
weighting was used in one, two, three and four channel calculations.

The second series was identical with the first except the base functions
were used only in their respective axial zones. For the second series,
of course, the base functions were switched at the axial zone inter-

face and the resulting scalar flux is discontinuous there.
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Teble 5 shows the integral results for these two series of
calculations as percentage deviations from.the direct finite-difference
S4 results. Percentage deviations in the diffusion-theory results are
also given for comparison. For the first series, with no base function
switch, the errors in the total integral results for the single channel
case are less than one per cent, but in the absorber material the errors
are of the order of three per cent. By using two channels, all errors
are reduced below one per cent, and increasing the number of channels
to four reduces all errors to less than 0.10 per cent. For the dif-
fusion-theory case, however, errors in thg absorber material are very
large -- over 40 per cent for the fission source. The scalar flux
along the diagonal through the absorber is shown for this series in
Figure 7. It is observed that the single channel results are far
superior to the diffusion results, and that for the four channel cése,
the pointwise scalar fluxes are very close to those from the direct S,
DOT calculation. Comparison of the computing times indicates that the
single channel synthesis is roughly 6.5 times faster than the finite-
difference transport calculation and 40 per cent faster than the dif-
fusion-theory calculation. ZEven when four channels are used the direct
calculetion requires 40 per cent more computing time than the synthesis
calculation

For the second series, where base functions were switched at
the axial zone interface, a single channel yields integral results
which are in error by roughly ten per cent in the absorber region.
Increasing the number of channels reduces these erroré, as observed

previously, at the expense of running time. In the axisl flux plot



Table 5. Results for Eigenvalue Problem Two

Percentage Deviations from DOT Results

S4 Synthesis, Variational Weighting, N Channels
DOT S, Diffusion

Results Series 1 Series 2 Theory

N=1 N=2 N=3 N=b =1 N=2 N=3 N4

Total

Absorption Rate 0.37060 +0.111% -0.067% +0.040%  +0.002%  +0.634% +0.050% .
Leakage Rate 0.62¢%0 -0.065% +0.030% +0.041% -0.001% ~0.373% -0.029% -0.11% -0.089% +2.65%
Fission Source 1.0 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% . 0.0%

Material 1

Absorption Rate 0.31449 -0.456% ~0.017% +0.022% -0.008¢  -1.23% -0.3414 +0.028% +0.063¢ -10.2¢%
Leakage Rate 0.67207 +0.135% +0.0104 =-0.003¢%  -0.002%  +0.3264% +0.103% -0.039% -0.045% +3.94%
Mssion Source  0.98656 -0.0544 +0.0014 +0.005¢ -0.004% -0.172% =0.038% -0.017% -0.012% -0.556%

Material 2

Absorption Rate 0.05612 +3.28¢% ~0.364% -0.602%  +0.040%  +11.1% +2.22% +1.08%  +0.645% +26.9%
leakage Rate ~0.04265 -3.15¢ +0.370% +0.5984% -0.043% ~10.7% -R.22% +1.09% -0.667% -22.6%
Pission Source 0.01347 +3.70% <0.345% -0.62% +0.0L7%  +12.3%  +2.54%  +1.03%  +0.56T% +40.5%

Eigenvalue, k, 1.10699 -0.404% <0.019% +0.017% -0.004% -1.06%  ~-0.304% +0.045% +0.00T$ -12.85%

44

Computing Time 18.03 2.70 5.94 9.33 12.84 3.03 6.94 10.82 .72 3.84
(seconds)

88
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through the center of the absorber region, as shown in Figure 8, the
discontinuity at the zone interface is seen to be quite pronounced in
the single-channel case, but for the four channel case the discontinuity
is barely discernible. This serves to demonstrate again the ability of
the multichannel procedure to give pointwise fluxes superior to the
single-channel results.

Problem Three

The third problem chosen for calculation by the transport
synthesis method is a fixed source problem extracted from the thermal
group of a four-group cell problem reported by Wachspress.?® Although
this problem can be calculated adequately by diffusion theory, it is
used here because the geometry involved (Figure 9) mekes it particu-
larly difficult for synthesis aspproximstions removing & spatial wvariable
to produce accurate results.

For simple geometries like that of Problem one, the diffusion-
theory solution is separable, and in attempting to synthesize a dif-
fusion-theory solution, a trial function expansion with only one base
function can give the exact results. For a geometry as in Figure 9,
the diffusion solution is no longer separable, and an accurate dif-
fusion-theory synthesis approximatioa is more difficult to obtain. This
problem is particularly difficult since the asymptotic horizontal flux
shapes for the two axial zones are quite different. Wachspress has thus
chosen this problem to demonstrate that his diffusion-theory synthesis
method is capable of producing good results when the base functions

from two adjacent axial zones are very different.
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While the transport-theory solution is not separable even in the
simple geometry of Problem one, similarities in the spatial synthesis
trial functions meke this problem a difficult one for the transport
synthesis method also. Three series of S, fixed-source synthesis
calculations have therefore been performe’d to observe the accuracy of
the transport synthesis method under conditions where base functions
from two adjacent axial zones are very different. For these calcu-
lations, three sets of base functions were obtained from S, ANISN calcu-
lations; one set from each cf the two axial zones and a third set from
an axial homogenization of the two zones.

The first series of calculations used the first two sets of bése
functions in both axial zones. Runs were made using one, two, three
and four channels with channel widths as given in Teble 6. The second
series was identical to the first except that each set of base functions
was used only in its respective axial zone. For tThe third series, all
three sets of base functions were used in a calculation with only one
channel. Here the first two sets of base functions were used in their
respective axial zones, along with the third set which was used in both
zones. In all three series, the Galerkin weighting method was employed.

Integral absorption rates and computing times for these three
series of calculations are shown in Table 7. For the first series,
deviations in the absorptiocns by region are seen to be as large as 1.5
per cent for the single channel calculation. Increasing the number of
channels improves the accuracy at the expense of increasing the com-
puting time. For the second series, where base funcfions were used only

in their respective zones, a single channel appears inadequate since
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Table 6. Chanrel Widths for Calculations
of Problem Three

Channel Widths (centimeters)

Number of
Channels N=1 Ne2 N=3 Nk
1 30.48 - - --
2 15.24 15.24 -- --
>3 5.715 19.05  5.715 -
b 5.715 9.525 9.525 5.7T15




Table 7. Results for Problem Three

Percentage Deviations from DOT S; Results

S4 Synthesis, Galerkin Weighting, N Channels

DOT S,
Rasults Series 1 Series 2 Series 3
N=1 N=2 N=3 N=k N=1 N=2 N=3 N=h N=1
Absorption Rate
Region
1 0.2046  +0.73% ~0.05% 0.00%4 0.004 -1.2¢4 -0.78¢% +0.05% +0.05%  ~0.09%

2 0.1562  -0.77% ~0.13% =-0.06% -0.06% -0.51% =0.51% =0.38% =0.13% 0.00%
3 0.0403 +1.01% ~0.99% =0.50% ~0.50% +3.22% +2.23% +0.50% +0.25%  +0.25%
b 0.0403 +1.01% ~0.99% -0.5C% -0.50% +3.22% +2.23% +0.50% +0.25% +0.25%
5 0.1562 -0.77% =~0.13% -0.06% -0.06% —0.51% —-0.51% -0.38% -0.13% 0.00%
6 0.2046  +0.73% -~0.05% 0.00%4 0.00% -l.42% -0.78% +0.05¢ +0.05%  -0.09%

Computing Time 202.4 28.1 69.5 101.5  148.6 15.39 37.45 63.45 87.03 26.9
(seconds

66
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errors are as large as three per cent. This might be expected, however,
since near the zone interface the true flux bears resemblance to both
the zones and yet the trial function expansion utilized the base func-
tion from one zone only. This is a clear case of inadequate base
function selection and, as observed in the previous problems, increasing
the number of channels improves the accuracy of the integral results to
an acceptable level.

