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ABSTRACT

Regge cuté are discussed from a phenomenological point of view.
Some attempts to derive amplitudes with Regge cuts are reviewed, |
including those of Amati, Sfa;ghellini, and Fubini, and of Gribov. A
phenomenological amplitude for the Regge cut from two Reggeon exchange
is written down in aAform that manifestly satisfies s-u crossing.
The amplitude is formulated in terms of s-channel helicity partial-wave
amplitudes; S0 fhe Reggeization of s-channel helicity amplitudes is
discussed as a technical simplification. TImplications of Regge cuts
for various duality—breaking schemes (dnd vice'versé) are summarized.
Brief reﬁarks are made on two Reggeon cuts and exotic exchange. These
include model calculatibns of the (P +0)® (B + p) cut in xx
scattering, and of the single-meson-exchange "forbidden" reaction

K-p —9K+E-.



I. INTRODUCTION

‘The recent fashidn of describing two body to two body hadronic
processes iﬁ terms of branch cuts (together with the usual Regge poies)
in the crossed channel complex angular momentum plane seems to hold
great promise for the accommodation of high—engrgyvécattering data. At
present Regge cut modelé are muéh too fléxiblé to have real predicﬁive
power, but there is some reasbn to hope (see Chapter VI)‘that under-
standing will be gained through a study of the interplay between.Regge
cut corrections and duality-breaking schemes. In fhis thesis T will
discuss the formulation of a model amplitude for the Regge box graph,
which represents the physical picture of beam parficle and target |
particle interacting twice, and the use of such an amplitude in two
cases of experimental interest. The first obtains when normal quantum
numbers are exchanged in the t—chénnel but simple Regge pole descriptions
‘fail to represent the data adequately. [Normal quantum numbers are those
which occur in the simple qﬁark modél. For bos§ns these occur in the
SU(3) product z@i, whereas for fermions they are contained in
3@ 3@3- All other quantum numbers are "exotic."] In such instances
it has becohe common practice to invoke the virtues of the absorptive
peripheral model (Jackson, 1965) by considering amplitudes in which
elastic sqattering either precedes or follows the gquantum number
exchange. The second case is that in which both Reggeons represeﬁt
quantum number exchange, so the amplitude may represent the exchange
of exotic quantum numbefs in the t-channel. 1In the latter circumstance
the box graph presents an alternative to the exchange of a Single exotic

trajectory.



The rejection of the idea of meromorphj in the J plane and the
concemitant cénsideration of Reggé cuts are motivated both by theoretical
notionsAand'by phenomenological necessity. All dynamical models of
scattering amplitudesjextant require the existénce of branch cuts in the
angular momentum plane.' Noﬁe of these models is sufficiently mature
to permit the calculation of the discontinuity across the cut in
interesting cases, but the existence and location of the branch points
can bé stated with some certainty. The graphical approach employed here
suffers from this ambiguity, but by appeal to the successes of the
Aperiphéral model with absorption it is possiblelto forﬁulate a dgfinite
if grbitrary médel. Phenomenologically, the fact'that Regge poles
don't work has been widely docqmented in the past year, even by
adherents to the aesthetics 6f meromorphy (Barger, 1969); I hasten to

add that the difficulties with Regge poles are quéntitative and in no

way minimize the remarkable fecundity of the Regge pole hypothesis
(Régge, 1959, 1960; Chew and Frautschi, 1961, 1962), which is exposited
by Bargef and Cline (1969). The case for Regge cuts has been reviewed
by Chiu (1969), Fox (1979), Jackson (1970), and Sonderegger (1969).
While ii is important to remember that Regge cuts are not a phenomeno-
logical paﬁacea (see Fox, 19?0), it seems evident that complicated
Jj-plane structure is unaﬁbidable.

Th¢ plan of the sﬁcceéding chapters is as follows. In Chapter
II, I list some of the terminology and classical results of S-matrix

theory, to establish a frame of reference for later discussions. The

history of the Amati-Fubini-Stanghellini branch cut takes up most of




Chapter III. Chapter IV contains a brief discussion of a particular

Feynman diagram which pfoduces a prototype Régge cut. Tt is there that

I make contact with the recent work of Gribov on'a Reggeon calculus.
formulate a phenomenological amplitude for two=-Reggeon exchange in'
Chapter V. 1In Chapter VI I discuss some aspects of the relevance of
Regge cuts to fhe questions of exchange degeneracy and the existence
of exotic trajectories. Chapter VII is a summarj of the work.

Conventions and such are collected in the appendices.

I



II. SOME NECESSARY RESULTS FROM S-MATRIX THEORY

I record here results from analytic S-matrix theory which will
be useful in the succeeding development. All of this material is
classical, but it will be valuable to have the concepts fresh in mind
later. The reader is referred to Eden, et al. (1966) and Collins and
Squires (1968) for more complete exfositions.

To make this rather dull, technical chapter somewhat readable
I have relegated many definitions and conventions to Appendix A. The
intent of the present chapter is merely to remind the reader of terminol-
ogy to be used later; therefore I ignore the complications of spin here.

1. The Scattering Amplitﬁde: Analytic Structure |

In this thesis I am concerned almost exclusively with the four
line connected part of the S-matrix, i.e. the two body to two body
scattering dmplitude. The kinematical quantities for two body scattering
are given in Chapter A.l. The S-matrix and scattering amplitude for a
general process are written down in Chapter A.3. Here I write the two-
to-two amplitude as A(s,t,u) or, suppressing the redundant variable,
as A(s,t).

'In each channel there will occur the singularities required by

unitarity. Thus there are simple poles corresponding to bound states,

and branch points corresponding to production thresholds (Eden, 1952).
Traditionally the branch cuts in the relevant energy plane are drawn
along the positive real axis as shown in Fig. II-1. (The minor compli-
cations of‘complex thresholds which occur for unstable particle scattering
are ignored here.) With this choice the physical s-channel amplitude

is the boundary value



A(s,t) = 1lim A(s+ie,t), , , (II.1.1)
e- 07

and is Hefmitian analytic. [That is; A and its Hermitién conjugate
AT are boundary values of the same analytic function. See Eden, et al.
(1966), Section 5.6.17
2. Dispersion Relatidns
Assume that thé singularities shown in Fig. ITI-1 represent all
the singularities of A(s,t) on the physical sheetf Take‘/(:/ as the
contour of Fig. II-2, inéide of which A(s,t) is regular. We define

the discontinuity functions at fixed s,

D, (s,t) (1/21)(A(s,t,) - A(s,t )],

(11.2;1)

(1/21)[A(,t(1,)) - AGs,t(u )],

Du(s,u)

where t = lim +(t + ie), the discontinuity being taken across all cuts
- €~ 0
in t+ (or in u) at fixed s. By Hermitian analyticity

A(s,t7) = A'(s,t), | ’ (17.2.2)
Dt(s,t) = (1/21)“Disct[A(s,t)], t > b3

(11.2.5)
D,(s,u) = (1/21) Dise [A(s,t(u))], u> ug.

Then, suppressing for brevity any bound state poles, we can apply Cauchy's

theorem and obtain the result

I denote complex conjugation by a star (*) and Hermitian conjugation

by a dagger (7).



A(s,t) = (1/2xi) at Als,t) (II.2.4)

t' -t
o5

Let us assume that A(s,t) -0 as |t| —»w. Then the contribution to

the integral from the semicircles at infinity will vanish. This gives

A(s,£)

: o ® at’ D, (s,t") _ * du' D, (s,u") ;
= Pole terms + (1/x) e E— + (1/x) rE—
t u,.
0 0 (11.2.5)

This form, which is just a speciél kind of Hilbertvtransform, is a
fixed-s dispersidn relation. |
If instead of vanishing at infinity the amplitude is bounded by
an integral power (of t), we can ensure convergence by making a number
of subtractions. :
3. The Mandelstam Representation
An important extension of the single-variable dispersion relation
is the dpuble dispersion relation conjectured by Mandelstam (1958), for
whibh a8 general proof, even in perturbation theory, is lacking. To

proceed, we define the discontinuity in s of Dt to be

oy (s,t) = (1/21)[D(s,,t) - D.(s_,t)], s> (t) >0
(I1.3.1)
and '
pey(B50) = (1/28)[D (u,,t) - D (u_,t)], u >Db,(t) >0 a
' (11.3.2)

so that



oo dS" pst(su’u) du" ptﬁ(sxu") .
D (s,t) = (/) e+ (/%) L

a b, (t) b, (t) (I1.3.3)

The boundary functions bi 5 ‘have been given in general by Kibble
; 2
(1959). Likewise we can write

ds" Pg (s",m) - at” ptu(t"’u)

Du(S,g) = .(l/ﬂ) .S" % ) + (l/n) t7 - t

(11.3.4)

Substituting Egs. (II.B.B) and (II.3.4) into (II.2.5) we get the

Mandelstam representatlon,

dt' pst(s",t").
_ __ s" .
A(S t) = Pole terms + ST - s)(tl _ t)
1" " n
o [y [ psu(s St oo [ Pra(tu")
.2 (s - s)(u' - u) 7(2 (t' - t)(u" - u)

Notice that the double spectral functions pij are symmetrically defined.

(11.3.5)

Thus
oo (5,8) = (-1/W)[A(s,,5,) + Als_t_) - A(s;,t'_> - Als_,%,)]
= ( ) Disc D, (s, t) = ( ) Disc, D (s,t). (I1.3.6)

An understanding of the roles of the three double spectral functions
Pst? Psu’ Ptu is- needed for the work of Chapters III and IV. Let us

therefore review the connection between signature and double spectral

functions.



4. Signatured Amplitudes and the Mandelstam Representation*
In the z, = cos GS plane there 1lie rightjhand singularities
of the scattering amplitude corresponding to t-channel singularities,
and left-hand singularities corresponding to u-channel singularities.
These are illustrated schematically in Fig. IT-3. It is more convenient
to work with amplitudes which possess only right-hand singularities.
Therefore I construct amplitudes of definite signature (in the s-channel)

as follows. Let

A(s,t) = AB(s,t) + al(s,t), (IT.4.1)

where AB contains only right-hand singularities and AL only left hand

ones. Thereupon we can write dispersion relations in Zg for these

functions
R ' , gt_(s) 1 ® dz' D, (s,L") ]
A (S t) = 1 + .= t
? z (s,t.) - z_(s,t) '« z' - z (s,t)
: s i s s
t-poles zs(s,to)
)
gu.(s) * dz' D _(s,t")
Al(s,t) = 1 + E
? N zs(s,z-s—ui) - zs(s,t) n z' - zS(s,t)

zo(s,Z-s-uO) )

(11.4.2)

with t' = t(z',s).

Cf. Collins and Squires (1968), Chapter II.

+



NOW'define amplitudes of definite signature,

A5(s,t) = A(,t(s,2)) + 4%(s,8(5,-2,)), (17.4.3)

each of which has, by definition, only right-hand singularities.
Neglecting for simplicity any bound state poles we may write dispersion
relations for Ai,

du' D _(s,u')
Af(s,t) = u

(IT.4.4)

2

In terms of the double dispersion representation, this becomes

+ o t(S",t ) £ pg,(s",t")
A'(S’t) = j g" - s)—(‘t’ - ’t)
(t', ") t oo, (ust")
+ —f "[ 1_1 u)—(t'tli :) . (11.4.5)

Equation (IT.4.5) may be rewritten more compactly as

oo

' +
D, "(s,t")
Af(s,t) = = it ——, (11.4.6)

TO=Min['to,t(s,uO)]

with

+
Dt“(s,t’)

dS" 1 1 " 1
nfm Log (s™,8") + pg,(s7,%7)]

A+

(E%E:*GT [ptu(t’,u") + ptu(uv,t')]. (I1.4.7)

It will be convenient later to define also the s-discontinuity function
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Dst(s“:t) = % [rtﬁé—tﬁ [pst(s’t') : psu(s’t')]' (T1:4.8)

*
- 5. The Froissart-Gribov Projection

Putting back possible poles into (II.4.6) we have the dispersion

relation

a¥(s,t) - Z{: gt'/(Mt.z -t) + 2{: gu./(Mu_2 - t)

t-poles ' u-poles

+.- .
® Dt-(sit')

[
at o

(11.5.1)

S

_ > g (s)/lz(s,M, 2) - 2 (s,8)]
1 1
t-poles

+ EE: gui(s)/[zﬂ(s,z ;.s ; Mﬁig) - z.(s,t)]

u-poles

® Dt*(s,t').
dz* — ’

z' -z (s,t
: . s
ZS-(S’TO) '

(11.5.2)

1 |
+ =
1§

where

and z' = ;s(s,t'); We now define a partial wave projection,

See Froissart (1961), Gribov (1961).
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A(s; £) = (1/32q) dz_ P,(z) A(s,tls,z_]). (1I1.5.4)
_ 1
Inserting (II.5.2) into (II.5.4), we invert the order of integration and

* 4
use Neumann's formula [HTF 1, Séction 3.6 (29)] -

1

‘dz' P(2')/(z' - z)  (11.5.5)
-1 '

Q,(z) = (-1/2)

to pérform the 2z integral,

af(s3 £) = (1/160) ) (g, (s) Qu(z,[s;M, °1).

+ g, (s) qyz,ls, £ -5 -m %))
i i
+ (1/161°) &z’ D ¥(s,8') Q,(z'). (11.5.6)
Zs(S’TO)

Suppressing poles, we are able to write two expressions for the

partial wave projection of signatured amplitudes,

W(s3 2) = (1160) | ae D E(s,t) gy(z), (11.5.7)
- zs(s,TO)

References to the Bateman Manuscript are cited as [Name Volume,
Section (Equation)] where name is HTF for Higher Transcendental
Functions or TIT for Tables of Integral Transforms. ‘See Erdelyi

(1953).
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and '
1
(1/32x) [ az' P (z') A%(s,t'), (11.5.8)
-1

Af(s; 2)

for integer 4. Now th(s,t) is the t-discontinuity of At(s,t).
It therefore exists only for z > zs(s,TO). On the other hand, the

discontinuity of Q,(z) 1is

(-x/2) By(2), -L<z<1
Im[Qz(z)} = : ' (I1.5.9)
0, |z| >1, £ integral.

In consequence we can combine (II.5.7) and (II.5.8) as

af(s; 8) = (-i/324) az' Q(z') A¥(s,t'), (11.5.10)

/Azipﬁfbé

where the contours /671,/Cé- are shown in Fig. II-k. The partial wave
series for the signatured amplitudes, corresponding to the inverse of
(11.5.10), is

00
A%(s,t) = 16x E:: (2¢ + 1) A%(s; £) P,(z,). (1T.5.11)
£=0
Since Pz(z) ié even or odd in =z ‘for integer £ 'according as £ is

even or odd it follows that

AT(s; 2), £ even
A(s; £) = ' ' (II.5.12)
' A (3; £), £ odd.



It is also useful to remark here that A%(s,t) contains the (j§§Z§>

part of A(s,t).

| 6. Singularities in s of the Partial Wave Amplitudes

~It is evident from (II.5.10) that .At(s; £) has in the s

plane the same right-hand-singularities as Ai(s,t) except that it will
not necessarily have all the poles. Theré will be in addition a set
of left-hand singularities generated by the pinching of t- or u-channel
singularities with the branch points of Qz(z) at z = 1. For any
singularity of At(s,t) at t =t,, At(s; £) will have a branch point
Aat

z (s,t;) = #l. ' (11.6.1)

For nonintegral £ the 1eft-hand‘singularities are rather more
complicated, for Qz(z) has four branéh points and is cut between
z = (-0, -1), as well as z = (-1,1). Thus Eq. (II.5.10) remains valid
for'noninteger £ but‘the cohtqur /C>1_ must encloée the real z-axis,
for 1 >‘z > -, The new contour is representéd in Fig. II-5. The

generalization of (II.5.9) is given by HTF 1, Section 3.3 (11, 12):

(-1/2) Pz(z), sl <z <l

In(Q,(z)} = (11.6.2)

sin x4 Qz(-z), -0 < 7 < -1.

This proyides us with two expressions for the partial wave projection,

namely

Af(s; 2) = (1/164°) az' D, *(s,t') q,(z') (11.6.%)
zs(s,TO)
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as before, and

. -1
A¥(s; 8) = (1/32n) az' P,(z') A%(s,t')
. '_l .

-1
- (sin x£/16x°) az' qy(-z') A¥(s,t').  (II1.6.4)

-0
The utility of thgse equations cah.bé enhanced somewhat tﬁrough eliming-
tion of the extra cut for. z < -1. This may be done (see Collins and
Squires, 1968 for the arithmetic) by writing dispersion relations not
for the full pértial wave amplitude A#(s;.l) but for the '"reduced"

partial wave amplitude
AE(a & : £ :
A*(s; £) = A7(s; £)/(pygPy),)". - (I1.6.5)

The results may be summarized as

| 2,(s,T) o

m(A*(s; £)1, , = (1/52x) az' Py(-2') By (5, L") (w1 )™
-1

4 @60 [ s Q) F e

]otu(t',u')(p12p5h)z (11.6.6)
: p'tu#o .

v the left-hand cut: For phyoical 4 the last term does not contritmte.

On the right-hand cut,

m(A¥(s; £)), , = (1/16x°) ez qu(z)
zs(s,To)

X Logy(s,8") & oy (8,8)1(py5p5,) | (1.6.7)
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This is a most useful result, for it states the connection between
signature aﬁa the double spectral functions. We shall'find it useful
in Chapter IV.

7. Sommerfeld-Watson Transforms*

' Heretofore we ignored, for the sake of brevity, the subtractions

which might be necessary to ensure convergence of

A¥(s; £) = (1/164°) | az' ¥(s,t') @y(z'). (11.5.7)
’ zs(s,TO) ‘

In reality, this equation is likely to be undefined as it stands for .

many values of s. But if Dtt(s,t') is power-bounded, i.e.

D (s,t1) s 2.N(8)70(5)
S— o -

P 4 , (r1.7.1)
'N(s) an integer; 0 <o(s) <1

then we may subtract Eq. (II.5.2) N(s) times at. the point z, = 0,

whence
‘ N(S) «© - ' t 1
. o 0£) 4 Z .dz' D (s,t")
A*(s,t) = Oy (siz) + ——— N(s) °
z (S T ) (Z’ - 2 )Z'
s\®270” S (I1.7.2)

In (II.7.2), '#:%_l(s,zs) is a polynomial in =z, of degree N-1, and

. the remaining integral converges. Now applying (II.5.4) we obtain

¥*
See Sommerfeld (1949), Watson (1918), Collins and Squires (1968).
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1
Af(s; £) = (1/32q) az_ P,(z_)
-1
) | z ¥ ® dz' D i-(.s,,t') '
* ﬂ_l(s,zs) + -—:— % N . (11.7.3)

1
As J[ dz PZ(Z)ZM =0 for M< £, we put
-1 :

(z /z’)N =[1 + (zs - z')/z'}N, expand in powers, and get

a%(s; £) = (1/161°) dz' Q,(z') D ¥(s,8'),  (II.7.%)
' ' zs(s,To)

for £ > N(s). Since [HTF 1, section 3.9 (21)] Qz(z) /\\’,Z-(ﬂrl)’

Z—
the integral in (II.7.4) will converge.

Providing that the Mandelstam representation is power boundéd,
the higher partial-waves are given uniquely by the double spectral
functioﬁs, whereas lower partial-waves may depend on arbitrary subtrac-
tion constants. To proceed to the Sommerfeld-Watson transform, we
suppose that the signatured partial-wave amplitude At(s; £) defined
in (II.5.7) is an analytic function of £ (in the physicist's sense)
in the right half;plane.* The import of this assumption is that we can
coﬁtinue (IT.7.4) below Re{£} = N(s) to interesting physical values

of 4. Observe that because the only singularities in £ of Qg(z)

are simple poles at the negativé integers [HTF 1, Section 3.3 (3)], the

*
Thus, by analytic we mean that only isoclated singularities occur.
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amplitude At(s; £) is holomorphic (freevof any singularities) for
Re{z]'z-N(s). |

We now replace the partial-wave expansion_(II.S.ll) by a contour
integration in the £-plane, |

as(22 + 1) A¥(s; é) P,(-z,)

2i _ sin nf

’ (11.7.5)

3

which is illustrated in Fig. II-6. The contour includes the nonnegative
integers, but avoids any singularities of Af(s; £). The integrand has
a pole at each integer n, for which sin x£ —a(-l)n(z - n)x. Since

Pn(-z) = (-1)* Pn(z) [HTF 1, Section 3.3 (10)] the pole residues are
21 P _(z.) A%(s3 n)(2n + 1). . (I1.7.6)

With this information it is easy to verify (Cauchy's theorem) that

(IT1.7.5) is equivalent to the partial-wave series

A*(s,t) = 16;{ Z (22 + 1) A%(s; £) Pz(zs). (11.5.11')

positive,
integral £

We now wish to continue -in £, and we assert that Af(s; 2) as
given by (II.7.4) is the- unique analytic continuation of the partial-
wave amplitude for integfal L. Fof the proof, we invoke Carlson's '
theorem (Titchmarsh, 1939). [Although we did not remark upon it iﬁ
Section IT.5, the point of the Froissart-Gribov projection was to build

a continuation which satisfies the conditions of Carlson's theorem.]



