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A SPECIALIZED TOROIDAL PRESSURE VESSEL

C. E. Edenfield1 
J. Kinsley Lowry*"

General Dynamics/Astronau4: ics 
San Diego, California

ABSTRACT

A method is developed for determining the meridional contours of 

a toroidal shell which will produce no hoop stress resultants in 
the curved portion of the shell when subjected to internal pres­
sure . The meridional membrane force will remain tensile,, The 
resulting- specialized -toroidal pressure vessel design may elimi­
nate the possibility of buckling failures found to be of criti­
cal concern in many other types of non-circular tori, Methods 
for finding the internal volume and surface area of such a pres­

sure vessel are also presented.

INTRODUCTION

The torus is becoming a more prevalent structural conf igurat.i on for use its. 

certain aerospace vehicles. It is an ideal shape for manned space stations

1 Senior Structures Engineer, Space Launch Vehicle Stress Group, formerly 
associated with Structures Research Group.

2 ■Structures Engineer, Structures Research Group,
This work was supported under General Dynamics sponsored research program 
Numbers 111-93 72 and 111,-9521,
GENERAL DYN AMICS/ASTRON XU TICS
ERR-AN-174



since for stabilization, the spin axis is aligned with the major axis of 
inertia thereby inducing a fairly constant foi'ce of synthetic gravity for 
living quarters. Further application may be found in small volume propel­
lant tanks for large diameter aerospace vehicles. Most aerospace vehicles 
at present have ellipsoidal closing bulkheads and conical or cylindrical 
adapters between stages. A large poorly utilized volume is left between 
these structural elements.

The information presented in this publication will enable one to design 
a toroidal pressure vessel of the membrane type which may best utilize 
the space available. Examples which further illustrate possible applica­
tions for the toroidal pressure vessel are shown in Fig. 2.

The stress distribution that results if linear membrane theory is applied 
to the toroidal shell problem is well known and quite uncomplicated [}]*, 

As a result of recent developments in the aerospace industry considerable 
work has been done on toroidal shell problems [2-9]. The problem of de­
signing maximum volume to minimum weight ratio pressure vessels has led 
to investigations by Turner [2] and Edenfield [3l. Turner has compared 
the relative merits and design characteristics of the circular torus and 
elliptical torus. He finds the meridional forces in a circular torus to 
be significantly greater than the meridional forces in an elliptical 

torus of equal surface area. Since the shell thickness is dictated by 
the maximum meridional load, the elliptical torus has a definite weight

•Numbers in brackets indicate references given in the bibliography.
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advantage. It is also pointed out that the greater the departure from 
the design of a circular section the more critical the hoop compressive 
forces become in the inboard portion of the shell. A recent paper by 
P. F. Jordan [5] presents a quantitative indication of the degree of con­
fidence with which results of linear membrane theory can be used for prac­

tical design applications.

Care must be exercised, when designing certain non-circular tori, to con­
trol large compressive hoop forces which might occur in the inboard por­
tions. To eliminate this possibility, we find that a proper relationship 
between the radii of curvature will render the hoop forces equal to zero 
in these critical portions of the shell.

The development presented in this publication will consider the axisysa- 
metric-shell problem that is posed by a complete toroid the walls of which 
are of uniform thickness and are sufficiently thin for membrane theory to 
seem adequate. Assume the toroid to be pressurized by a weightless gas 
and the hoop membrane forces to be zero in all portions of the shell ex­
cept a short cylindrical section about the outer radius. The resulting 
toroidal configuration is one which may eliminate the possibility of buck­
ling failures, since the remaining meridional force will be tensile,.

Solutions for the differential equations derived to obtain the y ordinate 
and the volume of the specialized toroidal shell are found to be inexpres­
sible in closed form. However, the solutions to these equations are ob~
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tained in terms of elliptic integrals of the first and second kinds, con 
vient for handbook computation. Design parameter curves for specialized 

toroidal pressure vessels are determined for several values of the con­
stant D , (i.e. , 0.2, 0.3, 0,4, 0.5, 0.6, 0.7, 0.8). This constant al­
lows the presentation of the design contours in non-dimensional form as
some ratio between the radius of revolution and x . These resultsmax
are tabulated and presented along with the curves in the Appendix.
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a
B
b
C
D

area projected on horizontal planeproduced by revolving an arc 
segment about the axis of symmetry.

