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Abstract

This work presents the derivation of the first and second moments of the nearest neighbor
distances and their mean in one-dimesion. Five methods of edge effects correction are

described and the means of the corrected nearest neighbor distances are compared to the

uncorrected one using large scale computer simulations.
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1.1 Introduction

Since its initial presentation by Clark and Evans [1], nearest neighbor analysis for

spatial randomness has gained considerable popularity in fields as diverse as geography,
ecology, archaeology, cell biology, forestry, meteorology, and epidemiology.
Epidemiologists are often interested in determining whether disease cases are clistered,
dispersed, or randomly distributed, since different patterns of disease incidence over time
or space can provide clues to the etiology of the disease. An environmental hazard or a
transmissable agent can produce a cluster of disease events, i.e. a set of events occuring
unusually close to each other in time, space, or both time and space.

In spite of its wide applicability, few attempts have been made to adapt the nearest

neighbor method to the analysis of points distributed along a line.
Clark and Evans [2, 3] presented an extension of the nearest neighbor method to cover
distributions of points in dimensions other than two. This approach involves calculating
the proportion of points which form reflexive pairs, i.e. pairs of points which are each
other’s nearest neighbors. For one dimension, if two-thirds of the points are paired, the
pattern is assumed to be random. Smaller proportion indicates clustering while a larger
proportion indicates a uniform distribution of the points. This technique was introduced
into geographical literature by Dacey [4] who analysed the distribution of river towns.

Pinder and Witherick [5, 6] claimed that the formula for mean nearest neighbor
in two dimensions can be easily modified to fit the one dimension situation. They carried
out a small scale computer simulation to verify their claim. Unfortunately, the modified
formula gives reasonable results only for large number of points.

Young [7] assumed that the contributions from the two extreme points to the sum
of nearest neighbor distances are either the distance to the neighbors or the distance to the
end of the line, whichever is the smaller. As it will be shown later, this approach corresponds
to a specific alternative way to overcome the boundary problem, which arises in situations
where at least one of the two extreme points is closer to the end—point of the line than to
its neighbor. |

Selkirk and Neave [8, 9, 10] were the first to recognize the boundary problem in the
one dimension case and suggested three alternative ways which they considered as possible
solutions. The first method was to consider a situation where n points are distributed

around a circle (or any closed curve), a situation in which, according to Selkirk and Neave,




the boundary problem disappears. They claimed that while this situation is relatively less
frequent in geographical examples, data which is in angular form can be analysed in this
way, as well as data which is periodic in time. As it will be shown, a simple modification
of their technique allows its use as an edgé effects correction in situations where the points
are distributed along a straight line.

Another approach suggested by Selkirk and Neave was to consider n + 2 points
which are distributed along a straight line, including two at the boundaries of the line. In
this case, data points necessarily occur at the end—points of the line, or part of the line.
Selkirk and Neave claimed that this may arise in a number of ways; e.g. the extent of the
line may be unknown or infinite and the investigator chooses that part of it terminating with
two particular data points, or the line may be naturally defined by two data end—points.

The third solution presented by Selkirk and Neave was to consider the contribution
of the two extreme points to the sum of nearest neighbor distances to be the distances to
their neighbors. Actually, this approach does not involve any correction for the boundary
problem and relates to what is defined in this paper as the uncorrected mean nearest
neighbor distance.

This report outlines the theoretical derivation of the moments of the mean nearest
neighbor distance in the one dimension case and the correction of its expected value in order
to overcome the boundary problem. Section 2 presents the derivation of the moments of
order statistics, for specific sample sizes and for the general case. These results are then
used in Section 3 for the derivation of the moments of nearest neighbor distances, and in
Section 4 for the derivation of the moments of the mean nearest neighbor distance. Section
5 presents the boundary problem and examines five alternative ways to compensate for it
in the calculation of the expected value of the mean nearest neighbor distance. Section
6 presents the results from a large scale computer simulation which compares the various

correction methods.




1.2 Moments of Order Statistics

1.2.1 A Random Sample of 2 Points from a Uniform Distribution

Let z; and z, be independent identically distributed random variables from a
U(0,1) distribution, which represent a random sample of two points on a line of length
L = 1. Let z(3) < z(2) denote the order statistics of the z’s, which represent the position of
the points on the line.
The joint density function of the two order statistics is:
foeEa, @) =2t 0<sg Sz <l
The marginal density function of z(;), where ¢ = 1,2, can be obtained from the joint
density function by integrating out the other variable. Following the procedure suggested
by Tsuji [11], who derived the expected value of z;), the marginal density function can then

be used to calculate both the expected value and the variance of z;).

Expected Value of z(3)

E(zq)) = /01 ey f)(za)ldeq)
= 2 /0 1 L :1) ey f(ew)f(2@))de@)deq)
= 2 /01 zy(1 — zy) dzq)
Let
g(z) =- =gk hz) ==q)
7(=) =(1 - )’ W(e) =1

Integrating over dz(;) by parts gives

1 (1 ol x(l))z
= 91 ASaliiiied €2
= 21{0+ /0 5 dz (1) |

=2t %d
= 2! 5 /0 ( - '73(1)) x(l)
1 .

