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SUMMARY

Mesic decay of hyperfragnients is discussed systematically on 

the basis of our previous model for hyperfrapmonts. The general 

formalism for the two-body and three-body mesic decay is developed. 

The polarization-direction correlation and the angular correlation 

for the two-body and the three-body decays are discussed together 

with the decay probability. The formalism is developed so os to 

include the isotopic spin selection rule (Al “ l/2 and 1/2) for 

the mesic decays. The theory developed here is applied especially 

for the low mass number hy PCX'fragments where we found that the 

branching ratios of the two-body and the three-body mesic decays 
of 3ha and \ —> 3He + tt-)/(3Ha—> D + p + tt”) and

(^Ha—* ^"He -t Tf*")/(%IA-- > 3g + p + Tf“), can be used for the deter­

mination of the spins of both hyperfragments. The fraction of

the p-wave decay rate for the free A decay obtained from the 
C h
*xHeA—yRe + p + tt where the decay proceeds through two-rcsonant 
states (P3/2 and Pl/2^ 13 Eiven by p2/(s2 p2) » .4 which gives
the spin zero of in connection with the Delltz and lix plot and

hence odd parity for the kaon. The decay rate of the charged and 

the neutral modes is always 2/1 if and only if the condition ob­

tained by Okubo, Marshak and Sudarsban is satisfied. Finally we 

show that the final state interaction for the two-body mesic 

decay can be described by the pion and residual nucleus scattering 

phase shifts by making use of Invariance of the total S-matrix of 

the decay processes under the Wigner (weak) time reversal.
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1. INTRODUCTION
1 2We had, in earlier papers ' investigated the properties of /\ 

hyperfragnents in relation to the binding energies of the \ hyperon 

and It was pointed out that the experimental binding energies of 

the f\ hyperon for p-sholl hyper-nuclei can be explained by both 

antiparallol and pnrallol spins. The main results of our previous 

papers are the evidence £ov the preference for the antiparallol 

spin couplings for s-shell hypernuclei and hence the odd kaon 

parity » . The internal consistency of our model and method were 
discussed In succeeding reports-^'^. The method applied for the 

ordinary nuclei shov/s that the qualitative features (e.g. the ground 

state spins and the total binding energies) are In agreement with 

the experiments but a precise fit, (o.g. for the detailed level 

structure) cannot be obtained. It can be improved by making use 

of the intermediate coupling wave function for nucleons obtained 

from the current shell model calculations and couple the A wave 

function to it. This is rather satisfactory because the A hyperon 

is loosely bound (with a strength of about 1/2.5 of that of N-N forces) 

to the individual nucleons (compare the parameters given in papers 

cited above). But this Is a rather complicated procedure and misses 

the essential point of the problem. The precise calculation should 

be undertaken after arriving at the essential results. Therefore 

In this paper we will continue to confine ourselves to the extreme 

J-j scheme and study the main features of the mesic decays of hyper­

fragments. Among several investigations of this problem Dalitz and 

Liup have calculated the ratio of tx/o-body mesic decays to all decay 

modes making use of their variational wave functions for A = 3 wid- 

4 hyperfragments although they assumed the Isotopic spin selection
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rule AI « l/2 for A decay. The raesic decay of p-shell hyperfragraent
/

has been investigated by Lawson and Rotonberg but it is confined 

to two-body decays alone. The purpose of this paper is to derive 

a theory for the mesic decay of hyperfragments and to determine 

the properties of hyperfragnients as well as the nature of the 

decay interactions.

It is rather hard to determine the absolute lifetime of the 

bound A particle experimentally because it is hard to discriminate 

between hyperfragment decays in flight and decays at rest (for low 

energy production) and hence the ambiguity arises from the measure­

ment of the track length.” The decays occur through pi-mesic and

* It was pointed out by Professors Earth and T.eitner that the 

measurement of the absolute lifetime by a bubble chamber (private 

communication) has an ambiguity of about a factor of three.

non-mesic channels with several decay modes. The former is 

identified more easily than the latter because the maximum charge 

state and the suitable energy release make easier the identification. 

We want to investigate the spin states of parent hyperfragments, 

s-wave and p-wave admixture ratio of the free f\ decay, the Isotopic 

spin selection rule, AI 13 1/2 and 3/2 includi ng the phase difference 

of both amplitudes (we do not confine o urselves to the Al «= l/2 

rule) and so on.

The experimental information for the decay processes are rather 

poor at present except for a few hyperfragmentsj we summarize the 

possible topics for the theoretical investigations in the following*

1) Two-body mesic decay* decay branching ratio to the various 

residual states of the nucleus, branching ratio of TT”-meslc and



and Tr0-rne3lo decay, polarization direction correlation of the pro­

duced hyperfragment and the decay plon*
2) Tliree-body mesic decay: angular correlation of the successive 

emission of the plon and the nucleon if the decay occurs through 

the intermediate state with a definite angular momentum, parity and 

Isotopic spin (decay through a compound state of the nucleus),

3) Branching ratio of the two-body and the throe-body mesic decays.

In order to correlate the experimental Information with our 

method of analysis wo will develop a formalism in section 2, In 

section 3 we will derive a numerical table suitable for the treat­

ment of the two-body mesic decay branching probabilities for various 

residual states for configurations with both parallel and antiparallol 

spina of the parent hyperfragments. fleneral comments for each mesic 

decay are given. It is pointed out that in some cases the observa­

tion of decay modes x-jlll uniquely determine the spin of the hyper­

fragment, In section 4 we will discuss the isotopic spin selection 

rule from the two-body mesic decay. The poor experimental statistics 

of the neutral decay mode gives us no definite information. In 

section 5 we study three-body mesic decays but restrict ourselves 

to the A *= 3,4 and 5 hyperfragmenta and gave a convenient table for 

the applications. In section 6 we compared the calculated, two-body 

and the throe-body mesic decay branching ratios of A 13 3 and 4 with 

experiment. The proton decay mode of the A ^ 5 hyperfragment through 

two intermediate states anc* P1/2 *s oornPare^ with experiment.

Conclusions about the spin of s-shell hyporfragments and che fraction 

of the p-wave probability of the free A decay are derived from the 

comparison given in this section. In all these discussions we always 

consider the branching ratio: hence only the kinematical parameters
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are significant quantities in our treatment. In the last section 

we derive a relation which takes into account the final state 

interaction of the plon in the two-body mesic decay making use of 

the weak time reversal invariance for the 3-matrlx (section 7),

In Appendix 1 w© will summarize the calculation of the phase volume 

of the throe-body raoaic decay including the matrix elements. In 

Appendix 2 we pointed out that the parameters derived from s-shell 

hyperfragmont and p-shell hyperfragment binding energies favor the 

antiparallol coupling of spins for p-shell hyperfragments provided 

that there is no anomalously strong spin-orbit coupling of N~/\ 

forces. A brief communication on the principal results of this part
7

of our investigation has already been published.