- .18-

If f(z) is regular and of the form
x| z| ' |
0(e ), x<gx, for Re(z}>A, and f(z) =0

for an infinite sequence of integers z = A,A+l,---, then f(z) = O.

We notice that

bl w

ay(z) S C27F expl(s + B) loglz + (£ - 1)2)]  (11.7.7)

[HTF 1, Section 3.9 (l)J. Thus if the integral (II.7.lk) converges, it

is the lowest values of 2z' 1in the range of integration which dominate
the high partial-waves. That is to say, the high partial waves are
controlled by the nearest singularities (in t or u). If the nearest
singﬁl&rity is at zb, then (subject to the éssumption that the amplitude
is power-bounded)

) L
-z[log{zo+(zo -1)71]

a¥(s5 2) —=> §(s) e ; (17.7.8)

L= o

Qhere @(s) is a function of s. The asymptotic form (II.7.8) satisfies
the requirements of Carlson's theorém (which is applied fo the
difference between the '"true" amplitﬁde and the Froissart-Gribov
continuation), so our cpntinuation in. £ 1is unique.

| Next we distort the cqntour'/IL/ intoV/CV', opening it up with
a semicircle at infinity énd'a line parallel to the imaginary axis at
Re(£} = L. This is shown in Fig. II-7. So long as L > N(s), no
singﬁlarities will be encountered as this displacement is-made. Thus

‘/f = J[ . Moreover, the contribution from the semicircle vanishes
/173

Yo



because of (II.7.8) and- IP (-2 )/s1n n£[~——e> 0. We continue to

£— o

distort the contour by réductng L. For L < N(s), we shall encounter
singularities in the £ plane. &hese are swallowed by the contour and
- we pick up theii’contributions as prescribed by Cauéhy.‘lThé situation
is shown schematically in Fig. II-8, for L = -%. The result of moving

the contour back to Re{£} = -1 1is

-3+
£, -16
A"(s,t) = E‘E

1 =
-E-lw

- j{: 16y <%a (s) + %) B; (s) P (s)( z )/51n 70ty (s)

~ poles

- 16“ dz(ez + 1) A*(s, z) P, (-z )/s1n b . (11.7.9)

cuts

The first térm, thelbackground‘ihtegral, vanishes as zé — o, leaving a
sum of Regge poles and Regge cuts.

In order to make the complex angular momentum analysis useful
for'physics,'one has to ensure that the Regge poles and Regge cuts
uncovered in the distortion of the contour dominate for large energy
over the contribution of the backgréund integral. In‘(II.7.9), we

pushed the'contour back to Re(f} = -%. For large values of z,

| lord] -1 .
P (2) 7 okl (I1.7.10)

* See, e.g., Collins and Squires (1968), Section II.7-9.
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if o is not a negative integer [HTF 1, Section 3.2 (23)]. Therefore
the first.ferm in (II.7.§);.the background integral, is least important
(as 2z > ). for Re{E]A= -3; for example, Regge poles with A(s)>-%
will be more important. As Re{£} 1is decreased from -1, the asymp-
totic;form'(II.7.iO) of _Rd Seems to indicate that the background
integral will become asymptotically dominant over the singularities in
the righ£ half £ piane. |

The wé& out of this difficulty. was found 5y Mandelstam (1962),
who demonstrated the dominance of the right-hénd singularities as
z »w, for Re{£} < -3 ipvthe background contour. We follow the
summary of Collins and Séuires.(1968), Section II.12., Rewrite the

partial-wave series (II.5.11) by adding and subtracting a piece:

00

AT(s,t) = 16x Z (24 + 1) A%(s3 £) B ,(2)
. £=0
L)t en) a¥(ss 41) @y (z)

[}

- 16 z (;1)£’l(2z) A¥(s; £-%) Qz__l_(zs). : (IT.7.11)
. pard

Now using [HTF 1, Section 3.3 (3)]

Pz(z) 1 Qz(z) 1 Q-z-l(z) (11.7.12)
sin £ x cos xnf " % cos n£ ° -7

we obtain
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‘ L+iw Q ( z )
+ 16 + -4-1'""s
A-(s,t) = 57 as(2¢ + 1) A~(s; £) —os T
L-icw
o _ .
2-1 ~
- ) e a¥(ss -2-3) g, a(-2,)
Tt 3-5 S
£=L'+3 : |

+ (Regge poles) + (Regge cuts), (I1.7.13)

where -L' is the smallest half-integer greater than L. Since [HTF

1, Section 3.2 (L41)]

Q,(z) ~— 2t ~ - C(II.7.14)

Z—> o

the first and second terms in (II.7.13) die as 'zSL' for L < -%, and
the dominance.df the Regge singularities is assured.
8. Mellin Transforms
Mellin transforms provide another technigue for calculating
high-energy behavior by picking out the rightmost singularity in the
4 plene. The Mellin transform F(x) of a function f£(s) is defined

by

F(a) = ds f(s) s-a-l; | o “ (11.8.1)

0

The inverse transform is

See Bjorken and Wu (1963); Courant and Hilbert (1953); Eden, et al.

(1966),'p. 151.
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O+io
£(s) = (1/2ni) do Fa) s, o (11.8.2)
O-ic ' .
where F(a) is analytic on the line Re{a} = 0. These are simply

the Fourier integral formulae in the variables 4n s and -ic.

An important class of functions f(s) is given by
a
' s O(Bn s)b-l 3 >1
f(s) = : , (11.8.3)

for which the Mellin transforms are polés of order b if b is

integral,

. -b ) .

Fla) = r(e)(a-ay) . . (II.8.4)
For noninteger values of b, F(a) is cut from o = -® to « = Q.;

then the integration contour specified by the parameter 0 must be
- chosen to avoid the cut.

The appliéation of Mellin transforms is similar to that of
Sommerfeld-Watson transforms. For example, if F(a) 1is regular in a
region, except for poles, then we may'displace the contour /(}/(0) to
the left and_obtain a sequence of contributions from‘the polesvencoun-
tered. As in the case of Sommerfeld-Watsén transforms, the rightmost -

singularity in « will dominate the behavior of f(s), as s —9w°>
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FIGURE CAPTIONS
Branch cuts in the complex t-plane arising from thresholds
in the t-chanﬁel (on the right) and in the u-channel (on the
left) for § fixed value of s. Two poles‘are also shown. |
The Cauchy contour of'integrétion in the complex t-plane,
used in writing a-dispérsion reléfion.'
The schematic singularity structure of Fig. II—l,Amapped
onto the zs-plane;
Integration contours in the complex zs-plane, for the

Froissart-Gribov projection (II.5.10).

'Contours of integration in the zs—plane for the Froissart-

Gribov projection when £ 1is complex.

Integration contour for the Sommerfeld-Watson transformation.
The opened contdur wifh a semicircle at infinity.

The contour'pushed'back to Ref{£} = -1/2. Two schematic

Regge poles and one schematic Regge cut are shown,
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Fig. II-3.
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III. THE AMATI-FUBINI-STANGHELLINI BRANCH cur

Historically, the possible existence and potential importance
of Regge cuts were first acknowledged by Amati, Fubini, and Stanghellini
(1962a,b) [hereafter, AFS], in the context of the multiperipheral model.
In this simplest case the cuts are only illuéory, and result from an
unjustified truncation of the unitarity sum (Mandelstém, 1963%;
Polkinghorne; 1963). I shall review.the AFS calculation and discuss
the cancellation of thé apparentlcut'by many-body:contributions to the
unitarity equation. Then I will specify the conditions under which
Regge cuts can be generated, and note some consequences of the existence
of cuts in the Jj plane. | | |

1. Generation of the AFS Cut by Two-Body Unitarity

Amati, Fubini, and Stanghellini considered the effects of
s-channel unitarity upon their multiperipheral model. In the simplest
case of a single iteration in the s-channel, one considers the set of
graphs shown in Fig; III -1, where cach blob (or bubble) reprecents a
complete sum of Feynman graphs. That is, T}::i; is a full (off-méss-
shell) scattering amplitude. To study the two Reggeon cut we specialize
to the diagram of Fig. III-2 ip which the blobs are represented‘as
Regge pole exchange amplitudes.v Following AFS, leﬁ us call T(s,t) a
Regge pole amplitude and call Al(s,t) the absorptive part of the once-

iterated amplitude. The Regge pole amplitude is given by

2(s,8) = c(b) £(8)(s/s)"), (i)

where £(t) is the signature factor, <3 + e-l#a(t?>/sin w(t). The

first iteration gives
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Al(s,t) = (87()'2 ern TO*(s,t') To(s,t"), (111.1.2)

where t' 1is the momentum transfer squared through the first Reggeon,
Q is the c.m. solid angle between the initial and final states, and t"
is thé momentum transfer squared through the second Reggeon. As (III.1.2)
is a unitafity equation, the intermediate states are on the mass shell.
This expression can be manipulated into the form
0 0
-2 ;l t 1" * ' " 1 "
Al(s,t) = 2(8x) " s dt at" T, (s,t") To(s,t ) w(t,t',t"),
-0 _ -00

(IT11.1.3)

where

@[-a2 - b2 - c® + 2ab + 2ac + 2be]

2 2 E3
[-a” - b~ - ¢~ + 2ab + 2ac + 2bc]

With the amplitudes (III.l.l) as input, this becomes

0 0
ay(s,8) = e(aﬁref at'/ as" o(t') c(8") E(t') (8"

X s(t,t,t") (s/éo)a(t’)+a(t")'l. (III.1.4)

This displays explicitly all the s-dependence in A., and we appear to

l)
have producéd asymptotic behavior corresponding to a continuous super-
position of Regge poles or in other words a Regge cut with branch point

at

o, (t) = Max{a(t') +a(t") - 1]. , (I11.1.5)
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Indeed, by taking a Froissart-Gribov or Mellin projection [for which
see Section II.5-8] it can be shown that a Regge cut occurs with branch
point at (III.1.5). For more specific results, see Rothe (1967).

In this, the AFS approximation, the s-channel intermediate
states are taken to be on the mass shell, and indeed in the approximation
of two-body unitarity, Eq. (III.l.4) is exact. However it was soon
pointed out by Mandelstam (1963) and by Polkinghorne (1963) that
truncation of the unitaiity sum with two-body intermediate states only
was unwarranted., Specifically, there are contributions to the unitarity
sum from "higher order"_intermediate states which precisely cancel the
AFS cut on>the pﬁysical sheet in the s plane.

To discuss the cancellation we turn to the Feynman integral
technique used by Rothe (1967). This route is rather clumsier for
computation than the Sudakov variable method but provides good insight.

2. The Rothe Cancellation”

When Mandelstam demonstrated the absence of the AFS cut in Fig.
III-2, he proposéd that there should be an uncanéelled cut in the double
cross diagram shown in Fig. III-3. He further conjectured that cuts
should exist only in those diagrams of the form of Fig. III-4 in which
both blobs contain third double spectraiﬂfunptions with respect to fhe
t-channel (psu £ 0). This conjecture was verified for Feynman graphs

by Wilkin (1964), and emerges easily in Rothe's method.

*
The calculation is nicely summarized by Landshoff (1969), and by

Risk (1970).
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Consider Fig. III-2 as a Feynman diagram. The amplitude is

A(s,t) = C dhk : 1 . 1
1 2 2 . . 2 2 .
--k2 -m + ie - -kh -m- + ie

\ L R(s,k %5 k,°,k°%) R(s,k, 75 k) (IT1.2.1)

where R(s,—t.; -ng,éphg) is the off mass shell amplitude associated
with the exchange of a Regge pole with tragectory a(t ). Now make the
change of variables d k —Jl I dk , which is accompanied by the

Jacobian

J @(D)/D%

(I11.2.2)

lw)
]

-16 det|2ki'kjl.

We assume that the limit s — o can-be taken inside the Feynman

integral, insert the asymptotic form of the Jacobian, and arrive at

A(F;,‘h A f f j’d.k',3 'a_kh2 ,[n(-kie’_kje’t)

2

X —5—= ' — R(s, kl 3 Ky

Lk ) R(s,k 2, K 2,k 2) .
2 . 2 . L 3 2 L
-k -m + ie -k -m + ie
2 L

(I11.2.3)
Consider the ikgz integration. There is a pole from the propagator
(-k22 -m + ie)-l which appears below the integration contour, by
virtue of the '+ie prescription. There may also be branch points from
the two vertex functions that depend on k22. Draﬁing upon experience

in perturbation theory (for which see Eden, et al., 1966), we assume

two properties for the vertex functions:
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(1) They have only a right-hand cut in rkgg, which also appeafs
below the integration contour. | V

(ii) They vanish for large values of lkegl.'
Property (ii) permits us to close the contour of integration with an
infinite semicircle in the uppef_half plane, and property (i) results in
the integral vanishing. This is shown pictorially -in Fig. III—5.' The
original contour of Fig. III-5(a) is deformed intoAthe contour sketched
in Fig. III-5(P) which, enclosing no singularities, shows that the
integral vanishes.

A;ternatively we could wrap the contour around the fight-hand
singularities as indicated in Fig. IIi-S(c). This mﬁst of course give
the same answer as Fig. ITI-5(b), which means that the pole contribution
(the on mass shell piece) must be canceled by the integral along the
cut. ' The procedure of Amati, Fubini, and Stanghellini (1962a,b) amounted
[Fig. III-5(d)] to pickiné up only the pole term from the propagator,
and ignoring the singuiarities of the vertex function.

3. Diagrams with Cuts

Clearly if we wish to write down a diagram with a Regge cut, we
must arrange to have both right-hand and left-handlsingularitiés in
—k22. The presence of left-hand singularities pre&ents the distortion
of the contour which results in Fig. ITI-5(b) and thercby invalidates
the proof that the Regge cut vanishes. The simplest change is to replace
the left-hand side of Fig. III-2 by a cross (this sﬁbstitution is repre-
sented in Fig. III-6). After the replacement, the bubbles representing

the vertex functions have both left-hand and right-hand singularities in
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-k22 (which is the total energy-squared flowing vertically through the
cross). We ignore<for the moment variables internai to the cross, and
note that becauge the croés has an su double spectral function it has
both right-hand and left-hand cuts in -k22 at fixed t. Thus the
contour cannot be closed in either the uppef or lower half plane, but
as the cross tends to zero faster than l/k22 for large Ik22| we can
make the deforﬁation of Fig. III;5(C) to obtain an integral over the
Aimaginary part of the éross graph. b

| Identical arguments appl& to the. ;khg integration. Therefore
to obtain a diagram with a Regge cut we must make insertions having su
double spectral functions ipto both ends of the graph. These insertions
will then have third double spectral functions in the t-channel sense.
Finally we see that the simplest graph with a Regge cﬁt is the Mandelstam
graph shqwn as Fig. III-3. A summary of the calculation of this double
cross graph is given in the next chapter.

Cufs in the J plane weaken the analyticity properties of the

scattering amplitude which can be proved from the>unitarity equation.
In particular the existence of certain fixed-j poles is related to the
existence of Regge cuts. Some aspects of the properties of the scattering

amplitude when Regge cuts are present are discussed by Collins and

Squires (1968),Sections V. L-6.
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Fig. ITI-2.

Fig. III-3.
Fig. III-kL.

Fig. III-5.

Fig. III-6.
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FIGURE CAPTTONS
The set of graphs represenfing one'iteratién of the
scatteriﬁg amplitﬁdé in the‘s éhannél.‘
A speéial casé of'the s-channel iterations corresponding to
tﬁo-ﬁeggeon'exéhange.. The Reggeonsvare répresented by

wavy lines.

1he Mandelstam (double cross) diagram. -

A general diagram for ﬁwo Reggeon exchange.

-

Contours of the —kzé

(a) The oriéinal contour, which passes above the on mass

integration in'Eq. (I11.2.3).

shell pole Contributed by_thef&-fﬁnction part of the propa-
gator, and above the right—hand cut in the vertex functions.

(b) The contour closed in.the‘upper half plane. (c) The

' contour wrapped around the right-hand singularities. (4)

The AFS approkimation,‘in which the'cutfcontribution is
neglected. -

Replacing the left-hand portion of Fig. ITI-2 by a cross.
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Iv. THE DOUBLE CROSS DIAGRAM
In this chapter I shall investigate the asymptotic behavior of

the double cross diagram suggested by Mandelstam (1963) as a prototype

“Regge cut diagram. First I will sketch the calculation by Gribov, based

on Sudakov's téchnique. Next I examine a modification of the Gribov
work, due'tq Polkinghorne, whiéh removes some of the arbitrariness in
the technical aésumptions. After showing how'Gribov's result is simpli-
fied for use in phenomenology, I state a number of objecfions to the
graphical procedure. ”
1. Sudakov Variables:‘ A.Simple Example

The Sudakov variables (Sudakov, 1956) are particularly suited
for the calculation of asymptotic values of Feynman graphs, for they
provide a clear separation between negligible and important invariants.
As an introductory illustration let us consider the simple two body to
two body graph of Fig. IV-1, which represents the lowest-order scattering

amplitude in a scalar ¢3 theory. Define lightlike four-vectors

Pi = pl ' pp2’
‘ _ (Tv.1.1)
P, = Py - PPy,
where
o = (1 - s/M?) +(s/M?)(l - 2M2/s)% ~ Mz/s. (Iv.1.2)

Then (pi)d O 1is negligible, whereas pi . pé ~ s 1is not. Let ki

be the transverse part of N (in the 3-vector sense) in the c.m. frame:



G-

2

k., * pt = 0; k.7 >0 (spacelike).

1 T d 1

The Sudakov variables ai,Bi,ki are defined implicitly by

1

R 1 1 :
Q. = O Py * By Pyt K-

(Iv.1.3)

What do they mean? lEnergy—mbmentum'conservation (ql + 9y =P+ pe)

and the.

L
12

implies that

kl + k2 = 0

al+aﬂ p(Bl+B2) = Bl+8p-p(al+a2) = 1
or

a +a, = . (L-p)T = g +p
17 TR =P T Rer

As a résult we can write s., = -(q, + q')2 as’

= 12. 1 2

s1a = 2l v op)(By +By)ey Py = sy

momentum- transfer-squared as -

fem !
2 PP

(1 +p)°

2 .
=P “251]

(1 +p)

5 .
-(pl - q‘l) = -kl - y [—Ole’g + Q(O‘lBl+

(IV;1.5)‘
(Iv.1.62)

(Iv.1.6v)

(Iv.1.7)

%B,,)

(Iv.1.8)

2 |
2 1-0) 2
ot Ei'"_"E%'[”alsé tplopy +og8y) - pagk ]
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For forward scattering, the Sudakov variables become

% = By

o/ (1 - o), .
: (Iv.1.9)

G = By

1/ - 65).

