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MADELUNG'S RULE AND ITS GENERALIZATION

The oxder in which electron shells are filled in the periodic system
of the elements has been studied in detail in the early years of development
of the Bohr atom. It is not always appreciated that for ionized atoms
the electron shells are filled in a different order from that of neutral
atoms. Madelung1 discovered a simple empirical rule for neutral atoms.

It consists of two parts,
A, When considering consecutive neutral atoms the electron
shells fill up in the order of the quantum number sum (n + é? ).
B; For electrons in states of equal (n + é’ ) the orde£ of
filling goes with increasing n.

This rule is remarkably well obeyed throughout the periodic table.

It gives, for example, correctly that 4 4 -electrons (n-+ éf = 4) appear
before 3d-electrons (n + Z? , that 4f-electrons will appear after

= 56 and 5f-electrons after Z = 88. Many of the minor deviations from
the Madelung Rule can be ascribed to the large spread of multiplet levels
in complex electron configurations. While the center of gravity of the
multiplet levels may obey the Madelung Rule, one of the levels of a higher
state may have been pushed down below the lower state by large exchange
interactions., The simple array of the periodic table of the elements as
given for example in Bacher and Goudsmit2 is based on Madelung's Rule.
The Catalan periodic table3 reflects this rule in even more detail.

Fermi4 has shown by numerical computation that the statistical Thomas-
Fermi atom gives approximately the correct place in the periodic system for
the first appearance of a shell with given angular momentum é?ﬁt More
recently part (A) of Madelung's Rule has been derived5 directly from
approximate solutions for the statistical electron distribution in the
Thomas-Fermi atom.

In this paper we wish to extend these considerations to ionized atoms,
since the results may be of interest in connection with recent observations
of spectra of highly ionized atomsé. For very highly ionized atoms the
energies are almost hydrogenic. Very elementary considerations lead in this
case directly to the following rule,

. A, For highly ionized atoms the electron shells £ill up in the

order of the quantum number n.



B. For electrons in states with equal n the order of filling
goes with increasing 22 .

This rule gives the order in which electron states are usually
enumerated namely, 1s 2s 2p 3s 3p 3d 4s 4p &d 4f . ., and so on.
Figure 1 represents schematically the electron shell structure of neutral
and highly ionized atoms, The former (Fig. la) is merely the skeleton of
the Periodic Table representations mentioned above,

Since the Thomas-Fermi atom can be used to derivé part A of Madelung's
Rule it should be considered as valid in the limit of neutral atoms with
a very large number of electrons. In this limit states with the same
(n~+¢f ) are expected to coincide as far as the filling order is concerned,
Similarly part A for the highly ionized atoms can be considered as a limiting
case for which states with the same value of n coincide, If we make the
self-evident assumption that there is a gradual transition between these two
limits, part B of the rules follows at once. This is most easily seen in
Figure 2., At the top of this diagram we have arranged the states in the
order in which they are filled in the 1imiting case of neutral atoms, at
the bottom we have done the same for extreme ions. The lines connecting
the states separate those coinciding and near the two limits the order
in each group is just that given by part B of both rules,.

TheAdiagram shows that up to the 3 p-shell the order is the same for
neutral atoms and ions, The first- cross-over in order occurs between
4s and 3d, for neutrals the order is 4s 3d, for ions it is 3d 4s. The
remaining problem is to determine at which ion this and other cross-overs
occur. |

The rules can be expressed in formulas. By inspection of Figure 1
one can derive the following expressions. _

For neutral atoms , pért A: A given (n + é,) - value occurs for the

te
first time withA(N + 1)st electron, N is given by

,Vz_,é_[[:,“gﬂ..g-n,fé/_'/ + f(n+t) (1)

The last term occurs only for (n + { ) even.



For highly ionized atoms, part A: A given n - value begins with the

(N + 1)st electron,

v [(a?n-/ja - ("177/-/27‘ (2)

These equations.should be considered as limiting formulas. It is also
possible to express the complete rule, both part A and B in a formula, namely,

for neutrals, a (n + 2’ )—shell begins at the (N + 1)st electron,
. — 3 . .~ - . 7 5 _
. i ; 3 /s A
N -;é_/_//m!%/ ”’(7“‘?2 + F %) +4_/747cy -,z//[fz -5 ;//1*@(3)

The plus sign is for (n + Zi) odd, the minus sign for (n + 4{ ) even. For
n= Z + 1, this formula reduces to Equation (1). |

Similarly for highly ionized atoms, a (n + Z?lf{jshell begins with the
(N + 1)st electron.

__ 3 o — -
N = [(2n=t) =i /Z/ -+ JZ“ )

zh

Approximations similar to those used for neutral atoms in the papers
cited above can also be applied to the Thomas-Fermi distribution for ioms,
The result, which shall be derived in a later section, is as follows.