3




Variance of z(;)

1
E(ehy) = /0 2k oy (zy)da )
1 1
= 2!‘/; / xfl)f(:c(l))f(:v(z))dw(z)dx(l)
Z(1)

1
= 2'/0‘ 17%1)(1 - IL‘(I))ldl'(l)

Let

- 2
o(z) =—H52 h(z) =,
g'(2) =(1- 2" W(z) =22

Integrating over dz (1) by parts gives

i

1 1—zqy)?
2![0+2L x(l)(——-—z-(l))—dz(l)}

1 1
212 5 /0 :l:(l)(l -~ m(l))2d:1:(1)

Let

—z(1y)?
g(a) =—L=Z0k hz) =21
g'(z) =(1—z())?® R(z) =1

Integrating over dz(;) by parts gives

1 1 (1-2w)®
= 212 33 fo (1- 2:(1)) dz(y)
2 2

3.4 12

The variance of z(;) is then

Var(z:) = B(ehy) - (Bew) = 15—~ G = 15




Let
g(-T) —_— _(1_1;122)1-

y’(:v) =(1 - x(z))o

Expected Value of z(3)

1

1
/0 2(2)fl2)(2(2))dz(2)

1 1
Z(1)

1 1 .
2!/ / x(Z)(l - x(z))oda:(z)dx(l)
0 Jzq

h'(x) =1

Integrating over dz(3) by parts gives

! 1
Z(1)

1 1
E(l'(l)) + 2!/0 / (1 - m(z))dz(z)d:g(l)
:L’(l)

1
E(z(y)) +3

1+l_z
33 3




10

Variance of z(3)

1
E(sly) = /Oxfz)f(z)(z(z))dx(z)

1 1
= 2!/0 /a:(z) 2oy () f(2(2))dz(2)dz )

1 1
= 2!/ / :Z:%Q)(l — m(g))odx@)dz(l)
0 J=q) -

Let

_ 1
g(z) =2l h(z) =2ty
g'(a:) 2(1 — :D(z))o h'(:l:) =2$(2)

Integrating over dz(s) by parts gives

1 1
= 2!]0 [m%]_)(l - m(l)) +2 /;'(1) .7:(2)(1 - z(z))d:z:(z) ] dz(y)

1 1
= E(x%l)) + 2! 2/0 /;(1) :17(2)(1 - $(2))1dZ(2)d2}(1)

Let
—zyp)?
g(z) ==z h(z) =2y
g(z)=(1- zi))" h(z)=1

Integrating over dz(y) by parts gives

1 1—2y)? 1 (1—25)?
= E(m%l))+2!2£ [CII(])(————Q&-FL (——-—ﬂd:x(z)]dz(l)

2 (1 2
2 2 1t 2
= E(:v(l))-}-E(z(l))-}-?!QE/c; / (l—x(z)) dz(g)dz (1)
(1)
= 2B(eh) + E(eh) = 25 E(a?
= (ziyy) + E(z(yy) = 5 (z{yy)
_ 2:3_6
T 341

The variance of z(y) is then

Var(zz) = E(‘T%z)) - (E(x(z)))2 = .1% - (_2_)2 - 1_18
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1.2.2 A Random Sample of 3 Points from a Uniform Distribution

Let z1, z9, z3 be independent identically distributed random variables from a
U(0,1) distribution, which represent a random sample of three points on a line of length
L = 1. Let z(3) £ z(2) < z(3) denote the order statistics of the z’s, which represent the
position of the points on the line.
The joint density function of the three order statistics is:
Ty o.(Ea) 2 2@) = 3 0<20) S Sag <l
The marginal density function of z(;), where ¢ = 1,2,3, can be obtained from the joint
density function by integrating out the other variables, and then be used to calculate the

expected value and the variance of z(;.

Expected Value of z(y)

1
E(zqy) = /0 zw)foy(@@))de()
1 1 1 .
= 3! / / / 2)f(2() f(2(2)) f(2(3))dz(3)d2 (2)d2 )
0 Jzy Jz(2)
1 1
= 3'/ / m(l)(l—w(z))dx(z)dx(l)
(1] Z(1)
! 1 2
= 3! 3 ./0 27(1)(1 - z(1)) dz(y)
Let
—z13)3
g(z) ==k h(z) =2
9'(z) =(1 - z(qy)? h(z) =1

Integrating over dz(;) by parts gives

1 T (1—zm)®
= 3!5[0-{-/‘; ———3(;)(&‘(1)]

1

1 1




Variance of z(;)

1
E(a:?l)) = /0 x%l)f(l)(x(l))dx(l)

fl

1 1
= 3!/0 / :L‘%l)(l - z(z))da:(g)d:c(l)
%)

1 1
3‘ '2- /0 23%1)(1 - (L‘(l))Zdit(l)

Let
g(z) = _ﬂll)_ h(z) =x%1)
9'(z)=(1~- m(l))z B'(z) =22

Integrating over dz(;) by parts gives

1 1 1-zm)?

= 3! 2 = -?; / :E(l) (l - x(l)) d:t:(l)

Let
g(z) =—L=z@) hz) =aq
g'(z)=(1- $(1))3 R'(z) =1

Integrating over dz(;) by parts gives

11 (1—:1: )4
111

_ _2__1

T 4.5 20

The variance of z(;) is then

2 1 3
Var(z,) = E(zfy) — (E(zq)* = 20 (2)2 =30

1 41 1 ’
3!/0 _/z(l) /x<2) ety f(z ) f(2(2) f(2(3))dz(3)dz2)dz (1)

12



Expected Value of z(3)

1
E(z@z)) = /0 z(2)f(2)(2(2))dz (2)
o 1
= 3 / / / @) f(2) (2@ F(2(3))dz(3)dzg)dzq
Ty YZ(2)
1 1
- 3!/ / z()(1 = 2(2)) dz(9)dz ()
0 17(1)
Let .
g(z) ==k h(z) =3(2)
g’(x) :(1 - :E(Q))l h,(z) =1

