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Abstract

A model for the refaction n + N —"™ 2n + NV  at energies”™ which includes
pion-pion interaction and .final state interactions in the (3#3) state, is discussed.
The theory involves 2 parameters which are related to the S-wave and P-wave n-n
scattering lengths®* Those parameters are chosen from s fit to the total cross-
ssction for n" + p—>n" + n+t + n. Ifeson production is predicted to be primarily
in the T « 1/2 state®* Predictions are mode for the total cross-sections of the

various channels (e.g* nt + p —> nt ¢ nt n, etc*) in the energy range from

threshold to ©~ $00 Mev in good agreement with experiments®* Angular distributions
are predicted* These are in qualitative agreement with the ft* angular distribution
for n" ¢ p—*¥n” * ¢ n* From these data it is suggested that 3-wave n-n
scattering length has opposite sign to P-wave scattering length. A conjecture
concerning rapidly rising inelastic cross-soctiono in a single partial wave is
made to connect the large T * 1/2, ~-j/2 production cross-sections with the

T » 1/2, pion-nucleon resonance. The n-n scattering length found are

<Z.0 m -0,2907""™ “ 0»12251"" and ~V z* 33— by hypothesis.
<l« S



!= Introduction

Several new features of the pion-nucleon interaction have been revealed
recently by experimental investigation of the pion-nucleon total cross-section
and the photoproduction of pions from protons. The dominant feature of n-N
interactions in the energy range 200 to 800 Mev is the rapid rise of the cross-

sections in the T * 1/2 state. The total cross-section reaches a resonance-like

peak of about I3 mb ( ™ Bn X at 610 mb”"; while the elastic cross-section

has a maximum of roughly 28 mb ( - luS>n X *) at 600 Mev. Evidence from

photoproduction experiments Indicate that this peaking is due to a resonance in
the T " 1/2 state,™ with a sizeable background in these cross sections due
to interactions in other states.

By contrast, the n - N interaction in the T » 3/2 state is not strong in
this energy region. The average nt - p inelastic cross-section in the range
300-500 Kev is about 2 mb, whereas the T « 1/2 inelastic cross-seotion rises
almost linearly between thoso energies, from 2 to 15 mb. It is also observed
that the charge-exchange scattering, u“ + p —> n° + n, continuns to decrease
and becomes quite small (““Grab) in the region of the T « 1/2 resonance. This
is considered to be preliminary evidence for a resonance in the T 8 3/2
stated at an energy around 850 Mev, or greater. Finally, one observes the fact
that the nt - p total cross section reaches a broad maximum at around 1.2 Bev.

One suspects that the two meson states play an important role in this behavior,
and so one is led to examine the reaction n + N—>n + n + N in some detail.

It is possible that an- N(3,3) resonance in the final state (Hisobar formation”)
contributes to some dgree in theso phenomena* (One notes the lowest n-isobar
state is sp”/j >"3/2* “or notati®n* see Section 2). However, this in itself
does not give a satisfactory explanation of these phenomena, since it does not
explain why tixe T * 1/2 state is favored.

There are two obvious mechanisms for the interaction of a D-wave pion with

a nucleom nucleon recoil and the «»n interaction. Among the lowest order (in /M)
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"core" pion production terms, there is a diagram which contributes to N a™My2
and it exists only in the T * 1/2 state. Unrortunately, as discussed in Appendix
A, appeal to experimental a-wavo n-N scattering makes ono think that this term,
an well an the other core terms, in fact are negligible. One must thus consider
that the n-n intornction initiates the two-pion state. The contribution of the
n-n interaction to pion production was considered by Rodberg,? and in this paper
we will make an extension of those ideas.

Ideally, if one wished to calculate meson production, one would like to
apply the relativistic dispersion relations, using something similar to the
Mandolstom hypothesis to examine the behavior of single partial wave amplitudes#
Unfortunately these tech niques ore not at present sufficiently advanced to permit
a calculation of the desired matrix elements. Therefore, we calculate mason
production using the formalism of the static model,® which generates dispersion-like
equations. Since ono cannot apply tho unitarity condition for three particles
exactly, we will treat the n-n scattering only to first order in tho n-n scattering
amplitude. This appears to be the logical first stop in the application of the
n-n interaction to pion scattering in the medium energy range, if ono believes
with R, F, Poierls-* that tho BlVy/2 ro3on state (and the D-" state itself) is
the most important intermediate state here. After one has calculated the matrix
element for the D3/2 —>sP3/2 process, one can in principle proceed to calculate
iterations of this processi D—>sp—*D, D—* sp—%D—*sp, etc,, perhaps by
the dispersion techniques. It seems to us intuitively clear that if this cross-
section, D—"sp, rises sharply with energy (viewing it as an effective potential),
then the successive iterations add, and a resonance will resultj that is, if the
cross-section for D —v sp calculated to lowest order in the n-n coupling looks
like the dotted line of figure 1, we might expect the iterated result to bo like
the solid of the same figure.

The above remark'is just a conjecture. However, we note that since tho siso

of the maximum is limited by unitarity, our assumption effectively is that the
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width of tho maximum ahould be govornod by causality, A similar consideration

is found for a single channel process, for example, the (3,3) resonance of
pion-nucleon scattering, where the width of that resonance is determined, through
a eum mle, by the position of the resonance. Therefore our conjecture is

that causality provides a similar limitation for tho two channel procsss
n+N—>n +N o It is of course obvious that ono should not expect the total
producEZﬁ ;rgss—Zection to have the same shape as the final state H * N (isobar)

interaction (or a n-n resonance interaction), which Is "smeared” out as a continuum

statej rather, requirements of causality dictate how fast the orosa-seotion

should change.



2. Phasa Space Considerations
The available kinetic energy* Q* in the center of mass system of two pirns
and a nucleon is related to the laboratory kinetic energy* T, of the incident
pion by Q “ ' T\NTO » where is the threshold energy* en + /\225 170 Mev.
M is the nucleon magngand p is the pion mass. Near threshold the cross-section
for the production of a pion is proportional to Cl 2, where and are
the relative orbital angular momenta of tho system, which are conveniently taken
to be the orbital angular momentum of each pion with respect to the nucleon,

which near threshold can be conaidered to be at rest. The lowest states are

(together with the threshold behavior of tho cross-section)*
PV2 03 |
S1/2 e?V2

D3/2 N3/2

pp
sde3 o

F5/2 sd5/2
The wvalues are listed when uniciue. In the discussion that follows we will limit

ourselves to the ss and sp states. The transitions P+  pp which are omitted
sd
in the body of the discussion are estimated in Appendix D.
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3* Kosoa i'roduction Ai.plituda

Chorlco of Intciractionr.?* uo wish to consider pion production by the processes
of Figure 2 where (a) is tho direct "knock-onll production due to tho scattering
of tho incident pion by a solf«fiold pion, and (b) is the '"reocattercd production,"
tho roscattering being principally in tho (3,3) state. Information about tho n-n uHcr-
la still meager, but the scattering in tho T n 1, p-wave is undoubtedly attractive
and probably has a rosonanco#™®  Qualitatively, frort analysis of the 7 -meson
decay, ono suspects that tho s-wavo interaction is fairly strong and repulsive if
tho s-wave interaction has trio i-opin dependence of For our model
of pion production, vie will take the n-n scattering in S~ and P-waves, characterized
by two paramotors Aa and \ p which arc proportional to the scattering lengths
in theoo partial waves. (Seo Appendix B for the relation of Asand Ap to tho
n-n scattering lengths.) If X 3 is small, our scattering length approximation
viill not be too bad a description of tho S-wave n-n scattering.