• ". ,, : ; jisubscript specifying- lower limit of integration.

radius of revolution of y- y axis about vertical axis of symmetry.v 
subscript specifying upper limit of integration. . /
constant of integration.

m 

I
m,

\

constant used to define x as a function of B .HU1X
EO.^k) Legendre's incomplete elliptic integral of the second kind. 
F($itk) Legendre's incomplete elliptic integral of the first kind, 
k modulus of elliptic functions.
NQ hoop force per unit length.

meridional force per unit length.

P total applied load.
P internal pressure, positive when acting outward.

-*V

'■H

m

s
V

x,y

xmax

radius o.f revolution of outboard cylindrical portion of toroid Nil
about vertical.axis of revolution, 
radius of curvature in meridional plane, 
radius of curvature in circumferential plane, 
meridian arc length, 
volume.

rectangular Cartesian coordinates, 

translated ordinate, given by Eq. (25). 
maximum value of x at <p = n/2 .
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a parameter given, by Eq. (19) as a function of D a
p transformation variable given by Eq. (22).
0 colatitude angle between r9 and vertical axis of symmetry

ip longitude angle in meridional plane.
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METHOD OF ANALYSIS

Development of the specialized toroidal pressure vessel is presented in 
three parts: shell contour, internal volume and shell surface area. By
virtue of symmetry, only the portion of the shell above the horizontal 
center-line will be considered.

3ol Shell Contour

For any surface of revolution the basic equation of equilibrium is ex­
pressed as a relation between the hoop and meridional stress resultants 
and their radii of curvatures, given as a function of pressure

P

If Ng is zero, Eq. (l) becomes

p r, = N r 1 ip

(1)

(2)

Since r^ is always a positive quantity and p is considered positive 
here, all meridional stress resultants are tensile. It shall be assumed 
that Nq is zero in the meridian arc shown in Fig. 1 as KLM . Thus, 

all remaining stress resultants in this segment will be tensile.

Refer to Fig. 3 and let us consider an arbitrary arc segment s along

the inboard portion of the shell surface. Projecting this arc onto a
horizontal plane, the expression for the area produced by revolving the
arc about the axis of revolution is
GENERAL DYNAMICS/ASTRONAUTICS
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itx(2B - x)A = n |B2 - (B - x)28 L ■
(3)

The total force from internal pressure applied to this area is

P = pTi x (2 B - x) . (4)

must balance this load to maintain equilibrium. The circumference of 

the shell is

2 tc (B - x) .

Therefore, the reacting force in the shell will be expressed as follows

P = 2ft(B - x) N sin ip .lP . (5)

Substituting Eq. (4) in Eq. (5) and solving for N we obtain

px(2B-x)
^cp 2(I!-x!) sin <p (6)

Substituting N from -Eq. (6) into Eq. (2) and solving for we find

x(2B-x)
r] ~ 2 (B-x) sin tp

(7)

From Eq. (7) a continuous curve of radius r^ may be developed as a 

function of x .

From previous equations we find the equation for a differential length of 

arc to be of the following form

ds = j x(2B-x) dy
rl ^ ~ 2(B-x) sin tp

GENERAL DYNAMICS/ASTRONAUTICS
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m

Evaluating x as a function of q> we find

x(2B-x) cos <p dt?dx = cos -tp ds - —^—---2(B-x) sin <p

which may be written as

y d<p, x(2B-x) cot
dX = 2(B-x)

The differential equation will take the following fora as separated vari­
ables

2(x-B) dx cot ? d? .
x"- ^ 2Bx

Integrating both sides we obtain

in(x^ - 2Bx) = in C sin <? 

where G is the constant of integration. 

Solving Eq. (ll) for x we have

x = B ± + C sin (p .

(10)

(11)

(12)

It is noted that the positive value of the radical, given here, has no 
physical significance since the root of x is limited by the radius B „ 
We also find that C cannot be easily evaluated at the apex of the shell 

where x = 0 and cp = 0 but must be determined at the maximum value of 

x , where tp = n/2 .

