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‘ ABSTRACT
We present a series of beautiful, elegant, "simple" and ur.ique
formulaé for general tree amplitudes andAgeneralvlon amplitudes in
the dual resonance model. In particular, new result of mul£iloop |
amplitudes'with external reggeons and pure-reggeon hultiloop ampl: tudes
are deri?édt Various rules ére given for writing down the mostigeneral
tree amplitudes and loop amplitudes by simply inspecting the corre=

sponding Feynman-like diagrams. Simple intuitive interpretations of

various factors in.the formulas are also discussed.



I. PHILOSOPHY AND MOTIVATION
A Véneziano formulal incorporates the following three properfiesi
of strong inferaétion:g
(aj All its singularities arise from narrow resonance
exchanges.
(bj Regge asymptotic behavior in all channels.
'(d)- Exact crossing symmetry. |

It follows from the properties (a), (b) that such a model must contain

~an infinite number of exchanged resonances instead of a finite number.

Consequently? it then follows‘that the model necessarily-possesses the
dualityAproperty (hence the name "dual resonance modei"), because direct"
channel resonance exchanges are supposed not only to dominate the low-
energy régibn but also to describe the high-energy region, which is
usually éontrolled by cross-chanﬁel Regge poles. Aécordingly, duality
is a natural consequence of the assuﬁpfions (a),:(b)f

However, the narrow fesonance, in fact 2ero¥width,iassumption
although is in consiStency‘with the experimentai facf that all Regge

5

trajecto;ies seem to rise linearly, nevertheleés clearly violates the
unitgrity principle of S-matrix theoryh on the other hand; because
unitarity requires branch cuts on‘the real axis (in_the energy-squared
plane) if above threshold, and all resonances, having finite widths,
to lie én the second Riemann sheet beneath the cuts. Howéver, since
the dual resonance model has‘already incorporated almost all S-matrix

principles,u except unitarity, it is natural to hope that suitable

modifications mede on the model will enable it to satisfy the unitarity



priﬁcipie;-aﬁd will'heﬁce enable one to obtain a satisfactory theory
of strongwiﬂféraction. This is the motivation'behind this thesis.

' The idea of unitarization of the dual resonance model, as
suggéstéd-by'the factorization property5 of n-poinf Veneziano‘formula,
is to regard the n-point Veneziano amplitude as the Born (or tree)
amplitude, whlch 1s an approx1mat10n6 to a more cxact physical
scatterlng amplltude One then attempts to construct, from unltarity,
the hlgher order multiloop amplitudes, compat1ble§ with the  duality
assumption, In other words, the unltarlty constralnt is imposed on
the dual resonance model in a perturbatlve way, strlctly in analogy
with thelperturbatlve'fleld theory. But, there is one fundamental
imporﬁaﬁt'prbpefty distinguishing the dual resonance model from the
' perturbative fieid theory. Namely, duality is assumed6 to be true in
éach order of the loop diagrams; therefore all loop a@plitudes‘related,'
by duality are equal‘to one another instead of béiné'added, as they |
usually arg in the field fheoretical model . | |

:Aé we will see later, the outcome of such an approach is
surprisingly elegant and simpléf The results are ndt only mathematicaliy
beautifui but also have. very simple intuitive interﬁretatidﬁs; It
-might therefore be hopea that'théy will be useful in the framework of

future theory of strong interaction.
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II. OUTLINE PRINCIPLES AND SUMMARIZE THE RESULTS
The perturbative-unitarity equation can be mathematically

stated as follows,
g™ pXem) o) 1a,

| (2.1)
where f(n). ié.the scattering amplitude to Eth “order in the coupling
constant. Equation (2.1) meaﬁs that the‘imaginary part of the nth
order amplitude can be constructed from.the mth and the (n-m)th order
amplitudes. For example, the imaginary‘part of the'planar box diagram
(kth 6rder) can be obtained from two gnd.order four-point tree diagrams.
In principie, oﬁe may then use the dispersion rélation to get the‘real
pértAof‘the nth order amplitude. In praétiqe; howe?ef, it is more
convenient to use Feynman tree theorm7 to get directly the loop ampii-

tudes themselves. The application of the Féynman tree theorm can be

carried out in two steps: (a) cuttings or factorizations, to get

multiply factorized tree diagrams; (b) sewings, to get multiloop dia-
grams. .To illustrate this theorem we again consider the planar box
diagram. The theorem states that we first factorize on the n-point
Veneziano tree diagram, obtaining a six-point tree. diagram with two
adjacent excited legs (Fig. 1), and then sew the two excited legs
together by inserting a propagator and integrating over the loop
momentum, ‘We thereby obtain the planar box diagram.

Similarly, the nonplanar loop diagram can be obtained by sewing
two nonadjacent excited legs together, as shown in Fig. 9. And the
overlapping loop diagram'an be obtained by sewing two overlapped pairs

of excited legs, as shown in Fig. 11. Finally, the nonorientable loop



diagram is defined by sewing an excited leg with a twisted excited leg.
It has already been shown6 that the above-mentioned four types of loops,
namely, the planar loops, the nonplanar loops, the overlapping ioops,
and the nonorientable loops, are the complete set of loops that one can
constructjfrom'the,perturbative-unitarity equation, Eq. (271)‘

‘ The construction of amplifudes from simpler amplitudes by

repeatedly cutting and sewing, which represents the main part .of the

work of this thesis, results in a series of beautiful, elegant, and
simple formulas:

(a) “multiply factorized tree amplifudes,8‘Eq.‘(h.25),

(v) pﬁre-reggeon free a.mplitucies,8 Eq. (L.27),

(e) multilooﬁ amplitude39 (of all t&pes), Eés. (5.35) and
(5.47), | |

(d) multiloop amplitudes with external reggéons, Eq. (6;5),

(e) pure-reggeon multiloop amplitudes (of all types) Eq. (6.7).

The last two classes of amplitudes, (d), (e), are the new results
of this thesis report. They are presented here fqr the saké of |
completeness and for suggesting a complete theory of pure reggeon
calculus.lo A detailed mathematical.calculation fof the nonplanar
multiloop ampiitude and simple derivations therefrom of the overlapping,

the nonoriéntable, and the planar multiloop amplitﬁdes are given here

9

to supplement the methods given in the former publications.
Most of the formulas in the following are expressed in operator
formalism.ll We briefly review the operator formalism. An infinite

set of four-dimensional harmonic oscillators 2 n M= 1,2,3,k,
?
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n = 1,2{-.;w is.introducedl1 to discuss the factorized excited states.
They obey the commutation relations

[a 1l = g & . ‘ : (2.2)

a
p,n’ y,m Wy nm

Three very useful identities are

exp(fa)’zaTa. = .ZaTa exp(fzd), : ' (2.3a)
zaTa exp(faT)' = exp(fzaT)‘faTa, | | (é.}b)
exp(fa) exp(gal) = exp(eal) exp(fa) exp(ffg)- (2.3c)

A\
It turns ogt more convenient to introduce the coherent state, defined -

by | |
|z) = exp(zaT)|o). | | (2.4)

A number of useful properties involving coherent states are

alz)

It

z|z), | -~ (2.5a)

:exP(z'aT)|z>

lz' +2), o - (2.5b)

18 L jxe). | S | (2.5¢)
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ITI. NOTATIONS AND THE ALGEBRA OF CROSS-RATiOS.
Kikkawa and Sato's not;za.tions12 will be used throughout the
whole work. We summarize ;the notatiohs as follows: Let kul be the

i

, n=1,2,"++o be the harmonic
n :

four-momentum of the ith partiple; a
oscillator operators corresponding to the ith particle (if it is an

excited reggeon), then

i okt .
Ik ) = T s TT sty 5L, »
12 22 n?
{

i i i :
' 4|a ) = (al 8o 5 :an1) )s
' ~ T n\2 n (—m
M) = (M+ )mn (E (') n) ’

(MO)nm = Snm.J
(ailx) = xlai) = Z ' anl X7, (3.1)
n=1
. (al_l‘}slaa) = Z ?‘n} X" an;] ,
» n=1
(' laylad) = (ad)yu,x|at)

i}
: o
=
(=N
t
o
Pan
=
H
E\/
e
=
o
B (%

(e.ilM gy TIa.i)'.
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In Appendix.A, a set of useful identities is listed. .
. 13

Conéidér now two sets of N Koba-Nielsen variables LA

and wi,, i=1,2,°++,N; a cross-ratio defined on the LA set is

(w, - wz)(wk - wm)

P(j,k;z,ﬁ? E"P(wj,wk,wl,wm) = (Wg '.?m7<wk =n (3.2)
It ié easy toisge, from Eq.v(B.é)e that

(a) .O‘SlP(j,k;B,m) <1, except if élm.

(bp) 1 - P(j,k,z,mj - 'P(j,g,k,m) ,' (3.3a)

1

f(&;k,z,m) = P(&kmyt), . (3.3b)

P(j,k,8,m) = P(k,j,m,8) = P(m,2,k,5) = P(4,m,j,k), (3.3c)

P(j;k;ﬂ)m) P(j;k:m:n) = P(j;kxﬂ:n): (3'5d)
SN |

P(J,k,2,m) = T : o (3.3e)

L - PG, 5K)

(¢} 1f Wi - @ W =0, w, =1, then

P(J:k’Z’m) = W _,

and we spéak of wj, W W, specifying the W frame.

(d) If w, =, w =0, w =1 specifies the W frame, and

w& = w0, w =0, wk =1 specifies the W' frame; then the projective
transformation from the W frame to the W' frame is

'wm = P(wé,w{)’wé’wl;l) = IP'(a,b,C,m), _ (5-11-)



and that from the W' frame to the W frame is

Wr'n = P(ijwk)WZ:wm) = P(j,k,ﬁ,m). - (3.5)
Note that in Eq. (3.k), we use P' to define the cross ratio of the
W' frame. '

(e) Any cross ratio is invariant under projective transformations

(duality transform&tiohs), i.e.,
- P(p,a,r,s) = P'(p,q,r,s). . (3.6)

If»is this property'that gréatly simplifies the calculations
and freqﬁently enables us to obtain‘f;ame-independent, projectively
invariant résults. As in special relativity, we can always choose a .
particﬁlar convenient frame, work out the answer, and then generaliée
it to a projectively invariant form (dual form) by forming the
appropriatéd Cross fatios,

‘We now come tq'the agleb¥a of cross ratios. Because, in later
calculation, itAis always possible to keep the momenta conserved inside
the notation |[); we will assume, from hoﬁ‘on, that momenta are always
conserved when they appear inside the notation |). Bearing this
assumption in mind, we can always ignore all residue terms, i.e., terms
due to the contractions of M on lki)‘

A typical example of éross-r&tio aléebra is i;lustrated here
by coﬁéidering a term describing the coupling of éi reggeon with
the aj reggeon:8

A

1, = (olexpl(atp(3) M P(141,541,1,5) M T (1)[ad)]) T ),
A
J

| (3.7)

<



where
P;(3) = P(i,4%1,1i-1,3), P;(i) = P(3,3+1,3-1,1),  (3.8)

. J .
and the coherent state lxj) is of the form

I)\J) = €eXp Z(kzlyzlaJT) IOJ‘>' ’ (3'9)
£ .

As we Just mentioned, here we assume z:kw = 0. Suppose now we
substitute Eq. (3.9) in Eq. (3.7) and commute adl to the left by

using Eq. (2.3c), we obtain (omit |xi) for simplicity)

Ty = (Oglew [ ) (e IR (RG340, 5,000 Ty )y i) 0y
£ | (3.10)

We can explicitly calculate Eq. (3.10), by writing

v, = B 87N, = (e, ~ (5.11)
with ' |
P (x) = 1 = i P(3,3+1,x,j-1) - (3 1é)
j ’ PJ-(X) P(«j)j*'l)«j'l)xj ? i ) :

Substituting Eq. (3.11) in Eq. (3.10), we can explicitly simplity kq.

(3.10) as follows

I

g = (Oglem| ) (87IR (D RG34, 1,0 T (108 (=) [k, ) 0))

£ . [by Eq. (5.11)]

10 v s an o1 5 sy Tors a1 51 s
Golexe | ) (at|p ()M R(i+1,541,1, 90 "R(3,341,5-1,1)
z .