V'e shall take the effective S-wave n-n interaction to be Al <iwd
whore 0Q is tho pion field for a pion of isotopic spin c. Tho ratio of this
interaction in tho T “ 0 and T « 2 states is 5*2. This leads to a ratio of th®
pion production cross-sections in the T M 1/2 and T « 3/2 states of 5*2. For
a resonant final state, i.e., ono of tho pions and tho nucleon is in a relative
T - 3/2 state, tho ratio becomes 10:1.

For the P-wave n-n scattering of mesons (a,a) and (c£ S ) Into C?,P) and (C.Y)
wo taks tho matrix element to bo (in tho n-n center of mass system)

(O- « UfY) (z-z). iX-z) 0.1)
This is tho scattering length approximation. Since tho P-wave amplitude is expected
to rise more strongly than (and in fact resonate), the value of A p determined
by tho fitting of tho experimental data by our formulao will actually be sorao
average of tho P-wave scattering length over an energy interval? this value will
be greater than the threshold "-wave scattering length if the P-wave resonance
docs not lio too low". Tho P-wave n-n interaction leads to a ratio of the pion

production cross-sections in tho T * 1/2 and T » 3/2 states of U*l» For a resonant

final state, tho ratio becomes 8*5 (Sea also Appendix B)» We will seo that theca
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ratios will bo adecjuato to explain the smallness of interaction in tho T “ 3/2
state#
(a) Derivation of the Integral Equation# We write the interaction Hamiltonian
as the sum of n - N and n-n interaction
Hx - -H HITTr 3.2)
where we neglect nuoloon recoilj aj. is tho pion annihilation operator of momentum

k and isotopic spin k#

Vie take
V=11 rlC T,, 3.3)
wliere
X —=Airf and £2 = 0.08
4 M|, /ul

The S-natrix for the production of mesons p and q by a meson k is

<PllIsi-&> = "pr' Ku’> 3.U)

Thens using standai*d Chew-Low-VJick algebra and notation,”

— 1 I«> (3.5)

Now
(3.6)
¢ inr.Qi7r1’
So we find
su=S>s— - <"""'1] I ! r
A J | YO =UK -4 £
4 tt] 3.7)
—  —al] =-=< CH£JQ+Ji0f
This enables us to define as usual the transition matrix element
<PSI1Tk> = [ Hij(<, 2 1°=. (3-8)

Since we are mainly interested in the ss and sp channels (i.e«# the processes

Py /—— DT/t EEY)% A~ GrpH—"SR3/M)\f to a Eoocl approximation we can

neglect tlie n-N lcore" interaction excopt for the case of a p”™, final



stato meson. Of course, as tho initial energy approaches that of the
resonance, the initial state interaction of meson k becomes large and the neglect
of this will load to a violation of unitarity in this channel. But as described
above, we aro only intending to calculate an "effective potentialn to first
order in n-n scattering.

With this in mind. Equation (3,fl) becomes

< «ITU? — —~[>1 rHi"V ] lo> 3.9)

Wo dofine for convoninnco
fHx.,qlt.3 = Hh

(3*10)
Pz, Hk""] - ~ Hk
j Hkd - ps Hit
Thon, using
l7z2,>p = at+]l p™™> - — Js.-—p7£ Ht (3.n)
wa have
A U> - f-ltenlT U>
O.1P)
—cf
whoro wo have inserted a complete set of states and taken Hgq Hq”” sine© q

will bo taken to represent a meson in an S state with respect to the nucleon.
The second term of (3,12) is immediately dropped since it is Iteration of the

n-n interaction. Further, in this approximation

a, HtI™ I»> = |o>

3.13)
— sHb lo>.
Next, ejqoanding tho meson p (with obvious notation), which can have interactions

with the core, we have
<~o|pt)Hk>|o> +* <o| * o> (3.10)



tie now define
<°1 1j Hnlo> —"p { |r8|A>1 (3.15)
tills is the Bom-approxiraationj or knock-on3 matrix eJ-emont* Again inserting a
coinpleto set of states™ and using HP V‘9 in order to keep the n-n interaction
J

only to first order
<!?# ITU> ~

— T <g U Hhit><xivr-u> (3-16)

'H' tuk
It is useful to illustrate these terms with diagrams (keeping only tho one-meson

Intermediate states) in Figure h«

The -terms corresponding to Figures (Ua) and (hb) give us an integral equation
for the production amplitude. We aro of course unable to treat the rt-H and n-n
scattering exactly when they both occur in the same channel. As discussed previously,
our parameter X p will tie equivalent to the P-wave scattering length averaged
over an energy interval. Thus, if tho P-wave resonance our treatment of the n-n
scattering is expected to be adequate for incident meson energies between threshold
(170 Mev, Lab) and ™ 1;50 Mev.

To simplify our solution of the integral equation, we will drop the crossed

term. Then

"WElTI1V> <PMTEK>
Y =<0o|Vpt-|'«==-==10> (3*17)
~ _ujp -11

V/e now make the one-meson approximation in the sum over intermediate states in
Equation (3.17), which reduces it to a simple integral equation. The zero meson
term of the sura in (3.17) describes the emission of the final meson p from the
core Into the T ¢ 1/2, state. This contributes to the rescattering in the
T “ 1/2, p “ 1/2 state and so we neglect it as well as the other non-resonant
core terras.

The born terra, according to our treatment of the n-n scattering is



_10-

<Ptl T®Ilii> = | (<Bpy tr I- ~ J
JsWitr iMfvv ™y~
(3.18)

~ o —-— b
) i K pZTr-&rf) J
in the over-all center of mass system, where (aglc) is the incoming mesonj
(pjp) is the rescattered final mesonj
(Y#q) 1s the other final meson.

We can write equation (3,17) in the form
mQu?) = T,® (?2) + J, £°E£2Tk577.7 0.1?7)

which i1s the form of the fajailiar "productio”™ amplitude dispersion relation,n where

<O IVp* | >*> ~ 7/ (jt)
It is shoi-m in Appendix G that tiie solution of such an equation can be

simplified to yield Chew and Low's solution,” In the present notation, this

solution of (3.19) is*

(3520)
! P’ °—*t)7 ¢~
If we neglect all but tho (3*3) rescattering, then
-LL CP) - — "N +mn)(- Or— (p 33
(3*21)
p
where p Cr n* the Projection operator for the (3*3) state*
(2> P.*S < QS ofl B )
fp’ P P L 4 vpep I p W<3.22)
and

T AY(D

lLe.®* the ratio of the (3*3) scattering amplitude to its Born approximation, Vi

note that h( L*Sp) can be written in the form

KIV - r7—r—* ~fe3~
RK> — | Til "fo (3.211)

where Ti( ™ r) is a real function, having the particular values R(o) “ 1 and at

/

resonance R « 0, In the "effective-range" approximation R( io p) "1 1 -

where Co - is the resonance energy.
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Using the above for fpi(p) in (3.20)j, we have (suppressing the subscripts ab)
TA») = 7Z%eC>)

o CA4l0(=FK(£) 7> fr VO3 (3.25)
¢+ ~b' 3
where
{r (PNMT°tr')},
»o* the A 7 3/2 part of the Born amplitude. This may be written in the
folio-wing way* ~