Having éﬁudiedvthe Sudakov“variabies in éAVery'simple example, let us
move 6n,fo a deécriptibn of Gribov's evaluation of Mgndelstam's_graph.
2. The Two Reggeon Branch Point
'In this section I sketch thé evaluation, using the Sudakov
techniqﬁg, of é spécifié'diagram.which hés a Regge cut, the double cross
diagram which is labeled fér kinematics in‘Fig. IV-2. This calculation
has been done already by Gribov (1967) and by Winbow (1969), and T refer

to their work for details. - Momentum conservation yields

4 L : (1v.2.1)
Ak ‘ = kl - k5 = -k2 + k)-l-
4 = Py - Pz = Pyt |

4 5 |
and as usual s = -(pl<+ p2)2 and t = --(pl - p,) . The graph is to

Ps
be computed as a function of the asymptotic forms of the bubble ampli-
tudes f(kl,k,k ) and f'(pl - kl, qQ -k, P, - k2) in the limit as

s »® for fixed t. In this limit it is supposed that each bubble

amplitude is a Regge pole ekchange amplitude. It is further assumed

that the -bubble amplitudes vanish if the momentum transfer (through the
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bubble) or any of the external masses tends to infinity (Mandelstam,

1963; Rothe, 1967). This aséumption,oncé accepted, motivates some

otherwise ad hoc assumptions about the significant region of integration.
For simplicity, assume that all the particles (the solid lines

in Fig. IV-2) are scalar and have the same mass M. The Sudakov param-

etrization [compare Eq. (IV.1.1)] is

o

— 1 t
k = ap2 + Bpl + %L
—_ 1 t .
Ky = P * By Hiyy - | (1v.2.2)
—_ ) t
ky = 0Py +BoPp + Ky -
‘ p

1 .
The volume element is duk =»§|s|dad6d2 Consider the left-hand part

%L.

of the diagram (Fig. IV-3): it involves the denominators

a = -k°- M +ie = B s(1 - p)° - kil? - W+ ie, (IV.2.3a)
dy = -(pp - 5% M 4 de = ays(l - o)1+ ) B (1 - 0)F - 1)
+ps(L+ p) P - g (L - PPN - kT -0 4 e
: (Iv.2.3Nh)
dy = -(k -'k)2 - M Fie = (o -a)(p, - B)(L - p)%
- (kLJ_; 122 - M+ e, | | o (IV.?.3c)
d, = -(p; -~k +k - q)® : Mo+ie = [ - pe)—i - By * B+ q°/s]

X [-o(1 - %)t - o, +a - qg/s](l - 0)%s

- (kll-— %l-+.%122 - M2 + ie. . (Iv.2.3d)
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Now let us assume that the amplitudes f(kl,k,k ) and
f’(pl -k,a-k, p, - k2) are large when their energy variables

)

0
I

-(kl + k2)2 A
) (Iv.2.4)
By *pp - Ky - k)

n
l

s

are large, i.e. of order s, at the same time their momentum transfers

2 2

-k“, -(q ~ k)2 and masses [-klz,'—k2 , —(kl - k)e, -(k, + k)z...]

are of ordervunity (so). If any of these last variables becomes large,

2

the amplitude becomes small--by assumption--and the corresponding region
is unimportant in the integral. This is the "“finite mass hypothesis”
made explicit. Wihbow (1969) gdve an elegant summéry ofvthe calculation,
which I shall foliow here. The asymptotic form of the denominators

[dld2d3dh]-l is proportional to
8(ay) 8o - o)/, | (1v.2.5)

The factor 8(a arises from a pinch between d, and d4,, whereas
<

l) 1

the factor &{(a - Oi) is caused by a pinch between d

3 and dh“

Contributions of parts of the integration region of «

h and Bl away

from the pinches are of lower order in s. Thus the proof of (IV.2.5)
hinges upon the finite mass assumption, specifically on the finiteness
2 2
of LN and (li.- %JB .
Similarly one obtains from the right hand cross an asymptotic

contribution proportional to

5(8,) 8(B, - )/s° | (1v.2.0)



which arises from pinches which.are compatible with those in the left

hand cross. Consequently, for very large s we find
a = 0 = B, ' (IV.2.7)

a result that also may be seen in a more pedestrian analysis of the
implications of the finite mass hypothesis.
Assume Lhal Lhe Lubble umpllLudeb faLLuz (as Regge pole amplli-

tudes, to which we shall immediately specialize, do) in the form
' 2 2 .2 2 . 42
f(kl.vk:ke) = gl<kl _;(k - kl) ’ k) 826{2 J(k2 + k).':kﬁ
. : 2
:4x G(k_,2kl-k2)» - (Iv.2.8)

where the functions &

transfers are Regge residues. A similar form is assumed for f'. We

and g2 ‘of external masses and momentum

write the function G as a Mellin transform,

f"—g G (k )(2 2)

daz £
1 2y 1
= - [ m by O (E)py)

G(k 2k,

k)

(1v.2.9)

where £, = [t + exp(-inzl)]/sin w4, 1is the signature factor, and T

is the signaturc. For Regge pole exchange the Mellin transform is
¢, (k%) = [£, -3t © (1v.2.10)
zl 1 . :

with @(k°) the Regge trajectory.



Because of the condition (IV.2.7) the asymptotic form of the
Feynman integral factorizes and one obtains the result (Gribov, 1967;

Winbow, 1969)

o : 2, .
| BNETREY B
1 1 2 -L
A(S,t) = 2]2[ 2ri | 2ni gzl g’@2 (2ﬂ)2
| b+,
25172, Ly h
N ol )
AR SACRINCERACTEE D bt
(Iv 2.11)
where
£
- [ . glglsl a-e)”
2,4, (Eﬂ) ’ dld2d3&h ’
(Iv.2.12)

and )\ 1is the ¢5 coupling constant. Evidently N is independent

Klz2

of s. Furthermore (Gribov, 1967; Winbow, 1969) NZ , 1is real for
172
-q2 <o, so the signature factors determine the imaginary part of A

by the factor

Re[¢, €, ] = v, , | (1v.r.13)
zl z2 zlz2
Finally, using the Mellin projection
. : o )
a,(a°) = as 5797 1 a(s,q%),
So.

important cases of which are listed in (11.8.3,4), one exposes the

branch point in the j plane at



Jout = Max {¢l(k_1_) + ¢2<(k q)g) -1} (Iv.2.1L)

o [%l ]
the same location as wé foﬁﬁd for the AFS cut in Eq. (I1I.1.5).

| ' %. Polkinghorne's Modification

The use of the finite mass hypothesis to pick out the significant
region of integration.is soﬁewh&t,distastefui; because it makes the
calculation very Qualitative. Thus the corrections to the asymptotic
form are difficult to estimate. Poikinghorne (1970) has invented an
appealing alternative which is based on the use of Veneziano (1968)
amplitudes to represeﬁt the Reggeons. While the beta functions do not
have the rapid decrease with external mass required in the Gribov theory,
the Feynman integrals may be evaluafed by the method of stationary phase.
The result is completely analogous to (IV.2.11).

k. Application to fhysical Processes

It is convenient to rewrite (IV.2.12) as

dsl ) X )
N = == A (s, ,k, ,k (rv.k.1
2,2, B 2l T£y4,°71771772
where
B £y £,
A (s kl k) . 1x sn dul d li? lBl ( 3 Bl)
2 3 -
b8y 17172 h(z ) d;d,dyd),

(Iv.k4.2)

is the particle-Reggeon scattering amplitude and s, = -(pl + kl)2 =
We distort the contour of integration [shown in Fig. IV-4(a) for Eq.

(Iv.k.1)] to close on the right-hand cut of A,y (Sl’kl’k°) in the
A Lqto = )
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s, Pplane. The final configuration, which appears in Fig. IV-4(v),
leads to

. _
= dsy Im[AZ p (sl,kl,ke)}, (Iv.k4.3)

N, g (Ksky) =
172 s. (0) 172
1
where sl(O) is the right-hand branch point. Gribov and Migdal (1968)
wrote this form for N and gave a piausibility argument that the
absorptive part of A, (sq 5k, ,k,) should satisfy a unitarity condition
: zlzg 1’7172 '

analogous to the one for normal scattering amplitudes. The first few
terms of such a "unitarity" sum are depicted in Fig. IV-5.

Kaidalov and Karnakov (1969a,b) retained only the first term in
the sum and assumed that the single particle intermediate states could
be replaced by a sum of narrow resonances. In this approximation

[ef. (Iv.2.11)] the amplitude for a — b 1is given by

A(s,t) = —--;—— Z[dellAl[nﬂ'](s,k_L) Ag[le](s,k -q),
Slsl (Iv.h.h)

where A[HGa]

= gaglgg(s/so)a is the contribution of the pole o to
the amplitude for a —n, and n 1is the two-particle intermediate state
corresponding to the poles in N. This procedure is similar in spirit
to the one advocated by Henyey and Risk, as reported by Risk (1970).
Further restriction of the sum % to include only n = (a,b) reduces
(IV.k.4) to a statement of the absorption model (for which see, e.g.
Sopkovich, 1962; Jackson, 1965a; Arnold, 1967; Cohen-Tannoudji, Morel,

and Navelet, 1967),
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5. Objections to the Gr#phical Approach

While much has been learned--and is to be learned--from the
graphical approach it is easy to raise significant objections to the
results deduced from Feynman diagrams. Even accepting the utility of
graﬁhs, one is forced to admit that it wouid be overly optimistic to
expect that a few graphs contain a credible.theory of high enefgy
scattering.' To be fair I'must remark that Gribov’s program is to
obtéin Feynman rules for Reggeon diagrams (a Reggeon calculus) which
would permit the evalugtion of arbitra;ily complicated gfaphs. A set
of Feynman rules was indeed given by Gribov (1967) and checked by
Winbow (1969) in some more compiicéted cases. Even in this circumstance
the interpretation of results remains ambiguous. To pose a few unanswered
.questions, what is meaht by the input Reggeon? What.is the effect of
t-channel iterations (do they just renormalize the Regge pole)? It may
be that in the present embryonic stage of the theory of Regge cuts we
should fake & more operétional poiﬁt of view and assign'these gquestions
only secondary importance.

But metﬁphysical,objectiong aside, I am troubled by more practical
uncertainties. In the Gribov-Migdal-Kaidalov-Karnakov approach or in
the equivalent Henyey-Risk model it is necessary to impute internal
structure to the s-channel intermediate states. This is certainly
requirediin the diagrém picture because third double spectral functions
must be built in to both ends of every graﬁh. It seems to me defensible
to fabricate specific diagrams which have cuts and then to abstract from

them a plausible form for the two Reggeon branch cut. Thus I should be
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willing to tolerate ideas gleaﬁed from the study of individual graphs
if the impufed strucfurés seemed physically realistic.

Withbthis in mind ‘I wish tb voice a neW‘bbjectioﬁ to the deriva-
tions from Feynman graphs, which is rooted in phenomenology. The point
is not subtle and surely has occurred to others, althbugh I have never
seen it sfated explicitly. Recall tﬁat thé diagram which was in the end
regerded as a useful approximation to fhe general two Reggeon exchange
graph is the one shown in Fig. IV-6, where the s-channel intermediate
states consist of two physical particles, each on its mass shell.
Recall, tob, that cuts are “second-order in the third double spectral
function" (Matsuda, 1969), i.e. both halveé of the box must contain
nonvaniéhing psu(s,u) if the diagram is to produce & Regge cut in the
t channel. Aé Peu is»the second double spectral function in the s-
channel sense, it is responsible for the signature of thé s-channel
intermediate states. If the s-channel states are assumed to lie on
exchange‘degeneratg Regge trajectories,* signature is unimportant and
the effects of péu are négligible. Thus if exchange degeneracy is
exact, no t-channel Regge cut exists in the graph of Fig, IV-6. From a
purely theoretical point of view exchange degeneracy is a most attractive
hypothesis, and it appears to be approximately satisfied in the hadron
spectrum. Furthermore, only' one of the ihtermediate particles need be
unsignatured (i.e. have Psu = 0) in order for the cut to be absent.

This argument, which is not based on details of the graphs, but only

* : ‘
The reader who is unfamiliar with the idea of exchange degeneracy

will Cind an elementary disecngsion in Section VI.1.
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upon the known (or indeed, hoped for) properties of the particles which
are identified as intermediate states, strongly challenges the deriva-
tions of the absorption model from Feynman graphs. (See Gribov and
Migdal, 1968; Kaidalov and Karnakov, 1969a; Risk, 1970.) Moreover,

this flaw seems more immediate and damaging than the deeper questions to
which I alluded above.

L c¢lose this discusslun'pu a hopeful note. Many of thc camo
issues which appeared in this section havé been debated for several years
in the context of the Glauber theory for hadron-deuteron écattering.

(See the review by Joachain and Quigg, 1970, for details and original
references.) In that field, as in this closei& allied one, the effect

of graphical derivations has been rather to disprove the model, than to
prove it. Thus the Glauber fbrmﬁla contains a Regge cut whereés the
Feynman graph with which the Glauber formula has been identified does
not. An instructive potential scattering calculation (Harrington, 1969)
demonstrates that the Glauber formula corresponds to a sum of Feynman
graphs, some of which contain higher than double scattering terﬁs (in the
Feynman graph sense) and that a conspiracy between the various terms
yields precisely fhe Glauber formula, in the eikonal limit. The relevance
of potential scattering to relativistic problems is always questionable,
but Harrington's éxample makes it clear that proofs (or disproofs!) of
the Glauber (or of the absorption) model based on a small number of
graphs are probably specious. It may be--this is the attitude I will
take for the remainder of this thesis--that absorptive models are
appropriate for hadron physics, quite apart from the detailed derivations

considered above,
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FIGURE CAPTIONS
Kinematical diagrém to elucidate the meaning of Sudakov
variables.
Kinematics of the double cross diagram.
The left hand side of the double cross graph.
(a) The contour of integration in Eq. (IV.4.1). (b) The
contour wrapped around the right-hand singularities, for‘
Eq. (IV.L.3).
"Unitarity" sum for Im Azlgz(sl,kl,kg). The lines bearing
crosses represent particles on the mass shell.
The diagram evaluated as an approximation to the general

Reggeon box diagram. The lines bearing crosses represent

particles on the mass shell.
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Figo IV-lo
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Fig. IV-2.
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Fig. IV-3.
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Figo IV‘M.
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Fig., IV-5.
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Fig. IV-6.
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V. A PHENOMENOLOGICAL MODEL OF REGGE CUTS

The desirability of having a pléusible model with which to
confront the high-energy data argues against the pessimism of the
previous chapter and demands a pragmatic approach. Thus I am led to
construct an amplitude for two Réggeon exchange by fiat rather than
orderly derivation. The result is not startling; it is in fact the
answer one expectévfrom the derivations described before, if indeed the
derivations could rigorously Ee concluded. The model amplitude contains
elements dictated by physical ideas aﬁd motivated principally by the
relative success of the peripheral model wifh absorption. A novel
feature is the incorporation in a phgnomenologically useful way of
s-u crossing.

I begin by reminding the reader of the Sopkovich (1962) prescrip- |
tion for absorptive corrections to single particle, or as now seems
more sengible, single Reggeon exchange. This formuls serves as a proto-
type for the case in which two Reggeons,Aof which one and only one is a
Pomeranchuk érajectory, are exchanged. Let RJ(s) be an s-channel
helicity partial-wave amplitude for the exchange of a Regge pole in the
vreaction ab —aéd. Then according to the guess of Sopkovich the influence
of competing channeis is included in the full s-channel partial-wave

helicity amplitude HJ(s) by means of the prescription

cd:ab ab:ab]% ged:ab cd:cd]%

Hj (s) = [sJ 1 .[sJ , (v.1.1)

where SJ is the partial-wave S-matrix element for elastic scattering

of the initial or final particles. The elastic scattering amplitudes
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need not be diagonal in the helicities but I suppress any such dependence
for the moment to make the equations more succinét. The equation

(v.1.1) is based on the distorted-wave Born approximation, which has

been used by many‘authors after Sopkovich (1962) with qualitatively
similar results. (A few of the important references are Gottfried and
Jackson, 1964; Durand and Chiu, l§6h; Ross and Shaw, 1964; Jackson,
1965; Jackson, et él., 1965.) I take the liberty of replacing the
geometric mean of the elastic S-matrices by the arithmetic mean. Then

with

T (v.1.2)

SJ = 1+ 21 E

I obtain

Hcd:ab _ RCd:ab{l + i[Eab:ab + Ecd:cd]]

7 3 7 I , (v.1.3)

whicﬁ is represented graphicaliy in Fig. V-1. This recipe has enjoyed
wide acéeptance up to the presént day,'usually with the additional
assumption Edb:&b = ECd:Cd.

An obvious shortcoming of (v.1.3) is that it fails to satisfy
s-u crossing or what is known in Regge theory as line reversal. Thus
in generai one obtains one result if he absorbs in the s-channel and
crosses to the u-channel, and another result if he absorbs in the u-
channel directly. If-only the Pomeranchuk singularity.contributed to
EJ, and if all elastic scattering amplitudes were equal, there would be
no difficulty in practice. 1In principle, however, a contradiétion exists
which should beleliminated before we proceed to the general two Reggeon

case. It is easy to see that s-u crossing is restored by adding the
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graphs of Fig. V-2 to those of Fig. V-1. Croésed graphs lack the

intuitive appeal of the box diégrams that enter (V.1.3), for they involve

the elaétic scattering of anvinitial-state‘pafticle with a final-state

particle. Such an occurrence is contrary to tﬁe strict time ordering | .

implicit in the Sopkovich pi¢ture, but apparently intuition must be

sacrificed for crossing. On the other hand, time-ordering is an

essentially nonreiativiétic concépt which should not be expected to be

a reliable guide for high-energy scatterihg. (The relevance of this '

point to Glauber theory is explained.by Joachainland Quigg, 1970.) o o
Ihé Reggeon graphs I have drawn in_Figs. V-1,2 are useful as

mnemonics but the reader will be aware, after the discussion of chapter

IV, that they are not to be regarded as Feynman graphs. In order to

specify with care what is meant by the crossed graphs it is useful to

define a line reversal operator‘ ;Zf which crosses a graph (and the

corresponding helicity partial-wave amplitude) from the s-channel to

the u-channel. The action of EC on the single Reggeon exchange graph

is illustrated in Fig. V-3(a). It amounts to

) cd:ab ad:chb
i_ L R = RJ['Eb] . . (V.l-h)

Jlab]

By the notation J[xy] I indicate that the partial-wave projectibn is
to be performed in the direct channel implied by the helicity amplitude
in question. It is of course these full helicity amplitudes which have

*
simple properties under s-u crossing.

See Appendix C.



o -61-

The similar action of ;i on a two Reggeon graph is shown in
. 5 '
Fig. V-3(b). As KL ° =1, the contribution of the crossed graph in

Fig. V-3(b) can be written as

-ngd:ab(crossed graph) = ;E . (Rid:Cb Egb:Cb}

- L (T [RGTF2°] L [E5°7°P1). (v.1.5)

To summarize, the action of :ii is to (i) sum fhe helicity partial-wave
series, (ii) line-reversé the full helicity amplitude, and (iii) reproject
the desired partial-wave in the new direct channel. 1In this context it

is important to emphasize that the cut generated by Reggeons with

signatures T15T5 has signature- This was deduced in Chapter IV

| T, T
from the double cross diagram, and we assume it to be true in general.
An ambiguity to be faced is whether to add the crossed graphs to the
usual box g;aphs, or to average the-twd sets. I will argue below, after
discussing normalization with more care, that the correct procedure is

to average them. With this rule, the (explicitly s-u crossing

symmetric) absorbed amplitude will be

cd:ab cd:ab i-_ab:ab cd:cd
Hpm ™ = Ry (1 + 5LE; +Ej 1}

+ %_;( [z?(Rgd:ab)[af(Egb:cb) . ;f(Eid:ad)]}. (V.1.6)

Then under the extreme assumptions that the elastic amplitudes are
helicity independent, diagonal in the helicities, and independent of

the scattering particles, the absorbed amplitude simplifies to
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f;d:ab(s) - ROy L oiE ()1 5 (V.1.7)

i Ry

This is precisely the result given by the usual absorptive prescription
in the same simple circumstances. It is necessary to emphasize that
(V.1.7) refers to a trivial limit of Pomeranchuk-Regge pole cuts, and
not to an amplitude for polejpoie cuts, to which we now turn.

At this point I am able to cohstruct, in analogy with tﬂe
absorptive model, the general model amplitude for two Reggeon exchange.

It is built of the graphs of Fig. V-4, and I write it as

cd:ab cd:ab cd:ab i ef:ab _cd:ef
(1+a )H = Ry + Ryz +5 E (R RpJ
e,f
cd ef ef ab ef:ch ad ef ad:ef ef cb
+ RlJ Ry + 'i[R +R 5 13. (v.1.8)

The factor (1 ; 812) is insgrted to avoid double counting if Reggeons
1l and 2 are the same. The labels a,b,';°,f represent helicities as
well as particle identities. 'The'amplitudé (v.1.8) is implicit in the
hybrid model work of Chiu and Finkelstein (1969), which in turn is
related to the formulation of Arnold (1967). The normalization in
(v.1.8) and in the equations leading to it has been schematic, to make
it possible for the reader to compare figures and formulae with a
minimum of confusion. Having obtained the'partial-wave amplitude (V.l.8)
in this schematic and hopefully understandable manner I now state the
result for the full s-channel helicity amplitude ﬁith normalization
which correspohds precisely té my conventional choices listed in

Sections A.1-3. The resulting amplitude is



cd:ab cd:ab cd:ab i 1 J
(1 + 612)H = H s(1) * H s(2) * & (T + §) dMl (es)
ef:ab cd:ef cd:ef _ef:ab
' Z Br1) Bae) *Rs) Ba(e)
' ef:ch ad ef ad:ef ef cb
+ a{ (hJ(l) J<2) + hJ(l) J(g) )] (v.1.9)
Here Hs(i) is the contribution of the Regge pole "i'" to the s-channel

helicity amplitude, and hJ(i) is its partial-wave projection which

is given by

cd ab( )

cd:ab
J(l) e_).

= d(cos GS) Hs(i) (s, cos Gs) d}\u s
-1 : (A.3.16)

I

Notice that because the sum 2 runs over all possible two

e,f
body on-mass-shell intérmediate states, this model includes possible
"coherent.inelastic states” in the Reggeized ébsorpfion model case that
one of the Reggeons is a Pomeranchuk trajectory. (See Henyey, et.al.,
196 9 ) lido not wish to discuss the magnitude of these contributions
in any detall because the diffractive production data for reactions such
as pp %aN*b and q#p —aAlp seem to me inconclusive. I should be very
surprised, however if the total contribution of inelastic intermediate
states turned out to be more than 30% of the elastic scattering component
(in the amplitude). Thus I disagree with the Michigan group (Henyey,
et al., 1969), who believe the strength of the absorptive cuts to be

approximately twice the strength. implied by the elastic scatteping

. amplitudes alone.
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It is instructive to see that the crossed Reggeon graphs are
already included, at least in principle, in the diagram versions of the
theory discussed in Chapter IV.* How this comes about may be seen in
Fig. V—5} The uncrossed Reggeon box graph is identified wiﬁh a particu-
lar double cross graph which imputes a specific internal structuré to
the vertices. Similarly the crossed graph is identified with a partic-
ular double cross graph with crossed Reggeons. When the latter diagram
is untwisted (by pulling on the constituent lines of the right-hand
vertices) it becomes an'ordinary double cross graph, but with the vertex
particles Qt the initial and final vertices on.the right-hand side
going to differént Reggeons. Since in principle all the various
possibilities are put into the Reggeon-particle vertices the general
set.of diagrams would seem to contain the crossed graphs. Indeed if one
is willing to be tied to particular vertex structures it is possible to
argue, by returning to the integratibn contours of Fig. IV-4, that it
is ¢orrect to average the crossed grapho with the uncrossed ones. Thus
the integral over the contour in Fig. IV-Lk(a) is equal to one-half the
integral along the contour in Fig. IV-4(b) around the right-hand
singularities plus one-half the integral around the left-hand singu-
larities (contour not shown). The proof is‘completed by identifying the
right-hand singularities with vertex structures Crom the uncrogsed
graphs,land the léft-hand singularities with vertex structures from the
crossed graphs. The argument can be made less model dependent: notice

that in untwisting the Gribov graph in Fig. V-5 we line-reversed one of

I owe this observation to Professor Jackson.
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the vertex functions. In Gribov and Migdal's nomenclafure, a Reggeon-
particle séattering amplitude wa.s line-revérsed. For the narrow
resonance écheme, this has the %ffect of replacing psu(s,t) by
pgu(u,t), so that by dispersing in the Reggeon-particle subenergy one .
picks up contributions from states on mass shell in the u-channel.