The number Qg of filled shells with an angular momentum 45/‘1n a
positive ion of N electrons and nuclear charge Z is approximately given by .

the following equations
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In these equations A stands for (62)1/3 and <L is a pérameter determined
by the degree of ionization, For total ionizationoC= 0, for neutral atoms
and large Z the parameter Cﬁfapproaches infinity,

In a statistical treatment the number of particles is supposed to be
large and 92 is considered to be a continuous variable. 1In our case, however,
the number of electrons is not large and the filling of shells is not a
continuous process but occurs in steps. We must therefore give a special
interpretation to Eq. (5). We shall assume that that value of the pair
N, Z for which QZ = 0 indicates where the first 4f -shell begins to fill up,
when Cl’ = 1 the second -£ -shell starts, and so on. Thus when A4?= 2
and C, = 0 the 3d shell begins, at C, =1 we start the 4d shell, and so on,
This interpretation is chosen so that the results of Equations (5) and (6)
approach Equations (1) and (2). However for the limiting cases &(~) &< and
ol=»0(Z»0o , N finite) these Equations (5) and (6) give only the cubic
term of Equations (1) and (2). '

There is a simple relation between n and Ct? based on the convention

that n = £ + 1, namely

%:C;ja'-ff‘-/ ' (N
In order to determine at which ion the 3d and 4s shells cross over we note
that the beginning of the 3d shell is given by Equations (5) and (6) when
Z7= 2 and C2 = 0 and the 4s-shell starts when AZ7= 0 and C0 = 3. These two
conditions determine a value for Z and N, in this example Z = 27.4, N = 17.6.
Thus in the neighborhood of ten times ionized cobalt or niékel, the 3d and 4s-
shell represent approximately equal binding energies for the last added
electron.

The numerical results obtained in this way should of course not be
taken literally. The nature of the problem is such that one can only hope
to determine the vicinity in which the cross-over occurs; Irregularities
and reversals of order can be expected between the start and finish of .
filling a shell, It is thus not reasonable to attempt a more precise determination
of the cross over by using better approximations of the Thomas-Fermi distribution
or by performing elaborate machine computations, _More exact results can
eventually only be achieved by high precision calculations of the ground
states of each individual ion, though the answer is more likely to come first

from new experimental data.



Table I shows the computed cross-over points which fall within the
range of existing elements,

Figure 3 gives a schematic representation of the results we have
obtained., The number of electrons N is plotted against the nuclear charge Z,
Tﬁe lines represent the beginning of the various shells. However only
the order in which these shells occur is significant in this graph, not
their precise position. For example, if we consider the neutral atoms
we follow the graph along the 45° line N = Z - 1, (The -1 arises from the
N - 1 in Eq. (6); which is explained at the end of this paper). In this ) ‘L\
way we meet the lines indicating the shells in just the order in which
they are filled, 1If, on the other hand, we consider all twelvefold ions
we must follow the graph along the line N = Z -13, We now find in two places
a different order of the shells, We can also take a bare nucleus of charge Z
and ask in which order shells will be filled if we add électrons. This is
given by a vertical line at the chosen Z. In principle it should be possible

to replace the line segments drawn in this diagram by appropriaté-steps and

read off the electron configuration of the ground state for any ion. However
the computations are not good enough for this refinement which eventually
may be obtained from experimental data on spectra of ioms. .

APPROXIMATE SOLUTIONS OF THE THOMAS—FERMI DISTRIBUTION FOR IONS

The Thomas-Fermi statistical model for atoms and ions expresses the
electron density, P> as a function of radial position, r, in terms of a

dimensionless function, ¢ (x), of a dimensionless variable, x:
\ 3 o 23
(z/4rcyc) [ p=/=]

-*c//u.
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with
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where a, is the Bohr radius Qﬁzlmez) and Ze is the nuclear charge of the

atom or ion.

The function x_1 #(x) 1is essentially the electrostatic potential, and

¢ itself is determined by the Thomas-Fermi equation,
x = x
d p/d=" = ¢ (&

/

i

with }K/aj



The remaining boundary condition on 4 can be expressed in a number of ways;

for our purposes, the folloWing form is the most convenient one,
y g% /
/0“'%/& v = V2 (9)

where N is the total number of elecfrons in the ion or atom and the integral
extends over the region where ¢ is positive.