Let x = DB where D is some constant between 0 and 1.0. When DB max

GENERAL DYNAMICS/ASTRONAUTICS
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<9

ia substituted for x in Eq. (12) with =

DB = + C .

n/2 we find

(13)

Solring Eq. (13) for C we obtain

C = - B2 (2D - D2^) . (14)

Substituting this expression for C into Eq. (12) we obtain the final 

fora of x as a function of tp , given as

x (15)

Siailarily, y can be expressed in terms of as:
2x(2B-x) sin cp dtp (x -2Bx) dtp 

dy = sin <p ds = 2(B-x) sin % = 2(x-B) ( 16)

Substituting x of Eq. (15) into Eq. (16) we obtain

B(2D-D ) sin tp dtp 
2V1 - (2D-D2') sin cp

Integrating both sides of Eq. (17) we find

%
y = $B (2D - D2^} sin cp dtp

<[■.1 - ( 2D-D2() sin cp

(17)

(185

A closed fora solution for the integral of Eq. (18) is not readily ap­
parent. However, as a result of certain elementary transformations the

GENERAL DYNAMICS/ASTRONAUTICS
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solution may be expressed in terms of elliptic integrals of the first and 
second kinds.

To simplify the notation, let

a = ^ 2V(^2D-D J
, 1.0 < a < » (19)

It follows that Eq. (18) may be expressed in the equivalent form

T,
y/B 2V a

sin f.p dtp 
Vd - sin cp

(20)

With considerable effort and the use of some elementary transformation 
substitutions, it may be shown that the general solution to Eq, (20) is
of the following form

y/B = vf{-k[ECBb'k>ECPa’k)'
fl . k'
Vjc “ 2 FCPb'k) ' <Pa’k Jl * (21)

where

{3. = sin ■'r- * einn , i = a, b .

Va + 1 , 0 < k < 1.0 .

(22)

(23)

Equation (21) is expressed in terms of Legendre's normal forms, which 

may easily be evaluated by referring to any comprehensive handbook of el­
liptic integrals, [10, ll] .

Finally by substituting x of Eq. (15) into Eq. (7), we may express
GENERAL DYNAMICS/ASTRONAUTICS,
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as a function of tp as follows:

B(2D-D )
2 1- (2D-D ) sin tp

( 24)

By translating the x - x axis by the amount of y evaluated at ip - n/2 , 

a horizontal center line of symmetry common to all specialized toroidal 
shell meridional contours is obtained. The translated ordinate yr may 

then be expressed as

y' = - y , <P = u/2 . ( 2o) .

Values of x , y and r have been determined for several values of the 
constant D . The results are presented in Fig. 6 and 7 of the Appendix.

3.2 Internal Volume

The volumes for areas V and V revolved about the axis of revolution
X

(see Fig. 4) are given by the following:

dV 2Bx 2 1 a x j dy . (26)

Substituting the expressions for x from Eq. (15) and dy from Eq. (17)

into Eq. (26) we obtain

dV = TtB3(2D-D2) sin 9 d'-p
Vl - (2D-D ) sin

(27)

Integrating both sides of Eq. (27) we find

GENERAL DYNAMIGS/ASTRONAUTICS
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Vi - (2D-D2) sin •«>

si n <{> d«i> (28)

By making use of certain- transformation substitutions,' similar to those 
applied to Eq. (20),. we may obtain the closed form solution for Eq. (28; 
expressed in terras of canonical form elliptic integrals of the -first and 

second kinds.

Using Eq. (19) we may express Eq„ (28) in the equivalent form

After some elementary -transformation substitutions the final expression: 
for the general scLat ion to Eq. (29) is obtained:

(29)

>1 r»d-^)
V 1 + I 3 • " 3 k

2

where

B , - s i n' i
I n * cin qjj .——n. , i ~ a» o

<c..

k - j~~- , 0 < k < i.O oVa + .1 ’ . (32)

GENERAL DYNAMICS/ASTRONAUTICS
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Equation (30)ia expressed in terms of Legendre's normal forms which may 
easily be evaluated by referring to any comprehensive handbook of ellip­

tic integrals.

It is readily seen that for the area , revolved about the axis of re­

volution, the volume is given by the following:

V3 - * [CB ♦ I *«,' ) - B <p = — tc/2 (33)

The total internal volume of the pressure vessel is simply twice the sum 

of the partial volumes, namely

V - 2 [vi + V2 * (34)

Internal volumes have been determined for each of the meridional contours 
shown in Fig. 6. The results are presented in Fig. 8 of the Appendix.

3.3 Shell Surface Area

The surface area of arcs KL and LM , revolved about the axis of re­

volution (see Fig. 5), are given as

dA s 2n(B - x) ds . (35)

Substituting the expressions for ds of Eq. (8) and x of Eq. (15) .into 

Eq. (35) we obtain

dA 3 K.x(= nB2 C2D - D2 ) dip (36)sm Ks

GENERAL DYNAMICS/ASTRONAUTICS
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Integrating Eq. (36) we find the general expression for the surface areas

and given as follows:

2 f' 2NA = xB (2D - D ) dv . (3 7)
V.

