<P

UCRL 960l

MASTER
LINIVERSITY OF
CALIFORNIA

Ernest Ofowrence
Radiation
cﬂabomw\ry

EXPERIMENTAL STUDY OF
HYDROMAGNETIC WAVES IN PLASMA

BERKELEY, CALIFORNIA



DISCLAIMER

This report was prepared as an account of work sponsored by an
agency of the United States Government. Neither the United States
Government nor any agency Thereof, nor any of their employees,
makes any warranty, express or implied, or assumes any legal
liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process
disclosed, or represents that its use would not infringe privately
owned rights. Reference herein to any specific commercial product,
process, or service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its endorsement,
recommendation, or favoring by the United States Government or any
agency thereof. The views and opinions of authors expressed herein
do not necessarily state or reflect those of the United States
Government or any agency thereof.



DISCLAIMER

Portions of this document may be illegible in
electronic image products. Images are produced
from the best available original document.



o

L8

V.4

Y

i
" UCRL-9601

UNIVERSITY OF CALIFORNIA

Lawrence Radiation Laboratory
‘Berkeley, California

Contract No. W-7405-eng-48

EXPERIMENTAL STUDY OF
HYDROMAGNETIC WAVES IN PLASMA

Alan W, DeSilva
(Ph. D. Thesis)

March 17, 1961 '



Printed in USA. Price $2.25., Available from
. 0ffice of Technical Services
U. S. Department of Commerce

Washington 25,

D.C.

the



Q n.’, 1

Abstract

EXPERIMENTAL STUDY OF
HYDROMAGNETIC WAVES IN PLASMA

Contents

1. Introductmn .
A. Definitions of Symbols
I1. Theory of Axisymmetric 'Waves in a Cy11ndr1cal

III.

WO o

F.
G.
H.

Plasma AN

Basic Equat1ons _

Derlvatlon of D1sper51on Relatmns

Wave Types ‘

Attenuatmn Constants .o

Limiting Cases. o « v o oo e e

1. Low 'Frequency (w<<'wci)' - |

2. Frequencies near Ion Cyclotron Frequency.
Wave Fields . ‘ ' |
T Waves..

Analysis of Initial Disturbances into Radial Modes

Experimental Method .

A.

moouw

Apparatus

Generation of Waves

Wave Diagnostics

Plasma Preparation

Plasma Properties

Ion Density .
Resistivity Measurement.
Impurity Levels

Plasma Uniformity
Temperature Gradients

Energy Balance.

g 00w N

Summary of Plasma Properties

11
11.
13
18
19
ZO.

21
21

23

25

28
35
35
36
36
37

41

47
51
53
57
58
59



Iv. .Exper"im ental Results

A. Wave Velocity
B. Attenuation.
C. Reflections Coe e
D. Radial Distribution of b6 Field"
E. Auxiliary Checks .
V. Discussion
Appendicés '
A. Effect of Neutral Farticles ‘
B. Derivation of Vector Wave Equation _
C. Cooling of Plasma by Thermal Conduction to the
) Wall : .
'D. Review of Theoretical therdtule Relatmg to
Hydromagnetic Waves in Wavegu1des
E. B1b110graphy '
Acknowledgments

References

84
85

88

92
96
101
102



EXPERIMENTAL STUDY OF
HYDROMAGNETIC WAVES IN PLASMA

Alan W. DeSilva

Lawrence Radiation Laboratory
University of California
Berkeley, California

March 17, 1961

ABSTRACT

An experiment is decribed in which a torsional hydromagnetic
wave is excited in a ciylhindrical hydrogen plasma. The theory of the
waves is briefly described and expressions are derived for the wave
velocity, attenuation, field distributions, and the tube input impedance.
Measurements are presented which verify the linear dependence of
wave velocity on magnetic field and show fairly good agreerﬁent with
theory for variation nf mass density. The témperaturc of the plasina
is determined experimentally by a direct resistivity measurement, and
is found to agree well with the observed temperature derived from wave
damping. The variation of attenuation constant with magnetic field is
shown to be consistent with theory. Reflections of the waves occurring
from insulating and conducting boundaries, and from a plasma-neutral .
gas interface are described. In all cases the phase changes at reflec-
tion are in agreement with theory. The radial magnetic field distribu-
tions have been experimentally investigated and compared to theoretical
predictions based on a modal analysis of the driving pulse; A des-
cription is given of the plasma preparation process and of measure-
ments of the plasma properties, which show that the plasma is >85%
ionized with an ion density > 5><1015 cm_3 and has a temperature of

about 12,000 °K.
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I.” INTRODUCTION

Hydromagnet1c waves were f1rst descr1bed in 1942 by Hannes
Alfvén, ! who suggested that waves of this sort m1ght account for the
existence of sunspots. His work was followed up by treatments of these
waves by Walén, 2 Astrom, 3 and Herlofson. 4 Since then, a rather ex-
tensive literature on the subject has atccumulateti (see Bibliography).
Compa‘rati\}ely 1itt1e, however, has been done in the way of experimental
work. The reesons for this are found in the considerations of Lund-
quist, > who showed that for laboratory-size experiments with practical

magnetic fields, one needed fluids with very high electrical conductivi-

ties to obtain waves that would not be highly damped.. The liquid metals

mercury and sodium offereti the best pos sibilities for experiment, and
accordingly experiments were'perflormed by ‘Lundqu‘ists and Lehnert6
using these metals. A wave motion was ‘detected, but the damning was
very h1gh as pred1cted '

With the rap1d development of the technology of plasma physics,
it became pObbLble to perform hydromagnetic wave experiments in
ionized gases.‘ The :attenuation coefficient for the waves is inversely
proportional to the wave -velocity, so, even :‘thou'gh electrical conduc-

tivities of practicai plasmas are low, the greatly increased wave ve-

locity over that in liquid metals means that in a plasma dissipation ...

willalso be low, making it an attractive medium for wave experiments.
Observations of such waves in a plasma were first reported by Bostick
and Levine in .19 52. 7 Reports of the expefimental generation of hydro-
magnetic waves were made aimo'st‘sirnultaneously in 1959 by Allen et

al. 8 and by Jephcott 9 The work reported in this paper is an attempt

‘to establish quant1tat1ve correspondence between hydromagnetic wave

theory and experiment.
A hydromagnetlc wave is the result of interactions between a

moving, Aelectrically conducting fluid and an externally imposed static

magnetic field. Motions of the fluid in the field induce electrical currents,

and react1on forces from these currents oppose the original motion.
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Simultaneously, energy is stored in the perturbation magnetic fields.
When these fields collapse currents are induce-d; the forces due to
'these currents tend to restore the fluid to its original condition. These
are the elements of a wave motion——'a continuum that has restoring |
forces that tend to oppose displé.cements |

An intuitive description of the transverse hydromagnetm wave
was given by Alfvén in an analogy with waves on a streiched string.
The transverse wave resultmg from plucking a string travels with a
velocity given by the square root of the tension divided by the linear
mass density. Now it 1s well kuown that the 'lines of force' of a mag-
nct1c field hehave as though there were a tension along the lmes of
B~ /po newtuus /mecter” “ along with a hydrostatic pressure of B /2 My
newto.ns/meterzg Since a hydrostatic pressure does not afiect the wave
motion, we consider only the tension. If there is an electrically con-
ducting fluid in the field, the fluid particles act as though they were
bound tightly to the field lines. This may be easilyb seen by imagining
such a fluid element to be s~uddénly displaced toward a region of dif-
ferent magnetic field strength. Consider a path around the fluid ele-
ment enclosing some magnetic flux: this flux cannot change, for if it
did, an clectric field W'ould be set up around the path according to
Faraday's law. ~ But since the fluid is a good conductor, a current flows
just sufficient to ensure that the flux remains constant. Saying the flux
is constant through any fluid element is equivalent to saying that the
fluid particles are attached to the field lines. By analogy with the ‘
string then, we can irhagine transverse-waves traveling with a velocity
- given by ‘the square root of the tension per unit area, divided by the
linear mass density per unit area: V = B/W This is the Alfvén
velocity, and can be shown by rigorods analysis to be the characteris-
tic speed of a transverse hydromagnetic wave. '

The experiments of Lehnert serve to illustrate simply the .
generation of hydromagnétic wa:ves,. and provide a good introduction
to this experiment, which is basically very similar. 6 A cylindrical

vessel was provided with a sort of false bottom in the form of a disc

<)
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that could be rotated from the outside about the cylinder axis. When
the vessel was filled with liquid éodium, the whole apparatus was
placed in an axial magnetic field of about 10 kgauss. The magnetic
field lines penetrated the fluid, and provided the necessary stiffness
for a wave motion to exist. The disc at the bottom was nowsoscillated
about its axis at frequency of 30 cps. The fluid immediately above the
plate was set in motion and a torsional wave induced that propagated
to the top surface of the liquid.. The wave was observed by measuring
with a probe the radial electric field produced at the top surface of the
fluid. .
| The experiment reported in this paper is conceptually very simi-

lar. In this case, the cylinder was filled with a plasma of ionized hy-
drogen (see Fig. 1) and the torsional oscillation excited by a radial
current flbw at one end, driven from an external circuit. For electric
fields perpendicular to-the static magnetic'field a plasma behaves like
a material with a high dielectric constant. Hence the cylinder may
alternatively be considered as a dielectric-filled waveguide. Measure-
ments have been made of wave velocity, attenuation, impedance, field
distributions, and reflections. '

We shall first develop the theory needed for a comparison with

the results of experiment.

A. Definitions of Symbols

An

Bn Defined in Eq.(2.2]).

Cn

By Static axial magnetic field of induction.
D Defined above Eq. (2.22).

E Electric field strength.

F Defined following Eq. (2.18).

I Unit dyad.

J

Bessel Function of r_;th order.
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Fig. 1. Schematic diagram of experimental equipment.



K Coefficient.of thermal conductivity.
L Damping length (distance in which wave field attenuates to
1/e of its initial value). '

N . Neumann fgnction of Bth order.

)
=

Momentum transferred in unit time in unit volume from _}_(th

particle species to jth particle species.

< ' v B

Q Quality factor for radial diffusion. See Eg. (3.5 ).
S Scalar operafor = % % r -g—r - —% . "
T Temperature *
U . Velocity of iorliziqg wave, Bo -Bo X
v Complex Alfven velocity = . .
. NPy Nigeg \/1+i€>
Vs Sound velocity. ' ‘
'Zo : %)nput impedance to waveguide.
a_L L Where bJ_ is the 6 field due to ionizing current flow.
Voo |

a rédius of c'en't.ral eiectrode..
b radius of tube. B
c. assumed inner radius of outer ele_cfrode (F1g 3).
br,@,z Perturbation magnetic zfiéld of induction assoqiate'd with wave.
C ~ Velocity of light.
e Unit electrical charge.
e, Ionization energy per unit mass.
€4 Dissociation energy per upit mass.
j Current density.
k Real part of propagation constant (see Eq. 2.29).
kcn Radial wave number (defined above Eq. (2.59) _ see also Eq.(2.20).
i Length of hydromagnetic waveguide.
fnj Mass of particle of type j.

j Number density of particles of -typg Jj-

Complex propagation constant (see Eq. (2.29).

j Partial pressure of jth particle species.

j Average velocity of particles of type j.
v Axial velocity of gas behind ionizing wavefront.

v
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Unit vector in direction of static ma~gnetic“:"fiél'd.

Defined above Eq. (2.15). ' '

&)%(:Vzk 2). |

Proportmnahty factor between P ni and v1 - \}n. See definition

above Eq. (2’ 12)

Atte\nuétion constant. See Eq. (2.29).

Resistivity tensor = Ul ;; + n (I;;; ')7

Permeability of free space = (47X10 ' Henrys/meter).
Collision frequency for a neutral particie with ions.

o M |

‘Vni p0 A

Mass density of a.ga’s component.: (Subscriptsiare:. .n's rieutrals;

1= io-ns; e = electrons; o = total mass density; 1 = complex
density as defined following Eq. (2.12).

Coupling constant for 1ons and neutral partlcles See Eq. (A.4).
Charge exchange cross section.

Angular frequency of wave . eB

Electron cyclotron angular frequen%

Ion cyclotron angu1ar frequency =

™y
W’ i . ‘
W . nm. tE

C1l 1

Defined following Eq. (2.62). .
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11.. THEORY OF AXISYMMETRIC WAVES
ll\ A CYLll\DRlCAL DLASMA

A Basm Equatxons

We shall descr1be some of the types of hydromagnetm waves
that can exist in a cylmdr1ca1 plasma imbedded in a uniform axial mag-
netic field. Previous treatments of this problem are reviewed in Appen-
dix D. We require equations describing' the motions of the particles,
and Maxwell's equations to describe the electric and magnetic fields.

The equations of motion are derived from the second moments

of the Boltzmann equations (see e. g., Spitzer, 1 p. 94) for ions and

electrons:
ave ei en
nml>=S+v vvF -neE-n ev XB-Vvp +P +P (2.1)
e el 8t ~m~e e e e e e - P
avi ie in
nm. |2t +v. - vvlzneE+nev.XB-vp.+ P+ P, (2.2)
171 Lat -l wodl e 1 e 1ol i - Jolt

where e and Yo are the ion and electron mass average velocities,
respectively, -0y and n_ are the corresponding particle densities, I

is electric field strength, B is ‘magnetic field strength, p is pressure
(viscous effects are neglected for a justification see p. 66 ), and PJ is -
the momentum transferred per un1t_t1me per unit volume from the _]_th

to the ith particle species (El‘] - -&P:ji), ' The\s}ipéfs—b?‘iibﬂn in these
equations refers to neutral particles.

We now make a number of approx’imatiOns We assume that in
the equilibrium state v and E are zero and B equals BO’ the static
ax1a1 magnetic f1eld Departures from equ111br1um are ‘assumed small
S0 that B 1s replaced in these equatlons by B0 and tile v'Vv terms
are dropped We also assume that Vp is negl1g1b1e Charge neu-
tral1ty is assumed (see, e.g. Ref 33 p. 62), so n,=n_=n and the

PIJ' are taken to be proport1onal to the relatwe average velocities

o~

(v-. -V ) of the two spec1es mvolved Th1s has been shown by Rosenbluth
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and Ka.ufrna.n13 to be valid for momentum transfer between ions and .
electrons in plasmas where collisions are infrequent and VkT = 0. The
assumption seems to be reasonable in the case (of interest in this ex-
periment) of high collision frequency, but has not been proved for this

- case. The proportionality factors are defined by

ni
_ P
Y= (2.3)
C i n .
and .
, . pet ,
LT en ‘ : » (2'4)A
where
j= en(xi-xe). ' A (2.5)

The factor m is the resistivity of the plasma, and is a tensor.

