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ENGINEERING APPLICATIONS OF 
ANALOG COMPUTERS 

by 

Lawrence T. Bryant , Marion J. Janicke, 
Louis C. Just , and Alan L. Winiecki 

INTRODUCTION 

This publication is an extension of Bryant , L. T., Just , L. C , and 
Pawlicki , G. S., Introduction to Elec t ronic Analog Computing, ANL-6187 
(July i960). Six exper iments a re p resen ted from the fields of r eac to r 
engineering, heat t r ans fe r , and dynamics . 

The mathemat ica l r epresen ta t ion for most of these exper iments is 
in the form of nonlinear differential equations. In usual p rac t i ce s i m ­
plifying assumptions a r e introduced to l inear ize the equations. This 
l inear iza t ion may a l te r the mathemat ica l model sufficiently to cast doubt 
upon its applicability. If an analog computer is available, the nonlinear 
equation may be solved direct ly . 

The presenta t ion of these exper iments has been designed to p r o ­
vide insight into physical phenonaena and their mathemat ica l r e p r e s e n t a ­
tion. The steps requ i red for producing the analog solution will be shown, 
as well as complete information for duplicating the solution. Graphical 
resu l t s a re provided. 

The format of each exper iment will be: 

1. Descr ipt ion of the p rob lem 

2. Mathematical s ta tement of the p rob lem including: 
a. Constants 
b. Initial Conditions 

3. P r e p a r a t i o n of machine equations 
a. Machine Var iables 
b. Scale F a c t o r s 

4. Analog c i rcu i t d iagram 
a. Flow Sheet 
b. Po ten t iometer setting sheet 
c. Static Check sheet 

5. Graphical r ep resen ta t ion of the solution. 

6. Bibliography 
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I. DECELERATION OF A REACTOR CONTROL ROD 

1. P rob lem Descript ion 

When a control rod is suddenly inser ted or re jected from the core 
of a r eac to r , the rapid motion is quickly dampened by a dashpot or buffer 
mechan ism, usually consist ing of a hydraulic sys tem which prevents sudden 
shock of the control drive mechan i sms . 

Constant decelera t ion- type dashpots give the most favorable c h a r a c ­
t e r i s t i c s for protect ion against shock loads . Essent ia l ly , a piston moves 
through oil, and the oil is squeezed into small c l ea rances ; this p r o c e s s in 
turn develops large amounts of frictional r e s i s t ance . This friction, which 
is propor t ional to the speed of the moving piston, inst igates the re ta rd ing 
force which slowly stops the motion of the control dr ive. 

This hydraul ic drag and the ensuing kinetic energy dissipation a re 
frequently descr ibed by differential equations. E l i a s ' equation of buffer mo-
t ion( I - l )* is given by 

dVp _ 2 jJTT D^Ld X 

dX W(LdC - CX)^ 

Various plots of the buffer c h a r a c t e r i s t i c s a re shown on F i g s . 2, 3, 4, and 5. 

Many p a r a m e t e r s may be investigated before the design conditions 
for a pa r t i cu la r p rob lem are satisfied, l^" '̂-'-"-^) 

2. Mathematical Statement of the P r o b l e m 

a. Equat ions: 

dVp _ 2 jUTT DpLd X 

dX W(LdC - CX)2 

b. Constants and Variables 

Symbol 

Vp 

°P 
C 

L d 

M 

W 

X 

Descr ip t ion 

velocity into the dashpot 

d i ame te r of the dashpot 

dashpot c lea rance 

dashpot length 

v iscos i ty of the dashpot fluid 

weight of the control rod 

distance into the dashpot 

Value 

Variable 

2 

0.03 

6 

Variable 

200 

6 

Units 

f t / sec 

inches 

inch 

inches 

lb/(ft)(sec) 

lb 

inches 

•References in each section a r e given at the end of each section. 

(1) 



In i t i a l Cond i t i ons 

At t = 0: 

X = 0 

~ = 70 f t / s e c 
dt 

dt 

d. A n a l y s i s of E q u a t i o n s 

S ince 

dVp _ d V p / d t _ d^x /d t^ 

dX d X / d t d X / d t 

the o r i g i n a l e q u a t i o n m a y be r e s t a t e d as 

d^X [^ /^^DpJ-d \ [^ dX 

dt^ V wc^ / v dt y\^Ld - xy 

3. P r e p a r a t i o n of M a c h i n e E q u a t i o n s 

a. M a c h i n e V a r i a b l e s and Sca le F a c t o r s 

X" =: bX ; a = 10^ 

t ' = at ; b = 10^ 

b . S c a l e d E q u a t i o n s 

d^X' b / ^ 2 M - ? T D | L | \ / x ' W d X ' a 

dt'2 " " aM WC^ / U / U t ' b / \ L d b - X ' 

b/^MTTDpLdV dX'] I 1 
WC^ [ dt' j I Ldb - X' 

c. M a c h i n e E q u a t i o n 

When the v a l u e s of c o n s t a n t s and s c a l e f a c t o r s 
in to Eq . (5), the m a c h i n e e q u a t i o n r e s u l t s : 

d^x' , . „„ , , . / dX'\f 1 
(5.07 M) X' ^ ^ [——r 

dt'2 \ d t ' yv50 - X 
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The initial conditions ( in t e rms of voltages) a r e : 

X' = bX(0) = 0 

dX' b dX „ . .^ 
——- = — -— = 7.0 volts 
dt' a dt 

d^X' ^ b_ d ^ ^ Q 
dt'2 a2 dt^ 

4. Analog Circuit Diagram 

a. Flow Sheet 

- 1 0 0 V 

Fig. 1. Circuit Diagram for Solution of E l i a s ' 
Equation of Buffer Motion 
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Hrgonne Bational Xaboratorg 
APPLIED MATHEMATICS DIVISION 

ANALOG COMPUTER 

b POTENTIOMETER SETTINGS 

PROBLEM NO. 
DRAWING NO. . 