The surface area A^ f is determined by integrating Eq. (37) between the 
limits 0 £ cp £ n/2 . Similarity, A^ is found by integrating over the 

region - n/2 £ cp < 0 , and thus A^ must be the same as A^ .

A1 = A2 “ (2D - d2) • (38)

The surface area A , produced by revolving the line JK about the axiso
of revolution, may be expressed as follows:

2n (^B + J x^j ^y^ , cp * - n/2 (39)

The total surface area of the pressure vessel is simply twice the sum of 

the partial areas, namely

A = 2 \LAl (40)

Surface areas have been determined for each of the meridional contoux'3 

shown in Fig. 6. The results are presented in Fig. 9 of the Appendix.
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CONCLUSIONS

This publication has presented the development of a method for determin­

ing the zero hoop meridional contours of a toroidal shell. The resulting 
toroidal configuration is one which may eliminate buckling failures caused 
by hoop compressive forces in the inboard portion of the shell.

Several meridional contours are presented in Fig. 6 to show the relative 
change in shape with respect to the size parameter D . Figures 8 and 9 
are also presented to indicate the relative variation in volume and am- 
face area of the shell with respect to D .

It may be mentioned that while the meridional force is continuous, a 
large discontinuity of the hoop force may exist at K as a result of the 
sudden change in the radius of curvature r^ . The consideration of such 
a possibility, however, is not within the framework of linear membrane 

theory. As a membrane, it may be pointed out that element JK may not 
remain straight but may assume some small curvature when subjected to in­
ternal pressure. This will tend to minimize the effects of any disconti­

nuity at K .

It may also be shown through a power series expansion that the singularity 
indicated to exist at the apex of the shell by Eq. (6) is finite in the

limit and becomes

lim 
cp—*-0 N .tuhsiipB<p 2 r

GENERAL DYNAMICS/ASTRONAUTICS
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This is illustrated by the family of continuous curves for the meridional 
radii of curvature with respect to the size parameter D presented in 

Fig. 7.

Referring to Fig. 10, one may compare the relative magnitude of hoop 
stress in the cylindrical portion of the shell with the maximum meridional 
stress occurring at = n/2 .

The authors feel that the development presented in this paper wili serve 
to initiate ideas and subsequent investigations 'of- toroidal shell designs.

The authors extend their sincere thanks to Dr. P. E. Wil.son for hi s stimu­

lating comments and advice during various phases of this investigation. 
Also we extend appreciation to Dr. A. H„ Hausrath for reviewing the manu­
script.
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APPENDIX

6.1 Coordinates and Radii of Curvature of
Specialized Toroidal Pressure Vessels*

TABLE I
D = 0.20

<p x/B y/B yVB | r, /B |
i X.

- 9 L . C — 0 » 16 6 15 0 . 1 3 9 1 7 6.0 5 4 -i 7 0 . i 5 4 3 4
- 8 0 . C -0. : 6 08.4 0.13226 0.-03 10o 0 . 1 6 6 6
-70. u — 0.1o 8 4 0. 106 2^- 0.1 0 7 2 0 C . 1 6 ^ 7 9
-6 0 . C -O.i4o32 0- . 0 6 1 6 6 0.1 5 1 9 0 C . 1 9 i 6
-50.0 -0.12960 ■0.05696 0 . 1 544 H 0 . "L 5 !1 3 fr
-•4 0 .-0 -0.10968 ■ . 0 3 v I 6 ‘'-1 v i ( Lv <0 v O & X C5 c t:/\)
-30.0 ~ '■'U • 3 o i 0.0227s 0.19 0 o 7 6 » .i- 6 7 0
- 2 0.0 -0.06977 0 „ 0 1 0 -o * -tl vr 2i 0 » D 9 ■:> -!•
-10.0 -0.0307b ■ C . C 0 2 6 7 ■* 4l i L' / i‘ 0 » i > -l c 6
00.0 . O.O'OCoO - 0.00000 6.2134 6 0 * 1 6 0 0 0
10.0 0.03176 0.00279 0.61 0 6 6 0 . 1 o 6 9 0
20.0 0.063 58. 0.01133 6.2 0 2 i 1 0 » 1 '9 6 2 .2
3 0.0 0.09446 C ..025 7 5 0.18770 3.;vc77