Since the base functions from the two zones are so different
and either set alone is inadequate to represent the true flux shape
near the zone interface, it is reasonable to ask whether the use of an
additional set of base functions, having in some way the characteristics
of both zones, would improve the synthesis results. The third set of
base functions, obtained from the S, ANISN calculation of an axial
homogenization of the two zones, is characteristic of both zones and
was used in the third series to facilitate the transition between the
two zones. As observed in Table 7, the results for the single channel
calculation of the third series are superior to the single channel
results for either of the first two series, and are comparable to the
four channel results.

Figure 10 shows plots of the horizontal scalar flux near the
center of the upper axial zone for the direct DOT calculation and the
one and four channel synthesis calculations of series one. Small
deviations in the single channel fluxes are noted, but the fluxes from
the four channel calculation are practically indistinguishable from the
DOT results. Fluxes from series two and three show similar accuracy,

as would be expected since at this point on the axis the horizontal
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scalar flux shape is close to the asymptotic flux shape for the upper
zone, and both series includes a set of base functions appropriate to
represent that shape.

Near the axial zone interface, however, the horizontal flux
shapes are not as accurate. Figure 11 shows a plot of the horizontal
fluxes just above the axial zone interface from the DOT calculation,
from the one and four channel synthesis calculations of series one and
the single channel calculation of series three. The single channel
results from series one are seen to be highly inaccurate, but as before,
the four channel results are practicelly indistinguishatle from the DOT
results. The single channel results from series three, where the
"transition" set of base functions was used, are seen tc be much more
accurate than the single channel results from series one. These results
clearly indicate that the use of such a transition set of base func-
tions will allow more accurate results with fewer channels in the
synthesis calculation.

Figure 12 shows plots of the horizontal scalar fluxes just above
the axial zone interface from the calculations of series two, along
with the flux from the DOT calculation. Here the base functions from
the upper axial zone are used, and as seen in the single channel plot,
are totally inadequate to represent the time flux shape near the inter-
face. Even the four channel plot shows appreciable error in the point-
wise results, although the integral results for the four channel case
were less than 0.2 per cent in error. Still, however, increasing the
number of channels has progressively decreased the pointwise error, at

the expense of introducing large discontinuities at the channel
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interfaces. Observing this behavior of the synthesized solution, it is
not unreasoneble to assert that the megnitude of the channel dis-
continuities may be a useful indication of the adequacy of the base
functions and the accuracy of the pointwise results.

The computing times given in Table T again show that the synthe-
sis method is capable of producing accurate approximate solutions in
less computing time than is required for the direct calculation.
Clearly indicated by the comparison of computing times from the three
series of synthesis calculations is the fact that the use of a "transi-

tion" set of base functions may serve to significantly reduce the cost

o]

f an adequate approximate solution.

The fourth problem chosen for calculation by the transport
synthesis method is a one-group fixed source problem extracted from
the fast group of a four-group cell calculation as shown in Figure 13.
It has been widely studied because of snomalous results observed in the
direct finite-difference S solution to the problem.30251223 mpege
anomalous results, called "ray effects", appear as waves in the calcu-
lated scalar flux and are a manifestation of the discrete approximation
to the continuous angular variable. The nature cf the ray effects in
genera). has been studied extensively by Lathrop®! and several methods

have been proposed to alleviate them.%>’4% Since the synthesis method
treats the anguler variable in a discrete ordinates approximation, it

is reasonable to ask if the ray effects are present in the synthesized
solution, and if so, are they similar in nature to those present in

the direct discrete ordinates sclutions. The variationa) synthesis
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method has thus been applied to this problem for two reasons: to again
demonstrate that it is capable of producing accurate approximate trans-
port solutions when diffusion theory is highly inaccurate and to de-
termine if the ray effects are present in the synthesized solution.

To compare the accuracy of the variational synthesis and dif-
fusion-theory solutions, synthesis calculations were made using 12
angular segments to correspond to an S, angular quadrature. Three sets
of base functions were obtained from S; ANISN calculations for use in
these synthesis calculations: one from the upper axial zone containing
the two blanket regions, one from the axial zone containing the seed
region and one blanket region, and one from an axial homogenization of
these two zones.

Table 8 shows the percentage deviations from the DOT results
in the absorptions by material for three different calculations using
the base functions in different ways. Also given for comparison are
the perceatage deviations in the diffusion-theory results. The first
synthesis calculation utilized the first two sets of base functions in
all axial zones and a single channel. The integral results are seen to
be in excellent agreement with the S; DOT results, while the diffusion-
theory results are in error by as much as nine per cent. The running
time for the synthesis calculation is seen to be roughly one-seventh
that of the finite-difference calculation. The second calculation
utilized only one set of base functions in each axial zone. The first
set was used in the upper axial zone and the second set in the other
zones. The results for a single channel were poor, since the asymptotic

horizontal fiux shapes in the two predominant zones are widely different,



Table 8. Results for Problem Four

DOT S

Percentage Deviations from DOT Results

S, Synthesis, Variational Weighting, N Channels Diffusion

Results Caleculstion 1  Caleulation 2  Caleulation 3  —0eOTY
N=1 N=5 N=1
Absorption Rate
Seed 0.2592 -0.02% ~0.38¢% +0.02% -9.42%
Blanket 0.4955 -0.30% -0, 65% -0.24% +3.68%
Moderator-Structure 0.2451 +0.45% +0.22% +0.46% +2.50%
Computing Time 101.0 12.7 76.3 13.9 118.0

(seconds)

#0T
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but increasing the number of channels to five produced accepteble
results, as observed in previous problems, at the expense of the
running time. The third calculation utilized the third, or "transi-
tion," set of base functions in all zones along with the first set in
the upper zone and the second set in the lower zones. Again it is
seen that the results are quite accurate for a single channel and the
running time roughly seven times faster.

Figure 14 shows an axial scalsr flux plot through the flux peak
in the seed from the S, DOT calculation, the diffusion-theory calcu-
lation, and the first synthesis calculation. It is observed that while
the synthesis results are very close to the DOT results, the diffusion-
theory results are highly inaccurate, particularly near the flux pes&k.
The second and third synthesis calculation produced fluxes with accu-
racy comparable to the first.

