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If de Sitter fibres bundle over space tirec is
picture of hadrons then for a quantum mechanical

one has to generalise the concept of a principal

the classical
description

fibre bundle

to a bundle that contains the representation of the group of
motion. This idea is related to the relativistic rotator

model, and the radius of the de Sitteir fibre is determined

from the experimental hadron spectrum,
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The idea that matter consists of ever smaller ohjects
has so deeply penetrated the minds of physicists that they
seem almost incapable to liberate themselves of it. The
molecule is considered as consisting of electrons and nu-
clei, the nucleus is made up of neutrons and protons and the
proton must therefore be built from still more elementary
constituents. That this way of understanding by dissecting
may rnot even be in conformity with the fundamental ideas
of quantum mechanics - and is already qui‘e impractical for
molecules, which are much better described as e.g., vibra-
tors or rotators or comuvinations of both - was no deterrent
from working with quark and similar kind of models. The
reason for this, probably, was that it is so hard to con-

ceive a geometrical picture of an extended yet "elementary"

object. Wow that the idea of the hadron ¢ a fibre bundle over

space time has been introduced in the preceding talk by

w. Drechslerl), this obstacle may be overcome.

In this talk, I shall des.:ive a model which is a rela-
tivistic generalization of the rotator model as realized
e.g., by diatomic molecules. It is based upon work that I
did some time ago, tut for which at that time I did not have
a geometrical understanding. Now, that I have learned from
W. Drechsler about de Sitter fibre bundles this old rotator
model appears in a new light.

To start, we take the de Sitter fiber bundle over (frax)
space time as the classical - that is to mean non-quantum-
picture of hadrons. In quantum mechanics the mathematical
image of a physical system is an algebra of operators in a
linear space. Thus, believing that this basic axiom of
quantum mechanics holds for hadron physics, we have to find
an algebra of operators for the de Sitter fibre over space
time. I do not know how to do this and I dc not cven hnow
how to give a concrete formulation of the problem. I shall,
therefore, state in the first part some vague ideas and try
to connect them to the basic relation for the relativistic
rotator model, which, I believe, will be one of the basic
ingredients of the algebra for the de Sitter fiber. In the
second part 1 shall then describe results of the relativistic
rotator model, which will allow us to compute the size of the

de Sitter fibre from experimental data.



Fibre bundles have been discussed in the talk of A.
Tnubz) and 1 shall only briefly and vagucly rccall somc of
these notions here in order to xhow where I think one has
to go beyond the classical concepts of differential geosetry:
A bundic is a triplet [E,VJ,n] where £,V are topological
spaces and « is a projection
LRI S ‘.'4
As V4 we will always consider the space time manifold.

If 0cC Vy is an eclement of an open covering then ("1(0).0.')
is called a sub-bundloe.

If the inverse images s'l(x} of xEV4 are all (topologically)
isonorphic then [E,V4,a is called a fibre bundle and the
fibre F is the topological space which is isomorphic to

the inversc inages -'l(x).

E.g., the de Sitter bundle of Drechsler TR(V‘) is a fibre
bundle with fibre v; = (4¢1) d¢ Sitter space.

The physical observables are usually connected not with
the underlying space time but with the group of motion in
the space time. In particular they are generators or repre-
sentatives of these generators by linear operators in the
space of physical states, The group of motion in the de
Sitter space v; is 50(4,1), i.e. (V,,50(4,1),2).where s
g € 50(4,1),acts on VA from the lefr, is a transformation

group.

A mathematical structure [E,V‘,F,G,-,li is a fibre
burdle with structure goup G and fiber F if [E,V4,:l is a
fibre bundle with fiber F rnd {F,G,L] is a transformation
group,

The de Sitter bundle TR(V4’ is a fibre bundle with
structure group G = SO0(4,1).

A principal fibre bundle, !e.v4,c] is a fibre bundle
with strucrure group for which the typical fiber F = group G.

A representation of a group G is a continuous homo-
morphisa G 3g ~ U(g) & Uiy) C A(e) into the algebra of
(unitary) operators of a linear space .

1£ uu(c) C 72(¢) denotos a particular representation
(of type a) then one may attempt to construct a “'repre-
sentation fiber bundle" (E,Vg,uu(G)) by replacing G in the
principle fibre bundle by UG(G) (withk a suitably chosen
topology).

In quantum physics the phveical sbservables are the
clements of the Lie algebra and enveloping algebra of u(G),
{which are the representatives of the Lie algebra of G).

A sub-bundle (+"}(0), 0cV,, U (S0(4,1))) of a - yet to
be properly defined - “representation fibre bundle" is sug-
gested as the mathen .ica! image of a one hadron system.

if the classical geometrical picture of a one-hadron system



is the de Sitter fibre V;, this suggestion constitutes the ¥e start with ﬂrcchslcr's')fxgurc for the de sSitter

obvious transition from classical ro quuntum physics. fibre bundic and take for V4 the Minhowshy wpace.  Then the

The requirenment that the H“(G) are a!l equivalent, 1.e. group of ootion in VJ is the Poincaze proup £(3,1) with the
that a Jdocs not depend upon the ¢ {or x} is tov restrictive penerators & a0 * 0,1,2,3 for the hunogencour Lorent:
for the consideration of multi-hadron systems, 1f one re- transforaations, 1.¢, for the preudorotations around any
laxes this requirement one will obrain a structure [E.Va.u(nj,~jqjl reference point o, ., the point x and the generators ph oy
which is a bundle but not a fibre bundle. Such 3 - 5
yet to be properly defined - representation buadle (with Vysian- “ ‘y’/’Ad (x)

kowski space and G = 50(4.1))may be needed for the descrip-

R

tion of hadrons.
E 0] LG
The following considerati«ans, taken together with / /B‘.'
Drechsler's presentation, may give support to this ideas, e Fi 1
X X \Q x