T o obtain an equation of motion, we add Eqs. (2.1) and (2.2),
giving
- < R en in : : v
n 3t (mexei‘mix‘i)—ixgo-ff +£’ . | (2.6)
The ion-electron moméntum transfer te¥fms have canccled out. Sub-

A‘Gtitulting Ve from (2.5) into (2.6) gives

. av’
av . m_ 8) , i . :
nm, - - o ooty g AXBetE R (2.7)

The first term on the left is of order rne/mi compared with the third
term, and for waves of angular frequency w, the second term.is of
order w/wce compared with the first term on the right, where 'wce is
the electron cyclotron f{frequency, (refer to Eq. (Al), Appendix A).
W is very much larger than the v;fav'é frequencies Qf interest here, s0
to a good approximation we neglect the first two terms.. Also pe" may

be shown to be of order N %e compared with P, and is accordingly
i

9
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dropped. When we use Eq. (2.3) this equation becomes

:avi“
Pypt - AXBg - vlvy - V), (2.8)

where p; =nm, . :

We obtain'Ohm's law.by substituting. v, from Eq. (2.5) into
Eq. (2.1) and using Eq. (2.4). Again dropping terms of order w/‘wce,
we obtain

ml

Bty XBotn-it g iXBod (@9

The set of equatlons is completed by wr1t1ng Maxwell's equations in

H

lmear 1zed form

S VXb= i . (2.10)
ob ‘ -

The displacement current term of Eq. (2.10) has been dropped,
since it is of the order of the s.qu-are of the ratio, assumed small, of
Alfvén speed to the speed of light. The four eqﬁations, (2.8),(2.9),(2.10),
and (2.11), constitute the set to ‘p_é ‘solved.

B.. Derivation of Dispersion Relations

We look for departures from equilibrium that are cylindrically

-iwt
symmetric and harmonic in t1me, s0 wave quantities vary as € s

and '8/08t is replaced by -iw. The term y(vi - vn) in Eq. (2.8) is shown

"in Appendix A~ to beé ‘equal to' - iQpn [1/(1-i%)], where 7 = '(w‘/bni), v

is the neutral-ion collision frequency per neutral, and P, is the neutral-

particle mass density.. With these substitutions, Eq. (2.8) becomes

...;'
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-lop v T iX By ' ' (2.12)
where

1 P
2° T p

We now obtain from Eqs.(2.9), (2.10), (2.11) and (2.12) the wave magnetic
field b (for details see Appendix B).. The result is

b=-Y> vX {[(lvxmx 2 X z} Si v (nvXb)
o oo - . WK B
. w L 0
P oyE ~ ~l
R VX {(y X b) X z} , (2.13)

where we have introduced the notations

2

. B_"

- ®By
w , = ,

ci m.

i

. and

.z = B /BO'

0

Some vector manipulations with this equation will lead (see Appendix B
for details) to - l 4

w 2 . A W A o
— b+ b+v'b z-vV +1i VX(n-vXb)
VZ oo 8Z2m Z az VZ ~.

+iQ VX £ b=0, (2.14)
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. Py
. P w
where = — —
A nm, ® .
-

We now obtain three separate scalar equatlons by separatmg out the r,
5 and ; components of this equat1on in cy11ndr1cal coordinates. We
"look for solutions of the form f(r) exp[ -i (wt. - pz)]. It is convenient
here to assume 1 = ny 27 + 'nl(l - zz), where I is the unit tensor, and

to introduce the dlmensmnless numbers

LN S en
u._LE J-Z. and q.“ = ———ll-

The three conﬁpbﬁéﬁt equations.are:

T
- 8b r ia 2
.- 1. 98 r 2 - L . 2 W 4 -
_1alf;-a—;r—ar]+ -p +——'2+1a_|_p f——z]br
A ' r , .V
2 ' 8bz ) .
+ ip Qb@” ip 5T = 0; (2.15)
.6
b 2
. 1 ® ' 6- |[ . 2, w
-dy [;Trr 8"r]+[ p *+ +1a-Lp +—2] b9
: r . A\
2 abz
-~ ip Qbr+pQ' 5T = 0; - (2.16)
z
T ab 1) [ 2 | -
1 & z w 2, . S
(1 - 10. ) i_; Tr r —a}—] u‘*‘ l:? - P (l - 10]_) j\ bZ '
' ..{'a.be - l .
—pQ[. szt T Pe| =0 (2.17)

"Noté now that if we differentiate the last equation with respeét to r, and

define an operator . . ' _ A ‘ )

g - 1o | 2 | I
T . dr dr 2’




~16-

then we can write these equations as

A
‘(_ia_l_S+F) br+?p20b9—ip%‘i_zzo; | )
. L L2 b, . (
(-ia I S+ F) by - ip ‘Qbr + pQ a7 =‘0; (2.18)
-~ 1 ab
I‘(l - iaf)S + F—l s—— - pOSby = 0;
where © = md/VZ - (l-ia ) p‘?' . Byueseof ¥V . b=0 we can eliminate

4

abz/‘ar from these equations, and we find that'the last equation contains
the same information as the first. Some manipulation with this set will then
show Lhat it may be written as a fourth degre‘e scalar operator uperating on

‘a new vector
S+ .k 2 (S+ .k 9 bfwbé-ab‘/arézo" C(2.19)
1 ¢ o 27¢ T 6 z ? :

where the ikC dre defined by

1 ko’ - 1/2[11 £ (u® - 4W)1/2] S (2.20)
2

and

-p%a? - F(l-ia - ia )
us 4 © (a2
ia” (l—ia )
and : :
. o 42 .2 . . :

w=pQ - F , (2.22)

)

_ ia“(l - ia_l_
The solutions to Eq.' (2.19) are now easily found for each of the components,

since S + ikcz -1s just Bessel's operator for the first order Bessel function.

The result for br is -
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b= 4, |}‘-11J‘1 (k7 +"521N1-,(;k4cr£| (2.23)
with the same solutions, except for the coefficients, for by and Bbz/ar'.
The requirement that axial current-density at r = 0 be finite imposes the
condition that the coefficients of the Neumann functions be all zero. In
deriving Eq. (2.19) we have divided through by ulﬁ If a =0, this step 1s
not perm1tted instead we find that the term in S dlsappears, and the
solution for b then involves only a single k .

-In general the boundary conditions on a given problem will require
the use of both of the ikc° In cases of this sort it does not seem to be
profitable to attempt to break the wave propagation into modes. However,
in the rather special case that has been found to hold in the experiment

described in this paper (see Section F), it is sufficient to use only a single

term.  Then the dispersion relation is given by Eq. (2.20), which may be re-

written

szfz(kcz +p%) - D”(I?l - kcz) =0, | (2.24)

where we have defined D” (wZ/V.Z) - (1-i a_L) p2 + iq”kcz, and

2 . 2
.J_) P * mch

- Equation (2.24) yields two solutions for pz, each of which may be

1

modes described by other authors. . The solutiqﬁs are

.described as a wave mode, and which have a direct connection with the wave
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: 2 -~ a1/ .
: pz = ""b i[b - 4aCL . , . . ? ‘ (2.25)
1 2a :
2
where .
a= QZ - {1 - iol)z; . : o
Ty 24ml 2 “ 2 wz
b=k Q7 - 1) + (g *@WMR:*MI"%)Qi
+(2a + a) ik I (2.26)
1 59 c’ )
and ‘
4 2 [ a 2 -,
c :_2)_2 -}9_2 kaG- u—lm“k(}4+ 1(,]],“ kc4- 1+ al'-) u~)—2 kc_’} o
V' V : : Wi v

C. Wave Types

We identify the different wave types with modes found Ey other
aufhors by examining them 'in the iimiting case Q= 0, which corres-
ponds to dropping the jx EO term of Eq.(2.9). . Equation (2.24) for
this case becomes Q[(Dl-k'cZ)F 0. The root labeled p, is given by

D“= 0, so that the dispersion relation is

SIS B I L | B (2.27)
Po T w27 e 0 | )
This is the wave type labeled the Principal Mode by Newcomb, 14 and in
the limit a = 0 is also the T-type wave of Gajewski. 15 We shall con-
tinue to use Gajewski's nomenclature for these waves. The other root

is characterized by the dispersion relation D= kéz; which gives

. . 2 " .
2 _ 1 w 2 S
P1 = T, 2 ke (2'28”

This is the wave.type called the TE mode by Newcomb, and in tﬁe limit where

- a is zero it is the TLA-type wave of Gajewski.
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ffﬁlﬂ**—*—"““ i - by
i\ T A B g . i - L :'. m."‘
) ’ "' Using,the dispersion’ relations Egs.((2.27 andr (2.28) with Eas. ‘f““i
' B P ey . . o " . . _ B
1(2‘.18)’, we''find' the wave magnetic fields for the two ca.seé. The results fi
- AP PR e 3 ~ - i
- are summa.rized in Table I. ’ ;
:4 ,—a‘ - ) 2
Table 1
Wave f1e1ds in the limit where the j x B, term of Eq.(2.9)
. - .can be neglected.
Wave type ' ' T TLA
Dispersion relation 2 = 1 2_2;,{; ia k 2 2_ 1 - _(:)f -k 2
P, =3 o VZ T P - leZ c
. C
bz : 0 : ' 1-p—- Jo(kcr)

D. Attenuation Constants

F or either of the wave types considered, the attenuation caused

. by finite electrical conduct1v1ty is found by breaking the complex pro-

pagatmn constant p2 into its real and 1magmary parts. Since p enters

the equations as e1pz" it is seen that the real part of p is the piropa-
. gation constant k .and that the imaginary part represents a damping
constanf €, ' ' '

p=k+ie. | , ' _ (2.29)

Solving in general for k .and € leads to
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: | [ 5\ 2 1/21
% = Lrep?) 1 ¢ b1 4 (R) : T (2.30)
2 2
_ l Rep)/ - J : .
and
, L2 ]1/2
2 _ 1 2 Im(p")
e“ = 5 Re(p") Sl 1 4 [ f (2.31)
Re(p)
J
For [Im@) /Relp )]2 << 1, then approximately,
2
=1 Im(p )
e=1 ] (2.32)
2 L, 2,172
[Retp™)]
This may also be written simply in terms of k as
2
- Imp)
e= DR (2.33)

E. Limiting Cases

The relation Eq. (2.25) wratten out in ils entirety io

2
pl2 - K S(1-Q%) + 2B%(1-ia) + 2a® + 3ia F [ (1-0%)%
3 2(1-ia)” - 29 |
[ + /
o ’ 1/2
e + 40%8% - a®+ia(2(2%-1) + 49252)] ,
' (2.34)
. . . _ 2. 2,42, 2 ‘
where we have introduced the dimensionless number = w /V kc It

is possible to carry the tenso_r‘ resistivity further in the discussion, but
we here take a) = ae,=a for simplicity. We shall look briefly at the -
limiting cases of Eq. (2.34) for low frequency compared with ion cyclo-

tron frequency (w<< Qci)’ frequencies near ion cyclotron frequency
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(w = wci)’ and small but finite resistivity (a << 1). Because of the
presence of neutral atoms, V2 is complex{due to pl); therefore both -

a and B are complex. Also, 2 has an imaginary part due to neutrals.
In’'the following discussion we assume the imaginary parts of a, B, &

to be very much smaller than their respective real parts.

1. Low Frequency (@ <<u.:)

In this case, as long,a.s' [34 QZ <<1 and a <<1, the T-wave

dispersion relation becomes

2 .
k - 2 a2y .

2 - c a2, . Q°(1+p7)
pZ - 1 - ia‘(ﬁ +1(1) [1 +(T:—1-—a)2] . . (235)

This is the relation appropriate to the experimental work de scribed in

this paper. The TLA-wave dispersion relation under the same assump -

tions is.
' 2 . 2 2
2. 1w 2 2”1 -p°tia ,
Py = -2 "7 — 3. (2.36)
l - ia A" (1 - ia)

2. Frequencies Near Ion Cyclotron Frequency

We first look at the limit of zero resistivity, i.e., a = 0. In

7 SRS

bl
¥ i e

P : i/'*j‘“ o
. k 2 ; 2 :
2 o 2 N 4

this case Eq. (2.3 4) simplifies to

P,

1-Q (1-0Q

< s F— pa—]
:, v ¢ . et - [ (3 N,
P '

For §— 1, the second term in the square Toot becomes large

compared with the first. * Expanding the square root bracket in powers

of the reciprocal of the second term leads to

4 @° '}/? 2 _Q 1 -9
1+4p° ——— = 2 >~ — (2.38)
(1-27) 1 - T 4BTQ
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Putting this into (2.37), we find, for the limiting cases,

2 2 .
2 w [ 1- 1 1-Q° :
TPy e - — - ~ (TLA)

P17 2 llm 282 spia .

and | | R | \(2.39)
2 2] '
2 w 1 1 1-Q :
P = — n - +. = (T)
2 VZ 1-Q 252 8[348'2

- J

Owing to the term (l-Q)_1 in the T equation, p, goesto ir"xfinity at
the 1on cyclutron frequency, and the group velocity of this wave goes
to zero. Thus this mode has a resvnance at the ion cyclotron frequency.
This is the mode discussed by Stix. 16 The TL.A wave has no resonancé,
since the (I—Q)-1 term does not appear. .

The waves represented by Eq. (2.37) are propagating types only
if p2 is positive. For the T wa;v-e,*pzz‘i.s' alwayspositivefor < 1. .However, -_

for the TLA wave the condition that pl2 be positive is

: ' 1/2
2 2 ,
B piw |1aagpt S

: (1-27)

, - (2.40)

which is always satisfied for B >1. This is the same cutoff condition
one would obtain directly from Eq. (2.28).

It is interesting to see the effect of a small but finite resistivity
on the resonant (T) mode near resonance. For the conditions

{1 - SZZ) << 2 Q [32 and aZ<< 1 -SZZ,

(&%

ia . w

2
2 1 w . 2
p2 e ) —-2+710.kc +

- (2.41)
v (1-9)° Vv

D

The attenuation constant € is the imaginary part of 'p and is calculated

using Eq. (2.31) to be
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w i ) : (2.42)

€ a2
A (1- 0)372

Thus, .near ion cyclotron frequency, one would expect ohmic damping to be-

[ . . .
i BTN

come relatively large.