A simpler principle (for fixing the nofmalization) is that the
absorption model recipe should be recovered when enough simplifying
assumptions are made. We saw this to be the case in Eq. (v.1.7).

The crossed graph preécriptioﬁ is, therefore, a way of taking
into account the complexity of the vertex structures, in phenomenologi-
cal calculationé. It has the attractive property of satisfying s-u
crossing'manifestly, ﬁhich is cerfainly an iﬁportant feature to preserve
in abstracting a phenomenoclogical model from.a theoretical one. 1In the
simplifying limit discussed in obtaining (V.1.7), the added complexity
of my recipé (compared with the usual box graph model) makes no difference
in the final result. Does it ever make a diffefénce? More to the point,
does the new formulation reproduce any desirable result which would

have toAbe imposed by hand on the simplei model? The angwer is that it
does make a difference, that is nicely illustrated in the reaction
Kp —>K+E—, which we shall study iﬁ detail in Chapter VI.

. *
A priori, there are contributions from the K - K, K - K

2 )

and K* - K** Regge cuts. If for concision we restrict our attention
to ﬂOYO intermediate states, the amplitude for the exchange of two
Reggeons can be represented by the graphs in Fig. V-6. Upon untwisting-

the crossed graphs as described above, we find the resulting amplitude
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to be (1 + 1112) times the contribution of the box graphs alone (times
the factor l/? which occurs because we are averaging boxes and

* *%
crosses). Consequently the contribution of the K - K cut vanishes

and we are left with only the even signature K* - K* and K** -vK**
cuts. -This is.a correct result, which in the conventional box diagram
approach woﬁld have to bé imposed as a symmetry on the vertex functions
(compare Appendix C). By building in crossing, we have taken care of
such discrete symmetries explicitly.

Thus‘the crossing-symmetric model is éxpected'to have two
practical, phenomenological advantages over the box gréph model. First,
some cancellations due to discrete symmetries are made explicit.

Second, by averaging over narrow resonances in two channels, we may

hope to obtain a better approximation to the actual Regge cut amplitude

than would be the case in either channel separately.
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FIGURE CAPTIONS

Reggeon exchange graphs for the conventional absorption model.

The graphs which when added to those of Fig. V—i restore

‘croséing Symmetry.

(a) Action of the iinevreversal opersgtor Eii on the single
Reggeoh exchénéé diagfam<which represents a helicity partial-
wave amplitude. (b) Effect of the line feversal operator

on ‘the two Reggeon cross diagram. If the wavy line represents
the Po@eranchuk (or specifically, elastic scattering), then

e=c¢c and f = b.

-Graphical representation of the model for two Reggeon exchange.

Identification of some Reggeon graphs considered in this
chapter with some Gribov graphs, to elucidate the role of
the crossed Reggeon graphs.

The set of graphs relevant for the reaction K_p —>K+E-,

. ¥* * X . ’ ’
which procccds by (K , K ) exchange.
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VI. REGGE CUTS AND EXCHANGE DEGENERACY

In this chapter I consider some applications of the Regge cut
model formﬁlated above. These are very much in the nature of model
calculations which serve to ansﬁer some questions about the effects of
absorptive cuts on high-energy amblitudes. Thus I shall fit no data,
but try to make semiquantitative observations that will shed some lighé
on possiﬁle connections between exchange degeneracy breaking and Regge
cuts. The model calculations form part of a larger program which will
be reported elsewhere (Fox and Quigg, 1970).

1. Regge Cuts and Duality

I mentioned in Chapter IV é possible conflict between exact
exchange degeneracy and‘the popular formulations of Regge cuts, namely
the requirement that third double spectral functions be nonzero if cuts
are to exist, whereas exchange degeneracy implies the absence ofAthird
double spectral functions. Accordingly the simplc chgcon box diagram
interpreted as a Feynman graph gives no Regge cut if the world is
exchange degenérate. However, I swept such difficulties under the rug
by arguing in analogy with potential scattering off deuterons that
conclusions based on a small number of Feynman graphs could well be
misleading.

Another obvious question to pose is whether Regge cuts in general
and specifically those generated by the absorptive prescription I employ
are compatible with finite energy sum rules (FESR) or equivalently with

. *
"global duality" (Dolen, Horn, and Schmid, 1967, 1968). Certainly with

*
For a synopsis of work on FESR's, see Jackson (1970).



data of infinite precision over a wide range of energies it'might be'v

. possible to distinguish poles from cuts on the basis of their different
energy dependences, but this is notoriously difficult. What can be
shown is that FESR's cannot distinguish between different classes of
models, given the present stéte of the low-energy data.. An explicit
demonstration of this was given for charged pion photoproduction by
Jackson and Quigg (1969) whomconstructed a number of models with evasive
n and A, exchange and "conspiring'" absorptive cuts to fit the high-
energy data and the sum rules.

On the bperational levél, cuts may be duality-preserving or
duality-bréaking with respect to the prediction of exchange degeneracy
(if it is legitimate to iénore possible conflicts between exchange
degeneracy and the existence of cuts). Indeed it has been proposed
(e.g. Michael, 1969b; Lovelace, 1969) that exchange degeneracy might
be broken only by the effects of Regge cuts. This is one of the ideas
I wish to elucidate here. Already in Chapter IV I gave a rather formal
statement of what exchange degeneracy means, to wit psu(s,t) = 0., An
explanation of the éonnection between the absence of exchange forces and
exchange degeneracy may be found in Section V-3(b) of Jackson (1976),
or in Arnold (1965).

Aé an'example let us consider as the u-channel K+p —9K0A++, a
quark model exotic channel in which no strong resénances have been
observed. I label the other channels as shown in Fig. VI-1l, so the.

s-channel contains resonances on the p,Ap trajectories and the
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: *
t-channel contains resonances on the za,z trajectories. As there

T

are no u-channel forces, we conclude that the o and A Reégeons are

2
exchange degenerate, that is they are described by a single trajectory
function of(t) and by one residue function for each pA helicity state.
The example of p,A2 exchange aegeneracy is classical; see Mathews
(1969) for a detailed phenomenological study. Tests of exchaﬁge degen-
eracy for the trajectory functions recently have been made by Cline,
Matos, and Reeder (1969) and by Lai and L.ouie'(l970)° By relabeling

the channels we may repeat the argument for the Zd,ZY trajectories and
prove them exchange degenerate. This pair has been studied by Schmid
(1969). The fragmentary é?ideﬁce from the resonance spectfum for p,A,
and Zﬁ’ZY degeneracy is collected in Fig. VI-2. The spectrum itself
only provides plausibility; more concrete evidence that the exchange
degeneracy is at least approximatel& satisfied is given in the references
cited. The conclusion is that scattering in an exotic chahnel is
governed by exchange degenerate trajectories in the crossed channels.

The duality diagrams of Harari (1969) and Rosner (1969) are neat
mnemonics for the predictions of SU(B), exchange degeneracy, and
factorization. EFEach particle is represented by its quark constituehts,
which rearrange themselves'during the collision. TIf the initial quarks

can be connected to the final quarks so that no quark lines cross, the

duality diagram is said to be plénar and the corresponding amplitude

There are four classes of baryon trajectories, distinguished by the
quantum numbers (t,P): a = (+,+); B = (+,-); T = (~,-);

8 = (".9"')-
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has a t-dependent phase. If‘not, the graph is nonplanar, and the
amplitude must be purely real. For illustration, consider the forward

charge-exchahge rea¢tion
K'n - kp, | (VI.1.1)

for which the s-t duality diagram is drawn in Fig. VI-3(a). The
graph is nonplanar so the amplitdde for p,A2 exchange is predicted

to be realf The line- reversed reaction
Kp —Kon ' ‘ (VI.1.2)

has a planar diagramlwhich is obtained simply by untwisfiné,the graph
for reaction (VI.l.l). Shown in Fig. VI-3(b), it implies an amplitude
proportional to exp [-ina(t)]. Whereas the derivations of duality
graphs can only be taken seriously for forﬁard (0°) scattering, I will
assume that their predictions hold for all valges of t < 0. For easy
reference I list in Table VI;l‘the quark composition of some common
hadrons.v
2. Systemafics of Exchange Degeneracy Breaking

In fact, exchange degeneracy is not an exact symmetry, or at
least does not apﬁear to be in the intermediate eﬁergy regime
(5 GeV/e s.Plab < 10 GeV/c) in which quasi-two body reactions have so
far received careful experimental attention. As the references cited in
the previous secllon testify, it is approximately satisfied and therefore
a useful phenomenological tool. One could of course stop at this point
and accept exchange'degeneracy as an approximate truth, but it is

appealing to view exchange degeneracy instead as a broken symmetry, i.e.
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a symmetry brokgn in a particular (simple!) way. The motivation for
this viewpoint may be more visceral thén rational. Yet I can cite a few
reasons why such an approach méy be sensible. For example there is
considerable evidence that SU(3) predictions, whén modified by physical
mass kinematics (phase space corrections) are satiéfied rather well.
. Here is evidence for an exact symmetry, broken in a simple way. The
elegance of the Veneziano (1968) representation, to which exact exchange
degeneracy is bullt in, suggests a.perturbative approach in which the
final amplitude satisfieé exchange degeneracy in an approximate way. It
is tempting (Lovelace, 1969) to suppose that the exchange degeneracy
breaking, which presumably is the outcome of unitarization of the
Veneziano formula (Kikkawa, Sakita, and Virasoro, 1969), might be
adequately described by the absorptive corrections given by Regge cuts.
With unbridled optimism ohe might thereby hope to elucidate the nature
of exchange degeneracy breaking and the role of Regge cuts ét one SWoop.
Such optimism is at least partially sustained by the discovery of the
systematics described below.

[My understanding of the ideas discussed here has evolved in
the collaboration with G. C. Fox cited above, in the course of the past
year. However, as I hope to make clear through references, these
notions are not ours alone; many of them have indeed been published
already by others.]

A key obscrvation is that for a pair of reactions related by
line reversal, the one with amplitudes predicted to be real by duality

diagrams seems in all cases to have a larger cross section than the one
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with amplitudes proportional to exp(-ixa). This behavior is predicted

by the scheme of SU(3) for Regge pole residues plus exchange degeneracy--

broken by -the use of physical trajectories. The same scheme also accounts
for the observed failures of -exchange degeneracy in pairs of reactions
for which, because of G-parity restrictions, one trajectory of the
possibly degenerate pair is exchaﬁged in each of the reactions. That
exotic (in the sense of duality graphs) channels always have larger
inelastic Qrbss sections suggests that there is more absorption in the
nonexotic.channels.* The greater absorption in turn suggests that
nonexotic channels have larger total cross sections, as is observed.
Let us consider these regularities in more detail

For nbtationaliconvenience I will abbreviate exchange degéneracy
(equal trajectories and equal residues) as EXD. Equal trajectories but
unequal residues corresponds to "Weak" exchange degeneracy, or WEXD.
Finally I défine residue exchange degeneracy, REXD, to mean equal
residues but unequal trajectories.

The amplitude AT for exchange of a trajectory with signature

This seems contradictory at first sight, for absorption is actually
the inelasticity caused by competing reaction channels. It may be
that there exist more reaction channels with smaller individual

cross sections which communicate with the nonexotic channel.
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-igx o .
W o Lte + N cot na+/2 - i
+ 2 sin na+' - 2
(Vi.2.1)
-inCy . N
. q - e - i + tan na_/2
- ® ZTsina T 2
Thereby in the EXD limit
A, +A_ @ csc o (t) : (vi.2.2)
is purely real, whereas
A -A_ e-lma(t) csc mo(t) ' (VI.2.3)

+

has a rotating phase. An amplitude which should on the basis of duality
diagrams be purely real will be called DDRe; the amplitude related by
line-reversal, which should have & rotating phase will be called DDPh.

Consider now the case of REXD, with a, =0; Q =0+ &.  Then

A + A

. ) %[cot /2 + tan x(a + 8)/2]

(VI.2.4)

csc @
1 - tan /2 tan n5/2

is still purely real. This implies a cross section proportional to

Obviously this cannot'beAexactly true over an infinite range of
energies, but in the intermediate energy regime it is accurate to

the extent that (s/sd)6 ~ 1.
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2
csc nQd
(1 - tan na/2 tan ﬂa/e)2

| 2
la, +4_|

-

(vI.2.5)

IA+ + A_|§XD/(1 - tan n0/2 tan n8/2)2,

which is larger than the one predicted by EXD if tan n@/2 tan =8/2 > O.
For & .small and for all the trajectories which enter into near-forward
séattering, an equivalent condition is ad > 0.

The DDPh combination is only slightly more complicated:

%Atan 18/2 sec2 n0y/2

1 - tan ma/2Atan n8/2

A - A = -i+ cot wO -

(VI.2.6)

i % tan x8/2 sec2 /2

= e csc nx - 1 - tan na/2 tan J(S]é )

The implied cross section is decreased from the EXD value if cot xO
and tan n®/2 have_the Same-sign, or increased if the signs are differ-
ent. Again'I ignore the effect of (s/so)8 upon the imaginary part.

Ih the peripheral region, « > 0 for the vector and tensor
trajectories. Thus if a véctor trajectory lies above its tensor
partner, a8 >0 and o(DDRe) > c(DDPh).* To be specific, let us
consider the charge-exchahge reactioné (VI.l.l;E), which proceed by .
psA, exchange. It appea?é (see for example Mathews, 1969) that

8=~ 0.1 and Q, (0) =~ 0.45. The REXD scheme predicts, therefore,
2 ' :

Here o may be taken to mean do/dt, near the forward direction.
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0 - =0
o(Kn -»Kp) >o(XKp -»Kn), (VI.2.7)

in apparent agreement with the rather low-energy data (plab < 5.5 GeV/c)
considered by Cline, Matos, and Reeder (1969). The effect does not,
however, appear to persist experimentally at higher energies. Thus the
differential cross section for K+n ->Kop at 12 GeV/c recently reported
by Firestone, et al. (i970) is equal to the 12.3 GeV/c K p —aﬁon cross
section of Astbury, et al. (l966).v

In proposing a REXD model, Auvil, et al.‘(l970)* have noted that
in the comparison implied by Eqs. (VI.2.5,6) the difference between

cross sections should change sign at aA =0, 1i.e. near -t = 0.5.
' 2

In fact this is far from the case, at least at low energies, where the

ratio

do
dt
do
dt

(x"n - %)

(vi.2.8)
(K p --a-Kon)
is maximal at around -t = 0.5. The remedy proposed by Auvil, et al.

is to include a pair of lower trajectories (p', Aé) which account for
the observed t-dependence. Such a complication just pushes the implica-

tions of the straightforward REXD model to higher energies.

There is a minor error in this paper. In Table 1 a comparison

should correctly be made of K p —;noA with %x the cross section

for xp —>KOA.



-89-

Similar considerations may be brought to bear on the hypercharge-
* X%
exchange reactions mediated by X ,K exchange. Assuming aK* >'aK**
we again predict the DDRe cross sections to be systematically highef

than the DDPh cross sections. The results of Birnbaum, et al. (1970)

indicate that, up to 16 GeV/c,

a -
a%(K P - xZt)

do, + T~ % ‘ (v1.2.9)

EE(H P =K X )
in qualitative agreement with the REXD prediction.*

Predictions based upon the REXD idea can alsc be made for
reactions that proceed by TP—-exchange, e.g. for g and B exchange.
For the latter example we expect on esthetic grounds that aB < aTr < 0,
which would again imply that DDRe cross sections should be larger than

DDPh cross sections.' A typical prediction is that

do, .+ *0 , ++
0 §EE2 K98

do, - ~*0 -
pOOEE(Kn_)K A)

> 1, (v1.2.10)

in the peripheral region. In a world where Regge cuts may be important

it is ‘of course very difficuit to separate the confributions of individual
Regge poles, even when one considers particular moments of decay angular
distributions. Thus it may be hard to perform tests like (VI.2.10) in
convincing fashion, particularly when the lpwer-lying TP~ trajecfories

are involved.

*
See also Kirz (1970).
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The three competing hypothesis of EXD, WEXD, and REXD are all

quite splendid theqretical ideas which lead to diétinct and definite,
if only qualitative pfedictions. Each has a simplicity or elegance that
mékes its poteﬁtiai value for increasing our understanding enormous.
Thus it is essential to answer ekperiménfally, and at high enefgies
(for the study of quasi-two body inelastic reacfions, this means
10 GeV/e < Piop S 30 GeV/¢) questions of the tollowing kinds:

‘(i) Are line reversal tests satisfied? An affirmative answer
confirms WEXD, without making any statement about the residues.

(ii) Do violdtions of line reversal tests, and.thereby of WEXD,
occur systematically? AIf‘so, does the partiéular pattern
o(DDRe) > o(DDPh) persist to higher energies? An affirmative answer
will lend éupﬁort to REXD schemes énd may suggest ways of refining theﬁ.

(iii) Is' EXD satisfied? In particular, are DDRe amplitudes actually
real? Such tests (e.g. the absence of polarization in DDRe reac¢tions)
ére especially delicatéa and hard to assess quantitatively; it is
difficult to know how to assign errors if an amplitude is "almost" real.
It is appropriate to inject here a bit of theoretical bias, which
diminishes the appeal of the REXD scheme. In the absence of a "higher"
symmetry imposed on hadron dynamics from without, it is hard to see how
REXD could be less bad._l_ybroken'than WEXD. Thus the trajentori,és,‘ which
are determined dynamically by a large number of channels, are observed to
be approximately, but not éxactly, degenerate. It seems plausiblé thét
for some processes the residues muét be very badly broken from REXD.
Consequently unless there is a dynamical miracle, WEXD is probably closer

to the truth than REXD.
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As we have no complete theory for high-energy collisions, it is
har@ to overestimate the importance of sorting out regularities such as’
those bearing on EXD, REXD, and WEXD. Some lists of useful line-reversal
tests may be found in the papers of Gilmah (1969), Quigg (1970), and
Auvil, et al; (1970). Cther suégestive hints of systematic behavior are
to be found in the review by Rosner (1970). There is no paucity of
simple ideas; what we need is large amounts of good data.

3. Regge Cuts and the Breaking of Exchange Degeneracy

If exchange degenefacy is broken in some systematic manner, it
will be useful to understand how the breaking occurs. For example in
the REXD model described in the preceding section the burden is placed
on the observed mass splittings of the hadrohs, which one may regard
either as God-given or as needing explanation on a deeper level.
Alternatively, it may be appealing to suppose that Regge cut corrections,
applied t§ EXD input Regge poles,lmight produce scattering amplitudes
which violate the predictions of EXD and agree with the data. As I
stressed above, systematic experimental tests aré only beginning to
emerge, so it is difficult to know which direction to take. Apparently
fresent Regge cut models are sufficiently flexible that many reactions
must be studied simultaneously and in detail before success ceases to be
guaranteed by a surfeit.of parameters. What I am considering here is
whether a simple pattern éxists, that is instantly explicable in terms
of Regge cuts.

To clarify the possible effects of Regge cuts upon EXD input
poles, I have done the simplest calculation iméginable. Starting with'

o-channcl nonflip and flip amplitudcz appropriate for DDRe and DDFh
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reactions, I have computed the absorptive corrections corresponding to
an elastic scattering amplitude given by a fixed-pole Pomeranchuk (i.e.

a positive imaginary elastic amplitude). For simplicity I took

it . S at/2
Hs;elastic B lctotal(gg) ’
(VI.3.1)
-+
Hs,elastic = 0,

and used the familiar Fourier-Bessel representation for Eq. (V.1.8),

which yields

0

+1+ I aC , a(t+tr)/2 E

Hy “(s,t) = HS’Regge(s,t) 5 dat' e Io[a(tt )2]
4 -00

+:+ .
X Hy pegge(®:t")

0 1

-1+, S aC o, oa(t+tr)/2 N3

H (5,t) = Hs’Regge(s,t) -3 at' e : Il[a(tt e
-0

X H;j;egge(s,tf). (VI.3.2)

Here In is a modified Bessel function of the first kind, of order n;
a = 8(GeV/c)_C -is the slope of the forward diffraction peak, and C

is a dimensionless parameter, given in principle by

ototal/hﬂa . N | (VT.3.3)

~

See, for example, Jackson (1970), Section IV.k.
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For the input Regge pole amplitudes I followed the recipe developed in

Appendix C, so that the DDRe amplitudes are

i+

_ a(t)
s,Regge(s’t) - QF(é a(ﬁi)(s/so) ?
' (VI.3%.k)
1
. oo = _ a(t)
sRegge(s t) = 2(-t/s5)7 P - a(t))(s/s)™ 7.
. : ' A -ina(t)
The DDPh amplitudes are the same, times an extra factor of e .
In the example T will discuss I chose a(t) = i + t SN = l(GeV/c)g,

0
and (s/sy) = 10.