X P(3,3+1,25,3-1)|k,)1|05)

Equation (3.13) continued next page o "[by Eq. (3.12)]



Equation (3.13) continued

n

L 1 I
(04 |exp Z (alIPi(:J)M_P,(1+1,q°+1,i,a‘)M_TP(J,J+1,z,,i)|kz)] o)
. L5 .
[by Eq. (3.30)]

T L 1e v e et 5 5y 1
= (OjlexP Z (a'.|Pi(J)M_P(1+l,J+l,l,J) - 1 Ikz)Jloj) ‘

-1 - — -
L_.ﬂ_ . P(;J;J*"l:'-"‘z:l) '

[by Eq-‘(B.l)] o

- (0, lexp .[Z (a¥ [y (9 P(341, 341, 5,8)P(3, 1, 2,,541) )] [0,)

[by Eq (3.3¢)]

= <Oj|e>€p [Z (aiI_Pi(;i)M_P(j,;,zz,i+1)‘|kz)}|03.>
g . [by Eqs. (3.3c) and

(3.3d4)]

o5)
[by Eq. (3.1)]

= <OJ|€X‘D }: (ailPi(j)[l - P(-j:i;vzzyi*'l):l'kz)

=' <,oj|.exp.[}_, (a |P(i,i+1,1-1,3) P(J, )i 1+l)|k ]loj)'

A oy Eq. (3.32))
= {0y |exp ['E: (aélp(i,i+l,i-;,zﬂ)lk£)]IOJ)' by Ea. (3.34)]
y/ . : :
= (0, lexp [Z (ai|Pi(zZ)ik£)}|.oj> o by Bq. (5.8)]
= (Oj|exp [Y—,(ai! ?.- (yE)'k )]'0 ). | [by Eq. :(3-11_)-] ' '
VR - (3.3.3)

— - . . -
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This,éxamplé should be'enough to illustrate ﬁow the algeb;a of
cross ratio works. However, it is more convenient to restore the
cohereﬁt'staté Ixj) eXpliéitly.' This can be done formally'ﬁy inserting

_exp[l%:(k21Yé|ajT)] to the right of . <Oj| in Eq. (3.11), and use Eq.

(2.3c) to pass it to the right, we get
iy = (0ylem {Z (kﬂyzlaa'f)}@ [Z (allpl ; (yz)|k )]|c )
L Z ;

(0glexpi(at |28 1 )ad)] exp [ ( |yzlaJT>]|o )

o]
it

1114

(o, |exp[a* |p, P '1( )laJ)]lx Yo oo (5.14)

Comparing Eq. (3.14) with Eq. (3.7), we .conclude the symbollical

Ki:>
A5

(0lexpl(at |2, (M P(i+1,541,1,5)M_"p (1) |a?) ]

identity (add |A;) back)

1y = (olexnl(atp, B, ()]ad)]

1

s '
)\1> . (3.15)
J

Since Eq. (3.7) is symmetrical with respect to i,j indices, it
Ki:>
N
J

Note the two symbollically identities Egs. (3.15) and (3.16)

~

follows that

e

Ki:>
A
J

(3.16)

(olexpl(a |23, 7H( )]a?)] (Olexp[(a®]( )8, p, [a?)]

are true ohly if |xi), |xj) are of the form given by Eq. (3.9). As
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we will see later, this is'indeéd the'wa& that we define8 the factorized
coherent states [see Eq. (h.QO)].

But Egs. (3.15)>and (3.16) say something more, namely, it is a
proof'of fhe factorizability of the‘opefator part of the N-feggeon tree
amplitude8 (see Appendix B also). In‘fact, théy have already been used
in the planar N-loop 'calculat.ion,’ in Ref. 9 (NICRT-P005L). of crﬁtwse; :
Eq. (3.13) is identical to LovelacelO expression,

The virtue of the cross-ralio algebra is not only that it is
elegant but alsc that it frequently yields projectively invariant

expressions..
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IV. MULTIPLY FACTORTZED TREE AMPLITUDES
AND PURE REGGEON TREE AMPLITUDES
In Ref. 8, we have obtained -a.set of rules for writiﬁg‘down the
most general formulas for these two classes of amplltudes [see Appendlx
B, also], by s1mply inspecting the correspondlng tree diagrams. However,
there we did not fully invoke the cross-ratio.algebra; and in deriving
the pure-rsggeon ﬁree amplitude, we remarked that letting certain momen-
tum go fo'zero by modifying the spectruﬁ of relsﬁant trajectories to
-get the asymmetrical propagatof, is not a necessary procedure. 'Here
* we wou;d like to usé cross-ratio algebra to re-do the multiple factori-
zations: and -to give a proof of the remark mentioned above, by direct
factorization. The reader who is interested only in the final answer
may well skip to Egs. (4.25) and (4.27).
E Lét us first write down the dual N-point tree amplitude in the

Koba-Nielsen representationl3 (Fig. 2a)

%3; fﬁdw (@w dw, dw )_l‘tWN}, 4 . (hl)

where (wi.E wi+N)

() = (g - w ), - o) (g = %)
| N .
T - ) Oy +—k
X | ‘m(wi - wi+l) 0= 1+1 ’[—I/(w - l+2) 1+l

’ i=1 .

.| ok ek,
X (wy - wJ) td . (4.2)

l,j:



=1L

The three variables are fixed and they specify the W frame.

Yar"p¥e.
The set of N variébles Vs i=1,2,---N are ordered, for convenience,
on a circle (Fig. 2b). Figufe 2(b) will hereafter be called the ordering
diagram. In Eq. (h.2), we assume a trajectory function a(s) =, + is;
and for N écalar external legs, the bootstrap conditions

a(ki) = Q. + %ki2 =0, i=121,2,--+N, is satisfied.

0 1 .

-_é.ki . kj

We can interpret the factor (wiv- wj) as corresponding

to lines directly connecting the W leg to the wj leg [1if one

inserts several holes inside the circle of Fig. 2(a), thus obtaining
the multiloop diagram, one then naturally expects that these linés

have the freedom to encircle the loops}. Since i £ j in the

1
g .x
3k,
factors (Wi - Wj) 19 the momentum is not conserved, and the
factors . -
. 2 D 2
Y -t - 1
o - . ) O3 (kg +y 4 )-1 and (u, - v )ao+§ki+1
aet i+l i i42

aré necessafy to guarantee the projective. invariance of the whole
ihtegrand in Eq. (4.1) (they can also easily be generalized to loop
amplitudes). |

We start by factorizing the N-point tree into M-point and

(N-M+2)-point trees. We introduce8 three frames (Fig. 3)5

W frame: wl =0, Wy = 1, WN =0, wi = wi+N (1= 1,2,"'N), i}
Y frame: yy=w, ¥y, =1, ¥3 =0, ¥y, =y (=12,-M), ,
Z frame: 2z, , =, 2z, =1, 2z =0, 25 = Iy D] (§ = M-1,--N),
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the wi's are<relatéd to the yi's, aj's and the factorized propagato:

variable 't by the equation

W =. == i=1,2, M-1,
1 V.
1
W . A : : :
t o= — | . | (b.4)
W, ? : :
: Mfl .

Substituting Eq. (4.L4) in Eq. (L4.1), we get

Gggg = | a3y - 1dzjﬁZN—M+2]
‘ (i#M,M-1,1) JA(M-1,M,)
-1 s, )-1 1
‘ B TR o) (1 - t)9b
o o o '
oML X ' “k, 'k, | | B
X’~f| 1 fr-{1l -y b Zj) ‘lA J _ (4.5)
i=l  j=M o |

o 2 1 : .
where 8y = (kM + kM+1 + + kN) . Introduce harmonic o§c%llator

aM, &M to factorize the last’ factors in Eq. (h.5):

.’k;
‘ | /T‘]’(l -y bz ) o

_l' =M

N

R -
(Olexp Z (g ly; e & 2 exp| (@2, 0K, |[0). (1-6)
i=1 j=M .

Substituting Eq. (4.6) in Eq. (4.5), and defining
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Gggg ' KOIthg-(&M)'D(R,s) Gg%g (aMT)Io)

(4.7)

we then obtain the single-factorization result

<o|s§§§ (a" o

f /[\T dyi[YM) (ol Z (aMly, %) |kM> (4.8)

(ifM,M-1,1) i=1

with yM-;vm, yM_l =1, y; = 0.

Oh? can immediately generalize Eq. (4.8) into a general frame

a = -ybA= 1, ¥, =0 by simply putting

P(M,1M-1,1) = P (1), | (4.9)

]

hence the single-factorized tree amplitude (Fig. L) in a general frame

M-1 '
<o{sgg(aM>|xM> - [’]'\’]/dy Y, 0 exp }: (@2 (1) 1) [y
_ , i=1 '

1#& b,c) | (110)

is

We now proceed to obtain the asymmetrical propagator by direct
tactorization on Eq. (4.10). Since we are consldering the case of two
dots facing each other (see Fig. 5), we relabel 'yi
i=1,2,--M by yi, i=1,2,..M, shown in Fig. L. Then Eq. (4.10)

becomes
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(OIG%?)(&S)D\ )

[/‘—\—,]/dy {¥y,){0exp Z (a”IP( Ik) Ing) (k.11)
(1#1 2,M)

1#8)
where Pé(i) E“P(S;S-l,s+l,i). ' We then choose the frame v, =

¥5=1, ¥ =0 to factorize Eq. (4.11), as indicated by the dotted

line in Fig. L. We divide, yi, i=1,2,---,M into a W frame and a

V frame by choosing - Wo =@ Wg = 1, wy = O. and Vg =@, Vg, = 1,
iy = 0, so that
w- .
' 2 C .
y]-'__ = w2 i=1,2,:::8,
, i
.‘ Ya,1
g = S (b.12)
Yg :
' - s e
yJ = W2 t VJ') J = S+:,L,. M.

Substituting Eq. (4.12) in (4.11), we £inat?
s

} | dv {V

= aw; Wy 4 -s+1)’
(ifs+1,8,1) (j#s+1,8+2, M)
1
Sl Xg
X dt t-a(sg) (1 - t) G% ;wt > ls)
0
' S+1 S+1

X Glew Z (2%lpg (D)) + S (& ry ()1

| i=1

l;éS) S (if8+1)

‘Equation (k.13) continued next page .
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Equation (4.13) continued

M

e Y (Sp(s1,1,8,8m] € By (9)]K))
' j=S+2 ‘
R )\
1 - t S+1 S+l :
( 't exp Z (a s+l(J)Ik o5 ]>. ,
—S+2 *
' (k.13)
where P' refers to W frame, P" refers to V frame, i.e.,
' ‘ (w, - w )(w Ly - W)
\ S S+1 S-1 i
P/ (i) = P(s,s-1,841,1) = = -y
S o (wg =y ) gy WS+£73.
Pé+l(i) = P'(s+1,1,8,i), (b.1%)
(v - v.)(v - v.)
' - 8+l M7t S+2 -J
(J) =. P"(s+1,8+2,M,3) = - P
S+l o : (Vs+i< ..VM)(VSH, - V,j7 .
and
s, = (k + k oo 4 )2
2 VB2 S+3 - kM ’
_ - St . S ' ' ,
Ry = Z N8y %o ' (h'15)_
 n=l
Y S+ S+l
RS+1 = Z mam am .
m=1
One then defines
Olof ) = Il v ) a1 sth] s
) Ag/ E (w) 528412527 C(y) Og,1

]

(2) (S 5+ o »
(OIG(W) ),"s+1> ’, (4.16)
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with
|Ks+i) = D'(Rg, s+1’52) Gg%g( s+1T)'oS+l> N .

o -
X t o (4.18)

We thus obtain the second factorized tree amplitude (Fig. 5)