The manifestation of the ray effects for this problem has been

studied in detail by Lathrop®?t

and are best seen in his projective plot
of the scalar flux from a direct Sy discrete ordinates calculation,
reproduced in Figure 15. Clearly visible in this plot are ridges in
the scalar flux running at 45 degrees through each of the seed and
blanket regions. For this particular geometry, the ridges intercept
the cell edges at the corners and at the moderator-structure channel
and cause the presence of localized maxims. These ridges and localized
maxima are the ray effects. For increasing order Sn solutions, the
prominence of the ridges decreases, as well as the local maxima along

the cell edges, and the flux assumes a more smoothly varying shape as

would be expected intuitively. For S, or higher gquadrature the integral
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results are only slightly affected by the presence of these local
maxima. In fact the S; integral results differ from the S,¢ integral
results by less than one per cent.2®?

Since the ray effects are most severe in the lowest order angu-
lar qusdrature, the synthesis method has also been used to calculate
the problem using four discrete angles, corresponding to en Sz angular
approximation. Two sets of base functions were obtained from Sy ANISN
calculations for each of the two largest axial zones in the cell and
both sets were used in all the zones.

Figures 18 and 17 show plots of the scalar flux along the bottom
and left edge of the cell for the Sy and S; synthesis and DOT celcu-
lations. (These correspond, respectively, to the left and back edge
fluxes as shown in the projective plot of Figure 15.) The S, synthesis
results given here are from the first S, synthesis caleulation de-
scribed previously.

Along the bottom of the cell, the local maxima observed in the
S> and S, DOT results are absent in the Sy and S4 synthesized fluxes.
Along the left edge of the cell, the Sy and S, DOT results again exhibit
ray effects, while the synthesis results are smoothly varying. 1In the
S4 synthesis results of Figure 17, a slight wave is seen to 1 ¢ present
near the center of the plot. This wave was observed in all the 84
synthesis calculations but is too small to be sttributed apecillicall:
to ray effects. Comparison of the Sy and S, DOT results in this 110,
also serves to show how increasir~ the order of angular quadrature

decreases the magnitude of the ray effects in the direct solulilui.
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It is important to point out that the results of the synthesis
calculations presented here for this problem are similar to results
obtained for the same problem by Davis and Kaplan®? from the appli-
cation of a synthesis technique to the discrete ordinates equations.
These authors noted from their results that the choice of base func=
tions was not clearly defined and that their approximate solution did
not accurately reproduce the ray effects inherent in the direct solu-
tion to the discrete ordinates equations which they chose to approxi-
mate. The first point noted has been relieved in the method developed
in this work by the inclusion of the multichannel, discontinuous trial
function capability. The second point has been clarified in this work
through the application of the spatial synthesis approximation to the
angular dependent transport equetion, whose solution does not exhibit
ray effects. The subsequent utilization of a discrete angular seg-
mentation method for obtaining the angular dependent mixing functions
‘in this method has been shown to produce an approximate solution less
sensitive to the ray effects.

Problem Five

The apparent absence of the appreciable ray effects in the
synthesis solution to Problem four has prompted the application of the
synthesis method to one further problem. This problem consists of an
jsolated source in a pure absorber as shown in Figure 18.5% Super-
imposed on the absorber are dashed lines indicating the angles at which
“he discrete directions in the range Qx'< O intercept the source edges.

In the discrete ordinates approximation, all neutrons moving in

directions within an angular segment are approximated as neutrons which
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move in the discrete direction for that segment. Hence it is possible,
in situations with isolated sources and no scattering, that neutrons
described by e single angle within some segment may fail to "see" an
isolated source as a result of the discrete epproximation. In the
region of the absorber to the left of the dashed line labeled four, for
example, the source is not seen by discrete segment four and the angu-
lar flux within this segment does not contribute to the scalar flux.

At the left edge‘of the absorber, in the triangular regicn formed by
the lines labeled three and six the source cannot be seen by any
directions in the S, quadrature set, and the scalar flux from a direct
S4 calculation would be expected to be zero within this region. This
is an extreme case of inaccuracies due to ray effects, which in the
absence of scattering sources is primarily a geomeﬁrical effect.

The varistional synthesis method has been used to calculate
this problem ip an S, angular approximetion using base functions from
S4 ANISN calculation. An S, DOT calculation was also performed for
comparison. Figure 19 shows a plot of the scalar flux along the left
edge of the absorber from the DOT and synthesis caleuleations. It is
seen that the scalar flux from the DOT calculaticn fall repidly to
~gro within the triangular region and that the same type behavior is

resent in the synthesized solution. For the synthesized solution,
however, the flux dip is less evere.

FPigure 20 shows the scalar fluxes along the bottom edge of the
absorber. The DOT solution is seen to exhibit waves corresponding to
the three regions indicated along the x-axis and on the geometry in

Figure 18. In region one the source is seen by only one direction, in
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region two by two directions and in region three -by three directions.
These, too, are the ray effects. The synthesis solution, however, does
not exhibit these waves and is a smoothly varying curve as would be
expected since trial cuaction expansion has assumed the x-variation of
the flux to be the sum of base functions which are smooth exponentials.
This problem thus serves to indicate that, in the extreme case,
.the synthesis solution will exhibit ray effects along the remeining
spatial varieble which are similar to, but less severe than, those
present'ig the direct discrete ordinates solution. Along the base
function axis, however, the shape of the synthesized solution has been

assumed in the trial function and the ray effects will not appear.
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CHAPTER VI
CONCLUSIONS

The variational synthesis method has been applied to the steady-
state Boltzmann neutron transport equation in two- and three-dimensional
rectangular geometry. In this application the energy dependence has
been trested in the standard multigroup energy approximation, the de-
pendence glong all but a single remaining spatial variable has been
treated by a multichannel discontinuous spatial synthésis approximation
and the angular dependence has been treated by a discrete ordinates
spproximetion. All approximate treatments of these veriables have been
developed consistently from a variational principle by the standard
trial function reduction procedure, applied sequentially to the encrgy
varisble, the spatial variables and the angula~ variablé. The approxi-
mate method as developed in this application allows the user to obtain
approximate solutions to the transport equation by combination of the
solutions to relatéd problems of lower dimensionality.

An experimental computer code, the TS2 code, has been written
by the author for use in obtaining approximate solu#ion to the two-
dimensional, one-energy=-group prdblem.with isotropic scattering. The
TS2 code has been used to obtain approximate solutions to several test
problems of the type encountered in the reactor field and the accuracy
and comparative cost of these approximete soluticns has been determined

by 6amparison to consistently obtained direct solutions to the same
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problems. Both fixed source and eigenvalue problems, as well as prob-
lems with both vacuum zad reflected boundary conditions, have been
investigated.

The wvariational synthesis method utilizing a continuous trial
function approximetion and a well chosen set of base functions has
been shown capable of producing integral results within one per cent
of the results of direct discrete ordinates calculations in situations
where diffusion theory results are in error by 25 per ( :nt or more.
The ability of the synthesis method to accurately approximete the steep
scalar flux gradients in situations where the diffusion approximation
is invalid has also been demonstrated. The comparative cost of the
approximate continuous synthesis solution has been shown fo be of the
same order as the cost of the diffusion theory solution and as little
as one-sixth of the cost of the direct discrete ordinates transport
solution.