POTENTIOMETER NO. 

DRAWING 

1 

2 

3 

4 

1 

2 

3 

4 

MACHINE 

R E A C T O R C O N T R O L ROD 
DECF.T.ERATTON 

MATHEMATICAL 

VALUE 

V' (vol ts) 

X' (vol ts) 

0 2 

100 ( 5 ° ^ ^ ) 

M, = 0 0494 

M? = 0 0795 

M, = 0 102 

Vp(0) (vol ts ) 

Vi = 70 f t / s e c 

V2 = 50 f t / s e c 

V, = 20 f t / s e c 

x ' (vol ts) 

0 2 

100 (5 " ^^) 

VALUE 

7 00 

- 5 0 00 

0 2000 

0 0125 

0 0202 

0 0258 

7 00 

5 00 

2 00 

- 5 0 00 

0 2000 

0 0202 

CORREC­

TION 
SETTING 

0700 • 

5000 

2000 

0125 

0202 

0258 

0700 
j 

0500 

0200 

5000 

2000 

0202 

SET 

)\ 

DATE 

PARAMETERS 

F o r 
F i g s . 2 & 5 

F o r 
F i g s . 3 & 4 

a = 10^ 

b = 10^ 

Vp(0) = 7 0 f t / s e 

Dp = 2 m 

C = 0 03 m 

L j = 6 i n 

W = 200 lb 

X = 6 m 

«M> 2C 18 57) 
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Slrsonne Bational laboratorg 
APPLIED MATHEMATICS DIVISION 

ANALOG COMPUTER 

c. STATIC CHECK PROBLEM NO. 
DRAWING NO.. 
DATE 

P O T 

A M P 

M U L T 

UNIT NUMBER 

DRAWING 

1 

MACHINE 

1 

2 

5 

3 

4 

1 

2 

3 

4 

5 

6 

1 

2 

3 

OUTPUT 

(VOLTS) 

+ 7.00 

- 5 0 . 0 0 

- 1 0 . 0 0 

- 1.40 

+ 0.02 

- 7.00 

+10.00 

+40.00 

+16.00 

- 8.75 

- 0.02 

- 1 6 . 0 0 

+ 8.75 

+ 0.88 

R E A C T O R C O N T R O L ROD 
D E C E L E R A T I O N 

REMARKS 

Mz = 0.0795 

F O R STATIC 
C H E C K 

INTE­

GRATOR 

INITIAL 

CONDI­

TION 

SET 

AMD-2A ( 8 - 5 7 ) 
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II . P R E S S U R E VARIATIONS THROUGH A P A C K E D BED 

1. P r o b l e m D e s c r i p t i o n 

The fu tu re a p p l i c a t i o n s of n u c l e a r p o w e r s o u r c e s wi l l depend on 
w h e t h e r r e a c t o r t e c h n o l o g y c a n m a t c h the d e m a n d for h i g h e r p o w e r d e n s i t i e s 
and h i g h e r o p e r a t i n g t e m p e r a t u r e s . A p o p u l a r concep t for a d v a n c e d a p p l i ­
ca t ion i s the p a c k e d bed r e a c t o r . ^^^'^ ' ^1-2) E q u a t i o n s of fluid flow and 
h e a t t r a n s f e r for t h i s c o n c e p t a r e d e p e n d e n t upon the p a r t i c u l a r p a c k e d - b e d 
s y s t e m , p a r t i c l e s h a p e , and the fluid for which they a r e d e v e l o p e d . 

The s o l u t i o n s to p r o b l e m s for t h i s type of r e a c t o r d e s i g n a r e u s u a l l y 
ob ta ined t h r o u g h u s e of e m p i r i c a l corrections.^-'--'-"-^' An e q u a t i o n d e r i v e d by 
MacFarlane^-'-- '"^) f r o m the b a s i c B e r n o u l l i equa t i on i l l u s t r a t e s a f u n d a m e n ­
t a l m e t h o d for c a l c u l a t i n g the p e r f o r m a n c e of packed bed a r r a n g e m e n t s . 
T h i s r e l a t i o n s h i p 

d P (K + Hx)P 

dx E + Dx - P' ' 

e x p r e s s e s in d i f f e r e n t i a l f o r m the v a r i a t i o n of p r e s s u r e and d i s t a n c e of a 
packed bed one s q u a r e foot in c r o s s s e c t i o n . M a c F a r l a n e a l s o i n d i c a t e s 
four o t h e r g e n e r a l m e t h o d s u s e d fo r c a l c u l a t i n g l a m i n a r fluid flow in p a c k e d 
b e d s and d e s c r i b e s t h e i r d e r i v a t i o n . 