2. FORMALISM

Spin 1/2 of the A hyperon, parity non-conservation in A
8decay and the possible isotopic spin changes Al «= 1/2 and 3/2

Qfor the decays into strongly Interacting particles' (we will consider 

both possibilities without refering to the usual Al *= 1/2 rule ) 

lead to the following form of operator for the decay of th© A particle

H {w!1/2) + d(V2) ]

-1 { al/2pD‘l/2) + a3/2p D<3/2>} ^ A
\

Z aAI.AJD
hl.AJ

(Al)
cr

J - - / *A 
( A J) / -i 2 \ ( A J)

h
(i)

( Al)
A,

where a A J' D' » <27 * 2 an<* P/\ are relative amplitudes

of Al, AJ-contrlbution, the operator in isotopic spin space,

Pauli spin matrix, gradient operator for the pion wave function and
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the magnitude of the relative momentum of the plon in free A 

decay at rest, respectively. From the conservation of angular 

momentum Aj « 0 and l, (We put p. in the expression for the p~ 

wave contribution so as to give the same dimensionality for both 

channelsj later on we will introduce more suitable names for both 

contributions for hyperfragmont decay, see below.)

A) Two-body Mesic Decay

We will develop the theory In such a form that the pion wav© 

function (including its isotopic apln v/ave function) appears as an 

operator. The space part of the outgoing pion wav© function is ex­

pressed by a aphei’lcal wave. The final state interaction can be 

taken into account in this expression either as a moan potential of 
residual nucleus for the pion*"1 or as a pion nucleus phase shift 

(see section 7K We do not want to include this problem In this 

first investigation because the kinetic energy of th© pion is at 

most 4° which gives only a small phase shift for pion-nucleon 

scattering. The spherical wave can be expressed as
e1^ = 1| tt Z (if j (kr) ( r)» Y^Uc), (2)

£ ,ra £

where (kr)^ Y (r) and (J^) are spherical Bessel function, and 

spherical harmonics of angles for r and k respectively. The part 

of the operator J^(kr)Y^m (r) makes the rearrangement of decay 

nucleon so as to overlap the residual nuclear states. For the 

rearrangement leading to th© s-shell and p-shell nucleons in the 

residual nucleus the term with ^ = 0 and & 1 remain| and £ ** 2

for the d-ahell nucleon and so on. Thus the outgoing pion wav© 

relative to the residual nucleus does not have 0 for s-wave 

pion of th© free lambda decayj similarly for the p-wave pion. For
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tills reason it will be convenient to introduce new names "direct 

teriBn and "derivative term” corresponding terras of a-wave and p-wave 

pion in the free \ decay. The derivation of the "derivative terra” 

requires some algebraic manipulst!6nJ we will carry it out shortly 

in the following.

The scalar product of is written in terras of Irreducible 

tensors by making use of the identity:

(k) (k)
T *U

^ „ (k) (k)Z <->q * q %
q

(3)

(k) (k)
where T and TJ are tensor operators of rank k.

^ A l‘\) (I V*
(T-k/p ® k/p (W3) Z (T Y (k) 
*" A A q q qA

(U)

(D -x U)
Introduce th©where we used the relation Y m (r) ^ 

convenieht tensor operator forms for spherical harmonics*

U)
Y m 18 < ^ ^ Aw)

1/2 [£)

m
and 1/2

m (k) »• ( j A^t) DU#raOfk)

(5)

(6)

The former relation is convenient for calculating the matrix element

in coordinate space and the latter relation Is convenient for th©
11

angular correlation problem . One other form of product of tensor

operator will be Introduced by

(ki) (k2) 
T U ql q2

y r ^ ^i)
A LT x u

1' v „(k2) H(k) „kl k2
J q Q! q2

k
q (7)

Using these relations we obtain

i k»r m—• —. SB
U)2 C/Ji^ J£(kr) Cra (r) D(^,mOjk) (8) 

£ ,m
direct term: ©
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Derlvative terras

I'E/IPa <■' i-k.r rs \!:/:i z
X,ra+q

Z to
$

f)</
L^-J

1 Z l\ r
0 i js (kr)
ooo

(t) (1) ( ^ )
C (r) X a- D( A ^-qOjk) (9)

J Tn. -1- ^

Thus far we have separated out the operator into the coordinate space 

part and th© raoraontura spaco part. The formlimn we are going to 

establish for the two-body raesic decay is generalised in a straight­

forward manner for the three-body raesic decay. The reader will 

find out that tho notation introduced here is a very convenient ono 

at that stage.
(1)

Introducing the isotopic spin wave function of pion t and 

treating it as a tensor operator w© can find out the total isotopic 

spin operator by the help of ihe tensor algebra introduced in (7).

The total expression of th© decay interaction is given by

H -- *1/20 ',2/3 lt(1> X D'l/2)

a3/2a J1/6 ['Ul) d(3/2) t(1/2)

1/2

Z [
•S #ra

1* j j. (kr) c
U)

' ~ ra "''9(r) D(v.raOjk)

+ {®l/2p [t(1) X d(1/2> ][y/l JITS [t(1) X d(3A) ]{1/y

y y

+ a3/2p 

i”' j , (hr) [C1Z.£1X ,£ , ,, , r„(<) X<T(1)]

A,ra+q
D{ A #ra+qOjk) (10)

This is the tensor operator form for th© larabda decay into a proton 

and a negative pion. It raust be remarked that the operator
t^^for Tf” state changed into t^^ in the above because it turned.
-1 ~ x
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into the destruction operator (i.e. the Hermltian conjugate of the 

tr field). We can obtain the corresponding expression for the 

neutral pion and neutron decay by replacing J2/3 and ji/6 in front 

of the isotopic spin operator by Jl/j and - Jl/3 respectively 

and the magnetic quantum number l/2 for the isotopic spin operator 

by - 1/2.
V/ave function for the initial and final states ^^ and 

are given in terms of French diagrams by

and

(11)

(32)

for the rearrangement of decay nucleon in j^-shell which is not 

occupied by nucleons of the original hyperfragment; and by

(13)
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for the case where there is rearrangement of decay nucleon in j2*3la0H 

(which is a different shell from the shell occupied by tho nucleons 

in the hyperfragment). The curly bracket on the French diagram 

show that nucleons in it are totally antlsynmetrized. The decay 

operator is not isoscalar so we have to introduce the wave function 

in the isotopic spin space (compare the notation in paper I).

Equations (12) and (13) are rewritten in convenient forms by 

making use of the coefficient of fractional parentage (c.f.p.)

Yf - 2 <Tfjf l w/2Ji > rt \U"H)T1*, J* T
Jjt'n+o (14)

and

^^“l/Jn + l t (‘M’l)

% j*
-Jn/(n+l) 2 (-) U( h jo?J0J2)

1i,T,
4 Jz

• (T0J0 | ^^1/2 J (15)

where the c.f.p. is given in charge-spaco-spin states. The 

coefficient U is related to the Racah coefficient by

U(abcdjef) « [ef j VJ(abcd|ef)f (l6)

where Le^ ] ^ (2e+l) (2f+l). It is clear that the second term 

of (IS) does not contribute to the matrix element for two-body 

mesic decay because the n-th nucleon has a different configuration 

from that of tho hyperfragmont. As mentioned before s-shell hyper­

fragment takes the same expression in both L-3 and j-j scheme. W©
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will .first calculate tho matrix element In Isotopic spin space then 

In space-spin space. A general form of the operator in isotopic 

spin space takes the fox*m

(1) (a)
t X D

(b)

1/2
(17)

for the decay Into the proton and tho negative plon. We have 
t

r (1) (a)
t X D

T 1/2 Tf 
m

(b)

1/2

(1)1//21 Cra 1/2 ^ <\l/2 || [t X D

\\o 
T

(a) -i(l/2)

(18)

]' o) cT,
bl/2 \la

The space-spin matrix element of the direct term is given by

w(;/z] jjfi< Ja>

(19)

[JiA] ^
X CL

where Rp and R^ are the radial wave function of the bound proton 

and the bound lambda respectivelyJ ^ is the orbital quantum number 

of the bound nucleon. The same for the derivative terra is given by
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- JT ie <Rp \}l (kr) ( RA)iTj]'

A ) W(i ^ 1/Zl/Z}!^)

qJ A.
"wjra+q mj

f

J + 1/2-J(-)a

[a3iA] 1/2 ie ^Ja (20)

where £ab»** /of*** j « (2a+l) (2b+l) •• /(2e-i-l) (2.f+l)... .

