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ABSTRACT -

THERMAL PHASE FLUCTUATIONS IN A JOSEPHSON JUNCTION

AND

PAIR SUSCEPTIBILITY OF A SUPERCONDUCTOR

Thermal fluctuationslplay a significant role in determining
the properties of a Josephson junctioﬁ in certain regimes. The
characterization of the effects of fluctuations on a Josephson '
junction provides useful information relating to the basic
problem of the naturé of the supefconducting—normal phase tran-
sition. Two experiments have been carried out: one an investi-
gation of the behavior of a Josephson junctioﬁ when the internal'
coupling energy is on the order of the thermal ehergy, the othef
an investigation of fluctuation induced conductivity in bihetaliic
Josephson‘junctions at temperatures between the frénsifion‘tém—
peraturés of the two metal films composing the junction.

The coupling energy of a Josépﬁson junction is reducea.to
the order of thermal energies in the vicinity of either the
transition temperature, or the minima of the zero voltage current
versué applied magnetic field curve. The effects of thermai
fluctuations can be observed as a rounding of the current-voltage
characteristic. Sn-SnxOy—Sn crossed-film Josephson junctions
have been used to study this effect. The data is in qualitative
agreement with the theory of Ambégaokar and Halperin.

Thermal fluctuations above the transition temperature of a
superconductor give rise to electron pairs with a finite life;

time. In a Josephson junction consisting of two metals with




dlfferent transltxén temperatures, fluctuatlon induced electron
palrs result-in-an- enhanced conduct1v1ty of the junctlon at
temperatureé between the transition temperatures of the individ-
ual metals. The enhanced conduétivify isvmanifested by a current
in excess of the quasiparticle current which flows in the junc-
tion. A phenomenological calculation of fhe excess current is
ﬁresented. The excess current has been experimentally investi—
~gated using Sn-Snxoy—Pb Josephson junctions magked to eliminate
effects_resulting from graded flim edges. Details of the varia-
tion of the excess currenf with voltage, magnetic field, and the
temperaturevare in agreement with a calculation by Scalapino in
which the excess cgrrent—véltage.characteristic is a direct
measure of the imaginary part-of the frequency and wave_nuhber
dependent pair susceptibility of a supércqnductor above:Tc.

Extimates of the pair relaxation frequency in tin based on the

data are 50 percent greater than theoretical predictions.
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I. INTRODUCTION

In various phase transitions, thermél flﬁctﬁations are -
believed to.be respénsible fof observed precursors of fhe‘ordered
state thch appears below'T;. A correct theoretical description
of‘phaée transitions should Be abié to account for fluctuation
induced alterations in the physical‘properties of systems near
Tc' Thus whep there are observable effects attributable to
fluctuations, a means is pfdvided to test theory. The récent'
intense'interest in thermal fluctuati&ns in superconductors,l’
originally though’tunobservable,3 began with the discovery that
certain systems, notablyvmetal whiskersu-6 and amorphous'bismuth
films,7 exhibited experimentally detectable changeé in electrical
resistances-ll resulting from fluctuations in the vicinity of
Tc' Subsequently, both theoretical and experimenfal WOrk has
been done on other maniféstationé of the onseflof drder,:among
them being the appearance of kinétic inductancelz—lu,and dia-
magnetisml -19 associated with supercénductivity, and a decrease
in the density of states at the Fermi level20 studied By quasi-

s

particle ‘cunneling.‘zl Of interest here is fluctuation induced

electron pairing above Tc which in a Josephson junction22_2g pro-

. 30-
duces an excess tunneling current. 0-36

A different class of fluctuation effects also occurs in
Josephson junctions, that associated with a disruption of the

coupling in the junction. These fluctuations produce the line-

37,38

width of emitted Josephson radiation, rounding of micro-

. ‘ R . . . 39 .
wave induced steps in a driven junction, and rounding of the

dc current-voltage charactéristic.aa’uo-s2
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Experiments on the roﬁnding of the dc current-voltage

characteristic and the excess tunneling current in Josephson
junctions are described in this thesis.

The first experiment described is an investigation of the

L)

béhaVior of a Josephson junction in which the coupling energy

has been reduced to the order of kBT. This can be achieved

by working near, but below, the fransition temperature of the
junction, or, since the coupling energy is quasi-periodi; in

the appliéd magnetic field, near a minimum of the coupling energy
field dependence. In papers by Ambegaokar aﬁd Halperin, and by
Ivanchenko and Zil'berman, the thermal disruption of the junction
coupling has been related to v&ltages which develop across the
junction at currenté less than the zero voltage current which
would be carried in the absence of fluctuations. We find quali-
tative agreehent with theoretical predictions.

In the second experiment, the onset of order in a supercon-

ductor is observed by measurements of an excess current in the
dc current-voltage characteristic of a J&sephsbn juﬁction in
which one side is the metal of interest, near but abbve its
transition temperature, while the other side is a superconductor
well below its transition temperature. Finite lifetime electron
pairs, associated with fluctuations, contribute to the junction
current through incipient Josephson tunneling. A pair current
is able to flow across the junction because in the lower tran-

- sition temperature superconductor, pair étates exist in response

to the coupling of the fluctuations to the pairing field of the

o+

superconductor with the higher transition temperature.
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In the usual second order phase transition, the euscepti—
bilify measures . the response of the order parameter to a ClaSSi—v
cal field. For example, in a ferromagnetic transition, the mag-
netization is related to the magnetic field through the magnetic
susceptibility. "The order parametef of a superconductor is re-
lated to the electron pair densit&,'aﬁd no classical field can
be coupled to it. The apprepriate choice of field is the'pairing
field of aihigher temﬁerature sppefconductor. In analogy to the
ferromagnetic transition, the erder parameter of the supercon-
ductor is related to the pairing fieid through the pair suscep-'
tibility. In the case of a junction with one.side superconduc
and the other nearly so, the excess tunneling current is propor-
tional to the order parameter of the side undergping the transi-
tion, and since the strength of the pairing.field is kﬁown, ie
thus a measure of the pair spseeptibility. Scalapino has shown
that the frequency and wave-number dependent pair spsceptibiltiy
can be determined from the temperature; voitage, and magnetic
field dependeece of the excess current. Using Sn—Snxoy—Pb
junctions, we find our data consistent with the theory of Scala-
pino,32 but that the pair relaxation rate determined for tin is
50 percent greater than predicted.

- Since both experiments depend upon the Josephson effect,
an introductory chapter on the Josephson equations is given,
along with a section on the electrodynamics of a Josephson
tunnel junctien. The reader already familiar with the Josephson
_effect should proceed to Chapter III where a discussion of both

the theoretical basis for the two experiments and the associated




S

expérimental work which has been déne by other authors is pro-
vided. Included is a b}ief survey of related expefiments.
Experimentgl techniques, including juhcfion preparation, tempera-
 ture measurement and control, and acquisitidn of current-voltage
characteristics, are described in Chapter IV. Chaptef V contains
the daté apd its analysis-for thé two experiments, including a
discussibn of - the difficﬁlties associated with comparison of
experiment and theory. In Chapter VI are the‘conclusions, and

suggestioné for further experiments.




II. THE JOSEPHSON EFFECT
11@1 Introduction
In the quantum mechanical déscripfioﬁ_of electrons in a

metal,su the single electron wave functions extend beyond the
surface, though decreasing exponentially with distance. If
two ﬁetals are placed in proximity with a voltage difference
between them, the overlap of waQe functions will permit current
to flow across the gap separating them. This is ordinary elec-
.tron tunneling, and has been used in the study of semiconductors
and superconductors.SS When the temperature of the metal is
dropped below the superconducting transition tehperature, some
of the electrons condense into the BCS56 ground state in which
a single macrqscopic wave function describes the behavior of

~ the electrons in that state. In a manner analogous to that for
the single elecfron wave functions, the wave function for the
superconducting state extends beyond fhe'boﬁndaries of the metal.

Repeating the tunneling experiment with two superconductors, one

again-expects that a current will flow, but in this case, one

that possesses some of the properties of a current in a true

superconductor. The calculatioﬁ of Josephson22 predicts just

such behavior. Since a reasonable form for the wave function

outside the superconductor is an exponentiadl like é—k 2, a

barrier 108 thick . would reduce the electron concentration by

e-20. The fact that the coupling is not very strong led Anderson23
‘ to describe the Josephson effect as weak superconductivity.

In addition to the supercurrent, Josephson made two other

predictions, both consequences of the macroscopic coherence
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associated with superconductivity. If a voltage is established
across thé'barrier, the electron pairs, in'flowing from the BCS
ground state of one superconductor to that of the other, must

conserve energy by emitting photons of energy
2eV = 4o : . (1)

where 2% = 483.6 ﬁHz/uV. This ié the ac Josephson effect. As
will be shown below, the magnitude of the supercurreﬁt is
deéendent on thglquantum phase difference across thé barrier.
Josephson predicted that a magnetic field would cause the
supercurrent phase to vary over the barrier, with a consequent
decrease in the maximum supercurrent as a result of quantum
interference. The phase dependence of the Josephson junction
has made it the essential element in a number of experiments

B ' on long range phase ordering in superconductors.

The first recognized observation of the Josephson super-

current was that of Anderson and Rowell.57 Supercurnents on the
order of several milliamperes were observed in a tunnel junction
consisting of a tin and a lead film separated by an insulating
layer of tin oxide grown on the surface of the tin. Previous

to the prediction of Josephson, supercurrents in tunnel junctions
were thought to be a reéult of metallic sﬁorts. The significant
property of the supercurrent observed by Anderson and Rowell was
its sensitivity'to an épplied magnetic field. Whereas a metallic
- short would be expected to have a cgitical field much higher than
thaf of the bulk supercondgctor, the Jésephson'current can often

be substantially reduced by fields on the order of 1 gauss.
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The existence of the ac Joséphson effect was first demon-
sfrated by Shapirose'who observed constant voltage steps in the
de current-voltage characteristic of a junction in an gxternal
microwave‘field. The steps occurred at voltages satisfying
the Josephson voltage frequency relation nfiw = 2eV, and indicate
mixing of the applied field with the internally generated rf
field. ‘thernal detection of the Josephson radiation is diffi-
cult because of the impedance mismatch between the’junction and
detector.25 However, using receivers sensitive to power levels -
as low as 10_lu watts, direct observation of Josephson radiation
was achieved by Yanson, Svistunov, and Dmitrenko,Sg and by
Langenberg, Scalabino, Taylor, and Eck.60

In a discussion of the Josephson effect, it is found that
the proper canonically conjugate variables are phase and parti-
cle riumber.23 This follows from the concept of a superconductor
as a mgcréscopic phase coherentlsystém. From the general
principles of quantum mechanics, canonically conjugate variables
satisfy an uncertainty relation, which for phase ¢ and number
N is®t . :
ANAG > 1 (2)
From'the invariance of the physical properties of a superconduc—
tor under a translation of phase, there follows a conservation
in the total number of particles. Thus, we Qoﬁld not expect to
be able to determine anything about the absolute phase. Given
two isolated superconductors, the phases of their wave functions

are independent. If the separation between the two superconductors

is reduced, so that particle exchange by tunneling is allowed, an
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uncertainty in the number of particles in each superconductor
develops'whichAimplies increased knowledge about the phase. |
Since the total particle number for thelsystem of two super-
csnductors~is fixed, the absolute phase of the system is still
w undetermined. Thué, the only additional knowledge we can learn
about the phase ié the‘relative phase of the two superconductors.
The original work of Josephspn22 that led to the prediction
of the Josephson effect was a maﬁy—body calculation qf electron
tunneling between superconductors. It is now recognized that
tunneling is not a necéssary requisite for the Josephson effect,
but that it can be exhibited in any system involving weak
coupling between superconductors.23 Commonly used systems are

point COntacts,62’63

junctions with metal rather than insulating
. 6u - ., 65 . .

. barriers, and weak link, or Dayem bridges. The first of

these consists of a superconducting point pressed into a block

of superconductor; preéumably, the poor contact provides weak

coupling. A Dayem bridge is usually formed by scribing a éuper—
conducting film in such a way that a fine neck is the only con-
nection between two sections of'the film. If the neck is such
that the largest dimensions are no greater than a coherence
iength, then the condensation energy of the volume of material in
. the neck will be on the order of kBT. Thermal flﬁctuations can
then destroy the phase coherence amross the neck and ppoduce a
variation of weak superconductivity that exhibits the Josephson
effecf.
In the description éf‘the Josephson effect that follows,

the objective is to build a basis from which may be drawn details




nécessary to the development and execution of the two expériments
described. Since current-&oltage’charactéristics play a key
role in extractién of data from the experiments, a qualitative
review of single particle tunneling, which determines much of

the characteristic, is given. Following are twoAappfoaches to

fhg-stephson equations, one phenomenological to provide an-

introduction. to the basic results, and the other microscopic to

provide the details. The conclusion of the chapter covers the
effects of electric and magnetic fields on a Josephson junction
as they pertain to the experiments, and is not meant to be

totally inclusive.

IT.2 Single Particle Tunneling

Before going into the details of the Josephson effect, it
will be uséfﬁl to examine some of the qualitative features of
single electron tunneling between metals, either superconducting
(sS), normal (NN), or in combination (NS).

. The simple structural details of electron tunneling follow
from the application of the "Golden Rule", and can be illus-
trated with the band-like diagrams of Douglass and Falicov66
(DF). The tunneling current across an insulating barrier can

be written67

1, = %’E(T2>f_:dE N (E)N,(E+eV)[£ (E)-f (E+eV)]  (3)

where E is the energy, V the potential difference across the
. 2 . s . .
barrier, <ﬁ‘> the average transition matrix element, Nl(E) and

N2(E) density of state factors for the two metals, and fl(E) and
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f2(E) the occupancies of the éfates on each side of the barrier.
for sméll'voltages, if is a reasonable assumption théfl<&2>'is
constant and thus it appears outside the integrai. It will be
convenient to discuss singie particle tunneling in terms of
dI/dvV which is, for verf.low temperatures, 'directly propor-
tional to N1N2. It has been shown that the transition matrix
element contains a factor which cancels the density of stateé
of the normal metal, aside from numerical factbrs which can be
Acarried-along in N.67 Thué, tunneling is not seﬁsitive to the
normal metal density of states.

The DF diagrams plot the density of states as a function of
energ&. In Fig. 2-1A, the DF diagram for a normal metal is
giveh. As shown, the effective density of states for a nérmal
metal is constant.  For a superconductor, the appropriate den-
_sity'of étates is56 | |
‘ E
-2

(w)
E2-42) :

NE) = N(O) a1 172
where A is the BCS energy gap. The DF diagram for a supercon-
ductor is shown in Fig. 2-1B.

Consider first the case of NN tunneling at T = 0 as'shown
in Fig§ 2-2A and B. When V = 0, the respective Fermi levels of

the two are equal. Applying a vbltage to the system results in

a shift of the Fermi level of one side with respect to the other.

Since the effective density of states is approximately indepen-:
dent of E in the normal metal, dI/dV is independent of V and
the currenf-voltage characteristic is linear as is shown in Fig.
2-2C.

If one side of the juniction is replaced by a superconductof;




Fig. 21
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Douglass-Falicow diagrams for a normal metal and a
superconductor. The DF diagtram for a normsl metal
is shown in (A) and that for a superconductor in (B).
The hatched area represeénts occupied states.
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‘Fig. 2-2 NN tunneling for T = 0. In (A), the applied voltage 1s
zero, and in (B), a voltage V = EFl- E, has been
"applied. The current-voltage 2
characteristic is shown.in (C).




13-

the situation is as shown in Fig.'2—3A and B.. With no applied
voltage, the Fermi ievels again are at the same energy. When
a voltage is applied, the“gap in the density of states prevents
current flow until the voltage reaches tA, A continuedlincrease
in the voltage will cause at first a very rapid rise in the
A current due to the’ 31ngular1ty in the BCS den31ty of states at
E +4, but as the voltage continues to increase, the density of
states, and consequently dI/dV, approach a constant value. The
‘ appropriate current-voltage characteristic is shoyn in Fig. 2-3C.
For two superconductors, a similar analysis shows that no current
wili flow until V = Al;A2, and then proceeds qualitatively the
same as. for NS tunneling. |

For T>0, several alterations occur in the above scheme.
The most obv1ous, since a band picture has been used, is that
states above the Fermi level .are. partially occupied. Second,
the BCS energy gap decreases w1th 1ncrea31ng temperature. Third,
because the electrons as quas1papt1cle excitations have a finite
lifetime, the discontinuity in the BCS density of states is no
.ionger sharp,68 and the singularity at EF+A disappears. The
net effect on the current-voltage characteristic is tﬁat for any
V>0, current flows, and the discontinuity in the conductance at
the energy gapibecomes a broadened step. Figures 2-4A, B, and
¢ illustrate NS tunneling for T>0. For SS tunneling, a bump in
the conductance at Al A2 also occurs.v Referring to Fig. 2-5A
'thﬁough D, the initial increase»is'due to quasiparticles thermally
excited above EF+A2,Abut thatxas V.ccntinues to increase, those

quasiparticles face a lower.dehsity of states, and the current
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Fig. 2-3 . NS tunneling for T = 0. Locations (a) and (b) of (C)
: show the behaviour of the current-voltage charcteristic
corresponding to the situations shown in (A) ana (B).
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Fig. 2-5 SS tunneling for T > 0.
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. decreases until VA A,
In the experiments described latef, it willlbe useful
to.assume<that the.current-voltage characteristic is linear
in the'vicinity of the origin at temperatures relatively near
either of the transition temperafures for the two suberc&nf
ductors composing the junction. We have obsérved'thellipearity
experimentally, and it can be'justified fheoretically from Eq.
2-3, We have not seen the‘zero-bias anomally69 in the conduc-
tance resulting from spin-flip scattering of electrons in the
oxide layer, which is not taken into account in Eq. 2-3, nor
have we seen the logarithmic singularity in the resistance at
the 6rigin predicted by Larking and 0v¢hinnikov7o for junctions

made of identical superconductors.

1I1.3 The Josephson Equations
3.1 The Phenomenological Approach

The Josephsén effect depends upon the momentum or phase
ordering of the superconductor. Any theory which describes‘the
supercoh&uctor by a single, macroscopically occupied quantum
states can be used to determine the qualitafive features of the
Josephson effect. Here we describe the single quantum state by
a wave function ¥, and use the Scﬁr&dihger equation to calculate
_thé effects of introducing coupling between fhe two superconduc-
tors. |

We use a wavefunction'suggested by the Ginzburg-Landau

phenomenological theory7l of superconductivity, thus writing

v = Yo éi? "‘;. (5)
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Where p is the charge density,Aand‘¢cis the phase of the wave
‘function., The expression for the current is

> %

e 2
_ (2e4 & k. (2e)
= S (v Fp-y¥y ) - = Ry ~(8)

<4

where ¥ is the current density, and % the magnetic vector poten-
‘ tial. 1Inserting Eq. 2-5 for ¥ into Eq. 2-6 for- the current, we.

have = }

3

(2e 8 | (2e) ¢ o - : A
TO(‘V% - FK) (?)