The variational synthesis method utilizing the multichannel
discontinuous trial function approximation, which has proven useful in
applications of the synthesis method to diffusion theory problems, has
been included in this application. The usefulness of the multichannel
technique in situations where the choice of base functions is not
clearly defined has been demonstrated by obtaining approximate synthe-
sis solutions using base functions which were poorly chosen. In these
solutions, where a continuous single channel synthesis technique pro-
duced errors in integral results by as much as ten per cent, the intro-
duction of the multichannel technique has been shown to increase the

accuracy of the approximate solution as the number of channels in
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increased, yielding errors as smell as one-half per cent, or less. The
cost of this increased accuracy is an associated increase in the com-
puting time required to obtain the approximate solution. While the
multichannel technique is capable of producing accurate integral results
when very poor base functions are used, the pointwise accuracy of the
synthesized scglar flux resulting from very poor base functions has
been shown to be sppreciably in error. 1In these situatiops, the point-
wise solutions exhibit large discontinuities at the chennel interfaces.
Use of the multichannel technique with a well chosen set of base func-
tions has been shown capable of producing integral results with ac-
curacy of the order of level of convergence, and pointwise results
practically indistinguishable from the results of the direct transport
solution. Noting this behavior, the observation of the discontinuities
in the resultant synthesized solution has been proposed as a qualitative
measure of the pointwise gccuracy and the adequacy of the base func-
tions used in obtaining the solution.

The ability to use particular base functions only over the range
of the remaining spatial variable where they are most representative of
the true solution has also been included in this application. Results
from test problems where base functions were switched have shown that,
in the case where all base functions were switched at the same point,
results were somewhat inferior to the results obtained when the base
functions were not switched. In cases where only certain of the base
functions were switched at a single point, results have shown that
superior accuracy may be obtained by employing this technique, partic-

ularly if a special set of "transition" base functions is used. While
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the applicebility of the base function switching technique has been

demonstrated, its full usefulness should become more apparent in ap-
plications to large scale problems having many axisl zones, where the
range of the remaining spatial variable covers many neutron mean free
paths.

The use of the Galerkin weighting method has been shown to pro-
duce errors not significantly greater than the variational weighting
method. In larger scale problems, this fact will significantly reduce
the cost of approximation by allowing the reactor designer to avoid the
lower dimensional adjoint solutions necessary to obtain adjoint base
functions for use in the variational weighting method.

The generality of the angular treatment in this application has
been demonstrated by obtaining synthesis solutions using different
angular quadrature for some of the test problems. The results indicate
that the synthesis solution for a given angular quadrature, at least
in the integral sense, should be expected to approximate the results of
a direct discrete ordirates solution using the same quadrature. The
same indications are apparent in the pointwise results for problems
where sources are not isolated and where ray effects are not present to
a great degree in the direct discrete ordinates solution. Ih situations
where the ray effects are present, the pointwise results from the
synthesis solution have been shown to approximate the discrete ordinates
solution of the same angular quadrature in an overall sense, with the
localized maxima and waves of the ray effects being effectively smoothed
in the synthesis solution. In a very extreme example, the synthesis

solution has been shown to exhibit ray effects similar to, but less
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i
severe than, those present in the direct solution. For this reason,

use of the synthesis method is not proposed as a technique solely f

avoiding ray effects.

The purposes of this research as adopted in Chapter I have bj

realized. A variational synthesis technique, utilizing the multi-

channel discontinuous trial function capability, has been develqpeﬁ

¢

%

or
!

[TH
@
=

for obtaining approximate two- and three-dimensional transport solﬁ-

4

tions. The development of the experimental TS2 code and its use yh

obtaining accurate approximate synthesis solutions at a fraction ?f
|

the cost of the direct solutions, and with accuracy superior to ﬁhe

diffusion epproximation has demonstrated the applicability of thﬁ

method to neutron transport problems in reactor physics.
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CHAPTER VII
RECOMMENDATIONS

Several refinements ir the application of the variational syn-
thesis method as developed in this work are lmmediately obvious. Most
important among these are the incorporation of more than a single
energy group and the determination of the usval eigenvalue, keff’ in
the general case rather than the eigenvalﬁe, %3 as determined by the
TS2 code. The~necessity for the inclusion of high order anisotropic

scattering in an approximate method of this type is certainly open to

)
i

question. It is felt that isotropic scattering with a transport cor-
rected total cross section would most likely be adequate for a great .k
majority of problems to which the method might be applied. Refine-
ments to the approximate technique, serving to increase its generglity,
might be to include the capability of using different numbers of base
functions in different axial zones and in different energy groups.
Both of these refinements could be incorporated comsistently in the
variational development and, while increasing the notational complex-
ity, should prove useful in the application to large scale problems.
The method employed to obtain the two-dimensional solutions in
the TS2 code should be applied to obtain an actual three-dimensional
solution. Modifications would consist basically of those necessary to
- the routines calculating the matrix synthesis constants, and toc the
iteration routines allowing additional discrete angles to be considered

as required for the three-dimensional problem. A natural extension of
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the method would be the inclusion of geometrie. other than rectangular
geometry. For the two-dimensional cylindrical geometry (r,z) case the
extension is minor if the spatial variable removed by the synthesis
approximation is the z-axis. The resulting equations for the discrete
angular mixing functions ¢gnd(r) would be identical to those of the
two-dimensional rectangular geometrv case except for the addition of a
single term representing the angular derivative and serving as addi-

tional coupling between the discrete segments. For other curved geo-
metries, (r,0) for example, the use of the technique developed here
would be more difficult due to coupling between discrete segments in
different angular ranges, for which different base functions are used.
Regarding the choice of base functions, the most frequent
criticism heard in discussions of any synthesis method, only experience
with the method over a wide class of problems will serve to delineate

standard criteria for their selection.
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APPENDIX A

A FUNCTIONAL FOR THE VARTATIONAL CHARACTERIZATION
OF THE NEUTRON TRANSPORT PROBLEM
In order to obtain a variational characterization of the trans-
port equation, a functional must be constructed whose Kuler equations
are the forward and adjoint traiisport equations and their associated
boundary and continuity conditions. That is, a functional F ¢,9*] is

sought, such that the wvariational brinciple
8F = 0 {A.1)

is equivalent to the statement that ¢ and ¢* are solutions to the
forward and adjoint transport equations. The adjoint solution must be
included in this development, of course, since the operators in the
transport equation are not self-adjointk.

Consider the transport equation in operator form:
TY = S (A.2)

where Y is the neutron flux density in the space-angle-energy phase
space, T is the transport operator which takes into account the effects
of scattering, absorption and spatial movement of neutrons, S is the
rate per unit phase space volume at which neutrons are introduced into
the system.

The method chosen here to construct the desired functional is to

use a functional of the Roussopoulos type for the transport equation
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itself and to include the boundary and continuity conditions by the use
of Legrange multipliers. This development closely parallels a similar

development as given by 0'Reilly.®® The Roussopoulos functional has

the form:

e, 61 = [av ($x(s - 6] + 5¥%6) (4.3)
Phase Space

where ¢ and ¢* are "arbitrary" functions of the phase space coordinates
which satisfy the same boundary and continuity conditions as those
imposed on the solutions of the forward and adjoint transport equation.
S* is the source in the adjoint transport equation and is usually
chosen as some reection rate probability of interest.

