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Lung-wen Chiao 

Lawren;e Radiation Laboratory 
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April. 1961 

ABSTRACT 

It is .shown that the magnetic moments . . 
of odd-A deformed nuclei 

can be'interpreted in terms' ofthe independent-particle-model with . 

inter conf igurationil mixing due to the very-ihort -range residual forces . 
The lat$er are implied by using the empirically reduced spin gyromagnetic 

ratios. The effects of these residual forces on the collective gyro- 

magnetic ratios gR are discussed in terms of pa& correlation. The 

effect- of particle-rotation interaction on the magnetic moment and the 

collective gyromagnetic ratio are shown. The g values are obtained R 
from the magnetic moments and the matrix elements for M1 transitions in 

this band. It.is found that.these mechanisms give a satisfactory account 

of the collective gykomagnetic ratio of Dy 179 Ho165J . . E l 7  and H . 
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' INTRODUCTION 

In this paper are presented results of af~ investigation of the 

' magnetic moments of defdrmed nuclei in the regions 151 < A 191 and 
. . 

A > '222 where the strong-coupling model of Bohr and ~ottelson.. has be& 

highly successful. 1 ~ 2  The objects of this investigation are (a) to deter- 

mine whether there is evidence that .the spin gyromagnetic ratios g when 
s 

"quenched" or reduced in magnitude are more appropriate than the.tradi- 

tion~lly assumed free-nucleon values for nuclear.magnetic-moment calcula- 

tions, and (b) to see how the particle-rotation.interaction will affect 

nuclear magnetic properties. 

For the first purpose, the nuclei are grouped according to the 

asymptotic quantum numbers C (projection of intrinsic spin) in order best 
: to display"the contribution of. the intrinsic spin to the magnetic-moment 

c8lculatioi1s. That is, (2; 7 ) is positive or negative accordhgly as X 
is positive or negative. An examinati'on of the compilation of calculated 

and experimental magnetic moments ,of odd-mass deformed nuclei given by 

MottelSon and ~ilsson~ shows that the discrepancies are of the same sign 

.as that ofC for odd-Z nuclei and of opposite sign.for odd-N nuclei. The 

magnitude of deviation further suggests that the effective gs factor for 

protons in nuclei is roughly. 4 instead of the free value 5.585, w w e  that 

fdr neutrdns, is -2.4. instead of -3.826. Using .these values and Nilsson 's - 
wave 'function interpolated to proper deformation, we have calculated:. the 

magnetic moments of both odd-A.andSodd-odd nuclei.. The reduction of gs 
l-' 

k1 'is attributed to configurationa;l mixing. due to the very-short-range inter- 
. \ nucleon forces. " . , 

' 

For the second'p~r~ose, we shall single out nuclear states of odd 

parity in the 50 to 82 shells (hll12) , evenparity in the 82 to 126 shells 
( '1312 ), and odd parity in the > 126 shell (j ) This class of nuclei 

1512 
has particularly large j values' for the odd nucleon and will therefore be 



I 

espec ia l ly  suscept ible  t p  appreciable particle-rotation.interaction. 
. . .  . . 

For these  nucle i ,  the re  i s  an e x t r a  off-diagonal con t r ibu t ion . to  the  . ' I 

magnetic-moment calcula t ions .  This in te rac t ion  w i l l  a l so  a l t e r  the  . . 

r e l a t i o n  between ~ 1 - t r a n s i t i o n  matrix elements and the  ground-state -kg-. 

\, n e t i c  moments. Bernstein and de Boer have. analyzed. t he  .experimental data  

i n  t he  strong-coupling approxima.tion.and ge t  
g~ 

values for.. odd-A 
' 4  

deformed nucle i .  A reanalysis  of these data  taking. into. account t he  

pa r t i c l e - ro t a t i on  in te rac t ion  gives d i f fe ren t  gR values which a r e  near ly  

equal t o  those ,of the  adjacent ' even-even nucle i .  It i s  then unfortunately 

not  possible t o  de tec t  with any, c e r t a in ty  the  e f f e c t s  of the other  impor- 

t a n t  perturbation,  t he  pa i r -cor re la t ion ,  on co l lec t ive  motion of odd-A 

nuc le i  from.the measurements of t he  co l lec t ive  gyromagnetic r a t i o  s ince  

such e f f e c t s  w i l l  be obscured by t he  contributions from the  p a r t i c l e -  

r o t a t i on  in te rac t ion .  5 

11. DEFORMED NUCLEI AND THE STRONG-COUPLING MODEL 

The nuclear shape depends upon t he  configuration of the nucleons. 

For 'nucle i  i n  t he  regions of closed s h e l l s ,  t he  equilibrium shape of the  

nucleus i s  approximately spher ical ,  and the  nucleons a r e  considered as 

moving independently i n  an e s sen t i a l l y  spher ical  po t en t i a l  which represents  

the  in te rac t ion  of any one nucleon with the  remaining nucleons. In addit ion 

t o  t h i s ,  the re  i s  a l s o  a strong spin-orbi t  coupling fo rce .  The s t a t e s  of 

an individual  nucleon can then be c l a s s i f i ed ,  and t h i s  leads t o  the 
/ 

concept of she l l s .  For nucle i  i n  the  regions f a r  removed from c l o ~ e d  

s h e l l s ,  the  nuclear equilibrium shape deviates s t rongly from spher ical  

symmetry. There can then be co l lec t ive  o sc i l l a t i ons  about t h i s  equ i l i -  

brium shape. These o sc i l l a t i ons  w i l l  modify the  e f f ec t i ve  nuclear f i e l d  

and so be coupled t o  the  motion pf t he  nucleons. A descr ipt ion of nucle i  

i n  such regions has t o  be given i n  terms of co l lec t ive  coordinates speci-  - . 
fying the  shape of t h e  d i s t o r t ed  core and i t s  s p a t i a l  o r ien ta t ion .  

Besides the  vibrat ions ,  the re  i s  a l so  a ro t a t i ona l  type o f  motion; - 
V 

t h a t  i s ,  t he  nuc le i  r o t a t e  a s  a whole, preserving both shape and in t e rna l  

s t ruc ture .  Associated with t h i s  r o t a t i ona l  motion of a spheroidal  nucleus 

i s  a sequence of r o t a t i ona l  energy l eve l s  given by 



where I and I are the spins of a given level and the ground state, 
0 

respectively. Such levels have been well ident,ified.in the regions 

150 < A < 192 and A'> 222. The individual nucleons. in the spheroidal 

nuc1e.i are co.upled separately to the symmetry &is in states characterized 

by their component of angular momentum R along. the symmetry axis. The 
i 

total R is.given by mi. Because of the axial symmetry, the particle 
I states Ri and Oi are degenerate, and nucleons will fill pairwise into 

these states. The rotational motion is characterized by the quantum 

numbers.1, M, and K where I is the total angular momentum of rotational 

and nucleonic motion, M its projection on a-fixed axis in space, apd 

K its projection on the nuclear symmetry axis. In the vibrational-ground 

state, the collective rotational angular momentum R is perpendicular to 

the nuclear symmetry axis, and thus we have K = R. The angular-momentum 

coupling scheme for deformed nuclei in the ground state is shown in Fig. 1. 

The wave functions for these nucleimay then be written in the 
2 

form given by Bohr and Mottelson: 

where describes the vibrational motion, the eigenfunction of a 

symmetric top-- describes the rotational motion, and ei refers to the 
Eulerian angles specifying a coordinate system fixed . in the nucleus. 

. . The normalization is such that 8 gives the unitary trans.Cormation from 
the fixed coordinate system to the nuclear coordinate system. Here % 
represents the motion of the particle with respect to the deformed nucleus. 

Assuming a three-dimensional harmonic-oscillator-type potential 

with inclusion of spin-orbit coupling, Nilsson has calculated the eigen- 

values of as a function of the axial deformation and expresses the 'h. 6 
eigenstate in terms of spherical components. Several other quantum 

numbers are introduced to distinguish the different ~in~ke-~article states 

in a nonspherical field. These are the "asymptotic'' quantum 'numbers 

wh'ich. should characterize these states in the limit where.the nuclear 

potential becomes a very hisotropic, axially symmetric harmonic oscil- 

lator. Here N is the - total number of nodes in the wave function, NZ is 
the number of nodal planes perpendicular to the symmetry axis, andA is 

the component of the particles orbital angular momentum along the symmetry 



Fig. 1. Angular-momentum coupling scheme for deformed nuclei 
in the ground state. 



.axis, C is the spin component along the symmetry axis, and. we have 

Q = fl + 2 .  In this representation, X is given in terms of the state 
R 

. vectors I N R ~ ) ,  . 
N The parity of the state is determined by (-l)!.:, and the values 

- 
'i of iR.;..arel.: . . ;N!;;. .N.-2,: :!1, or:.,O,, depending on whether N . is odd or even. 

The original wave-function tables have been recently supplemented.3 In 
'L 

Figs. 2 through 5, these states are plotted as a function of deformation 
.paxameters 6 and q, which characterize the eccentricity of the nuclear 

potential. .The. par&erter 6 is defined by 

and 

Here 6 and q are related by, 

<: where K is 0..061 for 50 ,- z 82, and K is 0.05 for other nucleonic 

states. Written in square brackets beside each orbital in Figs. 2 through 

5 are the asymptotic quantum numbers SlNqg. . In the region of very 

strong deformations, the nucleonic wave functions are more nearly pure 

states when expanded in terms of the eigenvectors of an anisotropic 

harmonic-oscillator potential characterized by the asymptotic quantum 

numbers. 