T(> . TH> * t

(3.26)

or alternately in f. fcav'i which ejqilicitly exliibits the phase of the channels

having rescattering’

Tip) = rhpj — [ T6(P)}

+ LC'PIRCE D) {T8(Wp ™1

(3.27)

4 A7 iT(oj;

In Appendix D we discuss the partial viavo and discuss the ’enhancement'

integral. A good approximation to the matrix element, which will give a reasonable

estimate for the reserttering integral is

1"[‘\/)\33 ~ ST »/Fm*tm? " ~— 2

x | (Fas +1 2~ AP) (A TV) rr

+ ((A5—~ APEC AT
( r (3.28)

—1xr'Lr -1 I-°2
sA TV



whoro Kftk”qjp’) ia defined by
P=
t 7 Cp*"ie'C*1y ™ A (3#29)

Using this in equation (3.26) leads to T(p) "T"Cp) 4

/\’\
(
Aj i J

4- (~AS-~AD) £TpTzi\) j

e 3.30
Wr) o e

If we combine tlie direct and rescattered parts of the amplitude leading to

the (3*3) ohannel ss in (3.77)}> wo have
<fsiTife>= - jt=£fijr - G5

i s SO | 1 */ n
OV™Na/ TfZ w i PP PP ;*’ —_

K (AVAE 797 [pe ~f ~Aox7v) - Ap (2 4-' (F—1) — 3 K\(Lu~~un))

-1V._ . UTr
— (AJ"+wrAE) (J AV 4 ~8rr7p - Ty — Z Tp2620) )
x 1 <m* £ > (3>31)
xUumMmIwvVv™ (PS..' — I XCNM.r7ril
xK p)(K(C (O)mt+ 3 n-

In the absence of final state interaction the last bracket would be simply
equal to one. The kernal KCkj™p') has the following behavior if q is small (which
ia consistent with q being the grwave meson in the amplitude of interest™®

AN SPM2S For 8ria3l p% K(k*q*p') has the value -~ ~4 j it falls
rather slowly for increasing p’ untill p* 1s of ihx order of k* when it drops

rapidly, becoming proportional to . 4 » As a result of the discussion in
z



Appendix D? ve approxinate the factor Klk*q"p*)/K(ksqsp) in the integrand of
(3*31) as a «cutoffi at p5SS ka so that (for small Pw ) the value of the integral
in (3»31) is roughly —3“ (see Appendix D)u

Howevei-j as the final state resonance is approached” the term R( OJ p) in
(3*31) goos to aero (the direct amplitude becomes cancelled by the on*'tho’eenergy-'
shell rescattering) so that near the final state resonance,* the total production
ainplitude is not necessarily Increased by the rescattering. The production
amplitude near the final state resonance is increased only if the off-theeenergy-
shell transitions more than compensate the loss of the direct amplitude®* We see
from (.1*31) that the effect of rescattering is to multiply the SP3/2

Bom amplitude by roughly
gt«o +4i.* ag

w? 3 nm
f<<«p) — = 4 i.l- .iL3 (3.31a)
3 “‘t_ i . 3. '
At resonance” this has the value T™.l CC  0*7§ XSft M.2 which

is less thiin unit"y for UJ * less than 3«65ps i.e*# a lab energy of less than x/OQ
JieVe, A
It is interesting to compare this result with a non-relativiatlo model in
which particles are produced by a fixed source concentric with a potential®* To
l

ba specific™ let us take the scattering potential to be zero-ranged* Then for a

source ~(r) % Qe"ir? the ratio of the production amplitude to its Bom amplitude

where 7 1s the (re Scattering phase shift, and i jg the particle momentum*

Wa see that 2)1, * However, If (r) * Que““rrc then
MB A
§
MB
ao that
A,
H 0 1CS)fr fe
M8 A k>>A

One sees that the enhanccmient depends bath on th© shape of th® source and the ratio

of the range of the source to the particle wave length®



k» Con”jariaon with Experimental Results b
We have derived a production amplitude* Equation (3.31)> Al})]eginning with tho
static modol and making some reasonable approximations. Now we are in a position
to make comparisons with various experimental results. The available experimental
Information ia still sparse”™ but enough is available to allow us to estimate the
3 and P-wave n-n scattering lengths and obtain some comparisons with experiments.
Our procedure will bo to expand (.3.31) in partial waves, keeping only
/2 —" nsl/2b > spq/2* and ~bis matrix element will be
evaluated in the center of mass system, A fit to the total cross-section for* the
process n" + p -9 nl* + nt + n™ is possible by choosing As and A « (Yoe
also Rcdborg7), This fixes all tho parameters in the theory and allows one to make
further predictions in the energy range between tiireshold aid ,a$0Q Ifev»y Tho
predictions that will be- considered aro total cross-scctlons, charge ratios, and
angular distribution of the final mesons. Vie also will discuss the recoil nucleon
momentum spectrum® following the procedure of Goebol,&.t low energies, where

the final state interaction is not Important,

Lot us define reduced matrix element for conveniencee

A A *aw >t <rdoy
< “crlL a,’tv4r g o
Then, in the center of mss-system, v/e havo
_—= = S1IIN A fte%r +E. W

Wo expand M into partial waves and keep only the leading ‘£Oms in p/k and g/k.
Haw/ever, we have treated tho meson labelled p and the one labelled q asymmetrically,
so we properly symmetrize tlie amplitude. In what follows, we no longer reserve
the notation p and q for the final p-wave and s-wave mesons, Ve will describe

the final masons as “ (p-"p) and (pg”r) and the Initial meson as k » C~"a),

The result is



We omit frara O(pjyg—> so) a contribution from P-wave n-n scattering which
is proportional to ( - Ka' uu nz)j upon mu3.tiplieation by the phase
space” this quantity ia seen to be emapil conpared to the main terms# The contri-
butions from P ppfl the next higher partial waves, are estimated in Appendix D«
Near threshold these terms are very smallj and nowhere below $00 Mev do they
amount to more than 10 percent of the total cross-sections® Therefore, their

omission from the main discussion should not affect the estimate of \ g and

p by more than 10 percent®

Total Cross“Sectlona and Charge Ratios® The total production cross-section.

with the matrix element evaluated in the center of mass system, is given by



(nee Ou2))

\AJ 1 1
- *
<)<t "4 -) (u*6)
Vle .are led to the problem of determining ( the upper limit, of the phase

space Integration. Since we are dealing with a static theory, only the meson
energies contribute to the energy-conserving delta .function in Equation (3«7).
But obviously it is better to take into account tine initial nucleon energy in
determining ( U> p )nsrv§ whereas tho final nucleon kinetic energy la rather
negligible from the fact that the phase-space and p-wave n-n interaction favor
large pion energies. Thus* a good approximation to the energy conservation is
% .,+ CEK—<«) =wit+T* — ‘V'= U/, + "K

This will simplify our numerical calculations. For predictions which depend on
an integration over all phase space, one should expect only a small error. However,
the effect of this approximation on the predicted energy distributions may be
Important,

With the above approximation for the phase apaco integral, we may write

ai'w " <2TT)>- z7 + C34
(0.3)

=44DPpPI>,

27 " gn
This is to be multiplied by 1/2 if the final mesons are identical. These integrals
have been evaluated numerically, using equation (JiJi). The parameters A g and

N\ _ wore fitted to the energy dependence of the process u” * p —=>n" + + n.