Equation 2-7 will be useful later in discussing fhe magngtiq
field properties>of Joséphson junctipns. from Eq. 2-7, we can
find ¢ only to within a constant, which is expected since the
absolufe valuelof ¢ has no physical significance. The gradiénf

" of the. phase is observable as it can be directly related to the
'current. Flux quantizétion follows from Eq. 2-7 and the réquiré—
méhf that @ be single valued. |

) We are now in a position to obtain some qualitative features
of the‘Josephson'effect. Using thé Schrdinger: equation, and
with coupling pfoduced by the overiap of the pair wave fuhctions,

o, 12
we can write

. 3¢l ’ ‘ . 3¢2
ifh _3?- = Ulwl + sz ' | i -a—t—- = U2¢2 + le (8)

1

and K is a small coupling constant. The tunneling experiment

where U. and 02 are energy terms representing the Hamiltonian,

is shown in Fig. 2-6. An energy difference Ul-U2 = 2eV is
‘established between the superconductors. Choosing the zero of
energy such that: the energies'of'the respective sides are %eV,

we can write Eq. 2-8 as



() Z(é)

JOSEPHSON JUNCTION

- Fig. 2-6- The Josephson tunneling experiment.
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| W) : - AV I f
it el eV?l‘+ Kw2 ik 3T -evw2 + le _ .(9)
Intréducing *1,2 = Vpl’2 e *® and ¢ =‘¢2—¢l, we find four

equations relating Pys Py Ql, ¢§ by separatinglthe real andA

imaginary parts of Eq. 2-9

‘bl ) _¢2 - %%‘ 51, sin ¢ _'§l.2 = i-pQ/pl cos ¢ + 25-- (10)

Since the current from 1l to 2'is J = 6l= -62, we have the
Josephson ‘equations

g = oo sine =0 __ sin ¢ (11)

HhT12 - max
| $ = %%! - (12)

Eqﬁatiqns 2-11, 12 contain the essentialAfeaturés of fﬁe'
Joséphson effect. The Joseﬁhson current depends directly on
sin ¢, which for V = 0, is cdnstant in time (assuming tﬁat a
time dependent vector potential is not present). Since
|sinA¢|v< 1, the supercurrent has an upper bound Of‘Jmax°
When alvoltage-v is applied, the phase,‘and consequently the
pair current, precesses at a rate $ = 3%23 Unfortunately,

the phenomenological theory is unable to provide K, and to

determine K, we must resort to the microscopic theory.

3.2 Microscopic Theory

The phenomenological approach .to the Josephson effect
does not consider the physical detai#s df.the cogpling between
the superconductors, and shouldAﬁ§t‘5é.expeqted to provide the

means of calculating or relating.the'coupiing to other physical




-21--

properties such as normal state resistance. The coupling constant

'K introduced into the phenomenological theory bears no obvious

‘relation to the tunneling properties of the system as determined

in the absence of any adjacent superconductor. The microscopic

theory connects the single particle tunneling properties of

the juncfion in the normal state ta thosg appearing in the super-
conducting state.

That there is a relationsﬁip in tunneling between normal
states and between superconducting states is not diffiqult to
understand. In the tunneling Hamiltonian given below, the"
transition matrix element qu is ;ntroduced. qu depends upon
the barriep and the momenta, k and q, of the initial ;nd'final
states, not on the'origin of the particle tunneling through o
the barrier. Electrons originating from the superconduéting
state are dressed in the sense that they are phase coherent
witﬁ other Suﬁerelectrons, héwever, the condensation energy
represented by the phase coherence is far iess than the Fermi

energy, and has little effect on the tunneling amplitude.

" Differences in NN, NS, and SS tunnelings can be accounted

for by the change in the density of states and quasiparticle
excitation spectrum in a superconductor from those of a normal
metall' The greater range of barrier thickness over which
electron tunneling is observed compared to that of Josephson
tunneling is a result of the.phase coherence requirement in the
latter. The condensatiqn eheréy required to establish phase
coherence must at least bgipp the order of kgT, and it is not

possible to meet that condition for insulating barriers much




_ greater than 2OR thick.

A miCroscoéic calculation of the‘Jéséphson effect can be
made using perturbétion theory.‘ One uses a certain set of
ground state wave functions to describe the two superéonductors
in tﬁe absence of tunneling andAan effective Hamiltohian to de-
scribe their coupling. The effective Hamiltonian consistsAbf
"fwo terms. One is due directly to‘the tunneling, and the othep,
a chemical potential term, from the transfer of charge from one
side of the junction to the other. Since the coupling is very '
weak, the perturbation calculation need be carried out only to
the lowest non-vanishing order.

In the absenée of any tunneling interaction, the two super-

conductors, (1) and (2), will have a total Hamiltonian gi&en by
H = H +H, - - B (;3)

1 2

ductors, and contain all energy terms, other than those from

where H, and H, are the Hamiltonians for the separate supercon-

tunneling and charge transfer, including the interactions respon-

sible for superconductivity. The eigenfunctions of Hl and H2 are

given by the BCS wave ftmction56

% ok

_w(A) = IE. (v, + vkckc_k)|d> (iu)

where u is real, Iukl2 + |vk|2 = 1, and it is understood that

k++kt, -k++-k+. The w and v, are chosen such that the expecta-

tion value of the number operator is peaked at the true number of

k

particles.u3 We have from BCS theory the usual results:
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= 'Z' ) :
.A :'kpc_kck>' (15)
2 _ 2 2. ,
E, = g ¢t A - (16)
' € ' A - A, S
2 2 -k R k
u - |V = - ’4}} =
! kl |'k| E, 2 Kk E, (a7

where A is the complex energy gap, U the pair'interaétion poten-

tial, E, the quasiparticle excitation énérgy, and € the Bloch

k
enérgy as measured from the Fermi energy. The.BCS wave function
is a phase coherent superposition of states with differing N.
As can be seen from Eq. 2-15, the phase of:the:ferm of Eq. 2-14
with N + 1 pairs is ¢ greater than the term. with N pairs, where
‘¢ = arg(h). |

In some situations, the number of electron pairs may be
well known, and the apprdpriate Qave function can then be composed
from a superposition of states havingvdifferent phases. One can
project a state of fixed N from

L

: 2 . ’ ‘ '
W) = o [ e Mo a0 (18)
0

‘where P(¢) = ¢(|A|e1¢). _The inverse relétionship is

W) = IeMhan (19)

From Eq. 2-18 and 2-19, one can infer the following operator

equivalences
.9
I‘?H -1 3—6 (20?
. 2 (21)
e 1 N

which also follow from the conjugaté nature of N and ¢. The
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operétors for N and ¢ will be useful later in determining their

time developmeht. Ittisvessential that A be treated as complex

so that the set of states is sufficiehtly complete to project

a wave function of fixed N. Becausé the Josephson effect is

concerned with particle exchange between superconductors, a

. basis of fixed ¢, and not figed‘N, should be emplojed in the

‘calculétion. | -
The‘coupling between the supefcondﬁctors is introduced by'

the tunneling Hamiltonian of Cohen, Falicov,véhd Phillips7u

which tpansfers single electrons across the barrier separating.

the superconductors:

* o '
- z o .
HT K,q qu (ckcq + c_qc_k) + H.C. (22)

The subscripts k and q are understood to refer to states in

Aéﬁperconductors (1) and (2) respectively. "It has been shown by

- 75,76

Bardeen that T

kq

evaluated at the center of the barrier, ‘and taken between single

is a current density matrix element

p;rticle states which decay exponentially into the barrier. The
.tunneling Hamiltonian is time'reQersai invariant, and spin flip
terms have not been included since they have no known significant
'effect. ’ |

Because the wave functions for the'superconductors contain
only pair states, and HT transfers Single electrons, the lowest

non-vanishing order is the second. The binding energy is thén

2
H..| -
@ _ 5 Il
AE = n¢°_§;:f;f’f o (23)

where E is the ground state~enépgy; éndgﬁn the energy of the:




intermediate stafes. When T‘O, the.important intermediaté
states are those excitations,in which a pair is transformed into
two quésiparticles, one of which igAtransferring across the
barrier. Using Eq. 2-16 for the quasiparticle energy, we fihd.
En—EO = Ek+Eq. Inseffing the ground étate wave fuﬁction and theb

tunneling Hamiltonian into Eq. 2—23, one obtains23

(2) T ‘2 2
AE T T x,q |qu| E +E |ukvq+u<1vkl
2 ‘ 2 2 2
I o U A
q '
) (4* * - ,
+2Re ukwkuqvq)] : : (24)

The first two terms of Eq. 2-24 are phase independent and are
: . i¢
not of interest here. Using Eq. 2-17, and setting Ak = IAkle k,

the last term can be written as

(2) _ 2 -
ie®) = n, a1, | KT costey -6 J] deyae, g 132(El+}:25 (25)

where the density of states factors Nl'and N2 result from the
transformation of the sums over momenta into integrals over
energy. Anderson has done the relevant integral and finds

wla l1a,l [lay1-1a,]

(2)
4 K
15, | T‘ir+|a | °°S(¢1 2

aet?) = oy, T ) (26)

where K is a complete elliptic integral. The density of states
factors and the average transition matrix element can be related
to the normal state resistance, RN’ allowing Eq. 2-26 to be

written

o a1 2lllel fisgl-le,l
2e

AE = - o2 %; lAl[f]Agl K T§i1+lA T cgs (¢l ¢2) (27)
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. A . ,
For O.Sssllél, the argument. of K varies little and the above
' 2 - : S ’ . _

reduces to

mA A

(2) _ . _ _4h 172 ,
AE = —El cos ¢ = " % m‘ cos ¢ .(28)

where ¢ = ¢, - ¢, and |a]«a.

- -.The effécfive Hamiltonian,can be formed by combining the
coupling energy of Eq. 2;28 with chemical potential change“
resulting from charge transfer. Considering the junction as a

capacitor;
- (2eN)°
u 2C

where C is the capacitance and ‘N ='N2—Ni. The effective Hamil-

H

tonian is then given by

2 .
Hy = 53%)— - E, cos ¢ (29)

From the operator equivalences of Eq. 2-20 and 2-21, we can
find the Josephson current-phase and voltage-frequency relation-

ships. The current is found from I = 2eN. Since
S . Leaw
No= quH’ND, - ﬁ<a¢
it follows that
I = 22F sin¢ = I, sin ¢ (30)
! ! '

In a corresponding way, we find the time development of ¢:

: 1 ,oH 2¢e 2eN’ 2eV
¢,=%<a_.)=_°;__=__ (31)

The last relationship is also'kﬁown as the Gor'kov-Josephson

equation and has a much wider validity than indicated here.
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Equatioﬁ 2-31 depends neither on a Jésephson supercurrent nbf
on tunneling, but, as originélly noted by Gor'kov,77 is funda-
mentally related to the time developmént‘of A in superconduétors
at different pofentials. |

It is not immediately clear thét'the same coherent sfates
.can be used when the voltage acrosé the juntion is not. zero.
'lP. W. Anderson2q presents an expfession for the phase dependent
part of the coupling eﬁergy when a voltage exists across the
junction, and concludes that Il will differ little from ifs
value at V = 0 until the voltage is on the order of 24. Riedel78

has considered the problem, and finds a logarithmic singularity

in I, at 24, if quasiparticle lifetihes'are neglected. When

1
lifetime effects are considered, the singularity is washed
out.79 As the work presented later is in the high temperature

régime, the singularity can obviously be neglected.

The temperéture dependence of the Josephson current has
been calculéted, using thermodynamic Green's functions, by
Ambegaokar and Baratoff80 whb.find |

-1/2

78, (T)A,(T)
T {02482 (1) JLu’+85(T)]) (32)

a 1l
I(T) = - z_m
where wy = g(2g+l)/g and g = l/kBT. If 8y # Bos it is necessary
to resort to a numerical calculation to find Il(T)’ but for a

symmetrical junction (A1=A2), the sum may be done analytically

leading to

7a(T)

Ry

The temperature dependénce of the symmetrical junction differs

I,(T) = tanh[26A(T)] (33)
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qualitatively from that in. the asymmetrical junction. In the

former, Il(T) approaches T linearly
= | -T/T ) . TS
I,(m 2.67. 1, (0){1-T/ oJ .

whereas if Al £ b, Il(T) approaches T  with infinite slope.
 In Fig. 2-7 is the reduced dc Josephson current versus reduced

temperature for two values of Al/A2°

II.4 The Josephson Effect in the Presence of Electric and

Magnetic Fields
h.1 Introduction of the Potentials .

In the previous sections, it was assumed that the only
spatial vafiatibn of phase was ééross the insulating barrier.
The last part of this chapter will be devoted-to'the behavior
of é Josephson junction in which the phase is forced to
 spatially by the presence of a magnetic vector potential, and
temporally by the application of a voltage to the jupction.

The variation of phase with a vector poteﬁtial can Se shown
in an glementary manner by - recalling from quantum mechanics

the prescriptipnsl
Yazo = V¥a=o ‘-"‘P[if'% jR-431, (35)

or by carrying out a direct detailed argument based on gauge
invariance.27 It is required that physically observable quanti-
ties be invariant. under a change in gauge of the electromagnetic

potentials
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Fig. 2-7 Temperaturé dependence of the Josephson current. The
dashed line is for a symmetrical junction. The solid
line is for an asymmetrical junction with
&y (O)/A2 (0) = 0.5 . (After Ref. 80).
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where X is an arbitrary scalar quantity. In particular, we

desire that

> (2eW 2e v (2e)h 3., 2e 2, '

A AR L oo - ok G7)
and

2¢V _ 2 [z > _ 3 ..__’ R U :

F - FF[Beas = o (0m4)) = 57 (4] - 9. (38)

By direct substitution into Eq. 2,37, it can be verified that

the necessary replacement for ¢ is-
2e '
' = . .
AR TR (39)
The phase difference is not gauge invariant and becomes
' : 2e -+
t _ 4 = - N .
¢ - ¢} b - byt Fo [ K.ds (40)

The only requirement that must be met by ¢i,¢é is Eq. 2.38
and again it can be verified thét Eq. 2-39 provides the correct
replacement for ¢. | |

The effect of a magnetic field on the junction is to
introduce a spacially depeﬁdentlpﬁase. The total current must

be calculated by integrating the phase dependent current density
hj = jl(x,y,z) sin ¢(x,y,2,t) (41)

over the juhction surface. For a uniform junction, Jl = Il/S,

"where S is the junction area.

Equations 2-30, 2-31, 24uo,.2-u1 and Maxwell's equations

are the basis for the electpbdynamiéé of a Josephson junction.
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4.2 Juﬂction ﬁehavior in a Static Magnétic Field

We consider the effects of a static magnetic field on a
Josephson junction with a geémetry'shown in Fig. 2-8. The
superconducting fiiﬁs are assqmed fd be thick compafed to the
Lénddn penetration depth A. Foliowiﬁg Scalapino,zé we_would'
like to develop a rélationship between the applied field and the
phase gradient by iﬁtegfating Eq. 2-“6 around the bouﬁdary shown
in Fig. 2-9. The sections of fhe contourg which are parallei to
the junction surface are taken several‘penetration depths iﬁto..
the superconductors so that the contribution.of J to the phase
change along them is zero. Singelthe dominant partvof fhe
current flows parallel toAthe_surface of the barriér, in order
to shield the interior of the superconductor fpom the magnetic
fiéld, there is no contribution from J to the phase change
.aldng paths normal to the barrier.surfaqé; AWé thus have fhe

following phase differéhceé along the contour:

' 2

0,(2) - ¢ (z+dz) = e fcl -as
- 2

¢ (z+dz) - 94(2) = = fC2 -as

\

Adding the phase changes, . including those across the barrier,
" and replacing the line integral of_K by the surface integral of

ﬁ, we have
. _ . 2e
o(z) - ¢(zfdz). = EE-(ZA+2) dz H(z)
or in différehtial form

v = ‘(>2eld.'/ﬁc.)i'}(:ﬁ"* S (42)
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(1)

(2)

Fig. 2.8 Josephson junction geometry for the magnetic field effects.




233-

t_
(1) g
a d l

Z - - Z4d2z

Fig. 2-9 Integration contour for the derivation of Eq. 2-42,
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‘where n is é unit vector pormal to the barrier directed from
(1)>(2), and d ='(2A+2).

Even when there is no applied field, there will nevertheless
be a magnetic field which is associated.with the Josephson cur;
rent. To estimate the significance of the self-generated field,

combine Eq. 2-41 with the Maxwell equation

where J = Jl sin ¢. The result is

2. -2 . 2 _ Ac
Ve = A g sin ¢ AJ ® Bre Jld (43)

For small ¢, Eq. 2-43 can be linearized to
v2¢ = x52¢ ST (ul)

which suggests that AJ plays the role of a pengtratioh depth.

A typical value of )., the Josephson penetration depth, istl mm.

J°
Ferrell and Prange,8l and Oweh and 3calapino,82 have solved
Eq. 2-43 for uniform recfangular junétions and find that for
junctions whose length is considerably greater than XJ, the
Josephson current flows only within a few AJ of the edges. For
our work, junctions with dimensions much less than AJ were used.
The qualitative conclusions from the above references in such a
case is that the current is uniformly distributed over the surface
of the junction, and the‘éelf-generated field can be ignored.

For the simplg case of a junétiqn small compared to AJ in a
magnetic field applied parallel to the -y.axis, Eq. 2-42 can

be integrated to give’
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_ r2edq, : -
¢ = F'EEJHez + ¢0 _ .(us)

with the corresponding current density

_ . 2ed - .
q = J, sin [( ﬁc)Hez + ¢O]. . (u6)
~He is the external magnetic field since demagnetizing effects
need not be considered when the field is parallel to the films.
By setting ¢o = —edHeL/hc, the current can be maximized. - Inte-

grating J(z) along the length, L, of the junction, one finds

that the maximum Josephson current varies according to

|sinl(sashe) HoL]]
I = 1) <eare) AL

(u7)
which is identical to the functional form for singlelslit Fraun-
hofer diffraction. ANoting that the flux'within tﬁeAjunction
is ¢ = dLHe, Eq. 2-47 can ﬁe written as |

 |sinCnese 3] ~°

I = I, - °.

1 [nQ/QOJ (48)
where 00 = he/2e is the flux quantum for the Cooper pairs.

For each miniﬁ the critical current, the junction con-
tains an integer number of flﬁx quanta. The application of a
magnetic field to the 5unction induces vortex currents to flow,
each containing one flux quantuﬁ, in a manner similar to that
of a Type II superconductor. If Jl varies spatialiy, the "effects
will be analogous to thbse of a non—uniformiy illuminated slit
in optics. The magnetic:fiéid b;;éviqr for a typical junction is

shown in Fig. 2-10.
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Fig. 2-10 Zero-voltage current versus applied field for a typical
" Josephson junction. The curve is from sample PS-1
(described in Chapter V) at 3.8 K, and was obtained
using the servo system described in IV, k4 k. ‘
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Tﬁe quanthm mechanical iﬁterfgrencé effects that occur
in the junction are not a property of thé junction itself but
rather of the macroécopic phase coherence intriﬁsic to the
superconductor. The junction,ithrqugh the phase'dependence of
the critical current, serves as an indicator»of the phase inter—
ference. A number of experiments.have been done in which phase
iﬁterference was observed in supefcondugting loops interruﬁfed
by two Josephson juﬂctions. In this situation, the critiéal
current is that of two junétions in pafallel, and the phase
~ gradient necessary for the interference is generated by either

the flux enclosed within the loop containing the junctions,83’eu

85,86"

b i i it. .
or be a net current circulating around it The interfer-

ence observed by the magnetic field dependence of the critical

current is analogoué to doublé slit optiéal interference. !
With a derivation like thaf for the field dependence of the

critical current, it can be shown that the coupling energy also

s 26
varies as

|sin[n¢/oo]|A
Lmd/e 0]

El(H) = E1(°) (49)

Thus, if the junction contains an integer number of flux quanta,

the coupling is effectively reduced to zero.

4.3 The Electromagnetic Effects

The simplest examble‘of the ac Josephs9n effect is the
emission of microwave radiation when a de voltagé is applied to
the junction. Since the.pﬁaSe'pféceséésiét a rate 2eV/A = é, the
current through the junction 6s;fliafes'in time according to
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I = I, sin [&h

t +:¢0]- ‘ o (50)
Because the'impedance-of-the,juhctibn is often very low, fhe ff
power.coupled out of thé jﬁnction is considerably smaller than
the dc driving power. | |

The first experimental évidenceiof the ac Josephson efféct58
’wés obtained by observing the_beha?ior of the dc current—voltage.
characteristic of a junction Qﬂen external radiation was mixed

with that generated intermally by the application of a dc bias.

In this case, the voltage across the junétion is given by25

vV = Vo + V) cos wt . (51)

where Vo is the dc bias, and-Vi

coupled to the junction. For the phase, we'have

the amplitude of the rf voltage 4

2eV 2eV :
6 = ( Y )t + ( )Sln wt + 9, (52)
and for 1
2eV0 2eVl .
I = I, sinl(x )t + (=) sin ot + ¢g3 (53)

The junction current may be Fourier decomposed in terms of
Bessel's functions of order n to give
] 2€Vl . 2eVo
I = I1 z [anizz—) sin {(np + TE——Ot + ¢0}] (54)

z-w
We see that if the ratio.ZeVO/hm is the integer n, it is possible
for I to ha§é a non-zero mean value givép by

y . .