2 . M a t h e m a t i c a l S t a t e m e n t of the P r o b l e m 

a. E q u a t i o n s and C o n s t a n t s 

d P (K + Hx)P 
dx E + Dx - P^ 

(1) 

QPoG lb2 
= 1.73 X 10* - 5 -

gcPoToCp ft^ 

G = 
fG'Po 

2 g c D p P o 

fGQPo 

2gcDpPoT 

7 / 

= 3.439 X 10^ 

.22 X 

Ib^ 

Ib^ 
fts 

10^ 
Ib^ 

ft^ 
H = 

E = G ^ P o / g c P o = 1 1 3 0 ^ 

yuZ 
K = D + G = 3.44 X 10« ^ 



14 

Q 

G 

Sc 

^0 

To 

Po 

S 
°p 
f 

= 

= 

= 

= 

= 

= 

= 

= 

= 

Volumetric heat generation rate 

Mass flow rate of helium coolant 

Gravitational constant 

Initial density 

Initial t empera tu re 

Initial p r e s su re 

Specific heat at constant p r e s s u r e 

Diameter of the part icle 

friction factor,a+j6 ( X / L ) 

= 

= 

= 

= 

= 

= 

= 

= 

= 

5 Mw/ft^ 

0.378 lb/(sec)(ft^) 

32.17 ft/sec^ 

0.083 Ib/ft^ 

200°F 

10 a tmospheres 

1.25 BTU/(lb)(°F) 

200 microns 

285 -1- 230 ( X / L ) 

b. Initial Conditions 

Po = 2.12 X 10"* Ib/ft^ 

xo = 0 

L =0.2 ft. 

3. Prepara t ion of the Machine Equations 

a. Machine Variables and Scale Fac to r s 

"" " * ""(final) " Vinal ) 
t ' = at dt ' = adt a = 10^ 

p>= bP d P ' = bdP b = 10-^ 

P ' = bPo = (10-^)(2.12 X 10*) =21.2 volts, 

t'(final) = at(final) = 10^(0.2) = 20.0 volts 

b. The Scaled Equation 

Substituting equations (2) into equation (l) , the scaled equation is 
gbtained: 

d P ' ^ 1^ [ [K + (H/a ) t ' ] P ' ] , 
dt' a t ET(Dt'/a) - (P'Vb^) J 
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c. The Machine Equation 

When numerical values are placed into equation (3), the machine 
equation (4) resu l t s : 

dP ' _ (3.44 + 0.522 t ' )P ' 
dt' 0.0002 t' - P '^ (4) 

4. Analog Circuit Diagram 

a. Flow Sheet 

-100 %> [j> 

23> 

^ ^ 

5 

-AC 

io5 

r l -

V 
\ A / 
BNgTc 
40^0^A 

I 6 6 - >'_ . 
I - ARM + I !M !%.• 

- } _ 0 o 4 - • 'Ĵ  ' -̂"̂  

500 r t 
low 

< ^ 
o I o 0-4 

! IJtJ SP I G 
! 9 > 10 

-lOOV 

-ORIGINAL POSITION OF RELAY 

TO HOLD RELAY 

+ 60V 

Fig. 6. Circuit Diagram for the Solution 
of MacFar lane ' s Equation 
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Slrgonne Bational Xaboratorg 
APPLIED MATHEMATICS DIVISION 

ANALOG COMPUTER 

b. POTENTIOMETER SETTINGS 

P R E S S U R E R E D U C T I O N THROUGH A P A C K E D BED 

PROBLEM NO. 
DRAWING NO.. 
DATE 

POTENTIOMETER NO. 

DRAWING 

1 

2 

3 

4 

5 

6 

7 

MACHINE 

MATHEMATICAL 

VALUE 

O.Ola vo l t 

Pob vo l t 

b^D/a 

b^H/a^ 

b^K/a 

VTo 

a L 

VALUE 

-1.00 

+21.2 

0.0002 

0.5220 

3.44 

3.16a 

-20.00 

CORREC­

TION 
SETTING 

0100 

2120 

0002 

5220 

0 344 

3 l6a 

2000 

" 
a e i 

(ic ) 

^Irgonne Bational laboratorg 
APPLIED MATHEMATICS DIVISION 

ANALOG COMPUTER 

c. STATIC CHECK 
PROBLEM NO. 
DRAWING NO.. 
DATE 

PRESSURE 

A M P 

P O T 

M U L T 

REDUCTION THROUGH A PACKED 

UNIT NUMBER 

DRAWING 

1 

2 

3 

4 

5 

6 

7 

8 

3 

4 

6 

1 

2 

3 

MACHINE 

OUTPUT 

(VOLTS) 

+1.00 

0.0 

-3.96 

-21.2 

+66.9 

44.7 

-0.188 

0.0 

0.0 

0.52 

-6.69 

-0.84 

-44.7 

+1.88 

REMARKS 
INTE­

GRATOR 

B E D 

INITIAL 

CONDI­

TION 

SET 



5. Graphical Results 

17 

25 

o 20 

"- 15 

10 

01 
DISTANCE,FEET 

02 

Fig . 7. P r e s s u r e Versus Distance 
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III. REACTOR KINETICS OVER MANY DECADES WITH THERMAL 
FEEDBACK (SIMULATION OF A TREAT TRANSIENT) 

1. Problem Description 

The TREAT reactor was designed to generate a very large, 
transient, thermal flux field of short duration.(HI-1) The maximum in­
tegrated flux is greater than 10̂ ^ neutrons/cm . 