They correspond to $0 « +~0.290ii*" ajid A 0.122(1%" where the signs were

chosen to give repulsive S-wave n-n scattering and attractive P-wave n-n scattering.
This sign of the S-wave n-n scattering comes from analysis of the J” -decay

a
spectrum, assn; dng the spectrum shape is a result of s-wave n-n scattering with

i-spln dependence of (roughly) * The p*;JaV0 n”’n scattering is chosen attract!'

to agree with the conjectured resonance in this state,® required to improve the

understanding of nucleon form factors. The results of these calculations are

shown in Figure 5 ((si* + p——* n* ¢ n)croaa~soction), Figure 6 ((«* * p)



Mr’+"'p'Z8, nv ¢ nv + n
in Table I.

Tho crosa-seetions for rel'oti«>r\o v/hioh are initiaied by n+ + p are oornputod
to a sliglitly higher energy than those initiated by n“ * p3 since they do not
have the rapidly ritdrig T ® 7/2, P3/2 Ro(5 therefore oirAnoion of the
initial state interaction above “00 Mev for thoso processes is rot e:<peoted to

"

bO as serlcms as for the n" + p procosocs, Thoee predictions ioro aleo in

excellent agreement with tho T « 1/2 production and the inolaatio charged pro-
duction from n" + p of Crittondon et al,”™ up to an energy of about U70 [-ev,
Together with the agi'oerr.ent expressed by Figures £-8, this indicates that tho
production cross-sections may be characterised by two constants with cross-soctions
having energy dependence and chiu'ge ratios as given b~ our am.plitude. This
principally depends only on the relative contribution of S-wave and P-wave u-n
scattering™® Tlie energy dependence of Individual partial waves is more critically
displayed by the angular distributions of tho final mesons*

Angular Distributions, Using tho results of liquations (Iu2) and (1/*7) and
(li®3) wa may compute the angular distributions of the final mesons* The angular

distributions of meson p in the center of mass system is given by

where,

p-*.
Chrr)
and, of course.

Oul2)
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The ai'igular distribution of meson pg is computed in a similar manner. These
coefficients have been evaluated for the process n” + p—" n" + nt + n. fi'actically
the only angular distribution data available in the energy region of interest are
for the nt meson in this channel.”3

The results are illustrated in Figures 9 and 10. The angular distributions
predicted for the nt meson are compared with the experiments at 317* 371* and U27
Kev in Flgurda 11-13. At 317 and !]27 Mev, the theory is in qualitative agreement
with the experimental points, while at 371 Kev, the agreement is poor. The
production of the n* meson in the forward direction in the center of mass seems
to be evidence for opposite signs of S-wave and P-wave m-n scattering, at least
within the assumptions made here. For example, at 364 Kev

N —Co-4S(£7T- AKX (BS)H)rb/s4. «**»)

and at h68 Kev

~ 0..10)

Therefore, unless A B is at least five to ten times larger than Ap, one
cannot hope to have Y > 0 if A s and A p have the same sign. If A4 is so
much larger than A p, then one cannot reproduce the sharply rising cross-sections.
Thus, Aa and Ap must have opposite signs.

The qualitative description of the situation is as follows! If the n«n
scattering is isotropic ( A p “ 0), then both mesons in the final state tend to
go forward because the favoring of small momentum transfer to the nucleon. But
this effect is small compared to the effect on the angular distribution of a
large anisotropy of the n-n scattering (1 A p| [ A a\ ) ”"he p-wave n-n
scattering itself gives a cos20 term and a cos© term by interfering with the
s-wave scattering. Thus, if Ap A o» RO that the n” scatters forward, the
nt will go backwards in the center of mass system, whereas if Ap"™'—A s* the
nt will scatter forwards. Quantitatively we find that the predicted angular
distribution of the »n* meson has too much forward-backward asymmetry and too

much cos20,

From Equation (h*10), we see that contributions to Y came from Ha(A"G) and
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Ro(I*-G) (note that A and G ora real In our treatment)s that la, from interference
between S-jyg and ?\/2 and between and with roughly 2/3 of the forward-
backward asymmetry coring from the P3/2 * Px/2 interferencee Aa la oonsiotent
with the above arguments, the n‘ raeaon is predicted to have a bactojard peaked
angulau* distribution. The large forward-backward asyramotry would be reduced if
the initial state Interaction in the Dj/gp T n 1/2 state vjer©O considored« let ua
denote as the effoctive final state phasej v?*fA being obtained by
averaging the final state phase factor weighted by the phase apace at fixed

total energy®* Numerical computations indicate that sin /cos %™  ~  1/3

below 370 Hev and reaches 1 by h?0 Mev. So we may rcjughly set S50

Then Ho (DA¥) A '"D|] cos «In , (U.19) and similai*ly for the other interference
U3/2 r

terms involving the amplitude* Since cos o tecoreG8 s™all as tli®
D3/2, T « 1/2 resonance is approaches, the contribution of the B",, -
interference term to the forward-backward asymmetries is reduced®* Similarly the
contribution of the interference to the cos 0 term is reduced. The
forward-backward asymmetry may be further decreased by decreasing the ratio of
the S-yg to B3/2 amplitudesj this ratio may have been overestimated in our calcula-
tion® Since the available n-n center of mass energy is lower than the conjectured.
n«n resonance energy in our energy region, the n-n phase should not have become
too largo, and thus would not alter the above argument appreciably®In passing,
we remark that the core production of S"yg —“sp”/g, with the n to the p-wave,
interferes destructively with the cloud temj however, the effect is probably small.
Unfortunately, the experimental data are sparse. Angular distributions of
the n" meson in the n* ¢ p —>n" ¢ n+ + n In the region of U30 Mev would be
useful in verifying the arguments concerning the relative sign of the S-wave and
P-wave n-n scattering. The difficult experiment of measuring the rocoil nucleon
polarisation would provide information on the imaginary ports of the interference
terms discussed above, and would provide a check on the arguments presented here*

Nucleon Momentum Spectrum* We now wish to examine our predictions for th©
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nuoleon spectrum in pion production with some thought being given to the consequences
of a pion-pion resonance on this spectrum. The method we will follow will bO
similar to that of Goebel™'’ with notation similar to Figure 1 of that paperj we
will label the final mesons (pp9 10 p) in keeping with the previous
discussion, we will evaluate the cross-section in the laboratory system. The
cross-section is then given by

= D (— 7D S(ur +UI e * ") = (W6)

where W « tu”™ + !l is the total energy, EA * ( A" + ATO +mis

tho recoil nucleon energy, and M is defined by Equation (U.l). As in Goebel,”

we describe the final state by the relative momentum of the final mesons in their

own center of mass ~[j* ® -1 (pp - mK"* Maf§ total momentum of the mesons

P-Pl+p2»k- A

It is straightforward to show that

lib, = «31 p cu.i7)

rEN

where J 8 7’
—— , SZ7="-ql * mP" . (u.i8)