Integrating over dz(y) by parts gives

1 1—z)? 1 (1—z(p)?
= 3!/ [m(l)g___(ll+/ -(——ﬂdx(z)]dx(l)
0 2 (1) 2

1 1 1
= E(:L'(l)) + 3! 3 / / (1- x(z))zdm(g)dx(l)
0 Jzq)

13
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Variance of z(3)

) .
E(‘”?Q)) = /0 x%z)f(z)(x(Z))dx(z)

1 1 1
3!/0 /wm /x(z) 2l [z ) f(z2) f(2(3))dz @) dz@)deq)

1 1
3!A / :1:?2)(1 — x(z))ldx(z)da:(l)
Z(1)

Il

Let
o(z) =— =5k h(z) =24,
g (z) =(1 - z@2))! R'(z) =22y

Integrating over dz(y) by parts gives

1 1—z(p)? 1 1—2(9)?
= ot [ ey g 2 /z(l) oty S degy ) drcy

i

(1-z
qu+w2/ / (ﬂ dz(g)dz 1)
Z(1)

Let
g(z) ==zl he) =z@)
g'(z) =(1 - xw K(z) =1

Integrating over dz(g) by parts gives

1 1 (1-=zq))° 1 (1—z¢g)®
= E(.’L‘%l)) +3!2 3 ‘/0 [3}(1) _—é_& + /( ) —-'—3-(—2—)— dz (g ] dz(y)
Z(z

11
23

Z(1)
= 2E($%1)) + E(wﬁ)) = ‘2_ E(m%l))
2:3_6

4.5 20

The variance of z(yy is then

Var(z2) = E(zly) - (E(z9)))" = 55— (3 2y =




Expected Value of z(3

’ 1
E(z(5) = /0 z(3)f@)(2(3))dz ()
1 1 1 .
= 3 / / ‘ f z(3)f(z1))f(2(2))f (z3))dz(3)dz (3)dz 1)
- Y0 Jzay Yo

1 1 1
= 3!/ / / :8(3)(1 - x(g))odx(3)dx(2)dx(1)
0 Jeay Ya)

Let
g(z) =-L=Z@)k h(z) =23
g'(z) =(1-2z(3)° R'(z) =1

Integrating over dz(s) by parts gives
1 g1 1
(1) Z(2) ;

1 1 1 »
= E(.’E(g)) + 3‘/ / / (1~ x(3))da:(3)dz(2)dx(1)
0 Je) Y7 |

1
= Ele)+;

1 1
= E(x(l))+z+z
_1,1.1_3
T 44 4 4

15
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Variance of z(3)

i
E(mf3)) = [) m%s)f(s)(w(s))dx(s)
1 1 1
3!/0 /-fm /x(z) iy f(z ) f(2(2) f(2(3))dz(3)dz2)da)

1 1 1
- Z(1y YE(2)

I

Let
olz) =-==al h(z) =2,
¢(2) =(1 - ()" W(z) =225

Integrating over dz(s) by parts gives

1 1 1
= 3!£ L(l) [x?z)(l - 33(2)) + 2 /x(z) .’17(3)(1 — x(3))d:z:(3) ] d:z:(;))da:(l)

1 1 1
E(z%z)) + 312 A /x(l) L(z) $(3)(1 - $(3))d1}(3)d$(2)dl‘(l)

Let

—z(5)?
g(z) =-C=Z@) h(z) =2
g(z) =(1 - zz)! R'(z)=1

Integrating over dz(s) by parts gives

1 1 (1-z@)? 1 (1-2@)°
= E(x%z)) + 312 /; /x(l) [:c(z) —-—2—(2)— + /:3(2) ——Q(L d$(3) ] d.’l:(2)d27(1)
2 2 2 A & ! 2
= E(z{y) + E(2(y) - Eziy) +312 5 /0 /z(z) (1 = 2(5))"de(g)de(z)dz ()

Z(1)

‘ 3-4
= 2B(ely) - Elehy) + Bl = 22 B(eh)
_ 34 D
T 4.5 20
The variance of z(3) is then
12,3 3
Var(zs) = E(aly) = (E(z@)) = 55~ (1)’ = g5
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1.2.3 A Random Sample of 4 Points from a Uniform Distribution

Let zq, 22, 23,24 be independent identically distributed random variables from a
U(0,1) distribution, which represent a random sample of four points on a line of length
L =1. Let z(1) < 2(2) £ z(3) < 7(4) denote the order statistics of the z’s, which represent
the position of the points on the line.

The joint density function of the four order statistics is:

F1),2),9).(0(2(1)> 2(2), 2(3), 2(9)) = 4! 02y <o) <23 Sz <1
The marginal density function of z(;), where i = 1,2,3,4, can be obtained from the joint

density function by integrating out the other variables, and then be used to calculate the

expected value and the variance of z(;).