Iﬁ Fig. VI-4 I have plotted the results for the nonflip amplitude.
The absolute square of the input pole amplitude is the solid line; it is
the same for both the DDRe and the DDPh cases. The contribution of the
Regge cut (for C = 1, which corresponds roughly to total absorption of
the s-wave) in the DDRe case is plotted with long dashes. It is smaller
than the poie contribution at t = 0, but is less peripheral. The
absolute- square nf the output, "pule minus cut,” amplitude is plotted
with shorf dashes, for the DDRe case. It is more peripheral than the
input was, for the cffcct of Lhe absorptive corrections is to subtract
out low partial waves. There is a zero in the amplitude caused by com-
plete desfructivé interference between pole and cut, at -t = 0.37 (GeV/c)g.
When the input is the DDPh amplitude one expects (Michael, 19¢9t) a
smaller cut for a given value of C, since the-rotating phase of the
input pole enhances the possibility of cancellations in the convolution
integral. Also the destructive interference between pole and cut will
not be total, for the pole and cut wili in general have different phases.

Both thesc features are shown by the DDPh output, Pole minus cut 2,
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which appears as a dotted line in Fig. VI-L. It lies above the'DDRe
output, reflecting a smaller cut subtraction, and has only a shoulder at
-t = 0.35, rather than a 2zero. What is somewhat surprising is that the

ratio

2
I s, DDPhl /lHS DDRGI 1.5 (VI.5.5)

is so large. (As expected it is >L, whereas the REXU mhéﬁonic
predicts <1.) |

The same effects are seen in the calculation for the flip ampli-
tude,Athe results of whicﬁ are plotted in Fig. VI-5. Again the DDRe‘
output has a zero [at -t > l.O(GeV/c)g] but the DDPh output has only

a shallow dip; again the ratio

-¢| B
,DDPhl// S DDRe ~ 1.5 (VI.3.6)

is rather large. Some calculations similar to these were published
recently by Meyers and Salin (19705, which agree qualitatively with my
conclusions.

As expected Regge cuts even when generated by a flat Pomeranchuk
invalidate the predictions of WEXD (although not in a manner consistent
~ with experiment). While this theory is wrong--and theretfore unrealisfic——
it may be worthwhile to remark that it preserves the prediction of no
polarization inAthg DDRe reaction (béth flip and nonflip amplitudes
remain purely reai) but breaks the EXD prediction of no polariiation in
the DDPh reacfion. This is because the phases of the flip and nonflip

amplitudes are altered in different ways. In my examples, the flip-
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nonflip phase difference is small for -t < O.'j(GeV/c)g in the DDPh
‘reaction and also for 1+ and - exchange separately.

From the perspective of duality graphs, the REXD predictions
have a hatural explanation-in terms of absorptive.cuts generated by
full (not juét Pomeranchuk) elastic amplitudes. In the computation
reported above I assumed that the elastic scattering amplitudes were
equal in the initial and final states and were equal in the DDRe and
DDPh channels. Now in fact this is not so. The "exotic"” channels which
give rise to nonplanar quark graphs for inelastic processes have smallef
total cross sections (thus smaller forward elastic amplitudes) than the
channels tb which they are related by line reversal. Thus the DDRe
amplitudes should be absorbed'less than the DDPh amplitudes. If
elastie scattering amplitudes are represeeted in:terms of Regge poles
(of poles and cuts) this means that the difference between DDRe and
DDPh cross sections should be explained by two-Reggeon cuts, in which
neiﬁher Reggeon is a& Pomeranchuk.trajectory. 'I'hus the REXD recipe might
serve to take account of the effects of two-Reggeon cuts. However
REXD, in the simple form stated above, treats flip and nonflip amplitudes
in the same way, so does not account tfor polarization, whereas two
Reggeon cuts may well do so. The importance of two Reggeon cuts, with
neither Reggeon a Pomeranchuk trajectory, was suggested by Michael
(1969b). Recent work along the same lines has been reported by
O'Donovan (1970). Some relevant model calculations are discussed below.

A final comment derived from the model calculation discussed
here bears on the Qaunted dip systematics of the Michigan strong cut

model (see Ross, et al., 1970). 1In Fig. VI-6 I have shown the values of
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t for which dips are generated in the flip and nonflip amplitudes, as
functions of the strength of the Regge cut. Although my input poles,
in having conventional nonsense zeroes, differ from the input of the
Michigan model, the dips appear ét the expected positions for a cut of
Michigan strength (C =~ 1.5). In the DDRe case the dips are quite
dramatic, representing excursionsAthrough two or more decades in

+:+|2

|HS , even when the observed real part of the elastic amplitude is

tacked on by the substitution
C - C[1 - i(Real part/Imaginary part)]. - (vi.3.7)

In contrast the structure in the DDPh case is a break or a shallow dip.
Some care 1s therefore required, precisely to state the predictions of
the Michigan model in specific reactions. The strong cut systematics
may be every bit as fuzzy as those of the classical Regge pole model.
Obviously this remark applies equally to proponents and detractors of
the strang cnt mndel.

Krzywicki and Tran Thanh Van (1969) [see also Krzywicki, 1970]
investigated the effects on polarization predictions of cuts generated

4 by a nonflat Pomeranchuk trajectory. Their discussion utilizes a very

simplified parametrization which cannot be taken seriously for quantita-

tive features (such as the magnitude of polarizations), but two natural

predictions of the model stand out. First, near the forward direction,

the polarization P 1is of the séme sign in the DDRe and DDPh reactions
related by line reversal. Second, P(DDRe) has a constant sign over a

substantial range in t, whereas P(DDPh)  changes sign at some small

P
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value of -t. Despite these attractive features, which appear to be
present in the data, it is unlikely that thié schemevéan accommodate
all the experimental features. The cut cofrections to DDRe amplitudes
will exceed those to DDPh amplitudes and thereby disagree with what is
observed.
L. Reggeon-Reggeon Cuts and Line-Reve;sal Violations

The model calcﬁlation deécribed in the preceding section
illustrated the conclusion that the recipe of exchange degenerate Regge
poles plus pole-Pomeranchuk cuts does not account for the experimental
fact that o(DDRe) > o(DDPh), at intermediate enérgies. It is therefore
of obvious interest to assess the effects of two-Reggeon cuts, when |
neither Reggeon is the Pomeranchuk trajectory. To accomplish this, T

have cglculated the non-Pomeranchuk contributions to the reactions
DDPh: x'n -, / (VI.k.la)
DDRe: n n  on st (VI.k.1b)

i.e. the P' + p poles and the (P' + p)@(P' + p) cut. The
restriqtion to a spinless reaction is made for technical simplicity,
to avoid becoming bogged down'in details of flip tp nonflip ratios,
ete. |

Tor the Regge pule amplitudes I cliuse

-'_2gI‘(l - Ot(t))@(S))a(t) e_i"a(t), (vI.h.2a)

o+ - + -
. [fw ->xx J
s

Hstn-ﬁ- ;>ﬂ~n-] : -2gP<i - a(fi)«?(si)a(t), - (VI.M.?b)
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corresponding to amplitudes for P' and p exchange

-gP(é _ d(ti>6é(sz>a(t)<; ) e-ina(t?>’

Bo)
(VI.4.3)

' _ _ a(t) : -inoz(t))
H(P') g—l"@. O!(t))@(s)) @ + e .
The trajectory function a(x) = 0.48 + O.9x,.and the coupling constant
g = 165 were taken from the paper by Shapiro (1969). The prescription

(v.1.9) gives

Hs,total(s’t) - #(p)(s’t) *+ H(P-)(Sit)

. z ‘l J . l; r, 2 2
* T Z (7 + 50850 (8 )y y Bypry + §L@J(p)> * '@J(p'Q 1,
J=0 | . (VI.L.L)

where
1
hJ(i) = d(cos Qs) H(i)(s,cos OS) dOOJ(GS). (VI.k.5)
. 1 ,

In practice I truncated the partial-wave expansion at J < 30, and

performed the partial-wave projection by 96-point Gaussian quadrature

on the CDC 6600. Numerous checks were made to verify the orthonormality

J
00

routines . to reproduce various input functions. Each of the examples

of my 4 functions, and the abiliﬁy of the projecting and resumming
discussed below required about 3 seconds of computer time.

Figure VI-7 shows the.contributibns of the various components
in (VI.4.4) for the parameters chosen, at s = 10 Gev®. Broken down

in this way, the pieces are the same--in magnitude--in the two reactions.
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The weakness of the p-p cut is due to the vanishing of the o Regge
pole amplitude at -t 5-0058. The integrated cross section contributed
by the poles is Oop = 2mb., a not unreasonable value. In PFig. VI-8

I have plotted the contributions of the cuts as they occur in the two
reactions of interest. The DDRe cut, for r s . = x is the result of
convoluting the real amplitude’(VI,h.Eb) with itself., As expected, it
is somewhat larger than the DDPh cut, which is the convolution of thé
roéating phase amplitude.(VI.L4.2a) with itself. In the DDRe case, the
cut contribution is a real number times the explicit factor of 1

that appears in (VI.M;4). Consequently the cut and pole contributions

add incoherently, for the reaction n 5 - = n . Near the forward

direction, the effect of thé (P + p) ®(P'" + p) cut is insignigicant
(in o —9n-n—), as evidenced.by the near équality of the DDRe and
Input (= poles only) éﬁrves in FPig. VI-8.

The sitvation is completely different in the DDPh case. The
.. phase of the cﬁt piece at any value of t is approximately twice the
ph5se of (VI.k.2a) at t/L4, plus x/2 (from the explicit factor of 1i).
At t = 0, the input ampiitude (VI.h.2a) is o« + i. Thus at t = O, the

. cut is roughly negative imaginary; it interferes destructively with the

pole amplitude, as stated by Michael (1969b). For my choice of the

coupling constant, the cross section is diminished by about 20%, for
s = 10 GeVg, in the forward direction. The effect is larger at larger
values of -t, because the cut amplitude is less peripheral than the
polé amplitude. Amusingly, indeed encouragingly, the violations of
line reversal in KN charge exchange are bigger at moderate values cf

-t than at t = O,
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To give a feeling for the energy dependence of the pole-pole
cuts I have plotted the same quantities at s =5 and 20 GeV2 in
Figs. VI-9,10. Alternatively, these can be interpreted as reflecting
the sensitivity of the results to the coupliﬁg constant g. These very
simplified calculations show that the pole-pole cuts do contribute with
the right phases to make o(DDRe) > o(DDPh), and may be substantial in
magnitude at low energies. (It is worth remarking that if the DDPh

input had been o - i, the poles and cuts would have interfered

constructively.) In addition, the cut corrections become more important

at nonforward angles.. Rather remarkably (at first sight) the cuts have

an energy dependence characterized by aeff(O) < 2a(0) - 1, at these low
energies. (See Figs. VI-8,9,10.) Thus the argument of Cline, et al.
(1970) that the enefgy dependehce of pole—bole cuts is too gentle to
account for the probable diminution with increasing energy of the line

- reversal violation in KNCEX is too naive, and therefore misleading.
0'Donovan (1970) points out that his estimates of pole-pole ent enrrertions
to KNCEX fade away faster with increasing energy than acut(o) =2x(0) -1
would lead one to expect. He ascribes this rapid energy variation to
complicated pole-cﬁt interferences. This misses the point. As shown

by Figs. VI-8,9,10 the cut pieces alone behave as aeff(o) < 20(0) - 1.

. This merely reflects the fact that the cnt amplitude iz not proportionai
to Co;(s) O‘cut, but to @(sDacut/[zn@(s)) - in/QJB. For small values
of ofs), the logarithm varies repidly, and the net energy dependence
will resemble that characteriéed by a power somewﬁat ldwer than At

(For a more explicit demonstration, see Fig. 18 of Jackson, 1970.) Thus
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Qout
at small values

describing'the energy dependence of the cut as s
of s 1is dangerous and may‘lead to wrong conclusions. The quéstion of
energy dependence‘récurs in the discussion of‘exotic exchanges, which
follows.
5. Exotic Quantum Number Exchange

It has been fecognized‘for some time tﬁat two-Reggeon ekchange
graphs provide a mechanism for the exchénge of exotic quantum numbers,
without the necessity of exotic trajectories (e.g. Chiu and Finkelstein,
1969). The formalism constructed in Chapter V needs only the existence
of reliable amplitudes:for the individual rungs of the box diagrams to
be quantitatively»uséful. Our work -in progress én- (K*,K**) exchange
soon will yield amplitudes which should permit reliable statements to
be made about production angulaf distributions, absolute normalizations,

and so on. As an example of the kind of results which will be the

outcome of this program, I present here a calcdlation of the near-forward

differential cross section for the reaction
- 4+ -
Kp - K=, : (vi.5.1)

~assumed to proceed (as discussed in Section V.2) by double K* or by
double K** exchange. Although such calculations have been talked
about before (Chiu and Finkelstein, 1969; Rivers, 1968), this seems to
be the first one actually carried through. I‘hasten to add that for the
reaction (VI.5.1) the dominant mechanism is assumed to be baryon

(Y = O, I=0,1) exchaﬁge. The present calculation is thus an attempt

to estimate the magnitude and shape of the contribution at small t
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generated by two successive nonexotic mesonic exchanges, and not an
attempt to fit the dbserved cross'section over the whole angular range.

For simpliéity, and to facilitate the discussion of qualitative
features, we take the amplitudes for the allowed associated production
reactions K—p —>nOYO ffom an EXD Regge pole fit to the available high-
energy data. The amplitudes for nOYO >K'=" are obtained by SU(3)
rotations. We neglect intermediate states in which 1 replaces no,
for léék of useful déta dn K p —anYO, although these states in

principle contribute. We then have

AT i 1 I A
HY (s,t) = 55 Z (¢ + 5) ey (8) By (yprp(s)
Jru . '

¥ hg&*)n(s) hgéli&)IV(s) * hg&**)l(s) hg(;{&*)III(S)

* hﬁé%**)lI(s) hgké&*)Iv(s)}di,hv(gs) (VI.5.2)
where the individual reactions are denoted by
I: Kp - A
II: IK-p - #OZO
o o ok

IV:

nOZ .43

To parametrize the single meson exchange allowed reactions we

make the usual decomposition into invariant amplitudes
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M o= e - (/2)7 - (9 ¢ a,)Blu, S (v1.5.3)

where q, (q2) is the c.m. four momentum of the incoming (outgoing)

meson. The s-channel helicity amplitudes are then

, . 1 (m, +m,) :
5 2 (an. + BIn(s)Z - —=——2" 11} cos 6_/2, (VI.5.}4)
s - + 2 - S
e 3 (my +m) .

Hy = {an,_+ Bln_(s)? - 5 n,Jlsin 93/2, (VI.5.5)
where m, (m2) is the mass of the incoming (outgoing) baryon, and we
define

[ 13 H P1Po ] ,(VI.5.7)
n* = El + my E2 + m,

YR ), ) j

in which p and E are respectively the baryon momentum and energy in

the center of mass system. We define the quantities TX A which are
related to the t-channel helicity amplitudes by factors that remove the

kinematical singularities:

. L

T+.+ = A'[(ml + m2)2 - t]8, . ’ : (VI.5.7)

+1- I : : ' 5.6

T = vB[—t/[(ml + m2) - t1)2, (Vi.5.8).

with v = (s - u)/2, A' = A + xB, and
' o 2
(m +m)) (my = my) (g - g )1 -
X = P) v 2(m Fm ) (VI.).9)
(ml + mp) -t 1 0
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For each reaction, the amplitudes are characterized by
four parameters. Thus
pit L1+ ep(ia(e))]  rv ) ¢t &t (VI.5.10)
21"(1 + a(t))sin no(t) Vo t

is the contribution of the Regge pole with signature 1. We require the

* *% ) . .
K and K to be EXD, and fix the slope of the trajectory o' = 0.9

=1 GeVg. There remain as parametérs

s

GeV™® and the scale factor vo
the intércept a(0), the vertex exponential é,Aand two coupling
constants C+‘ and C . As the intercept must be the same for all

reactions we have a total of seven free parameters to fit the reactions

\
aN. = KA
N - K¥ >
ﬁ\f - .nA
K - nZ

/

when the constraints of’ factorizétion and isospin conservation are
imposed. The fits to associated production will be discussed in detail
elsewhere (see Fox and Quigg, 1970). It suffices, for present éurposes,
to know that the EXD fit yields a fair overall fit A(xg = 891/220

differential cross section points; x2 = 234/48 polarization data which

are irrelevant for the fit since P = O 1in the model). The data
considered are summarized in Table VI-2; for details and references,
consult our paper. The best fit parameters are given in Table VI-3,
together with the coupling consténts for nOYO K=" obtained from

them by SU(3) rotations. We chose the vertex exponentials for Y=
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equal to the one for 52, which was much better determined than.the one
for pPA.

The differential cross sections computea (from EXD poles alone)
from these parameters at 5 GeV/c are plotted in Fig. VI-11. [The
reaction K p —x & is plotted rather than K p - 7°5° which cross
section nearly coincides with the one for nOA —9K+E-.] Details, such
as the forward dip for nOZO ;aK+E_, should not be taken too seriously,
as the couplings for X p —anoA are quite uncertain., However the
magnitude of the cross sections is probably reliably estimafed by our

simple model. The spin content of the cross sections, expressed through

the useful parameter

+:4+2 +:-2
| - a7

|1
A = =2 S_ (VI.5.11)
e )R |
S S

is conveyed by Fig. VI-12. As one would guéés from the previous figure,
all the reactions but ﬂOZO —9K+E_ are dominated by nonflip amplitudes
for small velues of -t. $Since we are assuming EXD, Fig. VI-12 applies
separately to the K* and K** 'contfibutions, as well. Each cross
section is an incoherent sum of the K* and K** components, which

are shbwn in Figs. VI-13 and VI-lh,-respectively. The presence of the
nonsense, wrong-signature zero in the K* contribution suggests—-
compare the p®r cut computed in Section L--that double K* exchange
will be unimportant compared ﬁith double K** exchange. We will see’
below that this is indeed thg‘case. |

In Fig. VI-15 I have displayed the results of the calculation

of Kp K=" with the pole-pole cut. The thick, solid line marked
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"Al11l" is the full cross section implied by (VI.5.2). The contribution
from graphs with a Zo intermediate state (£) is negligible. This

+_-

suppression is a consequence of the forward dip in nozo —-K = The

graphs with _AO intermediate state (A) contribute nearly the entire
cross section; Similérly, the K** - K** graphs (K**) are responsible
for most of the cross section, and the K* - graphs (K*) are of little
imporfance. To summarize the confent of Fié. VI-15, we may remark that
for the model based on (VI.5.2) KoK ‘exchange in the two-step
process K p - 1A 5K’ is the dominant mechanism for a peripheral
(sméll t) peak in K-p —>K+E—.l The K** dominance is an expected,
qualitative feature, whereas the unimportance of the ZO intermediate
State is model-dependent. _The A parameter for K-p —>K+E-, plotted
in Fig. VI-16, shows that the caléulated cross section is dominated by
the nonflip amplitude.

The calculated near-fofward cross section for pléb = 2,3, and 5
GeV/c is shown in Fig. VI-171 The cross secfibn is quite small:
do/dt (t = 0) = 605, 166, 32 nb/GeV2 at p =2, 3,5 GeV/c; These
are rather less than the value of 2p.b/GeV2 at 3.5 GeV/c estimated by
Rivers (1968) or the estimate of 2.6 pb/GeV2 at 3.4 GeV/c deduced in
a rescattering guark‘model by Dean (1968). Measured production éngular
distributions for the indident momentum range 1.2 to 3.5 GeV/c are
collected in Fig. VI-18. The prominent feature of these distributions
1s a backward peak suggestive of baryon exchange. At the lower momenta

(particularly at 1.8 GeV/c) there is some evidence for forward peaking

as well, but this is probably a result of s-channel resonance formation.
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At the higher momenta there is no hint of a (forward) peripheral peak.
The "high-energy'" data of Fig. VI-18g,h,i are shown in Figs. VI-19,20,21
respectively. [Some of the data evidently were revised after the compila-
tion of Lyons (1966), from which Fig. VI-18 was taken, was made.]* The
cross sections in the fbrward bins are tébulgted in Table VI-L. The
apparent absence of peripheral peaks agfees with our prediction of
rather sﬁall forward cross sections, but the number of events in the
forward bins is greéter than we expect. Possibly the tail of thekbaryon
e#change production angular distribution can account for these events.
We may also compare thé total periphéral cross section predicted by
the model with the observed peripheral u-channel cross sections. From
the curves shown in Fig. VI-17 we find Ot i80, 4h, 7 nb. at
Piap = 2, 3, 5 GeV/c,_whereas the experimental cross sections are
175 £ 16 ub" " at 1.70 GeV/c, 58 + 6 ub at 2.6L GeV/c (Dauber, et al.,
1969); and- 21 + 3.5 ub at 3.0 GeV/c (Badier, et al., 1966).