With.the availibility of these wave functions, it is appropriate 

to determine to what extent nuclear properties such as magnetic moments 

maybe consistent with the general features of the strong-coupling. model. 

.and to check the degree to which the separation of rotational and intrin- 

sic nucleonic motion is justified. 



Fig. 2. ' Single-par t ic le  l eve l s  f o r  odd-Z nuclei  i n  t he  region 
50 <_ Z i 82. The d s s h e d l i n e  ind ica tes  very roughly t h e '  
deformations assumed t o  be appropriate t o  rare-ear th  isotopes.  



. . . . 
Fig. 3. +ngle-particle levels, fo r  o,dd-N: nuclei i n  the region 

82 2 N ' L  126. The dashed l i n e  indicates, very roughly the 
deformations . . assumed t o  be appropriate t o  rare-earth isotopes. 



Fig .. 4'. Single-particle -levels for odd- Z nuclei. in . the heavy- 
element region Z > 82.' The dashed line indicates very 
roughly the deformations assumed to be appropriate to 
actinide isotopes. 



Fig. 5 .  .S ingle-par t ic le  l eve l s  . for  odd-N nuclei  i n  ' the  heavy- 
' element. region N > 126. The dashed l i n e  ind ica tes  very roughly 

t he  deformations assumed t o  he appropriate t o  ac t in ide  isotopes.  



111. MAGNETIC-MOMENT CAIiCULATIONS 

The nuclear-magnekic-moment operator, is 

+ + 
where Pi, s and 3 are, respectively, the orbital, spin, and collective 

i 
angular momenta of nucleons. The corresponding gyromagnetic ratios are 

g which is 1 for the proton and0 for the neutron,' gs, which.is custom- a 
arily taken to be 5.585 for the proton and. -3.826 .for the neutron, and 

gR ' which equals Z/A for a uniformly charged nucleus and the hydrodynamic 
or the rigid-body model of collective rotation. 

The magnetic moment is obtained from the expectation value of the 

z component of for the nuclear substate in which the spin is along the 

z axis. Thus we have 

which in.the strong coupling scheme of Fig. l.is given by 

Consider now the magnetic moment for an odd-A nucleus in which all 

the particles except the last one fill the different orbits in pairs. Then 

all the nucleons except the last one are paired with CsZ=O and -21 =O z 
and will not contribute to the magnetic moment except via the collective 

4 
rotational motion. The evaluation of the matrix element (p . 7 )  is then 
simply that of the last nucleon, and we can write the magnetic moment in 

units of the nuclear magneton (n.m.), &/&Ic, as 

-+ 
where 2 and R are the spin angular momenta of the last nucleon. 

+ ++  + ++ 
Using j. = R+s and I= j+R, we may replace the last two terms by 

-2 
the more readily calculable terms ( 3  f ) and (I ) . Now we have 



.It can a l so  be wr i t t en  i n  t h e  formally simple form, - - 

with 

+ + 
Here ( s  . 3 ) i s  given i n  terms of t he  Nilsson eigenvectors 

and ( ? -?. 7 ) i s  given i n  the  j - 52 representa t ion of Bohr and Mottelson 

The magnetic moment can thus be evaluated. Mottelson and Nilsson 

have 'compiled the  calculated: and experimental magnetic moments of odd-A 

deformed nucle i  .) The d i sc repanc ies  a r e  appreciable and systematic. On 

grouping the  nuclei: according t o  the  asymptotic quantum n@n$r.:,Z (-ql'dj.ection 

. ' - of i n t r i n s i c  spin)  i n  order, .best t o  display the  contributions of the  

. i n t r i n s i c  spin  t o  the  magnetic-moment calcula t ions  ( i  .e . (2 .  7 ) i s  

pos i t ive  o r  negative- accordingly, a s  C i s  pos i t ive  o r  negative),  we note f: 
... t h a t  the  deviations of calcula ted values from experimental values a r e  of 

.,.. . 

t h e  same sign within each group, ,and the s e f i ~ e ' o f  each deviation indicates  

t h a t  t h e e f f e c t i v e  gs f ac to r s  a r e  reduced i n  magnitude from the  f r ee -  

. space values.  '. . . . 

The choice of reduced values t o  minimize deviations has been 

discussed i n  an e a r l i e r  paper of Rqsmussen and C h i a ~ . ~  Taking, the values ,  - 
' 

g '=4 fo r  the  proton and g .= -2.4 fo r  the  neutron, ,we have recalcula ted 
S S .  

, the  nuclear magnetic moments of the  deformed odd-mass nucle i  f o r  which - 
.C' 

measured magnetic moments e x i s t .  The matrix elements (2,; ? ) a r e  

evaluated from the  Mottelson and Nilsson wave functions at  q=z., ''4, and 6 
and interpola ted by a three-point  Lagrangian in te rpo la t ion  t o  the  assumed 

deformations, 6 ,  which a r e  obtained from measured electric-quadrupole 

t r a n s i t i o n  p robab i l i t i e s .  3,8 



I f  we assume t h a t  the  nuclear p o t e n t i a l  and charge d i s t r i bu t i on  

have the  same shape, . the  values of 6 may be estimated.from the  measured 

electric-quadrupole moment o r  the electr ic-quadripole t r ans i t i on  probabi l i ty  

between two s t a t e s  i n  a ro t a t i ona l  band. These quan t i t i es  may be.expressed 

i n  terms of t he  i n t r i n s i c  quadrupole moment, Qg,, which. i s  approximately 

where R 1 . 2  x 10-l3 A l l 3  cm i s  the  mean charge r a d i u s  of t h e  nucleus . o r  
Some have chosen t o  'express the  nuclear . deformation by' the .  par&eter p 

connected with Q by the r e l a t i on  
0 - .  

. :' : .  .: . .. :For ke.asons:!.that w i l l  .~.be~.:diBcussed';later, the  g values are: some - , 
what a r b i t r a r i l y  'taken t o  be Z/A f o r  odd-Z n u c l e i  and Z72A foi,odd-N 

nuc le i .  The uncer ta inty  i n  the. ca lcula ted value associated with the  

uncer ta inty  . i n  the  assumed value o f .  i s  s m a l l .  I n .  Tables I and-.=, 
g ~ .  

t he  calcula ted values a r e  compared with empirical  values. Both a r e  a l so  

p lo t t ed ' aga in s t  I i n  Figs.  6 and 7. The reference 1 i n e s . i n  these  

diagrams a r e .  t he  l imi t ing  "asymptotic" values,. 5 

It i s  noted t h a t  aniong the  cases showing deviations a r e  spin-112 

' nuclei ,  which,need a spec ia l  analys is ,  and nucle i  tha t .  have par t icula . r ly  

l a rge  j values f o r  the  odd nucleon, thereby being espec ia l ly  suscept ible  

t o  appreciable Cor io l i s  mixing of d i f f e r en t  K quantum numbers. 'l'his mech- 

anism and i t s  e f f e c t  on the  magnetic moment a r e  discussed. Apart from these 

cases, the  agreement between the  calcula ted and experimental values a r e  

generally good f o r  odd-Z nucle i ,  showing t h a t  t he  e f f ec t i ve  gs fac tor  

f o r  a proton i n  most odd-Z nucle i  i s  around 4,- In  the  case of odd-N 
. i.:. 

nuclei ,  the  e f f ec t i ve  gs fac tors  seem t o  s c a t t e r .  more. A value. more r e -  
179- duced i n  mamitude should be used f o r  some n u c l e i ,  e.g. Er167 arid Hf , - 

while a value much l e s s  reduced should be used: f i r  and  IT^^'. (see ' '  

Section V1,-:.c;. ) 



Table I. Magnetic moments of odd-Z nucle i  

Nuclei Energy 
of 

Isomeric 
s t a t e  I . .  . (&+I . . . ,. 

z - I Assigned Assumed (2.3 gR= - ' a  , 
exp. . A , Ptheo Peq. .... - .  : .  : a 

o r b i t a l  deform- (n.m.1 (n.m.) 'values 
( N  ,7 ,.A ,,Z )a t ion  , J 

a. Values of a involved i n  the  magnetic-moment ca lcu la t ions  (taken from r e f .  3) 
or  t he  t heo re t i c a l  a+ values calcula ted f ron Nilsson ' s  wave function.  6 

. . 
b . See reference 4. 
c .  These magnetic moments were measured by paramagnetic resonance and a r e  

subject  t o  e r r o r  a r i s ing .  from uncer ta inty  i n  t he  values of (1/r3),9 
which were calcula ted by the  use of hydrogenic wave funct ions .  The values 
l i s t e d  have been co r r ec t edby  using $l/r3 ) values ob ta ined  from s e l f -  
consis tent  f i e l d  eigenfunctions 

d .  J .  ~ . ' B . a k e r  and B. Bleaney, Proc. Roy. Soc. (London) - 245, 156 (1958). 
e . . G .  Manning and J . Rogers, Nuclear Phys . - 19, 675 (1960) . 
f .  G .  Manning and J .  Rogers, Nuclear.Phys. 15, 166 (1960). . 

g .  L.  H.  Bennet and J .  I .  Budnik, Bull .  Am. Phys. Soc., Ser .  11, - 4, 417 (1959): 

h .  D.  Strominger, J . M .  Hollander, and G.T. Seaborg, Revs. Modern Phys. 30,. 
585 ( 1958) 

- 

t 6" 
238'  

. J .  yinocur, Some Nuc ear  and Elect ronic  Ground-State Pro e r t i e s  of Pa , 
~ m 2  1, and 16-hr Am2 2 ( t h e s i s )  UCRL-9174, Apr i l  13, 19 0.  

k. C.A.  Hutchison, Jr. ,  and B. Weinstock, J.Chem. Phys. - 32, 56 (1960). 