' 40.0 . 0.1.2 330 0.0 4 5 9 6 0.1674£ 0.2 0 3 3 1
5 0.0 0.14896 0.07167 ■ 0 . 1 4 1 '7 g 0.21151
6 0.0 O.'l 7040 0.10228- 0.11117 0 * 2 1 6 9 7
7 0.0. C. 1 8654 ’ ■ 0. >3692 - 0.07653 0.22J 27
3 \j • 0.19658 0.1 7 4 4 4 6.0 3 9 6 i 0.6240-
9 C . 0 0.20000 0.21345 0.0 0 0 0 0 0.2 2 5 0 0 '

‘The value u> is given in degrees.
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TABLE II

D = CL 30

<p x/B y/B y 7b | lys

-90 . G -0.22c8 2 * ii l ti 'J ■ - t^ *■ ■ C- t-' 0 < - 0: 7 ->
- 8 C . C -0.22566 0.1 7 9 9 9 0 . : 5 3 3
- 7 0 . u -C .2 1626 0 . 1^466 • ■' u 0 , 0 9 c
-60.0 -0.20069 0.11152 i ■ ' 0 . 1 2 7
-50.0 -0.17927 0.0309^ 0 , ^ 0 3 5 2. j. -0

-GO. 0 -0.1 5 o 3 i C.05400 J 9 /. •' ;o L. l- 0 , 2 b X
-3 o.o — 0 . i 0 0 2 6 0.0 1 :■ 5: sj a _o 0.- J ■' ... o.- * ... 2_ '
-IQ •Q -0.08371 C . 0 i ^ 5 5 o . 3 : b 7 -
- 1 0.0 -0.0^3 36 0-. 0 0 8 7 o ■— «l <■- ,■■■’ 0 , c. ‘-i ^
.0 0.0 0.00000 0 • 5 0 'J 0 0 o / J o' 0.2 0 7
1 0.0 0.06530 0 . I: 0 3 9 9 J o 'v 3.; J S' 0 « 2 2 ...

2 0.0 0,09139 0,01637 O . 3 1 6 9 OvObOb
3 0.0 0 . 13686 0,0 3 7.6 2 0.2 9 0’;. , ^ ,,

o • o 0.1 8 C 1 3 0.06797 0 * 2- 0 J 2_ 0 , b 1 1 0
. 5 0.0 0.21941 0.10730 «t O 70 'O' ‘0 ■ ' 0 . ; 2 6 6

60.0 0.25273 0.15500 0*1 7 8 .i.. 6 C . 3 - I 2
. 7 0.0' 0.. 278 36 O.20 v9 5 0 « i ^ b b C « b b b9

8 0.0; 0.2 9446 0.27020 <•' » b’ b v 0.-61 ■ -
9 0.0 0.3 0 00 C 0.33329 w “o ■. ■ -J k ■ 'j L: 0 » :,f 2' • ^

TABLE'III

D = 0.40

' T x/B y/B yVB
r - f

V’ 1 / B |

-9 0.0 -0.26062 0.26203 0.20862 C » 2 4 V , 0
-60.0 — 0 » 2 7.6'8 2 /J * 2- j C’ o U 0,2472b 0.2 b 0 b j
-70 . O' .-0.265^6 0,1762b 0.2 c 9 0 2 0.7x2. b’/ !
-60.0 ■ —0.24669 0.13601 0.32 bb 5' 0 • - x 2) x ' !

0.2 9,4 b ' |-50.0 -0.2 2076 0.09900 O . 3 c 6 c 0
-4 j . G -0.18601 b1, 0 fc 6 2 6 2'. 3 9.9x6 G • 2: 2 2 bb. j
-3 0.0 -0.14691 0 , w. 3 o 9 2 O . 4 2 O 3 - 0 . ■: 7' 6 2 i
-20.0 -0.10403 0 . C 1 8 0 3 J • 4 ‘t / 6 3 - - - ! « 2. w 0 jo•0r-