The total energy of the mesons is 2.57” , and so energy conservation is
expressed by

il = 1Cw—-ej.. (k.19)
Squaring this, we find the useful relation

A [f?_ d* < W - i (k.20)
We also introduce the velocity of the mesons in their center of mass system

L =7 - 1 \ 4
i g ~ ' Jf-fI-WT, +-L/u'- J (U.21)

Thus, Equation Ot.16) may new be written
(1i.22)
In order to introduce H explicitly, we i*ill limit ourselves to low enough
energies so that final state pion-nucleon interactions are unimportant. To
first order in the n-n scattering. Equation (3.18) is appropriate. In the
coordinate system introduced above, in the non-relativistic approximation for th®

nucleon
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xAp {~C ANX ] (cTvT ™6 3 ~r) jf. (>4.23)

The n-n scattering should bo exprested in the final pion3“onn center of waasj

thereforo, (?- 2) 1is to be evaluated in the n-n center of mass. To proceed.
c

we transform this quantity to the laboratory system# We find
(4242)c= [/ i-ShSbp) ™ S )

+ (mfm+*) — -2 (w .-
ce? S (U.20)

Vilien JM| * is computed and the angular integrations JW]j d(cos©) are performed,

it is clear that the interference ter", proportional to As Ap vanishes# With

some algebra, wo can show that X
471 2. A
X.
OH25)
Direct numerical evaluation ohovrs that 2 13 sharply peaked at  &- ks
Therefore, in tho cross-section (k* - A 2) and IT"Jc - A 2)2 can pp
neglected compared to ~ )Y« One can also neglect A "

when one recalls that tho final nucleon goes into the forward hemisphere, and so
d Cc k* Thus, (K ~ " £3 omall. Then, to a good approximation our Cross-

section is (to first order in Aa and A r,)

TV TAS-AYH+-FAPS ' (+a) 5 C**26)
CiT)3 ~60M4

where A and B are the appropriate isotopic spin factors for the channel under

consideration# Wo can perform the integral over d-A-* in Equation (>4.26)# For

i .
the process s“ + p n“ ¥ o # n, tho result is
SO+ HIHXNV (U.,7)
rJ A —liA04$4
whore
Xs = -feaj iTj- Zzeef~2 7" J1+-~1"

0i.28)

Xp = [(fcl<.Q-)xi +adAllT.J
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‘ i-®

(h.29)
= k&L laowN'ij; N —Ill—""4 ™ +(A4 ™
A-
[ =t
i=I1'&A
>=)) J (U.30)
—1t- 3 UMe~>ft+2o41"3(?'fta +|.) -b "M=z-xrM (.s'-nmUJ)
and
while
1M = -~C'MI-"Ata + XA-] (U.32)

Equation (li.27) nay be easily modified to take into account th© possible
p-wave n-n resonancedd

iCpr. * £,/: /. AL\ - | P (i
Sl i g XS N TNAT | Parip (U.33)

0
so that 2(0) * 1. By comparison with the scattering aigplitude of Frazer-Fulco#

and using Equation (Bill), wo identify qp (£)=— (. — We have evaluated
Equation (It.33) numerically, using the Fraser-Fuloo form for D( J )f using

Tl a O.0li and « 1,5%, whore V=" 2 and t * (v ¢ p2), (t* 7 10(12).
We have chosen to compute our results for an incident meson laboratory energy of
290 Kev. We have also computed the production cross-section for the process
n + p—>nt + nt + n, which depends only on A <+ For that process

A ~~a VW 3 (1i.31¢)

the nucleon spectra may bo integrated to yield

(1.35)
and
~vo-» - " i (1t.36)
"he interpolated value for o™nt+ is 13 0.1 mb at this energy, so we fix “(.198
(compare this with I4<7ST 0.231 of the ettrlier sections of this paper)* We

note that j1 ~ 3= /.K£) corresponds to (™"/i/r) * -0.0lt, while in the other
V. 3 U/T;



estimate MO hod ( ~ *(ATi ) = -0.182, which ticrooa with our view, mentioned earlier,
that tho value of \ ~ obtninod from the ejgserimental data should to lareer than

tho threshold soattoring length.

Tho results aro illustrated in Figures 1U aid 15. From Figure 15, the predicted
value of cr ¢ is 7 0.29 mb which lies within experimental errors, as seen in
Figure 5. The effect of tho n-n resonance can be seen when sot D( JI ) * I jn
Figure Hi, which shows that tho peaking is largely klnematical.

Wo see that the effect of the n-n resonance io to increase tho height of the
peak in “r~ for n" + p —vn“ ¢ n* n. Equation (U3U) has not been erpunded
in partial waves, no approximations wdro made for energy conservation, end final

state pion-nucleon interactions have been omitted. This will account for tho

slightly different estimate of ( ) made on the basis of Equation (1i.8).
For quantitative comparison of with experiment, the parameters of tho
n-n scattering, f7 and , should be known more precisely. Therefore, wo

can only consider the results of Figure 1U to indicate qualitatively what is expected.
It seems to us that it is difficult to deduce tho existence of a n-n resonance

by means of in low energy production experiments for two reasonsj namely,

the n-n scattering croos-aoctlon io "ernefired" by the distribution of pion energies

in the cloud and the n-n resonance peak will probably fall above A in U

max th

for energies low enough for tho pion-nucleon Interactions to be unimportant.
dl
/\/f to the

polo & % m -u because of the rapid variation with A near A <« 0 and because

Finally, Equation Ou36) indicates the difficulty in extrapolating

of the uncertain ratio of P-wave and S-wave n-n scattering.
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With tho aid of equation (!|.»ha)® wa have evaluated tho single partial wave
production amplitudes. These results are shown in Table II* For comparison tho
estimated cloud contributions of yg—> pp and P3/2—"PP are shown.

Vfe note that tho A " 1/2 cross-section exceeds the unltarity limit at
-550 Ifevj D3y2, T “ 3/2 at "820 Ifevy T « 1/2, S « 1/2 at "tfO Hcvj and T » 3/23
S " 1/2 at "7?70 Mev. According to our conjecture, one would o:<pect tho T » 1/2,
~3/2 (TfiPlitki0 to have a rosonanco in tho neighborhood of 550 Mav# This is not
In unreasonable agreement with tho e;tperimontal value of 610 Kev, considering the
approximations made. V/o would .also e;cpcct a resonunco in the T “ 3/2,
amplitude in tho region of 820 Kbv. Thin is not inconsistent with the suggestion
of Carruthers™ in his analysis of the vez-y small cross-section n~ + p—"n0 + n
in the rosonanco region®* Wo noto that the S-wavo production bocomea surprisingly
largo, but emphasise that it is premature to predict S-wavo resonances in view of
our underestimate of the " Ax/2 rat:i-Olp still uncertain predictions
of the S-wave scattering theory. It is a little disappointing not to find tho
D3/2 * GI/2 T;rt£0 larger, since the attempt to make a more quantitative study of
tho model of R. F. Poiorls™ (vjith the demimincc of the P3/2 with an S-wave
and tho (3,3) pion-nucleon isobar) originally led to this investigation. Our
difficulty is directly related to tho smallness of tho off-the-energy shell part
of tho rescattering integral, which does not sufficiently compensate for tho loss
of the direct amplitude when tho rescattered pion is near rosonanco. Tho short-
ranged contributions to both scattering and production also require further considera-
tion™*

Walker, et al., have made a phase shift analysis of pion-nucleon experiments
In tho energy region 350-600 KGv*" including the inalastic data. Comparing Table
I of that paper with Table II above leads to sows interesting observations. Except
for the above mentioned difficulties with 3-wave production, our production cross-

sections aro qualitatively in agreement with tho phase shift analysis. The phases

A13s N33R al® - GI1 nr0 positive and rapidly rising ( ™ T3 for JVwavea



and for P-naves)« Praluctlon from T §I 3/2s la cwall aa night be expected
since the (3.i13) total cross-scction nearly "©sthanats” the snn mle,™ Meson pro-
duction from T ® 3/2 is snail, and is negative, presumably still dominated

by the short-ranged interactions although the meson production in the C-.states

is not negligible.