I = Il(—l) 1Jn( vo) ?ln ?O
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The observed amplitude depends on ¢0’ Og‘and V,. Experimen=-
tally, one sees constant voltage steps of amplitude T in the dc |
Acurrent—voltage characteristic at voltages satlsfylng 2eV /ﬁm = n.
. The most general approach to the electrodynamics of the
-Josephson junction_follbws from Maxwell's eqtationsland‘the basic:
equations for the junction, Eq. 2-30, 2-31, and 2-42: After
'Scalapino,ze we form a differential equatioh.fof Ex’ the'x.-
component of the electric field in the jﬁnction. We proceed .

first by integrating the Maxwell equation

over the contour shown in Fig. 2-11. The magnetic field integra-

tion gives

9H
1 R 1 %y : ,
p §¥-ds E'at (2A+£) dz (55)
while for the electric field "
[xE-as = oE (z+d2)-E (2)] © (56)

Combining Eq; 2-55 and 2-56, we have

3E ) :
X _ _ 2% vy
Y5z c 3t (57)

In a similar manner, taking the normal of the surface defined by
the contour to be parallel to the z axis, we find

3 aEx - 2L aHz (58)
.9y 4 'c' ot .

From the x component of the Maxwell equatlon

- :fif.g.;i
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Fig. 2-11 Integration contour for the derivation of Eq. 2-60,




we have

M, aHz lkﬂ t '.e B, A S
-a—-—y -az',= T,Jx+€—at; ) ] (59)4.

where € is the effective dielectric constant for the barrier.
‘Combining Eq. 2-57, 2-58, and 2459, a wave equation for Ex '

can be constructed:

.2
2 1 3 4m 1 9
v¢ - =—SZ_|g = —=— —J (60)
yz c2 at2 X € EQ at x
where the phase velocity ¢ is given by
1/2 ’ (61)

¢ = c-[e/(2x+2)e]

The driving term is the Josephson current density

Jx = Jl s1g $.

In the absence of the driving term, Eq. 2-60 describes. the

wave propagation properties of a parallel plate superconducting

Typically, ¢ is on the order of 1/20 c.

transmission line.
2-60 to an equation in ¢ by

Josephson25 Has reduced Eq.

substituting'
3 - _2
= 7 E.2 (62)
The wave equation for ¢ is
2
2 _1 3 = 2T¢ g3
vyz EQ 7| ¢ = A gsin ¢ (63)

ot
If one assumes that.the‘exéitétionsAof the junction are small,
as is the case when the excitations afe of thermal origin, the

wave equation cah be linearized bYﬁéxﬁanding sin¢ about ¢0.
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‘The lowest mode of the junction will be the one in which there

is no spatial dependence of ¢:

J2 :

oerule = 0

ot P

where

-2 .

2 _ & _ 12 ~

@ 2T CTtEh . (64)
J o

is the Jésephson plasha frequency and C is the junction capaci-
tance. In the absence of applied electric or magnetic fields,
the natural frequency of phase oscillations is wp, modified'byv
damping as discuséed later. |

If the junction is excited by a driving voltage, and the
phase spatially modulated by the magnetic field, two typés of
pétural junction resonances can be excited. The simplest reso-
nance fo visualize is the one in which the k-vector for fhé

spatial variation of phase,
k = ——H (65)

matches the k-vector of the electromagnetic waves withhfrequehcy

2eV/h and phase velocity c:

2eV _ 2ed . _
—-E = S H o= k¢ (66)

~

=

"
01]e
. "

which provides the condition that a peak in the current-voltage

characteristic will occur at a voltage

ojol

Vo= Hd (67)

Such a resonance has beeﬁ'obsepVed'by'Eck,.Scalapinp, and Taylor.88
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The second resonance is a consequence of the transmission line
properties of the junction. Considered as an open circuited
" tpansmission line, the junction has geometrical resonances

determined by
nA = 2L or - — = L (68)

The most ébvious resonance of this typé is the one discussed
aﬂove. However, because of the highly non-linear néture of Eq.
2-60, many resonances can be excited simultaneously, each corre-
sponding to a different integer ratio of.k¢ to the electromag-
netic wave k-vector. The voltages at which the resonances,
called Fiske steps,89 can occur are fixed by the junction dimen-
sions and ¢, but the response is determined by the coupling
energy, Q ‘ofAthe junction, and the tuning of the fesqnance by
the applied magnetic field. As is the case of an external
applied electroméghetic field, thébresonances appear as steps

. in the dec current-voltagé characteristic.

The usefulness of the Fiske steps for our work is that they
provide the means of determining the junction capagitance.go
Since a Josephson junction often has a resistance in the range
~of a few ohms, it is not con?enient’fo make a direct measurement
6f tﬁe capacitance. Since the junction is considered to be a

parallel plate capacitor, the capacitance is

where w is the width of‘theljungtion} L-and w are known for

the junction, but (e/%) iéant;:Thé'phASe velocity can be deter-
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mined from the dimensions of the junction and the voltages'fof

which the resonances occur. ‘From the phase velocity, we have

»|m

= (c/E)2~/(2A)l L - (70)

The capacitance is then found by substituting (e/%) £rom Eq. 2-70
“into the formula for the capacitance of a parallel plate capacitor

given above.




III. THEORY

TII.1 Phase Fluctuations:in Josephson Junctions
1.1 Introduction .

In Chapter I, it was stated that phase fluctuations in a

Josephson junction could cause dc voltages to appear at currents

less than the maximﬁm criticél current in the absence of fluc-

_uations. The purpose of the first section of Chapter III is to

provide the background and physical basis for'the‘theoretical
results of other authors which will be presented later.
From the Gor'kov-Josephson equation,' the voltage and phase

precession are related by
2eV/H = b (2-12)

If there is no -applied voltage, as is the case when theijunction
is driveh from a current source, any voltage appearing‘écrdss
the junction must resulf from internal condifions which make
phase precession energetically possible. We will develop first
an expression for the free energy of a juhction carrying current,
and then its equation of motion. It will be found that withoﬁt,
fluctuationé, the current.carrying states are metastable, and
the phase adjusts itself so that the free energy is a local
minimum, but that with fluctuations, thermal activation out of

a metastable'stéte;'accompanied by a phaée change, is possible.
The phase change will occu# preferentially in the direction of
the current, and result in a non-zero average voltage.across the
junction.

Because the driving'fébCe.f¢rvthe»phase'fluctuations is
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thermal noise, the equations of motion for the junction can not
be solved directly, but most be treated using statistical tech-
niques. The probleh will bé shown to be analogous to Brownian
motion of a particle in a potential, for which there already
 exists extensive literature. The approach is to find the eéuation
of motion, callea the Fokker-Planckgl’92 equation, for fhe préba—
bility distribution of the system, the solution of which enables
the various averages, such as $ and consequently the voltage, fo
be calculated. In practice, one usuélly finds appfoximate solu-~
tions to the Fokker-Planck equation in different limits, and
ceftain cases will be discussed.

To compliment the work presented in this thesis, a review
will be given of other recent experiments on phase fluctuétions

in Josephson junctions.

1.2 Free Energy of a Junction Carrying Current
The free energy of a junction cérrying current must include
both the coupling energy and the energy added to the junction by

the external source of current.23 The contribution to the free

energy per unit area, fext’ by the current is

t .
= ’ ! ’
£t g Jg,pVat' (1)
where Jext is the local current density in the junction due to

the external current which is assumed to be turned on at t = 0.
The instantaneous value of the voltage across the junction, V,

|
is given by

Vo= @r2e) b (2-12)
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: insertihg Eg. 2-12 into Eq. 3-1 and integrating, the contpibﬁtibn

from the external source is

fext- = @/2e) Jext ¢ | (2)

Thus'the total free energy per unit area.is

f = -e cos ¢ —(h/?e) Joxt ¢ ) @)

where ey is the coupling energy per unit area. The free energy
of the junction as a function of ¢ is shown in Fig. 3—l'for
two values of current.

For a given value of current, equilibrium occurs when

2
K2 S and 9 f , o (1)
¢ 8¢2 ’
'which leads to the result
Jeut = (2eﬁﬁ)el sin ¢ , | (u)

obtainedvearlier. From Fig. 3-1, it can be seen that the system

'resides in potential wells which become shallower as the external
current is increased. Since there is no absoiute minimum in the

free energy, all possible states are metastable.

For wells sufficiently shallow, there is a reasonable
probability that transitions to adjacent states will occur. The
ppedbminant process will be thermal aétivatién over the potential
barriers. The probabilit& for qganﬁum mechanical tunneling
through the potential barrigr-is qdite;small, and not likely to
be observed except in weakly'coup;éa‘jﬁﬁcfions at extremely low

Y P 4
temperatures where thermal processes would be insignificant. »93




‘.J'_ué_

FREE ENERGY (ARBITRARY UNITS)

Fig. 3-1 Phase dependence of the free energy of a Josephson
junction. The currents for the two curves are:

‘(I) J

. 0.1 (2e/ﬁ)e1

(11) J

0.8 (2e/H)e;
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We ‘can also neglecf any quantization of states in the wells
because tﬁe level spacing, ﬁwp, is small compared to kBT, énd,

- the levels are broadened by the random phase fluctuations. Since
it is energetically favofable to decrease the potential, downward
transitions will occur with greater ffequency than upward transi-
tions, and ¢ will assume a non-zero average value in the direction
of the current.

The activation model was used by Tilley and Clarkgu as the
basis of an approximate calculation of the temperature dependence
of the resistance of an érray of Josephson junctions méde by
pressing together a number.of tin balls. Assuming thét the
transition probability is proportional to the Boltzmann factor
exp(-AE/kBT), where AE ‘is the barrier height, they folded in the
temperature dependence of the coupling energy to obtain an ex-
pression for the temperature dependencé,of fhe resistance which
agreed with experiment over a.limited range of temperature.

An early calculation of Ivanchenko and Zil'berman'+2 uses
a simple kinetic model to-estimate the effecf of fluctuations on
the current-voltage characteristic. The system is assumed to
oscillate in one of the minima of the potential at wp with a
probability.of making a transition to an adjacent minima propor-
tional fo the product of the attemp£ frequency wp and the Bolt%—
» mann‘factor'exp(—AE/kBT). Using the mean value for $, they then
find a finite, current dependent voltage for I<Il' The theory is
only qualitatively cofreét since it does not either provide the
transition probabilities,vcénsiéef tfansitions to other than

adjacent minima, or take into account the damping of motion in a
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real junction. However, it does provide an initial theoretical:

basis for the observed voltage across the junction at less than

the critical current.

1.3 Equations of Motion
The equations of motion are quite simply obtained from the
Gor'kov-Josephson equation and conservation of charge at the

]

junction. They are

2eV/h - S (2-12)

e
"

-
n

1,(T) sin ¢+ §-+ cg¥-- L(t) (5)

The contributions on the rhs of Eq. 3-5 are respectively the
Josephson current, the quasiparticle cufreﬁt througﬁ the barrier
resistanée which is approximated by the normél state resistance,
the diéplacement current, and a fluctuating noise current. An
eéﬁation of motion containing a randomly fluétuating term is
called a Langevin eéuation. For eV < kBT, thch is in the region

93,95 Lith

L(t+) L(t) = [2k T/R] &(1) (6)

The Brownian motion analogy is illuminated by making the follow-

ing change of variab]'.es:“5

p = W/2e) CV M o= (B/2e)2C x = 1
1
i N -1
y = 2(#i/2e) Il(kB? n o= fRC) 7
L = (h/2e) L U = - > VkgT (x4 + cos g)
q - 1/2

RC [(2e/f) 1,/0] ~="nwb
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~ We can now write the,equations of motion as

b= pm A (8)

P du/d¢ - mp - L(t) (9)
It is clear that the problem is completgly equivalent to thg
Brownian motion of a particle of mass M in a potential U.

The paraméter Yy is the height.ﬁf the ﬁotential barriér
qompared to'kBT at I = 0. The parameters n and Q characterize
the damping which originates from the resistive losses in the
barrier. Though the Josephson plasma'oscillations are intrin-
sicly lossless, the variations in-the phase inherent in the
oscillations result in a voltage across the barrier which couples
to the dissipative quasiparticle conductivity.

To visualize the effects of damping, we shall éursue the
analogy of Brownian motion in a poteﬁtial. Since a Josephson
junction is a single macroscopic quantum system, we need consider
only a single particle of mass M in the potential U. Initially
assuming no losses, the frequency of small 6scillations in a
well is mp' A particle placed in a well wouid reside there meta-
stably. Once activated over the‘barrier, it would gain energy
and slide continuously along the potential. If the particle is
surrounded b& a viscous medium, all motion would underg6 damping.
The effects of damping on the oscillatory modé are to reduce the
amplifude response to an excitation of the system, and to lower
the frequency of the damped'oséillationé relative to those un-
damped. In particular, a valueAbva:;ul72 signifies the transi-

tion from underdamped td'overdampedAﬁbtiqh in the solution of the
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damped harmonic oscillator problem. - The damping-aléo‘pbpvides

a means of absorbing energy gained Sy the particle in sliding
down'de:potentiél. For very heavy damping, which is the situa-
tion most easily solved, the éscillatiohs do nbt substantially -
.affect the motion, and the problem becomes one of the particle
diffusing along the potential. - |

| It i# of interest to study the effects of the damping term
in Eq. 3-5 in the absence of ﬂoisé, a problem considered by |
MéCumber.g6

Introducing the dimensionless voltage

\'4
a = =, (10)
IlR .
the dimensionless time
v = (2e/h) I,Rt, (11)

and setting E(t) 0, we obtain

d d

2
¢ +
2 B
dr

&

X = 92 + sin ¢ (12)

o

T

A computer solution to Eq. 3-12 results in the following conclu-
sion.. For any value of >0, théfe is a range of currents xc<x<l
for which Eq. 3-12 has two possible solutioné. One solution is

a =0, which is expected in the steady state case for x<l. A
second solution yields a value of a>0, where o must be obtained
from the numerical solutioﬁAof Eq. 3-12. The value of X and

the expected current-voltageAchara¢teristics for different values
of Q are shown in Fig. 3-2_épd Fig. 3-3 respectively, both after

McCumber. A junction with Léfge Q‘eihibifs hysteretic behavior




-53-

o3tb—1 | ] L
0 02 04 06 08

Xc

Fig. 3-2 The cut-off current x‘c as a function of Q.
(After Ref. 96). :

1.0




-S4

2.0

N o

NORMALIZED CURRENT «x
‘o' .
@

0.4

o) 1 | 1 | | ! | I |
0 0.4 - 0.8 .2 1.6

NORMALIZED VOLTAGE a

Fig. 3-3 Expected current;voltage charecteristics for different
values of 0 in the noise free case. (After Ref. 96).
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A.Sﬁggested by Big; 3-3. With increasing current, no véltage
appears until x>1, but when the current is subsequently decreased
(at rates at least pomparable to audio frequencies), the voltage
doe; not retﬁrn to zero until X< . To aid later inferpretation
‘of the data, we note two consequences of\Fig. 3-3. First, with
S

hystefesis, the voltage for X>X is always greater than the case
with @ = 0. Second, the effects of hysteresis are only signifi-

cant for R51. Thus if Q% 1, the effects of junction capacitance

are minimal.

1.4 Fokker-Planck and Smoluchowski Equations

‘As indicated previously, the Langevin equatiqns can only be
solved using statistical techniques. The final motion of the'
system is determined from ensemble averages of the variableé ob-
tained ﬁsing a probability distribution function which is a
solution to the Fokker-Planck equétion.

The validity of the statistical approach is based on the
assumption that the noise impulses are completely random, that
is, they are totally uncorrelated. In practice, this usually
means that the correlation time for the noise must- be very short
compared to the time fesolution of the system being considered.
For a Josephson junction, that time scgle is set by l/mp, which
is on the order of .'LO-g seconds. Since the mean collision time

11 to 10_14,

between electrons in a metal is in the range of 10~
seconds, the assumption that the noise is uncorrelated is valid.

The probability distributions used to describe Brownian

motion have the property that.the'probébility of reaching a given
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point in phase space at time t depends only upon the loéatién
of the system-at t-At, where Af is short compared to the time
over which substantial changes in the coordinates take place..
The probability distfibution-ié independént.of the past history
of the system. A stochastic proCesé haVing the above property
is'defined as a Markoff process, and the derivation of the Fokker-
Planck equation is‘fundamentally related to the Markoff process.97
Recognizing the analoéy betweén phase fluctuations in a
Josephson junction and ﬁrownian motion in a potential, the Fokker-
Planck equafion will be developed in terms of Brownian motion.
Following-Chandrasekhér,98 we wish to find a differential equation

for the probability distribution P(q,v,t) which is defined as

P(q,v,t)dqdv = probability of finding q in the range q,qtdq

and v in the range v,v+dv at time t

where v = i and q is the appropriate space coordinate. In

addition, we need a transition probability F(q,leq,Av) defined as

r(q,v|Aq,Av)d(Aq)d(Av) =  probability that given q and v, Aq
| ‘will be in the range Aq,Aq+d(Aq)
and ‘Av will be in the range Av,
Av+d(Av). |
wheré Aq, Av are the changes in q and v respectively occuring over
a time At. |
- From the definition for a Markoff process, for P and for F,
the fundamental equationlté be satisfied by P is |
P(q,v,t) = f!P(q-Aq;§—Av3£;Af);F(Q%Aq,.v-Av|Aq,Av) ‘
S X d(Aq)d(av).  (13)

7



Incremental changes in q and v are related by

Aq = vAt M = -(Bv-K)At + ve(at) (14)

" where K is the acceleration resulting from the presence of a

~ force field, B is a damping constant, and‘vf(At) is the net

‘acceleration from the random forces acting over a time At. From

Eq. 3-14, we can thus reduce the transition probability to
FCst|Aq,Av) = F'(q,vIAv)G(Aq-vAt); - (15)

With this form for F, we can immediately perform the integration.

over Aq in Eq. 3-13 to obtain

P(q,v,t) = fP(q—vAt,v—Av;t—At)F'(q—vAt,v—AvIAv)d(Av).(16)

For convenience in the<cal¢ulation below, we write Eq. 3f16 as

P(q+vAt,v,t+At) = fp(q,vQAv,t)r'(q.v-Av|Av)d(Av). (17)

To obtain the Fokker-Planck equation, we first expand each

side of Eq. 3-17 in a Taylor series, retaining only terms up

to (Av)2:
P(q,v,t)-r{%%-+ v%%JAt + 0(Aﬁ2) = (18)
. | ,
[{P(q,v,t) + %%(-Av) + %:3—%(-Av)2 + ...} X

v

: 2
{F'(q,lev)fg%(-Av)% 9%(-Av)2+. ..} dav),
: ) . v

Eq. 3-18 can be considerébly simplified by>intpoducing the
quantities

1im <AQ$1;'

= ‘ : (19)
BE0 o

Ml(v)
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 and

2
: lim <Av ”av -
M2(V) A0 BT (20)
- where the indicated averages are defined as:
<av> = [PAv d(av). (21)
and 2 ' ‘2
wav> o= [P(av)T a(av), : (22)
With the quantities Ml(v) and M2(v), Eq. 3-18 becomes
- (9P, 3P K o1 32
P+ {5;+vsaJAt = P - oo M (WPl + 5 ;—5-[M2(V)P]At
» M (23)
which leads immediately to the Fokker-Planck equation
aP aP 3 1 32 |
-aTt- + VA-a—q - W [MlP] + '2— —2' [M2P]. (2“)

v

Ml and M2 can be found by direct integration of the Langevin

equation, which for our problem has the form
v = K- pv+A(t) (25)

where A(t) is a random acceleration. A(t) has the properties

' <A('t;)>av = 0 _
and ‘ : (26)

<A(t+71) A(t)>av = 2D &8 (1)

where D is a "diffusion" constant.. Integrating Eq. 3-25, we
find
, .A{At+Af-~
<av>_ = -(Bv-K)at + [ CA(r')dt' = -(Bv-K)at  (27)
‘ Ut
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. Therefore, by Eq. 3-19
Moo= -(Bv-K). | (28)

Similarly for <Av2>av, we have

, ) ) tHat
<avt> = (Bv-K)T(at)T - 2(av-K)at [ A(t")at!
' t

t+At

+f[ <A(1:')A(t")> at'dt" (29)
= (8V-K)2(At)2 + 2DAt,

Therefore, by Eq. 3-20

M, = 2D. (30)

2

Using the above values for M, and M2, the Fokker-Planck equation

1

can now be written as

® BB . D 3P
it - K-V 3q * B [vP '3 avJ'» (31)

With the potential U.given by Eq. 3-7 and the Langevin Eq.
3-9, an analytic solution for the Fokker-Planck thation has
been found only for the case ofAhgavy damping.u5 Heavy dambing
is takén to mean that the daﬁping forces are much greater than

those due to the potential U. With heavy damping, the Fokker-

Planck equation reduces to a diffusion equation. To show this,ggh
we first write Eq. 3-31 as
P | g3 L3 ,p, D3 Ky D 2P
5 (av 2 33 )(vP f 2 3y BP + 32 aq)
9 K., D 3P o

and integrate along the straighf line q+v/BA= q, over the range
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-w‘égv £ o
. 3 v . ) D 9P K : : '
3{‘] . Padv =. f , sa-(gg'sg'-vg'P) dv. _‘(33)

‘We shall assume thit the scale of variation of K(q) and P(q,v,t)

is less than the mean free path I = (D/8 )l/2

,» and that |v|<vd =
(D/B) , the thermal drift velocity. For heavy damping, we
expect that an arbitrary initial distribution P(q,v,0) will pass

to a Maxwellian distribution for t >> 1/B8. Thus

1/2

P(q,v,t) = ( ) o(q,t) exp[—mv2/2kBT] (34)

_m__
2ﬂkBT

where m is the particle mass. Using P(q,v,t) given by Eq. 3-34,
Eq. 3-33 becomes

30(q,)
at

30(q,) K(q,)
& - 2 ol - (35)

-~

9
aqo (

0146

aqo B

With the assumptions above on the scale of variation of K and o,

and the magnitude of v, Eq. 3-35 can be generaiized to

(3]

39 3 D 3

3 ° 33 g2 %q ol = -3 (36)

| X

which is called the Smoluchowski equation. if ¢ is normalized to
unity, then w represents a probability current giving the rafe'
of motion of the paftiéle along fhé potential.