1

1 -0.05410 0.00469 •j » 7 1 i 9 . .2 0 7 ■ 7
0 0.0 O.OCCOO . r- -9 - -•v >./ •-> —' 2.7.0 5 b ,2 0 » b 2: 0 ;
10.c 0.05720 b'- •• 01 0-V < ■_ _■ L- 2 , -i 6 0 6 J. ON 2 v - 7 •

if .■ 2 - x
2 0.0 0 » 11619 0.0 2 0 9 2 0.4449 4 0,3 O 0 7
30.0 •0.17537 - 0 .. 0 4 6 5 9 0.41727 - 0.56605
4 0.0 0.232 7.8 0.08887 0.37696 0 • 4 1 : 0 9
5 0.0 0.2 8 6 C 4 0.1^22b 0.32361 0.4 - b 2 0
6 0.0 ■ ' 0.3 3 2 3 5 0.2 0 8 5 2 IJ e 72 ■: " S- S C . 4 7 9 2 '1
7 0.0. 0.36865 0.0 6 6 5 3 2.J 7 9 3 3 0 « 5 0 6 0 5
80.0 0.39195 0.3 03 6 6 U , C 7 2 2 0- 0 • 2 c 2 /
90.0 0 .'40000 0 „ ■-* 6 5 6 6 0 . C 0 C -I b- ■ ' » "■■■ - J 2‘ 4

■ ^ . ____ _ ___ L.. -.— __ __
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tabu: iv

D = O.bO

x/B y/B y’/B r]./B
-9C.3 -0.32287 0.29839 0.3 1 7 3 S 0.28347
-80.0 -0.3 185.6 0 .■2 4 96 I 0.36665 0.2644 (j j
-7 0.0- -0.30566 J . 2 C 1 5 2 -0 , ’4 1 4 7 5 0.28720 !
-60.0 -0.28433 ,0.15580 C . 4 6 0 4 6 0.2919 7
-50.0 -0.25480' 0.11365 0.50261 ' 0 2 9 8 6 5
-40.0 -0.21741 0.07629 0.53997 0.30603
-30.0 ■ -0.17260 0.04495 0.57131 0.31980
-2C.0 -0.12094 0.02091 ' 0.59536 0.3 34 5 3
- 1 C . 0 -0.06312 0.005-46 0.61-080 0. .-35273

0 0.0 0.000 0 0 0.0 0 0 0 0 0.616 2 7 0.37500
10.0 0.06738 0.0 0 5 9 6 0.61030 0.40209
20.0 0.13774 0.02490 -0.59136 0.-349Q ;
30.0 0.20943 0.05844 . 0.55783 0.47434 |
4 0.0 . 0.2 80 34- 0.10823 ' 0.5 G 8 C 3 0.521 0 8
50.0 0.34772 ■ 0.1 7 5 8 1 0 • 44Q46' 0.57490
60.0 0.40798 0.26213 0.35413 0.63 3 4 3

■ 70.0 0.45664 0.36683 ■ 0.24943 0.69016
8 0.0 0448873 0.48700 0.12926 ■ 0.73 34-7
90.0 0.50000 0461627 - 0.00000 • ‘ 0.75000 :

TABLE V

D = 0.60

x/B y/B y’/B r]/B
-90.0 ■ -0.35646 - ■0.32780 0.46 53 6 0.30962
-80.0 -0.35175 : 0.27357 0.5-19 1-9 0.31070

i -j o . o -0.33766 C . 2-2 142 ■0.57175 0.3 1398
-60.0 ■ -C . 31432 0,17 141 0,62175 0.31955 '
-50.0 -0.28198 0.1 2 5 2 5 0.66791 0.32 7 61
-40.0 -0.24094 0,08425 0,70891 0.3 3 8 4 5
-30.0 -0.19163- ■ 0.04977 0.74339- 0,35245
-20.0 -0,13459 0.0 2 3 2 2'. ■ 0.76994 0,37017

. -10.0 -0.07045 C.00609 0.7 8 707 0.39235
■ 0 0.0 0 .,0 00 00 0.0 0 0 C 0 0,7 9-317 . 0,42000

10.0 O’ .07580 0.00671 0.78643 0.45404
'2 0.0' 0.15578 ,0.02826 - 0 .-76490 0.49750
30.0 , 0.23842 -0.0669 4 0.72622 0.55148
40.0 0.3 2 1 7 2 0. 12 54 8 0.-66768 0.61921
5 0.0 ■ 0.40290 0.20696 0.58620 0.70340
60.0 0.47794 0.31458 0,47858 0.8 04 5.1
70.C . 0.54102 0.45052 0,34264 0.91508 '