For a detailed prediction of tho single partial wave n-N scattering amplitudes,
one should investigate the single partial wave dispersion relations. For example,
Bevreeck} Cottinghan, and Lurie,have discussed low energy n-N scattering, taking
into account n-n scattering effects in the n + n —M + H contribution to tho
Mandelstam amplitude, using the approximation discussed by GInl and Fubini.®
They find that trie P-wavc n-n scattering contribution to T “ 1/2, i3 attractive
and to tho T % 3/2, *3/2 rePu™J*vey while that from the "core terms,” including
thio (3,3) resonance in the crossed-terms, as discussed by Chew, et al.sg is repulsive
for T 3 1/2, ~3/2 ~-d attractive for T * 3/2, Since experimentally both
"3/2 have positive phases, we believe that the large inelastic ~3"
amplitude must be included in any discussion of tlio D phases, and furthermore,
our calculations indicate that the "knock-on” production process is the dominant
contributor to this amplitude and the other low-energy meson production amplitudes.

The third n-N resonance is expected to develop in a way very similar to that
discussed for tho second resonance. The two pion state with both mesons in p-wavea
With respect to the nucleon may be expected to be dominant. Quantitative calculation
is expected to be even more difficult than in this case sined all three pairs of
final particles have strong interactions. Finally, wo comment that it seems
plausible that the broad maximum in tho T * 3/2 total cross-section above 1 Bov
is due to tho superposition of many states coming from both two pion and three pion
Intormediata states™

To summarise, we have seen with tho conjecture of a rapidly rising effective
Interaction loading to a resonance, that we ore able to understand in some detail

low energy pion production and the origin of the second pion-nucleon resonance.
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/JTJIDIX A
Cor© Produotion into nd st» States The contents of thin appendix are
included fox- completeness. Let us consider tho perturbation result for nN—> nnN

in the lo;;Ost order of pion coupling and of nucleon recoil (i.o., 1/h). For instance”

tho matrix element for n*“ + p r“+n +nis
Tn * =m Y —-1 —F  mm—  ——— P
™M) \h%V;
v (AD
—cr*tp 4 :
f UJ/\ O

where no have Iccpt terms in tho final mocon momonta only to soro and first order

and where 1Tio tho initial momentum and and P2 are the momenta of the final

n and meson, respectively. The cross-section is then

& (A2)
o Yy 1 v4]
Pi
where * 8 0,03 and V = * Very roughly vlo can set V- 1, but consider
the final mesons to bo non-relat.ivisticB U/ Pi N cu p pj the total crass-'
1~ g
soction thus becomes
{<a dAI-

(A3)

where Q is the kinetic energy in tho final state in tho center of mass system.
At 300 Kov, (A3) thus becomes 0.6 mb. Tills is to bo compared with the experimental
value of <0.£5 nbj

This agreement is fortuitous. If one analyses tho terms which enter Into
the perturbation matrix element (Al), one finds that most of them involve an
S-wave pair vertex, which can be related (more or less) to S-wave scattering.

For instance, the terms contributing to P-~—> 037/2 are s”ovm Figure 16*
Tho first two actually contribut? nothing near thresholdi The contributions
of the i-spln independent (non-charge exchange) pair vertex cancel (equal but

opposite energy denominators)} tho amplitude from the i-spin dependent (charge

exchange) pair vertex is proportional to the difference of the meson energies.
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which introduces an additional factor Q Into the matrix element,, In Figure 16c9
if it is legitimate to approximate the pair vortex by tho real T * 3/2 S-wave
scattering, this tom ia reduced by a factor of 20 from the Born approximation,
fro such semi-empirical argument can be made for the fourth terra, but what little
is understood about tt-N S-wave interactions suggests that this terra too is actually
much smaller than tho perturbation values«

Consider now the S*yg—" aPl/2 Production (with the ut+ in the p-wave), which
contributes tho bulk of our calculated cross-section at 300 Kev® The dominant
diagrams are shown in Figure 170 The sum of these terms ia proportional to the
charge exchange S-wave scattering amplitude® This is smaller than tho perturbation
value by only a factor of 1/2 for zero momentum scattering, but this ratio to th©
perturbation value becomes smaller at higher energies® Just how much of this
decrease exists in the off-tho-energy-sholl process which wo have here is uncertain#
However, evidence from the theory of tho S-wave production in MM —ub, which involves
the Bam® type of off-the-energy-sholl scattering, seems to indicate that the decrease
occurs off as well as on tho energy shell. Thus, 7 estimate that the cross™*
section for sp(n* in the p-x?avo) is no larger thaii 1/10 of the perturbation
value.

One might note the occurrence of the term (cf® b (p~ + Pg) 1*i H of
equation of (Al)j this contributes to "3/2 e which has final
state enhancement® Tho diagram which contributes to this is that shown in figure
18, with the .nucleon kinetic energy in the energy denominator expanded to first
order, where the pair vertex is the non-charge dependent term® It ia clear that
tills diagram does not exist for production, i#e«, to tho T » 3/2 state. Thus,
in loueat order of recoil, one finds production, and it occurs only
in thO T « 1/2 state » a very nitce result. However, since the experimental non-
charge exchange scattering amplitud© is 1/100 of the perturbation value, it appears
that this production term is quite negligible. It ia true that tho S»w&ve pair
production vertex ia not necessarily directly connected with the scattering vortex

(sea next soction), but it would be surprising if they differed by a factor 100*
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Thus, HO conclude that the cross-section for meson production near threshold
(sa taxi op otctoo) due to direct interaction with tho nucleon core is quite
small, and inadequate to fit the observed n“p results#
Wo conclude thin section with a discussion of tho relative oiqn of the core
and pion cloud contributions to 37/2 a™l/2 PP nction in n*“ + p—" n*“ + n+t n#
Tho dominant diagrams are thoso of Fiftiro 17# Quantitativoly, the Born approximation
matrix element for tho core contribution io
26 Core LU’Pi (aU)
where tho notation of (Al) has boon i-etained* Tho reduced matrix element, as
defined by Equation (h.l), is
Ot=id 32 f7 (AS)
By comparison. Equation (U.3), tho cloud contribution to > 1 /23P1/2 for

this channel is

—"p. (x M —1+—-uR. (x, (A6)
'}

The core contribution only interferes with that cloud term which haa the meson
in the p-wavo, Tliio will reduce tho forward pcal<ing of the n+, but it has no
effect on tho bacleward peaking of the n"* Howovor, the quantitative estimate
of tho core production (A!>) is uncertain due to the difficulty in evaluating the
S-wave pair production vortices. This is discussed in the next section™®