And perhaps it may stimuplate the nathematicians to make the

above vague conr 'derations precise by creating the mathe-

marics for it. F'Q"
1 shall now report, without giving the detailed cal- the space time translations. The transforastion group in the
culation here, on a model which nuy be naturally viewed in de Sitter fiber 1o 5004,1) sith the generators Lo
the frame of an SO(4,1) - representation sub-bundle. How- a,b o= 0,1,2,3,5.
ever, ! should like to stress, that though this frase leads In the representation
to a nice geonmetric interpretation of the one-hadron systen (3,0 ) U(L{3,1}))
its use is not necessary and the originsl calculations have S0(3,1} - LDINO(3,
in fact been done without the inowledge of this peonetric the geacraters are represcnted by Hermatian operators

interpretation,
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by L (hyyrbped = dtmly e Buabup ~ Fuobup ~ Buplye?:
a ab .
i (ﬂ(‘ = -1, 4= 1,2,3, goo‘l)
which obey the well known commutation relation listed below.
The quantum mechanical observables that are represented then Bu and Luv fulfill the commutation rclations of the
by P and Luv are well known: if the distance in VJ (para- (4¢1) de Sitter group, i.ec.
bl
meters of the translation goup} is measurced in cm. (units [Bu,nv]- ¢A'Luv .
. .1 11 -1 . . (3)
with ¢ = 1 A= 1, IMeV : 1573 .10 cm. ), then P, is the [Luv'ap] » L(gvau- guoBv).
cnergy momentum measured in en’l, if the parameters of the The relation (1) introduces the clementary length R as the
Lorent: group are measured in rad., then 1.ij is the angular radius € the de Sitter space v; of whicli the u(590(4,1))
momentun measurcd in units of 1. The LSu tepresent the gencrated by Bu and an arc the representatives of the group
generators of rotation in the 5-u surface, i.c. the opera- of motion (i.e. U{SO(4,1)) is the quantum mechanical group
tors B, = % L, represent the generators of transiation of motions).

along the de Sitter fibre, as shown in figure 1. This new This relation (1) establishes a connection between
observable B has the same dimension as b, i.e cm'l if representations of the Poincaré group and & representation
: y u .

B is measured in cont of the de Sitter group.l) The irreducible representations

.

Botween the P . B . and 1 exists a remarkable rela- of the Poincare group that describe a hadron are characterized by
vt uv )

tiond', whose geonmetrical interpretation | am not aware of: mass m and spin s. The representations of the de Sitter

3 P
group are also characterized by two numbcrs;)a positive real
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2 lue of tt d order Casimi
. : ; . . a® & ¢ : ¢ s o asim o
More precisely, if P L - fulfill the connutation relutions eigenvalue of the sccond order Casimir operator

¥
N 1 “ 1

of the Poincare group: Q=8 B3 buvk
and an integer or half integer 7.

-

fhese nusbers m, =, 27 7 are not unrelated but as a consequence



of (1) one can derive not take a constant radius for the de Sitrer fiber but as-

i = o ‘ . . ' ' ~
’ sumes that R is a quantum mechanical ohservable with a das

2 2,2 2
4 m” = A7 (a”- 9/4) + 17 s(s+1) crete spectrum,

1
1f the hadaon is, as perhaps suggested by Drechsler's Finally, | wish to dctermine the value of % or R = <

talk, a de Sitter fibre of typea, i.e. described by ua(so(c 1)}, from the experimental data. In order to d» that I have plot-
i 4 2 5 (s a rollection of hadrons.

then (4) gives the mass formula for hadrons that belong to ted in fig. 2 and 3 m" versus s(s+1} for a rollec

the same de Sitter fibre of the same representation type @, We observe that hadrons of the same type, i.c. thr sune

i i i i : i 1 antum numbers, characterized by the same valuea,
The de Sitter filre of type o can be in a discrete set of internal quant '

i i i i i ¥: igh i and all lines have the >ame
states of rotational excitation with s = 0,1,2,3 ... (or s = 1/2, lie onthe same straight line an
slope. This is exactly as required by (4}, and the value of

2

3/2,5/2 ...} , and the mass in these states is given by (4. .
A is obtained from the slope to be ) = 0,285 GeV™ or

(4) relates the mass-spectrum to the spin spectrum in the
i Re0.37.10" % cn. An elementary length of this magnitude
same way as the cnergy spectium is related to the angular

C e . . is quite reasonable for the size of an elementary particl
momentum spectrum for the non-relativistic rotator {diatomic ¢ prary particte.

molecule) . Summarizing, the idea that hadrons are de Sitter fiber

bundles, introdu i
S . . . ces in a natura -~ an element e
The derivation of the spin spectrum, i.e. the possihle ! $ 1M a natural way an elementary length,

the radi i . .
values of s for one particular representation type ga, re- dius of these fibres. From the experimental hadron spec-

) o ) trum one can calculate i d
quires, of course, additional assumpt)onss), which 1 do not a this elementary lIength to be around

. . 0.37 fermi.
want to discuss here. Also, I only want to mention that this mi

model is the simplest possible model of a relativistic ro-
tator and that the particle spectrum is more reminiscent
of the symmetric top spectrum than of the simple rotator
6}

spectrum; such generalizations ’ can be obtained if one does



: Mass squared of the neson resonances plotted versus

s{s+1) with s the spin of the resonance.
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Fi1g. 3: Mass squared of the ! = J nucleon resonances plotted versus s{s ¢ 1)
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