F. Wave Fields

The .k_ are determined by a boundary condition at the tube wall
(r. = b). The effective boundary condition has been found‘experimentally to
be jr(b) = bé(‘b) = 0, probably due to the presence of-a poorly conducting
layer of gas at the tube wall (see section on Radial Distributions of be
Fields). If the thickness of this layer lies within certain limits, it can be
shown (see Appendix F) that it is only necessary to consider a single term
of :Eq. (2.23) (thus we may drop the(s‘ups"c;"ipt' .i)v,"'and that kC..__:is-determined
by _

Tk _b) =0, : o S (2.42a) |

]

®

where b is'the radius of the tube wall. .Since this’condition may be met by
an infinite number of discrete <kc', ‘the generail. solution jnust be 'éxpressed
as an infinite series of Bessel functions. Eq. (2.23) for b‘f now becomes

@©

br - Z AnJ-l(k,cnr) ’ | | (2.43)

n=1

Utilizing div b = 0, we obtain

-~ -‘ '-, .Cn . N .‘ ) ﬁ
b= TN A Tk ). (2.44)
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We write the equation for bB‘ as
k_ 1), - (2.45)

noting that Cn and An are related by any of Egs. (2.18). “The first of these
gives o ,
. 2 2 SRR :

-ip 0C_ = (DJ_' k  TIA_ . (2.45a)

The other wave fields can be obtained through s’.ubst,-it,ﬁ_tiop_ of this set

into Egs. .(2.9) through (2.12). The results are, .for the nth mode,

jo* e P A e

cn

S 27 g

.
|

Cn JO(kcnr) ’ R (2.48)

. V1r = »BC (pn + l‘ccn) An“,I.,l(kc_:nr)'. | o (249)

19 = wB Cn Jl(kcnr_) ) . . . (250)

v., =0, . (2.51)

2 . _ .
v 2 . 2 2
E.= o7 [(1 - ia) p_ C_ +if <pn +k__ ) An:lJl(kcnr) , (2.52)

=

]

1
&

An Jl(kcnr) , | - (2,53)

and 2
E =—— a CnJo(kcnr) - (2.54)
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where we have omitted the factor exp [-i(d}t - p'n_z)] everywhere. - For
Q) = 0, we find again the . results of Table I, where the T-type wave is

given by setting A_ =0, ‘and the . TLA wave by setting C_.=0. Inthe
general case, for  #0, each.mode involves both the A ~and the C,.

For small 0 and a, the T-type wave has An = :__iQ,Bn;C , while for the
n

‘"TLA type Cn = - iQBnZAn., In.the experimental work of this paper we

examine the T wave, for which f)-is.approx 0,°02‘5\~-ar'1d (302 is approx
0.025, so to good approximation we can consider the Al to be zero. Also
note that to this order of approximation div Y T 0, which justifies the neglect
of pressure etfects tor these waves. A

: The wave fields for both types of waves are shown in the diagram of
Fig. 2. 1<Iote that in both types the currents are confined to the plasma,.and

do not enter the wall,
G. T Waves

The - T-type wave is the subject of the experimental work undertaken
here, so we examine it in more detail. To avoid confusion, the subscript
n designating radial mode number is dropped in the following discussion
through Eq. (2.58). In order to orient the discussion,. we present a few °

typical values of pertinent parameters:

a <0015,
N <0.025,
k. =555m L,
cl
B<.0.2
\y) .—~.--‘:':x107 secdl '
ni . .
6 -1 ' -

w~4%x10" sec ,
£ ~0.01 . '

Under these conditions, the dispersion relation Eq. :(2.35) is valid.

If we calculate the dependence of k on ®w from this equation we obtain,

~ 5 > 2,
for w<< w, (where we define w, n kC /2;,10) 5
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T-type wave .

T

]
o °|'
ol 1o
olo1
i : .

co// ..).' (\LG) GL/ 'xxx <~:o

o @ Current
——— "o x Mognetic field and velocity

________ » % Electric fleld

My ~-23371

Fig. 2. Schematic diagram of wave fields in hydromagnetic

waveguide for low frequencies and zero damping. The static
axial magnetic field is not shown.
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ww

R | -  (2.55)
Vv - ‘ :
while for w, <€ w << w
1 ci
K2 - ‘*’_2 , . (2.56)
. V '

For experimental work Wy is approx1mate1y 5><10 _1
When E§. (2.56) is valid, p=k/k_ and a = 8°k/2, where & J‘z_n_/ﬁuo
is the customary skin depth for penetration of electromagnetic fields
into a conductor. Tlne turnover point for k at w.= w, occurs wh/en the
skin depth has beéome just equal to a radial wavelength defined by 2
times the reCiprocal of the radial wave number k From E‘q (2.39)
we see that as w approaches Wi k tends toward mfinity Inclusion
of resistivity causes 'k to turn over very near to w g and go to zero.

Attenuation of the wave rs primarily due to two effects-ohmic
losses in the plasma arising from electron-ion collisigms, and collisions
of ions with neutrals that end to. destrqy the ordered/li_on motion. The
imaginary part of p in Eq. (2.35) is an attenuation constant, and is

calculated for w << 'wl to be

0,0 1/2 | -
e = 5 | ' (2.57)

v

~ In'this frequency range then, € = k, so w_iVes are attenuated to 1/e in

a distance equal to 1/2w times a wayelengfh. For w1’<< w << Wi and

ni

) | wz : 2 lwz Pn
€e=€.te = N |22+ k g — (2.58)
K ¢ Vi Po



_28-

The first term in Eq. (2.56) expresses the damping due to joule losses
6‘}.“; the second term is the damping due.to the presence of neutrals € -
"The cxpression for ej may bc calculated-directly from Eq. (2.27), '
from which it can be seen that the n that appears in Eq. (2.58) is the
parallel resistivity n,. In Fig. 3 the propagation and attenuation
factors are presented graphically as functions of w. In much of the
experimental work, the induced waveform is a single pulse resembling
a half-sine wave of 0.8 p.seé duration. The approximate frequency
spectrum of this pulse is also shown in Fig. 3. When a ringing wave -
form was used, the frequency was w = 3)(106 sec-}. Over a fairly wide
band of frequencies, including the dominant ekperimenfal frequencies,
k is équai to &/V and Ej is almost independent uf. [requency; while €
is negligible. The variations in k from @/V occur at frequencies low

enough that the effect on the observed velocity of the pulse is small.

H. Analysis of Initial Disturbance into Radial Modes

The coefficients Cn of‘the' T-type wave which appear in Egs.
(2.43) through (2.54) are the amplitudes of the various radial modes.
The relative amplitudes of these modes are determined by the manner
. in which the wave is éxcited, i.e., by the geometry of the driving elec-
trodes. ‘I'he fields produced by the source of excitation can be analyzed
into the radial normal modes of the wé.veguide, which fdrm a complete

17,18 Such an analysis is somewhat difficult for the

orthogonal set.
case of finite conductivity, but for the case of zero damping a simple
analysis can be made. We make the analysis for the latter case to find
the relative amplitudes of the various modes at the excitation end, and
then somewhat arbitrarily we apply the damping of Eq . (2.58) to these
modal amplitudes, in order to find the wave fields at any point in the
tube. To make the necessary expansion, we must know the boundary

condition at the tube wall (r = b). This is the condition which will

determine the k
. cn

1
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Fig. 3. Propagation and attenuation constants as a funct'hon o3

of fr\g}quency. Cogditions are: B,=16 kgauss, p=10 gm/cm’,
T=10~ °K, v_.=10°, and for k and €, curves, 90% ionization.
The curve labeled k is the real part] of the propi,gation constant
p,. Note that in the range around u)=4'><106sec' the relation-
slz‘lip between k and w is linear. €, is the attenuation constant
for resistive damping, and €_ in khe attenuation constant for
neutral particle damping shown for various particle percent-
ages. w, is defined in the text, and v _, is the ion cyclotron .
frequency. The dashed curve is the apf)roximate frequency
spectrum of the pulse used in some of the experiments.
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It has been found experimentally that the radial wave current
density jr is zero at the tube wall (see Sec. IV-d, Radial Distribution
of b9 Field). Equation (2.46) then shows the boundary condition to be
Jl(kcnb) = 0. This becomes an enigma, since the method of inducing
the wave requires a current to flow to the wall. The explanation seems
to be that a high-density current from an external source can penetrate
the insulating boundary layer that otherwise exists between the plasma
and the wall, Experimental evidencc coﬁcerning this boundary layer is
presented below. For the present analysis we approximate this state
of affairs with the electrode structure shown in Fig. 4, taking at the
end the limit as « appronaches b,

‘I'he assumed boundary condilivu al the insulator surface at _
z = 0 1is that the axial curre‘nt density j is zero. The curl b equa-

tion (2.10) then shows that —— (rby) +% 23_:15

58r

has axial symmetry, then -8—01 = 0, and the resultant equation shows

= 0. 1If the input circuit

that be(r, 0) is proportiopal to 1/r. At the electrode surfaces at z = 0
_the tangential electric field is zero. If we now assume 2 << 1 and zero
damping, reference to Eq. (2.35) shows the P, all equal. Then, com-
_parison.of the equations for E_and by (2.52) and (2.43) shows that bG'
is proportional to Er’ and is thus also zero at the electrode surfaces.

We have'then:

0;a<r;c<r«<b
r,0) = : (2.59)

é?’-a<r<c
T

where 8§ 1is a constant.

This function is now equated to Eq. (2.43) at z = 0, giving

o0

bl 0) = s G Jylkx), (2.60)
n=1 ' '
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Fig. 4. Electrode arrangement assumed for modal analysis.
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where the time dependence has been omitted. To find the C we

n’ .
multiply through on both sides by Jl(kcnr)r dr, integrate over the
interval 0 < r <b, and go to the limit as c approaches b. Because
of the orthogonality of the functions only one term survives, and we

obtain

=23 JO(kcnb) - JO(kcna)

C = - . (2.61)
nop2 Kk J.%(k_b)
cn O cn

The constant S is determined by matching the vacuum magnetic
field bevac in the insulator to the magnetic [ield be(r, 0) in the plasma.
The vacuum field, again assuming a symmetrical drive, is

b Rt | (2.62)
“Ovac T 27mr’
where I is the total current flowing to the electrode. Comparison of

the preceeding expression with Eq. (2.59) now shows that

This constant may also be expressed in terms of the applied voltage

VO' It has already been shown that for zero resistivity and low fre-

quency, Er(r) is proportional to be(r), hence goues as 1/r. Intcgrating

Er(r) between :a and b gives the applied voltage VO, and we find that
\Y%

E = —9°% (2.64)

t r In(b/a)
which is the same as the.vacuum field. The ratio of Er “to 'be from

Eqgs. (2.43) and (2.52) is V, so we obtain

-V _ .

0 r Viln(b/a) ,

from which we see
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N Finally, it should be noted that the'input impedance is

VO pOV SR . .

Zy= T § A-.'Z—'T;,,ln(b/a),l,_ o . (2.67)
which is just the characteristic irbpedance of a coaxial transmission
line of inner and outer radii a and -b respectively, and filled with a

mater1al of d1e1ectr1c constant

pOpC . :
T T2 L :
"0

where C is the speed of light in ‘va’cudm. This has previously been
shown to be the appropriate dielectric constant for a magne.tiz.ed plasma
(Ref. 11, p.35). ‘ ' '
The ratio of wave energy in any one mode to'total wave energy is
now easily calculated to be ’ ‘ ' »
w.oo To e by=a.(c_a)|%
_n 2 0" cn 0" cn

N S (b ' (269
V,VT bz In(b/a) JO(kcnb) i

In Table II we summarize some of the results of these calcula-
tions for conditioris; of Athi’s’eXperiment' The second column shows the
energy gomg into each of the first five modes, expressed as a percen-

tage of total wave' energy at the mput end The third column g1ves the

'peak value of b9 for’ each of these modes, where $§ has been calcu-

lated from Eq. (2. 66), usmg for V. the observed value of 780 volts.

0
In the fourth column we present the damping lengths (distance in which
a wave field attenuates to 1/e of its initial value) calculated from Eq.

(2.58). The value of resistivity used was 3.19)(10-4 ohm-meter and was ‘



-34-

experimentally determined by meaourmg ‘the attenuation of a wave that
had traveled far enough so that only the lowest mode was present. Thus
the damping length for the n =1 mode 1s measured, and the others are
calculated using the same value of reS1st1v1ty In the last column we'
have applied the damping of column four to the amplitudes.in:the“third

column to obtain the wave amplitudes after one transit through the tube.

Table 11

Some results of the modal analysis

Mode Initial energy Initial peak Dé.mping Peak value of b, after

number (% total wave value of b,- length L. one transit (74 cm)
n energy) (gauss) {cm) (gauss)
1 79 +476 107 238
2 7 188 32 | 17.5
3 0.7 - 74, 15 0.5
4 4.3 7 206 9 0.05
5 2.5 +176 6 | -

The lowest mode is excited most strongly (’795?70 of the wave
enertgy jgc_)es into this ‘mode), and has considerably less attenuation than
the highet' médes After the wave has made one transit through the tube
-the amphtude of the second mode is already down to 7% of the ampli-
tude of the lowest mode, and higher modes are present to a neghglble

extent.



III. EXPERIMENTAL ME THOD

. The cylindrical geometry was.ehosen as the best possible com-
promise between situations amenable to theoretical calculation and
those in which experimental difficulties are minimized. A copper tube
is placed i\n a uniform axial magnetic field, and is filled with a plasma.
A small disturbance is then introduced into the plasma at one end of the
tube, and the resuiting waves are examined. In particular, it is possible
experimentally to look for wave magnetic fields in the body of the plasma
‘with small magnetic field probes; integrated radial electric fields appear-
ing as voltages on coaxial electrodes; and radial currents flowing to the
tube walls detected by means of radial current probes in the wall of the

tube.

A. Appa.r atus

The hydromagnetic wavegu1de is a copper:’ tube (Fig. 1), 14.3 cm
diam X '86.3 cm long. The ends of the tube are closed by pyrex plates
through which coaxial molybdenum electrodes may be inserted. A’
water-cobled solenoid surrounds the tube, and provides a magnetic
field variable from zero.to about 16 kilogauss. Current to these coils
is supplied from a silicon.rectifier power supply and from a motor-
generator set. The field is uniform to within 1/2% over radius, and to
within 3% alongdthe_ central 76 cm'o,f the tube. At the extreme ends, the
field is down by 5%. The field was calibrated to within 2%.