It has been hoped (Michael, 1969a) that exotic trajectory
exchange might be identified by some characteristic energy dependence,
such as

do -10
dtm 8 )

which is easily distinguished from the behavior expected of Regge cuts,

d; 2[ai(o)+oé(o)-1]-2

dat s

See also Fig. 2 of Dauber, et al. (19¢9), in which their statistically

superior results are summarized.
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near t = 0, if «(0) corresponds to an established, high-lying
trajectory. In the preceding Section I noticed that the logarithmic
energy dependence of the Regge cut can confound such simple estimates.
In j-plane language, the cut discontinuity is large belqw the branch

point, thus The present calculation gives another

Yerfective — %cut’
illustration of this éffect. Determining aeff(t = 0) from the 2, 3,
and 5 GeV/c predictions, we obtain aeff(t = 0) ~ -0.55, whereas
Ay (t = 0) ~ -0.31. It is worth remarking that for baryon (A,X)
exchange, aeff ~ -1 and hence the pole-pole cut'contribution may
eventually dominate. However the énergy at which it dominates will be
extremely large, because of the factor of 105. in magnitude that must
be overcome.

Let me further éaution that such energy dependence arguments
are not rigorous, for Reggeon box-graphs can in fact genérate contribu-
tions that vénish rapidly with increasing s. A specific example was
given by Wilkin (1964) who showéd that a diagram with p_ (s,t) =0

0 (- )t ()1 e
has an amplitude which goes as s R forv t =0. In a

ladder model for Regge poles, O(-») = -1, so that

do -8

T TS, , | (VI.5.12)
. . . -10 s Do . .
which io uncomfortably oloege to s . It wonld indeed he disgusting if

nonleading contributions from two-Reggeon exchange diagrams played an
important role in any reaction. On the othgr hand this (admittedly
far-fetched) example weakens any arguments iﬁ favor of exotics based on
anomalously IOW'effeétive Regge pole intercepts. There are no doubt

assorted weird objects lurking in the lef't-half j plane. Thus we shall
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have evidence for exotics either when an exotic resonénce is éstablished
or'when quantitative two-Reggeon -exchange calcﬁlations féil.

| The present calculation, which gives an unobservably small

cross section, is somewhat academic (as befits a theSisl); but it is
sufficiently simple that it can be explained concisely. It was intended
to illustrate an approach to Regge cut calculations, and to demonstrate
some features of my 's-u crossing symmetric prescription. Other, more
experimentally interesting reactions come to mind.  Many of these are
more complicated calculations, in terms of the number of Regge poles

énd diagrams inyolved, than the simple example treated here, but are
still of.finite difficulty. I intena to consider some of these more

interesting examples in the near future.
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Table VI-1. Quark compositions of some hadrons.

Hadron . - Constituents
.—-:——— ~
3 ) pn
o | _ _
o (pp + nn)/q[2
o B
+ —
K DA
x° nx
%° m

=~
7
>

p ' - . ppn

n pnn
A L ' ~ pnA
5 S PPX
Zo : - A
£ _ nnx
Y . | o DPAN
_:_-_ . . - : ) : n}\)\
ATt PP
At . . o ppn
Ap | - 1 pnn
A : : ~ nnn

Q . . ' AAA
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Table VI-2. Associated production data.

do/dt points

Reaction Minimum Pyab Polarization points
x D - K A 2.95 GeV/c 7 9
7p - K& 5 5k 30
P —->KO(A + ZO) 6 72 -
KN - 5tA 3.7 4z 9
KN - 72 3.7 Ly 0
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Table VI-3. Parameters for X (890) exchange.

Reaction a(Gev2) - ¢F c”

Kp — 050 2.6 45.6 -73.5
Kp - nvo 0.254 -47.3 -59.49
20 Lkt 2.64 -57.0 | Lo,k
50 Skt - 2.64 -6.7 ~73.1

c(0) 0.35

]
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Table VI-4. TForward cross sections for Kp —»K = .

- 2
P1op? GeV/c -t -t, do/dt(nb./Gev")
2,24 0.02 0.27 ~4000 + 3000
3.0 0.007 0.391 2291 + 1599

3.5 : 0.005 . 0.k81 0 + 1979
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VI-1.

VI-2.

VI-3.
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FIGURE CAPTIONS

Labeling of the s,t, and u channels for the proofs of

'p,Aer and of %I’ZY exchange degeneracy. No strong reson-

ances occur in the u-channel, which has exotic quantum
numbers.

Evidence from the hadron spectrum for p,A, and %d’ZY

2
exchange degeneracy.

(a) Nonplénar duality éraph for the reéction K'n —aKop;
(b) Planar graph for K p -%n.

Absolute sduares of various components of the s-channel
nonflip amplitude, as functions of t. Solid line--pole

tefm; long dashes--cut contribution in the DDRe case; short

dashes~~-full amplitude in the DDRe casej; dots--full amplitude

in the DDPh'case. See the text for explanatioh.

same as Fig. VI-4, for the s-channel flip amplitude.
Location of thé dips arising frbm cut-pole interference,
as a function of the cut strength. Solid line--nonflip
amplitude; brokén line--flip amplitude.

Contributions of the P' and p poles, and of the
PP, PPP®o, and p@p cuts to xxr scattering at
o0 = 10 G0V2.

Contributions of the P" and p poles, and of the

- + -

(P' + p)@®(P' + p) cuts to the reactions o -
(DDPh) and 5 n —x n (DDRe) at s = 10 GeVz. The pole
contribution is marked Input. The curves marked DDRe,

DDPh represent the (coherent) sum of poles and cuts.
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5 GeV2.

20 GeV2.

Same as Fig. VI-8, for s

Same as Fig. VI-9, for s

Differential cross sections for ‘the. (K*,K**) exchange
reactions discussed in the text, computed from the EXD

fit to high-energy associated production, at 5 GeV/c
inéidenf momentum.

The spin rotation parameter A for the reactions exhibited
in Fig. VI-11, which ére labeled by their baryon vertices.
Contribution of K* exéhange to the reactions of interest.
Note the nonsensé, wrong-signature zero near -t = 0.4
(Gev/c)?.
Contribﬁtion’of K** exchange to the reactions under
discussion.

Predicted cross section.fér K'p -K'=" at 5 GeV/c. The
full calculation'is represented by the thick, solid line.
The Cumpuueuts rrom  K¥=K* 51aph$, A [ graphs, quo
intermediate states, and ﬁOZO. intermediate states are
also shown separately.

The A pérameter predicted for Kp -K'=" at 5 GevV/e.
Predicted differential cross sections for K'p — K=" at
2,3, and 5 geV/c incident momentum.

Production angular distributions for ﬁhé reaction

K*p — K¥=- for the incident momentum range 1.2 to 3.5

GeV/c (from Lyons, 1966). The data up to 1.6 GeV/c are

from Alvarez, et al. (1962). (a) 1.2 GeV/c, 33 events;
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Fig. VI-20.

Fig. VI-ZL.
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| /
(b) 1.3 GeV/c, 56 events; (c) 1.h Gev/c, 47 events;
(d) 1.5 GeV/é; 207 events; (e) 1.6 GeV/c, 4l events;
(f) 1.8-GeV/c, 96 events, Ticho (1962); (g) 2.2k Gev/c,
38 events, Bertanza, et al. (1962); (h) 3.0 GeV/c, 28
events, Badiér, et.al. (1964); (i) 3.5 GeV/c, 17 events,
B-G-L-0-R Collaboration (1965).

Production angular distribution for K'p —K'=~ at 2.2

GeV/c, from London, et al. (1966).

Production angular distribution~for K™p —» K="~ at 3.0

- GeV/c, from Badier, et al. (1966).

Production angular distribution for X p - K™=~ at 3.5

GeV/c, from B-G-T-0-R (1966).
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Fig. VI-12.
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VII. SUMMARY AND CONCLUSION

The cause of figorous derivations of ﬁegge cut amplitudés
certainly has not been advanced by this work. I have, however, tried
to clarify some of the pitfalls one encounters in attempting to go from
Feynman diagram calcuiationé to realistic'amplitudes for hadron-hadron
scattering. Having'gained some apfreciation for the diagram approach,

I formulated a pnenomehological ampiifude for the Regge cut arising from
two—Reggéon exchange, which manifestly satisfies s-u crossing. Some
simple calculations were made more accessible by the recipe given for-the
Reggeization of s-chaﬁnel helicity aﬁplitudés. The modei was fofmulated in
terns of chhannel helicity partial-wave amplitudes; in order that
detailed predictions for exotic exchange reactions might easily be made

in the near future.

In the preceding'éhapter I reviewed the preéent state of-affaifs
of Regge cuts vis é vis duality-breaking schemes. The various alternative
schemes reflect an obvious need for more data. A mndel caleulation
exhibited some of the shortcomings of a theory in which exchange degen-
eracy is broken by Reggeon-Pomeranchuk cuts. The next step to be taken
should 5e a quantitative.study of the possibility that exchange degeneracy
is broken'by Reggeon—Reggeon cuts. This will require both theoretical
effort to understand how to calculate cuts reliably and the accumulation
of expériment;l dafa on line-reversed pairs of reactions as well.

Obviously trajectories other than pp and A, should be the objects of

2
study.
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As an example of the exotic exchange reactions now becoming
calculable, I presented predictions for the double hypercharge exchanée
reaction K_p —>K+E_. _TheAnéar-forward cross section was evaluafed on’
the basis of a simpie exchange degenerate Regge pole fit to the high-
enérgy associated production data. There are a large number of analogous
"reactions which are amenable to analysis.in terms of two Reggeon |
exchange graphs. If Regge cuts are dominant in exotic reactions, we

should be able to confront cut models with experiments directly, and |

thereby iearn about the nature of Regge cut amplitudes.
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APPENDIX A. DEFINITIONS AND CONVENTIONS

1. Kinematical Quantities
For two body to two body collisions, I order the particles as in
Fig. A-1. The direct (s-) channel reaction is 12 — 34; the crossed

(t-) channel reaction is 13 — 24, The Mandelstam invariants are

2 2
s = -(p; + )" = -(pz + 1)
2 2
o= -(pl = pj) = -(pe = pu) ? (A‘l‘l)
2 2
u = =(pp - 1) = -(p, - Py)
. /
where I specify a four-vector by v = (X’Vo)’ and VW = VoW - VW,.
The Mandelsﬁam variables satisfy
u . .
s+t +u = E: mi2 = T . (A.1.2)
i=1 '

It is convenient to define threshold and pseudothreshold factors

, N
¢£§] =[x - (m + mj)2]2
) (A.1.3)
1
*E?J =[x - (m, - mj)e]2

where (ij) specifies the incoming or outgoing pair of particles in the
x-channel. For my choice of particle labels x,(ij) occur in the
combinations x(ij) = s(12), &s(34), t(13), t(24), u(lk), u(23). WNow let
& _ glx]  Ix] : A o ey
)(ij = ¢ij Wij be a generic symbol for = i3’ i37 “Yig The
energy of particle "i" in the x-channel center of mass (c.m.) system

is



s

| w, = (X +m 2 . nm 2)/2x% . ' (A.1.4)
i = m, 5 /x5, o o 1.

The magnitude of the corresponding three-momentum is

Py 5 _ jYij/ex ) o | - (A.1.5)

[

The Kibble function (Kibble, 1959) &(s,t,u) is positive within

the physicai region; and vanishes on the boundary of the physical region.

®(s,t,u) = stu -‘s(mlgmg2 + m32mh2) - t(m12m32 + meemug)
- u(mlgmh + m22m32) + 2m-12m2‘2m32mh2 CiZl m, 2) . (A.1.6)

It is also related to the x-channel c.m. scattering angle by
. 2 , N/ \/ 2
sin” 6, = yx @(s,t,u)/[iyij O(i*j'] . (A.1.7)

The c.m. scattering angle is given more compactly by

S

'ﬂllé ﬂd;h gos @ = ot u) (ml2 - mge)(mB2 - mh2)’
' . (A.1.8)
2

| tr/ fjxh cos 8, t(s - u) f'(ml2 - m32)(m22 ; ), ).

12 Y3

For - the reaction ab - cd I choose the positive z-axXis along Ea’ and
the positive y-axis along 'Ea_x Re (in conformity with the Basel
convention). Thus the reaction. takes place in the x-z plane. The

coordinate system is illustrated in Fig. A-2.
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2. Single Particle States

Following Jacob and Wick (1959) and Wick (1962) let |p ;n) be
an invariantly normed state with four-momentum pO = (0,m) and spin
component A along the z-direction.™ (I suppress a label for the total

spin, s.) These rest states are assumed to transform in the usual wayJr

under rotations r:

Rlpo; A= Z aﬁms(r)l,po; R - (A.2.1)
T

Now define

lp; ) = Ry 6, - z|p°; X) (A.2.2)

By invariant normalization I meaﬁ (p'; N'lps A) = (21r)5 5x,x g(p',p)
where' SK.K is a Kronecker delta and g(p,p') = 2(22 + mg)% 5(3)(R - g')
is the in?ariant 8-function onthe mass shell. This corresponds to
using the invariant vblume element on the mass shell,
gp = [2(22 + mg)%]-l dBE' = 8+(p2 +—m2) dhp, in ﬁlace of the normal
volume elemént. |
T 1 specify a rotation by the Euler angles (opY); thus

Slog,  -ipdy -1vd, . . .
RaBY = e ' c e . This follows the convention of Brink
and Satchler (1968), Rose (1957), and Messiah (1960) that &(asr)
rotates the system through Euler angles (oB7). Others (e.g. Wigner,
1959, and Edmonds, 1957) use the opposite convention, that q@’(dBY)

rotates the system through angles (=,-B,-Y). Explicit representa-

tions of rotation matrices are given in Appendix.B.

e —— e e e
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for (0 <@ <53 -1 < ¢ < w}, where Z 1is a "boost" in the z-direction,

which‘imparts to the particle the desired momentum. The.rotation R

takes care of the direction. The helicity )\ 1is the projection of spin- -

on the direction of motion.
Let us now use h(p) to denote the Lorentz transformation

(A.2.2) and H(p) to indicate the corresponding operator,
H = R Z : A.2.
(p) ¢,e"4._¢ H » . ( 5)

which generates the state of four-momentum p. The particular fbrm
(A.2.3) is the Jacob-Wick héliéity convention, but I will note some
other possibilitiés below. Now apply £[L], an arbitrary Lorentz
transformation such that lp = p". The resulting state will be

|p'; A) =4H(p')|bo; A Furthermofe, p = zh(p)po =p' = h(p’)po,
so that h_l(p') zh(p)po = po. In other words, the transformation
h—l(p') th(p) is an element of the little group (isotropy group) of

po, and 1s therefore u rotation r. Thus

Lipy Ay = 1H(p)|p0s &) = H()R[p®; A) =
> (A.2.4)

= 1) S, @0% W = S U, ee)lets w),
' 1l M

J

where U(4,p) = J&'S(r) = i}s<§-l(p')zh(pz>. (This shows that U 1is

unitary.) Consequently the transformation law for helicity states is

Llip; ») = Z 68"m\“°‘@'l(2p) Eh(pD'd‘p; 0 (A..5)
m
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Among the other kinds of single particle states which can be
defined by their transformation properties I mention in particular Wigner
spin states (Wigner, 1939, 1957; Blatt and Biedenharn, 1952), for which

the projection of spin on the z-axis is specified:
‘ 8 -1 ) A
Loy = Y 2.6 0) m)|ws n), (A.2.6)
4 m' . :

where b(p) is a pﬁre-boost along the direction p. I also define
transversity states (Kotanski, 1966a,b), for which the projection of

"spin on the negative normal to the reaction plane is specified:

Lp, T’ )- .

(a.2.7)

(M E)
.
M EY
-
rofa

ey = ) DR nTUR) mE)®R )T

rr._x
2’2’ 2

Figure AfB shows the axes of quantization for these thiee kinds of
states. ‘

Lastly I mention spinor states (Joos, 1962), which are defined
by extending the operator dff to be a representation of the homogeneous
Lorentz group, instead of the rotation group as before. Spinor states

transform as

 'L|p;'a) = El'ljbas[£]|zp; b). ' N (A.2.8)
L - .
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‘3. Scattering Amplitudes*

The S-matrix element connecting an initial state a of total
four -momentum Py with a final state b of total four-momentum Py is

related to the scattering amplitude Tba by

Sba -  6ba * i(zﬁ)h 6(h)(l‘)b\ipa) Tba' _ | (A.3.1)

The transition probability per unit time is given hy

12. (A.3.2)

Pba' = (gﬂ)hls(h)(pb - pa)lTba

It is straightforward to derive the following useful relations between

the scattering amplitude and observables.

(i) . General decay process o — (1,2,--+,n) = 8. The decay rate
‘ : ’
is
b ' . ~
) oMo - p) %/ dp,
dWBa = ' 5 E O"It[‘ﬁalz ——13 . (A.3.3)
o . o i=1 (2'1'()

(ii) Two body decay a — (1,2) = B.

4

2 %12 ’ !
—_— . Rt

| =3 aa, o (A.3.h)
a

' | 1
aw, = —3|T
pa Blix®

pa

(iii) General two body collision cross section
a = (1)2) _Q(B)M)"':n) =B

a - %tﬁ(“’@ L léﬁ I (A.3.5)

See Collins and Squires (1968), and Taylor (1965).
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(iv) Two body to two body cross section a = (1,2) - (3,4) =8

do ’d ).;.

2 )
g0 _ Iz |2, (A.3.6)
dQc.m. 6hnas ,ﬂ’ o
» 12
Since
2sdt
ae, = = ag, (A.3.7)
o 12 =3k
do 1 l 2
= = T..|°- (A.3.8)
dt 16 2B
12
The unitarity of the S-matrix implies
T - T _ s -
(ss )ba - Sbc Sca - bba.' : (a.3.9)
Substituting (A.3.1) we find
e e% b o (4) '
l[Tb Tbau:| - -(2“) Z 5 (pa - Pc) Tbc T;c’ (A.B.lO)

C

where the channelé aA and b now satisfy the four-momentum conservation
relation, p_ =D, andA E:c means integration over a‘p/(Qﬂ)5 for each
particle in channel c¢ and summation over all channels c¢. If channels
a and b are the same, Eqs. (A.3.5) and (4.3%.10) give the oplical
theorem relation between tétal Ccross section and imaginary part of the

forward scattering amplitude,
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.
Ootar (e 2 8ll) = b o Im[T_ (s,t=0)]. (A.3.11)

i
2

With T, = 8rs® £ (0°), Bq. (A.3.11) takes a more familiar form

D

hmi' ° . :
' Im[fc.m.(o_)] = %otal’ (4.3.12)

c.m. -

where p is the intial c.m. momentum and f (0°) 1is the forward
c.m - c.m.

spin nonflip scattering amplitude. [Thus fc m. corresponds to the

normalization adopted by Jacob and Wick (1959) in which

ao/an, = |£(e)]%.]

Different kinds of amplitudes may be obtained by taking matrix

elements of T Dbetween the several kinds of states described in Sec.

A.2. The most useful amplitudes are helicity amplitudes. For these it
| | | spts,~ (o)
is customary to insert an additional phase factor (-1)

so that, for example,

AN A A, S,+8) =(AytNy )
HZB W (-1) @ v <x5xh|Tlxlx2> (A.3.13)

defines the s-channel helicity amplitude. With the normalization
exhibited in Eq. (A.3.6), the differential cross section averaged over

initial helicities and summed over final helicities is giveh by

do 1 *J;h 1

-dnc.m_ 6hn25 4312 (2§l + l)(Es2 + 1)

S el s
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where S; is the spin of particle i. A minor subtlety arises here,
namely that the number of helicity states of a massless particle is
~only 2, not 2s +1. For a_massless particle incident an obvious
modification of the statistical factor is therefore required.