The core is a dispersion of highly enriched uranium (as the oxide 
or carbide) in a graphite matrix. The graphite serves as a moderator, a 
heat sink, and a generator of a sizeable negative temperature coefficient. 
The latter effect is due to the fact that the energy of the thermal neutrons 
increases with graphite temperature thus causing an increase in the leak­
age probability. 

The purpose of this experiment is to simulate a TREAT transient 
initiated by control rod withdrawal and terminated by the negative tempera­
ture coefficient. Since a large excursion is expected, the reactor kinetics 
equations will be transformed by a substitution.^•'̂ ^1"'̂ '' 

r) =£n n(t)/n(0) 

The equations describing the neutron kinetics (with 6 delayed groups) 
will be solved on the analog computer. They will be forced by changes in 

^ex-

2. Mathematical Statement of the Problem 

Equations: 

w^here 

'-^-h^^,..-'^-Mh^^] i=l '. 

T] = Jin n(t)/n(0) 

e. = e-^ Ci(t)/Ci(0) 

^i = Si - 1 

Kiex - Kex/^ 
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b . C o n s t a n t s 

;- = 0.00 755 

i = 8.6 x 10"^ 

i 

1 

2 

3 

4 

5 

6 

^i 

0.01246 

0.0315 

0.1535 

0.456 

1.612 

14.3 

r. 

Pi 

0.00025 

0.00166 

0.00213 

0.00241 

0.00085 

0.00025 

c. In i t i a l Cond i t ions 

71(0) = 0 

^ i = 0 

K i e x = 0 

3. P r e p a r a t i o n of M a c h i n e E q u a t i o n s 

a. M a c h i n e V a r i a b l e s 

t ' = at 

T}' = hTj 

^ l e x - c ^ l e x 

n = di^i 

b . Sca le F a c t o r s 

a = 10 

b = 2 

c = 25 

d i = d2 = . . . = dfe = 2 
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c. Scaled Equations 

dt ' a i 
b(l -13) 

K 
b ^ i 

-- ^ z di ;̂ 
1=1 

d ;̂ d.x.^ 

d f ac 
K 

I 

lex 
di dTV , , A i ^ 1 d7)'\ . 

. 6. 

d. The Generation of K{ex 

The express ion for K^̂ ^ is made up of two p a r t s : the contribution 
of the control rod and the contribution of the negative t empe ra tu r e coeffi­
cient, that i s , 

Kex = K(t) - K(n,t) 

where 

K(t) 
_ r0.04t for 0< 
~ \ o . 0 2 for t>0 

<t<0.5 sec 
5 sec 

and 

Since 

then 

K(n,t) = 1 0 " ' ° / n dt 

Kiex - g Kex 

K^ex = f K(t) - I K(n,t) , 

or , m o r e s imply, 

Kiex = K;(t) - K;(n,t) . 

K;(t') =^ 

0.04 | - - for 0< t '<0 .5a sec 
P a " ~ 

0.02 —for t '>0 .5a sec 

Ki(t') can be generated by means of an in tegra tor and a re lay . 

file:///o.02
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The generat ion of Ki(n,t) is m o r e complicated: a function 
generator is needed. If the machine var iab les and scale factors a re sub­
stituted into 

K(n,t) = 10-^° / ndt 

the resu l t is 

Kl(n,t) = r ^ 10-1° J ^^^, 
pa 

But 

n = nj n(0) ; 

therefore 

Ki(n,t) . H ^ 1 0 - i ° / mdt . 

The analog computer will supply r] = ^n ni (due to a change in 
var iable) and since e-^^ ^i = ni, 

K i ( n , t ) = ^ 1 0 - i ° / e dt ' . 

pa 

After the t e r m s a re collected, 

K|(n,t) = c / e'^dt' 

where 

a = 7] + i n n(0) - .en 10^° - .̂ n a/3 
Fo r the values given the cons tants , and for n(0) = 10 , 

a= T] - 15.836. 

Then 25 e*̂  will be generated with a diode-function genera tor 
(DFG).^-'--'--'-" ' In o rde r to d e c r e a s e the slope of the function, the DFG will 
be dr iven by lOT] - 100. 
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In the a c t u a l e x p e r i m e n t , the input to i n t e g r a t o r 3 i s r e m o v e d 
(by m e a n s of a r e l a y ) un t i l 25 e '̂' = 0.01 vol t . 