(2) s 2S*L
(OlG(W) )‘XS+1:>

S+l
= (I' . | dw, [W }(Olexp j{: (a° |Pg (i ),k )
1%& b,c)
(i;és)
S+l‘ - N
+ E: (25 By, (1) [ky) + (a°[M Pr(8-1,1,8,5+1)m_T[a%") |xs :} :
s T : ' S+1
i=1 i ) -
ifgs+l ‘ " '
Note that in obtaining Eq. (4.19), we have put,lh in Eq. (4.13),"
Z t Py l(J)|k - |a"). , | - (k.20)
_S+2 : : ‘ , '
S ... .8+l
As demonstrated in Eq (3. 13), the coupling of a° with a” =~ term
in the exponent of Eq. (4.19), can be symbollcally s1mpllf1ed to
S o=l S+1 .S a'-1 S+l :
(a’ IPS S+l( )|a‘ ) or (a' I( )PS +l| . ‘ - (h'2l)

Equations (4.18) and (4.19) are the desired pfoof we mentioned earlier.
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We now proceed to- write down the fourth-factorized trees in
the most gereral configdratioﬁ, Fig. 6. In Ref. 8 (see Appendix B)
we have derived a set of rules for writing down directly the fourth-

factroized tree amplitude corresponding to Fig. 6:

Géig(‘a"‘;‘aﬁ,aﬁa%

J/’ dyi(Ya+2 exp .
(ifa;b,c) o=(a,B,7,8)

v 3 :::::> (a° |P (MM_P(0+1,041, 0, )M_ TP (°)la )p o (h.22)
- N )\_fOt,B,Y,S) .
(ofh)

S+1

(7P y(1) ;)

where

P.‘c(,j) = P(o,0+41,0-1,3), O = ,B,7,8, Jj = 0,1,°-°,5+1, (k.23)
and we have omitted the coherent states |A°>'s, for simplicity.
dné,iﬁteresting_interpretation,emerges frbm the form of Eq.
(k.22). Equation (L4.22) contains the couplings of momentum k; to
momentum kj, the couplings of momentum k., to the "internal
coordindte”. ao, and the couplings of internal coordiﬁate a’ to the
intérnal coordinate ax.
As remarked in Sec. III, we can keep momen%um conservation
inside 'the symbol |) in Eq. (4.22), by using the identity
P (c + l) 0 and Eq. (3.13). Hence fhe most géneral form of the

fourthkfactorlzed tree amplitude (Fig. 6) is
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. S+1
Ggg(a"fs) = ay, (Yg,, Jexp | Z
(‘i#a,b,'C) - o={a,B,1,8) i=0
(i#0)
(a°lp 4 +3 | (a°|pU P ()M Y. (L.2k)
‘c+1 k A :
o K¥Ta:5’7,5)

(ofn) |
Notice the form of the expression in Eq. (4.24) is insensitive to the
dot p051tions (of course, ‘the cross ratios themselves do depend on
the dot p051t10ns ) |
The related fourth-factorized tree amplitude with.dot on the

opposite side, say, of the aa leg, is obtained by simply 1nterchang1nv

N

o+l w1th Yool ‘everywhere in Eq. (4,2L4).

The generalization of Eq. (L4.24) to the Nth-factorized tree
amplitude is trivial., One simply extends the summation over J,x in

Eq. (4.24) from (a,8;7,8) to (a,8,---,8} (N in number)

’

6 (a5
. : ] S+1 . i Mk,
- ('I | dyi”ma z (a° IP o+1”kl
(1#& b,c) fo=(a,B, " )
. 1 (a3
‘3 | @S TTOME (4.25)
’ - o,=(0,B,0 0 ,B)

(o£r)
[Again, the expression in Eq. (4.25) is independent of dot positions.)
The pure reggeon tree ampiitudes can be obtained in a very

simple way, too. The symmetrical four-reggeon tree amplitude is
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obtained from Eq. (4.24) by simply setting all Koba-Nielsen variables .

associated with scalar external legé vanish. Namely, one simply sets
S+1
a=1, p=2, r=3, 8=L4 3 - ) inEq. (4.24), hence the
f i=0 i= o
pure four-reggeon tree amplitude (symmetrical) is

o b, ‘ yon .

et - [ ] (T 3wl )
=1 j=1 i=1 I+ ||ky
(ifa,b,c) (1A

L .
Y (atlp, 8.7 )lad) .  (ne6)

Similarly, the symmetrical pure N-reggeon tree amplitude is

obtained ‘from Eq. (4.25) by letting a =1, B =2, -=-, & =N;

S+l N :
Z: - z;. Hence the (symmetrical) N-reggeon tree formula (Fig. 8)
~ . .

is

(V) ‘ e | 5115
G(Y)~(a 's) = dy {Y } exp Z Z (a |P J‘.{.l k_) 4

1 j=1 i=1 J

(1%a,b C) | (i#3) '
. 3 Z Z <aJ|P 5, 71()ehY . (k)
j=1 i=1 : ‘
(i#3)

Following the interpretation after Eq. (4.23), one can regard
a reggeon (or a hadron) as a composite object, which is described not
only by a four-momentum ki' but also by an infinite number of internal

degrees of freedom anl. One may further regard ki as the "zero mode"
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of the hérmonic'oscillator modeé [actually ki ~ (aoi - aoif)], hence
in the exponent of Eq. (h;27), one can cb@bine the first term with the
second term iﬁto a single terﬁ. Thefefo;e, the form of the pure
N-reggeon tree amplitude; Eq. (Lk.27), strongly’suggests‘that one should
regard the-space-time degree of ffeedom as the zero mode of the infinite

number internal degreeé 6f freedom, and should treat all of them on

equal footing as a'genéralized coordinate or generalized momentum to
describe a reggeon (or a hadron). This indicates a theory of third

quantization,lo
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V. GENERAL MULTILOOP AMPLITUDES:®
In this section we give detailed calculations (by using cross-

9

and thence present

9

ratio algebra) of the nonplanar multlloop amplitude,

9

very simple.derlvat;ons of planar,” overlapping-and nonorlentable
multiioop'émplitudes. We then summarize the muitiloop calculations

into a set of rules, which again enable us to write down directly any

arbitrary ﬁﬁltiloop fbrmula by siﬁply inspecting the cofresponding
multiloop Feynman diaéram;
| A. Nonplanar Multiloop Amplitudes

According to Eq. (4.25) (or Appendix B), we can directly write
down the 2Nth factdriéed tree amplitude corresponding to‘Fig. 9

[cémpare with Eq. (4.25)]:

§$§)(a ,aP5 a%,a% ooy a%a ‘/" i s (Ys+2

. , s+l &,
X exp{ 2: E: : a'1Pa atl | ik
Lae(X*)  i=0 18- kﬁ
) Be(I) (iiéays) .
: | | - s+ )/, " k{
o+ '21; . E: aﬁ,PB a ka
: pe(HL) 1=0 -1 ||k
ae(L*)  (ifo,8) P
v E oy @@ BTONRN v E Y @Plry 21D
a,re(L*) ' B,5€(L)
(o) (B#£5)
C Y @R a0 . e
ae( L *)

se(£)
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where

Pa(l) = P(a,a+1,oz-l,i), : ae(i*):.
I ». (5.2)
Py(1) = P(B,B-1,p+1,1), pe(f) .

The'notations £ %), -(af) mean. the set {o,v,:+-,0]}, the set
{B,S,F--,x] respectivgly. Each 100p‘is labeled by two indices, e.g.,
the (oB) loop-is obtained'bj sewing the excited « leg with the B
leg. We hgvé grouped, in Eq. (5;1), the indices (oB), (¥d), ---,
(on) aé'referring to different loops, with the total number of loops
equal to 'N', The variable taa will be defined as the propagator
variable cérresponding to sewing the excited « leg wiﬁh the B leg.
vwe‘now apply the sewing prescriptions, discussed in Ref. 9,
simuitaneously on the N pairs of excited legs gq,, aB,
(o) e (all N 1loops). The prescription is asAfollows:

(a) ‘réplace

| t
(O (g - x| M_T[——@-”E——] g

taB -1
4 “ (5.3)
(P - (gl |
(b) set A
) = ) = Dgg)s By =k, ae@ %), eX);

and perform the following integrations
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Co-p(x )1 a.-1+ik 2
[ [ [ Top top O‘; (1 - to.tfs)]g a]
ae(i | . ae(i*) A : | |

a X Ax : *. _
)(f/a‘e *)d dva%) exp - Z (XOLBI.)fo(a.)" (5.1)

e (i *)
We then get the nonplanar N-loop amplltude, denote it by kNL(N)

FNL(N) ' ; E
1 J L 1, 2
AT -2(k_)-1 . ao-l+§k" _
[ f [ [ -Tdtaa o o RECER NN aJ
ae((*) 10 Lae(E *).
X fﬂdyi{YS+2}I’ (5.5)
where .
d‘k>.{(l) OFlEel 1)
—_— e ~(*| + *[c
g AR VALV ' A
¢ S0101 1) + 3T + GFIE) + (LJE))- 5.6

In Eq. (5.6), we have introduced the N-dimehsional vectors in loop

number gpace:

N

Clxo@), lxﬁ),-:',lqu
(]EGB)’ ,EYS);“';IEOXE> etc.

The definitions of [al, [c], [D], |E), IF) in Eq. (5.6) are

'I‘-,xu).

IE)
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~
m

HLL G

|F

‘ ' aB
i-0 (&) *£) |
[1£( L ,Z*)] s L4
L\ s

A -

o 51, T .
Dl s = Yog Ba By Tys () [Dlog o

o o =1 . L.
Alop, e = B Ps () (Ao, 08 *

We now can ‘explicitly do the integral of Eq. (5

9

axes method.” We write Ey. (5.6) as -

lEaﬁ B 2: L~ , PB (ET;J
R o= (me({*;)

BN -»',a+l )
0> > )

(5.8a)

)

j T8)£(0B).

.8b)

i
(r8)#(ap)
(5.8¢)
(5.84)
0, O (5.8e)
0. (5.87)

.6) by the principal
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I = Jf'd'§Z§>
1. () )
( ) (C X )
lx*) (F] lx*)

- (Adetm])e Z <El (FD o <IE)>

whepe  l o oo
| -l [Tl-[el™ -
2] = o = [G]-[H]
S N\U1l-[c]  -[D) - -
' [c] [D]
gl = |
[a] [c]

We now calculate Eq. (5.10) order by order in the

9

define’ the projective operator (note Y

ag

]

o 1 -1,
Qe (%) f(t ><1-£, QBG()
L taﬁ - X ' ‘

and the projective operator corresponding to encircling the

-1 A -1 -1

Ba = F5 %ot T T o % T

-(A]
A* :
df—3= ) exp [-%— (}Jl,(x*!)(
:Qj; <: " \[1]-[c]

(GH] matrix.

(@)

m-m“—)
(D]

(5.9)

(5.10)

(5.11) .

: '(5-}2) :

We

(5.13)

(o) loop:

(5.1



From Eq. (5.14), we have, for all (ag)e(X *L),

Loy L ‘ ooy ~ T
Raa¥o) = Yga1 v BRgg(Vgu) = ¥ - (5.15)
- With Egs. (5.13) and (5.1L4), we can easily calculate, from
Eq. (5.8), the following quantities ahd»obtain'[summatibns over (73),

(on) are understood]

S+1 ’ | o+l
'FaB,)' = z ?B Réé (,5 )f , (5.16a)
- i=0
i, L) v
| {_ (Q_
F 1
:_ ' S+l o
| ,EOLB-).‘ = ; Py <g+1> | (5.15b)
BV E &) (*)
EVIES
. ' r 1]
| | S+l ' "YJ'l
[c] IF)&B' = i ﬁB'R; R; ( 8 >
1=0 _
L, LX) ' >
| | L<A>J (on)£(¥a)
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D A : i
N
(D] [E)gg - Sil $ RS <5+1>

-  Fs Fpa Ror
i=0 .
AT, ¢
| | ' ' 'L(:K‘)A »
(on)4(rd)
(aB)#( D)
p-— i‘ N
S+1 T+l
I T (G
o i=0 : .
i%(#?zif*) ' ‘ . ¢
. L (o),
(B
SRR

S+l | L4
(©17le)y = > Bw (a+1>

g 8T
i=0 .
1AL, & %) ( )
: A B
| | | (ox)#(r8)
From Eqs. (5.12) Tnd (5¥l6)'we obtain’ the (aH] 6perator, acting on
, Van | .

the vector

IE)




[l

70
‘{c]  [p] . ﬁBR'l 5- B Raoeraszs-l( ) \
= . = . (aﬁ);é(ra)
[a). [c] 5 \Ffs (g PoReyPs ()76 /
(oB)#(18) :
. (5.27)

This GH operator, Eq. (3.17), can also be proved to be applicable t¢

all higher order terms. It follows that

+,(n- -1)3 -1 £i(n-1); 5 -1
- PBRBa[R ] Py ( )yg PBRBa[R ik ReyPs ()
0B, 18 £ (n-1)7 -1 £(n-1), o
. P [RTIVTRT( ) g PoR™1T Ry Pl g
(5.18)
where [R¥)™Y . = ..R* with total number of R*

L T Tp Ty

equal to (n-1) (summing over all intermediate 'j: s 1is understood);
and also, in' the produce RBJRSY or RBéRSY’ 1t is implied that
(aB) # (16). N

'The zeroth-order term in Eq. (5.10) can be obtained from Egs.