To show that the Roussopoulos functional is an appropriate
functional for the transport equation, it is necessary to show that
the functional is stationary when ¢ and ¢* are the solutions to the
transport equations. First let ¢* be varied by an amount €¥*n*, where
€¥ is an independent parameter and n* is an arbitrary function of the
phase space coordinates which vanishes on the phase space boundaries.

The new value of the functional as a result of this variation is

Fo,0% + exnx] = [av {(¢* + eqx)[S — 9] + S*¢) (A.4)
Phase Space

If the functionel is stationary, then the first veriation of % with

respect to ¢*, denoted by 53%*, must vanish:

%% = :éﬂo %;; FLo, 0% + exn¥] (A.5a)



1=7

or

5% = fav w*(s -~ T¢] = 0 (A.5b)
Phase Space

It follows from a typical fundamental lemma of the calculus of
variation that Equation A.5b is satisfied only if the coefficient of

n* vanishes identically, thus requiring that
T¢ = S (A.6)

This requirement is met only if ¢ satisfies the transport equation,

i.el,

6 =V (A°7)

Using the usuval definition of an adjoint operator T¥%,

fav ¢x1¢ = [av dTrgx (A.8)
Phase Space Phase Space

Equation A.? can be rewritten as

o, ¢¥] = [av {ols* — Tx¢x] + s¢) (4.9)
Phase Space .
Now let ¢ be varied by an amount €n in Equation A.9, where € is an
independent parameter, and m is an arbitrary function of the phase
space coordinates which vanishes at the boundaries. The wvalue of the

funetional as a result of this variation is

o+ en, %] = [av (¢ + en)[s* — Txgx] + S¢) (A.10)
Phase Space
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If the functional is stationary then the first variation with respect

to ¢, 63%, must also vanish:

lim 2
6% = e Be F¢ + en,d*] =0 (A.11a)
or
5%, = [ av qls* — T*¢*] = 0 (A.11b)
Phase Space

Again, by the same lemms, Equation A.1lb is satisfied only if the

confficient of n vanishes, thereby requiring

THG* = S¥ (a.12)

Equation A.12 is, of course, the adjoint transport equation, hence, at

the stationary point,

% = ¥ (A.13)

It is thus seen that within the class of the functions ¢ and ¢*
satisfying the same boundary and continuity conditions as those imposed
on the solutions to the forward and adjoint transport equations, the

Roussopoulos functional F[¢,¢*] is stationary when

¢ =V (A.14a)
and

o* = pr (A.14b)

hence the variational principle
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8% = 0 (A.15)

is an appropriate variational characterization of the transport equa-

tion within this class of functions.

Discontinuous Trial Functions

When using the variational method as an approximative technique;
it is often desirable to remowve the condition that the functions ¢ and
¢* forming the domain of % satisfy the same boundary and continuity
conditions as the forward and adjoint neutron fluxes. In particular
it is desirable to extend the domain so as to include functions which

are only piecewise continuous and do not satisfy the boundary and

continuity conditions.

This extension can be accomplished by adding the boundery con-
ditions and continuity conditions to the functional % with the use of
Lagrange multipliers. This extension is developed more clearly by
writing the transport equation explicitly and by considering a definite
two region geometry as shown in Figure 21. The generalization to a
multiregion structure will then follow directly from the two-regiqn
case.

The Two-Region Reactor

Consider a finite volumetric region R enclosed by a convex sur-
face s, arbitrarily subdivided into two subregions R, and R by the
interior surface o. Assuming neutrons arise within R only from a

source distribution S(;;ﬁ,E), the transport equation can be written
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REACTOR REGION R

SUBREGION R, SUBREGION R,

INTERIOR SURFACE o

EXTERIOR CONVEX SURFACE s

Figure 21. Convex, Two-Region Reactor Geometry
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PN -y -> A Y A - A AN - A
.. (Q.V + Zt(r’E)] ¥(r,0,E) = f dg’ deo'zs(r,Q,Ql,E,E') ¥(r,0Y ,E)
o) ¥]

+ s(r,8,E) (A.16)

where the notation used is the same as defined in Chapter III. The
boundary and continuity conditions necessary to complete the description
of neutron migration within R are:
| (1) No neutrons enter R through the external surface s.
(2) The neutron flux is spatially continuous across the
interior surface o.

These conditions can be written masthematically as

¥(R,0,E) =0, G-8<0 (A.17)
and
-> ~ -> N
\l’(rcl;Q:E> = Y(ro-g}Q;E) ' (A°18)

where ﬁ'represents points along the exterior surface s, and § is the
outward unit normal to s. ;&1 and ;32 represent points along the
interior surface o as approachzd from subregions R, and R,,respectively.
In further discussion it is also convenient to let 31 and 32 denote the
unit normals to the interior surface ¢ which point away from R; and Rs,
respectively.

Adding the conditions A.1l7 and A.18 to the Roussopoulos func-
tional in Equation A.3 by the use of Lagrange multipliers gives the

following functional:
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Fp,0%,0,8] = g{{fdr + ggfdr Z;I;{dﬂ fodE {qS* [s

- ffdﬁ fd'E' Zs(;)ﬁ:ﬁ')E:E') d’(;,ﬁ’:E') - ﬁ-Vd) - th’} + S*d’}
bzt o .

A S -> A A A -> A A A A
+ [[ao [‘[fcm [ aE a(z,,0,E) [ol-o $(xg ,ELE) + G2+ ¢(;o_2,Q,E)]
o) T o] ,

-

+ [fas [[f af u(-6-8) [ aE (%,8,8) &5 6(%,8,5) (A.19)
S 7 (o]

where 0 and B are the as yet undetermined Lagrange multipiiers. 1In
that the continuity condition is to be imposed abt every point along the
interior surface 0, for all values of angle and energy, the multiplier,
o, must be a function of ;cr’ Q and E and the sum of all constraint

conditions becomes an integral over angle; energy and the surface o.

o}

Similarly, the multiplier B is a function of R, along the exterior
surface s, as well as 0 end E, and the constraints for the boundary
conditions form an integral over angle, energy and the exterior surface
S.