Combining all the calculations don© above we get the complete matrix 

element in the form

(f H 1^) *= <1 n+l CTa 1/2 Tf / /“s 2] <Rp (ter) |
m(J, 1/2 ra,r

(.ji/a-J l-jjl/2 P <Vf j TaJK l/23l> (-)Ja

ele

I
l

-1^273 ei/2o + Ji/6 a3/2oJ WU/S^O^ii Ja) 0" ' “f DU.mOjk)) I ,J i J,
ra m j m m j

+ FThT k/pft {b73al/2p+ Ji76a3A) j ^ Wd/ZJ^Jf) Ja A

W(f 7.1/21/2,13,) 00 0 o ^ 0m +<5^ DlTV^+q 0,k)
u

(21)

The factor J[n+lT in the front of the right hand side comos from the 

Indiatinguishability of the nucleona in the final state in the j*|>-shell. 

Tho corresponding matrix element for the neutral mesic decay is ob­

tained by replacing the coefficient of the decay amplitude and tho 

magnetic quantum number for tho Clebsch-Gordan coefficient as we 

discussed for the derivation of the operator (see the discussion
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under eq. (10)).

Tho decay Into final state (15) ia obtained by replacing (n+1) 

by 1 for both mesic decays. Other kinematical factors shouh also 

be changed into the corresponding quantities, ^or instance, into 

J2 etc.

(a) Polarization-Direction Correlation

Before calculating the decay probability we wish to talk about 

the polarization-direction correlation which is possible only if 

the hyperfragment produced has a non-zero spin and a definite 

polarization. The kaon absorption in flight by the nucleus and tho 

consequent production of hyperfragment and plon can produce such 

a state. The pdarized hyperfragment decay gives an asymmetry for 

the momentum distribution of the decay pion. This will become one 

of tho independent test for the determination of the spin of 
from its ddcay in K* + ^ile —> + it*' experiment3"2 and hence

the relative parity of the kaon. Although the above experiment 

was done for the kaon absorplton at rest up to the present. Most 

of the hyperfragments are observed in nuclear plates and hence an 

associated emission of many nucleons makes ambiguous the polarization 

of the hyperfragmont. The state of the polarization is specified 

by the magnetic quantum number mj of the angular momentum J of the 

hyperfragment. Thus in the completely polarized state only a 

definite value of mj Is allowed. The absolute square of (21) with 

no summation with respect to mj gives the probability of the corre­

lation. The example discussed above will be shown explicitly at 

the end of Section 3*
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(b) Decay Pi-obability

In computing the total mesic decay probability v;e will first 

"rotate” the matrix element (21) in the momentum space so that the 

argument of the third component of tho D-function changes from 

zero to M and then wo will take the average over tho Initial spin 

for the absolute square of tho matrix element and sum over tho 

magnetic quantum number of th© hyperfragmont. (No summation should 

bo taken for raj in the correlation problem discussed in (i) above.)

In carrying out tho above procedure wo will, employ a few mathematical 

tricksj firstly for the absolute square of the D-function, where we 

will use the following relations

D*U,m,MjR) «. (-)H“raDU,-m,-MjR) (22)

where R Is the rotation with respect to Fulor angle apy, such that 

the coordinate system describing the pion propagation vector is 

carried over Into the quantization coordinate system.

(23)

D( l)l,m»,M'-M}R)

etc. where ^ 1® the possible value of th© trianrfb (^,^’, !^)* 

Secondly ono has to take the summation over the triple product of the 

Clebsch-Gordan coefficients of the typo
2 (-)raJ cJ 1 Jf c.

mjraj -Mj i„m 'raj J^-m
Jf ^ ^

m -ra T m1 T -m ,J Jf Jf J

>>

J r _ _ Jf* Jf ^* (~) [Jfjc,Jf ra _ -m* 1 W(JfJf £ l* i ^ J) (21+)Of of

etc. Performing the type of tho calculations shown in (22)-(2l4.) we

obtain the correlation function, E(mT , m* ) in the form
Jf
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Summations here on the right hand side are over ^ ^2* ^2*

)) ^, }J M and I!’. As seen from this expression tho correlation 

function is independent of the radial Integrals if a pure configura­

tion is important for th© residual nuclear state. There is no prefer­

ential direction in the two-body mesic decay? so we can put M’-M =

ml -mT = 0 and thus the D-function is reduced to a Legendre function: Jf

D(y ,00jap 0) = (cosp) (26)

The decay probability is obtained by integrating over the plon 

momentum k multiplying delta function of tho conservation of energy 

to the correlation function deduced above, (25), summed over the 
magnetic quantum number of tho residual nuclear states in non-rolativistic 

limit:

wfi " dk <f(E
1 f

m’ Jf

E(mT ,ml ) (27)

Integrating over cosp we will find out that only 5 13 0 term contri­

butes to (27). The cross terms between direct and derivative term 

in (25) vanish by the conservation of angular momentum. Using the 

relations

0 1 1 = (~) 1 
-MM’

Jjn't"^ *»
W(JfJf^1^^;0J) c (w) x

r^ir/Cb ]1/2

j r 1/2
(28)

etc., the sign factor aftei' tho radial overlap Integral in (25) 

exactly cancels out and we obtain w^ in a simple form.
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wfi
” (n+1) tJf] (CnTl/2 r4f ) <Rp |

1/2
*1/2*. +Ji7?a3/2= 2 ih)

* - 2

J «> S /

^ Vzs + ^ a3/2=

+ 6 k^/

VJ(l/2j1JJf?^1Ja)VI

/l 1 A

[Jl^lf72 (VflW

)|i273 ai/2p + ^ a3/2p | -

J^l/2j1> Wd/BJ^ Jf| JaA 1/21/211^)

:ZCA](C
^ 0 0 0

2 (29)

where p and k are plon mass and relative momentum of the pion and the 

residual nucleus. We made an approximation that the pion mass ia 

small compared to that of tho residual nucleus. In the exact non- 
rolativistic approach we have to use the reduced mass Hp/li+p) in­

stead of p (where M is tho mass of the residual nucleus).