(5.16a) and (5.16b), with the result

S+1

-3k, .k,
Iy = exd((E[F)} = ly, - R;a(y.i)}'~- i35
A (@B)e(L*K) - 1,3=0
) [1,374(1,'&’*)] .
s -Rt( ) 'ki'k«r ) -R' () -ki'kal
X ‘ ‘ I Z.._Ly_ : YiVs . Yiaa'Ya A
[iA(£, £ (v8)#(0B) T J

Equation (5.19) continued’
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Equation‘(5,19) continued
m el
3), (yr> :
L 787 (r8)4(ap) o
\e ,
‘ P<ot+1>-1 ' R[O",B,Y,E)] k[a,o,c,x]
a | \e /) I G

16
I S [ENVTCSN  (5.19)

‘We then calculate the nth-order term in Eg. (5.10), from Egs.

L

(5.16a), (5.16b), and (5.18), we get
IF)
I, = exp <}E, (FE)[GH] (: :>
| IE)

BO, BY

o -1k, -k,
- (el )} "

S+1 {j
(@), (1)e(£*L) 1,420
. ) f w [1)J¢(JX}£*)]

N
S+l n+l _ki.k‘
‘ { {R*]éa Vi, )] o
)

[Rt] (n+l)(
( $e<<*ao [i;é(i,;:e)] (on)A(18)

pa, o

\

Equation (5.20) continued
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Equation (5.20) continued

. , —ki-i{ |
[ [Ri-]ég)xg(ys)' J Y
)

- ¥ Rl
0 "o (5y0), 4]

-k, -k
X ‘:y - [Rt]fgg,)m SY(V)J : ,Y

[R*](n) (7.)

Sl LL(v8)A(on), -1

A_' ‘ J <i B+;j>

< 11 -
(o), 5 (o)
CLIRESHEERTS <y )
S &'

¢

; (Y’ 80)#(ap)

B L .k
(] [Peerertmees

"o

1 (on)£(7o)

Equation (5.20) continued



-3

Equation((§:20) continued

“

1]
(&)

1 .
1 k
2 [Aa,B{Y',S' ] [Y,S, 0,7\.]'

-

_ glroti(n-1)
.RB'a[R. -] 357.

(ox);é(YS)J
.”-C’a )L
11 N
)(‘ U B+l
.<yy. > |
Nve /] |
VBTN (r18t ) (op)
~C+l>ﬂ' ) (a8, 7,60 1K (L, 5,0,0]
- R [Ri](n‘l)R"l "8
Spat 87 <U> (
LN (on)Ars) |
(- -
, ~<ya+1
¥
B
< .
e
[ \vg
L= -(r'8"' )£(oB)
v "%k[a,e,r',S']'k[r,a,c,x]
R 46
Tiin-
= Ry [R7] Rey (c> )
LT d (o)A (rs)) (5.20)
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‘We note that, in Eq. (5.20), the operator RY occurs in
différent orders; hence when we take infinite product over .n, there

9

are-infinite many number of ¢ancellations oﬁ'the‘factors involving the
variableé aésociated with the excited legs, i.e., Vor Vg

(OtB) € (i *i) This infinite number of cancellations is necessary;
because- the flnal answer shouid not depend on- Yo ya, (ap) e:(;ﬁagig;
and it is this infinite number of canéellations that lead to the invari-
ant points of the loops..

..The invariant points and the "multiplier” of the projective

operator RBa corréspoﬁding to (aB) “loops are defined as follows:
(2) _ (1) L) (@)
‘R, (2) = “op " Yap O@] "ap Yop 2 O‘B), 0<X, <1,
ot z(1 - X ) + [x(z))(.a18 Agé)l -
(5.21a)
R (zl) = xc(xg)‘, 1 # xc%),- | :  (5.21b)
Rz = 2, ey # x2) * (5.21¢)

In Appendix C, we show how the infinite number of cancellations actually
lead to the invariant points of the N 1loops. We now combine Egs.
'(B.8) and (B.9) with Egs. (5.19) and (5.20) and hence obtain the

expressioﬁ for 1I:

-—‘—-—1—---1-'l ‘ 1. _ : 3 (5.22)
(detfa])? n ‘ T

(ST
i

n=0
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We then separate out all Koba-Nielsen varlablew y > ¥g (o) e (£*R)

in (Y S+2] of Eq. (5.5) and combine it with Eq. (5.22), we get the
expgess1qn for (Y S+2}I ‘ ' -
(¥g,o)T
o S+l ., : o
s ——— | |
(det[2])Z (oB),* -+, (1d)e(L*R)  1,j=0-  n=0
. [1,d4(E*, i)] |
A —%k..k. ) . S+l
X Oy - w0 ) z’[)\—/l [ |
. ag),
' (Yf>) (i*i) [174(1* i)]
o ) -k, -k
7 (2 LT + '
i [R ]éQBXc(%( ?) g /fff/ 5. - . )O‘o'l
[R ](n)xG( (l)) , ' i i+l
R J @Oy £,
. - B . _&*',ﬁ*-l)]
x /‘\’T I
(ox), (18)e Qf’*i)
' o -3k -k
(l) [R*]éna' xo<% (2) [Ri]éné"xo<%$§' o
(2) +7(n) x(l) (l) ty(n) SN
[R ]a ot aore ) R AN ) o) h(as)
‘ . (an)A(r3)
T
X 1 vy - )
(aB)e (£ *L)

Equation (5.24) continued
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' Equation (5.2&) continued -

o,
. - . - . ‘ -Ek
; [ﬁB;<ya) - RA) Rl 'R@a(ya’J >
| | - _ g 21
L / (Vg1 Vo) Wy gy )W 1~ ¥g) (= ¥ n) "’
K o) Ho1” Yo Vp-1” Ypa! |
" o 9,
4 ) PWaaT Yan /Wit Yga |
A (oB)e(L *L)
(Vom %) (- ¥ ) (- ¥) )« (5.28)

" In order to expressloﬁr'finai-answer in a projective invariant
form, we need fo transform. from the.set of variables (taa, Yo yB,
: , . = 1 2
ae(R %), Bec;;)} to the new set of variables, [Xaa’ ﬁéﬁ)’ xéﬁ)’
(aB)e(ji*Ji)). The relevant factors, in Egs. (5.24) and (5.5), that

are affected by the transformation, are

_ { -o(k )1 ao-l%kaz]
fdat_ t (L -t.)
a@n b *
92 |(Roale) Faala) | Raolg) Fou@g)Y|

X ' ap T Bea™s) 5 R l(y)

(op)e(X *£) @ paTe Y8 pa Yo

o | 2
(Vo1 Vo) Oy Va1 ) g1 Vg ) 95 ¥g )]

(@)@ )L (Vo1 Va1 _(ys aV¥ga)

‘ | a1
X (o1 V1) Wy Vian)D © (Wam9y) (9 7) (7 ¥,)

)@ | v (5-25)
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In Appendix D, we show how the expression (5.25) is transformed
into
-0k )-1
ax : l-X
(aB)e(L *L)

e

/""] Q) o (2) o =BG - ¥, - 3,)
X ) Hop” Map A x(e))e |

(e *L)
(1) Q-1 a.-1
X [yal fsa(ya+1)]6‘ @+1> o' oz+1R (ya 1”( 5-))_ 0 A
DgRey (5,01 | [g;-%(y

(5.26)
Combining Eqs. (5.26) and (5.24) with Eq. (5.5), we then get the
nonplanar N-loop amplitude (Fig. 10a)

FNL(N)

’ » -2(k_)-1
= [ _ dl*ka[ X Xaa(. o‘)> (1 - Xae>2
ae L *) U (o8)e@ *£)

. . S+1
/ﬂ/[l X7 . ay; [ay, May, ey, ]
T EEy R
¥ (®) U} =0 |
X . 2 [i#(é’i*:a:b)c)] .

(1) 4 (2) (v, - W)y, -3 )0, - ¥,)

= ap
(@B)e L *L) T ) - 522
e o) <) o8

{‘ o:o-l
(Y1 Rga(ygﬂ)](o@ ;3+1 CWon Rfsa(yﬁ 1)]< B--l}
)]

1 1
[ gﬁ)-nﬁawsﬂn [ ;;-Rm% N

Equation (5.27) continued
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Equation (5.27) continued

X fSﬂj (v; - y1+1
[iaé(f,,f*,;f*-l,:f-'l)]

‘ ] -S-i-l /_',\/]/ | . o

e T

1,3=0 (GB),"',(Y‘é)E(F('*&') n=0.

o -1
0
)

[1,3#(‘f;i*)] ['i;éj,n=0_]
o -3k, 'k,
X - [R*Jég)N(yJ)} i
. -ki-'lgr
/TS;,V /r._.]/ /ﬁ v;-[r510) G{2))
r (08),*+,(0n), n=0 Vi~ [Ri]gg)xc( %)) (on)A(78)
L4 g*)l (Ys)e(S(*;() | MEY
)Q aB),(a'B'), -+, l
on), (18)€( *;f)
B | Lk
x{%éz SN B
+7(n 1IN 1 +-(n ’
X - [R*1S] a,})\c,(xm xp - (R, a.,m(' )
(0:.)£(10)
(5.27)
where
(@) gt )y @) (@) gy o
£ _ g a@A,aﬁ ap 0B’ (om)e(F
Rﬁa(z,) B 'z(l x* ) + x(e) X< - x(l) ’ (aB) (f i),

o %ap T Fop  (5.28)
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and ,16
-1 -4
(det[a])2 = 1 -xg)"s | (5-29)
(R} ' -
(R} conﬁéins all projectiQe group elements generated by R;u,
(as)e(i'*‘ﬁ‘), i.e., it contains terms like Rgg R§'°‘,

n,m = 0,1,2,+*+,0 X{ﬁ} is the multiplier of (R}. The symbol

[Ri](n) Cis denoted’for R* Rt --Rt with total number of Ri's

BOL, O pa Tae e
equal to n. The ordering of the variables will be mentioned after
the following interpretations.

9,17

We interpret various factors in Eq,'(5.27)f

(a) The divergent determinant factor

-k
‘I 11 - x{ﬁ]]

(R}
corresponds to all "closed lines" going around the loops. The lines
are not distinguished by their overall directions.or by the points at
which they begin. |
(b) . The factors raised to the power ao-l connect successively
the adjacent pairs of “external legs, including the pairs across the

sewed positions. These fadtors, together with

| (y; - V) - ¥y, - v,) ( )3, ok
| ) - X2 () b T
(op)e(E*L) * P

are invariant under projective transformation.

J

~Lye .
(¢) The factor (yi - [Rt]ég)sr(yj)} 2K; kj corresponds to all
B, A

lines connecting the external leg v with the external leg yj
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and which go round. the N loops a total number of n times (in either

direction). The restriction that o # L in the product R, Ri},

AL

or ﬁi;%f' implies that é-line does not go successively round the
same loop in opposite directions. The - n = O component Qescribes the
line connecting the external legé v with yj wiphout surrounding
any of the ;N léops.

(d) The factor ,
k. 'k

y; - [Rt]%g;xo<%§§7_ % _Y
. - [rT1\2 L |
o el ()A(TS)

corresponds to all lines connecting‘the external leg vi with the
"center" points xi%), xsg) of the (v8) loop and which go round the
other loops a total rumber of n times. The final loop surrounded

must not be the (v5) loop.