Table 11. Magnetic. Moments of Odd Neutron Nuclei 

z +-  
Nuclei h e r g y  I,-? Assigned Assumed . ( s .I) %=:=- , 2A ? t h e ~ .  ?ex-~. a a 

of o r b i t a l  deform- (n.m.) (n.m.) values 
Isomeric (NJT7~,ZSI) t i o n  

" 
s t a t e  

64Gd1?' 0.483 0.206 -0.37 -0.28 b 
312 5 2 1 f .  O'.27 

b' 
312 521 0 .27 0.483 0.204 -0.37 -0.37 . 

. . 512 642 4 0.28 0.777 0.205 -0.39 - 0 . 4 8 ~ ~ ~  
512 523 4 0.28 -Oo757 0.202 :0.67 0 .67C'd 

712 633 4 0.29 1.302 0.204 -0.54 -o.ggCye 
112 5214 0.28 -0.250 0.205 0 . 4 0  0 . 4 6 ' ~ ~  .::a=0;87 

. 5124 0.27 i .008 0,202 -0.55 -0.65 
f 

712 514.4 0.25 , -1.162 0.203 0.80 0 . 6 1 ~  

72Hf177 72 .. 114 , 912 514 4 0 025 -1.162 0.203 0.97 0.99+0.27/3 
179 

912 
b a 

624 r 0.25 -1.812 .0.201 -0.63 -0.47 
2 y o  t 0.21 -0.250 .0.202 0.48 0.12 

h 
. . .  a=O 19 

h 
112 5Wi.t . 0.18 -0.250 . 0.203 0.48 0.12 a=0.19 

. . 3 /2  512; 0.15 -0.423 0.201 0.50 0 . 6 5 ~  
, 512 633 4 0.23 -0.408 0 ~ 1 9 7 '  0.42 0 ~ ~ 7 ~ ' ~  

712 743 f 0.24 1. loo 0.196 -0. k3 -0.66ko. o f J  
1-12 631 J. 0.26 0.119 0.197 -0.06 k0.02 

k 
PU &=-0.96 

g4: 241 

94Pu 512 
6 2 2 t  0.27 0.783 0.195 -0.40   lo^ jP 

a .  See footnote a ,  Table I. 
b. See footnote b, Table I. 
c . See .footnote c; Table I. I . .  

d. . J .G.  Pafk, Proc: Roy. Soc. (London'). ~ 2 4 5  .,. '$18 (1958) 
e . R .J. E l l i o t t  and K.W.'H. ~teve'n's',  roc. Roy. Soc .  ondo don) 2l9A, 387 (1953). 
f .  A.H. Cooke and. J . G .  Park, Proc. Phys. Soc.  ondo don) ~ 6 9 ,  - 282(1-956). 
, g o  See fodtnote f ,  Table I .  
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Fig. 7. Magnetic moments of odd-neutron nuclei. 



We.further extend such calcula t ions  t o  odd-odd nuc le i .  The wave . 
. . .. . . . 

~uiic%%ons of such nucle i  can he wr i t t en  as products of the.  Nilsson wave 

f&ctions f o r  the  last proton.and f o r  t he  last neutron: 

where the  sign of Qn i s  detemined from the  coupling of the  angular momenta 

of t he  proton and the  neutron. To calcula te  . . the .  magnetic moments c a l c u l a -  

t i ons  of these nucle i ,  t h e .  following expression f o r  the  magnetic moment i s  

used: 

Most ground s t a t e s  of odd-odd nuc le i  obey the  Gallagher-Moszkowski coupling 
12 , I3  

r u l e  t h a t  the  i n t r i n s i c  spins .of the  proton and neutron a r e  p a r a l l e l .  . 

I n  t h i s  s t a t e ,  the  proposed reduction of g s  f o r  the  proton and. neutron w i l l  

near ly  cancel. Nuclear s t a t e s  with proton and neutron sp ins  . anti$ara. l lel  . 
-. 

t o .  each other ,  such ?'s the  6+ state .of Np236 and ?- s t a t e  of ~ m ~ ~ ~ ,  should 

show magnetic moments sh i f t ed  from values calcula ted with f r e e - s p w e  g s 

f ac to r s .  ~ o t  many. magnetic moments have .been measured. f o r  odd-odd nucle i .  

I n  Table. 111 we have l i s t e d  cases f o r  which mea&.reme~ts would be poss ib ie  
I 

-]C ' 

with those : for  which magnetic moments a r e  known. The values of p.. and p 

calcula ted with f ree .  space and reducedgs f ac to r s  , a r e  very close t o  each 

other. and a l so  close . t o  the  asymptotic values.  



Table 111. Magnetic moments of odd-odd nucle i  

conf igurat iona 
Nucleus Spin Proton Neutron ( sz) (Iz,)p ( 'z)n %= A h h e o  %he0 'asym. 'exp 3 z  * 

. , . , 

- 
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I V  . .ImERCONFIGURATIONAL MIXING . . 

. . 

O u r  r e l a t i v e l y  good success i n  calcula t ing niagnetic inkments with 

empirically reduced g f ac to r s  sugges t s ' tha t  the apparent moment quenching 
s 

throughout the' deformed' region a r i s e s  from s p l l  'admixt.wes of .many .dif - 
fe rgn t  configurations. It i s  most l i k e l y  t h a t  the  &enching of the gs 

f ac to r s  i s  not primarily caused by a l t e r a t i ons  of the  v i r t u a l  meson con- 

t r i bu t i on  ' to the  nucleonic magnetic ' moment f o r  ' nucleons ' ' in  nuclear mat ter .  
1 4  . 

B e l l  and Walecka show t h i s  e ' ffect  t o  be about 7%. 
In  calcula t ing the  ~ i n ~ l e - ~ a r t i c l e  wave. functions,  ' a  spherbidal 

potent ia l . 'has  been used t o  represent the  po t en t i a l  due t o  ' in te rac t ions  

of t he  very;hort-range forces  and other txchange forces .  It i s  therefore  

expected t h a t  t h e  d i f f e r en t  . . nucleori configurations should inevi tably  get  

mixed wit'h'each other  t o  a .considerable extent  i n  the  s ta t ionary  s t a t e s  
I .  

of nuc le i .  Their modifications of magnetic moments can be di.scussed?.in' 

terms of the  var ia t ion  pr inc ip le  i n  the l i m i t  imposed by the  exclusis; 

p r inc ip le .  I n  zero-order approximation, the  core .  of pai red nucleons does 

not modify the  magnetic moment. The in te rac t ions  between nucleons.may be 

considered ,to consis t  of the  very-short-range'wigner force and.exchange 

forces  whose po t en t i a l  operator when.applied t o  nuclear wave functions 

"exchanges" e i t h e r  the  space coordinates of in te rac t ing  nucleons ( ~ a j o r a n a  

fo rce)  or' the i r '  . spin coordinates ( ~ a r t l e t t  .for'ce) o r  .both ( ~ e i s e n b e r g  

forck)  . These sca la r  forces  .between nucleons within the  .core can not " 

polar ize  t he ' co re  itself. ,  but  the  core.can be polarized by i t s  in te rac t ion  

with t h e  unpaired nucleon. . . . .  

Th'e paired'.nucleons in. the  odd group a r e  polarized a n t i p a r a l l e l  

t o  the  odd nucleon so. t h a t  they can approach each other ,  thus increasing 

the  in te rac t ion  energy of. the! very-short-range forces .  . .The spin-dependent 

forces  give r i s e .  t o  an opposite. but  smaller:polarization . e f f e c t .  .Paired 

nucleons' of the.even group.are polarized p a r a l l e l  by these  spin-dependent 

forces ,  while t h e  spin-'independent forces'  have no e f f e c t  . The polar iza-  

t i o n s  of! both grou$s decrease the  magnitude of the  ma;gnetic~'mament in the 

same.way, and r e s u l t  i n  the  quenching of the  g f ac to r s  used i n  OW ca l -  s 
cula t ions  wi th . these  zero-order s ing le -par t i c le  wave functions, . 