Expected Value of z(y)

1
E(zy) = /0 2y fay(ea)ldeq)

1 1 1 1
- 4’/ / / / zyfew)f(22)f(2@) f(2@)dz@des)deedag)
0 Jz1)y Jz(z) JT(a)

1 1 1
= 4!/ / / x(l)(l - :z:(3))da:(3)dx(2)da:(1)
0 Jza) Ja(z)

1 1 1
= 4l 5 / L( 5 :1,‘(1)(]. - z(z))zdz(z)dl'(l)
11

= 4! § g A x(l)(l - a:(l))sdx(l)
Let

i}
g(z) =-E=Zal h(z) =zq)
g'(z) =(1 — z(p))® W (z)=1

Integrating over dz(;) by parts gives

1—zm )4
O+_/ ————( ) dz(y) ]

1
Z./ (1—.’27(1)) d:L'(l)

wlt—' t\DIl—l
Lo wlr—‘

| =




Variance of ;)

1
E(zly) = /0 ey fay(e@y)dzq)

1 1 1 1
= 4{/0 /,7; / / x%l)f(x(l))f(z(Q))f(x(;;))f(:c@))dz(4)da;(3)d.z(2)dz(1)
(1) YE@2) YEQ)

1 1 1
() Y&(2)

1 1 1
= 41> / / 2.(1- 2dz(yd
2 Jo Joy T @) T

_ ‘1 1o, 3
Let
11—z 4
g(e) ===k h(z) =zt
g(2) =1~z h(z) =2z()

Integrating over dz(;) by parts gives

= 4 % %[0-:—2 ' (1) £-1—‘%1)—):5‘”(1)
= 412 % é % /01 zay(l - x(l))‘*dx(l)

Let

o =B =

¢(=) =(1 - z))* W(z)=1

Integrating over dz(;) by parts gives

111 1 (1-g())°
= 412-2=
42234[0+ o 5 d.’c(l)]
1111 /1
= 4'25513_/0 (l—m(l))sdm(l)
- 22
T 5.6 30

The variance of z(3) is then

Var(es) = B(ah) - (Bza))’ = 2 ~ (5 = ==

150

18




Expected Value of z(q)

1
E(z@) = /0 z2(2)f2)(2(2))d2(2)
1 1 1 1
= 4 / / f / z(9) f(2(1)) f(2(2)) f(2(3)) f (2 (4))dz (4)dT (3)dT (2)dT 1)
0 Jzy YE@) Tz

1 1 1
= 4!'/0’ L(l) /3,-(2) :1:(2)(1 - a:(3))d:c(3)dx(2)dx(1)

1 1 1
= 4! 5 / / x(z)(l - .’D(Q))Zd:t(z)dm(l)
0 z(1)

Let

)
g(a) =—C=z@)l h(z) =z
g'(z)=(1~- 37(2))2 _ h(z)=1

Integrating over dz(3) by parts gives

1t (A-z@)f® 1 (A-2)°
= 4'51} [x(l)—g———-l- /1-(1) ———3(—d$(2)]d$(1)

) 11 1 1
= E(:II(I)) + 4! = ~ (1 - m(z))?’da:(z)dx(l)
1
= E(@a)+z
_1,1_2
T 55 5

19
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Variance of z(3)

1
E(zly) = /0 eln fay(z@)de ()
O S S
= 4 fo / / / i) f(z) F(22)) f(2(3)) f(2(4))dz(4)d2(3)dz 2y dz 1)
(1) JE@2) VE3)
1 1 g1
= 4!‘4 / / :L'%z)(l - m(3))dm(3)dz(2)dx(l)
(1) YE2)
= 4!3/1/1 22\ (1 — z(y)2dz()dz (4
2 Jo Jou, (2) (2)) 4% (2)%* (1)
Let
g(z) ==z h(z) =z},
g'(z) =(1- «’0(2))2 K(z) =2z
Integrating over dz(3) by parts givés
(1-2zq))3 1 (1-2¢9)°
= 4! = 5 / (1) +2 / 33(2) ——g-(-z)— drc(2) ] diL‘(l)
(1)

I

E(x%l)) + 4! 2 - —= / / :L'(Z)(l - z(2)) dw(z)dz(l)

g(z) =—L=z@) h(z) =zg)
d(z) =(1- 5'3(2))3 B(z) =1

Integrating over dz(y) by parts gives

11 (1"-’6(1))4+ /1 (1-z0))*
z 4

dﬂ?(g) ] da:(l)
1)

111 1t
E(z(y) + E(xi(zl)) +4125 37 /0 /zm (1 - 2()) dz5)dz(y
E

2-3
= 2E($%1)) + E(‘”%l)) =5 ("7%1))
- 2:3_ 6
~ 5.6 30

The variance of z(y) is then

Var(z;) = E(zly) — (E(z))* = == - (5 )2
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Expected Value of z(3

1
E(z(y)) = /0 2(3)/(3)(2(3))dz(3)
1 1 1 1
- 4!/ / / / 2@ f(20) f(22)f(23) f(2(4))dz@)dz(5)de2)de )
0 Jz(1) JE(2) JE(3)
1 1 1 1
= 4!/ / / $(3)(1 —-:12(3)) dx(3)da:(2)d:c(1)
0 Jza) Jz(2)
Let
g(m) __—m h(z) =z(3)
§(@) =(1 - oy H(z) =1

Integrating over dz(s) by parts gives

(1- 9?(2))2 1 (1-z)°
= 4’/ L(l) + L(2) T d.’E(3) ] dl‘(z)d(v(]_)

0 Jzay o2

1
= E(ze)+3

1 1
= E(:L‘(l))-f-g“f'g
_ 1,113
5 55 5
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Variance of z(3)

1
E(aly) = /0 0o fia)(2(3))d23)

1 1 1 1
= 4 /0 f / / 25\ [ (=) (2 @)f (20)f (2 () dr@dazdo@daq)
T2y YE2y YE®)

1 1 1
4!/0 / / 2(3)(1 - 2(3) dzg)dadeq
(1) Y&2)