(e) The last factor in Eq. (5.27)

' i ok
o 2 Y
D), Gy @nl) | Geny| T
(2ot (0) 6 R €1 JPES € BEP - N
xaB [R ].Bqa"xo@m xae [R ]_B'Ol' ,}&@Yﬁ)) (aD)’é(a'B')
(on)=(78)

corresponds to the lines coﬁnecting the (og) loop with the (7d)
loop, and gding around the loops é total number of n times. The
first loop'surrouﬁded must not be the: (@) 1loop, -and the last must
not be the .(vd) loop. The n = O component describes the lines
directly connecting the (ag) loop with the (¥®) loop without going

around any of the other N-2 loops.
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Equation (5.27) is very useful in obtainiﬁg»the overlapping
.and the nonorientable multiloop ampiitudes, and also makes it easier
to discuss the _‘p‘lanar multiloops; we will show this in- the next
subsection. |

Howevér, the ordering of the variables in Eq. (5.27) is not
trénsparentt Recall we startgd from the multiply factorizea-tree.
ordering -
<vy, for §<i. - (5.30)

LY

i 3’

After éewing, we get two new identities, Eq. (5.15),

'.Rf;é(ya) = Vg Réé(ymi) = Vg (5.15)
which, together with the identities Eq‘é. (D.2c-g) in Appendix D enable
us to.obtain the ordering of the set of vériab;es vy, 1 %l(x7,;:*);
xéé); xée), (aB)e(L*L) ). We phrase the ordering as following:l8
one simply replaces, from the original multiply factorized tree ordering,

Eq. (5.30), all Koba-Nielsen variables associated with excited legs

Yo Vg (og)e( *L), vy the corresponding invariant points, i.e.,

Yo ° x(gg):
- - (5.31)
vy o s (@)@

We thus obtain an ordering diagram Fig. 10b, which is associated with
the nonplanar N-loop amplitude Eq. (5.27).

But, this ordering diagram, Fig. 10b, is Incomplete in
describing the range of integfation (we need two more invariant points),

and also suffers the shortcoming that not all external legs are treated



C3-

on equal footing. Consequeptly)Afhe integrand of Eq. (5.27) is slightly
unsymmetrical with respect to all external legs. For‘insténce,}the
external legs trépped between xéé) and gés), (B)e(X *L), always
remain trapped, but, by projective invariance or duality of Eq. (5.27),
those'exterﬁhl'legs located between fhe invariant points of different
‘iﬁ Fig. 10b, are free

but adjacent loops, e.g., yB+l, yB+2""5yY-l

to move past invariant points, i.e., the ordering

(2)

x(l) < e <xaB

yB+l < B implies the ordering,18

xéé) < eee < xég) < Rﬁa(yﬁ*’l). . (5.32)

In order to get the N-loop formula in a .manifestly symmetrical
form with respect to all external legs, and to discuss the range of
integratioﬁ in a transparently symmetrical way, we move, [due to the
projective'invarianée of the integrand in Eq. (5.27)], all those external
legs, located between the invariant pointé of different but adjacent
looyps, aﬁay from the region occupied by the invariant points. A'éimple

renumbering yields the new ordering diagram shown in Fig. 10Oc

_ _ L@ o @
U2 B [yS+l - xox < Ig = V541 S Y6 T Xgy, < <'ya
= (1) v R ¢-)
= %o < yB-l = V041 S Yo = %op S ¥q-1 S Vg2 2
S SV <V < ¥g ) (5.33a)

Since the action of Ré; flips legs across the (oB)-loop's invariant
points-[Eq. (5.32)], the action of R = R;i---Réé, with total number
of R's equal to N, is to flip legs across all N loops, until we
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regain the original ordering. Hence if we move the external legs
Yo ...y i (in Fig. lOc) 1nf1n1te number of times past the N pairs
of invariant points, due to the important inequality Eq. (5.32) and

. (D.2c-g), we will asymptotically approach the two invariant points

x(l) ( ) of the product projectlve operator ﬁ = (Raa-' R )"l It
‘has been showh18 that the invariant points x(l), x(z) lie outside the
region occupied.by the N pairs of invariant points, and hence x(l),

x(g) divide the external legs variables V,."''V,_; Iirom the N pair

invariant points of the individual R's. It can be shown18 that the

region occupied by the variables Yo and the regions occupi€d

Ya-1
S yin . e
by (Rﬁa"‘gxc) (yi), i = O,l,-f-,a-l are disjoint (n # 0). As

n — o, we merely approach the two invariant points x(l), x(g).
Therefore, we can subtract the periodicities due to these disjoint
regions by integréting over only one of them, i.e., integrate one of
the varlables Yot ¥qo1? from ya-l' to R(ya_l) for instance, where

(1) (2)

and x Exactly similar arguments should

V-1 lies bgtween X

be applied to all those external legs trapped between each individual

pair of invariant points, i.e.,

L) ¢

*op Ya < ~--._": Ya+1'(‘ RBa(YB-l) éé), for (ap) ¢ E*L).

Consequently, in summary, the ranges of integration corresponding to

the ordering diagram Fig. 10c, is

0, = ® <y, =a®

2 = Vg = Xg SV¥g St SV¥gy S Rvg) <y
_ (2) = (1) . )
= x0>\' < e < yB = xaB < yB"l < el < yoc+l < RBOt(yB-l) - ya

x(gs) <=1 < Vgop S 700 ¥ SYp < ﬁ(ya_l) < x(2)17(5-33b)'
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(The range of intégration A, 1is always determined implicitly by U,.
ol . 2

'Notiée the complete symmetry between Raa’s and

R = (Rﬁa---RMI) s meaning that the -distinction between outer and inner
quark loqﬁg disappears. To reflect the<symmetry, the factors raised to
the power Qy-1 in Eq. (5,27) are formed to changeAtog"
: o ' B a. -1
/T:T/ - (Yi'Yi+1)ao-l [yo-Rg?--l)](X(l)- ot O
| : i=0 | bRy )]
| GAX £x %1, Ex-1)]
| - . C39%L
_ ‘ Vg - Rﬁcx(yﬁ_l)l(yB - yB-l)
(@) rd) Wp " Feal¥p-r’
By - .
X Xp o) . (5.34)

’ (o) e(E *L)
If we repl'a_‘ce the expressions (5.5&) and (5.33b) into Xq. (5-27), we
then get tllr'le‘ completely 'symmetrical nonplanar N-léop formula correspond-
ing to the ordering diagram Fig. lOAc:‘

FNL(N)
oze(i*) Ul (a8)eEX *X)

x/ | /]SJ( o = %) - ¥, - )
Uy 1 (v, - v,)°

| -
2 [1¥(ab c)J <o@>e<;<*sc'>

‘Equation (5.35) continued
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Equation (5.35) continued

Teow T 1T 1 T
- Xgy) //[f—* ’f[“[’/

(R} i,5=0 (o), (r8)e(X*&) n=0
if,B3 : (n=0,1£j)
J£r,8 4
. £ (n) -2k, °ky
x - [R ]Ba 5Y(yJ) i
' A i' : : o=l
X ' o T [x(I)-ﬁ(ya_l)]
[i,é(sf’,i*,f-l, £*-1)] |
| a.-1
Y ""f“‘ 579 [ﬁa(yﬁ %)]<y) B-1)
A Y
()l 1K) | Pt
rammsr? i(a,-1 o
/r T *op "ﬁ} Ao (5-35)
(aB)efl %L0)
where §:= (Rgg"'RLa)-l
| Note that in Eq. (5.35), we have defiﬁed [due to Eq. (5.32)]
Vo = xE) = Rm(m), m Ay, (5-362)
'.YB ’-"' ((Ié) = R;;('zg); ngéy'a: (C‘tﬁ)b(,,f *;C); (5.46b)
and
0 5‘ Xpo < 1o . (5.36¢)

( Though the amplitude corresponding to the ordering diagram Fig. 1Oc

has the advantage of being symmetric in all gquark loops, the actual
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calculation.isAmuch easier. from thé'N-féctorized tree'in'the configura-A
‘tion given ﬁy'Fig. 10b, or Fig. 9.)
B. Overlapping Multiloop Formula

'Ih this subsection we give a very simple derivati&n of the
overléppiné multiloop“formula from the nonplanar‘multiloop formulas
obtained‘iﬁ the previous subsection A.

.If wé interchange the labeling of the_excited B .leg with the
excifedz Y leg.in Fig. 9, we obtain Fig..ll. By sewing the of pair
and the Y,Sl pair, we then obtain the overlapping multiloop'diaéram.
However, thé formulas of multiply factorized trees only depend on
various crass-ratios éssociated wifh the excited legs, which in turn
only depend on the positions of the dots attached fo the excited legs.

A comparison of Fié;A9 with Fig. 11 shoﬁs clearly that the two'config;
urations Fig. 9 and Fig; 11 have identical expressions for the multiply
factorized tree integrands, except for the ordering of the Koba-Nielsen
variables.  It~follows,that sewing the configuration in Fig. 11 gives
a multiloop integrand identical to the configu;ation in Fig. 9. We
therefore conclude that the overlapping muitiloog integrand is identical'
to the nénplanar multiloop integrand of Eq. (5.27);‘but the ordering of
¥ and xé%), xéé) are>differ§nt, as already shown in Fig. 11 and
Fig. 9 (the overlapping loops have overlapped invariant points.)

‘ Tﬁen, by the projectively invariant nature of the overlapping
multiloop integrand [Eq. (5.27)], we can move .those legs "inside"<ail
loops to the "outside," and so obtaiﬁ, after renumbering, the ordering

diagram for overlapping multiloops shown in Fig. 12. Because any
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multioverlapping multiloops can always be reduced tb pairwise overlapping
loops, due to the projective invariance of our multiloop integrand, it
is'sufficient’in Fig.-12'only to consider one pair of overlapping loops
Rl and_ Ré. Corresponding to the overlapping loép ordering diagram

Fig. 12, the rahge 6f integration is

q L kP L) 0 2 (0) = (7)
Un _‘v-[x' SVge1 TX T SV FX T <Vgy FXp T <V
= «(2) o (1) : 2 - (2)
=R ST < ¥g 5 SYg o S vt SV SRlygg) <x7],
| (5.37)
where R = R lR1R2Rl 1; and x(l), x(z) are the two invariant points
of ﬁ; xil) (2) and x(l), x(g) are the two invariant points of

R, and R' ~respectively. Notice that the product projective operator

1
-1 l‘ . s .
R2 RlRQRl is the correct projective operator to bring, say, ys_5

across the 1nvar1ant points [xie), xég), xl(l), xél)] to the side
'adjacent.to Yor This fact also naturally determines the factors raised
to the powef' ao-l which connect the successively adjacent'pair of

external legs, it is then given by

a.-L

,ﬁ@ L tyy-Rlvg )1y 1| 22 R
i=0 5-3 |

| - (5.38)
If we replace the last brace in Eq. (5.3%5) by the expression
.(5.38), Eq. (5.33b) by Eq. (5.37), and take the case N = 2 together
with an obvious modification of the indices in Eq. (5.3%5), then we get

the completely symmetrical overlapping double-lcop formula corresponding

to the overlapping ordering diagram in Fig..12.
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C. Nonorientable Multiloop Formﬁlg

Tﬁe nQnorientabie‘lQop diagram caﬁ be coﬁstrUctéd from the
multiply féétorized tree diagram'by sewing a pair of excited legs with
dots on opposite sides. Eut two mulfiply>factorized tree amplitudes
with dots oﬁiopﬁosite sides of oneAexéited leg, say. 2§i. leg; are
related tq éach other By'the twist operator, or equivaientl&, by inter-
changing; say _y§f+l ‘with X:r_l, everywhe?e in'the tree amplitude.
It is then clear that the nonorientable multiloop intégréhd can be
obtained from the nonplanar multiloop integrand in Eq. (5.27), by
simply igterchanging %1?*1 and %;:-l evefywﬁere in it. Under this
interchangement, howevér, the external legs previously trapped between
the two invariant points xé%), xé%? in the nonplanar cése are no
longer COﬁfihed between them. The factors raised to the pqwér ao-l
then containifactors.wﬁich connect variables associated with lines
inside éndAoutside the loop. Since we have the freedom to move out

the external legs lying between xéé), ﬁég) into the cbmplementary

' region,'ﬁe must assign a negative multiplier '-fa€7 to the nonorientable
.loop %at.‘ After moving out -all exterﬁal legs away from the invariant
points ahd renumbering them, we obtain the nonorientable ordering
diagram shown in Fig. 13. (Again we only consider.the nonorientable
double-loop case.) The range .of integration corresponding to the

nonorientable ordering diagram Fig. 13, is

(2) = x(1)

_ o (2) = (1) - -
U = [x Xp T SV¥g EX TSV FX O SV

< Vg F
(2,

(2) . (1 ' R(vg.s) <

(5.39)
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where R = R2’-2Rl-2 is the correct projective operator taking Vg5

across the nonorientable loops Rl’ R - to the side adjacent to yo

Thus the factors ralsed to the power Q- 1, is
S-h (1)
KW , 0ty-1 [yO-R(ySJ)]< “Yg 2(Ot
. "(yi-yiﬂ) T l) Ix %c 2xR
i=-0 . 5<3 :
(5.40)
where
(@) , (1) 5 71 - £(2) L(2) .
z[x;°7 + x7/ X.] - x x /(1 + X.)
Rf;’(z) S S 1 1 = i=1,2, (5.41)

z(1 + Xi) -bxgz) X, - x§17 o ’
and X, 2 Q. _ |

Hence, if we replace the last brace in Eq. (5.35) by the
expression (5.40), Eq. (5.33b)lby Eq. (5.39), let all Xét: become -%;i,
and take the case N = 2 together with an obvious modification of the
indices in Eq. (5.35), we have the completely symmetrical nonorientable
double;loop formula corresponding to the ordering.diagram Fig. ;5.