With this construction, the functions ¢ in the domain of % may
now include discontinuous functions not satisfying the boundary con-
ditions to be imposed on the neutron angular flux ¥, since by requiring
% to be stationary with respect to arbitrary variations in o and g, the

conditions of Equetions A.l7 and A.18 appear as a conseguence of the

stationarity of the functional. Thus, if

5% 0 (A.20)

5058
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then ¢ must satisfy the equations:

o\ -> N = A
[Q-V + Zt(r,E)] ¢(r,Q,E) = S(r,Q,E)

[+ ]
« Jfaty [ am = (¥,8,&,8,5) 6(r,i,E) (A.21)
Izt o
-> A -> ~
d’(ro-l:Q’E) = ¢(ro-2,Q)E) (A.22)
> A A A
¢(R,0,E) =0, Q8 <O (A.23)

The stationary conditions on the Lagrange multipliers o and B,
as well as for ¢*, are found by requiring the functional to be sta-
tionary with respeect to axbitrary variation in the function ¢. Utili-

zation of the identity

AN

Ve (Ohd*) = ¢+0.V9 + 9Q-V* (A.24)

allows the contribution to the functional from the gradient term to be

reexpressed as
5ol ®r9*] = | [ o5+ [[f a7 [[f ad [TaE (¢0-v* ~ V(Ede*))
921 g‘t.e 7 o] ( )
A.25

Now, application of the divergence theorem to the second term in

Equation A.25 gives
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Fopapl9:9%] = ﬁqda fo aE {(g{lffdr + ggfdr)m.w,*
+ [fas -5 6(R,0,8) ¢*(%,0,5)
S

« Jf oo (520G, 8,8 $5(F0,E) + Sy, 0m) 61, ,0,8)]
(a.26)

The contribution to the functional % from the scattering term
may &lso be reexpressed by reversing the order of the primed and un-

primed angular and energy integrations:

/ - ”
= e (a7 A, ’ A = A e
Fogpl @5 8%] (af{fdr + %f’ dr)[ﬂfdn fo 4 t[‘u[dg j; dE [é(x,0f B’ )

X £_(z,0,8¢ ,B,B) ¢*(r,8,E)] (A.27)

The primed and unprimed integration variaebles may now be interchanged

to give
-> —>\ 00 ~ 00 - A
it (15 JI6) 0 [ ffor [ 660

X T_(7,{ 0,8 ,EB) $*(r, ,&')] (A.28)

Insertion of the new expressions for the scattering and gradient
terms in the functional of Equation A.19 then yields the alternate

form of the functional;
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H é,¢%,0,8] = (g(lffd?J' g{éffd?)\ffdﬁ fwdquS[s*

ar o

0 Pal
+ [f aty [7aw = (7,0,0,F,8) ¢@0,E) + 0w -5 ¢x]+ S¢*$
T 0

+ .{I‘fdo' R/;{dﬁ fo dE ;(a'l'ﬁ) ¢(;O_l,ﬁ,E)[OC(;G';§,E) - d’*(;o-l,ﬁ)E)]
+ (82-0) 8,8, E) a0, (7) - ¢*<?02,ﬁ,3)]§

v Jfas [fa6 [ ax %H(—ﬁ@)(ﬁ-é‘) 8(&,0,5)pE,0,5) - ¢+3,0,5)]
S T (o]

- E-D@8) $E0,8[e @0, | (a.29)
Now, requiring that
8%y = O (A.30)

requires that each of the square bracketed terms in Equation A.29
vanish identically. Thus, at the stationary point, ¢*, o and B must

satisfy the conditions

[D.7 + zt(}’,E)] ¢*{7,0,E) = s*(r,8,E)

+ ﬁffdﬁ’ [ aw zs(?,ﬁ',ﬁ,E',E) ¢* (7,0 ,E' ) (A.31)
T o]
- ~ - A - -
9”*(1'0.1:9,}3) = O‘(TG:Q:E) = ¢*(r0'2’Q’E) (A.32)

¢*(§16:E) =0 ) ﬁ's >0 (A-BB)
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5(§)63E) = d’*(ﬁ:ﬁ:E) 3 ﬁ’g <0 (A'3)“)

Equations A.31 through A.33 are just the adjoint transport equations
and appropriate boundary and continuity conditions. Taus, at the
stationary point, ¢* must be the adjoint neutron angular flux. Further,
a(;&,ﬁ,E) is seen to be the stationary value of the adjoint angular
flux along the interior surface o, and B(ﬁ;ﬁ,E) is seen to be the sta-
tionary value of the incoming adjoint angular flux along the exterior
surface s.

If, as in the classical applications of constraint conditions
by Lagrange multipliers; the exact solution for the multipliers are
obtained, Equations A.32 and A.34 imply that the solution to the ad-
joint problem must be obtained since the multipliers are given in
terms of the adjoint function ¢*. Avoiding an adjoint solution, the
Lagrange multipliers must themselves be approximated, and as a con-
sequence, the approximate solutions obtained by the variational syn-
thesis method will not satisfy the boundary and continuify conditions
exactly, but only in a weighted integral sense. The Lagrange multi-
pliers might therefore be assigned the dependence on the functions ¢*
as indicated in FEquations A.32 and A.34. For the multiplier B, no
difficulty in this assignment arises, but for the multiplier «, a
problem arises because, with the admission of discontinuous functions

¢*, it is possible that
-> A -> ~
¢*(ro-l’Q’E) % ¢*(ro-.2}Q’E) (A-BS)

This problem is overcome by assigning & the value
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o(750,E) = B{-61) ¢*(x, ,0,E) + H((-02) ¢*(x; ,BE)  (A.36)

as proposed by O'Reilly®® and used by Lancefield.®® With this assigne
ment, the stationary condition on ¢* given by A.32 is replaced by the

two equivalent conditions

H(ﬁ'al) ¢*(r0'l’ﬁ’E) = H(—ﬁ°8'2) ¢*(r0-2)ﬁ,E) (A-Brl)
H(ﬁ‘aa) d’*(ro-e)ﬁ’E) = H('ﬁ'al) d,*(r()'l’ﬁ’E) (A-58)

Similarly, the continuity conditions on the stationary function ¢ as a

result of Equation A.36 become

H((-81) 8, ,0,E) = B(G-82) $(7, ,0,E) (A.39)

and

H((-82) 67, ,0,E) = K(-0-61) o(z, ,0,E) (8.40)

Equation A.39 implies that neutrons leaving R; through the surface o
must enter Ro, and Equation A.4O implies that neutrons leaving Ro
through o must enter ®;. Tnese two conditions are, of course, phys-
ically equivalent to the original continuity condition A.18.

Having expressions for the Lagrange multipliers o and B, the
functional of Equation A.19 can be simplified by substitution of

-3 ~ -> A

Equations A.36 and A.34 for the values of a(r ,0,E) and B(R,Q,E). The

final form of the functional for the two-region case thus becomes:
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7 ¢,¢%] =(0{_[ dr + ﬂfd;) agdﬁ f:dE ;¢*[s
o ffal [ n G EE) 66 &) - 0w - 5] w;
+ Jfoo [J i f aE 3[1{(—6.31) 6*(Fo 0,E) + B8 xF ,5)
< (@667, 0,8) ~ 0, 5]
+ Jfas [J a6 [ “am %H(-ﬁ-ﬁ) ¢+ (R,8,8) (6-5) ¢(§,ﬁ,E)§ (A1)

The Multiregion Reactor

Equation A.41 may be generalized to the case of a multiregion
reactor, divided arbitrarily into A subregions by the interior surfaces
Oﬂ’ with the help of the following notation:

R, denotes the Nth subregion (N =1,2,...4),

S is that portion of the exterior surface 8 belonging to Qk,

{v(\)} 1is the set of indices of subregions contiguous with Qk,
oi,v(k) denotes the common interior surface between ﬂx and Qv(x),