A vacuum w1th a base pressure of 2X10 -3 mm of Hg is provided
by a liquid n1trogen trapped o1l diffusion pump. . While an ekperiment
is being run, hydrogen gas flows continuously through the tube at a rate
suff1c1ent to change the gas once between shots. The pressure of the
gas in the tube is mon1tored with a Pirani vacuum. gauge, calibrated
per1od1ca11y aga.mst an oil manometer Unless stated otherwise, all
' exper1ments here were made w1th hydrogen gas at a pressure of 100 p

of Hg.
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The ionization energy is supplied by a lumped-constant pulse
line, consisting of ten 7.5-pf capacitors connected with 1-ph inductances.
Switching is accomplished with two parallel Weé(tinghouse‘5550 ignitrons,
and two more such ignitrons are connected to short circuit ("crowbar”)
the bank when desired. ‘It is possible to program the switching operation
‘to within 1 psec. A 0.8 ohm resistor in series with the output from the
pulse line reduces the dependence of .the driving current on plasma con-
-ditions. The bank is initially charged to 10 kv, and delivers a nearly
constant current of about 8000 amps. Curreﬁt is conducted through six
RG/8U cables to the molybdenum électrode vu lhe "driving ¢nd'" and
returns via the tube wall to ground. A resistive voltage divider allows

the voltage on thic electrode to be monitored by an oscilloscope.

'B. Generation of Waves
With a plasma established in the tube, a torsional hydromagnetic
wave is induced by discharging a 0.2-pf capacitor between the central
electrode and the copper cylinder. This capacitor may be allowed to’
ring or may be critica-ily damped, depending upon the application. When
it is damped, the current pulse is roughly a half-sine wave of 0.8 usec

duration.

C. Wave Diagnostics

A t'ypi'cal probe tube is shown at the rigHt side of Fig. 1. Theseare
2=mm-diam’pyr ex tubes; fused onto: fhfe-ip'yﬁé.x end plate. _Tl'fe’:ma"gn‘etic field
probé is a 75-turn coil wduﬁd on a 1-mm-diam form and oriented to
measure one of the three corﬁponerits of the magnetic field. The probe
signéls are integrated by a 10-psec time constant integrating circuit and '
- are displayéd on Tektronix type 551 os‘cil‘loscopes‘. The pyrex plate on
the right side may also be‘prOViaed for some applications with an elec-
trode identical to the one at the other end at. which theé-integtrated” rachal

éléectric. f1e1d thay-be observed.
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Radial currents flowing to the tube walls are measured by

"means of current probes in the tube walls, one of which is diagrammed

in Fig. 5. The probe consists of a small section of the tube wall which
has been electrically isolated from the surrounding wall and then con-
nected to the adjacent wali coaxidl}y through a resistance of (.85 ohm.
Current flow to the probe produces a small voltage drop across the

resistor, and this voltage is displayed on an oscilloscope,.

D. Plasma Preparation

When the ignitrons cbnnecting the capacitor bank to the tube are
first switched on, the whole 10 kv of the pulse line is applied to the

tube and a local breakdown occurs in the gas at the driving end. The

"breakdown delay at low gas pressure is made smaller by providing

the electrode with a small “spark plug" which produces some initial
ionization. Following the local breakdown, a well-defined ionization
wave forms and travels down the tube at a velocity determined by gas
pressure; axial magnetic field, and current (typically 5 cm/psec in
this experiment). This fronf is similar to a switch-on shock wave19
in that a transverse magnetic field and transverse component of ve-
locity are "switched on'" at a point as the front passes. It differs in

that it passes into a gas that is'_initially cold and non-conducting. We_

shall refer to it as a ''switch-on ionization wave', or simply as

- "ionization wave.'" The wave front is only a few centimeters thick,

and behind the front the plé.sma is rotating due to the jXB forces.

The progress of the ionization 'wave through the gas may be observed
by looking at the current density flowing to the tube wall as a function
of position along the tube, utilizing the radial current probes. Five
such probes were used to measure the position of the wavefrc;nt as a
function of time, and the results are shown in Fig. 6. Tfue constancy
of the front velocity is probably a result. of the constant driving current.
Figure 7 is an oscillogram of the current and voltage at the driving end

of the tube during the transit of the ionizing front.
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Fig. 5. Geometry of the radial-current probe. The 1/4-inch
i diameter button is connected to the adjacent wall through
six parallel 5-ohm resistors. The maximum voltage drop
" is less than 1 volt. '
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_Fig. 6.. . Pdsition of the jonization front vs time, as measured
with .radial current probes. The gxial rrgagnetic field was
16.0 kgauss, and density was 10~ 'g/cm”. '
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Fig. 7. Oscilloscope traces showing ionizing conditions.
The bottom trace is voltage on the driving coaxial
electrode at 2900 volts_/’an_;i_tgeﬁ_tgpmt;ace is current
from the pulse line at(4700 ampr/cma'l The horizontal
scale is 5psec/cm. The current was crowbarred 20
psec after the voltage was first applied. A single-
pulse hydromagnetic wave was induced 37 psec after
the voltage was first applied.
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The arrival of the ionization front at the réceiving end of the
‘tube may be seen by looking at the voltage drop ‘produced across a
small (0.33Q2) resistor connected from a coaxial electrode there to the
tube wall. The voltage is zero while the ionization wave is traveling
throughthe plasma, and then rises abruptly at the time the front arrives,
as shown in Fig. 8. A similaltr abrupt rise has been observed in the
azimuthal magnetic field upon arrival of the front.

If the receiviﬁg end of the:tube is not short circuited, and if,
after the ionization front has reached the receiving end the driving
current is éllowgd to conpinﬁe to flow; :we observe a drop in the tube
resistance, and simultaneously spectral emission lines of materials
characteristic of the insulator appear stfongly'. TherAefo're, to keep
the plasma as clean as possible, 'fhe drivirig-current is short-circuited
(crowbarred) just as the front reaches the end. Under these cdnditions
the impurity lines appear only weakly. The short-circuit also brakes
the spinning plasma.to a halt, dissipating the kinetic énergy of the plasma
in ochmic losscs, mdinly in the external circuit. Bvidence of plasmé.
rotation is seen in the pulse of reverse current that flows from the tube

19a

after crowbar. It is in the decaying plasma so formed that the

wave experiments have been performed.

E. Plasma Properties

1. Ion Density Study

A study of the ion density in the decaying plasrﬁa was made by
measuring the Stark broadening of the first three emission lines of the
hyd?ogen Balmer séries,zo The line width'is roughly proportional to
'11‘2/.3, and thus provides a measure of ion density. The density meas-

i S
ured in this way was found to decay from an initial value of 5)(1015 cm-3

at the time of crowbar-to a value of Z><1015 crf_m—?’ at 250 usec.

. : The b1_'voa.‘d=enin-g of emission lines of hydrogen depends upon the
well known Stark.e_ffect, in which the energy levels of a radiating atom -
are perturbed by‘ an léxternally applied electric field, resulting in a small

shift in the radiation frequency. In a plasma the radiating atoms are
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- Fig. 8. Oscﬂloscope traces showing a.rr1va1 ‘of jonization front.
The top trace is the voltage on the driving coaxial electrode
at 1000 v/cm; the bottom trace is the voltage on the re-
ceiving coaxial electrode at 1000 v/cm. The horizontal
scale is 10 psec/cm The axial magnetic field is 10 kgauss.
The abrupt rise of the received voltage is evidence for a
well-defined ionization front. Note that the information that
the front has reached the load at the receiving énd (0.33 ohms,
not shown in Fig. 1) requires one Alfvén transit time (2.8.
pusec) to reach the driving end, at which time the dr1v1ng vol -
’ca.ge decreases somewhat :



-43-

continually being perturbed by the coﬁlornb fields of neighboring ions aﬁd
electrons. Hydrogen exhibits a first-ofder Stark effect in which the fre-
quency shift is proportional to the first power of the pefturbing electric
field. Thé problefn is treated statistically by taking weighted averages
over all possible perturber configu‘fations, The result is that the
emission line is broadened, with the half-width of the line being roughly

2/3

proportional to n, , where n, is the ion density. This problem was

i
first treated by J. Holtsmark in 191,9.21

More recently a detailed cal-
culation of the line shape has been made by Griem, Kolb and Shen, who
take ir:ltto account the effects of electrons as well as those of ions on the
radiating a.toms.‘22  Inclusion of electronic effects introduces a tem-
perature dependence into the line shapes, but“the dependence is sweak,
and a very rough knowledge of the temperature allows the curves to be
used for ion-density determination. .
The ion density varies with time, so it is desirable to make a;
time-resolved measurement. A Jarrell-Ash model 82-000 monochrom-
ator with a resolving power of 0,22 to 0.59 A (dependiﬁg on the entrance ard
exit slits: used, which in turn depended upon the light intensity) was used
to look at a column of light 5 cm in diameter, coaxial with the axis- of -
the tube. A photon;ultiplier tube at the exit slit monitored the light in-
tensity, -and ifs output was displayed on an oscilloscope. Traces of
ihtensity vs time were obtained at ten different places on the line profile,
and cross plots gave the _line.shape as a function of time. Since the light
o'ul’cput is not exactly reproducible, (RMS fluctuation is about 20%) six or
eight shots were averaged to get each point on the curves. The results
were plotted and then fitted by eye to the curves of Gl;iem, Kolb and Shen.
Sample curves for 'Ho,’. H a'.hd_ --HY are shown in Figs. 9, 10, and 11.
On the -H, curve we have shown theoretical curves for ion densities
differing by 1 )(1015 cm-3 from the best fit, to indicate the precision of

the method. Also included are sample curves showing the effect on

".f'::heéry of varying the temperature by factors of 2.
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10. H_ profile 50 psec after the discharge was initiated. Tlfg
solid .cm?rires‘ are theoretical profiles computed for N.=4.0X10"~,

. 5.0%101%.and 6x101° cm-3, at T=10% °K. The curves are

arbitrarily normalized at the peak, and are drawn to indicate
the precision of fit to the data. On the left side, the effect of
temperature variations by factors of 2 from 104 °K is indicated.
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The ion density as a function of time as obtained in this way is
displayed in Fig. 12. Two curves have been fitted to the data as aids
in extrapolation to the time of crowbar. The solid curve is proportional

to and is the curve to be expected if the decay is due to simple

l+at -
radiative recombination at constant temperature. The dashed curve

assumes an exponential decay rate, which would result if the decay were
by the lowest mode of ambipolar diffusion. The data do not distinguish
between the curves, but since estimates of radial and longitudinal dif-
fusion times lead to decay times of the order of milliseconds, it is most
likely that the decay is by a volume recombination process.
Extrapolation of these curves to the time of crowbar gives ion

densities at-that time of 7.1X 1015 cm—3 for the solid curve and 5.6)(101

cm__3 for the dashed curve. If ,the'gas initially in the tube (100 p) were
completely ionized, we would expect an ion density of 6.6)(1015 cm-3.

5

The data therefore indicate that the ion density is >85% of the density

of gas initially in the tube. At the time the wave experiments are

usually done (15 usec after crowbar) the ion density is 5.0)(1015

£1.0x10° cm ™3,

2. Resistivity Measurement

To compare the experimentally determined attenuation of the
waves with theory, it is necesvsary to obtain a measurement of the plasma
resistivity. One approach to such a measurement would be to make a
spectroscopic determination of the temperature of the plaAsma, calculating
the resistivity by using the well-known formula of Spitzer .11 Unfortu-
nately, however, spectroscopic measurements of temperature are diffi- ‘
cult at best in the temperature and density fange with which we are con-
cerned. A .simpler approach is to attempt to measufe the resistivity
directly, by observing the potential drop produced by a known current in
the plasma. '

o To perform this experiment, the insulator at the receiving end
"of the tube was provided with an electrode of the same diameter as that

at the driving end, and the plasma was then prepared as describedearlier,
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12. The observed time dependence of the ion density. Errors
{not shown) in tlge experimental points are estimated to be
+ 0.7x101 "2 early in the decay period, increasing to about
+ 1 0><1o15 "3 Jate in the decay period. The solid line is a
least-squares fit, assuming the decay rate to be proportional

to the square of the ion density. The dashed line assumes an
exponential decay.
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with B0 = 16 kgauss and Po = 10_8 g/cm3. After the ionizing current
was crowbarred, a small probing current was induced between the two
electrodes. This current is confined to a cyliﬁder along the axis of the
tube defined by the diameter of the electrodes, since any radial currents
would accelerate the plasma azimuthally, setting up a back emf that
opposes such current flow. Since there is of necessity a small pofential
gradient along the axis of the tube (indeed,‘this is what we are measuring),
there is also a small amount of plasma rotation. The radial current re-
quired to maintain this rotation against viscous losses constitutes a
leakage current. Measurements were made under conditions where this
was a small effect. |

The probing current should be small enough so that the energy
‘deposited in the plasma during the measurement does not change the
average energy of the plasma. "In practice, this perturbation energy was
< 10% of the plasma thermal energy.

Wave observations (see Sec. .IV-d, Radial Distribution of bG
Field) have indicated that near the tube walls an insulating boundary
layer tends to form that isolates the plasma electrically from the wall.
This boundary layer is presumably due to 'a' local drop in the electron
temperature, and Hence conductivity, near the wall. Such a boundary
layer at the .electrodes would add a sﬁurious resistance to that of the
main body of plasma, resulting in a high value for the calculated resis-
tivity. Thus the measurement sets an upper limit to resistivity and a -
Jower limit to temperature. 4 ' .

Equation (2.58) shows that the wave attenuationA is princ¢ipally
determined by 11“, which ‘is the part. of thé resistivityvtensor that is
measured by this method. The resistivity was determined as a function
of time by turning on the probing durrent at various times after .crowbar.