' 1.01047' 80.0 ' 0.58435 0.6 1.3 1 7 0.1 7999-.
90.0 0.60000 0,79317 0.00000

■
1,05000

'
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TABLE VI
D = 0 0 70

<p x/B y/B y’/B / B
-90.0 -0.38202 0.34959 0.66337 - 0.32922
-80.0 -0.37701 0.29235 0.7 20 6 I 0.33042
-70.0 -0.36202 0.23645 0.77652 0.33406
-60.0 -0.33719 • 0.18322 0.8.2 9 7 4 0.3 4026
-50.0 -0.302 72 0.13404 0.87892 C . 3 4 9 2 6
-40.0 -0.25894 0.09030 0.92266 0.36141
-30.0 -0.20623 0.05344 ■ 0.95952 0.37720
-20.0 -0.14509 0.02499 0.98797 0.39734
-10.0 -0.07611 - 0.00657 •1.0063.9 0.42281
00.0 0.00000 ' 0.00000 1.0 12-97 0 a 4 - 5 o 0

- 10.0 , 0.08-2 4 0 010 0 731 . 1.00565 0.. 4-9 3 y 6
20.0 0.17008 0.03094 0.98202 0 » 5 4 8 2 4
30.0 0.26175 0.07388 0.93903 0.62c32
40.0 0.35574 0.13 99-7 0.8 7 3 0 0 U « f 0 C: ci '•+
50.0 0.44963 . 0.23429 0.7 7 8 6 7 0 « c*. C. Q i 4.

: 6 0.0 0.53965 0.36356 ' ' 0.6 4-9 4 0 0.9 8 o 3 9
■ 70.0 0.61936 0.53576. 0.47721 1.19538

' 80.0 0.67778 0.755 9 0; 0.25707 1.41203 !
9 0.0 0.7 0 0 C C - 1,0129 7 ' 0 . COOGO. 1.51666 |

TABLE VII 
D = 0„80

<P x/B y/B y Vb rj/B

-90.0 -0.40000 0.36480 0.94802 0.3 42 8 5
-80.0 -0.3 947 8 0.305 1 9 1.00763 0.34413 -
-70.0 -0.37916 0.24696 1.0 6 5.8 7 0.34803

1 O
' o . o -0.35328 0.19149 1.1-2 1 3 3 0.3 5 4.6 9

-50.0 -0.31734 0, I 40 2 1' i, 1 7 2 6 1 . 0,36436
-40.0 -0.27164 0.09455 ■1.21327 - 0.37746
-30.0 -0.21655 0.0 5 6 03 1.2 5 679 0 ; 3 9 4 5 5
-20.0 -0.15253 0.02624 1.28658 0.4 1 6 4 7
-10.0 -0.08013 0.0 C 6 9 2 1.30591 0.4 4 y .
. 0 0.0 0.00000 0.00000' 1« 3 1 2 8 3 , 0.48000

10.0 0.08714 0.0 0 7 7 4 1.30509 0.5 2 5-3 2
20.0 0.18045 0.03269 1.2 799 3 0...56568
3 0.0 0.27888 0i 079 02 1.2 3 3 8 G 0.66564
40.0 0.38119 0.15099 1 ..16183 ' 0.77568
50.0 0.48560 0.25597 1.05685 0.93314
6 0.0 0.58937 0.40520 0.9 07 6 2 1.16894
70.0 0.68711 0.61700 0.69582 1.53412
80.0 0.76636 0.91790 0.39 49 2 2.05450
9 0.0 0.80000 '1.31283 0.00000

■ . j
2.40000,
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TABLE VIII
D a 0„90

x/B y/B y VB r./B

-90.0 -0.41067 0.3737 9' 1.4383 7 ■■ 0*35089
-80.0, -'0.405 3 3 0.31278 1.49938 0.35222
-70.0 -0.38935 0,2 5 3 1 8 14 5 5 898 0 . .3 5 6 2 8 -
-60.0 -0.36285 0 . 19639 • 1.61577 0.3 63 2 0
-50.0 -0.32604 0.14387 .1.66830 0.. 3 732 9

■-40.0 -0.27920 - 0.09708 1.71508 0.3 8 6 9 5
-30.0 -0.22270 ■ 0.05757 1 . 7 5‘4 5 9 0.4Q484
-2 0.0 -0.15697 0.026 9 9 1.78517 - ■ 0.u278 3
-10.0 -0.08 254 0.00712 1.80304 . 0.45725
oc.o 0.0 0 0 0 0 0.00000 1.81217 0.4 9 5 0 0
10.0 0.0 90 00 0.00799 1< 8 O 417 0.54395
2 0.0 0.13673 0.03406 1.77808 0 « 5 0 c c 5
3-0.0 0.28 9 3 6 0.0 8 2-1 9 ■ 1.72998 0.69636
40.0 0.39697 0.15 7 9 2. 1.65425 0.82066-
5 0.0 0.50845 0.2 7 0 C 6 1*54210 1 0 C 7 0 2
6 0.0 ■ 0.6223 2 0.43403 1.3 7814 7 1.31066 |
7 0.0 0.73598 ; 0.6 8 1 1 1 1.13105 1.-87488
80.0 C .84175 1.08798 0.72413 3.12813