§% is outward unit normal to s,,

ax is the outward unit normal to surface of Qk,

rk,v(x) is a point on Gﬁ,v(%) approached from within QA,
;;(X),k represents the same point approached from within mv(x)'

With these definitions, Equation A.L1 generalizes to:
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A ca -*> A > A
F$,0%] = ), l{ ar [[fdﬁ [ aE {d)*(r,Q,E)[S(r,Q,E)
A=1 T o

R PA A ~
+ [[fdﬁ’ f 4B’ ZS(;,Q;Q’,E,E') ¢(;,Q’:E')
T o]

- 8-9(7,8,E) -5, (7,E) ¢(+,8,E)] + s*(Z,,E) d)(?,ﬁ,E)}

A po | -
+ do dd [ aE {H(-0.5,)(D.5,) ¢*(r sE5E)
v?x) "fi(?\) [[f fo i A A A, v (A)

X [d’(??\,v(?\):ﬁ:E) - QS(;IJ(?\),K;&;E)]}

+ [fas [fad [ am bu-6.8) @005 s@anl | (ahe)
[oa [fad ] any ;

Since the division into subregions was arbitrarily made, this form of
the functional admits within its domein, functions ¢ and ¢* which are
discontinuous along any interior surfaces, and has, as its stationary
functions, the continuous solutions to the forward and adjoint trans-
port equation. It may thus be used to derive approximations of ¥ and

¥ in terms of discontinuous trial functions ¢ and ¢*.
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APPENDIX B
REDUCED EQUATIONS FOR THE THREE-DIMENSIONAL CASE

Utilization of the variational synthesis method to obtein ap-
proximate solutions to the three-dimensional rectangular reactor, as
described in Chapter III, is accomplished by choosing forward and ad-
joint trial functions of the form of Equation 3.53 to remove the base
function variables, and treating the angular dependence in a discrete
ordinates approximation using a trial function as in Equations 3.L2
and 3.43. Having reduced the multigroup functional by this two-step
procedure, the equation for the discrete angular mixing funétions

¢

gnmd(z) are found, by requiring the reduced functional to be sta-

tionary with respect to arbitrary variations in the ¢* (z), to be

d I I I I
gdAgnmE dz ¢gnmd(z) * [Ztgnm,e * thcl.Bgnma{fI * T}d]ﬂgnm»(i] d’gnmd(z) - Sgnma@d

+ ud ;nmE{Fl 8 1:gn 1md( z) = gnmd(z)] * 8n1¢énmd( \}

+ ndFénmﬂ {(1—6m1)[¢gnm_ld(z) - ¢gnmd(z)]

m1 gnmd(z)l d =1 2,...,5- (B.1la)

j



11
Sa’gmg @z d’gnmd(Z) +|: Zognmg T MaBzomg * ndEgnmz'J ¢gnmd( z) = Smd

T ] "
B amg l (1-5_y) [‘f’gmnd(z) - ¢gn+:und(z)] + SnNd’gmd\“){

g {(1—6m1) [ 4pmo2a(®) = S (2)]

.. o D
ml gnmd( )§ ] d. =4 E'i’ l,ooo"z- (Balb)
III III III III ITI
gd gnmyg, dz ¢ ( ) +[ tgnmyg * “ngnmz ndEgnm,e](bgnmd( ) = Sgnmzd
ITI
* Md.anﬂ_m)(?, ((l—SnN) [¢gnmd(z) - ¢gn+1md(z)] + 8nN¢gnmd(z)}
III
T Mg gnan:a.,(l,{(l_6 )[ gnmd ¢gnm+1d( )J
+ 5 (z)l°d-—2+l ., 22 (B.1lc)
nM’ gnmd 5’ 2 s
Iv Iv IV N A
gd. gnm,q, dz ¢gnmd( z) +[ tgnmz ngnmz * N gnmz] (bgnmd(z) B Sgn:mi,d.

+ pdC;Zmz{ (l—Snl) l:d’gn-md(Z) - ¢gnmd(z)]+ 5n1¢gmnd(z)§

IV
¥ "ngnmlzl (18 ) [¢ gmm(Z)]
D
* mMgnmd(Z)}; d=13r‘+ l,...,D (B.1d)
0 e ‘ )
Donmgg-1%emma(Zg1, s} = AarmoPanmal?y, g1’ 3 8g > O = Lpee o, TV
(B.1le)

a _ . L
Agnmz¢gnmd<zz,z+1) - Dgnmu+1¢gnmd(zz+1,z) 5 Bg <0, =1T1,...,IV
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gnmd(zl) =0; £,>0 (B.1g)
¢gnmd(zL+l) =0; g, <0 (B.1h)

In these equations, the meaning of the superscripts and the placement
of the discrete segments by quadrant are as described in Chapter III.
Also the value of the superscript a, where o = I, II, III, IV, in
Equations B.le and B.1lf are determined from the value of the subscript
d as specified in Chspter III. §d is the discrete direction cosine
along the z axis, and is defined analogous to the discrete x and y
cosines, ny and n,, as given in Equations 3.48 and 3.49.

The consistent definitions of the matrix synthesis constants
appearing in these eqguations, analogous to the definitions for the

two-dimensional case, are

. X Vot
gk _ ekl f s O =T,...,IV (B.2
Agnmz J;cn dx j;rm dy f (z)(XJY) gk(,@)(x’y) ’ ’ ’ ( )

. X Yyt
ajk nt1
(B.3)
. Y,

ojk m- 1

C = f ’ a = L B 4

anmy, fym dy ga(z)(x Y ) k(z)(xn,:ﬂ ; I,...,IV (B.k)

. X v )

ajk _ nt+1 m+1
Dermgg’ = fxn dx fym dy f (z)( X,¥) fgk(y)(x’Y) 3 0 =TI,...,IV;

4 = gr1,0-1 (B.5)
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X Y.
oJk n+ 1 m+1 9
E = dx = s 0= T,0..,IV
gnms j;n l%m W £ J(L)(x’y) oy fgk(z)(x,y) ’ Lyeves
(B.6)

a3k xn.+1
Py = j;n dx f (z)(x,y ) fgk(z)(x,yh) ; 00=TI,...,IV  (B.7)

X Y.
ajk n+ 1 m1 *QL
Ztgnmg = J;n dx j;m Ay £,50,)(%¥) 2, (%,3) £ k(z)(x,y) 5

o = I’ooo,IV (BOB)

These equations for the three-dimensional case are seen to be
formally similar to those of the two-dimensional case. In this case,
however, there are four equations specifying the dependence of the
discrete angular mixing functions along the remaining spatial variable:
one for each of the four ranges of the angular segmentation. The same
directional sense in the channel coupling for these equations is
observed, as was observed for the two-dimensional equations. Now how-
ever, each channel is coupled to the four adjacent channels, two along
each of the base function axes x and y. Thus, for example, channel n,m
is coupled to channel n,m+l through neutrons with ng < O, to channel
n,m-1 through neutrons with g > 0, to channel nt+l,m through neutrons
with Fq < 0, and to channel n-l,m through neutrons with “d.> 0. These
similarities are also evident in the boundary and continuity conditions
of Equations B.le through B.1lh.