The results of the measurements are plotted in Fig. 13, where the in-

dicatéd.temperature is calculated from Spitzer's11 formula for n .

i
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13. The time-dependence of temperature of the decaying
plasma, as determined by hydromagnetic wave .attenuation
and by direct resistivity measurements. The vertical bars
indicateé the standard deviation of the mean of a number of
measurements (usually 6)..
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3. Impurity Levels

. To co.mpare the results of experiment with theory requires a
kndwl'edge of the mass density of gas within the cylinder. Because the
presence of an unknown amount of impurity in the gas makes comparison
impossible, it is most desirable to elirninate 1mpur1ty elements from the
discharge region. Fa111ng in th1s, the next best course of action is to
determine what 1mpur1t1es and in what amounts, are present

. Analysis of the visible emlssmn spectrum of the discharge re-
veals, in addition to strong lines of the hydrogen Balmer series, lines
characteris‘tic of Si, Si+, Si++; Si++’+, o, O+, C+ and Ne. A spectrum
of the ultraviolet radiation also shows lines of neutral carbon, aluminum
and cdpper The time deﬁ)endence of these lines has been examined as an
aid in f1xmg the source of impurity. Silicon lines are dbserved to in-
Crease in 1ntens1ty almost linearly with time, albeit remaining at a rel-
atively low level, during the time the ionizing wave is traveling through
the tube. If the wavefront is then allowed to strike the end plate before
crowbar, the light intensity rises rapidly (in about 30 usec) to 6 or 8
times its preyious' intensity, then decays with a characteristic time

that varies with species (Si+ Si++ or 'Si+++) and is about 100 psec for Si+
If the ionizing current is ei'owbarred just before the wavefront strikes
the end plate instead, the light intensity only increases by a factor of
about 2, and decays more rapidly, in about 20 psec.

" Behawvior of the oxygen light is very similar to that of silicon,

_‘ except that it Jumps up rap1dly in the first 2 psec of the discharge, then
rises 11near1y to the time the wavefront arrives at the far end.

Sodium light rises linearly during the transit of the ionizing wave,
and is little affected by lettmg the wavefront strike the msulator sug -
gesting a source along the wall of the tube or in the gas.

The behavior of the’ Carbonllght is unique in that it rises within
2 psec to a practically constant level during the time the-ionizing wave
is meving'thrbugh the gas. An increase in intensity of a factor of two or
‘three is noted after the wavefront strikes the end plate, depentiing on

. wh’ether"'the current is c‘rowAbarr‘ed before or after that time. Carbon
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light decays with a characteristic time of about 40 psec. The rapid
rise early in the discharge suggests a source near the driving end-
possibly associated with the O-ring vacuum seals at that end. The
similar early behavior of the oxygen light suggelst the same source for
at least part of the oxygen light.

A linear rise in time of the impurity light intensity could indi-
cate either a coﬁtinuing erosion of the driving-end insulator, or that
impurity material is being encountered all along the path of the ionizing
wave, i.e., onthe tube walls. Both are likely p.ossibilities, the second
because material taken from the insulators on earlier shots is likely to
end up deposited on the tube walls. The comparatively rapid decay rate
of impurity light when the ionizing current is crowbarred before the
wavefron't strikes the end of the tube indicates, that the impurity atoms
only penetrate a short distance into the plasma, remaining in a region
near the boundary that cools rapidly,

A very rough estimate of the absolute number density of im -
purity atoms within the discharge region may be made by comparing ob-
served impurity line intensities (with a mcnochromator) before andﬁ
after introduction of a known amount of gas containing the impurity ele-
ment. Since it is not certain that all the added imp\irity atoms will be
excited, this method at best sets an upper limit to the amount of residual
impurity in the region along the tube axis at which the monochromator
looks. The method was used obtain such limits for carbon and for oxygen
which account,along with silicon, for the most prominent impurity lines.
The result was an upper limit of 0.2 p | for carbon and 0.4 p for oxygen
(02). Oxygen presumably comes from outgassing, bottled gas impurity,
and from insulator materials. Since silicon would only come from in-
sulator material, (no silicone oils are used in the vacuurh pumps) it is
assumed that tl;le level for oxygen represents also an upper limit for
- silicon. Translating these figures into mass densities we obtain as an
upper limit to impurity mass density 1.5><10_9 g/cm3. If we use hydro-
gen mass densities éb0ve 10-8 g/cm3, which corresponds to hydrogen
pressures above 100 g, tfle additional mass due to impurity should be no

greater than 15% of the mass of the hydrogen. The mass density enters
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-

the formula for wave velocity as @ 'square root, and so the shift in
velocity due to impurities would then be of the order of 8%. These
calculations assume a uniform distribution of impurity atoms through-
out the discharge region. In reality, thcla‘ impurities seem to originate
at the walls, and estimates of‘diffusion times for these atoms into the
central plasma region indicate that they could not penetrate signifi-
cantly far in the time available. The base pressure in the tube is 0.02 p.
If we assume that this residual gas is air,. then we can calculate that

the density perturbation to 100 p H, .is only about 0.28%.

Hydrogen itself may represent an impurity, since gas which is
absorbed on the walls of the tube may be released in.the ionization proc-
ess, increasing the -density of the plasma. The fact that the spectros-
copically measured ion densities agree so well with the particle density
of gas initially put in the tube indicates that this process is probably not

important.

4. Plasma Uniformity

Gradients in temperature and charged-and neutral-particle den-
sities must exist within the plasma, and it .is necessary to inquire as to
their magnitudes and effects upon the waveg. The only available direct
measurements of plasma properties are those allread'y cited, which are
not local imeasurements but integrate over a considerable portioﬁ of the
plasma. ' . o

We can appeal to theoretical analysis of the ionizing wave pro-.
ducing the plasma to learn something of the conditions which might be
expected at the time the waY_e éxperirneﬁté are pe‘rformed, Analysis of
such an.ionizing wave has been performed by Gross and - Kunkel, 23
for the case of a plane wave propagating between pl»arallél conducting
.plates. The real situation is a c;y,lindrical'_geOmethy for which the analy-
sis has not yet been done. Hovsl/ever,,l we may be able to derive some
general ”ideas_co‘nc‘.e;ning th_e(behaxl{ior; of such a wave.

The calculation provides us with an approximate value for the

velocity U of the ionizing wave, in terms of which the density and
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temperature ratios across the wavefront are given. This is-

A ' 2\1/2
U = 16 . 2e i?e\ -l +{1+ ji(il‘—-——— .l
9 i d) 4p0p(Zei+ed) J’
(

3.1)

"where €5 and €, are respectively the ionization and dissociation

d
energies per unit mass of gas, and b_Lis the.transverse magnetic field

due to ionizing current,

The density ratio across the front is approximately 8/5. Since
the density behind the wave is greater than that in front, the gas behind
must be moving in the direction of the wavefront. We denote the axial

velocity of this gas by v,. Then Imass conservation shows that

2

v = (-3/8) U. We define al?‘ = ﬂ : Then, for the case where VZ >>

. 2. HoP
U2>> alz_ , the temperature behind the wavefront is given by

2

RT = —Y [UZ _al, ' (3.2)
(y+1)" L

where vy is here the ratio of specific heats, and R 1is the gas constant
per unit mass.

The conditions given are only those immediately behind the ion-
izing wavefront. Since there is no driver piston, there must be a rare-
faction wave which fills the region between the wavefront and the back -
insulator. The rarefaction wave has not yet been analyzed, but in
general it must cause the axial velocity of the gas in this region to fall
from v, just behind the ionizing wave to zero at the back wall. This
implies that the density will also grade from a maximum just behind the .
ionizing wave to a minimum at the back wall. If the driving current is
large enough so that the magnetic field pressure dus.to'the: current is'com-
parable to the gas pressuresbehind tlrerionizing wave’, then'some ‘of the gas

ma-y_',be..'pu,she.d;é.nt/ir.-:efl’yz»-c;lear of the back plate by a sort of snowplow effect. .
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The dependence of U on B p and b, has beeq checked ex-

perimentally to establish the validi?y of Eq.(3.1). The agreement of

- the predictions of this equation with the observed velocity of the ionizing
wave is'withinA 40% in the range of parameters that were studied

(5 <By< 16 kgauss; 2x10" %< p< 4;_(10'8 g/cm3; 2><103< I <‘6><103 amp).
The agreement is probably as good as might be expected in applying

this theory to a cylindrical geometry. '

. The model from Which these theoretical results are derived
postulates a perpehdicular current flow in the wavefront, and no current
elsewhere in the gas. The return path for current is assumed to be
through conducting plates lying parallel to the static magnetie field. The
calculated temperature behind the wavefront based on this model
(3'><104 °K for p=1 -8 /cm ~and B, = 16 kgauss) must bear little
relation to that in the a.dual case for which there exists a rarefaction
wave, within which both axial and radial currents flow (the radial cur-
rent maintains the plasma rotation against viscous losses, neglected in
~ the theory). These currents are probably the principal determinants of
the plasma temperature. .

The chief conclusion we can draw frofn this analysis is that there

. is likely to be a considerable axial motion of the plasma behind the ion-
izing wave, which would result in an axial density-gradient. Application
of the "crowbar" halts the gas rotation, but does nothing to arrest the
axial motion of the plasma.

T he density gradients thus produced will smooth out in a time
comparable to the time required by -an. acoustic wave to traverse the
system. The gas temperature this early may be about 13,000 °K {see
Fig. 13) This g1ves a sound speed V = 1.34)(106 cm/sec, and a tran-
-51t time of 63 psec. For the wave experlmeﬁts, in order that there be
llow d1551pat1on, the wave is usually introduced at about 15 psec after the

~' 1on1zmg front has reached the end of ‘the tube, so there may still ex1st a

_ moderate dens1ty gra.d1ent Exper1menta1 observation of the profiles

of the Balmer 11nes seems to argue against any large axial dens1ty gra-

dients, since the exper1menta1 line shapes in such case would not fit the




theory for a single density, while in practice.the line shapes fit the
theory very well. In any case, the existence of an axial density gradient .
would not affect wave measurements much, since the density enters into
the Alfvén velocity only as a square root, and the hydromagnetic wave
rﬁeasurements necessarily give an average velocity over the length of
the tube. A calculation of the error that would be made in measuring -
the velocity if the density graded linearly from zero at one end to twice
the equilibrium value at the other end, certainly an extreme case,
leads to an error of only 6% in velocity, which is of the order of other
experimental errors. Measurements of attenuation and spatial dis-
tributions of fields are similarly insensitive to density variations.

The plasma left behind the ionizing wave is rotating, and under
some conditions radial plasma drift will result, producing radial den- -
sity gradients.- A rough calculation of the magnitude of this kind of
drift has been given by Baker et al. ,24 and is followed here. The - B
radial drift velocity is obtained from Ohm's law (Eq. (2.9).

VrBO:n‘jO ' . (3.3)

The azimuthal current density je, in the absence of pressure gradients,
is obtained from the equation of motion (Eq. 2.8), where now the time
derivative is assumed zero and the inertial contribution comes from the
v Vv term.) This gives |

2

. 6 '
Jg = P 'ﬁ : | . (3.4)

<

Vo is t?; azimuthal velocity of the gas, and is shown by Gross and
Kunkel to be approximately equal to the square root of twice the ion-
ization potential per unit mass, e of the gaé. We now define a quality
factor Q as the ratio of the distance the plasma drifts in the radial direc-
tion to the tube radius, in the tirhe that it takes the front to move through

the tube. Let £ be the léngth of the tube, and b its radius. We will somewhat
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arbitrarily take r =b. Then:

2n peiﬂ_ I :
Q=—‘2_-2— . . ) i (3-5)
B0 Ub

The condition that the radial density gradient be small is Q << 1.

Putting numbers characteristic of this experiment into the
above expression shows that Q equals 1 at B0 approx 2 kgauss. To
. avoid large radial density distributions than, BO is kept well above

this ;va.lue .

5. Tempe»ratur e Gradients

The thermal conducticity coefficient - k for a hydrogen plasrha

5/2_

.. on temperature provides a rather remarkable mechanism for leveling

as given by Sp1tz_e1j11 is proportional to T This strong dependence
out temperature glfadienfs and maintainihg a uniform temperature' in the
plasma. Near the walls, ’qﬁe plasma must coolv by thermal conduction.
The thermal conductivity drops as a result, reducing further heat flow
to the walls. Thus the plasma acts like a. "heat switch,' maintaining
. the temperature within the body of the plasma. _ ,

The conservation equation %N - V-« VTS= Ov that describes the
ﬂow of heat may be used to estimate the rate of cooling by thermal con-
_ duction to the walls. (W 1is the thermal energy density) The dependence
of « -on temperature renders the equation nonlinear; however it is pos-
sible for a case in which the heat flow is assumed to be purely radial to
. obtain a similarity solution which indicates the cooling rate. The details
of the calculation are given in Ap.pell'ld,i}( C. . For an initial temperature
distribution that is neerly flgi m the central portion of-thetube (iéle_,e Fi'g'f.,.26),
and which then falls rapidly to room temperature at the walls, the tem-
perature at the center will drop. from 12 000 °K to 9,000 °K in about

“320 psec. This calculation ignores the effects of part1c1e d1ffus1on to the

walls. An estimate of the rate of diffusion of a plasma at 10 °K across

-
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a magretic field of 16 kgauss indicates that the time taken to diffuse one
tut;e radius is-about 25 msec. | o

Diffusion axially to the ends of the tube is controlled by the rate .
of diffusion of ions into the neutral atoms returning from the end, for
which the dominant process is the charge exchange collision. A rough
calculation givés 16 msec as the time for ions to diffuse cne half the
length of the tube. These decay times are both long compared to the
time obtained from the thermal conductivity calculation, indicating that
energy transport to the walls is determined mostly by thermal conduction.
These estimates greatly over-simplify the problem, but are probably

sufficient to indicale lhe virder of magnitude of the cffects.

6. Energy Balance

The power delivered by the pulse line during ionization is almost
constant. Under the typical Qp’erating_cqndition where BO = 16 kgauss
and the mass density is 1.10)'(10_8 g/cfn3, the energy delivered to the
tube dui'ing breakdown is about 760 joules.” This energy gbes into dis-
sociation and ionization of the gas, ohmic plasma heating, kinetic energy
of rotation of plasma (due to ;]vXE 0 forces) viscous los ses arising frorp
rotation, and radiation. It is instructive to try to account for these
cnergiee quantitatively. As poninted out before, ion density measure-
ments show that the ion density before crowbar is probably > 6)(1015 cm’” 3,
and temperature'measurementé indicate a temperalure of around 13,000
°K. The energy required to ionize and heat the plasma to this extent is
234 joules. The kinetic energy of rotation is obtained by meas'uring the
charge flowing out of the tube after crowbar, which is a measure of the
stored energy. This proves to give 154 joules. Viscous losses due to
radié.l shear may be estimated by measuring the average radial current
to the tube wall in the region behind the ionizing front. This is the cur-
rent required to maintain the plasma rotation against viscous and other
losses, and requires 170 joules. A calculation of the radiation to be
expected from the tube indicétes that this is a negligible enérgy loss.