DFG DATA 

1 ̂  
0.0 

8.012 

9.938 

10.42 

12,0 

13.0 

14.0 

15.0 

16.0 

1 17.0 

1071 - 100 

-100 

- 19.88 

- 0.62 

+ 4.2 

+ 20.0 

+ 30.0 

+ 40.0 

+ 50.0 

+ 60.0 

+ 70 

a 

-15 .836 

- 7.821 

- 6.438 

- 5.416 

- 3.836 

- 2.836 

- 1.836 

- 0.836 

+ 0.164 

+ 1.164 

25 eÔ  

-

00 .01 

00.04 

00.11 

00 .54 

1.47 

3.96 

10.59 

29.45 

80.75 

e. M a c h i n e E q u a t i o n s 

dr)' 

d t ' 
0 .0697 Kiex + 0.3512 (0.0331^/1 + 0.2199^1 

+ 0 .2821^^ + 0.3192^4 + 0.1126^^ + 0.0331-^^) 

d t ' ~ " d t ' •0.0013^1 - 0 . 5 ^ i - | ^ 

d t ' 

df. 
dt ' 

dn 

dT]' 
d f 

dri' 
d f 

dr^' 

d f 

•0.0154V'; - 0.5-^; j ^ 

^'^4 dT)' d n ' 
_ = - i I L _ o . 0 4 5 6 * i - 0 . 5 * ; | L 



d^i ^= 0.0001 KUX - - ^ - 0.1612^' - 0.5V^-g 

= O.OOOgKiex -4rF^ - 1-43^ - 0.5V^ ^ 

df 

d f ' " l e x ^^, 

Kiex = K;(t) - K;(n,t) 

13.25f volts for 0 < f <5 sec 

d f 

K^t) = 
66.23 volts for t ' > 5 sec 

Kl(n,t) = 25 exp {r) - 15.836) 

4. Analog Circuit Diagram 

a. Flow Sheet 

23 

^ 

-^Hi^-

• 2 = 2 ^ 

-100 

EXPERIMENT 3-K|ex 

^ - ^ z ^ 

M!>-

1 - ^ 

/•\ r\. 

-^ 

J5L 
-AC 

EXPERIMENT 3 - ?= in vi, 

Fig. 8. Circuit Diagram for Duplication of TREAT Transient 
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b. POTENTIOMETER SETTINGS 

PROBLEM NO. 
DRAWING NO.. 
DATE 

T H E T R E A T R E A C T O R 

POTENTIOMETER NO. 

DRAWING 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

TO 

24 

25 

26 

27 

28 

MACHINE 

MATHEMATICAL 

VALUE 

6b(l -B)/s,&c 

3/ai 

bPi/dijS 

b^z/dzp 

b ^ j / d s P 

bi34/d4^ 

bjSs/ds^ 

b^6/d6^ 

Xi/a 

V a 

Va 

^ . / a 

> . / a 

\ / a 

dsXjiS/ac 

d6^6A/ac 

F O R 

STATIC 

C H E C K 

- 5.0 vo l t s 

+ 1.0 vo l t s 

- 0 . 0 4 c / ^ a vol t 

- 1 9 . 8 8 vo l t s 

VALUE 

0.0697 

0.8779 

0.0331 

0 .2199 

0.2821 

0.3192 

0.1126 

0.0331 

0.0012 

0.0032 

0 .0154 

0.0456 

0.1612 

1.43 

0.0001 

0.0009 

0 

0 

0 

CORREC­

TION 
SETTING 

0697 

8779 

0331 

2199 

2821 

3192 

1126 

0331 

0012 

0032 

0154 

0456 

1612 

1430 

0001 

0009 

0500 

0100 

1325 

1988 

SET 

( 1( ) 

PARAM 

£ = 

P = 

X, = 

\ = 

x,= 

x,= 

x,= 

\ -

^ 1 = 

^ 2 = 

^ 3 = 

^ 4 = 

^5 = 

^6 = 

a = 

b = 

c = 

d, = 

n(0) 

8 . 6 x 1 0 - * 

0 .00755 

0.01246 

0 .0315 

0.1535 

0.456 

1.612 

14.3 

0 .00025 

0.00166 

0 .00213 

0.00241 

0 .00085 

0.00025 

10 

2 

25 

. . = d 6 = 2 

= 10^ 

AK>-2C ( 8 - 5 7 ) 
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c.STATIC CHECK 
PROBLEM NO. 

DRAWING NO.. 

DATE 

UNIT 

P O T 

AMP 

UNIT NUMBER 

DRAWING 

17 

18 

19 

20 

21 

22 

23 

24 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

20 

25 

ALL M 

MACHINE 

ULTIPI 

OUTPUT 

(VOLTS) 

- 1 0 

+ 10 

+ 10 

+ 10 

+10 

+ 10 

+ 10 

- 5 0 

- 7 . 0 

- 1 0 

- 1 0 

+5 0 

+5 0 

+5 0 

+5 0 

+50 

+5 0 

+ 5.0 

Negative 

Positive 

JER CI 

THE TREAT REACTOR 

REMARKS 

[ANNELS = +5 

INTE­

GRATOR 

1 

2 

3 

4 

5 

6 

7 

23 

volts 

INITIAL 

CONDI­

TION 

+10 

- 1 0 

- 1 0 

- 1 0 

- 1 0 

- 1 0 

-10 

+50 

SET PARAMETERS 

AM>-2A (S -57 ) 
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5. Graphical Results 