D. Planar Multiloop Formula

The planar multiloop formula is a particular case of nonplanar
mltiloop formula, if we let all external legs inside loops disappeat,
i.e., if we set all Koba-Nielsen.variables inside the loops vanish.
The planar multiloop ofdering diagram is shown in Fig. 14, which of
_course is a particular case of Fig. 10c. On examining Fig. 1lh, it is

frivial to write down the range of intcgration
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@) (2)

. - < = / . = ° s e -
2 = ys+1 Xy T S¥g FXy St S Vgionss
_ @) S (2) (1)
= Xy SVgonse TX) D SXTT S Vg oy ST SV SV

< Rygppe) <xP1, (5.h2)

A _:‘ = -l LI N ) _l y » 1 . L d
where R .= RN lRN_l : Rl and.thg fgctors raised to the.power ao-l.

-2 a Y%t
S (v;-y )OKO'l [VO'R(Vs42N+1)}(x(l)'ys-2N+1) °
Vi Vi [x(l)_ﬁ(y X ‘
1=0 s _on+1
. : %(ao'l) ‘
X [ X XR?] N, (5.43)
(aB) & *L) o

Agaln, replac1ng the last brace in Eq. (5 35) by the expression
(5.43), Eq. (5.3%b) by Eq. (5.k2), and the factors '1\T21.- %;5)
by9,l9 _rT‘T’(l - X;e), then we.get the symmetrical pléfgr N-loop
formula (with an obvious modification in the indices).

| E. General Rﬁles for Writing Down Any
Arbitrarily Mixed Multiloop Formula’

In this subsection we givé 8 set of rules for writing down any
arbitrarily mixed20 multiloop amplitudes by simply examining the corre-
spondiné'ﬁixed multiioop Feynman-like diagrams (theyjare essentially
equivalent.to the corresponding‘ordering diagrgms).

Rule 1
- .Given ény mixed multiloop Feynman diagram, we appeal to duality
and arfange the diagram such that

(a) no loop is allowed to be within another loop,
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(b) ﬂo external legs are allowed to be within overlapping loops
and nonorientable loops,

(c) all external legs not confined within nonplanar loops are
bunched together, |

(d) no more thaﬁ two loops ever overlap.
It is beéause the range of integration is only transparent in this
particular configuration, and the Feynman diagram simulténeously repre-
sents the ordering diaéram, the we make these arrangements (a)-(d):
(It is certainly not necessary to do so.)
Rule 2

We aésign to. each external scalar leg one Koba-Nieléen variable

y;o 1 % 1,++,S, and one incoming four-momentum k. tb each loop
one loop momentum %;: and three parameters xé%?, ﬁé?), Xge which
define a projective operator R &’ (R;_%') corresponding to surrounding
the loop.in a clockwise (counter-clockwise) direction. We adopt the
convention that 0 < XE( <1 for planar, nonplanar and overlapping
loops, and %ﬂf is negative for nonorientable loops.

Rule 3
- We .integrate over all loop momenta 5;?, all multipliers Xéf’

all invarlant points é() ée) and all external leg varlables Vi»

i=1,+++,8; i.e., we perform the integrations

- -oz(k’{) -1

dy.
(o‘() Uy, &) L L

1

1£a b ,¢)

x ldx<l) ax(2><y - ) - v, - ¥,), (5.44)
() |
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where y;{'yg, Yo areAanytthree fixed variables téken out from the set

. —— 1) (2 .
of Yarlablee [yi, i = l,-j-,S; rér), %éf) all ;f]. The ordering
- diagram, which-determines' U2 in the expression (5.4lt), is similar

(1)

%éi) to the p01nts formlng the loop EQ: with the main tree, and x(l),

to the rearranged multiloop Feynman diagram, provided we dassign x

x(e) to the points separating the "outside" .external legs from the
region Qccupled by the loops, as shown in Fig. 15 for example, (Ul is
implicitly deterﬁined“from Ug),
Rule 4
The mixed multiloop inteérand consists of
(a) the linear dependenee factors (seekRule 5),
(b)‘:the factors raised to thejpewer ao-l, which conneet the'
succeséively adjacent ﬁairs of external legs, and their forms depend
on the'Ordering diagrams (see ﬁule 6), |
(c)l the diveréent determinaﬁtal factors correspondidg to the closed
curveS‘eﬁrrounding'the loops, see Rule 7, and |
(d) ihe momentum-depeddent factors correeponding to open curves
surrounding ﬁhe loops (see Rule 8).
Rule é |
The linear dependence factors are: for each planar loop 5ii
‘a factor (1 - %;f), for each nonplanar or overlapping loop, a factor
(l - XEf) ; and for each nonorientable loop zi? a factor (1 + Ifyzl)z.
Rule 6 ‘

The adjacent pair of external legs v and Vin contributes
o -1 .
O .
)

il Fach pair of external legs, for example,

a factor '(y; -y
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the and the ym legs in Fig. 15 that are adjacent to x(l) and

Yo

. 3
x(2), contributes a factor
o -1
[yz+1 R (¥, )](x(l) -y ° .
[xgl - Ry(y,)]

Similar tactors correspond to the palr adjucenl lu Lhe invariant points
x(l), x(e) ot the product projective operator R. The pruduct prdjec-
tive operator R is obtained by examining how one leg of the adjacent
pair moves past all ldops. When it passes (in counterclockwise
direction) a planar or a nonplanar loop ;Z’, it acquire a factor %i%;
when it passes an overlapping pair of loops in the sequence ;{’,;f',
then it acquires a factor %i}, %{’%;"%;%; and when it passes (in
counterclockwise direction) a nonorientable ioop af, it acquires a
factor %i?. For example, the product projective operator R in Fig.
. a T2, - - -1 - - -1 ,
15 is R = R7 R6 lR5R6R5 th lR3 le lRl . There also occur extra
projectively invariant factors which come from the Jacobian transforma-
tion9 from the sewing configuration (e.g., Fig. 10b) to the symmetrical
configuration (e.g., Fig{ 10c). They are, for each planar or nonplanar
: 3(ay-1)
loop>(;i, a factor 'x;: s for each nonorientable or overlapping
-1 , '
loop ;f’ a factor X;? , and for (each) product projective operator

2(“ -1)
R a factor (Xﬁ) . Hence, for the example corresponding to

: a l)
Figr 15, the factors are 3th 2X62X7£XR

- Rule 7

‘The divergent factors, corresponding to the set of closed

curves surrounding the loops, are



Wu Sxgp™h -  (5.b5)
(R} ' ' .

‘where X{R} are the multipliers of the projective group elements
generated by R' (for all ét) such that cyclic permutatlons and
inverselofA»cyclic permutations of the eleme'nts are omitted.
Rule 8 | |

. The momentum-dependent factors, corresponding to the set of
open cur&es surroﬁnding'the loops, i.e., thé curves connecting the
external ieg v td the external leg yj; the curves connecting the
externé.l leg -yi to the "centers! x(l>, xi_g)' .of the loops d's;
and the cﬁrves conng‘cting the '.'center""» xél), xéé) of the loop ;{ to

1) (@)

the "center" f ’y xi of the loop j:, .The factors are

i€ all extermdls

K, K
ys- [R*]a?);ﬁ (x(e) L
[Rt](n) (12
2 L") et s

Equation (5:L46) continued
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n=0

: ‘%k ‘K
1) gty 1)y (2)_gty(0) <e> L L
%1 [Ri](n; (("' ( )_[R ]5(2 = 0((1')”
n 1 n '
l.R .I in(zn [R ] n ,f"' % )
£'l£x",
(5.46)

| “++(n) + ¥ . B
where [R =Ry -+°*R3 ,, with total number of equal to
S A SR Al L e

. : -1 -
n, and it is implied that Ff # L' in the product Ré( Ri' or R R .
« | o TR
We end this section by illustrating the rules 1-8 in a general
example consisting of two planar loops Ry and Ry, two nonplanar

loops R3 and Rh’ one pair of overlapping loops R5 and R6, and

one nonorientable loop R7, as shown in Fig. 15. We then write down
the ahswgr

FML(7)

- 11 [ ([ )
- foZ Tl/ /H/u o

1#& b ,C)

(v, - )y - ¥ )0 = v )T [ - xg™
®)

Equation (5.47) continued



_57-

X @30 -5 - x)%0 - )% - x5>2<1 - %7 + [x].)?

. . l
| (Tﬁfl (v;-¥; .)ad-l.[yﬂ+l_R3(ym)]( ) n )|’
r Bl [xgl)-RB(ym)]

i=1
(i#,m,s)

2(oz -1)

2
X [X1X2X3Xuxs x62x7 el

- | a -1 a
N IMENTR S OI f) [yl-R(yz)](x(l)-yz) 0
[x (1 )—Ru(ys)] [i(l)-ﬁ(yz)]

-3k, k.
x/\]/(r\—r ‘ll ty - (=47 )
=0

-1

;J—l ,-

€1,2, ,7 (0=0,1£3)

e
;J"\_;;—i;;, o v - [Rf£( e (é(.

€l,2,

&gt
(it T
€l,2,

L i, ;C";é;t")

x({) (r*1$ 6 ) «P-l) 6L )1'%'1(;{."}3"’
?7[3*](” i"<sé"') c(f?) [R*](n) ((l)

with -

(5.47)



- @ < w1 < x{B) < 1) < xéi) <xP) < x{?) < x(1) <

(2) .

' o _ (1)
S¥g SV¥gq St Sy <RGG) <x <

)%

CENOBNON

A

: < y'm < ym-l 5" e s y1Z+l < RS(ym) <X
< xél) «< x{2) < x(l) < yé < yé_1 LR ﬁ(yﬂ) < x(g)].
' (5.48)
.The formula, Eq. (5.h7), is maﬁifestly projectively invariant,
hence, ény formulas related by duality to the Feynmaﬁ diagram of Fig.
15, ca.n~é;i§o be directly written down. In fact, the only modi.f.ications
are the ranges of integratiéns and the factors raised to the power

Oto—l .
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VI;.‘MULTIFACTORIZATIONS ON THE MULTILOOPS AND THE
PURE REGGEON MﬁLTILOOP AMPLITUDES

Tﬁese two classes of amplitudes are the new results of this
thesis work,zl Since their derivations are very similar to Sec. V,
we will nét give the detailed calculations but shall only oufline
briefly hqw'various new factors are obtained;' Again, in the end one
can intuitively interpret thesé neW'féctors‘in a similar way to Sec. V.-

A. Loop Amplitudés With Exfernal Reggeons

Ohé simply way to obtain .the multiloop’amplitudes with ‘some of
external legs exqited, is to sew; in Eq. (5.1), M pairs of excited
legs with ‘M < N. We therefore. separate out, in Eq. (5.1), those
factors,which eventually correspond.to mu;tiloops.from‘those which

represent the excited legs. Hence we write Eq. (5.1) as

( ) et
(2N) Vg1 Ye/ Ve Ve
Sy (&%) f/ﬂ/dy (1] M Vi1 Ver)
] te(T) -
S+1
exol 3 L ROk 3 Y @O
fte(T) i=0 t,t'e(T)
(ift) , t,ét )

X em{ ) (2, 3 00" « ) (&PlrS, MO0, (60)
e (€ *) pe(L) ' '

.FG(T) te(T)

where [L] is identical to the integrand of Eqg. (5.1), except N is
replaced by M. The notation (T) indicates all unsewed excited legs.