Let

g(z) =-L=gk h(z) =2}
g'(z) =(1- 2(3))1 K(z) =2z

Integrating over dz(3) by parts gives

(1-2z@))?
= 4'/ /;(U ( ) -+ ~[v(2 .Z'(3)(1 - $(3))2d.?:(3) ]dx(z)dz(l)

E(a:(2)) +4'2 = f / / z(3)(1 - $(3)) dm(g)dm(z)dz(l)
F(1) Y¥2)

Let

—z(21)3
g(z) =-L=z@) h(z) =33
g'(z) =(1 - 2(3))* h(z)=1

Integrating over dz(s) by parts gives

1-.7: )2 1 (1-=)°
= E(x(z))+4'2 f/ 3(2) +/ (—3@)—“(3)]‘133(2)“(1)
0 Jzay Z(2)

1 1 1
= E(z(y) + E(zfy) - E(afy) +4! 23 / / (1 - zg))’de@ydz(gdz)
2 3 z(1) J(2)

: -4

= 2E(s(y) - E(z(y) + E(z(y) = ‘2— E(zfy)
3 4 12 :
5.6 30

The variance of z(3) is then

Var(zs) = E(zfs) - (E(z@)’ = 7= - (3 )2
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Expected Value of z(4)

1
E(zy) = /(Jx(4)f(4)(¢(4))d$(4)

1 1 1 1
4! / / / / 24 f(z 1)) f(2(2)) f(2(3)) f (2 (9))dz (4)d(3)dz (2)dz (1)
0 Jzy Jry Jza

1 1 1 1
0 Jaz1) Jo(2) Yo

Let

—zeo )
9(z) =*(1—1QL)' h(z) =z(4)
g (z) =(1 - z(g))° B(z)=1

Integrating over dz(4) by parts gives

1 1 1 1
= 41/ / / [fc(g)(l - $(3)) + / (1- $(4))dx(4) ] dz(3)dz(2)dz (1)
0 Jeay Yo #(3)

1 1 1 1
= E(il:(s)) + 4!/ / . / (1 — 2)(4))d$(4)d2}(3)d2}(2)d$(1)
0 Jz) J2(z) Y23

1
= E(z@e)+:
1 1
= Elzg)+z+sz
1 1 1
= E(x(l))+g+g+'5'
T 1 1

S PR DI .
T 55 5" 5 5
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Variance of z(4)

1
E(aly) = /(,”?4)f(4)(x(4))d$(4)

1 1 1 1
= 4 fo Lm /xm /z " 2l f(2@)f(2@)f(2@) f(2w)dzwde@deede)

1 1 1 1
= 4!/0 / / / .’22?4)(1 - x(4))Oda:(4)dx(3)dx(2)dm(1)
Z(1) YEI(2) YIE)

Let
o(x) =- 0k h(z) =a
g'(z) =(1 - z(g))° h'(z) =2z

Integrating over dz(4) by parts gives
1 1 1 5 1
= 4'[) / / [.’L‘(3)(1 - .’13(3)) + 2 / (E(4))(1 - .’I:(4))d$(4) ] d.’l:(3)d.’1}(2)d$(1)
(1) Y¥(2) Z(3)

1 1 1 1
= E((II%3)) + 412 /(; /:;(1) /:5(2) /:c(s) $(4))(1 - ;1;(4))1d:l:(4)d27(3)d27(2)d$(1)

Let
o(z) =—L=Zwk h(z) =z(4)
d'(z) =(1 - z())! W(z) =1

Integrating over dz(4) by parts gives
1 r1 1 (1= 2z3))? 1 (1—apg)?
= B(a(y) + 412 fo / / [o) ~——5 2=+ / S dagy | dedzydagy
1) YE2) Z(3)
. 5 . S N )
= E(a(y) + E(zfg) - B(z(p) 4125 /0 /I . /x o /z o, 17 o@) dEdradeadza)

4-5
= 2E(zhy) - B(ehy) + Elehy) = 5= E(shy)
4-5 20

5.6 30

The variance of z(4) is then

20 4
Var(zs) = E(aly) - (Blew)) = 35~ (5)" = 1§_0
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1.2.4 The General Case

A Random Sample of n Points from a Uniform Distribution

Let z1,...,z, be independent identically distributed random variables from a
U(0,1) distribution, which represent a random sample of n points on a line of length L = 1.
Let z(;) < ... < () denote the order statistics of the z’s, which represent the position of
the points on the line. The joint density function of the n order statistics is:
1)) (Z@)s - - > T(m)) = 7! 0<zy<... < <1
The marginal density function of z;), where ¢ = 1,...,n, can be obtained from the joint

density function by integrating out the other variables.

fo(ze) = nlf(ze)
T(iy  fT(i-1) T3 f72)
: /0 /0 /0 /0 fe@) .- f@i-n)dzq). . . dz(i_y

1 1 1 1
. / / .. / / f(zi41)) - - - F(2(0))dT(m) - - - dT(i11)
Z(iy YZ(i+1) Z(n-2) YZ(n—1)

Then it can be used to calculate the expected value and the variance of T(i)-

Expected Value of z(;