Fig. 9 

Kgx andr] = ̂ n n, 
Versus Time 
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IV. A VIBRATING SYSTEM WITH TWO DEGREES OF FREEDOM 

1. Problem Descript ion 

Prob lems of vibration must be considered in the design of power 
plants using fissionable fuel. Fuel e lements , control rods , and s t ruc tura l 
supporting m e m b e r s a re capable of vibrating; their charac te r i s t i c s must 
be analyzed, for vibration problems prove to be of importance to eliminate 
concern for the safe operation of the power plant. Good representa t ions 
of the t rue situation usually involve sys tems with severa l degrees of 
freedom.(lV-1) 

A typical vibration problem which will serve as an introduction to 
mul t i -degree-of-f reedom sys tems is shown in Fig. 10. The two m a s s e s 
mi and m2 a re suspended ver t ical ly by springs kj and kj. The m a s s e s a re 
constrained such that they only move ver t ical ly . The displacements xj and 
X2, taken positive for a downward motion, a re measured using static equi­
l ibrium as re ference . The elongation of the upper spring is Xj and the 
elongation of the lower spring is (x2 - xj). The res tor ing force acting on 
mi is [-kjXi + k2(x2 - Xj)], and on m2 the res tor ing force is -k2(x2 - Xj), 
where ki and k2 a re the spring constants of the respect ive spr ings . 

Effects due to energy dissipation in the elast ic spring, wind friction, 
and springs that have appreciable nnass have btien neglected in the equations 
of motion given below. 

/ / / / / / / / 

X 2 

m i 

ka 

m . 

}IX a x i s 

Fig. 10 

Il lustration of a Vibrating System 
with Two Degrees of Freedom 

2. Mathematical Statement of the Problem. 

a. Equations 

d^x 
m, - = - k j X i + k 2 ( x 2 - Xi) (1) 

d t ' 
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d^X2 
"̂ 2 —T = -k2(x2 - xi) (2) 

at 

b. Equation Constants 

mi: mass (lb) (i = 1, 2) 

k :̂ spring constant (lb force/ft) (i = 1, 2) 
A: Initial displacement of the springs (feet) 

c. Initial Conditions 

It is obvious that with the springs displaced a certain distance, 
A, the initial conditions will have the following values 

Xl(0) = X2(0) 

dxi(O) dx2(0) 

dt dt 

12 , 

(3) 

d2xi(0) d'x2(0) 
= 0 

dt^ dt^ 

3. Preparation of Machine Equations: 

In transforming to the machine equations, the following relationships 
are made. Let 

x[ - bx^ (i = 1, 2) 

and /^N 

t' = at 

Substitution of equations (4) into equations (l) and (2) yields 

(xl - x{) (5) 
d^x{ 

dt '2 

d^x-

dt '^ 

k i , k2 
^1 + 2 2 a m j a m i 

~k2 / I u 
= (X2 - Xi) 

a^m2 

(6) 
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where 

and 

x{(0) = bxi(O) = bA 

xl(0) = bx2(0) - bA 

The solution to the equations will vary with mi, m2, ki, k2, and A. In the 
solution given here , we consider the following physical constants : 

ki = kj = 0.2 lb force/ft 

mi - m2 = 1 lb mass 

A = 1 f t 

4. Analog Circuit Diagram 

a. Flow Sheet 

-lOOV 

(3) 

-<5)-

- lOOV 

-<!>-

Fig. 11. Circuit Diagram for the Solution of the Equations 
Describing a Vibrating System with Two Degrees 
of Freedom 
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b. POTENTIOMETER SETTINGS 

A VIBRATION SYSTEM WITH 
TWO D E G R E E S OF F R E E D O M 

PROBLEM NO. 
DRAWING NO.. 
DATE 

POTENTIOMETER NO. 

DRAWING 

1 

2 

3 

4 

5 

MACHINE 

MATHEMATICAL 
VALUE 

b A 

b A 

k i / a ^ r r i i 

k 2 / a ^ m 1 

k i / a ^ m z 

VALUE 

- 5 0 . 0 0 

-5000 

0.2 

0.2 

0.2 

CORREC­
TION 

SETTING 

-5000 

-5000 

2000 

2000 

2000 

S E T PARAMETtRS 

a = 1 

b = 50 

2lrgonne Jlational laboratorg 
APPLIED MATHEMATICS DIVISION 

ANALOG COMPUTER 

c. STATIC CHECK PROBLEM NO. 
DRAWING NO.. 
DATE 

P O T 

A M P 

UNIT NUMBER 

DRAWING 

3 

4 

5 

1 

2 

3 

4 

5 

6 

7 

MACHINE 

OUTPUT 
(VOLTS) 

10.00 

0.0 

0.0 

0.0 

+50.0 

- 5 0 . 0 

0.0 

- 1 0 . 0 

0.0 

50.0 

REMARKS 
INTE­

GRATOR 

INITIAL 
CONDI­
TION 
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5. Graphical Results 

1.0 

-1.0 

1.0 

y 0 

-1.0 

Fig. 12 

Distance Versus Time for a System 
with Two Degrees of Freedom 

0 20 40 60 80 

TIME, SECONDS 

6. Bibliography 
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V. TEMPERATURE DISTRIBUTION IN A RADIATING FIN 

1. Problem Descript ion 

The only economical method for rejecting heat from an ou te r - space 
power plant is by the rmal radiation.V^"!) If the working fluid of the power 
plant passes through tubes, the additions of extended surfaces to the tubes 
in the form of fins reduces the number of tubes required . This reduction 
dec rease s the probability that a meteor will puncture a vital coolant-
carrying passageway. (The puncture of a fin is of l e s se r concern for the 
continued operat ion of the power plant.) An analysis of the t empera tu re 
distr ibution of these extended surfaces is very important in calculating the 
effectiveness (and, indirectly, the safety of the plant) of various fin 
geomet r i e s . 