Arima and J3oriel5 as wel l  a s  Blin-Stoyle16 have calcula ted the  

magnetic-moments fo r , ' spher ica l  'nuclei., showing t h a t  a small amount of 

mixing of .  ce r ta in  kinds of configurations can produce changes i n  magnetic 
. . .  



moments of nuc1e.i without changing appreciably the  pure shell-model . . ;  

configurations upoi which they base t h e i r  ca lcula t ions .  The nuclear wave 
. . 

function o f '  mixed configurations can be d i t t e n  as 1 ( j::n) j j m  ) + 
. . 1 0 

( )  j, ( j , 2 j ) i j m  ) where 1, ( jp0j j m  ) represents  a simple shellrmodel 
n-1 configuration and t he  1 ( j ) jl ( j j )  ' j m  ) represent ;.the admixed con- 

1 2 J .  
f igura t ions  . The magnetic moment of the  nucleus i s  then obtained Yrom 

t h i s  wave. function by calculating'  the  expectation value of the p a r t i c l e  . . 
magnetic-moment operator .  For small values of aJ, the  most impartant 

contributions t o  t he  magnetic moment a r e  those l i n e a r  i n  a,. Contri- 
U 

butions of t h i s  kind can occur only if 1 (j:)Oj j m  ) and I (J;-') j l ( jpj)$m) 

d i f f e r  at most by one s ingle  s t a t e  and t he  . & b i t a l  s t a t e  i s  the  same. 

Thus-, the  most important configurations f o r  mixing a r e  those I n  which a 
. .. . 

nucleon pa i r  is  broken by promotion of a nucleon t o  the  unoccupied o r b i t a l  

of i t s  spin-orbi t  conjugate. Using simple perturba$&on theory, one can 
. . 

wri te  

. . 

where V i s  the  internucleqnic in te rac t ion ,  and A3 i s  the  zeroth-order 
J 

energy difference between the  mixed s t a t e s .  Using a delta-function i n t e r -  

ac t ion ,  Arima and Horie a s  wel l  as Blin-Stoyle have been able  t o  account 

f o r  t he  devia t ions  of magnetic moments from the  Schmidt l im i t s .  

The important point  i s  t h a t  nuclear magnetic moments a r e  extremely 

sens i t ive  t o  admixtures t o  t he  zero-order shell-model wave.function which 

contribute i n  f i r s t  order t o  the  magnetic m0men.t. For example, a 5% - 

admixture of t he  hllI2 s t a t e  i n to  the  h changes the  8i209 moment by 
912 

1 . 4  n .m. I n  a few cases,  however, the  d i s t r i bu t i on  of  nucleons among the  

various shell-model s t a t e s  i s  such t h a t  no type of admixture can lead  t o  

a contribution to. the  magnetic moment which i s  l i n e a r  i n  i t s  am@litude 

of mixing. Under these  circumstances the  magnetl'c mment shouAd l i e  close - 

t o  the  Schmidt value.  The pro ton  configuration -- i n  85; Pr141 i s  (g7126), 

(d5/2 
') , which does not  o f f e r  much p o s s i b i l i t y  -fo$ configuration mixing. - 

1 7  ' The experimental magnetic /moment has beer1 recorrected t o  the  value 5.3. n.m , 
which , i s  very near t he  upper Schmidt l i m i t  of 4.8 n .m. appropriate t o  a 

proton. 

Throughout the  deformed.region.there a r e  always. m v y  ways of 

forming t h e  broken p a i r s . j u s t  .mentioned. Gauvin has made s imilar  magnetic- 

moment calcula t ions  f o r  deformed nucle i  .18 The two -nucleon po t en t i a l  i s  



. . assumed t o  be 

where P is  the  exchange operator f o r  the  nucleon spiris, and V is  a 
u 0 

pos i t ive  constant. To f i r s t  order,  only those admixtures which d i f f e r  

from the  o r ig ina l  s t a t e  by one p a r t i c l e  exc i ta t ion  contribute t o  the  

magnetic moment. Furthermore, such s ing le -par t i c le  exc i ta t ion  can go 

only t o  a s t a t e  which has the  same p a r i t y  and t he  same value of the  

quantum number, . a ,  as the  s t a t e . t h a t  i s  l e f t  vacant. For each such 

possible exc i ta t ion  there  i s  a corresponding one between the  sane s t a t e s  

having the  ,opposite sign of 9 .  I f  we denote the  admidure  amplitudes 

f o r  such a p a i r  of exc i ta t ions  by . (3 and . .  f3, f o r  s ta te ,s  with pos i t ive  :and 
I 

negative a., respectively, .  the  contribution t o  the  magnetic moment from 

. t h i s  p a i r  .Is 

.'One can evaluate a-f3 by -using.  perturbation theory. and Nilsson ' s wave 

functions.  . The foregoing, formalism .has been ap@.lied .to the  ground-state 

configurations of Ilul7' aiid ~ a l 8 l ; .  bdth:  have an unpaired proton i n .  the 

- g .=  7/2&=7/2 l eve l .  The corrected values f o r  the  p a r t i c l e  magnetic 
J 

moments a r e  2.17 n.m. fo r  ~u~~~~ and 2.38 n.m., 2.24 n.m., or  2.29 n.m. 

f o r  Ta181 , depending on the  a c t ~ l  proton configurations of Ta181. These 

values correspond t o  g = 2.57 and g = 2.01, 2.44, o r  2.31, while t h e .  . 
. S s 

experimental g values are..3. 74 and 2.90 from .g values given by Bernstein 
4 K 

and de Boer. . .It .seems t h a t  the  r e s u l t s  could. be improved.if more mixing 

configurations were considered by allowing exc i ta t ions  t o  take place 

.between s t a t e s  with d i f f e r en t  quantum numbers R .  

The very-short-range spin-independent forces  a r e  much l a rge r  

than the  spin-dependent forces  &d correspond t o  the  most .important 

fea tu re  of t he  res idua l  i n t e r p a r t i c l e  forces  not incorporated. in to  the  

s t a t i c  s e l f  -consistent  nuclear .  f i e l d  .uked. fop s ipg le -par t i c le  . calcula-  

t i ons .  These very-short-range components o f ' i n t e r p a r t i c l e  forces.have 

been. t r e a t ed  as pair -corre la t ion added t o  the  nuclear . f i e l d ,  and the  

. t o t a l  Hamiltonian has been solved e x a c t l y  .19 ~ h k r e f o r e  , an a l t e rna t i ve  

way t o  calcula te  . t h e  p a r t i c l e  magnetic-moment correction,  & i s  t o  use 

these  .wave-functions . . as . .  zero-order . and . . cons ide r . t he , r e s t  of the. forces  



as perturbation.  .However, it i s  doubtful t h a t  t he  corrections.obtained 

would d i f fe r . f rom the  present r e s u l t s .  

The e f f e c t  of both pa i r -cor re la t ion  .and mixing of the  quantum 

number on the  magnetic moment w i l l  be fu r ther  invest igated i n  the  f o l -  

lowing sect ions ,  espec ia l ly  with regards t o  t h e i r  ef fects .  on the  col-  

l e c t i v e  gyromagnetic r a t i o  gR' 

V . PAIR -CORRELATION, ' 

A.  Introduction 

Many have considered the  e f f e c t  of p a i r  corre la t ions  on nuclear 

p r ~ p e r t i e k ~ ~ ~ ~ ~ t  can explain the  wide energy gap encountered. i n  the  

co l lec t ive  spectra.  'of deformed- even-even nucle i .  

~ x p r e s s e d .  i n  terms of . the  .singL,g.-particle s t a t e s  of the  average 

nuclear po ten t ia l ,  the  p&ir-corre la t ion in te rac t ion  s c a t t e r s  pa.irs of 

p a r t i c l e s  from .the' o r i g ina l l y  f i l l e d ,  doubly. degenerate s ing le -par t i c le  

o r b i t a l s  . in to  the  higher-lying l eve l s  which a r e  l e f t  unoccupied. The 

new t o t a l  i n t r i n s i c  wave. function t h a t  most e f f ec t i ve ly  u t i l i z e s  t h i s  

additiona1.t-e of in te rac t ion  and forms the  ground s t a t e  i s  then a 

s t a t e  with a di f fuse  Fermi surface.  Any exci ted s t a t e  is  therefore  

associa ted with an exc i ta t ion  energy of about a t  l e a s t  the  width of the 

. . diffuseness of the. Fermi . surface.  

Let the  Hamiltonian..of the  s t a t i c  se l f -consis tent  n u c l e a r ~ . f i e l d  

be denoted H and the  corresponding s ingle  -par t i c le  s t a t e s  I v )  , where v 
6 

represents  the  quantum numbers. One then defines the par t i c le -c rea t ion  

operators by , . 

+ a l o )  = I v )  

where I -v) i s  the  conjugate s t a t e  and i s  equaled t o  the  time-reversed 

s t a t e  T I  v )  by a r b i t r a r i l y  f ix ing  the  phase of T. 
- 

' The. t o t a l  Hamiltonian then has the.form . 

' + 4- + .' + 
H ' = 2 t (av av+ av a_,) - G c, , , a;, a,, , v v  v 

where ; denotes ' t he '  eigenvalues of Hs, and the  second term represents 
. . . I '  

the  pa i r  -corre la t ion '  in te rac t ion  with4"the l imi t ing  assurdption t h a t  the  



res idua l  force  a c t s  only.when two partic1es.move:in.a J=Q s ta te . .  Said '  

force. .displays ' the  main . features  0.f .the: 6. force ,  although the  l a t t e r  

has minor but  nonnegligible e f f ec t s . on  p a b s  of p a r t i c l e s ~ i n  s t a t e s  of 
, . 

nonvanishing but  s m a l l  angular moinentk . The f2 .' s obey the  a n t i c o k u -  
v 

t a t i o n  r e l a t i ons  t o  ensure the  antisymmetry of the  many-particle s t a t e s .  