Equations B.l may be solved, as in the two-dimensional case, by

defining a fine mesh, T = 1,2,...,IMAX, along the remaining spatial
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variable, sweeping this mesh by channel in a directional sense to
determine each iterate solution and utilizing the iteration procedure
as described in Chepter III. Having converged the iterative procedure,
the aspproximate solution is then determined by recombining the result-

ing discrete angular mixing functions with the base functions by use

of the trial function expression.
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APPENDIX C

REFLECTED BOUNDARY CONDITIONS

For meny applications, the boundary conditions to be imposed on
the Boltzmann are of the reflected type, i.e., all neutrons encountering
the outer surface are returned to the system by mirror reflection. Such
instances often arise, for example, in reactor cell calculations. These
conditions can be treated consistently in variaetional synthesis method
by using an sppropriate term in the functional and will be developed
here for the case of a two-dimensional rectangular reactor (Figure 1)
and a single energy group.

Writing the two components of the angular variable explicity,

the reflected boundary conditions for this case may be written

Y(x:yyl-l:rl) = Y(x:y:—“:n) s X

X1 X2 (C.;)
and
Y(x,y,um) = \l’(x:y:u"’q) y ¥ = yl’yMl-l (c.2)

An appropriate term for replacing the vacuum boundary condition term

in the functional is
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M Y
gB.C.[d,’d)*] = g:;:l J;t dQ _/:;.mm*-ldY{H(_Qx) ¢*(xn+l,}/,u,n) Qx['ﬁ(xmr,y,u,n)

- ¢(x1\1+1’y"“’“)}+ H(ﬂx) ¢*(X1,y,|¢,n) QX[QS(XIIY}"f-Un) - ¢(x1,Y,u,n)]}

N x
+ él &f;tfdm I nﬂ{H(-ﬂy) 0% (%, ¥y 12 45M) fzy[d’(x,yM,l,u,n)

n

- ¢(x,yM*_l,M)"'ﬂ)]+ H(Qy.) ¢*(X:Y1:H:ﬁ)Qy[d’(x,y'l:“:_'rl) —¢(x,y1,u,n)]}

(C.3)

The varishing of the functional %, thus appended, with respect to
arbitrary variations in the functions ¢*(x,y,u,n) requires that each
of the square bracketed terms in Equation C.3 vanish identically.
Hence the stationary functions Y satisfy Equations C.1 and C.2 and this
term is an appropriate variational characterization of the reflected
boundary conditions.

Inserting the trial function expressions of Equations 3.290 and

3.30, performing the integration over the base function x, the reduced

term becomes

i Y,
~ m+-1 - - -
By 0. [0,0%] = E,:l [‘ng fVm {H(—Qx) O3~ (susm) Q[CRy s O (¥ossm)

- Um¢-;I(Y)‘1J-:7])]+ H(Qx) ¢§+(Y’u;n) Qx[thﬁ'i(y,-um) - CL_&(Y:H:HEI}
J

Continuved.....
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N

+ nE=l &[nf dﬁ{rr(-ny) H(-,) 85 (v, mam) O Any[40 (v, 15000)
= ¢;(yM+l,u,~n)]
+ B-0,) HOQ) ¢ (v, 1000n) O Ay [br (g, 1000) = 6, (g, b5 )]
+ B(Q) H(-0)) ¢ "(va,u,0) Q AL [ (y1,u,1) = 6 (y1,15m)]

+ 10) 10 8" (ramn) o A [6] (rau,—) ~ ¢;(y1,u,'n)]} (C.b)

where the matrices Ci and Ai are as defined by Equations 3.35 and 3.33
and the mixing functions are expressed in matrix form. The matrices

qm and Vﬁ are defined so that their j,kth siements are given by

.
Qi - fj(m)(xN+1) f;(m)(xN+1) (C.5)

and
ng = f;?m)(xl) flz(m)(xl) (c.6)

In obtaining C.4 and C.3 by insertion of the trial function, use has

been made of the fact that
[gdn H(Q,) H(Q ) =0 (c.7)

The discrete angular approximation is made using the trial
functions for the angular dependent mixing functions as given in

Equations 3.42 through 3.45. . Consider now the first term in the first
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o

integral of Equation C.4. Inserting the trial function expressions,

this term becomes

M Voo 1%2 _ D/2
I;:lfym ay J,[ WHA) L o) 8400m) ﬂx[%m g‘,l byar (7) 8(1,m)

D
- Um z ¢Nd.' (Y) Ad’ ("'N,n)]
a’ =g— + 1

where the angular dependence of the step function AH has been written

explicitly. The angular integration is now performed to obtain

M DZ/? b1 o _ ( )]
Ig.\l_:l d=1 L'm Nd(y) iJ‘d.[c:]}]} de)Nd(y) - Um(bNd . gy

Note that the double sum over d and d’ has been reduced to a single

sum, in the first instance, by the fact that
Jaa APy =03 d 4 a (c.8)

and in the second instance by the fact that

D

fdﬁ H("Qx) Ad(u,ﬂ) Adr (4,1) =0 ; & #d + (c.9)

o}

The second fact is true by virtue of the symmetry of the angular
segmentation and the ordering of the segments such that the index of
the discrete segment, d, having cosines My nd(pd>o) is related to the
index of the discrete segment, d’, having cosines —Hzs Mg by the

relation
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& =4 -= (c.10)

Similar considerations for the other terms in Equation C.L4 yield

the discrete form to be

My 1%2
7.0 la%hal = L L L 8000w Gt @) 08 o)

m=1 Ym d=1 Nd + 5
D
DA ud[vqum o) - c’;mcbld(y)]
d=x+ 1 -2
N 1%4
+ nZ=1 o ¢:1d(Y1) nd AnM [¢nd . g(yl) - d’nd‘(YJ.)]
n/2 _
¥ ; e s) Mg A L¢nd(yM+1) - ¢nd D(yMi-l)]
dT + 1 - I
3D/k .
+ ]; (b:;d(yl) ﬂd Anl[¢nd . D(YJ_) - ¢nd(yl)]
d*—ﬁ- + 1 I
'D
+ BZD ra (e 1) Mg A;M [¢nd(yml) - ¢nd D(YM”)] (¢.11)
d= i + 1 -

The requirement that the reduced functional in discrete form,
with the boundary term as given by C.1ll, be stationary with respect to
variations on the d’; 3 then yields the equation and condition for the

discrete angular mixing functions. The equations are the same as
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3.46a and 3.46b with the exception that the last term in each equation,

C

Hy n+l,m 5n.I\I ¢nd

+
(y) and My Cmn §n1‘ and(y), replaced by

“dBnN[Cnﬂ.m nd(y) - Umd)nd N Q(y)]

2

and

g [quﬁ o(¥) - C;md’nd(Y)]

nd--é-

respectively. The boundary conditions replacing Equations 3.46g and

3.4.6h are
¢nd(yl) = d)nd . E(yl) 3 Mg = O (C.12a)
6 aMms) =¢  pya) 5 1y <O (C.12p)
nd - Il.—-

The solution to the equations in this form are found in identi-

cally the same manner as described in Chapter III.
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