In terms of these quantities, the Thomas-Fermi theory then yieldg the
following semiclassical expression for the number of electrpns having angular

12
momentum £ 5 ,

2L +2)(62/r%) //[7,;5 -/;‘J]Zc[x.— -

Y

Y
where /5 = e?,/‘[}‘f‘z“//érzj

and the integral extends over the region where the square root is real.
These relations pertain to the original, simple Thomas-Fermi theory,
which we shall uie in the following derivations., A correction noted by
Fermi and Amaldi, however, can easily be applied to our final results. Namely,
they observed that the electrostatic potential, ¢/x, should represent the
potential seen by a single electron, and in consequence, ¢ itself should refer
to only N-1 electrons. This correction merely amounts to replacing N by N-1
in Eq. 9, but we shall postpone it to simplify the intervening manipulations,
For neutral atoms, Fermi calculated #(x) and the integral in Eq. 10
numerically, obtaiﬁing good over-all agreement with the'eXpérimental values
of.N{? and explaining for the first time the delayed appearance of f-shell

electrons and the complete lack of g-electrons in the atoms of the periodic

10
table, Later, Tietz’' observed that the function,

%l_, (2’.} = ('l-rdﬂf‘)—z;' a = (7[/00)% . (11)



is a éurprisingly good approximation to the solution, do’ for a neutral
-atom. (With the quoted value of a, the condition Eq. 9 is satisfied
exactly.) With this approximation, Tietz obtained from Eq. 10 the simple
reéult,

Moo alint) [ (62) % = 2/te2) ]

Z~ 2/ & / < (12)
With 42= 0, 1, 2, 3 for s, p, d, £ electrons, this agrees closely with
Fermi's numerical results.
To obtain analyticAresults for ionized étoms, we must chose an

approximation to the ionic solutions, é(x) with N # Z, and evaluate the
integral in Eq. 10. Examination of numerically compu;ed ionic solution;'
indicates that for very small N/Z the graph of 4#(x) is nearly a straight
line descendiﬁg from 4(0) = 1, while for N/Z close to unity, #(x) follows
the solution for the neutral atom near x = 0 and transfers to an approximately
straight line crossing the @¢-axis at rather large x. These observations suggest

the approximation,

pra) = L=
(1 -+ & Z) .
that is, Tietz's function Eq. 11 multiplied by 1-(x/b). We expect this
approximation to become quite accurate for small N/Z, and Tietz has shown
that it is very good for N/Z = 1 (b = oo ). We shall investigate the
intermediate region later, |
' The parameter.b should be chosen to satisfy Eq.(?; in this way, we
4ensur'e. that ‘//.NZ d¢ = N. When Eq.’k13) is substituted in Eq.(9} and the

integration is performed, one finds

= F — - X = /1 3 -
Z (o +1) 7 Z(czr'—/)/‘? —f—./; (14)

where o(
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This relation determines b for a given value of N/Z. Eq; (6) 1is the same
as Eq. (14) except that N has been replaced by (N-1),

An eﬁgct solution for N/Z = 0.48 has been tabulated in an appendix
by Gombas. This exact solution can be compared with our approximation 4.
(13) by setting b = 5,57, which corresponds to N/Z = 0.48 according to
Eq. (14). Since we propose to use Eq. (13) in the integral Eq. (10), it
-1s appropriate to compare the functions x%. It is then found that, where
x$ has appreciable magnétude, the maximum difference between the exact and
approximate functions amounts to about 12 percent. Since x4 occurs under
a square root and since this expression is then integrated, thé final
approximation to va will be much closer than 12 perceﬁt. Note also
that we have eneured thatdffiz d/  will be exactly N,

With these justifications, we proceed to substitute Eq. (13) into
Eq. (10). When the resulting integral is carried out, one finds fhe

following result after considerable manipulation.

Wy = [—4{(52)%/“5.] (15)
x/Z/ ra) (1+ocf”) )/z—-/‘o///”j

where

= (4eh) [ (62)%

For ol —> o0 , corresponding to N —> Z, this reduces to Tietz's result
Eq. (12), as it must. Since a filled 1f-she11 contains 2g{(2 tf+-1) electrons,

the number of filled shells is given by

CIZ = /]/Z /2/2%7“/) | | '('16)

- . FAVIRS
Q This substitution transforms Eq. (15) into Eq. (5). Using ¢ L)ﬁand
:él)'%//C( as variables this equation simplifies and the cross over points

can be obtained by elementary algebra.



4s
5s
6s

6s

7s

5s

3d
4d
4f
5d
4f
5f

4f

TABLE I

47.0

63.3
73.7
83.3
94.5

97.7

N

17.6
33.2
52.1

25.7

44,2

80.8

41.8
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Fig, 1

Fig. 2

Fig. 3
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CAPTIONS

Values of Z, N near which the order of electron shells

reverses

The "Periodic System'" for neutral (a) and for highly

ionized (b) atoms

The order in which electron shells are filled and the

transition between neutral and highly ionized atoms

The order of electron shells as a function of the nuclear

charge Z and the number of electrons N
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