The tfpe d@ stochastic eqﬁation for the distribution
function is determined by the'pumber of variables required to
define the Markoff.process.loq In Eq. 3-13, the starting point
for the derivatioﬁ of the Fokker-Planck equation, it was assumed
that q and v were suff1c1ent to descrlbe the Markoff process.

If only q were necessary, we would then have arrived at the
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Sﬁb}uchowski:eQuation. Higher ordef equations than the Fékker-»
Plaﬂck eqﬁation are possible, buf are not of ﬁhysiCaluiptereSt_
here. in géneral, one decides_the number of‘variables on the
basis of the order of the Langevin equation. In particular,
the Smoluchowski equation for otq;t) is appropﬁiafe for a

' Langevin equation which is a first order differential equation,
iand the Fokker-Planck equation for P(q,v,t) is‘appropriate when -
the Langevin equation is second order. As an example, considér
the differential equation of McCumbef with a noise term E = i/Il
added to produce a Langevin equation:

x = 0
drz

d¢ . -z .
it 51nA¢ L. (37).

The solution of Eq. 3-37 entails the use of the full Fokker-
Planck equation. In the limit @0, the condition for heavy

damping, Eq. 3-37 reduces to

._ d¢' - .
x = -+ sin ¢ - L (38)

which can be solved using the Smoluchowski equation.

1.5 Solutions of the Stochastic Equations
The proper variables for the Fokker-Planck and Smoluchowski
equations in the case of a Josephson junction are

. P . L _ D s
v M K oY) B n MkBT . (39)

The Fokker-Planck equation thus becomes

3

P _ 2UP _p® D [ ap
3% - 3¢ 3p M 39 +.n5—-[pP + MkBT ap] (40)

~and the Smoluchowski equation,fappfqpriate for <1, is
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30 _ 193 AU ao]

E = W3 [(W)o + kBT TS, (41)

.We-will consider first the solution of the Smoluchowski
equation, as an exact,solutioh to if has been found by Ambegaokar
and Halperin.us For the potential U, the phaée ¢ need only'be
vconSidergd modulo 2ﬂ,.05¢52ﬂ, and Eq. 3-41 is solved with periodic
boundary conditions. |

For a steady state solution, %%-= 0, and ﬁ must be constant.
With o normélized to unity, w—l-is the avérage time required for
the phasé to diffuse one periodicity length of 2m. Thus the méan

voltage is given by
vV = (h/2e) 2mw, (42)

The Green's function found for Eq. 3-41 by Ambegaokar and Halperin

is
: 27
_ wnM £(9) de'
a(¢) = kBT £(21)-£(0) [f(O) fm+ £(2w) i‘-fw.—)] (43)
where £(¢) = exp(-U/kBT). The mean voltage is then
21 2m 5
um oomyx o TE [ aeE(e) f
Vo= IR-CACe -n Ly O
2n . 2w —1
i f(¢) (uy)
+ [ as [ ae" gy}
0 ¢ £0
A more compact form, obtained by Biswas and Jha, is
8w myX T " -1
v o= IR 87 sinh ( %) € as [ ae* £(4) £(o'-9)] - (u5)
Y - - .
Results similar to these have been obtained by Ivanchenko and
38,44
Zil'berman. Current-voltage characterlstlcs calculated

from Eq. 3-44 are shown in Plg 3- 4
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CURRENT (UNITS OF I/1,)

L .
| l 2
VOLTAGE (UNITS OF V/I|R)

Fig. 3-4 Predicted current-voltage characteristics in the presence’
. of noise with Q=0 . (After Ref. 45)..
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In the derivation of the Smoluchowski equation, conditions
were placed on the maximum drift velocity_vd, and the mean freg
path L. For the Josephson junction problem, the conditions of"
applicability are that

: _ 1/2 . '

) -V o< Vm = (kBT/C) | (u46)

and that the 5patiai variation of U and o be slow compared to

L = (2e/ﬁ)'vac. (47)

For a heavily damped junction, the voltage range of experimental

" interest is usually such that these conditions are met.

Analytic forms of Eq. 3-uU4 can be found in several limité:45
vV = IR, y20 (u8)
= IlR (x2;l)l/2, Yo, x>1
' (49)
= 0, y¥», x<1
1/2 1/2
= 2(l-x2) exp{-y[(l-x2) + % arcsin x]} sinh.E%i,
(50)

Y large, x<1l.

Equation 3-49 corresponds to the case of no noise, and was obtained
earlier by McCumber. As a means of experimentally determining vy,
a useful limit isus

2

lim & = .[10(32,&); (51)

1+ %
where I0 is the modified #essgl function. In practice, Eq. 3-51
is only useful fof small'valﬁes of vy.
No analytic solutions are'éurrgntiy~a§ailable for cases of

intermediate or light damping, for which~the full Fokker-Planck
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‘equ#tion musf be solved. Assuming thét the shape of the maxima
of the pofential can be‘approximéted-by the harmonic 6sciiiatpr
potgntial, and that transitions can occur only between adjécent
wells, HélpérinlOl provides the following correction forﬁulaAf,
for.9>l, v>>1, and X<<x obtained from Fig. 3-2.
[{i+na % 1-'x2)1/2}l/? - 1)

v = I,R - 1/2
1 .
2Q 2(l-x2)

v

Q=0 - (52)

This rééult.was also obtained by Biswas and Jha.usland agrees
with the earlier work of Ivanchenko and Zil'berman.uz |

Using computer techniques, Ambegaokar and Kurkijérviug
have performed numerical calculations of the cufrent-voltage
characteristic valid in all regimes by integrating the Langevin
equation directly, supplying noise pulses distributed in émpli-
tude and time corresponding fo collisions‘with an ideal gas of
light particles. In addition to being.able tovprOQide current-
'voltagelcharécteristics for any éet of (Q,Yy), Ambegaokar and
Kurkijdrvi have verified the previous observation that for a
given y, curves having a larger Q have a larger voltage for a
given current than those with smaller Q. Further, for a given
Q, curves including noise cross the hysteretic curves of no
noise, and approach them from above. Exact comparison of theory
to experiment awaits data with v;iues_of y and @ confidently
known. |

As an interesting historgééignpte,'the‘Langevin of Eq. 3-38

was first solved for a Systemzeﬁtirely;ﬁnrelated to the Josephson
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effect. Tikhfohovlo2

in 1947 considered the problem of the effects
. °

of noise on the frequency synchronization of two oscillators

using a phase feedback technique. The operation of the system

is as follows. For two oscillators at the same fréquency, the

phase difference in constant. Any shift in frequency results

in a phase change which is detected by a phase sensitive detector,
and the output used to adjust the frequency of one of the oscil-
lators. .Tikhonov has shown that the coupling of the oscillators
varies with ¢ identically the same as shown in Fig. 3-1 for the
coupling of a Josephson junction. The variables corresponding
to I and V of the junction are AO and 6f, the oscillator detuning
and relative frequency respectively, The effect of noise is to
'temporarily~unlock the phase correlation, and allow the phase to
jump by 2n. The rate of phase jump is simply &f.

N : © The methoa for solving thé Fbkker—Planck equation~ﬁsed by
Ivanchenko and Zil'berman is the same as that used by Tikhonov,
but they were apparently unaware of his work. Figure 3 éf

Tikhonov is identical in appearaﬁce to the current-voltage

’

characteristics of Fig. 3-4. A frequency locking scheme such
1 as this might be a useful analog means to obtain the theoretical

I-V characteristics.

1.6 Survey of Experimental Work
The earliest evidence of phase fluctuation rounding of the
current-voltage characteristic is that of Shigi et 3&.,”0 who

observed qualitatively the'rdunding but did not recognize its

significance. Further, there~isfin5ufficient information pre-
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sented to properly characterize the data. FolioﬁingAtﬁe firsf
paper of Ivanchenko and Zil'berman qn‘pﬁase fluctuations, Galkin
igs.glfua observed rounding of the current-volfagé characteristics
in high resistance Josephson iunctions subjeqted to a hagnetié
field. Again, the difficulty of properly chéracteriéing the
data existed, and no attempt was made to treat the data according
to the theory of Ivanchenko and zil'berman. In addition, there
is evidence that the noise sources are very strong, inducing a
finite voltage at currents on the order of 0.1 mA, too largg
to be assumed thermal in the~absénc¢ of a thermal noise generator.
In order to eliminate the ambiguifies associated with the
noise environment, Anderson and Goldma-nlfs’L+7 employed a shielded
room and equipment designed to providg as little extraneous noise
to the sample as feasible. Josephson tunnel junctions with

characteristics close to.ideal were used to minimize the possi-

bility that effects peculiar to the particular junction would not
make interpretation of the data difficult. Despite the precau-
tions taken, it was necessary to make multiparameter fits to the
data, using T and Il as the fitted parameters, in order to
‘achieve agreement with the theory'of Ambegaokar and Halperin.
Details will be provided.latef in this thesis.

Since the tunnel junctioﬁ structure is a capacitor, the
junctions produced have Q>0. To reduce @, Parker and Simmonasso
used weak link bridges, resglting in an upper limit of 0.1 for .
. With only the.criti;él'current as a fitted parémeter, they
obtained good agreement wi#h theAthéqry of Ambegaokar and Halperin.

At the time, the current—phasé‘reiafiéﬁship for a weak link was

.
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not known, and‘attemﬁts were made to eliminate the remaining

disqfepancy by adjusting the forﬁ~of the cdrrent-phase tela—
tionship. Though it was found that.a sawtooth rather than a
sinuéoidai form was marginally better, an experiment by Fulton
and Dynes103 showed that the correct form, at'least in the
vicinity of T, is the usual-Josephéon current-phase relation.
Rather than adjust y by varyiﬁg the temperaturé or m;gnetic
field, alteénately, one can vary the amount of noise to which
the junction is subjected. Kanter and Vernqn51 have used a
~gas-discharge néise tube, which has a thermal noise output up
to at least 60 GHz., to illuminate a Nb-Nb point contact kept
at 4.2 K. Because the coupling from the radiation field to the
junction could not be‘determined,'the absolute value of y was
not know, but for a constant current of 0.8 Il through the junction,
the change in junction voltage with the input noise power follows
the bredicted dependence. In a related experiment,53 they have
shown that loﬁ.frequency noise, that is noise with fmax<9p’
produces a qualitatively similar current;voltage characteristic
for low values of y. The implication is that experiments which
make use of an effective noise temperature may in fact be ad-
ﬁuéting the temperature to account for unidentified low frequency
or discrete noise sources. With the exception of the experiment
of Parker and Simmonds, this covers all experiments which have
attempted quantitative égreement.
A further experimeﬁt:using eXtepnal hoiseAis that of Buckner
N _ et al.52 The experiment Qas“pepfopmed with extremely small

junction, on the order of'lo_scmz,fso that geometric rf reso-
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nanées'wouid nof be excited until V reached several millivolts.
This specifically meets thé conditions for one aspect of the
theéfy.of Ivanchenko and Zil'bermanuu to which the experiment

waé compared. 'Reasonaﬁly goﬁd agregmént was found éxcept that 

a high intefnal noise temperature of 800 K was indicatéd from

the manner in which they estimated the thermal noise in the junc-
ltion. By the criterion of Kanter and Vernon, the noise source
used in the experiment of Buckner et al., was in the low fre-
quency regime. Since comparison of the theory to experiment

Qas at low values of vy, no difference,is expected in the current-
voltage characteristic from what would appear had broadband

noise been used.

I1I1.2 Pair Susceptibility of a Superconductor
2.1 Introduction

In the remaining éectionsAof Chapter III, we shall consider
the contribution to junction conductivity associated with elec-
tron pairs produced by fluctuations ;bbve the transition tempera-
ture. The Josephson junctions used in these experiﬁénts are
asymmetrical, one side being the superconductor of -interest with
a relatively low transition temperature and the other side being
the reference, a ;upercoﬁductor with a high transition témpera—
ture. For convenience, we uée the subscripts (1) and (2) to
refer to the superconduétdrs’with the lower and higher transition
temperatures reSpectiveif._.; f

As the theoretical treatmentAof S¢a1apino,32 using micro-

scopic electron tunneling theory, is beyond the scope of this
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thesis, we lntroduce a phenomenologlcal calculation which glves
most of the results of the complete theory. In this calculatlon,

we solve for the pair current I. by equating the power dissipated

1
in the palr tunnellng channel I V to the rate of change of the
internal energy in the normal metal produced by a perturbatlon
which is the effective Hamiltonian coupling the order parameter
in the superconductor with the order fluctuations in the normal
metal. Because df the simultaneous presence of the usual quasi-
partiqle'tunneling current, we call the pair current an excess
current. fhe procedure works becéusé it is possible to expefi-

‘mentaliy and theoretically distinguish between the pair and quasi-.
particle tunneling channels and the dissipation associated with
‘each.”

In a very crude way, one could consider the excess current
as ariéing from an ephemeral Josephson junction, the reference
superconductor well below Tc2 serving as one side of thebjﬁnction
and the superconductor of interest just a.bove-'Tc as the other.
Eyen'though one side is not superconducting, locil fluctuations
produce short lived regions in which the superelectron'density
is not 'zero. These regions, coupled through the barrier to the
reference superconductor, act as small Josephson junctions, and
as such, contribute a pair current to the total tunneling current.
One .can develop a heuristic model of the excess current using
these ideas, and with certain assumptions, obtain the temperature,
voltage, and magnetic fieldﬁdependence of the excess current.

However, such a calculation misses the physics inherent in the

concept of pair susceptibility used to calculate the excess




current.

Because our phenOmenolpgical_qalculation requires explicit
usé;of the Ginzburg~Landau theor&,'we begin with arbfief dis-
cussion of Ginzburg—Landau theory. - Since linear réSponse thgéry
is also emplojed, a brief inffoduction fo certain aspects of that
‘theory is presented. A definition of the generalized suscepti-
“bility is given in the framework of linear response theory.

After showing that the dissipative response of a system is related
to the imaginary part of the susceptibility, Qe calculaﬁé the
imaginary part of the susceptibility using the Fluctuation-Dissi-
pation theoremloI+ introduéed in III.2.3. The specific form of

the time rate of change of the interﬁal energy applicable to. a
Josephson junction is derived in III.2.5, and in secfion II1.2.6,
the phenomenological calculation'of the excess current and its
temperature, v§ltage, and magnetic field dependence is presented.

To conclude the last half of Chapter III, a brief survey
of other pertinent %heoretical and experimental work will be

given.

2.2 Ginzburg-Landau Theory

In the simple theory of . the excess current presented in
the next section, the Ginzburg-Landau (GL) theory of supercon-

o2 71,105 Lo e . .
ductivity ~~ will be used. At this point, we will consider
some basic results from that theory.

In the Landau theory:l06 of'ph?se fransitions, a phase

transition occurs as a result of ‘the development of a minimum

in the free energy at the fransitioh temperature. In second-




7o .

order fhase tréﬂsitions, of which the superconducting tpapsitidn
'ié an—éxample, a power series expansion of the free energy,
valid qeaf Tc,»is méde in terms of an order parameter which has.
a non-zero .average Qalue only below Tc. For a superconductor,
the order parameter is Yy, normalized such that Jw|2 =D, the
superelectron density. |

‘'The general expansion for the Helmholtz free energy density

near Tc is considered to be
' 2 2 [
£ o= fytay+ a2|¢| + a3|w| v+ a |y : (53)

wherg f is the freg energy density, fN the free energy dgnsity
of‘the normal state at Tc’ and the a, are expansion coefficients
which may be functions of other parameters of the system. Be-
cause of the assumption that Y = 0 above Tc’ symmefry conditions‘
require th&t.coefficients of the odd powers §f y be zero. For

a superconductor, the free energy will be written as

n

£ o= gy + alul®e By

N (54)

Note that the theory is equally valid both above and below'Tc.
For small values of the order parameter, a]W|2 determines

the initial behavior of the free energy, and thus the simplest

manner to achieve a minimum in the free energy is to have a<O.

The conditions for a minimum in the free energy are

2 .
¥ _ o and 3 g >0 (55) -

Em . U e

from which we find
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For T>Tc, the minimum occurs at ]¢|2= 0. In the vicinity of Tc’
one assumes that a varies linearly with T:

() = (1.-T) (dT)TT - (56)

and that B is appro#imatelyAa constant. Below TC,

Hz(T)
fN -f = 87 ’ (57)
where HC(T) is the bulk critical field, the relationship
2 : a2 21 day?
HC(T) = Bu—B = Uy (T -T) 0 (dT) (58)

follows. Equation 3-58 provides an experimental means of deter-
" ‘mining « and 8.
To further generalize GL theory, terms allowing for a

spatial variation of y and the presence of a magnetic field must

, 2
be added. The spatial variation of y is taken to be %51—&hv¢|.
a kinetic energy-like term. The magnetic field H adds an-
energy per unit volume of H2/8n. To maintain gauge invariance,
we make the usual-change in the definition of the momentum:

Loy apont2 L1 s 2¢k
§a-|—rhvw| +-§a|(-rhv - )wl (59)
The complete expression for the free energy becomes
y 2
- 2.8 1 2¢k
£ o= £+ alp|® + Sly| + 5l (-ik9 - ———)¢ + 8" . (80)

By minihizing f with respect to both ¢y and K, we obtain the
Ginzburg-Landau equationsf
2
ay + B|w|2w + E—( ihv -ZEE) w = 0 . (61)

2m




and

J

2
eh ® ® Ye &
“qm (VW j'¢V¢.) “me ¥ W

(62)

the latter of which was originally introduced in Eq. 2-7.