Connection Between S-wave Pair Production and Scattering Vertices™ Assume
that tho S-wavo scattering amplitude at low energies can be expanded in powers
of LO (neglecting the influence of the branch points, m +n). Then we can

write (n - D1

I-fl-rT*f> = * + W% -HIM 4- (A7)
m*>-a-Db -fw,)4-c (U]CA ujf

AN n-AU|»>c a+tCAr-.cu.) f ¢ iwrx+ujj-)
<AS)

where (A8) and (A?) follow by '"crossing" from (A7).
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We see that (at least in principle) the coefficients a, b, 2c + d, etc.p
can be deduced from experimental n-N scatteringj but to predict the ti-wave pair
production vertex near threchold, the coefficients a, 2c - dr etc., are needed.
Only tho sun of 2¢ and d is determined by real scattering.

On theoretical grounds one could invoke the principle that the coefficients
of successively higher powers of should decrease by factors of the order of
pA*. “bis is well known to be incompatible with the experimental data.

It is not clear even what the sum of 2c¢ mid d actually is. Experimentally,

Pl f1 A appears to be constant, but the size of the charge

exchange cross-section shows that the odd coefficients (b,d, etc.) are large?

therefore, so must be the even.
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AP?E:iDIX B
S-v?ave n-n Scatterin?a Wo toko tho matrix element of Hj n (000G)™
between an initial state of two pions of quantum numbers (0%,a);,(J?!,p) and final state

(c2Y) and[o™ 5 ). Those quantum numbers are summarized as af b9 c» and d« Then
‘™M - I ™A hl?

Cvr™r)a4"—

One can verify that
(B2)
~ ItK7r fa —

( 7z = “+ N A (B3)
(Bk)
aro the projection operators for n-n scattering in the T « 0, 1* and 2 states™

respectively® Then
(2. (£.-4- 5-<? )
= Us

(G b B (BS)
The cross-soction for n-n scattering in an 3-»otate« to lowest order in A | 3.3
L / As V- 87T f4(m4-AS-(?0
P 4 U/T/ T~ 7'7 (B6)
*,
where ¢ la tho center of mass energy of each pion. From the condition that
erg must not exceed * wa see that 1if ( *A47) is as large as of the order

of unity, tho cross-soction must, in fact, decrease faster than /7o t-oo that

< <

the effective S-wave n-n interaction cannot be well described by 1 (0o0a)™»

Our fit of near threshold data gives ( ~vz) " 0.231 1 and so, in fact, does

\ I St* 50 j
not Violat? this condition. , This value of A s corresponds to o0& « 1~7%L_Ptk
o, i I  ~
*-0.290"md A -0.liquid thus, (aQ - a2) * -0.17UAnm/,

all In units of tu
From analysis of tho 7" -decay spectrum, assuming that all the asymmetry

comes from the scattering of pion pairs in S-waves, Khuri and Treiraan find

(&0 = a2) -~ -0.7, while Sawyer and Wall find (GQ - a2) ™ -0.32"| the difference



in tho prediction reflects different approximations made in solution of tho
integral equation involved# Horever, large uncertainties probably should be
assigned all of the above values, due to the uncertainty in assumptions made
although it is reassuring that our analysis and tho -decay both seem to
require repulsive S-wavc n-n scattering.

In the notation of Equation OJJO), the i-spin operator occurring in the
knock-on meson production via the S-;jave n-n interaction is

<f(iar| & |[«r> - SPvTY Sy 'Tp + fr'Yp'T'fr (B?)

The isotopic spin dopondence is determined by tho result

= /ov - y.xTy (B8)
whore
MTAY « Ky PTV %
aro tho projection operators for T * 3/2 and T “ 1/2, respectively.

The projection of index p into a T - 3/2 state results in

1 - )0,
- Sfir7TY T<>— StYrip (B9
(Of course, because of the symmetry of | a) , wo have <Cpvl 3/3™ "
1yl N2 | J32, etc.) Corresponding to (B8), we find
K ~ 5 T 3/, , 50 T (B10)

3
The squared matrix elements of (B7) and (B9) between individual charge states

are given in Table III.
P-wave n-n Scattorlnp. VIO take the P-wave matrix element for the scattering
of meson a and d Into mesons b and ¢ to be equal to
— — e ——— mEVv'fw) (Bin
I“where -~ 1s a rmomentura four vector) In the center of mass system™

The P-wave n-n cross-section, to lowest order in A IAJ s

'h* 51 — —7 Sn"4 f - 2/ w) -oU.-J

, (B12)
P 3 Wr/ anv ul 0>



,32,

and It Immediately follows that e/ VN

and our value ( Af/4l, ) w ->0.182 means * 0.122 In units of

The i-spin matrix element in the knock-on mason production from P-wave n-n

scattering is
LHE*I<A (> - ( %%

The i-3pIln dependence of the meson production depends on

Aly=

=1 VEyVi- + jFJvr”™L

Projection of meson p into a T * 3/2 state leads to
ANCETL 3x Al<t== NS ~ N 1217 Tr

and
T <r'l 1<¥>
S o T v. . ¥ T

—4- s->-Lr —+—33V-Lr

(Blit)

(B15)

(B16)

(B1?)

The squared matrix elements of (Bill) and (Bl?) between individual charge states

are given in Table IV.



APPENDIX 0

Solution of the Integral Equation, The integral equation obeyed, by & causal
production amplitude is

TO) - 1s0) +f fSwW'AIJI-A .
where the actual prod.uctlon amplltudo is T( <*/ ) multiplied by appropriate factors
of momentum, according to the orbital momenta of the production process* Taking
all interactions to just first order, except for the final state interaction,
one lias T Il [ T| , where §' is the scattering phase shift of th® final

state interactions W® may write

TBW = <«,
where 0,4 |t therefore, T®( f{u/ ) ia real in the physical region of the production
process*

The integral equation (Cl) may bo solved by th® N/D method,,8 WO recall that

the scattering amplitude for the final state interaction eon b® written aa
f( LJ ) - w°VPfa*)j where D( > ) is analytic except for a cut starting from

threshold, on which its phase is ™ J ( ), th© scattering phase shift, while

N( ™ ) 1s analytic except perhaps below threshold (wXeft hand cut'l)l® Clearly,
f-frV

D( bJ ) m g @ Jm 2 (In our example th© physical cuts of
JSC W ) and T( ) run from p to 0" «) Therefore, we can. writs down th©
Solution to (Cl) at sight, which has the correct analytlcity properties*

- »(«y F LI —ZT7— o. to)

This can be transformed into a quite different looking form* We first

obsef® ., |, or)SATH("=  j (lze
(CU)
where  f* is tho contour shown in Figure 199 The cuts illustrated ar© those
of the analytic function D( W )T"( ), WO can now "expand" the contour
into “-g , and assume that the integral around Q& goes to aero (subtraotiona
should be made as necessary if this is not true)® Thus
r ¥ — T W

UuJ 5« W
(05)

Kk Trx A~



»3U%,

where we male use of the fact that T®( -~ ) is real for io > jx* since
1M3nif(NJ (C6)

Cy <kN( w ) In tho elastic approximation for f{ ™ )

for ™~ 'm? Pj we can fing\lb:jwrit@i Pp i T*(—)Ck’ Vl/\'l} !