2. Mathematical Statement of the Problem 

In the development of a differential equation for conduction,(^"^) 

dq = d/dx ( 2 k W Y x - | J d x ) . (l) 

A general heat balance requi res this differential equation (1) to be equal 
to 

dq = 2a£ (T"* - Ts)dA (2) 

the heat rejected by radiation. 

By assuming that the a rc length (ds) on the a rb i t r a ry surface is 
equivalent to dx on the absc i ssa and assigning Yx equal to a constant thick­
ness for a straight fin geometry, the differential equation for t empera tu re 
is 

d^T 

dx^ 

ae 
Hk 

(T^ - T 1 ) (3) 

dT 
dx x=L 

A constant heat source will be assumed at one end of the fin and 

0 at the other end.(^"3) This will correspond to the fin in Fig . 13. 

Fig. 13 

Geometry of Radiation Fin 
and Coolant Tubes 
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a. Constants and Var iables 

T = Absolute t empera tu re along the fin 

Tg = Absolute t empera tu re of the sink 

O = Stefan-Boltzmann constant 

£ = Emiss iv i ty 

W = Width of the fin in the z-direct ion 

L, = Total length of the fin in the x-di rec t ion 

q = Heat diss ipated 

H = Half- thickness of the fin 

k = Thermal conductivity of the fin m a t e r i a l 

Typical values a r e : 

Tg = 0°R 

a = 0.173 x 10-^ BTU/(hr)(ft2)(°R*) 

e = 0.9 

W = 1.0 ft 

L = 0.25 ft 

H = 1.250 X 10"^ ft 

k = 25.0 BTU/(hr)(ft)(°R) 

b. Initial Conditions 

T(0) = 2000°R 

The mos t efficient use of rad ia tor m a t e r i a l weight dictates the 
a r rangement of the finned tubes in a s t ra ight bank. The genera l t e m p e r a ­
tu re distr ibution, of this a r rangement , along the fin is given in Fig. 15. 

3. P repa ra t ion of Machine Equations 

a. Machine 

ax = x' 

adx = dx' 

a^dx^ = dx'2 

a = 10^ 

Var iab les and Scale F a c t o r s 

bT = T' 

bdT = dT ' 

bd^T = d^T' 

b = 5 X 10"2 

(5) 



34 

b. Scaled Equation 

Substituting Equations (5) into Equation (3) we get. 

d^T' 

df^ a^b^H 
(Note Tg = 0.) 

c. Machine Equation 

d^T' 

dt ' 
= 0.03986 

d. Initial Conditions 

bT = 100 volts 

dT' 
d f 

= Y volts 

so that 

d T ' 

d t ' 
= 0 

t=aL 

4. Analog Circuit Diagram 

a. Flow Sheet 

- l O O V 

-<H^ " l 0 6 - ^ 
-M. 
10̂  

B ^ 

c 

Fig . 14. Circuit Diagram for Solution of Second-
order , Four th-degree Differential Equation 
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b. POTENTIOMETER SETTINGS 

PROBLEM NO. 
DRAWING NO.. 
DATE 

POTENTIOMETER NO. 

DRAWING 

1 

2 

=( 

MACHINE 

Var iab l 

MATHEMATICAL 

VALUE 

d T ' ,^ 

lO^oe /a^b^H 

dT 
e to produce -;— = 

VALUE 

* 

0.03986 

0 at X : 

CORREC­

TION 

: L 

SETTING 

0399 

S t l 

2lrgonne Jlational laboratorg 
APPLIED MATHEMATICS DIVISION 

ANALOG COMPUTER 

c. STATIC CHECK 
PROBLEM NO. 
DRAWING NO.. 
DATE 

UNIT 

P O T 

MUH 

A M P 

UNIT NUMBER 

DRAWING 

2 

1 AB 

2 AB 

3 

MACHINE 

OUTPUT 

(VOLTS) 

- 3 . 9 9 

- l O O v 

- l O O v 

+3.99 

REMARKS 
INTE­

GRATOR 

2 

INITIAL 

CONDI­

TION 

+100 

S C I 
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5. Graphical Resul ts 

015 
FIN LENGTH, FEET 

Fig. 15, Tempera ture Versus Length and dT/dx 
Versus Length for a 0.25-ft Fin (K= 25.0) 
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VI. TEMPERATURE DISTRIBUTION IN AN INFINITE SLAB 
CONSIDERING VARIABLE THERMAL PROPERTIES 

1. P rob lem Descript ion 

When the the rmal p roper t i es of var ious ma te r i a l s a r e studied, 
thermal conductivity, specific heat and density a r e usually considered as 
constants; they a re , however, dependent upon temperature.(VI"1) In this 
experiment, an insulated zirconium slab is studied. Four cases a r e 
considered: 

(1) Diffusivity (/c = k//D c) is constant; 

(Z) . = F ( i l _ T i ) ; 

(3) K = F (Tempera ture of the region descr ibed by the heat 

balance); 

(4) /c = F (Average t empera tu re ac ros s an interface). 