B) Three-body lie sic Decay t‘ rough '’Compound nucleus"

(i) Angular Correlation
In moat of tie three-body mesic decay the plon will bo emitted

without appreciable final state interaction because of the email

phase shifts of the low energy pion-nucleon interaction. On the

other hand the nucleon will have a strong final state interaction

with tho residual nucleus because of the existence of the various

compound states of the nucleus. This confines tho spin and tho

parity of the outgoing nucleon and the residual nucleus. It will

provide means for the investigation o£ the unknown nature of hypor-

fragments and. the structure of the decay interaction of tho A hyperon.

Therefore we will first formulate tho case in which the outgoing

nucleon decays through the compound state. The ^ifetimo of tho
is

resonance state of the order of the nuclear lifetime so wa will 

expect th© disturbance in the intermediate state of the problem 
is very little’^. The (differential) probability for this channel 

will be given by the product of two correlation functions by taking
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the complex conjugate for ono of thorn and summing over the magnetic 

quantum numbera in the intermediate stato* ono of tho correlation

functions being for tho pion emission and the other for tho 

nucleon emission. Tho first ono is given by (25) replacing the iso­

topic spin tho spin Jf, by their .1 n termed late values Tj and

Of course all other quantities appearing in the final states should

bo taken tho same as the intermediate oneo. In order to obtain tho 

second ono we expand tho nucleon wav© function in piano waves:

1 p»r•«*«< <Wvrt

» u(p)Z
L.M

L j (pr)Yrj;.(r)D(r,,MO(£)

{4TfLL])1/2lL jT(pr) ZI cJ 1/2 -1 L/\i D(ViO|£)
LPM

H*hna
(30)

where u(p) is tho Pauli spinor. Tho correlation function^
(?)E (znT .ra* )9 is given by 

(2) . . . ^ I ]-/2. \2 r ^
E “ (-) h i ^ 1/2 n;J

(R |Jl,(pr)>2 Z C,/* CK
^ Jr J M+ro-

2
J M-H?}., J'\T Fi^s j 1 
a D a __

m C
3 M na

litsTO,0Mj+H'itJlg
r» p JIJI ^

dll W(JIJILL»J V Jf) D( (31)

where we h;ive chosen a general coordinate system in momentum space 

and corresponds to the general rotation. Making use of tho 

orthogonality of tho Clebsch-Gordan coefficients

2 Jr J-r Jr J-r
c
II I-I

m
-m1 T m T -m TT Jj JI JI JI (32)
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end the relation for the product of D-functione 

I>(>’,pt1}CR1) D*(

“ ^ )D( ^ )

D( >!,t2t1;^2~1^1)l> (33)

whoro (Hg" Is the 1 nvorso rotation to (Rg and tho rotation 

la that rotation which carries the coordinate system of the pion into 

tho coordinate system of the nucleon. Wo h^ve tho double correlation 

function, W, In tho form

W ® Z (1) (2)”
12 (mT #m* T ) EV (“J #ra,J ) 

I I

(n+1) { Tl }' { ^ T'j/2 < J,,(W| V < R|.l

aor r I IM11 7 r u J' r J’*J|" T ^ L ^ Ji r L'

h

< T,- Ji | X J* *1 Ji > < Ti- Ji' T=< J*‘ '4 Jl >

[ I(% 4is + 0^i5\2 W aJ'J Ji; 'lW U ^ J Jl' ll' 

<-r c'1 ^ w UtJt w JJ)
-n
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-r<i?iT \ cj%4+ m 4%i)' (f% 4^ f 4J<t)

W (j£ i J Jl; u i) VCk 3 Jl Jl; XtAO W'( (lA-ii H; 14) Jx'<->n
VCJiJi ?iA'jy J)

- RI^j \ C!^ \\t 0% s h ^

Ji; j^x)_v^^^ ; iJj- - ^J Ji; ^-ki) c o o e) Q.^

\TCliJiXQi ^

-v 6 c5.i li % I r% \|. -v- r a>£»> i2
Ti+^

(3ii)

C
1A ^ V 1 A' - - - ^ /-AAy ^

0 0 c o o
[ax'] (-)"■ C

AtT\+'T». W CJi Jixx * y J^)
J

•(-3m C L L" ^ Ji Jj L U ; v 4 ) I) (^ %i ^ 1 ^0,
-N ^>N

where D*»funotlon ia the function of tho relative angle between plon 

and nucleon rcosaenfcuias In the general coordinate system* The knowledge 

of the direction-direction correlation of momentum distribution of 

pion and nucleon io obtained by putting t.^ *•■ ~ 0» As seen from

(34) th© correlation is completely determined by tho angular momen­

tum if tho decay occurs through tho pure intermediate state* The 

multiplication factor arising from the radial dependence is uniinpor-
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tant for tho correlation.

(ii) Decay Probability

The three-body raeaic decay probability, is obtained by

integrating correlation function (3^) (keeping t^tg^O) over the 
raoraenturaa of the pion k and the nucleon £ multiplying dalta-function 

for tho conservation of the total energy.
05)

where tho multiplicative constant such as the weight factor with 

respect to spin is neglected. Fixing th© direction of the prbton 

momentum as a reference system tho argument of th© T.egondr© polynomial 

p(arlsing from D-funotlon in(34)) exactly the angle between k, and 

£ in. the new system. Then tbs> integration for the angle of £ will 

give Rnc* th© total integration reduces to the integral for the 

relative angle and the magnitude of k and p. Rewriting the delta- 

function in a suitable form we obtain wfi In the form

where p, m and M are masses of tho pion, nucleon and residual nucleus 

respectively. This integration can be done analytically if w© specify 

the rank of the Legendre polynomial (see Appendix 1).

(C) Three-body lieslo Decay without Compound Nucleus Formation,

The p-shell nuclei have so many level that the outgoing

nucleon will have final state interactions corresponding to each 

level of tho compound state. Even if there is no appreciable lev©!
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structure tho ground state can contribute to th© final state inter* 

action. In boko of tho decay process the outgoing nucleon has a 

proper energy and no appreciable final state interaction appears, 

for instance, for s-oho11 hyperfragment decay. In order to treat 

this typo of problem wo will develop here formulae for the three- 

body raoslc decay without final state interactions. The decay Hamil­

tonian is given by (10) and tho outgoing nucleon is described by 

(30). Tho wave function for the final state with the angular noiacn-

tura is given by the decoupling of tho nucleon wave function with 

the angular momentum j and the residual wave function with the 

angular momentum Ja» Thus the CXobsch-Gordan coefficients give the 

possible weights of tho admixtures. The space-apln part of tho con­

tribution of tho direct and derivative term Is given by

tev»v - — 2 <Js. l jtd RA >

z c

A

2 C Z. »
n ^ Q~)

n\_

(37)

and

4

wc.y CJ]11 ;

. 2 iDerivative term « J( .PPrc ^ ^ ^< JoA K)\\ )> C Jj ^

r A i A y r R ^ J r JA JS- 
Jj. ^ U

(36)
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The matrix ©loraent for tho process is given by
"T, ^ „<+ih\o = z (cJ;J^4 )/r5 z

'U ^ 'j- (>
<j((w|j«tw|ra> (-)'s~jz wj,<7 fe%J

w(43Dce.^oia)-
t

‘D(^ h o;

•JTcu r r wr> t -A 1 A^., (iJj W(?A^iijJ

r e 1 A r ^ ^-0 0 (~,
0 0

\y"-l T J VV V\ 'V t
JA Tr .