1
E(zi) = /0 () fay(zw)deg)
1 1 1 1 1 1
0 Jz) T(i=1) YTy JE(i41) T(n-1)
1 1 1 1 1 1 1
= n!/ / / / / / x(i)(l ——:I:(n_l)) d:c(n_l)...da:(l)
0 Jzu) T(i—1) YT JT(G+1) Z(n—2)
nl 1 1 1 1 1 1 2 : i
= > / / .. / / / .. f m(i)(l - :L‘(n_g)) dz(n_g) - CZ(1)
0 Jau T(im1) YEGE) IE(i+1) T(r—3)

n! 1 1 1 1 1 1 y : ;
= -2—3 / / .. / / / .. / x(,-)(l - x(n_3)) Z(n-3) - - -4Z(1)
0 z(1) ZT(i—1) YT YT41) T(n—s)

n

! 1 1
- , — (1) ]
2:3-...-(n-1) /0 “"/-’U‘(i-l) x(z)(l :z:(z)) dx(’)-"'dz(l)
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Integrating over dz(;y by parts gives

n! Y (1= zg_y)m=1) ot (1= g )(rmit)
2.3_'“.(72_1,)/0.../;(i_z)[x(,'_l) it 1 +/x(£—1) il dzy)] .. .dzqy

n! 1 p :
= . . o {m—i41) .
Bt 33 m ) (o D ./o .“/:z(,-_l) (1=26) da.-deq)

n! 1 1 .
= . . —z 3 Yit2) g
E(z;-1)) + 53 it (m=it?) /0 .. .~/Z(£-2) (1-2z;-1) dz(;_yy-.-dz() |

n!
cn=9)-(n—i+1)-(n=t+2)...(n+1)

= E(z¢oy) + 5.3

= E(zi-y)+ ]

Applying this relation successively gives

E(z(;)) E(z;_y)) +

n+1

= Elzg-g)+ -7

= E(z(-3)+ nil

= E(zi-g-2 T ;7
1—1
= Elzm)+ 77
1 1—1
1 n+1

n

o+

n+1
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Variance of z(;)

1
E(zly) = /0 a2 ))dzg)
1,1 1 1 1 1 )
(1) T(i-1) VI YI(i+1) Z(n-1)
= n' s 1 A ' il -z Ydz dz
= M o RPN . ‘ - oo (z) (n—l) (n-l) PP (1)
(1) T(i-1) V() YI(i+1) Z(n—~2)
= n_' b ' ' ' ' z? 1-= )2da: dz
= 2 0 P . ' . “ee (z) (n—2) (n—2) PP (1)
Z(1) T(i~1) YEG) JE(i41) T(n~3) -
= L'/l /1 /1 /1 /1 /1 31—z Ydz dz
2:3Jo Jay  Jzeny Juy Joaay Samen © (r=3) ey e )

n

' 1 1
_ ! 2 (1 — 2" g
2.3.“,.(,2_.2-)]0---/x(i_l)x(z)(l 2(@)) " da () .- deg)

Integrating over dz(; by parts gives

n! 1 1
- 2-&.”{n—ﬂ,4'”ﬁw@

l26y = 351 iy O it

2n!
3-...-(n—9)-(n—1+1)

1 1 .
= Elsfen)+ 3 J ”'/x(._l) 2)(1 - 29) "z . dzg

Integrating over dz;) by parts gives

= E($2 )+ 2n! /1.../1
G-0) T 53 L (n=i) - (n—i+ 1) Jo T ey

(1- x(i_l))(n—i+2) N 1 (i- m(i))(n—i+2)

[z¢-1 dz@y]. . -dzq)
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= E(a:?z'-l)) + E(:E%i—l)) - E(m?i-z))

2n!

o N(=i2) g
=i+ 1) (n —i+2) _/%_1) (1~ =) dzy. - .dz(

= E(zf_1) + E(z;_y)) - E(z};_y))

2n!

-+

— 2 )3 g .
(n -1+ 2) (n — i+ 3) ]2:('_2) (1 x(z—l)) dz(z—l) .. .dz(l)

= 2E(ef;_;)) — E(zf;_q)) + E(z}y)

Applying this relation successively gives

E(f”%i))

2E(x%z'—l)) - E(x%i—2)) + E(z%l))
3E(zf;_y)) — 2E(2f;_g)) + 3E(z{y))
AE(a};_s)) — 3E(z(;_g)) + 6E(2(y)

(i = DB og) ~ (= DBy + A =D pap)

(i- DE(h) - (- DEGh) + = gt
3= 1B(efy) (=) B(ahy) + CG = By
i1
E(z (1))

z(z +1)
(n+1)(n+2)

The variance of z;) is then

Var(@) = E(sy) - (E(z)"
_ i+ e
@t D0 +9)

((nz—-.u))(l ~ (n+1))

)"

n+1)

n+2
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Covariance of z(;) and z;

Cov(x,-,Zj) = E(xzx]) - E(.’L‘,) E(z;)

= E(z;z;) - ﬁ

1 1 ".7
= a2 .0 (2esTedeydeg) - 3
/0 fzm 202 o.0 (@6, 20)dEeden — Ty
The calculation of the product moment E (a:(i):c(j)) involves the joint density function
f(i),()(Z()» 2(5))- This density can be obtained by considering the joint density function of all
n order statistics and then integrating out the other variables, (z(1y, - - -, Z(-1)), (Z(it1) - - -» T(5-1))>
and (2(j41),--+»%(n))
foa(e@e@m) = nlflza)feg)
(i) Z(2)
= . /()‘ .. /0 f(a:(l)) .. .f(x(i_l))dz(l) . .d:l:(,‘_l)

Z(7) Z(i+2)
: / / f(er) - - - F(2(5-1))d2(ig1) - - - d2 (1)
Z(4) ()

1 1
: / / f@sny) - - F(2(m))d () - - -d2(40)
26y Y E(ne1)