The helicity partial wave expansion can be written in the form
M i A

“(s,t) = :Z: (J'f‘%)<x3kh|hsJ(s)lxlxz)dx“J(gs)'ei(X‘“)¢,
. = (A.3.15)

H
5

where A =N\ - Ay W= SR and m = Max(|r|,|u|). The properties
of the rotation matrix dJ are reviewed in Appendix B. Hereafter I

choose ¢.= 0; this reflects my convention for the reaction plane. The

J

orthégonality property of d° [cf. Eq. (B.1.8)] permits the inversion

of (A.3.15) for J > m:
N
J
Oury I8 (s) [agng) = d(cos ) H
-1

AzN), SAq A

s (s,cos Gs) dx“ (QS).
(A.3.16)

Relations among the helicity amplitudes may be obtained from the discrete

symmetries. From parity we find

<-)\-3,->\)*|hs(]'(s) I ->\~l}->\.2_§ = T]g<>\3>\.)+'|hsJ(S) I)\l>\.2>, R
> (A.3.17)
' s_+s, -(s, +s

2
(ngmy/m 15)(-1) 3w e

g

’

with ni the intrinsic parity of the ith particle. Translated into a

condition on the helicity amplitudes themselves, this is

R
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-\ ,-)\.h:')\l,‘)\. . A2y, SAq A
H 208 = n B TR0, np)
‘ \ (A.3.18)
AN SAq A
oy M
- ng( l) Hs (QS’ ¢) g
From time reversal we obtain
{xlka'ThsJ(s)_lexh_) - ‘(KB_xhlhsJ(s)lxlxg), (2.5.19)
whence
A A Az 2N
Hslkz 3" - (_l)%.'p. H83 L l>\2 . (A.§.20)

To close this section I briefly note the relations between
helicity amplitudes and some other amplitudes.

(i) Wigner amplitudes. With particle 1 (2) along the plus (minus)

z-8xis, the relation to helicity amplitudes is

SRTTREITRY IO s s
S L L L 3
Ws[1,2] = 4 (95) a” . (e ) H

>‘-)+>‘-3 :“l) "“'2
=Ry 8T Thgahg e '

. (A.3.21)

The Wigner (spin) amplitudes are usually expanded in terms of angular

momentum states (Blatt and Biedenharn, 1952) as

TITIRTINT ‘ .
3Fhh1t2 .
Wst1,2] = E v<8182“1“2lsi“i)<s3sh“3“h|sf“f>
S 184
(uysmgp)

1 i .
X E (22, +1)2(2¢, + 1)%(2zs, pi—pf,pflJui><ﬁiSiOuilin>
' )

‘ ' 4 f Lz 0
X TLJ,zi,si,ﬁf,sf] dui-uf,o(gs)' (A.3.22)
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The versatility of the helicity amplitudes invented by Jacob and Wick
*(1959) has rendered these amplitudes somewhat archaic.

(ii) Transversity amplitudes.' These amplitudes, introduced by -

Kotanski (1966a,b) are occasionally useful in the study of kinematic
constraints at thresholds and pseudethresholds. They are related to

the helicity amplitudes by

T s
2 . .
k2P L (BED P (LD
T3M Ty TNy
ANy SAL A
LN
X H% 2@}\ T 2) 2’2)@ _)\' T %’%,%)o (A.3.23)

»AThis corresponds to takisg the negative normal to the reaction plane as
the axis of quantization for the transversities 7. The utility of these
amplitudes at thresholds results from the fact that the crossing matrix
becomes diagonal in the transversity basis.

Being uneoncerned in this thesis with rigorous analyticity
properties of scattering amplltudes, I forego listing the properties

of spinor amplitudes (Joos, 1962) and M-functions (Williams, 1963).

L. Crossing Relations for Helicity Amplitudes%
Trueman and Wick (196k4)--hereafter TW--have given an elegant
geometrical derivation of the crossing matrix for helicity amplitudes.
Fox (1967) determined the overall phase in the TW relation and it is

his result which I quote here.

* See Trueman and Wick (1964), Muzinich (196L4), Fox (1967), Cohen-

Tannoudji, Morel, and Navelet-(1968).
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A A :X A “inls, =S+, Hitu, Hay
3% %2 R 2 73 TR TRy
H = €383, 0hshs ©
1 NS R Lt
Xoa (1) d (x,) a.° (x) d (x,) H . (A1)
’\1“1 N Ashz 37 Tagmy R

The crossing anglés Xg all satisfy O < Xi s'ng they are defined by

2412 TY;B cos X, = (é + m12 - mgg)(t +'m12 - m32) + 2m12A,

2
o &

xglg ST;A cos X2‘ = -(s + m22 - mlg)(t +~m224- mkg) + 2m
‘ 2 2 2 o, 2
‘XBH ET/ cos X, = =(s + my" - m )(t + g -lm1 ) + 2m5 A,

ggjh ST;M cos Xh = (s + mu2 -'m32)(t + mh2 - m22) + thga,

(A.4.2)
where A =m 2 +m 2 2 m 2 ATh ha is +1 unless i ‘and
r = oy o, T y .- ‘The phase ¢, 4
j are bofh fermions in which case Eij = -1. ‘lThe crossing phase Aa

corresponds to the relative phase between the particle annihilation
operator. aa and the antiparticle creation operator E&T in the field
theory approach of Weinberg (196k4a,b) and of Carruthers and Krisch

(1965). For example they define the spinor

Xg = (2n)_3/2f5p[aaei o A, femipexy “(A.L.3)

The crossing phase is included to make contactAwith the isospin crossing
phase of Carruthers and Krisch. If np, Nes Mip ore the phase factors
which appear in the transformations of the single pérticle states under
the discrete opefators ﬁarity, charge conjugation, and time'reversal,

then



A npnch’ for bosons,
A = .A— = l ’ (A.L.L)

+1npnch, for fermions.

See also the general discussion of Feinberg and Weinberg (1959).

A feiocity space diagram as pépulariZed by Wiék (1962) is helpful
for visualiziﬁé the meaniné of the crossing angles.. Indeed one can
actually'caiculate the anglés from such a picture by means of non-
Euclidean geometry.*' Tﬁe rules are given by Wick (1962). 1In Fig. A-b
is shown the velocity space diagram for the final (s-channel) configura—
tion. The lines leaving a vertex represent the directions of the
corresponding particles as seen frpm thé rest frame associated with that
vertex. Thus xl is the angle between the direcfion of particle 3
and the Qirection of'particle 2, measured in the rest frame Ol. of
particle 1. Likewise OD is the angle between particle 1 and
particle 3, measured in the s-channel c.m. frame, O .

S

5. Perturbation Theory Conventions

Spinor notation. The Y-matrices are Hermitian, and ", is

diagonal. Explicitly,

CDeCD ()

(A.5.1)

The Pauli matrices o are as usual

¥* .
For an elementary discussion see Sommerfeld (1952).

i - e i e e~
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0 1 0 -i 1 0
Ux = » Uy = s o z =
1 o0, ' i 0 0o -1
(A.5.2)

The spin tensor is

g = 2i = i - . D
" (1/ I)EYﬁ’YQ] (1/21)(Yh75' Y&Yﬁ) (4.5.3)
Spinors are normalized acéording to ﬁh = -vv = 2m, and satisfy the
free-particle Dirac equations

(m + ir:p) u(p) =0, (m - ir-p) v(p) = O. ‘ (A.5.4)

For an antiparticle of momentum .E and helicity » it is sometimes

useful to replace
' 1
v, (p) = (-1)M2 v u_, () (4.5.5)

The Dirac conjugate epinor io ﬁx(p) - [ux(g)]f -

Explicit represenfation in the helicity basis. The positive

energy spinor with momchntum - p = |p|2 and helicity A is
A~ i ; -
ux(pz) = (E + m)2 s 4 (A.5.6)
Exg ‘ A
: +m ' ' .
o L
“y\?

where m is the particle mass, E = (p +m7)?, and

& ( RN (:) - (51

|D—'
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The spinor corresponding to a particle with momentum E’ such that

5'.2 = cos © 1is obtained by a rotation about the y-~-axis. Thus

-i0,0/2 .
ux(g ) = e UK(PZ)
[ 9 .8 1
Jacos 3 - (1L - a) sin 5
5 9 - il 3 9
N Oth.Il,2+(l a) cos 3
= (E + m)2
[a cos g - (1 - a) sin g] axp'/(E + m)
.0 0 ,
Ea sin 5 + (1 - &) cos 5] oxp'/(E + m)4 (A.5.8)

where a =% + A. I do not

incorporate the Jacob and Wick (1959)

particle 2 phase into my spinor. This is instead explicit in (A.3.13)

which defines helicity amplitudes.



Fig . A-l .

Fig. A-2.

Fig. A-3.

Fig. A-k.
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'FiGUﬁE CAPTiONS
Labeling of particles for a two body to two body collision.
The momentalgre iabeled bi’ maéses m. , particle épins 83
gnd intrinsic pafities of tﬁeAparticles ni.
Coordinate system for two body scatﬁéring. The scattering

angle is ©. The azimuthal angle ¢ is equal to zero for

.scattering in the X-2 plane.
"Coordinate systems for the definition of single particle

‘states; The axes x-y-z are fixed in space. The particle

momentum is p; the quantization axis is in each case along
Zqe
Velocity space diagram for the s-channel configuration. The

meaning of the angles is explained in the text.
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S3,M3,M3

t-channel

P

- S1,My, 7y | S2,M2,M2
s-channel

XBL707-3483

Fig. A-1.
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XBL707-3472

. Fig. A-2.
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/{ y\y / | |

(a) helicity

“(c) transversity

XBL707-3480

Fig . A'B .
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XBL707-3479

Fig. A-k,
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~ APPENDIX B. PROPERTIES OF ROTATION MATRICES

1. Definition and Properties

In an irreducible representation of the rotation group of
dimension (2J + 1) corresponding to an angular momentum J the

rotation (0BY) is represented by the matrix

ﬁ;vM(O‘BY) = (M [R g [ (B.1.1)

As the operator RT is the adjoint of R, its matrix elements are

related to those of R by

T ' _ ' * J *
(u|rTjour) = (' [R[aM) = (D)™ (B.1.2)
The operator R 1is unitary:
i 4 o
Ropy)' = (Rogy) 1,8,
hence
Doy @) = By (-1-8,0). | (B.1.3)

Furthermoré, the property rReT - RTR =1 implies

Z(b;'N(rD*aD'i.M(r) = By | (B.1.k4)

Y B (obﬁM,(r))'*‘ - (B.1.5)

See Brink and Satchler (1968), Andrews and Gunson (1964), Collins

and Squires (1968).
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Because the basis states of the representation are chosen as
eigenfunctions of Jz’ and R has the form specified in the footnote

to Eq. (A.2.1), the matrices simplify to

| - -iad | -ipJ.  -iyd :
fﬁﬁNJ(aBY) = (IM|e Z e Py e ’ ZIJN> )
| - -ipd
= “expl-i(a + W) Namle  Viow) ) (B.1.6)
= exp[-i(aM + W)] dMNJ(B).
' ‘ /

The phases of the rotation matrices depend upon the convention adopted
for the Euler angles and upon the choice of phases of the matrix

elements of J. With the Condon and Shortley (1935) choice of phases,

. ) . L V
(jmllejm> = m;(jm + 1[J+|jm) =[(j +m+1)(§ ¥ m)]3, the reduced

rotation matrices d° are real. They satisfy the symmetry properties

0,70 = al ()= (-1 a ) =a, o) - (1™ &) (n-0).

(B.1.7)

The orthogonality relations are

P
J J! i o 2 , :
dMl (8) dk“(e) sin 6 d8 = 6jj, 551 (B.1.8)
0
E: d J'(9) o (6) = & . ' (B.1.9)
>\-'J' Mj" . l-ll-l"
A

‘%' 2: (23 + 1) dxuj(e) dxHJ(G') = &(cos © - cos ©'). (B.1.10)
J' .
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2. Expansions in Terms of Other Functions

It is fruitful to obtain expansions for the reduced matrices in
terms of well-studied functions, for this allows the deduction of

analytic properties. First note the expansion in terms of Jacobi

polynomials Pnab(z),

-

(sin (6/2)%H Icos (o)1 1]

5 e [ )i - m)t
() = (277 [(a- )1 -n>=]

X P}f&“l’X+“(cos e), - '(B.E.l)

where m = Max(a,n), n = Min()\,u), and the expansion only holds for

m > 0. For (J -.m) a nonnegative integer, the function . P??m(z) is a
polynomial in z. As a consequence the expansion (B.2.1) is useful for
establishing analytic properties of dj in =z.

To exhibit the analytic structure of dj‘ in the j plane it is
convenient to express the reduced matrices in terms of the hypergeometric
function, by
n-x

- . _l
a Jd(e) =
Nl() NI

- [sin (6/2)1M#] cos (o/2)1

X [8 Tﬁ%:g :g%:}EF(q +.m_. i+m +.l, m - n ;1; sin2(9/2)>a

(B.2.2)
The hypergeometric function is analytic in j, so all the j-plane
singularities are explicit in the square root factor. The singularities

occur at integral values of (J - m) for which either



165~

ngj<m ' | (B.2.3a)
or .
-m < § < n. ‘ ‘ (B.2.3b)

Taking the asymptotic form of F(%,b,c; (1 -'z)/2> for large

Z = COS 9,'one obtains the asymptotic expreésion

| 3 - ~ ('_1)“'“'1““‘“ ('+1;1)1("-;1)!%
a8 eI [(§+n7:(§-m):]'

(23 + 1)1 (z/2)? ‘ -2 (-25 - 1)i(z/2)732
X (3 +m)i(d - n) [l Ot )]__ (-3 - 5]. +m)t(-j -1 -n)! -

)‘[“ (z-l)] , (B.2.4)

again for m > 0.

Next consider the functions ex“j(e), the relation of whigh tg
the dx“j(e) is analogous to the relation of the Qz(z) [Legendre
functions of the second kind] to the Pz(z) [Legendre functions of the
first kind]. These functions were introduced by Andrews and Gunson (196L),
who also provided a valuable discussion of the properties of the .e‘j
for nonintegral j.* The expansion of the reduced rotation functions of

the second kind in terms of Jacobi Polynomials is

* Note that the functions eJK“(e) of Andrews and Gunson (196k) are

(-1)»*  times my e)“j(G)J
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e)\“j(g) = (-1)1'1-)\. {j tﬁ ; J ;2 i]E [Sin(e/e)],K-Ml[cos(e/g)]%ﬁ‘u
X Qg?;“l’X+u(C°S 9),‘ (B.2.5) v

for m ;%O. The e-function have the symmetry properties

Je) - (1)H el REPEYC TR i
e (®) = ()l (0) = (1) “MJ(e). (B.2.6) :

The Jacobi functions of the second kind are‘related to those of the

first kind by

1
Q™) = -0 )T | 1))
-1
&b, , | '
X 2%(2), (B.2.7)

for n a nonnegative integer.

A useful relation Between the dJ and the eJ is
xd. 9(0) e. 9(6) e (g) '
— N = Al - A . (B.2.8)
sin x(j - A) cos n(j - A) cos n(J - A\)

Finally, the asymptotic behavior of ed for large =z is given by ?

.. n-=-x- ; .-,
e (0) = FEHyr [+ 213 - MG+ Wi - W)

X exp[+ in(n - u)/E](z/E);J-l[l + O, (B.2.9)

Jj—

f

>
where the + occurs as Im z < O.
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Let us also mention two special cases for which the qE}-functions

are particularly simple:

| <§§n%f%> [¥j?(6,a)]* ;o | ~ (B.2.10)

f)mbj(dBr) -
and |
a4 2e) = (-1)" [ S ] P,%(g), m>o0.  (B.2.11)

Here ij is a spherical harmonic and ij is an associated Legendre
function. 1In Table B-1 I have listed some explicit forms of the d-
functions for low spins.

3. Computational Details

The d-functions required in the éalculations described in
Chapter VI were evaluated numerically by forward recursion of the

Legendre functions, using the formulae (Jacob and Wick, 1959)

dooj(e) = Pj(cos e), (B.3.1)
3 -1

dl 1(u) = (3 +1) cos(G/E)(Pé+l - P%), (B.3.2)
jok N , o
di ‘l(e) = (j +1) sin(9/2)(P5+l + Pé), (B.;.})
2s72

where Pé means de(cos ©)/d cos 6. The Legendre functions were

computed from the recurrence relations

(v + l)'Pv+l(Z) = (2y +1) sz(z) - VPv-l(Z)’ (B.3.4)



@ (z)

(z° - 1) L

= vav(z) - vPv_l(z), (B.3.5)

stated by Abramowitz and Stegun (1964).



©-169-

Table B-1l. Explicit forms of the

spins.

40 (©)

(V=N

| a (o)

—~
)

)|
N

=

]
[N
.
[N

d. . (e)

cos ©

-1,1

(9)

reduced rotation matrices for low

cos(6/2)
sin(e/2)
%tl + cos ©)
l(

-4

o1 (&)

%(l - cos ©)

_dé’_l<ej = - sin /2
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APPENDIX C. REGGEIZATION OF S-CHANNEL HELICITY AMPLITUDES

. The model formulated in Chépfer V'is rathér cumbersome, requiring
several applications of the helicity crossing matrix to complete a
calculation. For detailed fiﬁs this would present little obstacle to
the computer but for the illustrative calculations we wish to ekamine
in this thesis these complications merely obscure fhe bhysiés. For
these model calculations it sufficés to Réggeize the s-channel helicity
amplitudes, to ieading order in s.

a) 'The General Result, Following from Crossing
The formulation of high-energy exchange models in terms of

direct-channel amplitudes has been studied by Fox (1967) and by Cohen-
Tannoudji, Salin, and Morel (19685. To leading order in s, Regge
theory is a$.easily expressed in the s-chénnel as in the t-channel. A
simple solution to fhe problem is possible because the heliéity crossing
matrix factorizes_(to leading order in .s), as noticed by Fox and Leader
(1967). The leading order coﬁtribution of a boson‘Régge pole at
j = a(t) may be written as

H"?‘u*ﬁ% . _e—in(xl-xg-x?xh)/z (r+ e-ina(t))
t a ' 2 sin na(t)

. Y;\_ Y}'\ ;\.(S/So)a(t) , ‘ (c.1.1)
G N
where the Regge pole has signature T and scale factor S The
Truemen and Wick (1964) helicity crossing matrix is given in Appendix

A.4, so we only restate the basic formula here
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Hob), SH K minl 0,=0, Ha o ey, )
3 hF1Fe 2 3 Pl FpTRzTRY
HS = €25€5h€u2A2A; e , .

o K c o ASN), P A AT
1 2 3 2 " R
d = (x) 4 "E(Xe) d-” _(x;) d

y ‘
"y s u3>3 3 “LR\L;(X“) H, . (A1)

Applied to (C.1.1l), the helicity crossing matrix gives an

expression for HS which I rewrite in a more symmetrical form as

Mo by, 2K ~inc(t) a(t)
o Rt x (T +e s
H = - : g 5
s €25€3)+€‘)+2A2A3 2 sin w0(t) Hahty g“h“g(so
0+, Oy =1 .
e (-1) &2 (1) b Tl2P nhP P, (c.1.2)

where the Regge pole has parity P and the (s—channel)f external
particles "2 and U4 have intrinsic parities nép, nhP. The s-channel

Regge residue functions are

EE: in(xa+xh) A o_+A,
. .

CCS 3 RN
o] o]
) b ©
, dx:ua("‘a ) 8y (1), (c.1.3)
where
\
X <) (t + ma.2 - mbe)
cos X - = agrb
: $ (c.1.k4)
5] (t * mb2 - ma )
cos Xb = ZT;b




are Trueman-Wick crossing angles in the limit s — . [The "extra
phases"” in (C.1.2), not present in (A.4.1l) are the result of a parity

operation at the 2-4 vertex the purpose of which was to define the

functions g and g in the same way. This is accomplished by
Mahy HyHo ,

undoing the asymmetry in the definitions of Xl compared with X5 and

of X, compared with X, in (A.4.2).] The practical advantages of

attention to the crossing phgses become apparent only when comparing
several reactions and indeed such care is superfluous for some of the
more basic features I wish to studyibelow.

b) Effects of Discrete Symmetries on the Residue Functions

Parity conservation at each vertex for the exchange of a particle

of spin J and parity P implies a relation among the t-channel
helicity partial-wave amplitudes,

.J+0’2+0')_|. 'Ké"?\.hikl)\g

ASAy SA AT
2™ P_P }
= n5 m, P(-1) He 3 : (C.1.5)

He g

For Reggeon exchange, the gquantity (—l)J is replaced by 7. This may

. be translated into a condition on the t-channel residue functions,

P P 0, +0
v._ = 05 n° tP(-1)° Y (C.1.6)
MAZ 2 b My NG
thence into a condition on the s-channel residue’ functions,
. (o 0] SV
: P _P 2 kL 27 -
g = 1, m,~ 7tP(-1) (-1) g . (c.1.7)
If particle 2 equals particle L4, then
= TY. ' (c.L.8)

Y L
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but if a state of definite t-channel isospin (I) has been formed there
21, -I :
is in addition an isospin swapping phase (-1)° h The condition is

equally simple in the s-channel, namely

(c.1.9)

g - 8 .
by ko hotty "

Similarly if particle 2 equals particle 4, then we may form

states of definite G-parity‘in the t-channel, for which

1 - » | '
Y! = 1G(-1)" 7. = 1C_ 1! (C.1.10)
Ku?\2 ?\.27\.)_" n 7\.'2">\.)+

where G is the G-parity of the exchanged Reggeon and C, 1is the
charge conjugation eigenvalue for the neutral member of the Reggeon

isomultiplet. Again the condition is edqually simple in the s-channel,

g = 1C.¢g . , (c.1.11)
HyHo noHAH),

Evidently it is possible to form combinations of s-channel
amplitudes which have definiteﬂt-channel’properties, e.g. s-channel
cbmbinations with definite t-channel parity.

| c) Consequences“of Factorization

Asymptotically the physicai region boundary lies'at t = O.
Thus the half-angle factors that ensure angular momentum conservation
[compare Eq. (A.3.15)] appear as powers of t% in the residue functions.
In particular amplitudes must vanish at t = O at least as rapidly as
the half-angle factors‘prescfibe. For example, the s-channel residues

must have the minimal behavior

In this context, t is to be understood as t/so. ' -
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A 1(Hq =My ~Hg

: 5|71 T2 L
g, . B, . © (-1:)~| 3] (c.1.12)
zhy MMy

as t =0 . However g is related by parity [and with no

Pty g“hug

1
powers of (-t)?] to g through (C.1.7), so the residues

-3
“3“1' -“)_‘_)'uz
must also satisfy
e At I

g xc (-t (C.1.13)

as t —» 0, which contradicts (C.1.12) unless (ul - p3)_= 0, or

(u2 '_“h) = 0, or both are equal to zero. The only way to make (C.1.12)

HBHh :“luE
and (C.1.13) consistent with each other is to make both HS

HB: —uh 3Hl; -ue

and H vanish at the faster rate by taking

s

Ly (Mg [F [y, "M |
g g @ (-t)%‘{' 3 1] I LMo |y . (C.1.1k)
Hahty HyMs ¢ 0

In order to satisfy factorization and parity we must therefore have

|

_Llua
g « (-t)° (c.1.15)
Ha
Apart from this behavior at t =0 gu - 1is free of all kinematical
: a
singularities.