Thus we can fairly definitely account for 558 joules out of 760. An
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analysis of the viscous losses in a rotating plasma has been made by
Baker et al. ,24'indicatirig thatlosses due to axial shéar at-the end
plates should dominate over other viscous effects.: It was not possible
to measure the current flowing along the end Qlate; so we can only
sp’veculate that some of the remaining ' energy goésdnto:viscoas' losses

_there.

7. Summary of Plasma Properties

The ionizihg wave produces a plasma that is initially é.lmost
fully ionized- the percent ionization is certainly greater than 85%— and
whose ion density decays by a factor of 2 in about 150 usec. The
temperature immediately behind the ionizing wave may be as high as
3%10% °K (from Eq. (3.2°)), and is measured to be about 1.2x10% °K
20 psec after crowbar. The temperature decreases by a factor of 2
in about 150 psec, pfobable loss mechanisms being thermal diffusion
to the walls and -iradiation. These decay times are all large when com-
pared to the time required for an Alfvén wave to traverse the system,
so during any givén measurement the plasma condition is essentially
uniform. ‘ ‘

‘ During the discharge there is an influx of impurity atoms into

the plasma, most of them originating at the tube walls.. Diffusion times
are sldw, so the main body of the plasma is relatively free of impurity
atoms while the wave experiments are perforrﬁed. The plasma probably
has an axial density gradient, which does not greatly affect the obser-- |
" vable wﬁve properties. Radial density gradients may be minimized by
propér choice of operating parameters —high magnetic field and low
density. ‘

We are led by these resulté to place some limits on the variation
of experimental parameters. Considerations of plasma uniformity as
well as low dissipation (for waves) indicate that high axial magnetic
fields of > 10 kgauss are desirable. The upper limit here is of a p.ra.Ac- ‘

tical nature, i.e., the availability of power to produce the field.
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Plasma uniformity also demands 10\;v densities,. but we are here limited
by impurities —as densities become lower the effect of impurities in-
‘creases. The practmal 11m1tat10ns of deusity seems to be 5X10 -7
g/crn3 <p < 2X10~ g/cm . . Some extension to higher depelty may be
realized by modifying the ionization mechanism. ‘ | |
Temperature changes are easily obtained in the decaying plasma,
but changing the initial temperature of the plasma. by any considerable

amount seems to be very d1ff1cult
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IV. EXPERIMENTAL RESULTS

‘A. Wave velocity

The velocity of the hydromagnetic waves has been measurea
under a variety of combin.at‘ions of the parameters B0 and p. These’
measurements are complicated by the fact that, as was noted in the
section on plasma uniformity (III-4), the plasma preparation process

hecessarily changes when either B, or p is varied, making the inter-

0
pretation of results sometimes difficult. -

' These measurements were generally made using a single-pulse
wave. A Fourier analysis of this pulse shows that it includes frequen-

cies from zero up to about w = 107 sec-l. Since, according to the

theory developed in Sec. II, frequencies below w = 106 'sec-1 suffer
"a dispersion in velocity, the shape of the pulse must change with time.
For a symme'trical pulse, the corrections to the velocit{f made by
making this effect intd account are of order .0,2 and should be negli-
‘gible, 244 | ’ _
| The density may be varied in a fairly straightforward way, but
only by a factof of two, by replacing the hydrogen gé.’s by deuterium.

In principle,. this has sorné advantage over just increasing the hydrogen
particle density since the energy “required for ionization and dissociation
"is not éhanged. .In practice the difference was not noticeable. The re-
sults of velocity measurements for various densities of hydrogen and
vldeuterium are presented in Fig. 14. ‘The tl;leoretica.l curves are cal-
culated on the as‘sumption that the de_n;it)} to be used is the total mass
dénsity of the gas initially put inté th,eAtubg. Thus we assume strong
coupling, so that any neutrals present move esseﬁtially with the ions.
The observed .velocities afe generally high, indicating that the density
may have been lower than expected. There are two possible explana-
tions for the‘discrepancy. The assumption of strong coupling may not
‘be valid, so that the velocity we measure is really determined by the

ion density alone, while on the other hand there may actually be a lower

£
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Fig. 14. Wave velocity as a function of mass density for
hydrogen and deuterium. The theoretical lines are’
calculated assuming participation of both ions and
neutrals in the wave motion. The size of the dots gives
roughly the standard deviation of the mean of six or more
measurements.
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total density in the discharge region than that predicted.

" The quality factor Q associated with radial drift of the plasma
is akbout 0.015 in this case, so the effects of such drift should be neg-
ligible, although perhaps this effect should not be ruled out altogether.
Let us now examine the assumption of strong coupling. In the section
on theory we showed that the. Alfvén velocity for the case of strong
coupling between ions and neutrals should depend upon the total mass
density-ions plus neutrals. In order fo check this result, the wave
velocity waé measured as a function of time in the decaying plasma.
The curves of Fig. 15 show the measured velocity plotted as a function
of the s-péctroscopic_ally detéermined ion density. The experimental
results fall in between the theoretical predictions for strong coupling
(p = Py + pn) and for weak coupling (p = pi). 4

In Appendix A it is shown that coupling is strong if T = w/ Vi
is small compared téf.:,'un'.'ity' © Vi is the collision frequency per
particle for neutrals, and is approximately equal to n, o Ve where
94 is the neutral-icn charge-exchange cross section and Vo is the
average thermal velocity of neutrals. The charge-exchange cross
section haslonly been measured for particle energies above 100 ev. 25
However, in the energy range where it has been measured it falls
fairly uniformly 20% above the theoretical calculations of Dalgarno and
Yadov. 26 Somewhat arbitrarily applying this 20% correction to the
theory of Dalgarno and Yadov at 1 ev, the approximate temperature of
the plasma, we find 0T 5.7><10_15 cmz.. Using this figure we then
obtain Vi ® 5)(10'7 sec” - and 7 approx 0.1. This is only a marginal
case of strong coupling, particularly considering the uncertainty in the
charge exchange cross sectioﬁ', so the rebsults of Fig.. 15 are perhaps
nét surprising. If an acqurate,dete‘rmination of the temperature of the
plasma can be obtaiﬁed, it should be possible.tvo use such measurements
of wave velocities to determine the low-energy charge-exchange cross
section. 1

Owing to the necessity to keep the quality factor Q small, the
velocity could not be checked at low Bo using the method of ionization

already described. The measurements of wave velocity at higher axial

fields are presented as a function of axial magnetic field in Fig. 16.
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Fig. 15. Alfven wave velocity vs spectroscopically deter-
mined ion density. These measurements were made in
the decaying plasma by inducing the wave at various time
delays after the plasma started to decay. Ax§a1 mag-
netic field strength 16.0 kgauss, p=10""g/cm”.
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16. Wave velocity as a function of axial magnetic field
strength at various mass densities. Ionization current
induced at one end. The size of the dots gives roughly the
standard deviation of the mean of six or more measure-

ments.
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A different method of plasma preparation has been used, in
which the energy storage bank was discharged between electrodes
mounted at opposite ends of the tube. Ionizing current in this case was
sinusoidalh, with a period of 65 pusec and a peak value of 3)(104 amp.
Wave measurements were then made at 65 jtsec when the current was
passing through zero. Under these conditions, the ionization mech-
anism probably consists of two ionizing waves that converge to the
center of the tube, dutomatically self-crowbarring the plasma rotation
when they meet. After they meet, the externally applied current just
flows axially through the tube, mostly confined to the cylindrical region
deflined by the diaméter of the central electrodes. The current to the
ionizing waves. is greater than in the ionization mechauisin previously
discussed, so radial particle diffusion effects should be reduced
(cf. Eq.3.5). The high axial current density must tend to set up a 1a‘rge
radial temperature gradient; which is opposed by the effect of a high
thermal conductivity. Estimates of the rates seem to indicate that the
radial gradient at the time the wawve is induced will be somewhat higher
than in the previously discussed case. Axial flow velocities are higher
with this method of ionization, but the resulting axial density gradient
occurs over a shorter distance and is allowed more time to smooth out,
The additional time available for impurity penctration does not seem to
be significant, since the measured wave velocity was the same whether
measured at 30 |.Lsec or at 90 psec.

The results of this velocity measurement, extended to axial
field strengths of 5 kgauss, are presented in Fig. 17. Agreement with

theory is generally very good.

B. Attenuation

The attenuation constant for the wave is given in Eq. (2.58).
It consists of two parts—that produced by ohmic damping within the
body of the plasma, and that due to the presence of neutral particles.
An estimate of the damping which might be expected from viscous
losses?“7 in the plasma-indicates that this process is negligible compared

with the aforementioned ones. In general, the attenuation of waves in
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Fig. 17. Wave velogity as a gunction of axial magnetic field
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from an electrode.at one end to a similar electrode at the
other end. ’
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this experiment is high-the waves typically have a damping length
which is only two or three times the wavelength. Hence, the studies
of attenuation were necessarily done at higH magnetic ficlds, where

damping is lowest. Under these conditions, w,Z/V2 = 100 M-2 and

kc2 ~ 3000 M2, so the wZ/VZ_ term is ignored in the ohmic damping
constgnt Ej . Both Ej and € are inversely proportional to V and
hence to BO’ s0 it is in principle not possible to distinguish between
them by making measurements at various values of axial field strength.

Unfortunately, making B, small enough so that the coz/V2 term be-

comes important causes t?ne attenuation to be too high for good meas-
urements. '

The attenuation constant depends strongly oun lthe two variablce
B (through V) and n, the resistivity. Since the resistivity is a strong
function of temperature, and the temperature falls with time in the
decaying plasma, the attenuation may be measured at different tem-
peratures merely by inducing the wave later and later after crowbar.
The direct resistivity measurements described in the section on plasma
preparation (III- D) provide us with a means for checking the damping
measurements. The results of measuring the plasma resistivity as a
function of time after crowbar, using both methods, are presented in
Fig. 13. Both measurements teud Lo put uppcr limits on the resistivity
and hence lower limits on the temperature. The excellent agreement
between the two determinations of resistivity early in time lends suppurL
"to the notion that toth are réally measures of the same effect. The dif-
:fei'ence in observed resistivity later in time is probably due to the
developmenf of a cool, relatively high resistance boundary layer at the
electrode surfaces. Such a layer would not affect the wave measure-
ments since current densities are high enough to heat the layer locally,
reducing its resistivity. A

The attenuation has also been measured as a function of axial
magnetic field BO' In Eq. (2.58) we showed that the attenuation constant

€ should depend on the inverse first power of axial field strength.
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" Measurements were made using the end-to-end ionization procedure:
described in the previous section,since this should have resulted in
.minimizing the dependence of plasma conditions on axial field strength.
The results of the measurement are presented in Fig. 18. The scatter
in the experimental points is probably due to shot-to-shot temperature
variations in the plasma, and to the observed presence of m # 0 modes

(see Sec. IV-E, Auxiliary Checks).

C. Reflections

An important check on the theoretical predictions for the wave
fields is provided by the observation of wave reflections. Reflections
have been observed to occur from insulating boundaries, conducting
boundaries, and from a plasma-neutral gas interface. 28 In all cases,
the observed change of phase of the wave fields on reflection has been
in agreement With theory.

The fields easily accessible to measurement are the magnetic
field b 9’ mea‘suf-ed by probes in the plasma, and the radial electric
field, which we measure as V = ﬁ Er dr, the voltage across the end
electrodes. ‘

- At:an insulating boundary, represented by a pyrex end plate, thé
"~ axial current density jz associateiwith the wave must'be zZero.
Reference to Eq. (2.48) for jz(~rf,vé)l\then shows that C_ = - C_, where
we use the prime to denote quantities associated with the reflected
“wave. The refiected wave travels in the negative z direction, so
p_n' = - P - Equation (2.43) then shows that b@ reflects out of phase
. by 180 deg, and Eq. {(2.52) shows that Er reflects in phase.. Similar
considerations for a conducting boundary, characterized by Er(r, 2) =0
reveal that in this case the situation is reversed—b6 reflects in phase
and . Er reflects 180 deg out of phase.

Observations were made using a single pulse, so that the re-
flections would be easily seen. Figure 19 shows oscillograph traces
of be and V for the case of reflection from a pyrex end plate. The

upper trace is the voltage measured at the driving end of the tube.
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Fig. 19. Oscillogram showing reflection from a pyrex end
plate. Upper trace is the voltage measured at the dr1v1ng
end of-the tube between cylinder and coaxial electrode at
100 volts/cm. Loweft t¥ace is azimuthal’magnetlc field,
measured-by.a-probe 13.cm_from.driving.end with a‘sensv
tivity of 34 gauss/cm. The sweep speed is 1 psec/cm
The first pulse is the induced wave; and the first reflection
occurs about 3-1/2 pusec later on the voltage trace, cor- .
L responding to two transits through the tube at the Alfven
' speed. The voltage reflects in phase, the magnetic field
out of phase, in accordance w1th theory for a nonconducting
_ boundary
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The first peak is the induced pulse, and at 5.6 psec the in-phase re-
flection returning from the far end of the tube is seen. The lower
trace shows the azimuthal magnetic field b6’ measured by a probe 13
c¢m from the driving end. The reflected wave is out of phase, as pre-
dicted. ,

An attempt to show reflection from a copper end plate produced
the unexpected result shown in Fig. 20. The phases of the reflected
waves are appropriate to reflection from an insulati.ng boundary. The
resolution of this paradox is most likely found in the fact that the ob-
servations were made'in a decaying plasma. The tube wall is, in
elfect, a low-tecmperature heat sink, and the plasma near the wall must
cool by thermal conduction. Since Lhe electrical resistivity is a strong
function of temperature, the resistivity near the wall becomes high,
accounting for the insulating-boundary type of reflection. If-this hypo-
thesis is correct, it might be expected that a high-density current
flowing through the plasma to the wall and maintained by an external
source would provide électrical contact between the plasma and the wall.
The ionizing current can ;Serform just such a function, since if it is not
crowbarred after it has filled the tube with plasma, the current will
just flow axially through the tube tQ the end plate. The wave was there-
fore induced while this current was flowing, and the reflections appro-
priate.to a conducting boundary shown in AFig. 2] were obtained.