2. Mathematical Statement of the Problem(VI-2) 
a. Equations 

Fig. 16. Model of the Infinite Slab Showing 
Regions Used for Analysis 



38 

dTi 
dt 

dt 

pcAx Ax' 
( T 1 - T 2 ) 

^ ( T . - T 3 ) - ^ ( T , - T 3 ) 

^ = A i - ( ^ - ^ 3 ) - ^ ( T 3 - T , ) 

- 5 ^ = ^ ( T 3 - T , ) - ^ ( T , - T 3 ) 

dT 
dt 

5 _ 
i x 

r ( T 4 - T 5 ) ea 
pcAx 

(Tt-To^).* 

b. Constants 

(1) Constant case 

k = t he rma l conductivity 

c = specific heat 

p = density 

K = k /cp = diffusivity 

S = heat source 

£ = emiss iv i ty 

a - Stephan-Boltznaann constant 

Ax = 1/60 ft 

(2) As a function of t empera tu re 

= 11 BTU/(hr)(ft)(°F) 

= 0.066 BTU/(lb)(°F) 

= 0.397 Ib/ft^ 

= 0.4198 f t y h r 

= 18.3 BTU/(ft^)(sec) 

T, °F 

100 
200 
300 
400 
500 
600 
700 
800 
900 

«:(T) 

0.4198 
0.4 
0.38 
0.364 
0.352 
0.336 
0.322 

0.309 
0.298 

*Radiation heat loss will be neglected. 



c. I n i t i a l Cond i t ions 

Ti = T2 = T3 = T4 = Tg = 100°F 

3. P r e p a r a t i o n of M a c h i n e E q u a t i o n s 

a. 

V = 

T' = 

S" = 

b . 

a = 

b = 

c. 

dTl 
dt' 

dT^ 
dt ' 

d T ; 
dt ' 

d T ; 

Machine Var iables 

a t 

bT 

AxSb/k 

Scale Fac to r s 

1.0 

0.1 

Machine Equations 

KS" rc , „ , „ , . 

(C / _ 1 ~ 1 \ (C / _ , , 

- Ax^a ^^' - ^'^ - Ax^a ^^' " 

^ /rnl T-,l\ i£.,_ /rpl 

- A P ; ( ^ ^ - ^ 3 ^ - Ax^a^^^ 

- — ^ ^Tl - Tl^ - — ^ ^Tl 

- T ; ) 

-T4) 

- T M 
dt ' ' Ax^a ^ 3 '^' Ax^a 

dTs _ K_ , , ,. 
r r - A„2^ U 4 - •'•5J dt ' Ax-^a 

d. In i t i a l Cond i t i ons 

T ' = T2 = «.. T^ ^ 10 vo l t s 

S" = 10 v o l t s [S = 18.3 BTU/ ( f t ^ ) ( sec ) ] for 50 s e c 
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4. Analog C i r c u i t D i a g r a m s 

a. F low Shee t s 

C a s e I - (/c = cons tan t ) 

OIK 5 

-100 0 — R -
—(jy 

- © 100 

^ 

-<s •̂ 
(2)—+100 

-<IH [J>^ 

M2)„nr^>±TL 

^ 

- ^ 

-^ ^ 
- T ; 

-<1^ 

-(5>-
• < # -

ME>^ 

-(T,'-Ti) 

^ 
•CTi-T;) 

T^^5> 

F i g . 17. C i r c u i t D i a g r a m for 
an Infini te Slab wi th 
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Case II - [/c = F(Tav)] 
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Fig. 19. Circuit Diagram for an Infinite Slab with Thermal 
Conductivity K = F(Taverage) 
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Case III - [K = F (Tempera tu re of the Region Described by the 
Heat Balance)] 
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Fig. 20. Circuit Diagram for an Infinite Slab with 
Thermal Conductivity /c = F(Tempera tu re 
of Region Descr ibed by the Heat Balance) 

Case IV - [/c = F(Average Tempera tu re Across an Interface)] 
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Fig. 21. Circuit Diagram for an Infinite Slab with 
Thermal Conductivity /c = F(Average 
Tempera tu re Across an Interface) 
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5. Graphical Results 

Case I - (/c = constant) 

Heat Input = 18.3 BTU/ft^sec for 50 sec 

Fig. 22. Tempera tu re Distribution for an Infinite Slab - Case I 

Case II - [K = F(T3^^)] 

Fig. 23. Tempera tu re Distribution for an Infinite Slab - Case II 
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Case III - [/c = F(T of region descr ibed by the heat balance)] 

Fig. 24. Tempera tu re Distribution for an Infinite Slab - Case III 

Case IV - [/c = F(Average T ac ros s an interface)] 

Fig. 25. Tempera tu re Distribution for an Infinite Slab - Case IV 
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