(i-1) - e
_ o Eo (e =)D (1 ap) )
Gy e ) iy o

The product moment of z(;) and z(;) is then

n! PR (j=i=1) (n=1) g d
E(zizj) = (i—)(G—i-1) (n_j)lfo /0 2 (2G) = () z(;)(1 - 2(;)) Z()%2(4)
n! AG—i—1D o
= GoDIG—i<D (n- I [ a5y = 2" dag)
B n! AG—i-D G+ D (n=-j)
-G -i=-D(n =) 7! (n+2)!

i(j+1)
(n4+1)(n+2)




and the covariance of z(;) and z(;) is

CO’U(.’L’,’,.’I)_,‘) =

E(z;z;) — E(z:) E(z;)
i(j+1) ij

(n+1)(n+2)  (n+1)
()~ i)

n+2

30
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1.2.5 The Homogeneous Poisson Process

In the previous sections the derivations of the moments of the order statistics were
based on the model which postulates that n points are placed at random along an interval
according to a uniform probability distribution. Those familiar with the areal nearest
neighbor analysis will recall that a different model, the homogeneous Poisson process, is
used to obtain the distribution of the nearest neighbor distances. According to the model,
the number of points falling in a region with area A is assumed to have a Poisson distribution
with expected number of points AA, where A is the rate of the Poisson process.

A similar assumption can be made in the one dimension case. That is, the number
of points falling on an interval of length L has a Poisson distribution with expected number
of points AL, where A is the rate of the Poisson process. At first glance this model does not
appear to be related to the previous one, which postulates that the points are independent
identically distributed random variables from a uniform distribution. However, a fundamen-
tal property of the homogeneous Poisson process is conditional uniformity. That is, given
the number of points falling on an interval of specified length, and regardless of the rate A,
the conditional distribution of the ordered points is that of order statistics engendered by
independent random variables, each uniformly distributed on the interval. This property
allows the use of the theory of order statistics in the calculations of the moments of the
nearest neighbor distances of random points from a one—dimensional homogenous Poisson

process. The derivations of the expected value and the variance of the nearest neighbor

distances and of their mean are described in the next two sections.
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1.3 Moments of Nearest Neighbor Distance

As before, let 2(1) < ... < z(,) denote the order statistics of » independent identi-
cally distributed random points from a 2/(0, 1) distribution or from an homogeneous Foisson
process, conditioning on n.

Let I; = (25 — 2(i=1)) + (T@41) — 2@) = Ta+1) — Ti-1) 0<; <1, i=2,...,n—1
Let d; = min[ (z(;) — z(-1)), (T(i+1) — T(;)) ] be the nearest neighbor distance of Tin

Then, according to Tsﬁji [11], given T(i-1) and Z(;+1), there is no.preferred position for
z(;)- That is, the conditional probability distribution of z(;) is constant within the region ;.
Therefore, given I;, the conditional distribution of d; is also uniform within /; and defined
as

;.l_'
fdill)=4 =

0 otherwise

fo<d; <k

Expected Value of d;

Using the conditional distribution of d;, its conditional expectation is

L
2

d; f(d; |1;) d d;

E(d; | L)

and the expected value of d; is

B(d) = B |6 = B(3)

1
= 1 E(l;)

1
= 7 E(@6) — 26-1)
_ loitl i1y
T 4 n4+1 n+1
i

2(n+1)
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Variance of d;

Var(d) = E(d?)— (E(d;))?

o, 1
= /0 dif(di)ddi—(m)

The marginal density function of d; can be derived by considering the joint density function
of d; and /; and then integrating out /;. The joint density function of d; and /; is no more
than the product of the marginal density function of /; and the conditional density function
of d;, given [;, which is uniform within /;.

Since [; is a range of two order statistics, its marginal density function can be easily obtained
from the basic theory of order statistics. It is well known that if W; x = z(1) — z(;) is a range
of two order statistics from n independent identically distributed (0, 1) random variables, it
has a Beta(k—j, n—k+ j+_1) distribution, and hence depeﬁds only on k—j and not on k£ and
J individually. Especially, if £ =i+ 1 and j=:— 1, then Wi;_1) s41) = li = Z(i41) — T(i-1)
has a Beta(2, n — 1) distribution.

It follows that the marginal density function of /; is

f)=n(n-1 11 -1)"2 for 0<; <1

and the joint density function of d; and [; is
f(d, 1) = f(di| L) (&)
- 13 n(n—1)1 (1 - 1)
= 2n(n-1)(1-1)?

Integrating out /; from the above joint density function gives the marginal density function

of di

1
f(d:, ;) di;
2di

fld) =

1
- / 2n (n—1) (1= 1) 2d;
2d:

1 .

- n(n—l)/ (1 - 1)y,
2di

= 2n(l1-2di)*Y




The variance of d; is then .

1.
2(n+1)

Var(d) = [ df fds)ddi( )?

1
2 1
= 2nd? (1-2d))*Vdd; - ———
/0 nd; (1 -2 di) At ip
1
z 1
= d(1-2di)» Vg4, ~
2n/0 2 (1—2di) dd A+ 1)

1 3 1
2zrn+1)(n+2) 4(n+1)?

4(n+ D(n +2)

34
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Covariance of d; and d;

Cov(d;, d;) E(did;) — E(d;) E(d;)

E(dd) = (5o

il

There are two possible cases for which F(d;d;) gets different values, and therefore Cov(d;, d;)
gets different values.

Case 1:  |[())—-(5)] > 2, i.e. I; and [; do not overlap

o
By
T
=
Py
-T-.
=
8
<
|
=
8
<
-+
=
—

Case2: - |()—(H)l=1, i.e. I; and ; overlap.