The Hmil tonian (23) describes a system with a . f ixed number of 

pa r t i c l e s ,  N.. Bardeen e t  a l .  f i n d '  an eigenfunction of t h i s  system by 

transforming t o  a system t h a t  i s  described by the  ~ m i l t o n i a n  , 

where A,.: .the::chemical po ten t ia l ,  is  t r ea t ed  a s  a .Lagrangian multiplier,. 
22 

thus  r ep re sen t s  t h e .  efiergy of .the ;.last. added . p e r t i c l e  .. The 'choice 

of X .determines . the  average value of N, whtch we s h a l l  denote by 3. 
The ground 's ta te  can be expressed a s  an. admix$.&e of s ingle-  

p a r t i c l e .  configurations with the  admixture. coef f ic ien t s  .. determined by 

the  paratpeters U and Vv,  s ub j ec t  t o  the  normalization condition 
v . . . . . . .  . < . .  

and t o  t he  aux i l i a ry  condition - 

. . 
A convenient way t o  obtain, the  ground-state energyand t h e  corresponding 

wave.function i s  t o  determine the  so-called quasi -par t ic le  operators 

defined by 
. , . . .  , .. 

and 

- - 
. I n  terms of av and By,  the  transformed Rami l ton ian i s  

- 
. . . . .. H .= U +:H . .+ H20. + Hint. , 

11 (28 )  
> 

. . . s 

where ,U . i s  independent . . of . the  . quasi-par. t icle,  H 2 0 . ~ r e a t e s  o r  ann ih i la tes  

. . . . . .  
'contains of four quasi -par t ic le  two quasl -par t ic les ,  . . Hint , 

. . . . . .. . 
. c r e a t i o n  o r  . . .  annihi la t ion operators,  and Hll i s  an operator of the  s ingle  

. . . . .  . . 

quasi -par t ic le  type. ' When H ' i s  s e t .  . iden t ica l ly  equal '.to zero ,  the  
20 :. . . ,  



Hamiltonian describes a system of noninteracting quasi -par t ic les  i n  the  

approximation t h a t  Hint. may be neglected. We a r e  l e d  t o  the  equations: 

and 

The h and A can be determined from E ~ S .  (26) and (31).  
2 . :  ' 

 he inteqiref9t ion . ,. o'f Vv as the  probabi l i ty  o f  t he  s t a t e  being populated 

by' a 'pair  i s  ebident from Eq. (26). The wave functions a r e  t h e  quasi-  

creat ion operators operating on.  the  'quasi-part icle vacuum, the  

s t a t e  where a l l  s ingle  p a r t i c l e s  a r e  coupled i n  p a i r s  t o  zero angular 

.momentum. The ground s t a t e  of an even-even nucleus i s  t he  quasi-vacuum 

s t a t e ,  which i n  terms of t he  s ing le -par t i c le  model is  
. . 

. . 

':I 

F O ~  the  ground s t a t e  of an odd-A nucleus, the  odd p a r t i c l e  occupies, say, 

t he  o r b i t a l  < ' . The p a r t i c l e  i s  e n t i r e l y  unaffected by t he  pair ing force ,  

which only s c a t t e r s  p a i r s  of p a r t i c l e s .  The t r i a l  function of the  ground 

s t a t e  of such an.odd-A nucleus i s  

+ +.vOa+)lo) . ,. 

li,= a;, n (Uv V . V .  -,, 
v# v '  

- - -  - 
Now Uv and Vv a r e  s t i l l  given by (893 >and (~~) ; . : . l ju t :  the ~s.umsj~over ::;: 

s t a t e s  i n  determining A and A exclude the  "b1ocked""v ' s t a t e .  
. . . . 

F o r  the  ground . . s t a t e  bf odd A, v '  l i e s  near the!~ei-nii surface and 

A i s  not appreciably changed with . . respect  t o  the "even" case of n j2  p a i r s .  
. . 

Therefore . the  . wave functions k&' the  quasi -par t ic le  creat ion operators oper'- 
, , 

a t i n g  , on the  quasi -par t ic le  vacum. 



B. Ef fec t ' o f  Pair-Correlat ion on the Magnetic Moment 

Consider the  magnetic moment of an odd-A nuc'leus . The quasi- 
.. '_ . .. . 

p a r t i c l e .  operator may be reprksknted by a sum ..of' s ingle  opera- 
. . 

- ,  . . 
t o r s .  

. .. 

By the  canonical:. transformations (?~',.'ab) ,and the  phask. convention (g29.; ; 

it i s  

.. . 
The f i r s t  term corresponds t o  tk magneti'c moment of a quasi- 

p a r t i c l e  and is  the  s a ~  a s  t h a t  0 f . a  single-particle.xb This i s  under- ~ 
stood, since p a r t i c l e s  and corresponding holes have the  s%e.magnetic 

moments. The second term contains the  two quasi-particle.r$erators. 

I t  can therefore  have no mgtr.ix elements with the  ground state of an 
...a 

, odd-A nucleus. Thus, with ,. . . p a i r i n g  in te rac t ion , '  the  qdd-A nucle i  w i l l  

exh ib i t  single-partic1e':~values f o r  t h e i r  p a r t i c l e  magnetic moments. ',,. 

. . 
The e f f e c t  of pai r ing in te rac t ion  on , t he  co l lec t ive  magnetic 
. . 
-9 moment, = g 3, has been wel l  investigated by Nilsson and P r io r .  . . 

5 
?c.oll.  , .R 

.In the  s ing le -par t i c le  model, with the assumption . tha t  .$he, seLf-consis- . ..: 
t e n t  f i e l d  ' determining the' s ingle  o r b i t a l s  i s  cranked mound 

. . 
external ly ,  the  co l lec t ive  gyromagnetic r a t i o  of a nucleus i s  given by 

i .  . 
7.e. 

. .  . ... , - 
2 ?  

2 (il'p"] f ) ( f l a x l  i ) 
g = L C .  - .  

R 
+ complex .con jugate 

3 f & ' '- 'Ei ( 37.) 
f .  

. , (38 
. 

where Jx = %  jx i s  t he  angular-momentum operator a s soc i a t edwi th  the  

ro t a t i on  and px= X (g 1 +g S ) i s  the  co l lec t ive  magnetic-moment operator. 
1 R ,X ,S  X. , . ,  



I f  we use asymptotic wave functions j these formulas give . .,gR 
Q* 

values . ra ther  c lose  t o  the  r a t i o  Z/A which show  little^. variation," 

\ while the  experimental values a r e  generally l eks  than t h e  r a t i o  Z/A 

 able. IK) : and vary as shown, i n  Fig. 8. The l o w  experimental v&lues 

must s ign i fy  a grea te r  r o l e  of neutrons r e l a t i v e  t o  protons i n  carrying - 

the  ro t a t i ona l  angular momentum. The trend of va r i a t i on . i s . r eve r sed  

when the holes play t h e  p a r t s  of p a r t i c l e s  near .  the  end.of the  she l l s ,  - 

showing t h a t . t h e  nucleons coxitside of closed s h e l l s  a r e . t h e  main contr i -  

butors  t o  the  r o t a t i o n a l  angular momentum. 
i 

Inclusion of pa i r i ng  interq66ion .gives 

where 

and 

Since t he  last two terms i n  Eq. (39)  a re  small gR 
i s  approximately equal  

t o  the  r e l a t i v e  f r ac t i on  contributed t o  the  moment of i n e r t i a .  Using a 

considerably l a rge r  pa i r ing  energy f o r  protons than f o r  neutrons, thus 

increasing t he  share of angular momentum car r ied  by the  neutrons, one 

ge t s  gR values smaller than t he  r a t i o  Z/A. Nilsson and P r io r  have ca l -  

culated gR f o r  even-even nutlet.) Their r e s u l t s  a r e  found t o  be i n  

reasonable agreement with the  experimental values.  

The empirical  gR values f o r  odd-A nucle i  l i s t e d  i n  Table I V  a r e  
L 

- 
4 

taken from the  ana lys i s  made by Bernstein and de Boer. The g values R 
show the  same t rend of var ia t ion  as those f o r  even-even ?uclki- (Fig.. 8 ) .  - 

The gR values f o r  odd-Z nucle i  'are somewhat higher than f o r  neighboring 

even-even nucle i ,  and the gR values f o r  odd-N nucle i ,  somewhat lower. 

A ra t iona le  f o r  such a $ s h i f t  may be provided by considerations of 

pa i r -cor re la t ion  e f fec t s  due t o  the  blocking of an o r b i t a l  and e f f e c t s  of 

the  Coriol is  force  which couples. the ne&-lying one-quasi-particle s t a t e s .  



.If an odd neutron i s  added t o  @n even-even nucleus, one o r b i t a 1 . i ~  

b1ocked.from:the neutron-pdir corre la t ion,  thereby reducing.-the e f fec -  . 

t i v e  energy gap. PF neutrons.   his reduces PR; The same argument. gives 

an .  increased for"bdd-z .nuc le i .  The e f f e c t  of Coriol is  . f o r ce .  on 
g ~ '  

magnetic moments w i l l  . . be d i scussed .  i n ' . de t a i l  i n  terms of s ingle  -par t i c le  

s t a t e s .  

~ a b k e  IV. , co l l ec t i ve  gyromagnetic r a t i o s  o f  d e f o k d  nucle i .  
. . 