IM - T*M + pN, ? V- ——~rr~n--—-———-- — (=?)

If HC © ) has only a simple pole at to a 0 (a reasonable approximation
to the final state n»N interaction in the T ® 3/2p J § 3/2 state)™* then the
solution given by (C?) reduces to that of Equation (3520) of the texts The result
of (G7) Is identical to that given by Gmnes”l Mhil« that of (3*20) hsd teen
deduced directly by Chew and Low by consideration of the analytical properties of
T( ).3

Tho extension to the case of final and Initial interactions is trivial, Now
T" el"l"l o1 * whei"e dj 1s the phase of th® initial interaction and

Is the phase of the final interaction, I['or reactions where the cuts for the initial

and final state are identical then a rep.eti.tion of the above derivation leads

to the solution ' ] 6 LTV EP BJ V}
™ AA ''''' t-O -
[A Ma) TPy L™ T | (09)
ID(».)1=  A/f") tw >_ «€I0)
and 47 - ofc N> A
(on)
Therefore*

rr J8x —w» fm A/

4" hfta’X ITAFAY (u/ ~UJ — tvs.) w4, J*A
Further approximations foi" N( w ) may be made if desired*

k
From (012)* we notice that the production amplitude will have a pci® whenever

either ) » 0 or D,/ w ) % 0* 1,©,*% at resonances of the initial or final
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state interaction®* For a final state with three or more particles, a resonant
final state interaction of two of these particles should not imply a resonance
as a function of the total center of mass energy since it does not give us a

pole in the total energy plane.
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Partial Wave Amplitudes, The projection into single partial wavs amplitudes
is accomplishod by elementary integration®* projecting out the partial wave
amplitudes of the final mesons* using the following projection operatorse

Pft' - | for S-wave mesons

ol 't,

avj
) ffll- V's mesons (DI

" P, s 1a"fJ°>?. a'
for P”,, mesons

These operators are sufficient to allow us to project the angular momentum states
of interest. For the on-the-energy-shell transitions®* on the average* both p and
q are considerably smaller than kj for these transitions we have expanded in powers
of q/k and p/k and kept only the leading terms. This is the origin of th® terms
in (U.3) and (U.Ua). However, in the rescattering integral®* we must consider th©
matrix element for large values of p.

The ~/2 Inatrix which originates from P-wave n-n scattering is

found to be proportional to

The komal K(k*q,p)* defined by (3.28) and (3*29)j. which occurs in the rescattering

by both the S-wave and P-wave n-n interaction, requires some further discussion.
The Kernel K(k*qPp). We first make the approximation of letting q ~~"0 In

K(k,g*p). This means the neglect of against or p*« This is not a bad

approximation for our purposes, since q <dv k in the region of Interest! and

since the important contribution to the rescattering integral in (3.31) cornea

from the region p* uf; k, w® can say q2 <’< (p’) also. Finally, although q is

on the average not much smaller than p, they ar© both much smaller than k, so

that (in the on-the-energy-shell matrix element) both q and p can be allowed

to approach sera in K(k, q, p) without excessive error.

By elementary integration
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= = v
K814+ (D3)
3 <jii tu I
S-A3 €7 43¢
where
LO*- Qw-rf CVk£}> 1 NN TS Ja 4-Al

tho following proporties of K(k,p) may be easily obtained!

------------ J
(DU)
whora " CRFLOO T4 KR A '‘JoN T
K = £t/
*nd<A\p?2>> {r I*X> "~ 2?21 vy +--- ]
4- L — 1
~ (el ¢ & o (D)
For the region of interoat ( u AA < 1f then
7(
with
mho = << 3 —~-~>
(06)
where the expansions for small and largo ~ are
/[~ - X
3S B7)
X->»1 x¥+F*Xs + Ts f1' + 77" 1
«KD) =>V4a4 . —4.0® M)

Those properties are Illustrated in Figure 20* Terms of order ( "*”£)*» if included

i* 1f to would raak@  (x) decrease more rapidly for small, x, and less rapidly

for large X 0 ‘fho properties illustrated above show that tho factor K(ks q* p*)/
K(k*qj,p) 1s roughly th© character of a cutoff at p* ™ ki

Wo must consider the reseattering integral
2 1727

We will approximate



Co(\p) ~ )7 for .

~ g ~ > A {DIO0)
Then, ronp.hly we find for o> in our rang.® of interest
S 4) > T _ _|_))> ’
m (BIN)
T

where fs 1is a cut-off of the order of the nucleon mass. This value found (DIl)
is what one would obtain for a sharp cutoff at w p " t~k. The evaluation of
the rescattering integral for the S-wavo n-n scattering is similar. These results
justify equation (3.31) and (3.31a) when K(k,p’)A(k»p) is treated as a sharp
cut-off.

Higher Angular Kmontum States. In the body of this paper, we have discussed
the contribution of the threshold amplitudes "2./2—" sa* 31/2 7 aPl/2* an"

aP3/2%* seo”™i°n> we wish to make tin estimate of the omitted
angular momentum states, principally —*5>pp* A3/2¢N PP# - A3/2—N N3 /2F
These amplitudes are, of course, quite small near threshold because of phase space
considerations. As the available energy increases, thos e transitions may become
important since they rise as <A, whore Q is the available energy.

A calculation of these amplitudes is complicated by the fact that In P—» pp,
both of the final mesons may have strong T » 3/2, P3/2 interactions in addition
to stroﬁg initial stute interactions in the T » 3/2, P3/2 8t-a®e» Hsing our
calculated enhancements for =sP3/2 as a fuide, we do not expect these
strong rescatterings to strongly modify an estimate of these transitions based
on the knock-on matrix element alone. Of course, in addition, there are purely
core transitions for P —* pp, which have been estimated by the various static
calculations, which are of the same order of magnitude as the P—" pp cloud
terms in the T » 1/2 state, and a factor of 3-lt larger than the P—> pp cloud
terms in the T » 3/2 state. We have estimated the matrix element for P—" pp for
the knock-on process. The contribution to the matrix element from P-wave n-n
scattering is expected to be ™ DOé larger than that of the S-wave n-n scattering,
so we have only considered the P-wave part. Using the value of \ ” found in the

text, we obtain the results of Table ISZ1,. We see from Table "1ST,that the corrections



139
of (7p to the total cross-sections is 10 percent or less in our energy region.

For example, reference to Figure £ indicates that the addition of the corrections
of Table would not alter the agreement with experiment, ThO omission of a
detailed discussion of the P —" pp transitions thus appears to be justified.

The only important correction to be noted is that the P.

1/2

transition, as estimated here, is an Important fraction of the total T » 1/2,

pp, T - 1/2

P1/2 transition above 350 Hev,
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Fig. 3 Pion-Pion Scattering

Fig. 18 03/2 Core Diagrams



Fig. 4 Pion Production Diagrams
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Fig. 17 Dominant Core Diagrams
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Fig. 19  Contours for Integral Equation
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Fig. 20 The Kernel i//(X)