\( DCA^^^^.0i\) DC^hO;i)

(39)

whore tho first sum on tho right is over the possible value of the 
isotopic spin for the residual nucleus and the outgoing nucleon#
Tho summation for tho angular momentum state is not given explicitly.
In order to calculate the decay probability we have to take tho

magnetic/
absolute square of eq* (39) and summation over tho final (. quantum 
numbers and average over the initial spin. The procedure of the cal» 
culation of the D-function will be done in the same way as we did 
in paragraph B). The result is given by

v =

M'

< l Ra >

< I VC*.y;| Ra > (-) [Jj'j r ^.
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I
wher© ^ and p are now quantum numbera appearing after the absolute 

square of the D-functions for the pion and nucleons respectively.

The probability is obfcainod in the same way discussed, in para­

graph B*

3* Two-body Moaic Decay: Applications.

Wo want to apply the theory developed in the proceeding section 

to the two-body mesic decay processes In this section.

(1) Decay probability

As seen in section 3 all the raeaic dedays are described by the 

absolute square of the radial matrix element with numerical coefficients 

arising from the number of nucleonsy the spin of the residual 

nucleus, the weight factor from the charge space 2rfpk; and the ampli­
tudes multiplied by the kinematical factors (see eq. (29)). The

amplitudes ( fz/3 a^s + J1/6 a3/2s^ and (J2/3 + i1/6 G3/2p)

contain tho reduced x^atrix elements in charge space. These are for 

the charged raesic decay amplitudes# For tho neutral mesic decay 

we have to change numerical factors of the amplitudes as we discussed 

in section 2 (see the discussion under eq, (10)), We will first 

tabulate the kinematical coefficients and then discuss for individual 

hyperfragraents.

-26-
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Table 1. Two-body Moaic Decay Probabilities

Decay Scheme J Coefficients of

Radial
Term

Direct
Term

Derivative
Terra

3H^->»rr“+3He 1/2 1/2 6 lA 1/12

3/2 1/2 6 0 1/3
5Ha-> rf0+^H 1/2 1/2 6 iA 1/12

rf“ Ale
A

3/2 1/2 6 0 1/3

0 0 2 1 0

1 0 2 0 1
^He ^ Tr°Alo

A
0 0 2 1 0

1 0 2 0 1
6Ho.-^w“+6L1

A 1 0 1 1/3 0

1 1 3 5/18 1/6

1 2 5 1/6 1/2

1 3 7
*

0 1

2 0 1 0 1

2 1 3 1/30 9/10
2 2 5 1/10 7/10

2 3 7 i/5 z/s
7H0A^Tf"+7U 1/2 3/2 k 5/24 25/24

1/2 1/2 6 2/9 0

1/2 3/2 12 1/24 3Ao
3/2 1/2 6 1/72 3/16

3/2 3/2 12 1/18 3/20
8LlA-^tY0+8Ll 1 2 20 1/30 1/10

2 2 20 1/50 7/50



Table 1 (continued)
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Decay Scheme J

Radial
Terra

Coefficients

Direct
Terra

of

Derivative
Terra

^Li —
A

3/2 3/2 40 ,3 1/5 1/5
5/2 3/2 40/3 1/30 1/10

9BeA-^Tf°-^Bs 1/2 3/2 2.0 5/24 25/24
A 1 0 6 1/3 0

X 1 9 5A 8 1/6
1 2 30 1/6 1/2

1 3 21 0 1

2 0 6 0 1
2 1 9 1/30 9/10
2 2 30 1/10 7/10
2 3 21 1/5 2/5

10 0 in* Be if 'il-1 BOA 1 0 6 1/3 0
X 2 30 1/6 1/2
2 0 6 0 X

2 2 30 1/10 7/10
10BA~>Tr“'t100A X 0 6 1/3 0

2 0 6 0 1
ii «. il

A 1/2 3/2 56/3 1/2 5/2

1/2 1/2 4/3 1/14 5A4
11B -» tr“+110 5/2 3/2 28 1/6 1/14

5/2 1/2 0 0
7/2 3/2 0 0
7/2 1/2 0 0



Table 1 (continued)
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Decay Scheme J

Radial
Term

Coefficients

Direct
Term

of

Derivative
Term

11„ 0 llnB. -J'lr + BA
5/2 3/2 28 1/6 1/14
5/2 1/2 0 0

7/2 3/2 0 0

7/2 1/2 0 0

1/2 3/2 56/3 1/2 5/2

1/2 1/2 lt/3 i/ii+ 5A4
12BA-^ ir“+12c 1 0 k 1/3 0

1 2 5/2 1/3 0

2 0 4 0 1

2 2 5/2 1/10 i/5

1 1 3/2 1/1.8 1/3

1 2 5/2 1/6 0

2 1 3/2 1/6 0

2 2 5/2 1/10 0
13CA-^tr"+1% 1/2 1/2 2 1/2 1/2
^30A-^tfC>+33C 1/2 1/2(p) 2 1/2 1/2

1/2 1/2(a 5 2 1/2 3/2
1^C/N^Tr*’+1Sl

0 1 6 1/3 0

0 0 4 0 0

1 1 6 2/9 1/2

1 0 4 1/3 0
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Table 1 (continued)

Decay Scheme J Jf

Radial
Term

Coefficients

Direct
Term

of

.Derivative
Terra

160 0+l60
A 0 0 2 0 1

1 0 . 2 1/3 0
170A^ff-+17F 1/2 5/2. (d) 6 1/2 7/2

1/2 1/2(8) 2 1/2 3/2
17oa^„V7o 1/2 5/2 (cl) 6 1/2 7/2

1/2 1/2(s) 2 1/2 3/2

Notations a and d in the bracket after show the configuration 

of the decay nucleons which, are different from the original configura­

tion of nucleons*
mn—mmui— -------- ------ -----—   -------- ^   r-1—-   -  r-' 11 m r r - irnirii' i mi i- i-|-T<ifi|-ii i Hi n ' i'i TiiTin niurmri ii-iiitii>i«lniiflliilK,wi»—imM

Assuming tho same a-wave and p-wave rate in the decay interaction

wo can discuss about tho decay branching ratio using Table 1* W®

will give an example haw to use the Table and analyze the more
1 0interesting examples, T.et ua take B©Aj negative raesic decay which

leads to * B+tr"”* The hole-hole configuration of p^p-shell and

all four states belonging to this configuration are stable| hence

the branching ratios to the spins and 3 are very interesting.