Odd-Z nucle i  Even-even. nucAei Odd-A.nuclei - 
Isotope Isotope Isotope 6$ PR 

154 Sm- -. . . 62 :. .I.,.. ;. 
. .: < 

157 Gd. . , 64 .:.;...4; 

See re fe rence .4 .  
10 

These va lues  a r e  corrected using.  Judd and Lindgren ' s  values of (1/$). 
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V I .  PARTICLE-ROTATION INTERACTION 

A.  Introduction 

The pa r t i c l e - ro t a t i on  i n t e r ac t i on  a r i s e s  from,the- Coripl is  force  

which.comes.inf&.play when a p a r t i c l e  i s  moving i n  a ro t a t i ng  system. The 

nature of t h i s  in te rac t ion  can be understood bes t  by considering a model 

simpler than the  ac tua l  nucle i ,  such as t h e  sya%em,of a . s i n g l e  p a r t i c l e  

coupled t o  a r i g i d  top.  .The Hamiltonian of t h i s  system i s  

4 
where r i s  the  pos i t ion  vector of the  p a r t i c l e  i n  the  ro t a t i ng  system 

of coordinates corresponding t o  t he  instantaneous posi t ion of the  p r in -  
'. . 

c i p a l  axes of t h e t o p ,  3i and Ri a r e  t h e  p r inc ipa l  moments of i n e r t i a  and 
. , 

angular momenta of' the  top., respect ively ,  and m..is the  reduced.mass of the  

system. For the  analogy with ac tua l  nucle i ,  we assume t h a t  both the  top 

and . the  . po ten t i a l  a r e  a x i a l l y  symmetrical, t h a t  i s ,  31 = 32 = 9.  The top 
. . 

angular momentum if i s  w i t h 8 ,  the  component o f  t h e  p a r t i c l e  momen- 
. . .  

tum oh the  symmetry ax i s  t o  form the  angular 'momentum 5 with the  component 

. .K on the  symmetry ax i s .  . . 

. . . The t e q  fl2): c k  then be wr i t t en  4s ' ' 

: .  

',.'. 
. . .: . 

We can a l so  rewri te  t h a t  p q t  of t he  ,Hamiltonian i n  the form 
. . .  . . . . 

. . . . . . Ti2 
where I+ = I 5 i I and jt = j. f i j2. The l a s t  term-- - (1+j +I j+) 

2 1 ; 2Xi - - - 3 
corresponas t o  t h e  e f f e c t  of the  Cor io l i s  . . force  acting ' .  . between the  p a r t i c l e  

and the  co l lec t ive  ro ta t ion .  . . When t h i s  e f f e c t  i s  neglected, it is  c lea r  

t h a t  K and L w i l l  be good qug~ntum numbers. The c o r i o l i s  operator makes 

no diagonal contribution unless !2 i s  112, i n  which . .  . case there  . .  i s  , . a . 
i ' .  

diagona l  contribut  ioh.\ . . 



known a s  t he  "decoupling term" t o  the  ro t a t i ona l  spectrum. 

Rotational  spectra  of t he  simple form given i n  Eq. (1) a r e  

obtained when t he  ro t a t i on  i s  so slow t h a t  the  p a r t i c l e  motion can adgust 

ad iaba t ica l ly  t o  the  changing or ien ta t ion  of t he  po t en t i a l  f i e l d .  The 

f i n i t e  r o t a t i ona l  frequency gives r i s e  t o  small nonadiabatic exc i ta t ions  

r e su l t i ng  from the  Coriol is  force ac t ing  on t he  p a r t i c l e .  To lowest 

order i n  t he  r o t a t i o n a l  frequency, these  v i r t u a l  exc i ta t ions  imply an 

increase i n  the energy of the  nucleus proportional  t o  1(1+1) and thus 

provide the  moment of i n e r t i a  associated with the ro t a t i ona l  mution. 

To higher order,  the  nonadiabatic e f f e c t s  give r i s e  t o  a coupling bet-  

ween the r o t a t i o n a l  and i n t r i n s i c  motion, which implies deviation from 

t h e  ro t a t i ona l  spectrum as wel l  as the  geometrical r e l a t i ons  f o r  the  

nuclear moments. 

I n  odd-A nucle i ,  t he  nonadiabatic exc i ta t ions  of the l a s t  odd 

nucleon w i l l  p lay a spec ia l  r o l e ,  s ince these  do not  involve the  break- 

ing of any p a i r s .  P r io r  has corre la ted the  increase i n  the  moment of 

i n e r t i a  i n  going from an even-even nucleus t o  the next heavier odd-mass 

nucleus with the  e f f e c t  of the  Coriol is  force  on the  odd nucleon. 24 1n 

addi t ion t o  the  increase i n  the  moment of i n e r t i a ,  the  band may show an 
2 2 I (1+1)' energy term, which corresponds t o  re laxing the  a x i a l  symmetry of 

t he  model we have been discussing.  Small deviations from the  1(1+1) 

. dependence may r i s e  from the  higher-order e f fkc t s  of t he  near-lying bands 

associa ted with the  lowest s t a t e s  of the  last odd p a r t i c l e .  Such e f f e c t s  

have been notqd, and de ta i l ed  analyses have been made f o r  the  spectra  of 

Pa 231, pa233> and w 183 . 25,26 Even when the  deviations from the  simple ' 

forin a re  small, nuclear p roper t i es  such a s  the  electromagnetic t r ans i t i on  

p robab i l i t i e s  may be appreciably a f fec ted .  Kerman has given formulas - 

f o r  the  electromagnetic t r ans i t i on  probabi1ities.between admixed s t a t e s  

afid r e l a t ed  t r a n s i t i o n  p robab i l i t i e s  of W183 quan t i t a t ive ly  t o  the  -, 

. .  . 
25 observed energy 'perturbations.  

We w i l l  inves'tigate. the  e f f ec t  of p a r t i c l e  - rota t ion in te rac t ion  

on magnetic moments and magnetic parameters g a n d  gK by t r e a t i n g  t h i s  . . R 
in te rac t ion  a s  a perturbation.  The matrix elements of the  Coriol is -  

force  operator are '  



By decomposingthe operators j+ and j - as j+ - =l+  - + s,, . - t he  

matrix elements (R '1 j + I R  ) can be. obtained by using Nilsson's  wave - 
function.  They are"  " 

fo r  R t .  = . R - 1 ,  ,and . . . . 

fo r  R 1 a + l .  Thus the  Coriol is  in te rac t ion  couples s t a t e s  which have t he  

same spin  and p a r i t y  but  d i f f e r  by one i n  K and R. The s t reng th  of the  

in te rac t ion  increases with increasing j and increasing I .  

In  the  case K = R = 112, it i s  possible f o r  the  operators j+ and 

j - t o  connect s t a t e s  (with the  same p a r i t y ) ,  both of which have K= Q =  112. 

The matrix i s  given by 



. A  secular .equation can .then ,be wr i t t en .  f o r  l eve l s  of spin I .  
,. . . 

If we express it in ,determinantal  . . form, . the  . diagonal elements a re  
. . b- , W, where % represen.& the  eigenqalues of in te rac t ing  i n t r i n s i c  

s t a t e s .  The f irst  o f f  -diagonal elements a r e  given by Eq. (46) ; a l l  
. . 

other  off  -di@gon$l element&. are zer6.  '. For example, t h e  secular equation 

f o r  'A. .= : 7'12 ',%d : j 2: . 712.. could be .wri t ten .  as : . : . . . . . :. .. . 
. . .. . . 

The rob ts  of t he  secular equation give t h e  energies of the  

perturbed l e v e l  I .  I n  order t o  f i n d  the  eigenfunctions corresponding 

t o  root  E,  we subs t i t u t e  the  value 'of E i n  the  s e t ' o f  equations 

' I  and 

' and sd lve  f o r  t h e  r a t i o s  ct /&iI2, ajI2/bll2, fidnl2/~b1/2) where n i s  the  
312 

I f i n a l  numerator .in.tkie seri.es. A knowledge o f . t h e s e  r a t i o s ,  p lus  the  

norinalization condition - 

determines the  &Is. The wave function of these mixed.levels may be 
>. . 

wri t t en  i n  the  form: ..,. .- 

where the  wave function of t he  pure l e v e l  I i n  the-  r o t a t i o n a l  band K i s  

wr i t t en  I IK). 



B. Effect  of .Particle-Rotation In te rac i ion  on :the' Magnetic Momenrt and 
the  Electromagnetic Transit ion Probabi l i ty  , . . 

The'. e f f ec t  of , t h i s  K.admixture on the  magnetic momenp comes from 
3 +. .A 

of f  -diagonal contFibutiohs t o  t h e  matrix elements , (*-3' ) and ( J  .I ) i n  

the  expression fo r  t he  magnetic moment. We can wri te  . 

and . . . ,  
. . 

* (7.7) = B CIK (KI 3.T I K,)+  XG;%+~ (K.~J ,+I -  IK+l ) .  (56) 
K . . : K .... 

The exprbssion o f  . t he  . diagonal contribution is  given i n  Eqs . (12) and (1 3) 

The off-diagonal.cont,ributions a re  

and 

L .  