Finally, an attempt was made to reflecl a wave from the ionizing
wavefront as it was moving through the tube. Since during this time
background noise on both b6 and V is high, the ionizing current was
. crowbarred while the ionizing wavefront was about half way through the
"tube. Plasma pressure causes a shock to continue on after the current
is gone, but this gasdynamic shock travels considerably slower than the
electrically driven ionizing wave. The hydromagnetic wave was induced
about 15 psec after crowbar. The observed reflections from the inter-
‘face thus produced are shown in Fig. 22. The currenf was crowbarred
just as the ionizing wave reached a point 58 cm from the driving end of

the tube. Using the observed reflection time and the wave velocity as
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Fig. 20. Oscillogram showing reflection from a copper plate
30 usec after plasma has started to decay. Traces are as
in Fig. 19, with upper trace at 250 volts /cm and lower
trace at 50 gauss/cm. The phase of the reflected fields is
the same as for a nonconducting boundary, indicating that
the copper wall is isolated from the plasma.
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Fig. 21. Oscillogram showing reflection from a copper plate
* with ionizing current still flowing to the plate. " Traces are

' as in Fig. 19, with upper trace at 250 volts/cm and lower
trace at 68 gauss/cm. The electric field has reflected out

of phase, and the magnetic field in phase, in agreement
with theory for a conducting boundary.
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- Fig. 22. Oscillogram showing reflection from an interface
between plasma and neutral gas. Upper trace is voltage
on end electrode at 250 volts/cm, and lower trace is
magnetic field at 70 gauss/cm. The phases indicate a
nonconducting boundary at reflection. The small ‘ampli-
tude of the reflected signal indicates a lossy reflection.




obtained from measurements made while the tube was full of plasma,
one calculates that the reﬂection occurred from a point 68 cm from
‘the driving end, in reasonablc agreement with the expected continued
motion of the ganYnamid-shock'.; At the same time, probes at the
receiving end of the tube detected no wave magnetic field, as expected.
The observation of reflection of a hydromagnetic wave from an
interface between plasma and an un-ionized gas may be compared with
the recent observation of a similar type reflection occurring to a wave
induced in the ionosphere which followed albng the magnetic field lines
of the earth's field, and was observed to reflect from the discontinuity

29

between the ionosphere and the atmosphere.

D. Radial Distribution of bg Field

T he -radial distribution of the azimuthal magnetic field b6 as-
sociated with the.wave has been measured with magnetic probes. Six
probes were used, placed near the receiving end insulator at various
radii. The result of this measurement is displayed in Fig. 23. The
upper solid curve results from experimental data for a wave induced
20 psec after the ionizing current was crowbarred (The lower solid
cﬁrvé ‘will be discussed).

The observed b9 becomes zero at thé tube wall. Refcrence
to Fqs. (2.43) and (2.46) shows that for any given mode,. by and j_
1}?}"’? t,h_g same Ij:a_‘.‘c%igl dependence. We are here observing essentially
only the lowest mode, therefore the observation indicates that no radial
currents flow to the tube wall, as was previously noted in the section |
on theory. This observation was found to be true independently by
looking for wall currents with the radial current probes (Fig. 5). At
first glance the result is surprising, sinée the éonductivity of the copper
is much higher than that of the plasma, and since the method of inducing
the wave requifes a current to-flow to the wall. Howeverv, for the same
reasons discussed in the se~ction on reflections from a copper boundary

(IV-C), the electrical conductivity in the plasma adjacent to the wall
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Fig. 23. The radial distribution of the wave magnetic field
'b,, measured near the receiving end of the tube after
the wave has made one transit. The upper dashed curve
is.the theoretical 'distribution calculated from Table II
for a wayve induced 20 psec after crowbar. The upper
solid curve is the measured distribution for a wave in-
duced 20 psec after crowbar, and the lower 'solid curve
is the measured distribution for a wave induced 90 psec
after crowbar.
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.may be low, 'isolating the plasma from the wall. The same distributions
of b9 were observed with either polarity of driving current, so this
effect does not seem to be associated with the well known anode sheath
which is sometimes observed in discharges where the current flow to a
boundary surface is perpendicular to the static magnetic field.

The calculations of Table 1I lead to the theoretical prediction for
be(r) which is shown as a dashed line in Fig. 23. The zero of the
Bessel functions was taken to be 4 mm inside the physical boundary, to
better match the experimental data: this distance mé.y be interpreted as
roughly indicating the thickness of the non-conducting layer of gas.

The rheasﬁred value of VO, used to determine the scale of the theoxjet- :
ical curve, was subject to an error here of %10 %. The agrecment of

the observed wave amplitude with that predicted on the basis of knowledge
of the peak voltage applied to the driving end is remarkably good. It
indicates that it has been possible to account for the energy flow from

the external circuit into wave energy and the subsequent damping of this
wave as it traveled through the tube.

The radial distribution of the wave magnetic field be' was also
measured for a wave which had reflected from the receiving end of the
tube and then from the driving end, i.e., the wave made three transits
of the tube. The result is displuyed in Fig. 24, where the dashed curve
represents the lowest T type mode. The exact shape of the theoretical
distribution is not reproduced in the measurements for éither the single
transit or the three-transit wave. The most likely ekplanation for this
oObservation is that the plasma temperature may be somewhat non-uniform.

The lower solid curve of Fig. 23 is the distribution of by meas-
ured for a wave that was induced 90 nsec after the ionizing current was

crowbarred (For the previous discussion the waves were induced 20 pusec
after crowbar). In this case, the peak of the distribution is.shifted to-

ward the axis of the tube. This observation would be consistent with the
assumption that the decaying plasma has a radial temperature gradient
with the warmest plasma (which would produce less wave atteﬁuation)

near the center of the tube.



-79-

(8]
O

EY
@)

N
@)

Wave magnetic field be (gauss)
ol
@)

o
1

o R R R R Y /
o 1| 2 3 4 5 6 71
o Radius (cm)

MU -23452

Fig. 24. The radial distribution of the wave magnetic field
b ,, measured near the receiving end of the tube after
the wave has made three transits of the tube (i.e., two re-
flections). The dashed curve is the theoretical distribution
for the lowest mode, from the information in Table II.
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E. Auxiliary Checks

TheA theoretical analysis postulates a:zimuthally symmetrical
waves. The driving electrode system has this property, and the cylinder
was carefully aligned with the axial magnetic field, using a method which
has been previously reporteAd..‘26 The symmetry of the wave was meas-
ured by a set of four magnetic field probes, placed 90 deg apart on the
same base circle and ;)'riented to pick up the 6 component of the wave
field. A random shot-to-shot variation of 207 was observed in indivi-
dual prohe signals, buf the:average of several shots gave azimuthal
symmetry to within a few percent.

In order to justily the assumption that we are actually measuring
the properties of the T-type waves, we measuted the radial and axial
components of the wave magnetic field. According to the theory of Sec.
II, these components are of order Qﬁz if we excite only the T;type

wave. For the highest frequencies of interest, w is approx 107 sec_1

and so QBZ is approx 10_2, and the amplitude of by should be negligibly
small. It was pbssible to show experimentally onlyn that br is less than
10% of the amplitude of bG’ (probably due to the presence of m #£0
modes ) so the assumption that we are working with T-type waves seems
to be justified. -
The maximum perturbalion magnctic field pronduced in the plasma
in these experiments was of the order of 500 gauss, which is dnly 3% of
the static axial field, indicating that a small afnphtude analysis should
be valid. To check this, a measurement of wave vélocity was made,
varying the magnitude of the initial perturbation. The initial charge on
the wave generation capacitor was varied from 4 to 16 kv, without
noticeably affecting wave velocity. The results of this measurement

appear in Fig. 25.
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V. DISCUSSION

We have observed a number of the phenomena associated with
hydromagnetic waves and, wher.e comparisons with theory are possible,
have found generally good agreement. The limitations on the precision
of measurements stem almost ent‘irely from the dual difficulties of
producidg a uniform, clean plasma and of measuring its properties.

While it cannot be said that the plasma with which we work is absvlulely
pure or uniform, it is at least close enough to these ideals to allow
comparisons with theory to withiﬁ about 20%. To this level of accuracy,
we found good agrccment with theor;;’,: in all our measurements.

Determinations of the plasma density and temperature in the
ranges of parameters used in this experiment are not easily made. It
seems from our work that Alfvén waves may well be used in future exper-
ments &s fast; nonperturbing probes to measure these important quantities.
The particle density is simply related to the wave velocity, which is
easily measured. Inany specific case, the coupling between neutral
particles and ions will have to be considered, in order to make cleaf
just what density is being measured, but this should present no great
problem.

Temperature determination is accomplished by measuring the
wave attenuation, which gives directly the resistivity of the plasma.

The temperature‘is then calculated from one of the theoretical formulae
for resistivity (see e. g., Spitzer, 1 p- 84). In the case where the
resistivity is very low, the waves will propagate along the magnetic

flux tube in which they are initially induced, without appreciable spreading,
thus offering the possibility of making space resolved measurements. 31

Several further experiments are suggested by this work. The
phenomenon of the switch-on ionization wave which is used to produce the
plasma is not at all well undéfstood, and much further experimental and
theoretical work is needed. Since the plasma made in this manner seems
. to be a convenient one with which to work, a better understanding of the

ionization process may be of considerable practical interest.
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It has been pointed out by Gajewski32 that the cylindrically sym-
metric mode investigated in this work does notrepresent the ""lowest"
mode, since for the obsei'ved,beundary conditions there exists an
m = 1 mode for which kC is srhalller thah the kcl of this paper,
which should lead to considerably lower dissipation for the m = 1 mode.
'Some indication of the existence of th1s mode has been noted, at a time
when an asymmetr1c drive was bemg trled but no careful measurements
have been made .

The cross sect1on for charge- exchange c0111s1ons between protons
and atomic hydrogen occurs in the express1on for attenuation due to the
presence of neutral atoms. It may be pOSSlble to measure th1s cross
section by measurmg the dampmg of waves in some region where neutral
damping is ddminant over resistive dampmg. Smce no experimental
determination of the cross section has been made for energies below
100 ev, this would be of basic interest.':

Finally, the need to find the temperature of the plasma has led
.to a proponsal to measurc the temperdture by observation of the recom-
bination radiation of the Balmer cotinuum. This proposal is being in-

- vestigated at this laboratory,
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" APPENDICES+". - ¢

A. Effect of Neéutral Particles

.'I.‘he effecté pr&d.ﬁcé_d By nehtitr'al: particle s- in a. nearly fully-
ionized plasma hé.vé .b'eeﬁ .disc'us‘s.ed in déta;'}lrlrby Lehnert. 33 For the
purposes of this w_ork it \;vi'llionly bé neéeséary to take into account the
effective frictionél forc.'e"b‘e.tv./:een ions a;nd ne'utl:als, coﬁsidér’iing the
two species as interpenetrating fluids. This force is e'xpress"ed by the
last term of Eq. (2.8), mwh1ch the rate of transfer of momentum from
ions to neutrals is ‘a'ssurried tobe prop‘ortional.to the difference between
ion and neutral average VélOCiLieg. The eyqué‘tion for neutrals corre:
's_por;ding to 'Eqgs. (2.1) and (2.2) for‘ions and electrons is

v .
nm —2 = p¢4p™, (A.1)
n n ot - -

[~

where n_ is the number density of neutral particles, and m is
" their mass.

We will now derive an expression-for an’ the momentum trans-
fer between neutrals and ions. Bne is assumed negligible since neutral-
electron momentum transfer is relatively slow. A

If z is the number of collisions per unit volume per second be-

tween neutrals and ions, thenr -
z = n_v_., : ' (A.2)

where n_ is the number density of neutrals and Vi is the frequency
of collisions of a neutral with ions.. We now assume that in a collision
the neutral loses all '"'memory'" of the wave motion it may have carried'
prior to the collision. The wave momentum gained by a neutral per
collision is proportional to the relative average velocity of ions and neu-
trals, and is m('s”/;i -Xn)(the charge-exchange cross section is much
larger than any other ion-neutral cross section at the energies of

interest here, so we consider only charge-exchange collisions. Such



-85-

~collisions are always in effect head-on collisions, in the center-of-mass
system). '

We then have

ni _ : o ~-T1 .
E - m(..\.’l - .Y.n)' Th Yni - ™%n Bt ’ (A.3)

. Assuming harmonic time dependence and solving for v gives

= - | (A.4)

\4 : \
seal) 117 i

RPN

where ‘.,. 1/s defined as w/vni‘ If 'r is 'smail, the two fluids are clos;aly
coupled and move practically together, with a phase lag given by tan 7.
In the work quoted here, w= _4‘X 1_0, _sec-1 <and"‘v'n.1 = 4X10 'sec-l, so

T is about 0.1, and may be considered small as a first approximation.

We define P equal to m on.. 'lI‘h'en u"sing Eq. (A.4) to eliminate Vo

from (A.3) gives

ni "
= -1
pn

i

T -ir =i’ . | (4.5)

which is the éxpre'ssion used in deriving Eq. (2.13).

B. Derivation of Vector Wave Equation

We seek to c'lAerive. .an’ equation for the perturbed magnetic field

b from the set of Eqs. (2.9), (2.10), (2.11), and (2.12). We start by
solving Eq. (2.12) for v . ‘ ' -
v, = ! 4 X B

L1 G 1% Bo (B.1)

This is now substituted into Eq. (2.9) to give
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: i, _ TR T .
2t o WX Bo) XBo =0 i o7 1X B (B.2)
We now use Eq.. (2.10) to e].i.r_ninaté j from Egq. .(B.2)
E+ i (VXb) X B } X B =—1—- N vXb +- 1 (VXb )X B, .
- WPy o .»OJ 0 g =~ - pgen Py
‘ ‘ (B.3)

Finally we take the curl of this equation and substitute Eq. (2.11),

curl “E = iwb, to get

T ‘ BO‘—"" oo e & At 1 - .
b2 5——vVX [('VX-E) KZJ Xz *qon VX0 v xb)
WP : IO
'
-H-~B—0-VX {-(VXb)X;-] | ' (B.4)
iwpoen L T - : i

: where z = EO/BO

' : 2_ 2 _ o
Intrn‘d_ucmng ,=,,BO /p.op_l iand w = .‘eBO/ m, .gn'/eis.