They are obtained to be 2*lj.s20*2i and 90?lij.0J3^0s 139 for th© anti-
10parallel spin and parallel spin of Be^ respectively. These ratios

aro not sufficiently sensitive so it ia better to find out more
1 "Icrucial examples« One sees from Table 1 that decay into the

negative and the neutral two-body decay modes are allowed only for 

spin 5/2, Thus the observation of the two-body decay mode uniquely
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determines the antlparallel-favoured spin for p.^0»sholl hyperfrag­

ments. Another less definite example is the two-body decay mode 

of where the dec8y into » 0 state la forbidden for the anti-

parallel favoured spin configuration. This will be used for the 

determination of the relative preferences for parallel-spin and

antiparallel-spin configurations for p - -shell hyperfragments.
i/d

(ii) Polarization and Direction Correlation

f the 
K ~ -t

Tho case of the cascade decay
^ He —* HeA -t ^

X
()*l)

(1+2)

may be examined. The correlation will be obtained only for J « 1
for Sle^ • Assuming a complete polarized state for # J - l,mj * 1

leads to the correlation^ W( 9)s

W C9) f i J if ^'J V’i| v I (1+3)

Tho distribution of the pion momentum with respect to the direction 

of the polarization of '1-He^ is symmetric with respect to the decay 

plane. There is no up-down asymmetry hence the correlation probability, 

X, is defined by
, ^ f,v-

X ol ^(6) si^e

X

w (03 X(3 2 0+1+)

The value aP^ is compared with the experimental value where 

is the polarization with magnetic quantum number X»
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4. Isotopic Spin Selection Rule

We will consider the isotopic spin selection rule in this 

section. This can be done from the decay branching ratio of tho 

negative and the neutral pion modes. Unfortunately we do not have 

enough data for this purpose so we will confine ourselves to the 

theoretical investigation and show by illustration how to apply 

our ideas to the problem. In order to express the formula in a 

compact form let us introduce the following short notation

s - i'i *ks + ^= k'h ^+114 ^-kO

S'= fv3 ^-m -rs5cihi’)

The branching ratios of interests are given by 

nr 3H\

^ (JhU 3H + ^°) Is'!7’+ ^3 IKl1' U|.6.a)

for J-

f'Be -v^:) |5\x

-yr i.'1 Lc ^ IS'T
J — Jjr - 0+6.c)

l/3 15^ -V hr 1H2' 

k, |5'\Z + 3/? IKI2"
f or J ~ ^ ^ - h (l|6,d)
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for- 3=-^ ^ ^ (46<*n)^~CIJCA —> '3n -v js|1 v IH1-
^rCl3CA 3-^03

As stated earlier tho parameters which v/e are using are delated to
9

those for free A decay of Okubo et al by
a4s =A, <411 C^x D^j^,||o>

= A3<4HC4') o> <47"a

au = 61< k ll C-tuh Oty]^i))|0>

= T33 < k II Cf'x °>

**' 0 AThe reality of kt B and rt 0 n brandling ratio of the free l\ decay,

2/l# give
a3 - 2.rr A-i ,

If we write reduced matrix element in the form

B, nr B-
/ I. *7 Vv \

IT <k II [<c,), Dt!iJJ(y|| o> <y h'd »> (U7.o)

we see that conditions (J4.7) give the ratio 2/1 for all th© cases 

of {4.6)® One may consider also the decay branching ratios of the 

same hyperfragment to the different residual nuclear state for tr 
and tr0 decay which is not always 2/1 even if w© confine AI « l/2 

or 3/2 rulee But the ratio does not change In the case with the 

simultaneous contribution of AI » 1/2 and 3/2 rule.



5* Three-Body Mesic Decay (Numerical)

(a) Nucleon through Definite States in Decay 

—Directional Correlation—

It Is well known that the directional correlation Is a good 

technique to determine the spin of the nuclear states. We will 

consider the pion and proton directional correlation for assign­

ments of tho various possible spins of hyperfragmenta. Now we are 

cohsldering tho decay through the definite spin (parity) of tho

nucleus so that the single j, and t-{Z ~ L ~ l) contribute as tho-*■ ll
Intermediate state of tho proton and the residual nucleus Interac­

tion* Assuming the angle 8 between the directions of the pion and 

the proton we have the correlation function in the form

(48)

where
D (1,00; <50 =

andCRls the short notation of (see (33))® The cross terra

between the direct and derivative terras vanishes for the cases 

which we are interested. The coefficients a^b,,*., g are numbers

given by

MW b 'VfVp

c

= hr Cl j jj£ , i j^) w"(i<3 j jj o

n c ^ °
- [Jf3/ c n 0 wdl^0 J c 3 ~N,V

(49.b)

(49.c)



where we used the relation
L j \ ^z (^/ y = s w/2.

1 = 2; atvz tvUxJx««^J)wNC^

(11-9. d)

e — W C ^ J jJx > Jci.A-) W Jj jr ; j^a') W^A ^ 1 j ) YJ (i A' hk j l A) ■
IA r l ± X

0 0 ^ 0 o C A A J
(49.e)

^ - f CJfA ^c!yi° wUxJxaa^o^^c^A wtejjte;
ojA 

(49.f)
Z C\V Jf AAA' 2j) CAN C; W(Jx Jj^e j 2 J}y

Ji

(49.g)

The classification of the coefficients given here is convenient for 

the calculation. We will calculate these values for the various 

intermediate spins Jj for the decay of the three hyperfragments 

with A *= 3,4 an<J 5« The throe-body mesic decay of ^ is given by

3 Ha D + h + ^
(50)
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The bound state of D + p# -^He, Is which gives rather strong

effect because it is strongly bound state. Other intermediate 

states can only bo possible for p-wave nucleon. We neglected d-wnve 
nucleons in computing the table (see Tablo 2). The decay of ^HA

and is given respectively by

H \ 3 H + S' t nc (5D
and

^ He^ —> 3 He -t ^ ^ . (52)

In these decays we have also considered up to p-wave protons.

Tho decay of He^ is given by
r 'tHe d- ^ d- 'K' (53)

This is a typical hyperfragment decay with strong final state inter­

action of the nucleon and the residual nucleus through P^^ an^ P]|/2 
channel. The spin of ^H© is zero so the proton state is equivalent 

to the total J^. We tabulate all the cases discussed above in Table 2.
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Table 2. Three-body Mesic Decay-Nucleon through Definite State in Decay—

¥--- 3l-IA^D p + Tr~

j State 
of p a b c d e f g

1/2 1/2 1/2,3/2 31/2 6 1AJ2 1 0 3 A/6 1 0
‘3/2 1/2 1/2,3/2 61/2 6 0 0 0 1/2 1 0
1/2 1/2 1/2,3/2 p3/2 21; 1/9 1/6 0 0 0 0
1/2 3/2 1/2,3/2 p3/2 2k. 5/72 1/12 kAS 5/8 73/120 13/300
1/2 1/2 1/2,3/2 pl/2 12 1/36 1/6 0 1/8 /3/6 0
1/2 3/2 1/2,3/2 Pl/2 12 1/9 1/12 13/180 0 0 0
3/2 1/2 1/2,3/2 p3/2 2lj. 1/144 1/12 0 25/144 1/20 0
3/2 3/2 1/2,3/2 p3/2 24. 1/36 1/6 16/225 5A 1/80715 0
3/2 5/2 3/2,s/2 P3/2 24 1/256 5/54- 4/135 35/48 1/18 38/2205
3/2 1/2 1/2,3/2 pl/2 12 1/9 1/6 0 0 0 0
3/2 3/2 1/2,3/2 pl/2 12 5/72 1/6 2 0 5/24 1/4 3 0