■ 90.0 
'

0.90000 ■1.81217 0.00000 ■ 4.95000 -

TABLE IX 
D = 0o 95

<P x/B y/B y'/B VB
-90.0 -0.41332 0.37603 1.92903 0.3 5289
-80.0 -0.40795 0.3 1467 1,99038 0.35 4 2 3
-70.0 -O'. 39188 '0.25472 2 .-0 50 3 3 0.35832
-6.0.0 -0 . 36 52 3 0.19761 - 2 . 10744 0.3b532
-50.0 -0.32820- 0« 1 44 7 8 2.16028 0.37 9 5 0o.0

1 -e.2'8108 0 * 0 97 7 1 2.20735 0.38931
-30.0 -0.22423 0.05795 2.24710 0,40739
-20.0 -0.15 8Co 0.02717 . 2.27788 0.43 0 6£
-10.0 -0.06315 O' . 0071 ? 2 ^2'9 98 6 0 * 4 6 0 H o

0 0.0 ■ 0.0 0 0 0 G v . u 0 u 0 u 2,3 0 5 C 6 0.49875
10.0 0.09072 0.00806 2.29699 0.54351

' 2 0.0 0 . 188 3 1 0.03438 2.27067 . 0.61446
30.0 0.29200 0.08299 2,22207 0.7 04 4 5

- 4 0.0 . 0.40098 0.15969 2.14537 0.8 3'2 6-l
5 C . 0 C . 5 1 4 3 3 '0,2 73 7? 2.03132 1.02 6 94

- 60.0 0.631 02 ■0,44181 1,86824 1.35173
70.0 .0.74966 0.70006 1.6 0 4 9 9 1.99250o•oCO 0.86713 1.15508 1 . 15 002 3,75368
9 0.0 ■ 0.95000

■

.3 0 5 L-' (?■ 0 » 0 "j c o o 9.9 7.5 0 0
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6.2 Internal Volumes of Specialised Toroidal Pressure Vessels
TABLE X

D Vj/nB3- V2A83 v*83 V'/2TtB3 3.V/ttB

0.20 0.06123 0.04458 0.01953 . 0.12536 0.25072
0.30 0.13668 0.08545 0.05979 0.28193 0.5638?
0.40 0.24228 0.12975 0.13045 0.50249 1.00498
0.50 0.38027 0.17311 0.23803 0.79143 1.58286
0.60 0.55634 0.21234 0.39090 1.15960 2.31921
0*70 0.78376 0.24508 0.60367 1.63252 3.26504
0.80 1.09623 0.26960 0.91010 2.27594 4.55189
0.90 1.60903 0.28476 1.42398 3.31778 6.63557
0.95 . 2.10721 0.28860 1.92420 4.32002 8.64005

6.3 Surface Areas of Specialized Toroidal Pressure Vessels
TABLE XI

D A^B2 a2/b2 v®2 A/2B2 A/B2oooooooom
(MC^-i'lA'Or-CDO^O'
«.»*.. 

• ••
ooooooooo

1.77652
2.51674
3.15827
3.70110
4.14523
4.49067
4.73741
4.88545
4.92246

1.77652
2.51674
3.15827
3.70110
4.14523
4.49067
4.73741
4.88545
4.92246

0.39770 
0.90520 
1.64008 
2.63802 
3.96628 
5.76047 
8.33929 
12.74905 
17.13020

3.95076
5.93870
7.95663
10.04022
12.25674
14.74181
1-7.81411
22.51996
26.97513

7.90153
11.87740
15.91327-
20.08045
24.51349
29.48363
35.62822
45.03992
53.95026

6.4 Hoop Stress on Cylindrical Portion of Shell and 
Maximum Meridional Stress at ip - ^

TABLE XII

D pB
■ N0
pB

0.20 0.22500 7.25686
0.30 0.36428 7.54309
0.40 0.53333 7.74516
0.50 0.75000 7.83399
0.60 1.05000 7.82833
0.70 1.51667 7.73130
0.80 2.40000 7,54211
0.90 4.95000 7.24647
0.95 9.97500 7.03553
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