At this point, we will make a large jump in the development

of GL theory. The original GL theory was simply another applica-

tion of the earlier work of Landau on phase transitions. Follow-

“ing the development of BCS theory, Gor'kov77 derived the GL

equations from microscopic theory, in the vicinity of Tc, and

calculated the constants a and 8:

where

"Limiting

%

and

2
B = Yo
%ot and N(0)(3.2k.T )2 (B%)
B'c
T-T
- c
€ T
c
forms for the constant ag are:
2un2(kBTC)2
= ——>= =  (long mean free path) (64)
Tmg(3) v
i F
l2ﬁkBTc
= —_—— (short mean free path) (65)
nvaz

‘where £ is the Riemann zeta function, Ve the Fermi velocity,

and £ the conduction electron mean free path. The conditions for

long or short mean free path can be stated in terms of the BCS

coherence length

€ F 357 k.T.
.0 Be

(66)
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The cqndition &>>€0 correspondévto the long mean f?ee path or
cleén limit and.2<<€0 to the short mean freg part or dirty limit.
For some purposes, if is more convenient to work with the temper-
ature‘dependent cohérence length defined from & by

YT ! 1)

2 - ) \
£ (T) = a?n‘-l-;r = 5 o (67)

which on combinihg with Eq. 3-66 and inserting explicitly the

numerical constants gives

E(T) = 0.74 €0|€|‘1/2 clean limit

E(T) = 0.85 (Eolz)J‘/zlel'l/2 dirty limit
..o,r .

E(T) = 56 |€|-l/2 ' (68)

where 56 is taken in the appropriate limit. The temperature de-
péndent coherence length represents the natural length for varia-
tions in ¥, as changes in ¥ may not occur over lengths short in
comparison to .

The GL theory as introduced above does not consider time vari-
ations of y in other than a quasi-static sense. Thus time indepen-
dent GL equations can not be usedAto.describe non-equilibrium situ-
ations such as flux flow in Type II superconductors, electrical re-
sistance in the vicinity of Tc’ and the problém to be considered
shortly, that of the excess current in a Josephson junction above

Te If y is disturbed from its equilibrium value, what is desired

l.
is the simplest equation for ¢ which will allow it to relax to its

107,108

equilibrium value. The time dependent GL equation is based

on the assumption that the fﬁﬁcfional derivative of the GL free




e =T76=-
enepgy-is a genefalizéd force which will act to restore y to.its
equilibrium value, and the consequent.motion is damped through a

term proportional to %%1 giving

oy
Yfl-é? Y 7 (69)
From microscopic theory,
. .
Y = 57 (70)
hFO
where FO is the relaxation frequency for ¥ and has the value

kBTc

4

In its final form, the time dependent GL equation in the absence

€. (71)

_ 8
I10"1?

of a magnetic field is

‘ T
{%;:+ 2o+ %E-(-i@v)Q + 80|21 = o. (72)

In many situations, as in the pair susceptibility calcula-
tion. of Scalapino, the pair potential A(r) is taken as the order

parameter. The relationship between A and ¢ is

1/2

or) = [N/ ale). | (73)

2.3 Linear Response Theory

109,110 provides several basic rela-

Linear response theory
tionships with which one can calculate the excess current in a
straightforward manner. Below we outline those basic results
applicable to the phenomenologipal calculation of the excess
current presented in III.2.6. |

In linear response theory, one is interested in the change -

of expectation value of Various operators when the system to

which they are related is subjéctea‘to a smail perturbation of
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HI(r,t). = = fdar F(r,t) A(r) (74)

where HI is the interaction portion of the total Hamiltonian for
the system. F is in some sense a force, and A an appropriate
Hermitian operator. The expeétatibn value of an operator B is

found from
<B(r)>0 = Tr(poB)- : 75)

where P, is the equilibrium density matrix defined as

exp(-BH,)
b0 = Trlexp(-BAYT (76)
In equilibrium, o is constanf in time, and
) apo » . . v
it -3_‘E— = [Ho,po] = 0. (77)
Under the influence of the perturbation
. 9P _ '

and the density matrix evolves in time. Consequently, <B> also
evolves in time. Since the perturbation is weak, the time

development of p can be found using a first order correction to

Py giving

p(t) = py+ Bo(t) =

(79)

Lot
po *+ 5 | dt! lfd‘ér‘ F(r,t') [A(r,t"), oyl

correspondingly, the expectation value of B becomes
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<B(r,t)> = <B)>y ¥ | e
o o, e e (80)
= %‘Ki}“dt' fdsr' F(r',t') ?[‘B(I‘,t)', A(r",t')]>o.
ISR
In terms of the response function
Rps (r,t}r',t') H ‘%<EB(r,t), A(r',t')]>6 e(ﬁ-t'), (81)

the change in the expectation value is

§<B(r,t)>

<B(r,t)> - <B(r);o =

t
[ atr [&Pr'E(et,tY) Rp,(potirt,t') (82)

-00

The response function is the kernel of an integral operator
relating the change of a given operator to the perturbing force.

By taking the Fourier transform of Eq. 3-82, we obtain,

. assuming translation invariance, the simple relation

§<B(k,w)> = XBA(k,w) F(k,w) (83)
where
Xpa (ko) = [:dt fa3r Rpa (75t) g'i(i';‘”t) (84)
is called the generalized suscepfibility. It possesses the
property that
Xga (Ko0) = ng(—k, -w) (85)

Thus the Fourier components of.the change in the operatér B
are directly related throughlfhe,gepéralized susceptibility to
the Fourier components of the force...

In relating the excess current to the pair susceptibility,
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it is necessary to realize that the power dissipated by a per-
turbing force is the time rate of change of the internal energy
which is proportional to the imaginary part of the generalized

éusceﬁtibility. Formélly, this is shown by cbmputing:

dE _ : dp _

T Tr {H T 4 | (86)
which, from Eq. 3-79 for p, is

dE

E = [ Fr,0) & <Alr,t)>) (87

For a real force F, we can write

IR GS Lo
P {el(k-r—mt) + efl(k-r—wt) (88)

F(r,t) = A

ﬁhich gives for 6<A(r,t)>

5<A(r,t)> = coS(i-;-Qt) - xKAjsin(f°;-wt)} (89)

1.,
7 Falxas

where

v "

Xaa ¥ Xap

XaA ©.(90)

By substitution of Eq. 3-88 and 3-89 into Eq. 3-87 and averaging

over one period, the power dissipated is

dE

1 2 " 3
Frs 5w IFA xAA(k,w) d'r (91)

which is the desired result. Since the coupling Hamiltonian for

"a Josephson junction involves complex fields, Eq. 3-91 can not

be used as it is. The appbpbriate modificatioﬁ will be made in
III.2.5.

To obtain the imaginary.parf'Ofﬁthe pair susceptibilify
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'u31ng Gxnsburg-Landau theory, we" need an additional relation -
,from linear response theory, the Fluctuation-Dlssipation
theorem.log If the commutator of the response functxon in

Eq. 3-81 is expanded,
R (ret) = £ (<Blr,t) A(.O,.ov)'s - ;A(o;q; n(r.t')>jq(t5' (ég') |
eacp term.has the form of a correlatiop'funetion. If we defipe
Gpalrst) = <A(0,0) B(:r',t)i - <53)4
and its Fourier transform,'

oy = mi(eRmut) - |
Gpalas) = Jar [ at VT ey, (3u)

it can be shown that

~hw/k T.
l-e

" . .
)(BA(q,w) = _%_-—GBA(Q'“’) ‘ (95)
which is known as the Fluctuation-Dissipation theorem. For
Aw<<B, a condition easily met by the frequencies used to probe
tﬁe pair susceptibility,

” l m . .
xBA(q,w) = IR GBA(q.m). (96)
B ]

2.4 Calculation of the Imaginary Part of the Pair Susceptibility

Usually, tﬁe generalized‘susceptibility measures the response
of the order parameter to.a elaseical field. In a superconductor
there is no class1cal f1eld that can be coupled to the order

parameter. In the tunnellng Junctxon geometry, the quantum
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mechahical pairing,field of . superconductor (2) is coupled to'.
the flﬁctuating paii field amplitude (order parameter) in
superconductor (1) by means of the tunnellinteraction. The
measure of the response to fhé coupling is the péir suscepti-
bility. In this seétion, we will calculate the imaginary part
.of thé pair suéecptibility from GL theofy and the Flucthation—
Dissipation theorem. |

Initially, two approximations will be made. We will assume
that the thickness of the filﬁ‘exhibiting fluctﬁation super-
conductivity is much less than 5(55,-a situation easily realized
in the experiment. Thus variations in ¢y in a direction perpen-
dicular to the plane of the junction can be neglected. The
fiuctuations are thus considered §nly in two dimensions. Since
the temperatures .of interest aré.greatgr than Tc, we can assume
that the fluctuations are small énd that the free energy-expan—
sion may be terminated at |w|2. We use a quasi-classical
approximatién in which the effects of a magﬁetic field appear
only in the phase of .

Taking into account the assumptions above, the total free

energy is
2 ﬁ2 1 2 s 2
F = FN + .dfd r m [5—2 |¢v| 'f l(—lV)WI ] (97)

where d is the thickness of the film of interest. It is neces-

sary to first decompose F into its Fourier components:

2 .
_ 4 .1 241 2
S TR S (98)

where S is the normalization area,




1

w(;) = e-l ' ¥, -

The thermal éver;ges of time independent quantities such as

Wx and |wk|2 can be found by weighting the fluctuations according
to the free energy which is associated with them.lll In this
way, we find that
%
- Jexp(-F/k.T ) ¢, dy, dy '
<¢k> - B¢’ 'k k* k _ 0, (100)
jexp(-r/kB'rc) duy di
. % %
P> = <Yay> = 0, (101)
and similarly
kT -1
® B B'c 2m 1 2 .
Y>> T S T8 2 {5—2 + k') (102)

where, since T is very close to Té, we have set T =‘Tc. Thus,
above Tc’ P> = 6 as had been preyiously assumed in the GL free .
energy. However, <|¢k|2> # 0, and since n_ = |w|2, supereleé-
trons may exist above Tc'

The lifetimes of the fluctuations can be obtained from the

time dependent GL equation
- 2, .2 |
-+ 1. 1+ E5(-im“Iy = o. (103)
ot 0.
It can be written in terms éf the Fourier components of ¢ as

[iw + rk_]}‘pk‘w‘ =0 (104)



83—

with
' ‘ —'(]-('og-wt)
w(;;t) = - et
(x k§w Y,
‘ (105)

- ' . l ey >
by = § Ja%ar ST 4G

and where I, is the wave vector dependent pair relaxation fre-

k

quency
. 1

) - . . |
N = I‘o(l + £°k7). (106)

For a fluctuation with wave vector k, Eq. 3-104 implies that the

temporal correlation of ¢ is exponentially decaying:

. T |t
W@ G0 ¥E0s = <[u®|% e K (107)
To find Gw*w(k,w), and subsquently-xi*w,iwe.nofe-that
L > .
Gwﬁw(k,m) = derfjdt e ter=ut) ¥4 0) w(Z,t)> (108)

which upon using Eq. 3-107 becomes

> > . o-in |t]
2 ~ike. & : k
G uy (Ks0) = [ar 7T T (0) (B> fat Mt L (109).
The integration over time can be carried out to give
2T > > " '
G, (kyw) = ——s [a%r e T o (0) w@)> (110)
y*Y r 24 42 .

The remaining integral can be found by relating <|wk|2> to the

spatial correlation function:
. s % T2 ]
<|¢k|2> = 55 [a%5 a%rt<y (B1) y(F)> 'K (r-r®) (111)
S : o
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L2 L * > ke o
= 3 [d%0 <0 ux)> e - (u2).

K ‘ ‘ .
since <w'(;') ¢(;)> depends only on r-r'. Using Eq. 3-102, we

héve
& _ > > k,T _ -1 :
Ja%r <y o) p@)> KT Bezm l L2 (113)
d 422
) : £
Thus for Gw*w(k,w) ﬁe have
kT -1 2r
Gaglow = 222 AP S (114)
Y £ E «rk + w

Using Eq. 3-96 and 3—106,'the imaginary part of the pair suscepti-
bility is found to be

2 w/T
= g— 2 g (115)
A

rols

t
e 2,2 2
(1+£7°k")  + (w/T)

2.5 Coupling Hamiltonian and Power Dissipatioq‘Formula for a

Josephson Junction above Tcl

In‘thié section we present the effective Hamiltonian derived
by Scalapino32 to describe the coupling due to the fluctuating
pair field, and the correct form for dE/dt, the power dissipation
formula appropriate to this Hamiltonian.

From the low temperature coupling energy given by Eq. 2-28,

in the limit A2>>A Scalapino obtains for the coupling energy

1’
per unit area the expression

E\/A = ~c|Al-| e . ~ + c.c. , (116)

where A is the junction area,
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-i¢,

¢ = ~(RNA)fl in |ua,/a, | e (117) .

is-a measure of the strength of the pairing field, and RN is
the reduced junction resistance»defined such that

Ly = eV/UR). | (118)

Below T, A2 has a well defined average value and negligible

2’
fluctuations (here the energy gap A is taken to be the order param -

eter) and hence can be used as a reference againét which to measure
the fluctuations of Al in the temperature range Tcl<T<Tc2'

Scalapino writes the effective coupling Hamiltonian as

H = jdzr C a,(r) + h.c. (119)

where C differs from C by the replacement
n|4a,/8,] + in 4T /Ty | . (120)

In the presence of a dc bias voltage V and a static magnetic field
H parallel to the plane of the junction, C is modulated in space

and time according to

i(a-;-wt)

C+Ce (121)
where the frequency is determined by the Josephson condition
w = 2%!.,. ' (2-12)
and the wave. vector q is éeiegtéq by
q = %%-H(Aélf g?fvtA7 ,_ - - (122)




-86-

The wave vector in this case differs slightly from that of Eq. 2-65
- since now the magnétic field is assumed to uniformly penetrate
the film in the fluctuatiﬁg state.

" In terms of C and y, the Hamiltonian is written as

5 . =1/2 o :
Hp = Jd"r CIN(0)/a,] p{r) + h.c. (123)
. ey s <y R YA

Since it is immaterial whether the factor of [N(O)/aol is
carried with y or C, we define the effective. force as

F = C [N(‘o)/%]'l/2 (124)
and finally write for the effective Hamiltonian

H. = [d%r Fy + h.c | (125)

I ! LAMEUA S

The power dissipation formula112 can now be calculated in.

- a manner analogous to that used to derive Eq. 3-91. First write

dE _ 2 . 3 *a % C
a:' =, Idr‘ {F_3-€<w>+F 57{(11; >} (126).

From Eq. 3-82, one can show that

# ' K *
§<plk,w)> = F (k,0) xw*w(-ka-w)' f F (k,u) X¢*¢(F’w)
and ' ' (127)

%*
§<p (Kyw)> = F(k,w) ww*w(k,w)

which upon insertion into Eq. 3-127 gives

fa?r (FE" (-iw) x" + F'F (Gw)x) (128)

fd2r |F|2 {imA[x"+ ix”]'-iig[x' - ix"} (129)

—2a |F|? wx". o (130)




g
This is the desired modification of Eq. 3-91.

2.6 Calculation of the Excéss Current

With the gfound work having been laid in the previous seéc-
tions, the excess current can now be calculéted by equating the
power dissipated by the exéess current to the time rate of
change of the internal eﬁgrgy in the normal metal calculated
from the effective Hamiltonian, Eq. 3-125. 'The latter is the
uniqué source éf power dissipation in tﬁe pair channel.

Using Eq. 3-130,

%% = 2A |P|2 wy" = IV = I —uw (131)

or . 2 .
’ : A x" ‘ (132)

Using Eq. 3-114 for the imaginary part of the susceptibility,
the excess current as a function of temperature, voltage, and

magnetic field is

(133)

2 A1 w/Fo
(0) e 2 2
(l+§2q2) + (m/ro)

If the excess current is normalized to INN,'the ratio is

2
I tn®|uT,, /Te | E,(0) 2 -1
2/ ¢
Il = InT WL 7B 1 1 5 (1+g2q2) + (w/ro)2 (13u4)
NN | *8278] Ue

where U is the condensation energy of a volume Ad of supercon-

ductor (1) and is-given by .

H2 (0)
S—— sd. (135)

§ 87

<
n

1 2 =
7 N(0) Al.sg =




-"The coupling- energy E, can be found from I, (0) or calculated from
Eq. 2-28. For smalljumctlons I (0) is probably the best measufe :
of the effectiye junction coupling since any factor tending to
decrease Il(O) from the theoreticai value'(other than self

limiting) would be likely to affect the excess current in the

' . same manner.

We now note.the experimentally interesting features of the
theory. Maximizing the current given by Eq. 3-133 with respect

to w, the peak current, Ip, occurs when the resonance conditién
w = T (136)

is met. Since Vp, the voltage at which the peak current occurs,
- is proportional to FO’ a graph of Vp versus ¢ is a direct mea-
sure of the temperature dependence of the relaxation rate. The

peak voltage as a function of ¢ is
v = Ve (137)
where the slope V is

(138)

Shown in Fig. 3-5 is the excess current as a function of voltage.
In a magnetic field, the dependence of the relaxation rate on

wave vector changes the resonance condition to
w = T _ . (139)

The peak voltage as function of magnetic field and temperature
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Fig. 3-5 Theoretical dependence of the excess current on voltage.
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SH = € + [(-?1-) ( )\2 + -2— d) EO] H . - (l'-l'l)

Thus a graph of Vp versus H2 should be a straight line with slope

_.P__dv' . 7 +£d) g!1? | -(1‘*2>
e |

Aside from the small temperature variation of AQ (within the
.temperature rangé of interest), this slope is temperature inde-
pendeht.‘
From Eq. 3-134, we can show that the peak current as a
function of H and € is
= n? 4T /Te, | E,(0)
., - \'s : ¢’ C) 1

: -1
p 2R,
Ry #n lua /. |

T €y X - (143)

where RN is now measured in ohms. A graph of I;l versus €,
‘should be a straight line. One further experimentally interesting
quantity is
dIl
(F = 0(0) (144)
, V=0 .

the static conductivity at the origin, given by

2 .
o - l_zn glwzi/j:ll Ell(JO) 5;2. sy
Ry n[R0p70 |

The restrictions placéd.bn‘thg theory are mainly concerned
with the fact that in a magnétic field, x is modified from its

field free form. We have made thélsamé.semiclassical approxi-
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_mation as »did‘Scalapino, thét is, X is calculated from_tﬁéA
zero field form of the free energy and the efféct»of a magnetic
fieid is containéd in the phase factor exp(ia°;) of the pair
"field of the reference supérconducfor; The semiclassical appfox—
imation is sfriétly correct in the réference superconductor
which is far below TQQ‘ For it to be valid in the normal metal,

it is‘sufficient that
1/q>£(T)>d ~(1u6)

"where q is given by.Eq. 3-122. These are the conditions for the
magnetic field not introduc¢ing spatial variations in .

There is an experimental difficulty associated with fhe
negativé resistance feature of the éxcess current-voltage char-
acteristic for V>Vp. Iﬁ parallel with the excess current is an
abproximately oﬁmic quasiparticle current. The equivalent

dynamic resistance is

R = [+ (147)

where RT is fhe equivalent resistance, RQ the resistance of the
quasiparticle channel, and Rl the dynamic resistance of the
excess current channel. When the junction is driven from a
cﬁrrent source, which is done in the experiments described later,
upon reaching thg region where RT<0, it will switch to a region,
at higher voltage, where RT is again positive. The switching
séction will appear as a horizontal line on the current-voltage

characteristic. For.RT to be positive,




2 .
R, *n° IuTcz/qu1.El(0) 1/2

€, > (1u48)

w7 R I TuA,7A | U

1
If lead impedances are kept low enough to prevent oscillation in
the negative resistance pegion,‘it may be possible to ihvgstigate
that region of tightly coupled junctions by driving them frém a
voltage source. For the junctions used in the experiﬁents‘descriﬁéd
later, thelminimum €4 af which to avoid this difficulty is about
5 x lO—u, which is approximately the smallest eH'used.l We can
not conclusively say that we have seen the negative rééistance
region. |

The discussion of the excess current has not considered :
fhé effects of phase fluctuations described in III.1. During
the lifetime of a fluctuation, the stochastic noise currents
associated with the quasiparticle current channel shbuldAweaken
the ephemeral coupling existing between supercoﬁdﬁctor (2) and
the fluctuation in superconduétor (1). The very obvious effect
would be to reduce the excess current, but iﬁ some yet undeter-
mined manner. The extent to which the resonance w = fq is
shifted is quite critical to the interpretation of the data
§ince the temperature dépendence of Fq is one of the primary
objectives of the experiment on pair susceptibility. The effect
of phase fluctuations on the excess current must be determined

if absolutely definitive conclusions are to be obtained.