Ia-hAi + p + rr‘tt-

0 0 0 sl/2 k 1/2 1 0 0 0 0
0 1 1,2 P3/2 9 1/6 4/27 2/21 0 0 0
0 2 1,2 p3/2 9 0 0 0 5/2. 4/75 4/75
0 0 0,1 pl/2 9/2 0 0 0 1/2 2/3 0
0 1 0,1 pl/2 9/2 1 2/27 2/21 0 0 0
1 1 1,2 P3/2 9 1/36 4/27 1/21 25/12 4/4-5 1/97105
1 2 1,2 P3/2 9 1/12 UAS 28/45 5/4- 4/25/15 1/150
1 0 0,1 P1 /2 9/2 1/6 2/9 0 0 0 0
*5all* 1 0,1 Pl/2 9/2 1/9 2/27 5/108 25/12 2/45 1/12
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Tablo 2 (continued)

' o -Ale 
\

+ P -4- TT

J •Ti h State 
of p a b c d 0 f g

1/2 3/2 1/2.3/2 P3/2 72tt 1/8 1/12 1/12 25/8 1/20 1/20 .
1/2 1/2 1/2,3/2 Pl/2 36tt 1/4 1/6 0 3/4 1/2 0

•i

(b) Nucleon with no Dofinite State

In this case we consider only s-v;uve proton because tho decay 

proton from s-stato A stays in s-state without having interaction. 
Tho correlation function for , ^1-1A and ^IIeA decays are given

by

£ IS)1 { Y vc' D (2,

+ 2 V|.A 0^. C S* (.) ^ D U, o 0^3 

+ ^z. |Hz D +r 0(2,0 0^3) J
(54)

The results of the calculation are given in Table 3



Table 3. Throe-body Moaic Dec ay--Nude on with iTo Definite State—•

'5- p + iT

J X a* b5 c1 d* c * f9

1/2 1/2,3/2 2 1/4 fF 0 -1/8J3 1/24 1/4-8

3/2 1/2,3/2 2 0 0 0 7/32 i/?-k

+ P + Tf“

0 0,1 1/2 1/2 0 0 0 0

1 0,1 1/2 0 0 0 n/54- 1/27

It is seen from the table that there is an asymmetry for the

pion and proton an gul ar correlat ion for the spin J = l/2 state

decay of but no such term for the J = 3/2 state* For

decay J «* 1 state contains P-, teriri about one-fifth of term but 

no berm for* J «= 0 state,

6* Mesic Decay of A » 3,^ and 5 Hyperfragments and their Spina 

For the mesic decay of hyperfragments with low mass number 

there are comparatively adequate data in contrast to the case of 

high mass numbers} so w© will confine ourselves to mass number 3*^ 

and 5 hypernuclei in this section and discuss them rather In detail. 

The Important data is the ratio between the two-body and three-body 

mesic decays of A - 3 and 4 and the three-body mesic decay rate
5

of He^ through the unstable ground state and first excited 
dstate of ^He, Assuming no final state interaction for the former 

we can determine whether the parallel spin or antiparallel spin
*5 j

coupling is favoured for and ^ . From the latter we can



determine the mixing rate of a- and p«tjav® for f\ decajo V«Te will 

start from decay0 For J « 0 only the e«wave pion and nucleon

contribute* For J « 1 p-wave pion and s-wave nucleon contribute*

Thus tho numerical constants arising from the arbitrary normalisa­

tion in our formalism for tho relative decay rate of two-body and

three-body are determined from the decay of both for th©
Jj

parallel and antiparallel spins of Ii ^ decay* This simple minded 

result arises only if the outgoing nucleon in in s-state both for 

and decays* Wo will arbitrarily introduce the constants 

and C2 for ^ decays by

W j = 0
(55,a)A + 'K~) Cl I ft <-his v;

^ ^rtk CV'%13 i Jf ^ k j> H- if % I 4 j or J = 1
(55*b)

andlocr OHa JH + I’t ~) ~ ^ f C1 ^'Jr| i r3'd-^ v i% ! hY J= (j
(56*a)

^ lx c2 0-12 | 'ff ^|-S (56*1
b)

where k/p » l,32. Wo can determine tho ratio 0-/0 comparing with A i. £3 It
the experimental rate'“r of

oat (1 H/v ifHt +^z) U V /
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r This value fixes C^/Ch,* 3/5 l/3 for J ^ 0 and 1 respectively,

Using the sarae definition of C and C, we have,X ^
3He + = S 2^ i- Ct j 0.25- |I5

-v 0-11. 1% a^^' j S- or Ix,

(57.a)

t 2 "H. Ct | 0-33 ||^5 "h

Hr- J= ^̂2
(57.b)

MT C 3HA ft + Tt -;) ^ I tax. \\ Q
-2.

1 o.c^ (f%a^ h>6 44

1 o.oy d R f ?- f °1- J - ^

C2 0.27 I -f (5B.a)

5°r- J =. 5,

(58.b)

It must be remarked that tho asymmetry term with respect to 
pion-nucloon correlation does not vanish even for tho total decay 
probability; we obtain from (57) and (58) the relations

UT(3HA 4-At/) ( yj- ) Ct
_________ _________________ V _____________ ___________ ( -r- j+ K^C) ^ ({,.? +0-7^x-t 2-5x1) °r (59.a)

for 3=3/,
KO hi



where

s -r j ¥
(60)

If we use C-j/Cg obtained from the decay we have ~ 1 and 1/3 for 

(59.a) and (59.b) respectively, Experimental data for (59) is 

l;/8 = .5 thus we cannot give a definite conclusion from this inves­

tigation but the ratio 1 and 1/3 is big enough for a final decision 

(compare also our previous report').

The decay rate of + p + tr" through the ground state

P3/2 and excited state Pjiver!l by

rhr* = (|r| 1's5-KP/(Z0-6Xp (61)

where w and v/”£ are tho relative probability of the three-body mesic

decay through the ground and the first excited states respectively.
The experimental rate of (6?) :1s ~ 54/18“3/1^'’ which gives ~ 0.6

and p /(pc + s ) “• O.4, This ia consistent with the value obtained
5;

from the free A decay, 0.2 - 0.8 » If we accept the value 0.4 

Dalitz and Liu11s calculation for the ratio of two-body decays to 
all the mesic decays for ^11 . definitely gives the spin 0 of the 

a and hence spin zero for ^Ile^ by the charge independence of 

N-A forces. Thus we are again led to the conclusion that the kaon 

parity is odd from the observed

12
reaction

K ~ + >%v {62)



7* Final State Interaction In Two-body Moslc Decay

Assuming the weak time reversal invariance-^ for the decay of
17JV hyperon we can express the matrix element of reaction matrix 

of hyperfragment decay in terms of the absolute value of the matrix

element times an appropriate phase factor from the plon-nucleus
18scattering . Expanding the amplitude corresponding to the two- 

body meeic decay in partial waves (as we did in our formulation) 

wo con write the partial amplitude in the form
Jt | RT (L) | eac|?.i(ST (L L)) (83)

whore Rrp(J#L) is the absolute value of the particle amplitude.