-~

. 2 . ‘ " ‘_
S AU | B ~ o1
E— -:Z—VX l-(VXE)XZ]XZ -1 Y

P 2 ~ '
S —m Y ux [vxm]xzw-.’-.. . - (B.5)

vX(n-vXb)
Po o .7

nm. ww .,
i ci

In a cartesian system the _ith com‘jpone’nt of b may be written
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2 . o o
h -V 9 9 1 .
bi T2 [eijk__a;. €xlm Zm€lno %o €npr dx br]-lwpo VX(a VXR) i
® j P ~
P vt 9 . 9 1
lom e [‘iﬁjk %, €kim “m lop B3x, byt (B.6)

Since eijk' €1mk = 611 sjm - 6im &jl , we have

V 82br
bi:.- —2' mzb( 11 jm 1m Jl)(ﬁop@lr or 61p) ij 8xp

1 Py? f L & b,
-1 WO'LVX(n'WE) i,_lnmiwwc.’\‘ ik m( mo kp mp&ko 8x ax_ |
(B.?)

Noting that z, is the z direction, and going back to vector notation

we get

Bb
VXb)—lQ v X 532

where we have introduced Q = 1 BT ..o (2.14)
AT




C. Cooling of Plasma by Thermal Conduction t6 the Wall

We consider the rate of heat transfef in the radial direction
in a cyiindrical plasma, due to thermal cdnductivity._ Particle dif-
fusion-effects are ignored in this calculation, as is the effect of neutral '
particles. Thei conservation equation for thermal energy, assuming

no sources or sinks, is

oW v kv T=0, _ _ (C.1)

V|

‘where W = 3nkT is the thermal energy density, n ‘is the ion density
and k is the coefficient of thermal conduction for a fully ionized

plasma which is, from Spitzer, 1
K =g TS/Z' erg/sec deg cm, ' (C.2)

~where g is a constant which for the experiment has the value
g = 7.4)(10-6 erg/sec deg /2 cm. Since the tube wall is an electrical
co’nductof and during the time of interest is short circuité.d to a central
.elect;"qde,' it should not be possible for a radial electric field to exist,
so the thermoelectric effect is‘.ignofed. .If a ¥adial field could exist,
x would be reduced by a factor 0.419.
Equation (G.1) becomes, upon substitution for W and ‘;<,

hf’-'—f-v-(frs/zv'r)=o,, . | (C.3)

whefe h = 3%15

This equation is nonlinear, buf séparable. Set T =7 (t) R(r), .

2 .
and let N\~ be the separation constant. Then we obtain

2
d—"r“‘%—“r 7/2=0;

= (C.4)

3
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v'R+2R7 (TR + Nr-3/2 2 0. (C.5)
The equation for the time variation is easily.integrated and
yields ‘ A
' A -2/5
_ 5
T = '2— (Cé)
where T’o. is the initial temperature at r = 0 and t=0. A charac-

teristic decay time is given by

- . »
te = T 572 (C.7)
o XZ T 5/2
' "o
and is the time for the temperature to drop to 0.758 To' '

To treat the R equatibn, we first assume cylindrical symmetry
and negligible z variation of temperature (long cylinder approximation).
Then -2 = 2 = ‘

86 8z
In cylindrical coordinates, Eq. (C.5) becomes

2 2 ‘
d°R .1 dR , 5 1 [dR 2 1
Z'ra ‘IR <d—r) AL 7~ (C.8)

o}

We now make the following changes of variables:

2/5 :
R = G Ay? ) 237, (C.9)
r = ys. - (C.10)

The éhange of Eq. (C.10) is made for convenience later in

scaling. . With these substitutions, Eq. (C.8) becomes

4°z
dsz

Q-Q|'ﬁ-
ViN

+ % +z227 -0 (c.11)
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A solution to this equation can be found graphically, which
serves to determine XZ and hence ‘the chardcteristic decay time. A .
simple and very rough approach is to notice that the solutions td the
© two' equations obtained by replacirng the exponent 2/7 inh Eq. (C.11) by .
0 or 1 are respectively =1 - 32/4 and 2 = J (s), where J_ is
the zero order Bessel function. A plot of these two solutions out to the @
first zero of Z reveals that they;- are v’ery~s‘im'ila‘r (Fig. 26), and since
they must bracket the solution to Eq. (C.ll),-. we obtain immediately the
-approximate value s = 2.1 at the first zero of z. The physical boundary
condition is assumed to be T = 0 ;at r.= 7.3 ¢m, s0 we obtain from Eq.
(<.10) y= 7.3/2.1 = 3.48. Since the temperaturelat r = 0 has already
been specified in 7, we must‘hlave‘ R (0) = 1. Thén Eq. (C.9) serves
to determine XZ, which is equall to. 2.3 XlO‘2 ém. The shape of the
temperature distribution is obtained from the graphical solution for 2
.. 'and Eq. (C.9), and i's sﬁqwn m Fi’g-. 26. Forth1s 'éblution, the charac-

teristic time from Eq. (C.7) is t_'= 320 psec. |
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: A I T T T T
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. \\~ .
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7
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0 04 08 = |12 1.6 20 24 28
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‘MU=-23370

Fig. 26. Approximate solution to Eq. (C.11). The upper
dashed curve is the similarity solution for the radial
dependence of temperature in the tube.




D. Review of Theoretical Literature
-Relating to Hydromagnetic Waves in Waveguides

The problem of hydromagnetic waves is a waveéuide with a

magnetic field directed along the axis of the guide has been treated by
a number of authors. These papers will be briefly discussed here,
fnostly with regard to their respective limits of validity and their ap-
plicability in various extreme cases. For consistency the telrminology
of Gajewski will be used to refer to the various types of waves, because
the designation of different wave types is by.no means uni;i.orm among
these authors. Since the work of Gajewski will be used as a frame
within which the other work will be cxamined, we begin with a review
of the results of his work.

' Gajewski begins with the linearized equations of magnetohydro-
dynamics, as they appear in Eqgs. (2.8) through (2.11) of this paper,
with the exception that dissipative effects are ignored (y=n = 0) and
the LX E term of Eq. (2.9) is neglected. His results are applicable
to waveguides of arbitrary cross section, and he gives some specific
" results for guides of circular cross scction. He finds four types of
waves. The first is a purecly longitudinal wave which travels at sound
speed and is identical to the principal wave of an acoustic guide, and
is termed the L type wave, A secound type ic purely transverse, tra-
vels without dispersion at the Alfvén speed, and is called a T typc
wave. This is the type experifnentally investigated in this paper. The
third and fourth types involve both transverse and longitudinal dis-
placements and are terméd TL types. These last two waves are
examined in detail for the case where sound speed VS greatly exceeds
the Alfvén speed V. Under these conditions, one wave travels at
nearly the Alfvén speea and is called a TLM (magnetohydrodynamic) type,
and one travels at nearly sound speed and is called a TLA (acoustic) type.
Unfort\inately, the notation is inconsistent for the opposite case of V>>Vs,
for in this case the TLA type travels at nearly the Alfvén speed and the
TLM type travels at sound speed. '
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The earliest work in this field was done bynLundquisf. 5 His

- work is a simplified theory giving only the m = 0, T type wave, with
the inclusion of finite conductivity. This theory is used in his paper
for a comparison w1th his exper1mental results in mercury. .

In 1954 th1s work was extended by Lehnert, 6 both experimentally
and theoretically. The theory used by Lehnert was similar 'to that of
" Lundquist; treating only the 'm = 0, T type wave.

The first author to treat the general problem of hydromagnetic
"waves in a cylindrical geometry was Banos. 3 He starts with a general
set of equations retaining not only a-finite conductivity, but the dis-

" placement current term in the curl E equation. These inclusions allow
him to examine the behavior of the wave types in the limiting cases of
1‘ow"static’ magnetic field, wﬁere the wave goes over to-an ordinary elec-
tromégnetic wave, and of finite conductivity, “in which case the waves
are damped by ohmic losses within the fluid. Banos does not examine
in detail all the wave types, and finds the T ‘type and the extremes of
the TLA wave forl4Vs>>V and .Vs<<V.

Newcomb™ = looks specifically at the case of a waveguide of cir-
cular cross section with electrically conducting walls and with . V>> VS
He starts with the same set of equations as Gajewski, and finds the T
and TLA waves. Then, treating the terms individually as perturbations,
‘he finds the effect on these waves of finite conductivity, pressure gra-
dients within the plasma, and of the term —e% .J.XE which appears in
Ohm's law. The conductivity term leads to damping constants for the
two types of waves. With the inclusion of pressure gradients, he finds
the TLM type wave, and the last term leads to a rotation of the plane of
polarization of the two TL waves. ) _ '

Lehnert's work33 is very general in 1ead1ng up to a vector wave
equatmn for b, the wave magnetic field. It includes the effects of neutral
atoms within the plasma, finite conductivity and displacement currents.
However, in applying this equation, he allows some sweeping approxima-
‘tions to be made which reduce the equation to one containing only the
m = 0, T type wave. From our experimental point of view this is still

very interesting though, since the effects of neutral atoms are still included.
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This effect had not been taken into account by other workers.

Finally, Schmoys and Mishkin-3,5 have recently treated the prob-
‘lem of a guide of arbitrary cross section, containing a'plasma of finite
conductivity and including the effect of displacement currents, Since
they do not include pressure effects, they only find the T ty'pe wave
and the V> VS limit .of the TLA type. |

An intersting case occurs when the wave frequency approaches
the ion cyclotron frequency. The T-type wave shows a resonance
effect at this frequency, where the attenuation becomes very high and
- the wave velocity gues Lo zero, This problem has been thoroughly
examined by Stix, 16 in connection: with is proposals to use this res-.
‘vnance as a means for plasma heating. ‘'T'his work has recently been
extended by Bernstein and Trehan. 36 They develop a. dispersion
relation for the T-type wave (their Eq. IV-25) which is identical to the
zero resistivity limit (Eq. 2.37) of Eq. (2.34) of this thesis. -

The terminology used by various authors to designate these

waves is presented in tabular form in Table III.
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‘Table III.

Comparisons of wave terminology of various authors

C}aje\avski15 Baf{os34 Newc‘omb14 Lehnert>> Schmoyst Mishkin35
L - - ——— —--
T Velocity mode  Principal  Torsional ™
‘ » mode mode mode
- TLM in ‘equations but Sound-like - -n- ---
(V>>’Vs ) not specifically mode :
’ named :
TLM "in é:quations but - --- ---
(V<< Vs) not specifically’
4 named o
TLA  Modified --- ---
(V<V ) sound wave’
TLA  Modified TE [ TE
Alfven wave mode

-(V>>Vs)

mode
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APPENDIX F

' : *
. Plasma Boundary Condition

We assume the plasma to be surrounded by a thin annular vacuum
space of thickness €, with the plasma- vactium boundary at ro b - " E.° The
vacuum space is bounded by a conducting wall at r =b. To obtain the con-

- ditions on the ikc’ we match the tangent1a1 electnc and magnetic f1e1ds in
plasma to those in.vacuum and put the appropnate cond1t1ons on the vacuum
fields at the conducting wall. , S _ ) _

Theé plasma fields are obtained from Egs. (2.23), (2.18), and (2.9)
through.(Z.lz). We require the tangential components of b and E at
r= rO.‘ To simplify the following expressions, we deﬁné the s;rrnb'dl [ 1]
such that

[ Af(D , 2 AfD,.A . .(Fl)'
. 4»'( J_ i=1, 2 1 ( i 1.c_) -
Thé fields at r = T, are then:
T
P = 7 @R AN T )
b = - [kcAJo(kc?o)]’ IR s (F4).
Eps-g [Nz, Ry
and IV'Z o o
2 ‘
Ez '=E a)-,l_rw- [kc(Dl -k VAT (k 1) 1. | }Fb)

The vacuum solutions are well known: If-'we define

" . :
‘The author is indebted to Dr. Klaus Halbach and Mr. Gary Pearson for

.valuable discussion regarding this condition.;
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2 _ wz 2
Y = 75— -P »
c
Sy (¥r) = €3, (yr) + C,N, (yr),
0 . 0 . 0
and . ' o ,
T1 ‘Y:‘) = GlJl (yr) + GZNl(yr),
0 o - 2 ’
then at r = r0 the vacuum fields are:
ov<?io> = Tylvrg)
- 1Y o g
(ro) =5 so(vro),
)
Bv(rO) =- 3 Silymg)
and

- 2
(ro) _}% To(yro) .

Wé'now assume € < <b, YE< <1,

and expand’ S S ,

b, notmg that the boundary condition on E

T (yb) . The results are, to first order in &:

(1 + -1-)‘— ) Tl(Yb) ’

Tylyry) =

Tolvrg) = EYT,(yb),
and

So(¥ry) = Sy (¥b) .

P

(£'7)

(F9)

(F10)
(Fl'l)“
(F12)

(F13.)

Tl, TO about

n3tr= =b requlres S (yb) =

(F14)
(F15)
(F16)

(F17)
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s. (F'10), (F13), (F14), and (F15) show that b@v(ro) oc Ezv(ro), and
Eqs. (F11), (F12), (F16), and (F17) show that bzv(ro) oc Eev-(ro)-. Since the
plasma fields at the interface must match the vacuum fields, the above con-
‘ ditions give the following relations between b9 and Ez and between bz and

~E9 in plasma, at- r = r.:

o
2
. 2 ayV g
ig [(D_L- k) AT (kr) 1- =5 L+ g ) [l (D)~ Kk )AJ (ko) 1=0
. c Yy ‘
(F18)
- g [k, Alg(k t) 1- [AT (k T)))=0. . (F19)

£

We consider the special case (VZ/CZ) (kc/yz) a“ <<E<K kl—, for
c
which the second .pair of terms of Eq. (F18) and the first pair of terms of

.Eq. (F19) are negligible. The first inequality requires essentially that the
capacitive reactance of the vacuum layer be much greater than the resistance
of an equally thick layer of plasma. Substituting from Eq. (F19) into Eq. (F18),

we obtain -

2

2 ,

(lkc - ch ) A1 Jl (lkcro) =0 (F20)
and

(k~2 k"Z)A J. (k. r)=0 (F21)

2%¢ T 1% P P2ttt T Y
Equation (2.20) shows that, in general, lk‘c is not equal to ch, so we obtain
as the solutions of interest

A2 = 0; Jl(lkcro) =0 (F22)
and

Al = 0; Jl(zkcro) =0 . (F23)

These are equivalent, and show that only a single term (that is, i = 1 only) is
needed to describe the wave field in Eq. (2.23). No additional information is
obtained by considering the case 1k ch

In the experiment, we have typically (V /c ) (k_ /y ) Q) ~ 10 -8 in and
1/k_ ~ 2x10° "2 m. The cstimated value of £ from expenmental data is

'4x10'3 m..
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