2.7 Survey of Additional Theoretical and Related Experimental
Work

The theory of Scalapino and the measurements presented in
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this thesis will offer a clear indication that dc tunneling hea—A
surments are a direct prcbe:bf theifrequency anu wave numberfj_
dependent susceptibility. Earlier studies qf dc and rf elec-
trical conuuctivity, mégnetic susceptibility, and quasiparticie

tunneling involved convolutions of the pair susceptibility and

‘are- thus indirect. Of these, only quasiparticle tunneling and

rf conductivitylls’llu

are able to provide though.indirectly, an
experimental value for the pair relaxation frequency. " Below.
will_bé discussed only those experiments and theories which are
conccpned either with the pair lifetime or the fluctuation
inducéd junctiou couductivity. |

The first measurements of the relaxation rate in a super-
conductor above Tc came from the work of Cohen, Abeles, and
Fuselier21 on structure in the density of states, determined

by quasiparticle tunneling, of a superconductor above Tc.

Using a simple phenoménélogical argument, they were able to show

" that one can read directly from the density of states curve a

value for FO. Experimentally, the data for FO has large scatter,

but does include some points with ;pproximately'the theoretical
value. Once can not with certainty detect the expected linear
dependence of Fo ‘on €.

The original suggestion that an excess conductivity might
exist in a Josephson junction above Tcl is due to Ferrell.ao
In loose analogy with the diverging paramagnetic susceptibility
of a ferromagnet above the Curie point, the divergent conduc-
tance was termed "paraconductivity'". The original physical idea

was much the same as that discussed in III.2.1, that is, an
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ensemﬁle of éphemerél Joseéhéon junctions contributing to‘fhe
junction conductivify., Férfell‘used a form of the Fluctuatién—
Diésipation theo;em which relates the frequency dependent con-
duétivity of the junction to the temporal correlation of the

current:

o'(w) = S fa®r [at e**T<i(r,t) 3(0,0)> (1149)
B

~where ¢'(w) is the real part of the conductivity. The primary
re$ult of Ferrell's calculation is that the conductivity is

2
4C FO

4 - —_— — — . '

o'(w) = 5 5 (150)
a(I‘o + w)

.C is a coupling constant for the junction which, within a nu-

merical factor close to 1, is

C =og0

NN (151)

and a/2 is the coefficient of the |¢|2 term in the GL expansion

for the free energy:
a = an(0)e . (152)

One can consequently write the ratio of the static conductivity‘

(w = 0) to the normal state conductivity as

o' (0)/ay = K 2 (153)
where
4o ) .
K = NN s - (154)
an(o) kBT e’

Ferrell suggested that an experiment at a sufficiently high
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frequency (whlch would be in the nelghborhood of 1 GHz) could
be used to confirm the temperature dependence of Ty through Eq.
3-150. |

The first experimental‘evidence of fluctuation eonductivity
in a Josephson-junction was observed bytLipson et al.36 in a |
Clark type junction. The experiment was qualitative, and diffi-
cult.to properly'eharaeterize due to the uncertain'structure of
a Clark type junction. A more convincing experiment is that of
Yoshihiro and Kajimura35 wno measured the resistance of a lead-
aluminum thin film Josephson junction as a function of tempera-
ture. .Though they were able to confirm the 5—2 behavior of the
reSLStance, the value of K obtained experlmentally was a factor
of 1/40 of the theoretical value. An experiment of this type |
is very susceptible to peculiarities of the sample, and.it is
not clear.that the samples used were free of edge‘effects and
filamentary shorts which couid drastically alter the results of
the experiment.

The experiment of Anderson and Goldman33 was-performed
using lead-tin cross film Josephson junctions in which care
had been taken to eliminate the poseibility of sherts and edge
effects. The data was analysed %n accordance with the theory of
Scalapino discussed in the previous sections. Since details
are presented later in this thesis, it is sufficient to say that
the data are consistent in detail with the theories of Scalapino
a nd'Ferrell.

The microscopic approach to fluctuation tunneling, using the

theory of Aslamasov and Larkin,8 has been done by Takayamasu‘who
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. obfained results‘essentialiy équivalent fo‘those of Fefrell and
Scalapino. 4ﬁheréa$ tunneling calculations ére usually carfied
out assuming specul;r reflection at the barrier surface,
Takayama also calcuiated the fluétuation tunneling in the case
of diffusé scatfering and showéd that the excess current behaves
qualitatively differently from the case of specular scatteriﬁg.

The normalized current for the specular and diffuse cases is

given by‘ ‘
2
I 2BCS(x)a -1
T 1 NN {t2 + (2eVB)2} specular (155)
I dN. (0) H :
NN 1
| 4 2 ' |
I, i 3 o9 M N2(0)Nl(0)
— = 161 CJA g X
NN
(156)
{tan—l (2eVB) -tan-1(23227§—9 } diffuse
~ ®H : e, tAk"
~ H''¢
where Cl(x) is
: - X '
Cl(X) i nZO 1 1 2 2 1/2
. (n+-2-) {(TH'E) + x°}
‘ (157)
X = A2(T)/2nkBT

M is a tunneling matrix element, and a, a constant describing the
diffuseness of the transmission. A/e and B/c are the coefficients
of the q2 and iw terms of the pair susceptiiility, which in the

mean field form are

2 € mh
_ 1 = Z e .
A = (Eo) and B = 7 T (158)
0 B cy

The cutoff wave vector kc is expected to be on the order of

E_l(T) for clean materials and (E(T)iL)—l for dirty materials.




The reduood térmﬁerature eﬁ given by Takayama is

[(2e/f) £,a1° W
HOT 26, L | (159) .

which differs sliéhtiy from that of Eq. 3-1ul. Takayama also

provides expreSSions for the peak voltage which are

V= (EEE -1 specular. ‘ (160)

o 1/2 :
_ 2eB,-1 2 )
Vp = (———- [eH(€H+Akc)1 ‘ diffuse (161)

Equafion’3-160 is the same as Eq. 3-140 when the difference
between the reduced temberatufes is taken into account.
,+,.31,115 A .
Kulik has calculated the average amplitude of the
Josephson current in symmetrlcal ]unctlons 1n the normal normal
state, a situation phy31cally dlfferent from the present experi-

- ments so that no comparison of the work presented here is

possible. -
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Iv. ,Expéfimental Techniqueé

IV.1 Introduction

In Chaptér IV are described the techniques used to perform
the experiments on phase fluctuations and pair susceptibility.
As is the case of many solidistate‘exﬁeriments, sample pfeparaé‘
tion was a crucial problem, and it required the most time to -
solve. A second problem of almést equal difficulty was that of
electromagnetic shielding, and grounding; Because of the radia—
tion sensitivity of a Josephson junction, a small amount of elec-
tromagnetic radiation can drasfically altef the observed current-
voltage characteristic from the'intrinsic characteristic to which
the theorieé have been addressed. In addition to sample prepara-
tion and electronics, thermometry, temperature stabilization,

and data acquisition are discussed.

iV.? Sample Preparation

The basic structuré of a Josephson junction consists of two
superconductors separated by an insulating barrier on the order
of 10-20 angstroms thick. Tﬁe,sample preparation problem can
be reduced to finding a means of preparing the insulating layer
in a selected region ofzthe sémple so as to produce a junction
of known dimensions and structure. The usual tecbniqué is_té
form the junction from two evaporated films of superconductor
separated by a layér of oxide grown on one of the metals in an
intermediate step. We use this basic technique.ll6

For the phase fluctuation experiments, tin wasAemployed as

the superconducting metal. Its transition temperature of 3.72 K
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is particularly convenienf since it is easily obtainéd by
moderaté éumping on a liquid helium bath. For the experiment on
Apaif suscéptibility, it is neCéssar&,to use-%wo éuperconductors
with differenf transition temperatures; and>f0r this purpose
lead, with a tranéition tempefature of 7.19 K, was chosen as
the second superconductor. Both metals were obtained from
Johnson, Matthey & Company, and had‘impurify levels lower than
-5 parts-in 105. |

The junctions were prepared in a thin film evaporating system
designed by Mr. Peter Kreisman. The system is of three éections,
the vacuum system, the evaporating and cgllimating section,
and the sample holder and masking section. The vacuum system
consists of a mechanical roughing pump, a titanium sublimator
puﬁp, and an ion pump. To prevent backstreaming and consequent
0il contamination of the high vacuum chamberAin'which'the
evaporations are made, the roughing pump was seﬁarated from the
resf of the vécuum system by a molecular sieve trap which was -
periodically baked to maintain its effecacy.

~Since thin film evaporation téchniquesll7 are well known,
we will provide only an outline of the evaporation and masking
system. - What is desired is a means of depositing a thin film of
material of required thickness in the correct location on a
flat substrate. To do this, the material is evaporated in the
direction of a mask which defines the region on the substrate
where the material is to be deposited. A well defined pattern
on the substrate requires that the "beam" of evaporated material

be collimated, and this is accomplished by placing the mask and
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substrate approximately 25 cm from a source;whiqh is abquf 1l cm
.inbdigmeter. The materialé are evaporated By direct contact
with elecfrically heated pefractory metal boats.

The films were evaporated onto 1" x 1" glazed alumina
sﬁbsfrates obtained from the American Lava>Company. The masks
and substrate holder were each contained on rotatable disks
so that the substrate could be positioned over any of six'
available sources and masked by any of twelve masks on the ‘mask
changer. The precision with which the mask changer was built
allowed mask registfation to witﬁin 0.001".

The thicknesses of the various films deposited ranged from
1000 X‘to 10,000 g, and were measured by a Sloan crystal thickness
monitor. The principle of this instrument is rather simp;e.

The sensing elemeﬁt is %he resonant crystal of a quartz crystal
oscillator. When piaced so as to receive a fraction of the
evaporant, the mass increase due to the deposited material alters
the resonant frequency. By noting the change in frequency and
comparing it to a Ealibration obtained by measuring the film
thickness directly with an interference microscope, one can infer
the film thickness. :

All the junctions made were of the érossed—film variety,
that is, the two films constituting the superconducting portions
of the junction weré prepgndicular. As éhown in Fig. 4-1, th;
area of the junctions used in the phase fluctuation experiﬁent
was defined by the oVerlap of the two crossed films, each 3000 R
thick. It was not possible to utilize this simple configuration.

for the junctions used in the pair susceptibility experiment
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~ CONTACT PAD

Fig. 4-1 Junction structure for the phase fluctuations experiment.
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because the]édges of thin supercénducting films generally have

a higher transitibn temperature then the thicker central area

éf the filﬁ. 'Consequently, the transition appears broadened

and there is no unique transition temperature; Josephson
currents can be observed between the lead and the tin film

edges at temperatures substantially higher than the bulk transi-
‘tion temperature for tin. Fig. 4-2 shows the Josephson tunneling
current for a lead-tin junétion hade bj overlapping a tin and a
lead film. Since in the pair susceptibility experiment one

is t?ying to see a Josephson tunneling current above Tcl’ an
obvious confusion.can result from edge effects. To eliminate

the effects of edges, they were covered with a layer of bismuth
oxide,118 Bi203, a minimum of 1000 { thick so that only a region
.oou" x .004" in the middle of the tin film was available for
tunneiing currents. This junction structure is shown in Fig. 4-3.
The thicknesses of the tin and the lead films are 1500 K and

3600 R respectively. The only unique aspect of the bismuth

oxide evaporation was that it w&s necessary to use a blatinum
source in order that the decomposition of the bismuth oxide did
not oécur. A slow‘evaporation rate of 100 R/min had to be used
to prevent: the vacuum system pressure from rising above 10_5
torr. Silicon monoxide was tried as the masking material but

no samples made with it were successful. It was also théught
necessary that the masking be done after the oxidation in order
that the oxide layer be free of defects at the edge of the masked
area.

The substrates were first scrubbed with reagent grade
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Zero-voltage currents observed in an unmasked Sn - Pb
Josephson junction. The resistance curve shown is that
of a 0.1" section of the 0.002" wide Sn film forming

one side of the Jjunction.
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(A)

(8)

Pb

\Biz o
N

Sn

Fig. 4-3 Junction structure for the pair susceptibility experiment.
The general structure is shown in (A), and in (B) is shown
the detail of the junction region. The lead film has been
broken to reveal the bismuth oxide masking formed by twc
successive evaporations through separate perpendicular
wire shadow masks.
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aéetone‘to.remove most oils, finger prints; and othef,sgffaée
cdntaminants. The final cleaning is done in a Freonligivapor
. degreaser thch both removes the remainder of the contaminants
and warms the substrate. fn transferring the substrate from the
degreaser to the evaporator, the warmth of the substrate creates
a'copvective.éirllayer to prevent the'aftachment of dust to thé
substrate120 until the evaporator can be.evacuated, which usually
follows in less than a minute after the substrate is placed a
in the evaporator. The evaporations are not made until the
pressure is less than 3 x 16—6 torr.
The oxidation step was the most difficult to perform in
a uniform manner since many factors other than oxidation time
seem to affect the thickness of the oxide barrier. For example, |
a junction produced on a day having high humidity was likely
to ﬁaQé fhicker barrier than one produced on a dry day. Initially,
the ﬁsual manner to oxidize the tin was to vent ordinary bottied
oxygen at 1 atm into the evaporator after the first tin film was
deposited. The tin was allowed to oxidize for approximately 10
to 12 hours after which time the evaporator was again evacuated
and the remaining evaporations completed. The resulting junctions
had conductivities which were in the range of (0.4-7)x lO5 mhos/cm2.
A drastic change in the oxidation technique became necessary when
bismuth oxide evaporations began, abparently due to an increase
in the background contaminants. Oxidation times became typically
20 minutes at 100u for junction conductivities comparable to
those above. It was also found that reproducibility improved if

after the oxidation a two hour pumpout followed. It is suspected
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. that thiélremoved some of the adsorbed oxygen and.alloved'the

rémainder to diﬁfuéé uniformly into the upper surface of the tin.
Electrical coﬁtaét was made to the sample by eight spring-

loaded berylium-cbpper contacts which.were'sdldered to the sample

121 hat was 1iquid. at room temperature.

using a eutectic solder
Connection waé made to eight evaporated confact pads on the
éubétrate. Since the eutectic solder would rapidly dissolve
either lead or tin, aluminum was used for the contact pads. As
the eutectic did not adhere well t§ the aluminum, a smaller lead
pad was placed in the center of the aluminum pad. Contacts made
this way proved to be very reliable. Thicknesses of the metal
layers were nbt‘critical and several thousand angstroms of each
was convenient.

At room temperature, the lifetime of a junction is on the
order of.half a day. Presumably, tﬁis.results from diffusion
of the oxygen in the barrier into the films. Also, even with
the aluminum layer on the electrical contact pads, the eutectic
solder will eventually dissolve thé aluminum and subsequently
the lead and tin as well. Destruction of the junction follows.
To prevent junction deterioration, as soon as the cryostat was
sealed, usually within aﬁ hour of the final evaporation, the
lower end was immersed in liquid nitrogen to immediately cool
=£he sample to 77 K and thus freeze the solder. At this tempera-
ture, junction properties were very stable. On junction was kept
for over nine months, cycling between LHe and LN2, without any

substantial change in its properties. No electrical tests, other

than continuity of the films, were attempted until the sample was




IV 3 Thermometry and Temperature Stablllzatlon

3.1 . Thermometry

Temperatures were determined by measurlng the re81stance _
of a germanxum res1stance thermometer,122 the callbratlon of
which is based on the Natlonal Bureau of Standards 1958 He vapor
preSSure Scale.].'23 The absolute accuracy of the temperatures
determxned from the resistance thermometer can be w1th1n 2 mK
however the resistance bridge used was designed pr1mar1ly to
have hlgh resolutxon rather than high absolute accuracy and the
temperatures quoted in later sections should be cons1dered
accurate only to within 1/2%. This is not of much concern in
the final results as the predictions of the theorles are much
more dependent on relative temperatures than on absolute tempera-
.tures.

To interpolate between the calibration points supplied with
the germanium resistor, a computer program was written to convert
the measured resistance to a temperature. Germanium resistors
used as thermometers are highiyvdoped to obtain a sufficiently
low resistance at LHe temperatures for convenient use. At present,
there is no completely satisfactory expression for the temperature
dependence of the resistance of such thermometers, and one usually
uses a least-squares fit to a polynomiallzu of some function of

R, T, or both. The polynomial used here is

log, (T) = Zo A, 1oglo(R)i 1)
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and was suggested by the fact that:;.graph of log(T)‘veréus
log(R) for the germanium‘resiétor i; nearly a stfqight line
over the tehperature range of interest. A total of 9 terms
Qere used in the polynomial to fit the resistance over a tempera-
ture range from 1.5 K to 4.24 K with an average error from the
calibration of 0.5 mK. Though the nﬁmber of terms seems quite
large, the first and second deriQafives were both smoothly vary-
ing, indicating that the fit had not been carried to too many
terms. From the calibration and the polynomial which had been

Fit to it, a table of R versus T was generated, and the tempera-

tures were then obtained from the table.

3.2 Temperature Stabilization

As discussed in II.3.2, the tehperéfure deﬁendence of the
Josephson current can be very strong in the vicinity of Tc’
in particular, in either symmetrical junctions with large Il(O)
or asymmetrical junctions. Since a small tempera%ure change
while recording a current-voltage characteristic would then be
expected to significanﬂy alter tﬁe shépe of the current-voltage
characteristic, care was faken to maintain the temperature
constant. To do so, two different systems were used. Coarse
temperature stabilization was obtained by holding the vapor
pressure of the LHe bath constant. Additional stabilization was
obtained by a servo feedback loop which sensed a change in the
resistance of the germanium resistor and usea the resulting error
signal to control the amount of current to a 100Q Manganin heater

mounted on the sample block.
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bThe vapor pressure:of the He bath was held constant ﬁy a
' meéhaﬁical manostatvrefebenéed to a pressure ballastAtank.v
Short term stability was on the order of 0.2 mK. Long térm
stabiiify depends on the te@pebafure sfability of fhe-reference,
being on'the'ordér of 3 mK/K of ambient temperature change at
3.7 K. We found that thé long term stability was better than
2 mK since the shielded room in which the experiment was conducted
provided some isolation for the reference from such local rapid
temperature changes as opehing and closing of windows and doors,
and cycling of the heating system. Pressure in the reférence'
could be controled by two needle valves which allowed small
amoqnts of gas to be either withdrawn from, or added to, the
reference for fine temperature changes. |

The}electronic temperature measuring and stabilization system
is shown in block form in Fig. 4-4 with the bridge CiPCUitiQS
given in Appendix A. The heater control sums the error signal
from the resistance bridge with a bias level which in the absence
of any error signal provides a quieécent power level of approx-
imately 0.1 mW fo the heater. By adjustment of the gain and
bandwidth of the lock-in amplifier, the servo loop can be stabi-
lized against oscillations. Within the 5 mK operating range of
the servo loop, dc temperature variations at the germanium resis-
tor were reduced by a factor of 300 over any drift in the bath
temperature. The actual temperature ;tability at the sample was
not this good. The heater produced a thermal gradient on the
order of 1 mK between the sample and the germanium resistor, and

modulation of this gradient by changes in the heater power in
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Fig. 4L-4 Block diagram of the temperature control and measuring

system,
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response to a temperature error at the germanium resistor
resulted in a temperature stability at the sample about a fac-
tor of 10 better than the bath stability. This was quite

sufficient for the purposes of the experiment.