Is tie pion-nucleus scattering phase shift, T,J and L are

the total Isotopic spin in the final state, total angular momentum

and the relative orbit of the pion and the residual nucleus*

It is especially Interesting to see the effect to the iso-
3

topic spin selection rule* As an example let us take H^ decayj 

wo have the following relation from (I|6.a) and (R7)'«

w(jHa 'He 

oaT C3Ha —> JH b

z e ‘ Sji 1
(6)4.)

whore C 1, C®, C ’ , are the pion-^He scattering s-v/ave, p-wave
dl d3 dll 31 , R ,

phase shifts in Isotopic spins 1/2, 3/2 respectively and $ —» /Ail 

We have no aballablo data for pion-nucleus phase-shifts at about 

lj.0 Mov* If we assume that they are about equal to the mass number 
of the residual nucleus times the pi on-single nucleon phase shlft^ 

wo obtain an appreciable effect to the ratio (6)4.)* Using tho experi 

mental values of plon-nucleon phnso shifts'*-^ (P 13 G°, $ - -4°»
(n „ r - 13
^ - 0 and 8 ~ 0 the ratio of the s-wave contribution changes
11 31
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frora 2/1 to ^/4 which is an appreciable change. Thus uo conclude 

that the pion-nucleus scattering phase shifts at about 4^ ^ev Gr® 

very important for the determination of tho isotopic spin selection 

rule from the two-body meaic decay of hyperfragments.
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Appendix 1. Into(Trala for the Tlrreembody P’eaic Decay Probabilities

The integrals appearing for tho three-body mesic decay probabili­

ties are given by

A - jlq ^ S CQ ^t: y •z^j_

- F(K K ^©X

where £p k and Bk»Tn2*rn3 arc mo^m'itums and masses of the residual 
nucleus^ the proton and the pion respectively, Q is an angle between 

tho momenturns of proton and tho pion. The scalar function F(p^k^cosG) 
takes 1, k^pX k^p^ cos ©„ k cos^^ cos©, k^, p k^coa ©

and k^p^ oos^Q for the cases in which we ore interested. They com© 

out from the spherical wave expansion of the pion wav© function. The 

argument of the Bessel functions appearing In tho expansion Is small 

so that we may take the lowest terras in an expansion vrith respect 

to their arguoment. After performing an integration with respect 

to ^ we obtain,

A = 2A2ut)z m.L J kAk.

)^ y t) (A.2)
* F f |b k, COS Q)

Tho upper and the lower limit of tho integral will bo determined 

by the delta function given by (l)» To find out tho limit of p and 

k In Eq, (2) we proceed as follows

X/nv, + k/A3 b k) -=-2 E
(A.3)

= 0^ (\, +• !/F3) + 2 CXH3 6/m) b x( X,

( AsLl)



Hence

•I4.8*

- ('<A knj [('a^ K J A~ 2 eJ

W-vi, | 5 ^ inj

fuwS ± J a(1t-'mJ^j) E m, +f1 (««*»- ( I + ’XOO*-"^)}

1 + ’' V;

(A.5)

Since k is always real,.
r I (I + ^A) +

l-AAJ “
( Ae 6 )

To find the maxiffluia value of k for a fixed value of p we vary cos 0

in(ij.) or (5) and inaxlmiz© k if the value cosft do obtained is inside

the range -1 ^ cos d 1 otherwise it is on the boundary cos© « + 1,

Differentiating (5) with respect to cosQ for fixed p we get 3k/ 3(003©}
%

to zero for extreme we find either p » O3 or.

Ae (n-'mA 1 r [Ire - (tf A) AA)j = I1 ow &
or

7 0

or
im, (>->■ "'Hn,) — 2 h /( mri »A
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and arbitrary cos ft. But for this value of p2

w = (-!> ± !> + ^ ^ o.

Hence an oxtremuin is for k « 0 or p *= 0 and arbitrary cos Q« In 

all other cases we have to choose the boundary values cos Q *= +1*

Thus

with

h.
»sjOvoC 1 + ^'4 (A.7)

and

0 ^ [ (th "vl/-j/^(t+'-M/7yvj(1 v-

(A.8)

Using these values w’e obtain the Integral A in the forin

F = 1
AL ^ Z (. *^-3 /Cv>vx v- J 11

F^k^F- (a.9)
v- ^3)£ Iz/m3

C1^) v ^ 4- >v3; ^ ^ m3 j

F — i31 co s o - 

^

(A.10)

"hv i V- a\ 0= ( H lZ//(

+ 1^,+-^) ^3 O '_^V^e^i+-»v-3) + ^ (^V(^if»t3)) (3-lop+3j3,

(Ai*ll)



(A.12)

-^0-

p = k <-05 0 :

K — kJ I’2':
As- - ^ ( ^/(Tn., t ^j))^ K/ J (3^ ~ ’/)

C^+^)^i h^j)j j3+|c^-0 C^A-^OA^ - ^ ,op f JP"

F - kF- (A.13)

A6 ^ U.y ^ (-3/c^,^))^ [z^-3) -1E Ii/m^
A

F=^r-
(A . li{)

Ar
^ 2. C2.'fV)4$ *^| ( ^3^,4-^) -4- ot, (20^12^3

V- 6 J3l I,

p — kZ <^S ^ e ;

a v ^ ^ c^-it^ >v\-j r %/<
3 V / A t ^ 4)

(a.15)

2^, E I, \- ^ '/C 4- »v

3 — "t- ! ( "'v V- ^ v> »^v
rK+'yr.j L

F - :
fs^ziz^ ^ (^/(^1 + >VVi3)'f

(A.16)

^v. G"I2. *4 F ('< r?/
^ 4^1 ^>^<)

^ ^ M ,+„j;y c 3 - s- p+p ‘) 1 v |

(A.17)



where In and are defined by

'KCVX
irv — r^pxF

0

0, 1, 2, (A.18)

and

i'A.—-I t-
X A.X J cA - j3 -x.2- - 1, 2, -

(A.19)

where a and p are given by

^ 2.^1 a.vA. p

Theae integrals become simple if we use the fact that the pion 

mass is small compared to the mass of the hyperfragment• They

are given by
/ ^ \ f $ 'i -j—

Is 2. \) * C"^■'XJz ""X E V aXij) w

I, =s z1 ^ft-o^)3"1 a2! (ti + 11

^ o)T^)4Ti+:Sj:)

. L It* \ ^. /■ '»Vjv -^1 I ^ 1
I ^ S3 {^liY E 3oj
J ^9/z / ( A1 ^ | ( Va-o)^(^)A it 33 J 3
I zv

y

where A is the mass number of the hype»rfragment
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Appendix 2* Spin of p^y^-aholl Hyperfragments

In the previous papcra ' vjc pointed out that the binding energies 

of the hyperfragments arc expalined equally well by the

parameters derived for both antiparallel and parallel favoured 

spins. We want to point out hero that from a comparison of tho 

parameters of s-shell and p-ehell hyperfragments with no extremely 

strong spin-orbit interaction can give tho antiparallel favoured 

spins for po^*3^0^-^- hyperfragroents. As is well known the effective 

nucleon-nucleon forces in the nucleus give very small expectation 
value of tensor interaction which is effectively almost zero^®.

If we accept this concept for the effective N-y\ forces we can deter­

mine the parameter for the spin-orbit interaction of N-/\ forces 

from the realtions derived before. Tho actual potential is defined 

in the form

v*A = (< + d cv<rA + ^^ (A>20)

where a - -*2!;. Using the relations (38) and (39) in paper I and 
b -Owe have c “ -.22 and 3*8 for the antiparallel and parallel spin 

respectively. Thus for a not too strong spin-orbit force we have 

the antiparallel spins of p^^-shell hyperfragments.
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