This e f f e c t  on magnetic .moment f o r  some nuclei.may be i l l u s t r a t e d  

by the  example of t he  87-kev l e v e l  of The calcula t ion of Marshall 

f i t t i n g  the  even-parity l eve l s  o f ~ a ~ ~ ~  gives a wave function f o r  the  

87-kev leirel (I = '5/2+) of : 

+mixed = 0.94 1512 512) + 0.34 1512 312 ) + 0.0915/2 112). 

  he p r inc ipa l  e f f e c t  of t h i i . K  admixture on the  magnetic moment comes from 

an off  -diagonal contribution between ~ = 5 / 2  and 312 components . This con-. 

t r i bu t i on  is about 1.1 n .m. The calcula ted moment f o r  the  pure .K=5/2 

s t a t e  at deformation 8 = 0.2 using Nilsson ' s  wave functions and gS=4 i s  

2.6 n .m. ~ a k i n g '  i n toaccoun t  a l l  components, we pred ic t  a magnetic moment 



of j. 8 h .m. . for  . the 87-kev s t a t e  i n  . This s t a t e  has a half  l i f e  
. .. . . . . 

of 37mpsec, and the magnetic moment may be measured by external magnetic- 

f i e l d  attenuation of the a- y angular correlation with Np 237 

The electromagnetic-transition probabi l i t ies  between the mixea 

s t a t e s  can be given in  terms of the above mixing amplitudes and the usual 
2,6 gamma-ray t rans i t ion  matrix elements. 

The strength of a nuclear gamma-ray t rans i t ion  of multipole order, 

A, between an i n i t i a l  s t a t e ,  i, and a f i n a l  s t a t e ,  f ,  with magnetic quantum 
-1 

numbers, Mh' may be characterized by the reduced t rans i t ion  probabili ty 

when%R(h,p) i s  the p component of the transitsion operator of multipole 

order h.  The t rans i t ion  probabili ty per second i s  

. . 

The factor  B (EX). a lsd enters  ' th& ,expfessioy! for   the.'^^ Coulomb~excitation 
. . 

cross se.ctions-. 

The e l ec t r i c -  and magnetic-multipole operators a re  given by . . i 

respectively. 

In the coordinates appropriate t o  the strong-coupling model, the 

multipole operators (61) and (62) take the form 

and 



The f i r s t  terms.5.n 'the expressions represerit t h e , t r a n s i t i o n  

moments of the  most loosely  'bound pa r t i c l e s '  khich'. ksln be individually 

excited.  The sum over p :is t o  be- taken  over the  transforming nucleons. 

The ., l a s t  terms represent the  qu l t ipo le  moment.. generated by the ,  ,coliec-' . . . .... > ' . a  . * .  
- + 

t i v e  motidh: of the  nucleons and a i s  - the  ~ e r m i t i k  boijugate of the  
. A  ~1 

coordinate describing the  deformation of the  nuclear surface defined by 
- 

i 

Here R i s  the  nuclear radius ,  3 (?) i s  the  co l lec t ive  angular-momentum 
0 

3 
density,  and one has J? (?) d~ = R . 

' 

It i's convenient t o  'kxpress the  multipole operators i n  the  
. . 

coordinate, system, fixed i n  the  nucleus, 

where fl i s  of  t he  same fuqctionql form a s  a. The reduced t r a n s i t i o n  
. . . - 

probaki l i ty  then takes  the  form 

Integrat ion over the  'EUlerian angles,  0 i, g ives ,  

where ( I  A M  p 1 1  h . 1 ' ~ ' )  a?d ( I  A K v l 1 .  h I ' K '  ) a re  the  vector addi- 
.- 

t i o n  , coef f ic ien t s .  one then obtains ' 



The second term contributes .only for the unusual case h,A,K + K'. 
h . .. .. The operator 2 .. ( ? r Y . . )  can be :~ew-~?i:t-t;en . ,, . 

XV . . 
... . .. . 

, . . ' .  . . 

where a+ = l? + i k? 1 = .8 - i . The same formula holds for k* ($ r% ) 
X y' - X Y Xv 

with s- exchanged for 1- arid so. on. 

We are interested i n  the magnetic-dipole transition probabilities from 

a state IK to another state I'K'. We have 
. . 

 he expression for G in terms of Nilsson 's wave function is 
KK ' 



  he magnitude of the  magnetic--dipole t r ans i t i on  probabi l i ty  

between . ro ta t iona l  s t a t e s  can thus be r e l a t ed  t o  the  womagne t ic  r a t i o s  

gs and gR! A knowledge of both the  magnetic-dipole t r ans i t i on  probabi l i ty  

and t h e  ground-state magneticmoment can thus y i e ld  g and gR separate ly  
S . . 

( c f .  K. Alder e t  a1.21). . . . :  

The reduced t r ans i t i on  ,p robab i l i t i e s  between the mixed s t a t e s  a r e  

The sensi t iveness  of t h i s  t r ans i t i on  probabi l i ty  t o  mixing of wave func- 

t ions  implies t h a t  one would ge t  very d i f f e r en t  values fro& the  Coulomb- 
. . . . 

. exc i ta t ion  s tud ies  and ground-state moments of nuclei  when the  pa r t i c l e -  
. :  

ro t a t i on  : i n t e r ac t i on .  i s  considered. 

Since the  successive r o t a t i o n a l  s t a t e s  i n  an odd-A nucleus have 

A I=l, the  gamma rad ia t ion  emitted i n  the  decay of these s t a t e s  w i l l  i n  

general  be a mixture of magnetic-dipole M 1  and electric-quadru@ole E2 

rad ia t ions .  The absolute E2 t r a n s i t i o n  probabi l i ty  can be determined from . 

t he  cross sect ion f o r  Coulomb exc i ta t ion .  Thus, a determination of the  

M 1  t r ans i t i on  as compared with the E2 , t r ans i t i on  i n  the  decay of the  

f i r s t  excite-d s t a t e  w i l l  a l so  y i e ld  t he  absolute M 1  t r ans i t i on  probabi- 

l i t y .  This information can be obtained from angular d i s t r ibu t ions  o r  

. internal-conversion measurements of the  emitted rad ia t ion  (or  from the  

Lifetime of the  exci ted skate.). The M 1  t r ans i i i on  probabi l i ty  i n  the  

cascade t r a n s i t i o n  (I +&t0+1) can be determined from the  r e l a t i v e  s t reng th  
0 

of M1 and E2 rad ia t ions  i n  t h i s  t r ans i t i on  together with t he  branching 

rat,& between t he  mixed M 1  and E2 cascade rad ia t ion  and pure E2 cross-over 

(1~+1?+2) decay of the  second exci ted s t a t e .  1f one of thebe data  is  

. avai lable ,  one may est imate the  absolute M 1  t r ans i t i on  probabi l i ty  i n  the  

cascade . radia t ion.  

Bernstein . . h d  de Boer have combined avai lable  experimental data  

t o  obtain t h e  reduced magnetic t r ans i t i on  p robab i l i t i e s  between ro t a -  
. .  . 4 

t i o n a l  s t a t e s  of deformed odd-A r a r e  e a r t h  nucle i .  The r e s u l t s ' a r e  
. . 
in te rpre ted  t o  y ie ld  gK and ,gR. I n  view of t he  possible pa r t i c l e - ro t a -  

. . 

t i o n  in te rac t ion ,  we w i l l  renormalize t he  data  f a  several  nuc le i .  



C .  Numerical Calculations,of the  Effect .  of Particle-Rotation.Interaction 
. . 

on .the Magnetic Mqment . . 

It has been mentioned t h a t  nucle i  having pa r t i cu l a r l y  l a rge  j 

values fo r .  t he  odd nucleon would. be' e s p e c i a l ~ y  . suscept ible  to. .appreciable - 
pa r t i c l e - ro t a t i on  in te rac t ions .  Somewhat a r b i t r a r i l y ,  we ' s ing le 'ou t  

nuc le i  belonging t o  s t a t e s  of bdd p a r i t y  i n  the 50 t o  82 s h e l l  (h11/2), - 
even p a r i t y  i n  82 t o  126 s h e l l  (iljk2), and odd p a r i t y  i n  t he  > 126' 

. . s h e l l  (. j ) to' investiga$e the  p a r t i c l e  - rota t ion- interact ion e f f e c t s  
1512 

on magnetic moment and magnetic parameters. / 
The in te rac t ing  ro t a t i ona lbands  t o  be considered a r e  a l l  based 

on p a r t i c l e  s t a t e s  i n  which the  odd r iuc1eon . i~  i n  o r b i t a l s  of the  same 

3 (but  d i f f e r en t  R ) .  If a nucleus has ro t a t i ona l  bands based on par-  

. t i c l e  s t a t e s  i n  which t he  odd nucleon. is: i n  o r b i t a l s  of d i f f e r en t  3,. . 
, 

. t he r e  w i l l  be no ~ o r i o l i s  in te rac t ion  between them, i f  they .have opposite 

par i ty ;  if  the  bands have t he  saape pa r i t y ,  there  usual ly  w i l l  be an 

in te rac t ion  between them, bu t  it w i l l  be r e l a t i v e l y  ye&. Even when the  

i n t e r ac t i ng  s t a t e s  a r e  so c lose ly  l y i n g , t h a t  .the mixing amplitude may be 

comparable t o  t h a t  of in te rac t ion  between s t a t e s  of the  same 7, the  

mixing e f f e c t s  on magnetic p roper t i es  a r e  s t i l l  negl igible  because of 

t he  smallness of the  matrix elements (s+ I-) and ( j+ I - ) .  For example, 

t he  ground s t a t e  of ~u~~~ (413, 5/2+) has 1% mixing of (411, 3/2+). 