IV.4 Electronics and Data Acquisition
4,1 Shielding o '

One of the primary problems in doing the experiments de-
scribed here is that of shielding the junction from electromag-
netic interference. As discussed in Chapter II, a Josephson
junction is inherently an rf sensitive device. _Further, the
effects sought result from thermal fluctuations whose average

energy is on the order of kBT, which for T3 K is about 4x10_23

Thus the amount of energy from outside sources necessary to sub-

stantially affect the current-voltage characteristics is small.

To eliminate most of the interference problem, the complete

experimental apparatus was contained in a 10' x 10' x 8' shielded

J.

~room.125 Shielding from 10 kHz to 10 GHz was better than 120 db.

All ac power entering the room was shielded to a comparable
degree. Since any electromagnetic interference from instrumen-
tation contained in the room would defeat the effectiveness of
the shielding, electromagnetically noisy instruments such as

oscilloscopes and digital voltmeters were not used in the room

. while data was being taken. Though lock-in amplifiers, of which

two were used, have switching circuits in them, there was no

apparent interference from them. As evidence that these precau-

tions were required, current-voltage characteristics taken with

the door of the shielded room open were not reproducible and often
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'showed no sign of a critical cﬁrrent when.the expected critiéal
currept was on the ordér of lOﬁA or smaller. A second source
of shielding is the éryostét itself which, though thé signal
- leads into it were unfiltered, totally encloses the sample éndvu
acts as a Faraday Shieid when grounded.

Magnetic shielding is provided by a Mumetal shield enclosing
~ the lower part of the cryostat external to the dewars. The
measured magnetic field at the site of the sample was less fhan_

3 % 1073 Oe.

4.2 Current-Voltage Characteristics

The basic data for both exéerimenfs is the current-voltage
charécteristic of the junction. Since the experimentally
interesting fegthres in the currepf—voltage characteristic occur
at voltages on tﬁe order of 1uV, an ac technique was used, .
eliminating any problem associated with fhermocouple voltages.
The basic system for acquiring the .current-voltage characteristic

is shown in Fig. u4-5.

The operation of this system is quite simple. When triggéred,
the ramp generator produces, starting from zero, a slow, linearly
increasing voitége which is chopped at 400 Hz. The chopping
rate is large compared to the ramp rate, which is typically O.l
volts/sec, so that the output of the chopper appears as a square
wave of slowly iﬁcreasing amplitude. Advantage is taken of the
low impedance of the junction by using a resistor to convert the
chopped voltage to a chopped current. A square waveform is used

because at its maximum value in a given cycle, the current dwells
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Fig. b-5 Block diagram of current-voltage characteristic acquisition
: system. .
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at a spe01f1c locatlon on the current-voltage characterlstlc _ The
output voltage of the junction is also a square wave , and the

peak to peak voltage is the same as the dc voltage which would
have appeared across the ]unctlon had it been driven with a dc
current whose value was equal to that of the peak to peak ac
current usedi The lock-in amplifier deteéts the first hérmgnic

of the juﬁction Qoltage and records it, and the value, along with
that of the curfent,_op an X-X recorder. Had any other waveform
been used, the harmonic content of the junction voltage would
vary depending on the location on the current-voltage character-
istic, and the flPSt harmonic would not be proportlonal to the
junction voltage measured with dc current. The advantage of
starting the ramp from zero is that there is no ambiguity in

the position of the true zero whereas an ac current symmetrical
about zero would average over any asymméfry in the current-voltage

characteristic. The current and voltage scales are accurate to

o

2%.

Because of difficulties encountered in using electrical
connectors at the top of the cryostat, and difficulties in
properly grounding a remote preamplifier which amplified the
voltage across the junction, a preamplifier was built, the
circuit of which is given in Appendix B, which mounted at the
top of the cryostat. The leads from the sample to the top of
the cryostat were soldered directly to the input of the pream-
plifier. Designed with a gain of 2.22 x 103, the preamplifier

has the correct gain to convert the measured rms first harmonic

of the junction voltage to the true peak to peak square wave
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amplitude across the junction.. The noise equivalent input
resistance of the preamplifier at 300 K is about 4 k@, and the

input impedance is greater than 100 kQ. Though it is possible

to amplify the junction voltage with a preamplifier having a

lower input noise resistance, by impedance matching, this was

. not doneAbecauseAif was desired to kéep'all circuit impedances

connected at the junction fairly high to reduce the coupling
of extraneous noise sources through the circuitry to the junction.
The estimated noise current in the junction from external
sources is less than lO—8 A,
When it was found that the Exact 404 oscillator, which had

been used to generate the ramp, emitted a spurious 4 MHz signal,

it was replaced by a simple integrating circuit, given in Appendix

C,which when supplied from a voltage source, would generate the A |

required ramp.

4,3 Excess Current Measurement

To obtain the excess current for the pair susceptibility
determination, it is necessary to subtract from the total junction
current the current flowing in quasiparticle channels. These
currents are of two types, quasiﬁarticle tunneling current and
ordinary conduction current through the barrier and through the
bismuth oxide masking. The predominant quasiparticle contribution

is from tunneling with ordinary conduction contributing at most

The subtraction of the conduction current is straightforward

since it obeys Ohm's law. Generally, the quasiparticle current
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is not linear, bﬁt as discussedAin 11.2, ngaﬁ’TC the quasi-
“particle conducténce is approximately linear ip the vicinity of
fhe origin. We will assume that it is‘strict;y linear because
ekperimenfally, deviations from linearity of‘greatef than 1 part
in lO3 weré not observed out to 40 W on the current—voltagé
charécferistic when the T was as.clése as 40 mK above the lowest
tehperature at which the excess current was obsefvéd.

The subtraction wés accomplished in either of two ways.

On sample PS-1, it was done graphically making the linear extrapo-

 lation for the quasiparticle current from the origin to a point

at 12‘uV on the cufrent-voltage‘characteristic. On PS-2, sub-
traction was performed electronically, to a greater accuracy than
could be achieved graphically, as part of the data-taking process
thus providing a direct readout of the excess éurrent. A block
diégraﬁ»for this procéss is shown in Fig.lﬂ—s. The sﬁbtractor
subtracts from the current scale én amount linearly dependent

on the junction voltage, the proportion being determined by the
quasiparticle conductivity. After subtraction, the scale can

be further expanded for greater resolution by the gain of the
X-Y recorder. Excess currents smalier than 1/10th the total
current can be conveniently observed, the limitation being that
for a greater scale expansion, there must be a corresponding de-
crease in the amount of noise on the voltage axis. Since that
noise is controlled by the lock-in bandwidth,; reduction of the
noise is accompanied by a correspondingly increased fime con-
stant, and the rate at which the excess current curve can be

recorded becomes impractically long for the small signal levels
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Fig. 4-6 Block diagram of the excess current measurement system.
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.at which the excess current is obsérved.

4.4 Miscellaneous

In some cases, it is of interes{ to,detepmine the resistive
transition of theAtiﬁ-films. This was done by.passing’currenﬁ
from (A) to (E) of Fig. 4-3 and measuring the voltage across
either (B) and (H), or (H) and (F) with a lock-in amplifier.
The maximum current denéity was less thén 20 A/cm2. For the
films used here, the current was lﬂA. Since the films have

-graded edges, itrwould>provide no useful information to attempt
to fif the transitions to the theory of Aslémasov and Larkin,8
and no fit was attempted.

The magnetic field which was used to determine the current-
field charactefistic and to produce Fiske stepé as part of the
junction capacitancé ﬁéasurement was provided by a Helmholfz
pair located outside the dewars, and centerea on the samplé.
The field at the éample was 0.42 Oe/mA.

The magnetic field dependence'of the Josephson current
was found with the servo tracker shown in Fig. 4-7. As long as
the current supplied to the junction is less than Il(T), no
voltage appears across the junction. 1In this case, the signal
controiling the current is the output of the adder which in the
absence of any junction voltage subplies_its maximum output.
Normally, if Il(T) is exceeded, a voltage equal to the sum of
the energy gaps appears across the junction. This is a discon-
tinuous error signal and unsuitable for feedback. A .1-100 @

resistor, where the lowest resistance is used with junctions having
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Fig. 4-7 Block diagram of the servo-system used to obtain current-
field characteristics.
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the greatest Il(T),‘was placed in pér&llel with the junction.
_Currents in exceSsiéf Il(T) then providé an output voitage gpprox;
imately pfoportional to the amount thé Il(T) is exceeded. Inte-
gration in the lock-in amplifier provides smoothing of the signal.
The error_éignal was then psed.to control the output of the adder.
It is estimatea that Il(H) curves obtained:this way have an error

less than 10%.

IV.5 Junction Documentatioﬁ

On éooling to less than Tc’ several qualitative tests were
performed on the junctions to determine their quality. The mag-

o A
netic field dependence was examined for quasiperiodicity. If the
junction coupling were completely uniform, then the expected
field dependence would follow Eq. 2-47 (assuming that the gunction
is rectangular). Any random variation in the coupling strength
tends to réduce the secondary maxima from that which would be ex-
pected according to Eé. 2-h7, though quasiperiodicity usually is
retained. ,In certain junctions, the field dependence was.observed
to be discontinuous, and it was assumed that this meant that the
junction contained strongly inhomogeneous regions between which
flux could be trapped in a ring-like fashion. The junction dimen-
sions were much less than the Josephson penetration depth so the
vortex structure of large junctions could not be responsible for
the discontinuities. Another test was that the temperature depen-
dence of the critical current be approximately correct. It was

considered acceptable if the temperature dependence was qualita- )

tively similar to Fig. 2-7. That is, for symmetrical junctions,
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the slopé néar Tc should be»approximately given by Eq. 2-34, for
asymmetrical junctions the slope should approach infinity at Tcl,
"and for both types,'the slope near T=0 should approaqh Zero.

| In the junctions used.in:the-pair susceptibility experiment,
primary concern wéé that thé 5unctions bé free of filamentary
shorts exhibiting supercunbénts above TCl which appear to be
. pair tunneling”curreﬁts. A strong short is easily detected by
the absence of an energy gap, insensitivity to weak magnetic
fields, and at currents near the critical current of the short,
hysteresis in‘the current-voltage characteristic due to local
heating in tﬁe shorted région. A short with a critical current
less than that of the Josephson current is evident by the rapid
disappearance of the Josephson portion of the current in a mag-
: ngtic field with the remaining short current relativély'insensi—
tive to_tﬁe field.v A test for weak shorts is the presence of
zero field steps in the current-voltage characteristic whiéh
Mati300127 hés shown can result from.metallic whiskers 1lu in
diameter. Normally, steps appeaf in homogeneous junctions only
in the presence of a magnetic or electromagnetic field. None
of fhe juﬁctions for which data is given had zero field steps.

Since ?oth experiments are conducted near TC,’at least
one and possibly both the metal films may be resistive. If the
resistance of either film is on the order of the junction
resistancé, then the current—Voltagé characteristic will be
distortedl28 by the non—uniform current flow across the films
and the junction. This problem does not exist if the junction

resistance is large compared to the resistance of the films
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adjadent to the junction. The ratio of the junction resistance
to the film resistance was greater than 20 for the junctions

used in these experiments.




CHAPTER V. DATA AND ANALYSIS

V.l Phase Fluctuations
1.1 Introduction.

Having discussed the theory and experimenfal techniques,
we are now in a positibn to present the data and its analysis.
We have chosen to analyse the daté in terms of the theory of
- Ambegoakar and Halperin (AH)'which provides an integral equation
for the current-voltage cﬁaracteristics at all values of vy. The
comparison of experiment to theory is qualitative as the theory
describes a situation in which @ = 0 and the data was obtained
from junctions in which @ > 0.

The data for the experiment cbmes from two junctions with
quite differént,propefties which are.éummarized in Table‘5—l.
One junction, PF-1, has a 10Q critical.current, moderate resis-
tance and capacifance, and the other, PF-2, a very high critical
current; very low pesiétaﬁce, énd relatively large.capécitance.l
In PF-1, fhe phasé fluctuations were studied with the coupling
enefgy feduced to the order of kBT by working near Tc" The
coupling energy of PF-2 was reduced by a combination of an
applied magnetic field according to Eq. 2-47 and proximity to
Tc. It was pot possible to work as close to TC with PF72 aé
with PF-1 because the junction resistance of PF-2 was low com-
pared to the film resistance in the normal state, and in the
vicinity of Tc’ the films appeared paftially resistive with a

consequent distortion of the current-voltage characteristic.




Table 5-1.

Width
Length
11(0)
T

c

Fiske Step spacing

c

PF-1

1.4 x 100

1.4 x 10

1.3

10.683

3.89
179

0.2u5

2

2
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Junction Properties of PF-1 and PF-2

PF-2

5 x 10—3

1.5 x 1072
0.02
28

3.72

2.85

Units
cm
cm

ohms

uv

nF
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1.2 Data
)

Shown in Fig. 5-1 are a set of current-voltage charac-
teristics for PF;l taken near TC. These characteristics illu-
strate thé increasing effect that phase fluctuations have as
the critical current is lowefed. If bhe plots the current-
~Yoltage characteristic(ét a tempgrature far frﬁm TC, fluctuations
are important only at currents just below Il(T) where the wellg
"in coupling energy as a function of phase are shallow. Since
kBT at 4 K corresponds to about 0.2.QA, one would not expect
to see fluctuation effects until the critical current‘was the
order of several microamperes. We;l below Tc’ Il(T) might be
se;eral milliamperes so that the fluétuation sensitive portion
of the current-voltage characteristic would be obscured by
effects'due to teﬁperature fluctuations and self generated -
mégnetic fields. It is clear that the easiest way to observe
the effects of fluctuations is to reduce the coupling energy
to a level such that the currént—voltége characteristic below
Il(T) is sharply.affected by fluctuations. |

The data shown in Fig. 5—2Aillustfate the effects of a
magnetic field on the shape of the curreﬁt-voltage characteristic
in the fluctuation sensitive region. The only qualitative dif-
ference between this situation gnd that in the viciﬁity of TC
is that the reduction in the coupling by a magnetic field is
quasiperiodic whereas the effect of temperature is monotonic.

Ideally, one would like to compare experiment to the AH
theory without the use of fittea parameters. That is, one would

like to use parameters which can be directly measured such as
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Fig. 5-1. Current-voltage characteristics for PF-1 taken near
T . The temperatures for each of the curves are: (1) 3.839 K;
($1) 3.845 K; (III) 3.849 K; (IV) 3.851 K; (V) 3.853 K.
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Fig. 5-2. Current-voltage characteristics for PF-2 taken

in the presence of a magnetic field. The temperature is
3.796 K. The applied fields for each of the curves are:
(I) 1.16 Oe; (II) 1.27 Oe; (III) 1.38 Oe, (IV) 1.49 Oe;
(V) 1.66 Oe.
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_juncticn resistance, temperature, and magnetic field. Unfortuu—
ately, this was not possible with the samples we have prcduced.
The- major difficulty was. in providing the correct value of zero
voltage current. One should be able to use Eq. 2-3k4 and 2- u7
in combination to predict, from the low temperature junction
.properties, the value of Il(T,H). There uere several reasons
why - this was not possible. In the vicinity of Tc’ the critical
current may not be lineariy dependent on T because of the grading
of the transition temperatures in various regions of the tin
films, in particular the edges. Though this effect is smali,
it produces an upward extension in temperature of the critical
current in the same teuperature range that fluctuations are
important. Any prediciton of the critical current is smaller
than the observed criticaL current. The effect is siuilar to, -
but smaller in magnitude than, that illustratec by Fig. u4-2.
When the coupling is reduced by applying a uagnetic field, the
-precise functional form of the critical current-magnetic field
'characteristic.is-needed in order to parameterize the current-
voltage characteristic. It is thus necessary that the junction
be homogeneous and rectangular. These conditions are.difficult
to meet. Furthermore, because of small residual magnetic
fields not aligned with the Helmholtz coils, the current often
does not go completely to zero at the minima. Fig. 5-3 amply
illustrates the.difficulty in attempting to predict Ii(H).

For the reasons stated above, it was necessary to use the
zero voltage current as a fitted parameter. 1In addition, it was

necessary to treat the temperature as a second fitted parameter.
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Fig. l5'-3 Magnetic field dependence of the maximuh zero-voltage
current of PF-2 at T = 3.47 K .
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This is tantamount fo.introducing an effective noise temperature.
Ideally the néise temperature should eqhal the ambienf temperafure
since the theory of AH assumes that the source ofvthe noise is
the quasiparticle resistance of the jgnctioﬁ. Additional noise
from other sources, such as noise.on the eiectrical leads, would
cause an incréase in the apparent temperature. Other possibilities
will be discussed later.

In the AH theory, it is assumed that the resistance is indé—
pendent of voltage. Near TC in a symmetrical junction, this is
true and in addition, R is the normal state junction resistance
since the energy gap is very small. Below Tc, the energy gap
introduces structure into fhe current-voltage characteristic
so that the choice of the correct resistance is not that of the
junction in the normal state but is instead the effective.quasi-

4pérticle resistance which is independent of voltage over the
range of voltages of interest. The use of this R in the Aﬁ
theory can be justified on the grounds that the noise is deter—‘
mined by the actual Qalue of the resistance at a particulaf '
voltage.

Before comparing the data to the theory, we show in Table
2 Vm, the maximum voltage, and Im, the maximum critical current,
for which the AH theory is applicable. The condition @ = 1
determines Im. It is desirable to have © << 1 to effect quanti-
tative comparison of experiment to theory. By reducing either
the resistance or the capacitance, 2 can be reduced. The capaci-
tance by itself imposes only the upper limit on the voltage, Vm

Other conditions on the applicability of the theory require that
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1/

RC and RC 2 be small. Thus if the capacitance is large, its

" effects can be compensated by a sufficiently small R. This is
particularly trué:fdr the condition Q<1 ih'which Q depends

on RCl/Q,and a“reduétion of R is much more efféctive than a
reduction of C. The most suitable junctions will be those with

thin insulating barriers since the capacitance varies inversely

as the barrier thickness whereas the resistance decreases

exponentially.
Table 5-2°
Sample : | ,Vm(uV) A Im(uA)
PF-1 ' 0.46 ‘ 0.79
PF-2 0.13 680

Fig. 5-4 contains the pertinent data for PF-1, along with
the curves fitted using Eq. 3-44. The fit was made to the data
obtained over the first 100 nV of each curve and then extrapolated
over the remainder of the range. The only curve for which @ <1
is (v), all others having Q > l; As can be seen, the fit
is only successful for (v). It was not possible under any vari-
ation of Il and T, the two fitted parameters, to fit curves
(i-iv). This might be expected as the hysteresis associated
with the condition @ > 1 should be significant. The antici-
pated consequence of having @ > 0 in the experiment and zero in
the theory is for the theory to underestimate the voltage at a-

given value of I/Il. This is amply illustrated by curves (i-iv).

The fit continues to be successful for (v) past Vm. In part,



this may be due to limited resolution in the data.

Shown in Fig. 5-5 A, B; and C are the magnetic field data
for PF-2. Thqugh the'critiqal currents for the three curves
shown are much larger than th§se of Fig. 5-4, the largest value o
of Q is less than 0.1 as a result of the véry low junction re-
sistance. A good fit, within the limits of instrument noise,
is possibie with two fitted paraméters. Again, however, a
temperature much higher than ambient is required. Curves
showing the fit using the critical current as the only fitted
parameter are presented for comparison.

A correction to Eq. 3-4u4 for Q > 0 suggested by Halperin,
Eq. 3-52, was tried‘in an attempt to improve the fit. No sig-
nificant improvement was found;.probably because of the high
noise temperature.

| The high noise temperature ié a complication in'thé com-

parison of experiment to theory. Either a large Q or an elevated
noise temperature can produce a greater voltage for a given
1/1.