We note that the last exponent factors in Eq. (6.1) simply contribute
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extra terms of E: P [P ( )]'at) to the -|E ) of Eq. (5.8v),
: Bt
. ' te(T)
, : (5 -l .
and extra terms of :{: a ( )]|a ) to the |F ) of Eg.
te(T) OB

(5.8¢). Consequeﬁtly, all calcillations from Eq. (5.8) go through
exactly to Eq (5.18). From Eq. (6. l), we calculate the integrand

after sew1ng, i.e., I= q‘l In’ and u81ng the follow1ng symbolic

1dent1t1es
Py By BN = (OB R B (G.2a)
ﬁtA RBG 1’5s'1( Y = | )pt'; Ré; P, | | A(6.2b) |
v B, BTOD = (p ®y), | O (6.20)

where y. ' 1is the Koba-Nielsen variable, and Egs. (6.2a) and (6.2b)
are understood to be sandwiched between (atl and fas). We find
again that two sets of an infinite nﬁmber of cancellations occur

beautifully in the operator part; and result in

nl t,0 (1) Lo L e )

Y Y > >
te(r) nal &0, L ,L" ML, L)
(X))
U OR

Equation (6.3) continued



- -61-

=)

&= ¢
w18, éf?
(a*|2, 9) 18 (6.3)

| <

._y;(*
where [I

loop] is given by Eq. (5.22), with N —» M. Combining Eq.

(6.3) with the first brace in Eq. (6.1), and then combining it with
[L], we finally get the answer for the multiloop amplitude with T

excited reggeons, corresponding to the ordering diagram Fig. 10b

F'NL(T)(M) .= [ (F}('j 27) eXP\5 Z > > B

n=0 t,t' e(T) all;e
(n=0, o) ()

X (a®le,x518) L, 8720 )lat)

A Qf';(, -
+ ¥ i Z E (a*12 (x*15) (1)1x))

te(?) n=0 al1¥ 1,4(;‘,19*) £H

e(Z) | 1/:1; n=0)

L (2]
REDINDY > | (e ) ?(f
"

te(T) n=0' .z” & rf"e(f) 524 L)
z")

K, ny
1 >
-ki "y
_ 3
(i) |
((yt-l - y‘t)(yt = yt_i_l)} {

‘ . , (6.4)

X
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where [F}(5,27) is given by Eq. (5.27), with M loops, and x(f),

S
x(2 are the two invariant points of the loop R It should b-

pointed;ouf that only fhe last factors raised toiiie power -a(kt)
and‘the.factbrs raised to the power ao-l in [F}(5.27) are sen.;itive
to the 6rdering of the external legs. Agaip, it is trivial to move all
legs away from the region occupied by:the invariant points, there)y
obtaining an amplitude éorresponding té the ordering diagram Fig. 1Oc.

For simplicity, we first assume that all external legs adjacent t> all

invariant. points in Fig. 10c are not ekcited, then the amplitude is

‘ | -a(x, )
(T) _ ,([\‘]/ (Vg = vy - ¥eyq) %
FNL'"/(M) = [F}(5.35) 7w

te(T)

(a® IP R (®) 5Lyt
n=0 t,t'€(T) allX XL
(n=0,t#t") e(X)

| +i ) >] > J'(é|P[R];6€(i)|ki)

>
3

o=

™1

k

o( "o

T F S e [<7F

A VAR L 38 | P

(675)

where (F]( is given by Eq. (5.35), with M loops, and zéd,

5.35)
{;f¥ are the two invariant points of the loop 5{”
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A simple interpretation of the last brace in Eq. (6.5) again
emerges :

(a) The first terms (in the exponent)

(a"lp [R*J;/n)({ BH( ) 1at)

describes all lines which connect the reggeon at Qith the reggeon

' .
a® “‘(notice t could be equal to t', for n # 0) and which encircle

the M loops a total number of n times.
(b). The second terms
o tyo
(a®|p, (r*1(0)

i k
L (1))

descrlbe all lines which connect the reggeon at with the external
scalar'leg ys and which en01rcle the M 1loops a total number of n
times.

(e) 'The last terms

y K

i'](nx i"% : ;{"*
&, ]
2 |15 g

describe the lines connecting the reggeon at with the "center" of

(at|Pt[R

the loop 5("and which encircle the M loops a total number of n
times. | |

(d): The factors raised to the power -a(kt)_ derend on the ordering
6f the particles. They appear here because, for excited legs,

a(kt) 50 2 # 0. 1In the case that two excited-legs are adjacent

o *
and yB'l are

in Fig. 10c, then the corresponding

to the two invariant points; for instance, if y

(2)
op

.excited and adjacent to xé;), X

a+l

factor should be
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~a(k . (1)) (kg 1)

Ya- -2 Vg l)(y 1%
NEOK
Yop (6.6)

4 ] +l)
[(Roo(Vg 1) Vou1 (v, i1 Vo) (v
AIBBa(yB-ij - ya+22

(yB;

Furthermoré,.if the two déts associated ‘with two excited legs "face"
each other,'then we need an aéymmetrical propagator, similar to Eq.
(4.18).

Iﬁ should be observed that all the new factors -appearing in

(6.5), as compared with Eq. (5.35), are insensitive to the ordering

diagrams. 'ConseqUently, the'planar, overlapping ahd nonorientable
multiloop.diagrams with arbitrary number of excited external legs can
again be discussed as in the previous section. 'In short, they are

distinguished only by the expressions -for (F} which have

(5.35)
already beeh explained in Sec. V (A-E).

.ﬁ. The Pure Reggeoﬁ Multiloop'Ampiitudes

¢ The way to obtain this class of amplltudes is s1mple One .

simply puts all Koba-Nielsen variables, in Eq. (6.5), associated with.
external scalar legs vanish. In this limit, however, there are
extra factors similar to Eq. (6.6) abpear for each loop, in addition
to the factors raised to the poyef 41(kt). Hence, the pure T-reggeon

nonplanar multiloop amplitude corresponding to the ordering diagram

Fig. 10c is (Fig. 16)

. r T [« )( 7o
(D - | (F') ‘ l AV 1TV VgV
R B CR) ey (yt_’l - Vi)

tA (L 1, -1)

Equation (6.7) continued
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Equation (6.7) continued

' : ~o(k_ )
' [R (y 1)'yoz+1](y +l a+a) ot
X ae(;(’*) [ 73’5 l) o:+2
pe(X )
-alk,_ . )
| A B-1
X Gp-2g '1)“'@—1”‘%)) |
(v (l))
B-2 "0p
- -a(ky) )t )
Ry 7o 00| G al)(y K e
[R(y, 1)y, ) | (ya_g-x“))

n=0 t.,t'e(T) allﬁ

(n =0,t#t") e(L)

Cpeed Y S S e 1:{?)4‘, B7()at)

. L
n=0 te(r) anld if(:Z,oL*)

. . A | |
2: ‘ <<\ ;;; | (a IP [R™ ]( 6f'(1)|k )
() (n=0,i/t) o

3
A ' — Y puyg k-ﬁ-ix
+ E | > | X— (a |P[R3§)j, * d\) )
. Wy =7 cee ! " o= 1" - 1 T
te(T) (,e\(',‘;f_’) iy :\i. 0 | iz _ll k‘f g
L )

wﬁeré {F"..](5-.55), is the integrand of Eq. (‘5.35),1111_; with ﬁo extgrjial :
scalar legs. Agaih, the forms of the expression 6:(' the whole integrand
in Eq. (6() is independenti- of dot.positio_ns. " When two dots of
ad,]'acentAlegs fa;:e each other, an asymmetrical .'pr'opagator similar to

"Eq. (b4.18) is required.
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Equation (6.7) applies equally well to planar, overlapping,
and nonorientable multiloops, brovided we modify the -expression of
{F')(5 35 according to previous Sec. V (A-E). [The factors
' “{+++} in Eq. (5.7) should be oﬁitted, however.] Again, one
ae( L *) | | o
pe(£)

can give a set of rules for writing down any mixed multiloop amplitudes
with any number of excited external legs. Since this is fairly obvious,

we will not elaborate here.
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' VII. CONCLUSIONS
In this thesis we have presented a.seriesAof beautiful, elegant,
and "simple" formulas of general tree amplitudes ana general multiloop
amplitudes ih the dual resonance ﬁodel. Various rules have been given
for writingAdown directly the formulas'corresponding to the Feyﬁman—like
tree or ;oép diagrams. interpretationé of ‘the férmulaé also émerge in
very simple ways. And the'esgential point of tﬁis apprqach is that the
formulas afe-mathematically unique and exact.
'The remaining problems are:
(a) elimination of the divergent determinantrféctors,
(b) 'exflicit summation of . subsets of multiloop diagrams to see if
it is indeed unitarized,
(¢) 4incorporation.of internal symmetries beyong the Born terms
(after ghasts are eliminated).

None of these problems have been solved, however.
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~

APPENDIX A. USEFUL IDENTITIES

We denote
[e <]
e n 8 - m
Gagmz), = 3 A, 20, 2 (@)
£=1

then we have the following set of identities

T

M_M_ = M+’, | | | : (A.2)

M+M7T = Mb,". ' ‘ (A.})

MM = M, (A.4)

CoMaM = I M, - -ll/i’ (A.5)

MxM_ = (1 -Ax) M_ T %'1 = . (A.6)

M (1 - #)M_i - M_(j_ -'i .M_Tx. - | (A7)
The -identities involving the twist operator are

(elw. - @, N @)

wTa) = [3), )

(xla) = -(x]a), o N ; (A.10)

(k]qu) = -(xla) + (]2 - x)[7) | _' . b(A,ll)

| - @nhlant, - O (aa2)

T o= i exp(aT|¥4_|a)‘ :, | (A.13)
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o (k)
a
exp(ajW
: 9
exp(aT|M ‘
_ - Ifa) s |
| “(A.1h
-1k)

QIA" I - I a
a.( ) -
e exp(alk). | 5
. )
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APPENDIX B.  RULES FOR WRITING DOWN MULTIPLY
FACTORIZED TREE FORMULA8

Rule 1

We assign to each leg (scalar or excited leg) one Koba-Nielsen
variable Yis i=1,2,"'",S, aﬁd an incomihg four -momentum ki'
Corresponding to each excited leg, we assign one destruction (creation)
operator- ap;n (a:,n), where p 1is space-time indiceé, po= 1,2,3,k;
n is the excited harmonic oscillator mode in question, n = 1,2,...,m,
and the supgrscript @ coincides with the labeling of the Koba-Nielsen
variables, «a < S.
Rule 2

The scglar part of the multiply factorized tree is the
ordinary Koba-Nielsen repfesentationl3 of the S>point dual amplitude,
i.e., Egs. (4.1) and (4.2). We denote it by f;;d,yi[YS},
Rule 3 A

The operator part of the multiply factorized tree consists of

the scalar products aa-ki and a%-af. It is
i k.
. 1 1 Uiy 5 -1
Olexpd) ) Aa°‘|pa[ } + 3 e 78y O 1) e)
. o in1 a+ldfk, Qa,p<S

oS (i) (a7B)

)(B.l)
where the cross ratio gu(i)[PB(i)] is defined on the «a(B) . excited
leg, such that the first variable in thg cross ratio is Yy (yB), the
second variéble is the variable behind the dot attached to the a (B)

leg, the third variable is the variable in front of the dot attached to
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the «a (B) leg, and the fourth variable is ¥ ‘The notation . Pa[a + 1]
here means ‘that if the second variable in the cross ratio is Yol