The e f f e c t  on t he  magnetic moment i s  only 0.02 n.m., and gR d i f f e r s  by 

0.005 with and without mixing of wave functions.  

I n  order t o  ca lcu la te  t he  magnetic moment of nuc le i  subjected 

t o  par t i c le - ro ta t ion  in te rac t ion ,  t he  unperturbed moment of i n e r t i a  So 

i s  assumed t o  be t h e  same f o r  a l l  in te rac t ing  bands. The dependence of 

t he  off-diagonal elements on I, j , and K is  given i n  Eq. (46) .  The 

magnitude of these  matrix elements w a s  allowed t o  vary with .a var iable  
2 - 

parameter k replacing the  35 /2s0 term. Values of t h i s  term and of k 

a r e  chosen.in such a way as t o  g i v e . t h e . b e s t  agreement with experimental . .  . 
2 - 

r o t a t i o n a l  bands (within .l kev).  The k ' s  a r e  srualln. than the11 /2s0 

values mainly because the  (j+) &a?;rix elements calcula ted by using . 
s ing le -par t i c le  wave functions a r e  l a rge r  than the  values one would ge t  

i f  one used the  quasi -par t ic le  wave' functions.  The diagonal elements a r e  

taken from .energy le-1s of Mottelson &nd Nilsson. To t r ans f e r  the  energy 

from the  u n i t s  W o . t o  kev, we have used 
6 



where E . i s .  i n  Mev and 41 K(A) 0 -'I3 i s  i n u n i t s  o f  m0 
In  a l l  cases, only the  in te rac t ion  between ' t he  s t a t e '  10 ) unaer 

consideration and i ts neighboring. s t a t e s  In-1 ) and. la ). taken i n to  

account. The other  s t a t e s  could be coupled t o  the  s t a t e  IS2 ) only through 

t h e i r  coupling with the  s t a t e s  19-1. ) and IO+1 .).:'. Therefore . their .mixing 

amplitudes should be negligible ' ;  The secular equation w i l l  therefore  be 

. third-order . 
' 

FiMres  9 through 1 4  show the  ro t a t i ona l  spec t ra .  of t he  ground 

s t a t e  6 f '  these specif ied nuc le i .  3'4 The assumed posi t ions  of  in te rac t ing  

s t a t e s  a r e  a l so  shown i n  dotted l i n e s  . labeled with the  quantum numbers 

K, p a r i t y ,  and ( ~ n $ ) .  Table V l i s t s  t h e i r  mixing coef f ic ien t s  and the  

calcula ted magnetic momentsgR and gs with and w5thout.K mixing. The 

magnetic-dipole t r ans i t i on  probabi l5t ies  a r e  taken .from Bernstein e t  a l .  
4 

The. experimental magnetic moGent .are taken from .Tables I and 11. These 
3 values d i f f e r  from thoie  .of Bernstein . e t  'al .  because of the  ( l / r  ) cor- 

rec t ion .  we have 'mentioned. 
4 

The. r e s u l t s  show t h a t , t h e  particle-rotation:ihteraction.does not 

have as .s ignif icant  an e f f ec t  on the  g .values .as .on the  @;~.va+es .  I n  
S .  

the  l a t t e r  case, the  ra ther  l a rge  correction ind ica tes  t h a t  the  M1-transi- 

t i o n  matrix el-ements a r e  very sens i t ive  t o  mixing of K quantum numbers. 

The magnetic moments a r e  calcula ted with t he  assumed gs fac tors ,  t h a t  i s ,  

using 4.0 fo r  the  proton and -2.4 f o r  neutron. Therefore, t he  r e s u l t s  

show the  e f f ec t  of K mixing on the  magnetic moment r a the r  than the  cor- 

rec t ion  t h a t  would ac tua l ly  be caused by such kind of mixing. 

Nilsson has pointed out  t h a t  the  corrected gR values should be 

close t o  those of neighboring even-even nuclei., which we have a l s o  l i s t e d  
- 

i n  Table V f o r  comparison. They a r e  c lose  t o  each other within experi-  

mental uncertainty.  
- 



.: ? 161. 
Fig. 9 .  Rotat ional  spec t ra  and'.ass@ed. in te rac t ing .  bands ;.of Dy r . .  . , .with 

2 .  
35. /236 = 7,..8 and K=5 ... 
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Fig .  10.  Rotational  spectra  and the assumed in te rac t ing  ,bands of KO , - 

2 with K 12%; = 11.8 and k = 6.7. .o 
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167 
Fig.  11. Rotational  spec t ra  and the  assumed..interacting bands of 6 8 ~ r  , 

2 . . 
. with 35 /230= k= 9.1. 

. . 



. . 179 
Fig. 12. ~otational spectra and assumed interacting bands of 72Hf , 

2 
with (L /230= 1 4 5  and k= 9. 

. . 



.Fig. 13. ,Rota t iona l  spectra  and assumed in te rac t ing  bands o f ,  92~235J 
2  

'whtht5 12% = 7.06 and k=4.5. 
0 



Fig.  14 .  Rota t ional  spec t ra  and assumed i n t e r a c t i n g  bands of N ~ ~ ~ ~ ,  with 
2  n 12% = 6.7 and k = 4.85. 

0 



Effect of part icle-rotat ion interact ion on the magnetic moment and gyromagnetic r a t i o  of som= deformed nuclei. Table V.  

% of 

Calculated values C a l ~ u l a t e ~ v a l u e s  ' neighboring - 
spin without K mixing with K mixing even-even 

Nuclei Level Mixing coefficients  B ; I I  p % g s CI %I gs 'exp. nuclei  



Nilsson and Prior have expressed the difference between odd-A 

and neighboring even-even nuclei as 5 

where 6 3 . i ~  the contiribution of the odd particle.to the.moment of inertia 

. connecting the. one-quasi-particle state with other states of the same kind. 

Some of the difference. may be .due to the blocking effect. If the quasi- 

. particle.formulation is sufficiently'accurate.to estimate this difference, 
1 

6%' should be very nearly equal to the odd-even differenck in the moments 

of inertia., :.S.imilarly, 6W. is the contribution to the expression W of 

the odd particle. Nilsson and Prior .find.that.if one inserts. in this 

.formula the .emgirical odd-even differences. in the moment of inertia and 

estimate;-the somewhat smaller.second termfrom its "asymptotic" expression, 

one usually -finds too large. corrections. The spin-matrix elements .are 

much. smaller than those calculated .from ,.the single-particle wave functions 

because of' the spin polarization effect 'we. have .mentioned. ' However, even , 

with a 50% reduction of the latter term, the correction still appears 

somewhat too large. It is likely that .the second term should be.negligtble. 

It .is hard to distinguish between effects of the Coriolis force 

and pair-correlation effects due to'blocking of an orbital, thereby 

reducing the effective energy gap for nu'cleons of the odd group. Both 

,/-these mechanisms affect moment of inertia and gR in the same way to the 

lowest order. 



VII . . CONCLUSION . . ,. . 
. . . .  

. I n  : t h i s  paper an attemp't has :been. made. t o  discuss . the, i n t e r  - 
pre ta t ion  of the  .available da ta  on.magne%ic.moments of deformed nucle i  

i n  terms of the  co l lec t ive  and individual-pqt ' lc le .  aspects of nuclear 

motion. From the  foregoing discussion, the  . following . points  can be 

The p a r t i c l e  magnetic moments a r e  very sens i t ive  t o  nuclear- 

wave-function mixing caused by the  very-short-range res idua l  forces ,  

both spin-independent and spin-dependent. These e f f e c t s  a r e  equiva- 

l e n t . t o  using reduced gs f ac to r s .  The reduction i s  somewhat d i f f e r en t  

f o r  d i f f e r en t  nuc le i .  Admixtures due t o  the  Coriol is  force  a f f e c t  

p a r t i c l e  magnetic moments t o  a smaller ex ten t .  

.The deviation .of ' t h e  cb l lec t ive  .gyrom@gnetic.ratib from Z/A 

C ~ J I  be s a t i s f a c t o r i l y  .accouhted.for by pa i r - co r r e l a t i on . fo r  even-even 

nuc le i .  For odd-A nucle i ,  + . i s  a f f e c t e d i n  addi t ion by Coriol is  

force  and blocking. e f f e c t .  

However, it should be pointed out  t h a t  it remains .Lo be shown 

whether the  terms present i n ,  f o r  example, the  d e l t a  forces  but  neg- 

lec.ted. i n  t he  pa i r ing  i n t e r a c t i o n  w i l l  have any e f f e c t  on t he  col lec-  
. . 

t i v e  gyromagnetic r a t i o .  It appears l i k e l y  thatc such an e f f e c t  should 
. . +p . . 

be small because gR . i s  e s sen t i a l l y  the  r a t i o  , and.. ..3 and. .SSn 
rSp+ s n  . , P  , 

should be a f fec ted .  i n  about the  'same way by these  terms. 
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-." I would l i k e  t o  thank D r .  Sven G .  Nilsson f o r  valuable sug- 

gestions and generous advice. 
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