1
and the ambient temperature. Thus the higher high apparent

than would be predicted by theory on the basis 6f =20

temperature may be a consequence of the fact that © > 1. How-
ever this suggestion is not born out by experiment since it
implies that the larger 2, the higher the noise temperature.
Curveé (i—iv) are monotonically decreasing in Q@ yet the noise
_ temperature remains constant. Fﬁrthermore, in the data of

Fig. 5-5, @ is less than 1 but the noise temperature remains
high and decreasés with increasing Q. For PF-2, it is possible

that some additional mode of phase fluctuations is present as
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Fig. 5-5 Current-voltage characteristics of PF-2 in a mag-

netic field. In (A), (B), and (C) [following pagel,
the actual- temperature was 3.67 K. In all cases,
(a) is the data, (b) the best fit to T and I. , (¢)
the best fit to I, alone, and the solid stralght line
represents the asSumed quasi-particle current. For
(A), taken in a megnetic field or 21.4 Oe, a two
parameter fit gives I, = 4.6 uA and T = 44 K, and a
single parameter fit gives I, = 3.0 puA. For (B),
taken in a magnetic field ofl20.8 Oe, a two para-
meter fit gives I. = 4,9 uA and T = 35 K, and a one
parameter fit giveés I, = 3.4 uA .
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the measurements.uere made in a magnetic field.

A second possible source of a‘high apparent noise témperature
is that a junction has broken into several small sections which
are not.phase coherent. Each section would exhibit rounding
appropriate to its individual couplipg-strength but the total
junctioﬁ current would 5e the sum of the currents from each
section. Thus the'rounding would be out of proportion to that
expected on the basis of tﬁe total current. We have evidence
frém the current-field characteristic for PF-1 that the junction
does begin to break up, perhaps because the edges remain super;
conducting above the bulk transition temperature; In PF-2,
there is similar evidence that the junction geometry changes
in the regime where phase fluctpations were observed. Further-
more, although the dafa oanF-2 was obtained 50 mK below Tc’
the fiélds applied to. reduce the coupling were sufficiently
strong so that TC(H) was comparaﬁle to T and it is probable
that PF-2 was also bfeaking up. '

Finally, one can not eliminate the possibilify that some
external noise is reaching the sample despite the precéutions
taken. For example, it was discovered after the experiment was
completed that the Exact 404 oscillator produced a weak, inco-
herent signal of approximately 4 MHz. The signal could not be
detected on an oscilloscope, but was later detected by a junétion

used in the pair susceptibility experiment.

1.3 Critique

The major criticism of this experiment stems from the use
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of fitted parameters. Though it is reasonable to fit il(T,ﬁ)
in lieu of an E_Rziézi.method-of obtéining it, fitting the noise
temperature can bc misleading. There is no guaranteé that the
noise is white since tce source is not known. Defects in thc
junction structure can producé the observed effect, and withcut
knowledge of the details of these defects, one ccn not antici-
pate how the current—voltage characteristic will be affected.
The noise spectrum is relatively important since Kanter and Vernon53
have shown that for low y, low frequency noise:produces quali-
tativelycthc same effecf,on the current-voltage characteristic
as does wideband noise. Though the high noise tempercture
prcbiem could beAdue to low frequency ncise? we feel that thc
precautiocs taken to shield the sample are adequate and that the
difficulties are more.likeiy a consequence of the de£Erioration
of the sample as it undergoes the transition to the normal state.
Junction defecfs other than those noted are probably not present
due to the care with which the junctions were selected.

Using the bismuth oxide masking techniquc developed for the
pair cusceptibility experiment, junctions can be prodcced which
will be free from the graded transition temperature introduced
by film ecges. By forming the junction from a small area in the
middle of ; tin strip, a sharp transifion will be obtained, and
the critical .current will follow closely the linear dependence
of .Eq. 2-33. Masking the edges will thus make possible the
prediction of the critical current from low temperature proper-

ties of the junction.
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-V.2~‘Pair Susceptibility
2.1 Introduction

The data from the pair.susceptibility experiment was ana-

. lysed usiﬁg the theory of Scalapiﬁo. All parameters of the
théory were obtained from the physical propertiés of the samples
and the superconductors used to pfepare thém.

The data for the‘experiment130 was obtained Erom two junc-
tions with similar properties which are given in Table 3. In |
bbth junctions, edge'effecfs were eliminated by masking films
with bismuth oxiae. The junction resistances were large compared
to the normal stéte resiétaﬁcés'of théltin‘films so that there
was no distortion of the current-voltage characteristics. Since
the tin films are not manifestly superconducting in the tempera-
ture range of interest, this is én iﬁportant consideration.
Current-voltage characteristics were checked for evidence of

filimentary shorts as described in IV.5.

2.2 Data
Shown in Fig. 5-6 are typical current-voltage character-

istics obtained above T,, of PS-1. A comparison of this figure

cl
with Fig. 5-1 obtained below TC illustrates certain qualitative
differences between the phase fluctuation rounded curpent—voltage‘
characteristics and the characteristic resulting from the excess
current. The prominent qualitative difference is ‘that in the
regime in which the pair susceptibility.is determined, the

current-voltage characteristic exhibits a linear portion, the

slope of which varies regularly with temperature, whereas in the



. Table 5-3. Junction Properties of PS-1 and PS-2

Area

PS-1

5

70.5

1.7 x 10

3.712

1.5 x 10~

3.1 x 107"

PS-2

1.04 x 10

“2.1

11.4

T 3.4 x 10

3.886

1.5 x 10

y

S

b
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Units

cm

- cm
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0.2 ¢

o

CURRENT (LLA)

C(TI1) €

VOLTAGE (V)

Current-voltage characteristics of PS-1 above T
The reduced temperatures of each of the curves c1
are: (I) € =7.8x10"3 ; (II)e= 3.91X 10'3;
= 2.94 x 10-3 ; (IV) € 2.21 X 10'3 ;
(V) e = 1.48 x 10-3
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, pegime in which phase fluctuations are important, the character-
istic exhibité a coﬁtinuqus curvature. We emphasize that this
" is a qualitative difference and not a test to distinguish the
two types'df behavior. The curve labeled (I) of Fig. 5-6 was
obtained af a sufficiently high temperature that the pair cur-
‘rent is not detectable, and is presented to demonstrate the
linear quasiparticle current which must be subtracted from the
current-voltage characteristic tq find the excess current. Aftér
subtractién of the quaéiparticle'cufrent, curves of excess cur-
rent as a fun;tidn of voltage'And temperature are obtaiped.
Fig. 5-7 shows typical excess current curves. From these may
be read directly the peak current and voltage.

Several'different methods were used to determine Tcl’ only
one of which was used in the'anélysis of the data. .Since the
ordinary Joseéhson cufrent disappears at Tcl, one method is to
extrapoiéte.ll(T) to zero. As discussed in II.3.2, the Josephson
current of én asymmetrical junction approaches zero with infinite

slope at T,, so that in prinicpal one has an accurate method of

1
determining TC1'~ In practice, the slope was sufficiently steep
to find TCl within 0.5 mK. Tci may also bé found from the
resistive transition of the tin, though not as accurately as
from the extrapolation of the critical current. The width of
the transition and the inability to precisely locate the onset
of superconductivity in the film limit the accuracy of this
method. TCl obtained from the resistive transition was usually

about 10 mK above that found from the critical current extrapo-

lation. TFilm edges, which are excluded from the junction by
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Fig. 5-7 Excess current-voltage characteristics of PS-1 at .

geveral temperatures. The reduced temperatures of each
" of the curves are: (I) € = 1.48 x 1072 ; (II) €

1.97 X 10-3 ; (III) € = 2.45x 1073 ; (IV)e
103 ; (V) e = 3.91 % 103 .

2.94 X



~143-

bmasklng, are responSLble for the observed shifting and broadenlng

" of the reSLStlve transxtlon. The transition temperature obtained

this way does not represent Tcl,of'the junction. The third

method of finding Tcl is to extrapolate Vp to zero. By Eq. 3-137,
V decreases linearly with T to T, so that V_ =0 when T = T ..
P 1 p €l

Tcl

I (T) . The transition temperature used in the analysis of the

found in this manner was within 2 mK of that found from

data was that obtained using the Vp extrapolation since it
represents the transition temperature governing the underlymg
physical processes. The difference between this transition.
temperature and that found from the critical current extrapolation
represents the experimental error.

The qualitative behavior of the current-voltage characteristic
is different above T, c1 from beiow T‘l. Below Tcl’ the junction
carries the usual Josephson current which is qua51—perlod1c in
magnetic field. Above Tcl’ the Josephson current is replaced by
the excess tunneling current, which for a given temperature and
voltage, is monotonically decreasing with increasing magnetic
field. ‘It is emphasized that no evidence of periodicity is ob-
served above TCl |

Shown in. Fig. 5-8 is the dependence of Vp on ¢ for PS-1
and PS-2. Drawn with the data is the theoretical curve calculated
from Eq. 3-137 and 3-138 using the bulk transition temperature of
tin to estimate the pair relaxation frequency. Although the
actual transition temperatures vary somewhat, the variations are

not significant. The measured slope is 6.1 x 10 ~t v which-implies

that the experimental relaxation rate is about 50% greater than
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the theoretical value. It is not known if the knee at € = 2.5 x

' 10-‘3 is significant or an experimental artifact. With increasing

€, the excess current decreases, becoming a small correction to
the quasiparticlé current. In this regime, it is difficult to
choose the subtractor ga%n correctly. At high €, Vp is very
susceptible to efrors in the subtractor gain.

By Eq. 3-143, the peak current varies at 1/e. Shown-in
Fig. 5-9 and 5-10 are graphs of.I;l versus € for PS-1 and PS-2.
The experimental value of G was used in Eq. 3-143 to calculate
the theoretical curve. The agreement is not good, with the mag-
nitude qualitativel& correct only for PS-2. It is suspected that
the larger than expected excess current in'PSjl is due to locally
thin regions in the insulating barrier.. In the calculations of
III.2, it was assumed that y andlw*:wéré proportional to the
strength of the pairing field. If‘thé‘pairing fiéldlié strong
enough, thé broximity effect,131 by'which higher order contribu-

%
tions to ¥ and ¥ eventually result in full superconductivity

in the tin above TC, becomes important. The additional super-

electron density does not affect the resonance condition for Vp

_since it depends on the relaxation rate. However, it does in-

crease the amplitude of the excess current. Below Tcl, the prox-
imity effect is no longer important since the tin is then fully
superconducting. It is likely that the temperature dependence

of the higher order terms is different from that of the suscep-

. tibility and their presence might account for the departures from

linearity of the curves in Fig. 5-9 and 5-10. An additional

complication is that in the critical region very close to T, ,
: 1



Fig. 5- ll

1 : . ) .
o(0)™2 versus € for PS-1. The solid line was

calculated using Eq. 3-145. The dashed line is
based on the work of Ref. 30 and was calculated

using Eq. 3-153 and 154,
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mean field theory, on which these calculations are based, no
longer holds. ‘ ‘A
Figures 5-11 and 5-12 shov the dependence of‘g(O) on €.

‘Since o(0) depends strongly on the pair-amplitude, any deviation )
from theory of Ip is reflected in ¢(0).

| The relaxation rate for‘finite q values'can be determined
from the dependence of Vp on h? since by Eq. 3elH0 and 3-1tl,
Vp is proportional to H2. Figures 5-13 A, B,HC, and D show VP(HQ)
for PS-2 at several different values of €. The theoretical line
~in each case was calculated from Eq. 3- luO and 3-141 usxng the
clean limit value of 2300 R for 50 and the experimental value of
V. Resistance measurements132 place Z:at 12500 X, which is between
the clean and dirty limits. Ideally, the initial Slope.should be
aalmost 1ndependent of temperature, the only temperature dependence
"entering through R2(T). Also, the saturation of Vp should not
occur according to theory. We believe that it may result from-
an overestimate of the contribution'from high q or short wave-
length fluctuations133 to the susceptibility by mean field
theory. This effect may be related to the pathological behavior
at high q observed.in the magnetic susceptibility experiments‘of
Gollub, Beasley, and Tinkham.lsu This question and that of the
temperature dependent initial slope are subjects.for future
investigation.

Finally, in Fig. 5-14 we.preeent a oompariSon of the theo-

retical excess current as a function of voltage with that ohserved

experimentally. Using Vp.and Ip from the experimental curve,

the theoretical curve was calculated from
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Fig. 5-14 Comparison of the experimental to the theoretical excess
current-voltage characteristic. The solid line is thg3
data and was obtained from PS-1 when € = 2,45 X 10 .
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/) L
1 = 21 —E— - (1)
P+ W)

Though the experimental curve was obtained in zero magnetic fieid,
it is representative of curves obtained in non-zero fields and
at other values of e. All show the more rapid decay of the -

excess current with voltage than predicted by Eq. 3-138.

2.3 Critique

Experimentally, the greatest difficulty with the pair
susceptlblllty experlment is in establishing Vp far aboue the
' transition temperature (e greater than a few tenths of ‘a percent)
There are two reasons for this: 1) only in very strongly coupled
junctions is the excess current large enough to be seen against
the qu381part1cle background at large €3 _2) the amount of"
'qua31part1cle current subtracted from the total junctlon current
becomes very critical at large s‘due‘tc the small amount of
excess current. A small error in tne subtractor-gain can‘result
in a substantial apparent shift in Vp.' It would be expected
that at hlgher values of e, the contrlbutlons of the hlgher order
"terms to the excess current would be insignificant. Thus with
increasing temperature, Ip should approach its theoretical value,
The small range of e in these experiments does not‘permit the
testing of this hypothesis. |

If the data for the peak current is to be considered repre-

sentative, then some method must be found to establish the uni-
formity of junctions. Having done this, one'would be able to

determine whether the intrinsic data behaves as shown in Fig. 5-9
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,and_S;iO.

No corfection§ han been made to account for phase fluctua-
: tion,effeéts on the curreqt—voltage characferistic. These effects
4sﬁould.be unimportant when tﬁe quésiparfiélewéurreht is small.
It is étill ;h‘open questipn as to whether such corrections are
needea in'thé regime of the present eXperiment; A complete
calculation of the excess current in asymmetrlcal ]unctlons
would requlre corrections. Kulikll ‘has carried out a calcula—

Itlon of . the excess current in symmetrlcal NN junctions where

quasiparticle effects are important.
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VI. CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK

VI.l. Phase Fluctuations

Within the smafl Q liﬁitation, the-data isldualitatively
consistent with the theory of Ambegaokar and Halperin. No
fit was possible with @ > 1, but for PF-2, which had small Q
over a wide current range, it was‘p0351ble to fit the data to
theory with tﬁo paraheters. It,was.necessary'to fit the param-
eters not because of the theory, but because of experimentai
considerations.

The major difficulty in the data repofted here was that
the junctions were not uniform andAdid not“possess low values

for Q at critical currents of interest. Edge effects, which are

the prlmary source of nonuniformity, can'be eliminated by the
‘bismuth oxide masking technlque developed for the palr suscepti-
bility experiment. This would ensure uniform junction structures
in the vicinity of Tc' The problem of reduciné Q can be solved
by making junctions of low:reeistance. Additional efforts to
toward'iocating and.eliminating undesirable sources of noise’
should be, made. |

A further generalization of the theory to include the case
of non—zero.capacitance is necessary before definitive compafison
to experiment can be made. The.effort of Ambegaokar and Kur-
kijarvi with the Monte Carlo‘fechniques is useful, but either a
series correction formula or a numerical solution to the

Fokker-Planck equation would be more satisfactory.
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VI.2 Pair Suspeptibility

The observed currént-voltage characteristics exhibit an
excess current which has the resonant béhavior of the pair fluc-
tuation curfent. The'ekperimentai dependence of thé peak vol-
tage on temperature and magnetic field is consistent with theory.
‘The magnitude of tﬁe excess current,.a quantity highly dependent
on the junction structure, has the correct order of magnitude.
Thus we believe the experiments to be a determination of the
imaginary part of tﬁe pair_suéceptibility of a superconductor.

The most obvious extension of the pair susceptibility experi-
ment is to make measurements on othér superconductors. To do
4this, it would be extremely useful to develop standardized pfo-‘
cedures. In the present'experimental configuration, the tin |
film is the film on which‘the*insulétiﬁg'barrier is grown. It -
is uniikely that tin_will b§ used in éonjunétion with the inves-
tigation of other superconductors as if does not have a very
high transition temperaturé. Thus it would be better in the
future to prﬁduce the insulatiné barrier on the refefence ﬁetal,
which in this cése was lead.

A second experimental improvehent should be in the general
technology of producing thin uniform junctions. A thin barrier
allowé the excess current to be seen at much highep values of
than used here.A A thin barrier is aimost absolutely essential to
the investigation of superconductors with very low transition
tempgratures. In those cases, V- will be considerably smaller

than for tin, and it will be necessary to.tfack Vp over a wide

temperature range to establish a value for V. The importance
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ofithe uniformity.of the barrier has aiready been discussed in
relétion to the determination of the pair tunneliﬁg amplitude.
Further procedures to adqument thé uniformity of the bafrier
would be useful.

A better method of retriéving the data than the simple ac
teéchnique described in IV.4.3 would improve the accuracy.and
resolution over that presented héfe."éome type.of signal averag-
ing combined with an accurately confrolled electronic subtraction
of a linear éurrent, followed by digitizing, is suggested. The
original data could later be resynthesized by computer and a
refined subtraction of the quaéiparticle curfent, more carefully
determined by experiment and théory, made . ‘The improvement is
not in the replacement of the linear approximation, since the
quasiparticle ;urrenf'is linear withip.fhe resolution qf the
apparatus, but in the substitution of'a procedure that'provides
a éonsistent means of determining‘the amount of current to be
subtracted. It is hobéd that such a procedure will detefmine
whether the apparent break in the Vp versus ¢ curve is teal
or an experimental artifact.

Theoretical work should éoncentrate on improving the H2
dependence of the peak Qoltage, and the effects of phase fluc-
tuatioﬁs'on the measurements. Therg are reasons to believe that
the classical theory overestimates the cbntributipns of short
wavelength flucfuations. In addition, some attention should be
given to the role of the proximity effect in determining the

magnitude of the excess current.
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" with the low impedance (~ 10009) winding connected to the

' APPENDIX A. BRIDGE CIRCUIT

' REFERENCE S-_}—A'“ —1

NULL
OUTPUT

=

Fig. A-1. The bridge circuit. The description of the compo-
nents is as follows: T, is 1:6 turns ratio chopper transformer

reference; T, is a North Atlantic Industries T- 30% 1: 1 phase
reversal transformer with an input impedance ~ 10-Q;

an Electra Scientific Industries ! Dekatron" ratio transférmer
with a resolution of 1 part in 107; R 1is the standard resistor
which has an accuracy and a temperature stability of better than
50 ppm; R_ is the germanium resistor; C. is a decade capac1tor

for reactive balancing of the bridge. Tﬁe dashed lines 1nd1cate
the helium bath. At 4 K, typical values of R o Rx’ and Cl

10 k2, 1kQ, and 0.02 uF respectlvely
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Fig. B-1. Input stages of the preampli-.
fier. The components are: A.L-A , LM201
compensated with ~ 70 pF; Qqs SEﬁ902; all
22 F’f fixed resistcrs are 1%, metal film. -
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Fig. B-2.

The notes of Fig. B-1 apply.
of all stages

Output stages of the preamplifier.
(1) and (2) are connected to (1) and (2) of Fig. B-1.
of the preamplifier are powered with % i5 V.
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APPENDIX C. RAMP GENERATOR CIRCUIT

JUE
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Fig. C-1. Rate control and output stage for the ramp generator.
_The rate control is shown in (A), and the output stage in (B).
All IMPO1 in this figure and in Fig. C-2 are compensated with
"~ 70 PpF and powered with #* 15 v,
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Fig. C-2. Integrator for ramp generator. The 10 uF .
capacitor must have a low leakage dielectric such as mylar.



Fig. D-1. Chopper circuit. The components are: A_-A,, LM2O1 compensated

: 2 .
with ~ 70 pF; Ql,VCR-EN; Dl-D3, INL15h; Dh’ 0.25 w%tt 10 v zener diode.
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APPENDIX E. ADDER/SUBTRACTOR
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Adder/subtractor circuit.
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with ~ 70 pF and powered with =+ 15 v.
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