(yd-l)’ then the fourth variable is also You1 (y. ). i.e.,

a-1
ga[a + 1] = 0 for all cases. We include it to ensure conservation of"

momentum in |). The notation P_ P "1 yas been explained in Egs.

ap
(3.10-14).. If Pﬁ(x) E P(p,p-1,R+1l,x), then

. ] Vo1 - Y '
k) = oy, - ptli P , (B.2)

P
-1 -y
P g _l_x(yg §+1>

yﬁ-l - y5+l

and if PB = P(B,p+1,B-1,x) then

Vg1 -
Pr x(lai&)

Ja+1 = Yp-1

.- You - ¥ |
8 Lx) = A -1 : (B.3)

Rule Uk
" When tﬁo excited legs are adjacent and thé'two dots attached to
them face each other, e.g., Fig. 5, then we need an asymmmetrical-

propagétor,'e.g., Eq. (4.18) with w P, .(S -1). 1In all other

“s-1 T “sa1t
cases no modification of‘the-ordinary propagatioh is required.
Rule 5

Thé two amplitudes with the dot on the opposite sides of one
excited leg, say the Yy leg, are related to each other by the twist

operator Q+(-ka,da), or equivalently, by the interchange of y_ .

with y _, everywhere in Eq. (B.1). The only additional complication

1

to this rule is the case stated in Rule U4, where we need an asymmetrical

Pevpragator,
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© APPENDIX C. INFINITE NUMBER OF CANCELLATIONS ON vy
We show how the infinite number of cancellations involving

3:1 beautii‘ally occur, and enable us. to pass from Eq. (5.20) to Eg.
(5.22).. We first consuler the fa.ctors raised to the power -ki'kr in

Eq. (5.20). They are

fon o el et o)
N P S e -[R *J(“) sl
y Bo, O 8 (Q)% Ya) 1 )\ORSY y5 [(Yb);é(m )_'_-]
! [Ri]ég,)m sr(yr))
X [R ](n) (s ) J (c.1)
- BN [(ro)4(on),-)
Using the réstﬁ ction that ;( #i ' in the product %R__’al; or
Ri]R‘;ﬁ,, we can write Eq. (C.1) as folloﬁs o ) !
(es) yi-[R*]ég’Liz,(yY) Yy [R*]é;)m(yg) ¥y- -r¥1(®) g R, o(v,)
i yi-[R*]g"L)l\?,(ys) y;-[R* ]ég)xo(yr) yi-[R*](n l)Rki,(yx)
yi-[Rt](n-;)R;i(y'o) -
v, R Ly ) T c.2)

For n = 0, we have, from Eq. (5.19),

(e8) ‘yi-Rga(yY) | yi-RSI(yY) RN
0 + - Y. - Y
-R> (¥5) R.(y.) i °r

+ : .
ViR () ¥y Re(ve) VY (c.5)
—— + _l r.— i ' . Pt .
ViRee)  vyBplr) i ,




-7h-

Take the infinite product over .n, we get, from Egs. (C.2) and (C.3),

. .
G L faen L [rorl
- n _> yiA- y
- n=0 y

_(rE(IL Mg

X im .yi°[3t]ﬁajxg(yr) : vy -[R*] )Rxo(yx) :
N;;a"ji-[R*]égjiZZ§5) yi-[Rf](N)R;ﬁ(yo) | .
o y.-[R*](Nﬂ)(y)}'

- {yi‘_y’b} lim {l PO AT T ) [(n)#(x8),-] . (C.k4)

.Y 5 0 + 1 _
iV w {}ri-[Rf]g;\g(ya)}[(m\)#(m):,+]

-1
o1 2
o, aﬁ '

Again, using the restriction that ;f 4" in the product R R

we can write the two limiting factors in Eq. (C.k4t) as -

_frt)(F+L) . ;{.-[ £y (1) }
{yi ) Ba’”(yr)ﬁax;évs,-l & ,R'.BO"”,’(YY) (on)#(0)

e o dy (D) e
x {lyi-l;Ri]Ba:KU R6Y(yr)}(o?\)¥(¥6). {yl R6Y (yY)} ? (C.b)

and
-[r¥1NH) %} . L)y |
{yl LA (TENVIC IS B ISR A N EES
"1 (N) -1 . e - '(N+l) . ~ g
X%i_mi]m’”%*(y&)}ox);é(ra) {yi-R“ R

' 2 . . : .
But, it can be proved? that, if N — «, the expression

R o)
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is independent of z. Hence, Eqs. (C.5) and (C.6) are equal to

[Rt](n) (x(g) | ; )
_ /rr{y BO, AO (00)4(r5) | (c.7)

and

‘ y. -[r¥1() x(l} S (c.8)
/ror{ 5""%“(*6 (oN#e)

respectively, where

Bop(z) - §%)5 ) 7 x(z)
Ropzy) = )y oz A,

are the two invariant points of R Substituting (C.7) and (C.8)

BY”
in Eq. (C:4), we get

L(et) f YV rff [R*]ég)xo( (2))l | (c.9)
S L e ®) G )

PATETE J(an)A(re)

Similafly, those factors in Eq. (5. 20) which are raised to thé,powér

-k kT’ ‘can ‘be shown to be equal to -

.I(M)A E- /I:l/ir(]uj =.T°:]/
n=(') “ . n=

(1) x), G (2) (& ](n) <(2)>

X () %?m() (T oA

5 o 1 1 Iq\n e
[R¥a m(m) [R¥G'W@m (%M@B)
(oN)A(7D)

Equatlon (C lO) continued
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Equation (C.10) continued

X /r\ ”“"]/ [(ya-yg(y@-yr)} |

(g¥s) (vyv,)

(08), (vo)e(X L*)
-1 -1
. Roo Vo) ReaVp) | Rao (V) R (¥p)
X R, (¥,) R ()
L e £ L YT - B

Hence Eq. (5.22) follows.

(2.10)
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The transformation from the set

(1) (2)
Kopr *op"7 *ap

show here how.Eq.

(5.25) is trahsformed into Eq.

THE JACOBIAN CALCULATIONS

[taﬁ’ o’ yB]

is one. of the most complicated calculations.

(5.26).

We

to the new set

We need a set of 1dentit1es connecting the old set of variables

to the neW'set of varlables

. (5. 13), (5 2) and (B.2)]

We'express

éa, Eq. (5. 1u), as

2(¥g-8¥g,1) = (V¥ ¥pinYpn®)

5 -1 -1
R .(z) = P~ Q_P(z) =
R PR 2(1 - a) + (ay,, - ¥,)
where
. :
T TR, - T4 t s ogTac
- (Vg = Y1) = ¥g4)
; W1 = ¥g-1)Wgin ~ Y1)

, (D.

(D

(D.

[u31ng

1)

.2a)

2b)

Compare Eq. (D.l) with the standard form Eq. (5.21), we obtain the set

of identitico

, (1_- a) = 2(1 -ﬂxaé),
Vg -'ayﬁ+l - <r(2) &é éé)
o 10 - DD
YanYpn® = 4 Xé;) ég)(l - &é)

YQYB -

(D.

(D.

(D.

(D.



ey - v ) ey - V)] o
L = [ i O(‘I) QZe B ] . | (D.2g)
aB\oB. o '
From Eqs.‘ -(D.2d) and (D.2e), we can derive the identity
2 (2) _y~l (1)
: A a8 aﬁ *ap
o x\2) x MEY)
8 = = ‘ aa(p) aﬁx gfg” g A(D.Ba)
v ‘ aB CiB of
e,+1 a+1< (2) _ (17)
With the following further identities
(2) (1) (1) 2 .
y.a - Rw(yﬁ+l) = Q"’l(g@ (jb) : (l() - 09 ,
Vgl = Xop) * "aa Xas *op (D.3b)
, (2 (l) (l) (2) -1
y = RYy ) - yaﬂ( - GQZ (1 - Xop)
° P V(- o) + és) Xaﬁ - &?
(D.3c)
4 (2) EIINED (1) (2)(1 £y
Rif;a(z), = X 0’5 aﬁ> (2) (lr 0’5 ,(D.3a)
z(l - X ) + %08 XCtB X8
,‘ Ri; (z) - x(g) z - x(g) ' '
pa op $ %?
RY (2) - x\L/ " Yop ) o ®.3¢)
pa

g B
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. ‘."l ) (l) - . | . ' (2

RB'a(Ya) - x,aﬁ . ) RBQ(y@') - xoqs) N |

A Np-1 ] - VA R (D.3f)
<ya f'thB')[RBd(ya) "l Dy - Ree(vp) 6’6 " Yop /)

one can show that the expression (5.25) is'equal to (only consider one
loop): -
1, 2

-0 .-+k 2.
g 020 (a - 4)

ad

' 1) _(2)
6(¥aa xqa 5 %aB )

o o) s

y ay-1 (ya-xb)(yb?yc)(ycfya)
b TG0 ) (g ¥p0)] 7 [ Y] ARy

o ' Ly 2
-1 -1 : 2%
R@a(yd)'R%g(ig)_‘ Roo (V) -lRBa(yB) 5.0)
Yy = BgolV - - )
o patp Vg = Rap(¥y)
Now we sfeéialie to the'framé x(l) = oo, x(2).= 0. Tﬁen R oxit
S ' ‘ Og ’ T : pa ap
and Yo = xé;), Yp = 1, Yo = %éﬁ)’ so that
a.'—>l,
X1y
Yo+1 ~ *op Yol
£ -
x(l) X_l ’
ap ap

¥g —>4X5% Y, : ’ - (@.5)

‘Hence the expression (D.l4t) reduces to
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Wy (2)1r - ' %L
gl Max T10I] ) (¥ - xaaysﬂ)(yd+l - XyeVgo1)]
X = o0
Xég):O
g o L__l_az-_g . - : © (D.6)
: £ Xdﬁd ' . :

The calculation of the Jacobian factor [J] is rather complicated. But

it giveég_ v
s Yo V) R X))’
L ¢ S -) E - 5 (2.7)
Xop? ¥ap » %op ) (2 ) Xop
Subsfiﬁuting Eq. (D.7) in (D.6),.we obtain
dx ‘[dx(l)][di(2)](l'~ X )é X?ﬂ(ka)‘l
ap: . aB ap of aB
: v @yl
. x? [(yd-l = Xdﬁ yB+l)(yd+l - XdB yB_l)] o . (D'8)

9

We then uniquely generalize” the expression (D.8) to a general frame,

it is .

) L (2) )1 o (Va3 (v ) (v, 7y,)
Hop Pop” o’ Xop (1 - %) ACO N N
. ',. ‘ . aB | aB
r g 1 ay-1 (1) -1
" [yd~l-iﬁ?(y@+l)][xéB)-yB+l] {Eya+l-?§?(yﬁ—l)][xag -yﬁ_l]
(%587 = Rog(¥gi)] Lo Dos - Roq (Y1) P
| . (D9

Hence the expression (5.26) follows.
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FIGURE CAPTIONS
Feynmén tree theorem for planar box diagraﬁ.
(a) N-point amplitude wifh scélar legs.
(b) N-point tree ordering diagram.

Single factorization.

.4‘Change the Y frame to the Y' frame for second

.factorizétioﬁ.

S+ 1eq).

Aéymptotic propagator daée {for a
Fourth-factorized tree diagram.
Four-reggeon tree amplitude (symmetricél).
N-reggeon tree amplitude (symmetrical).
2Nth-factorized tree diagran. (for nonplanar loops).

(a) NonplanarbN—loop amplitude with external scalar legs.

(b) Partial ordering diagram, which is mimic to 2Nth-

-

- factorized tree ordering.

(c) Nonplanar N-loop ordering diagram.

2Nth-factorized tree diagram {for overlapping loops).

- Overlapping double-loop ordering diagram,

Nonorientable double-loop ordering diagram.

Planar N-loop ordering diagram.

Mixed multiloop Feynman diagram, also simultaneously repre-
sents mixed multiloop ordering diagram.

Nonplanar M-loop diagram with all external legs excited.
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(Fig.2a) - (Fig. 2b)
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(Fig. 8)
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This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.