The stringent constraints implied by (C.1l.15) are responsible
Fer seme quite definite predictions which are in fact in confliet with
experiment. 1In charged pion photoproductionvthe-s-channel nonflip

H:rr)\'N' ”\'Y)\'N)

amplitude (written as

1. 1
0r5:-1,-3
. S
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may be finite at t = 0 and satisfy angular momentum conservation.

L, 1
‘l:'z

0,5 . . . .
1f, however HS’2 receives contributions from a single Regge

pole the factorization argument given above implies that
1.9 _1 1
HS’Z' L2 [(-t)2]2 ~ t. . © (C.1.16)

This prediction ié aramaticaliy contradicted by the data (Boyarski et

al., 1968a,b) on N - xN' which display sharp forward peaks. The

argument leading to (C.1l.16) first was stated by Drell and Sullivan <1967).
.Another classic example occurs in np - pn, i.e. neutron-proton

charge exchange for which the amplitude

@ constant, by angular momentum conservation,

(c.1.17)

.
N+

a t, in a one-pole model.

The latter prediction is again contradicted by data.(Manning et al.,
1966) which display a éharp forward peak. Further references for
photoproduction may be found in Jackson and Quigg (1969, 1970). Ap
enlighteﬁing discussion 6f the behavior at t = O 1is given in Appendix
B(e) of Jackson (1970).
d) Conspiracy

The result (C.1.15) which followéd from factorization and

parity indicates that né matter how many different Regge poleé

L [Hq~Hy | F MR
contribute to the scattering amplitude, HS a (—’0)2[l 1 3, l 2 u|]

1My~ mH
rather than (—t)El 17273 ul

as expected from rotational
invariance. Such a prediction is not however inevitable and in

view of the experimental situation one may try to thwart the

factorization argument by considering two poles which differ only in
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their values of TP and which collide in the j. plane for t = O.
Before giving the result I note that such a conspiracy of poles is not
the only way around the argument. All that is required is to add a
contribution which does not factorize, for example the absorptive

corrections discussed in Sec. V.l. Factorization holds for pole residues,

s0 Regge cuts are eiempt from its restrictions. An understandable and
didactic treatment of conspiracy in terms of poles is given by Leader
(1969), and a more detailed discussion than the one I give here appears
in Cohen-Tannoudji, Salin, and Morel (1968). I reproduce the crude
results of Fox (1967) which are sufficient for practical purposes.

Thus the s-channel residue functions g corresponding to the
original Regge pole and h corresponding to the conépirator Regge pole

must satisfy

: 1My "HomHg H
g g -h h o] (-t)2, 1725 s (C.1.18)
and by parity
Loy =l
g g +h h ()2l 12T (C.1.19)
IJ'Bpl l—lhug lJ-Bul |~'~)4|J-2
A consistent solution is to take
(
PRI TR :
‘ fes) (_t)E' a -b, 2’ for ll‘la—l‘lb’ % O
h g . . (c.1.20)
Moy ™ HaMy , 1
e (-t) ) : for l“a—u’b, = Q J
3
and : . - -
g = +in  Q +Oft)  for p-w >0 (C.1.21)

Hatp Habp
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whereas the coefficients of (-t)% for g Hy = 0 - are arbitrary. This
is the prescription of Fox (1967).‘

It is worthwhile to illustraterit with a simple example. Consider
the‘s-channel nonflip amplitude for photoproduction mentioned above.

Before conspiracy we have

1 1 - h 1 1
1.7 .1 LAl i1
HOZ ™02 @ gy gy e [P (92 @ ¢
.8 )7 2T (c.1.21)
but after conspiracy,
.0 l._l 1 .
H r2- y. 2 @ - h h
s %0,-1 83,3 7 To,-1 74,3 )
a ihy ,[1+ Ht)ling i1 + Olt)]
0,-1 2272
-nh h
T0,-1 *L,-1 Y (c.1.22)
x h h, 1 + (Mt
0,-1 Pg,-3 + U8)
c 1+ éalt) J

1, 1
0,5-'1:'2
S

iS finite at t = O. The amplitude related by parity to H

which is a double-flip amplitude in the s-channel, continues to vanish

~as t, as required by rotational invariance. Thus

j-
-

HS’- -1 o t. (c.1.23)
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e) Putting ih the Physical Region Boundary
| Nonasymptotically
I adopt the same prescription as was used by Fox (1967) and
by Cohen-Tannoudji, Salin, and Morel (1968), which is to multiply Eq.

(C.1.2) by the factor

, et £ MR s
s \2 % | - 95 '
L—;) sin — cos =
S 2 . 2
" i |”}'“2’“5Wh|
&)
P [l e iy o | [MLH2™s My
= (-s/t)% sin §§ cos 5 ‘ . (c.1.24)

Two objectibns may be raised against this form. The first is that upon
crossing to the t-channel we should find in addition to the Regge pole
at a(t) a sequence of pafallel trajectories, integrally spaced for
all t. This reflects the fact tﬁat our recipe is not a proper one for
moderate values of s. The second flaw, noticed by Fox, is the lack of
proper analyticity in s. Thus if the Regge pole makes a pafticle of
spin J at t = M2 our recipe does not force the pole residue in Ht
to have an s-dependence xn’dj(et). One expects this shortcoming to be
more important, the nearer the particle is to tﬁe physical region.

For the pion Regge pole Fox (1967) reports 50% nonasymptotic corrections
at s = 5(GeV/c)2. This reinforces my claim, made at the beginning of

this section that the Reggeized s-channel amplitudes are more useful

for model calculations than for detailed fits.



;179-

Finally let us state our phenomenological prescription in

detail.'
MM, $Hq M a H o -u.
sy ke * oMo »My PP
8 = -€2563u€h2A2A3. (-1) (-1) N, M TP
oy =Koyt by “Hothg .
n_ll 2"3 hl cos—sll 2 ,(1+ Ma(t))_
si 2 sin na(t)
(& £) (S alt) 1.25)
e, e, 0 (5) (c.1.25
~ 2'”84 ub, ~ ‘
where g, “’b(t) = g (t) ) , and g 1is regular in t.
a"b- O ‘



-180-

REFERENCES

Abramowitz, M., and I. Stegun, 1964, Handbook of Mathematical Functions

(Natioﬁal Bureau of Standards, Washington, D.C.).

Alvarez, L. W., et al., 1962, Proceedings XI International Conference on
High Energy Physics, CERN, p. L433. |

Amati, D., S. Fubini, and A. Stangﬁellini, 1962a, Phys. Letters 1, 29.

Amati, D., S. Fubini, and A. Stanghellini, 1962b, Nuovo Cimento 26, 896.

Andrews, M., and J. Gunson, 1964, J. Math. Phys. 5, 1391.

Arnold, R. C., 1965, Phys. Rev. Letters 1k, 657.

Arnold, R. C., 1967, Phys. Rev. ZQN, 1523,

Astbury, P., et al., 1966, Phys. Letters 23, 396.

Auvil, P. R., F. Halzen, C. Michael, and J. Weyers, 1970, Phys. Letters
31B, 303.

Badier, J., et al., 1964, XII International Conference on High Energy
Physics, Dubna.

Badier, J., et al., 1966, Preprint CEA-R 3037 (unpnﬁ1ishpd).

Barger, V., 1969, Proceedings Regge Pole Conference, University of
California, Irvine.

Barger, V., and D. B. Cline, 1969, Phenomenological Theories of High

Energy Scatteringv(w. A. Benjamin, Inc., New York).

Bertanza, L., et al.,.1962, Proceedings XT International Confcrenec on
High Energy Physics, CERN, p. .284.

Birmingham-Glasgow-London (I.C.)-Oxford-Rutherford Lahoratory Collabora-
tion, 1965, Oxford Conference.

Birmingham-Glasgow-London (I.C.)-Oxford-Rutherford Laboratory Collabora-

tion, 1966, Phys. Rev. 152, 1148.



A"

-181-

Birnbaum, D., et al., 1970, Phys. Letters 31B, L8k.

Bjorken, J. D., and T. T. Wu, 1963, Phys. Rev. 130, éﬁﬁ@.

Blatt, J. M., and L. C. Biedenharn, 1952, Rev. Mod. Phys. %i, 2458,
Boyarski, A. M., et al., 1968a, Phys. Rev. Letters 20, 300.
Boyarski, A. M., et al., 1968b, Phys. Rev. Letters 21, 1707.

Brink, D. M., and G. R. Satchler, 1968, Angular Momentum (Oxford Univer-

sity Presé, Oxford), second edition.

Carruthers, P., and J. P. Krisch, 1965, Ann. Phys. (N.Y.) 33, 1.

Chew, G. F., and S. C. Frautschi, 196’1,4 Phys. Rev. Letters 7, »9k.

Chew, G. F., and S. C. Frautschi, 1962, Phys. Rev. Letters 8, 4l.

Chiu, C. B., 1969, Rev. Mod. Phys. 41, 6LO.

Chiu, C; B., and J. Finkelstein, 1969, Nuové Cimento 594, 92.

Cline, D., J. Matos, and D. D. Reeder, 1909, Phys. Rev. Letters.gé, 1318.

Cohen-Tannoudji, G., A. Morei, and H. Navelet, 1967, Nuovo Cimento 484,
1075. |

Cohen-Tannoudji, G., A. Morel, and H. Navelet, 1968, Ann. Phys. (N.Y.)
46, 239. o

Cohen-Tannoudji, G., Ph. Salin, and A. Morel, 1968, Nuovo Cimento égé,
hiz, .

Collins, P. D. B., and E. J. Squires, 1968, Regge Poles in Particle

Physics, Springer Tracts in Modern Physics No. 45 (Springer-vVerlag,
Berlin).

Condon, E. U., and G. H. Shortley, 1935, Theory of Atomic Spectra

_ (Cambridge University Press, Cambridge).

Courant, R., and D. Hilbert, 1953, Methods of Mathematical Physics

(Interscience Publishers, New York), vol. I.



-182-

Dauber, P. M., et al., 1969, Phys. Rev. 179, 1202

Dean, N. W., 1968, Nucl. Phys. B7, 311.

Dolen, R., D. Horn, and C. Schmid, 1967, Phys. Rév. Letters 19, Lo2.

Dolen, R., D. Horn, and C. Schmid, 1968, Phys. Rev. 166, 1678.

Drell, S. D., and J. D. Sullivan, 1967, Phys. Rev. Letters 19, 268.

Durand, L., III, and Y. T.‘Chiu, 196k, Phys. Rev. Letters 12, 399; 13,
h5(E). |

Edmonds, A. R., 1957, Angular Momentum in Quantum Mechanics (Princeton

University Press, Princeton).
Eden, R. J., 1952, Proc. Roy. Soc. 4, 210, 388.
Eden, R. J., P. V. Landshoff, D. I. Olive, and J. C. Polkinghorne, 1966,

The Analytic S-Matrix (Cambridge University Press, Cambridge).

Erdelyi, A. (ed.), 1953, The Bateman Manuscript Project, Higher

Transcendental Functions, 3 volumes; Tables of Integral Transforms,
2 volumes (McGraw-Hill, New York).

Feinberg, G., and S. Weinberg, 1959, Nuovo Cimento zg, 571.

Firestone, A., et al., 1970,K+n Charge Exchange at 12 GeV/c, Lawrence
Radiation Laboratory Report UCRL-19880.

Fox, G.‘C., 1967, Universit& of Cambridge'Thesis, unpublished.

Fox, G. C., 1970, in High Energy Collisions, ed. C. N. Yang, et al.

(Gor@oq and Breach, Science Publishers, Inc., New York), p. 367.
Fox, G. C., and E. Leader, 1967, Phys. Rev. Letters 18, 628. C ~
Fox, G. C., and C. Quigg, 1970, in preparation. |
Froissart, M., 1961, Report to the LaJolla Conference (unpublished).
Gilman, F. J., 1969, Phys. Letters 29B, 673.

Gottfried, K., and J. C. Jackson, 1964, Nuovo Cimento 3k, 735.



_183_

Gribov, V. N., 1961, zh. Eksp. Teor. Fiz. 41, 1962 [Eng. trans., Sov.
Phys .—JETP ££,.1595 (1962)]. |

Grihdv, V. N., 1967, zh. Eksp. Teor. Fiz. 53, 654 [Eng. trans., Sov.
Phys.—JETP 26, W1k (1968) 1. |

Gribov, V. N., and A. A. Migdal, 1968, Yad. Fiz. 8, 1002, 121% [Eng.
trans., Sov. Phys.—SJNP 8, 583, 703 (1969)].

Harari, H., 1969, Phys. Rév. Letters 22, 562. V

Harrington, D. R.,,l969, Phys. Rev. %QE, 1745,

Henyey, F., G. L. Kane, J.APumplin, and M. Ross, 1969, Phys. Rev. %gg,
1579. -

Jackson, J. D., 1965, Rev. Mod. Phys. 37, L8h.

Jackson, J. D., ié?b, Rev. Mod. Phys. L2, 12.

Jackson, J. D., J. T. Donohue, K. Gottfried, R. Keyser, and B. E. Y.
Svensson, 1965, Phys. Rev. 139, Bﬁ28.

Jackson, J. D., and C. Quigg, 1969, Phys. Letters 29B, 230.

Jackson, J. D., and C. Quigg, 1970, Re&arké on Pion Photoproduction,
Lawrénce Radiation Laboratory Report UCRL-19410, and Nuci. Phys.
B22, (to be publighed).

- Jacob, M., and G. C. Wick, 1959, Ann. Phys. (W.Y.) 7, LOkL.

Joachain, C. J., and C. Quigg, 1970, High-Energy Hadron-Deuteron Scattering,
Lawrence Radiation Laboratory Report UCRL-19851 (unpublished).

Joos, H., 1962, Fortschritte der Physik 10, 65.

Kaidalov, A. B., and B. M. Karnakov, 1969a, Phys. Letters 29B, 372.

Kaidalov, A. B., and B. M. Karnakov, 1969b, Phys. Letters 29B, 376.

Kibble, T. W. B., 1959, Phys. Rev. 117, 1159.

Kikkawa, K., B. Sekita, and M. Virasoro, 1969, Phys. Rev. 18k, 170l.



~184-

Kirz, J., 1970, in High Energy Collisions, ed. C. N. Yang, et al.

(Gordon>and Breach, Science Publishers, Inc., New York), p. 59.

Kotanski, A., 1966a, Acta Phys. Polon. 29, 699.

Kotanski, A., 1966b, Acta Phys. Polon. 30, 629.

Krzywicki, A., 1970, Orsay preprint LPTHE 70/18.

Krzywicki, A., and J.ATran Thanh Van, 1969, Phys. Letters 30B, 185.

Lai, K. W., and J. Louie, 1970, Nucl Phys. BLY, 205.

Landshoff, P. V., 1969, "Regge Cuts: A Review of the Theory," DAMTP
69/30. | |

Leader, E., 1969, "Daughters, Conspiracies, Toller Poles: Some Problems
in the Reggeization of Relativistic Processes,' Lectures given at
the Boulder Summer Institute for Theoretical Physics, and Caltech
preprint.

London, G. W., et al., 1966, Phys. Rev. 143, 103k4.

Lovelace, C., 1969, Nucl. Phys. Bl2, 253.

Lyons, L., 1966, Nuovo Cimento k3a, 888.

Mandelstam, S., 1958, Phys. Rev. 112, 134k.

Mandelstam, S., 1962, Ann. Phys. (N.Y.) 19, 25h.

Mandelstam, S., 1963, Nuovo Cimento 30, 1127, 11L8.

Manning, G., et al., 1966, Nuovo Cimento L1A, 167.

Mathews, R. D., 1969, Nucl. Phys. Bll, 339.

Matsuda, S., 1969, Nucl. Phys. B9, 113.

Mcssiah, A., 1966, Quantum Mechanics (John Wiley and Sons, Inc., New

York, fifth printing, 1966), Chap. XIII.
Meyers, C., and Ph. Salin, 1970, Nucl. Phys. Bl9, 237.

Michael, C., 1969a, Phys. Letters 298, 230.



.

_185:_

Michael, C., 1969b, Nucl. Phys. Bl3, 6LkL.

Muzinich, I., 1964, J. Math. Phys. 5, 1L81.

0'Donovan, P. J., 1970, Arizona State Preprint ASU-HEP-13,

Polkinghorne, J. C., 1963, J. Math. Phys. L4, 1396.

Polkinghorne, J. C., 1970, Nuci. Phys. g%é; 321.

Quigg, C., 1970, DecayDistributiénsin K P -a(K*,E*)p as Tesfs of
ExchangelDegenerac&; Lawrence Radiation Laboratory Informal Note
UCID-3418 (unpublished). |

Regge, T., 1959, Nuovo Cimento 14, 951.

Regge, T., 1960, Nuovo Cimento 18, ok7,

Risk, C., 1970, The Derivation of the Absorptive Model from Feynman
Diagrams, Lawrence Radiation Laboratory Report UCRL-19453
(unpublished).

Rivers, R. J., 1968, Nuovo Cimento 574, 17h.

Rose, M. E., 1957, Elementary Theory of Angular Momentum (John Wiley and

Sons, inc., New York).
Rosner, J; L.; 1969, Phys. Rev. Letters 22, 689.
Rooncr, J. L., 1970, Caltech Preprint 68-2k.
Ross, M. H., and G. L. Shaw, 1964, Phys. Rev. Letters 12, 427.
Ross, M., F. S. Henyey, and G. L. Kane, 1970, Michigan preprint HE-70-5.
Rothe, H. J., 1967, Phys. Rev. 159, 17l.
Schmid, C., 1969, Lettere al Nuovo Cimento 1, 165.

Sommerfeld, A., l9h9, Partial Differential Equations in Physics

(Academic Press, New York).

Sommerfeld, A., 1952, Lectures in Theoretical Physies, vol. III,

"Electrodynamics" (Academic Press, New York), pp. 229-235.



-186-

Sonderegger, P., 1970, in High Energy Collisions, ed. C. N. Yang, et al

(Gordon and Breach, Science Publishers, Inc. New York) p. 259.
Sopkovich, N. J., 1962, Nuovo Cimento 26, 186.

Sudakov, V. V., 1956, Zh. Eksp. Teor. Fiz. 30, 87 (English trans.,

il
5

Sov. Phys.—JETP 3, 65).
Taylor, J. R., 1965, J. Math. Phys. T, 181.
Ticho, H., 1962, Proceedings XI International Conference on High Fnergy

Physics, CERN, p. 436.

Titchmarsh, E. C., 1939, Theory of Functions (0xford Univefsity Press,
Oxférd; second ed.).

Trueman, T. L., and G°-C. Wick, 1964, Ann. Phys. (N.Y.) 26, 322.

Veneziano, G., 1968, Nuovo Cimento S57A, 190,

Watson, G. N., 1918, Proc. Roy. Soc. 9%, 83.

Weinberg, S., l96ha, Phyé. Rev. 133, B1318.

Weinberg, S., 1964b, Phys. Rev. 134, B882.

Wick, G. C., 1962, Ann. Phys. (N.y.) 18, 65.

Wigner, E. P., 1939, Ann. Math. 40, 194.

Wigner, E. P., 1957, Rev. Mod. Phys. gg, 255.

Wigner, E. P., 1959, Group Theory and Its Application to the Quantum

Mechanics of Atomic Spectra (Academic Press, New York).

Wilkin, C., 1964, Nuovo Cimento 31, 377.
Williams, D., 1963, Construction 6f Invariant Scalaf Amplitudes Without
| Kinemafical Singularities for Arbitfary-Spin Nonzero-Mass Two-Body
Scattering Processes, Lawrence Radiation Laboratory Report UCRL-
11113 (unpublished).

Winbow, G. A., 1969, Phys. Rev. 177, 2533.

«Q



LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.