: ! :
I i i I

0 T@-1 ZTE-1) T IE) Tait1) ZT(+1) = TE+2) 1

In both cases, the calculation of the product moment E(d;d;) involves the joint density
function of four order statistics z(;_1), Z(i+1)> Z(j~1) and Z(;41). As before, this density can
be obtained by considering the joint density function of all n order statistics and then

integrating out the other variables, (z(1),...,%(i-2)), T(i)» (T(42)s--->ZT(-2))» Z(5)» and

(Z(+2)r- -+ T(m))




F-0) 41,610,641 (B -1) B41)2 E(G-1)s B(541))

= nlf(za)f(@en) fzG-1) F(@G41))
T(i-1) Z(2)
: /0 . /0 fle@w) - f(2-2)dz) - - -d2iog)

T(i41)
. /5 f(z@y)dzg

(i-1)

(1) T(i+3)
: /x . L f(2Ge2) - - f(2(5-2))d2(i12) - - - do(o2

(i+1) (i+1)

T(i+1)
: /m " fa )z

(-1

1 1
: /z /z - f(249) - - (@) a2y - - - A2 (5 42)

(3+1)

= n'
((i—1)-1)
1 Ty
‘ (G-1)-1)

(@) = 2(=y)) 7DD
((+1)-(E-1)-1)

(@(gm1) = 2(ean) GD=ED-D
(G-D-G+D)-1)

(2(i41) = 2(i-n))FD-E-D-D
((G+1)-(G-1)-1)

(1- m(j+l))(n—(j+1))

(n—G+ D)
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n!
(-2 {j—i=3)(n—7-1)!

xﬁiifi(x(m) = 2(1))(@(-1) — B+1) TN @ G40y — 2o (L = T(gn)) Y

Case 1: |(z) — ()| =2 2
Since /; and I; do not overlap, (d; | I; = I;) and (d; | [; = I3) are independent.
This implies that

E(dd;|ll; =4h,l;=1L) = E(d;|l;= LW)E(d;|1l; =1,)

hh
14

1
= 16 (x(z‘+1) - w(i—l))(x(j+1) - -’C(j—l))

The conditional expectation can then be used to calculate the product moment.

E[E(did; | li=1, I; =1,)]

1 |
= E{ = (za41) — 26-1)(@G+1) — 3(G-1) ]
16

1 1 f2G+1)  [2G-1)  fFi+1) o
- E/o /0 /0 /0 (2(i41) = 2(-1) (2(+1) = Z(5-1))

*Fli=1),+1),G-1), G+ (B (=15 Z(41)s B(i-1) T(541) )02 (6-1) 4 (:42) 82 (1)@ (1) -

For simplicity, let

T(o1=a (i = 1)=(3)
T(i41)=b (¢ +1)=(5)
T(j-1y=¢ (7= =(k)
(j+1y=d (G+1)=0)

then solving the last equation gives

1 1 pd pc b
s b [ [ e-a@-9 fommoeb.eddadbdedd




1 n!
16 G-G—i-D(k—j-(I—k=1D(n=1D!

1 d c b . .. .
: / / / / o=V (b — )0~ (c — B)E=-1(d — )~B)(1 = &)*Ddadbdedd
0] (3] 0 0

1 " | n! (i = 1) (j —i)!
16 -G —i-D(k—j-DI-k=DI(n=1) 5!

1 d ' c .
- / / / b (c — b)* =i=D(d - &)0=R)(1 — &)*Ddbdedd
0 (1) 0 .

1 n! (i— DG =) §1(k—j—1)!
6 GG —i-1N(k—G-1N(—k—1)(n-1) 51 3]

1 d
: / / ¢k(d — )=R)(1 = d)"Ddedd
0 0

1 n! (=D (G =) 1 (k=G — 1) B (I — k)
6 G- G-i-)(k—j—-DI(—k-D! (n=1) I 3] (+ 1)

. / ' d(1 = d)"Ddd
0

1 (= DG = (k= §— DUR ([ — k) ([ + 1)! (n — I)!
16 G- G- k—g-D—k=D (n-D Tk (I +1) (n+2)

_ 1 G=9d-k)!
T 16 (n+1)(n+2)
Switching back to (¢ — 1), (¢ +1), (j — 1), and (5 + 1) gives

E[E(didjllizlla lj=l2)]: 4(n+1])- (n+2)

Substituting into the covariance formula yields
Cov(d;,d;) = E(did;) — E(d;) E(d;)
= E[E(dd;|;=1U,1;=10L)] - (

1 1
T I+ (n+2)  4(nt1p
1

1
2(n+1))

T i+ 12 (nt2)
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Case 2: |(3) — (5)| =1

In this case the four order statistics are actually z(;_1), Z(;), T(;41), and T(;42), Where z(;

was previously z(;_1) and z(;;9) was previously z(;41). Since I; and [; overlap, (d; | I; = l1)
and (d; | I; = l) are not independent.

The joint density of the four order statistics is

—_ n: i—2) n—t—
F-1),0),+1),(i+2) (T (i-1), T(5) T(i41)s T(i42)) = G- n—i2) in-l)(l — T(i4g)) Y
Furthermore, d; - d; can get four different values as follows
(z6) — za-)) @y — 2@) I (226 — 2641)) < -1y and (22(41) — 2a+2)) < 25
(2() — 2—1)(&(42) — Zr)) I (22(6) — Ta41)) < 2(-1) and ) < (22341) — T(i42))

(1) — @)+ — 2) I 26m1) < (220) — T(i4)) and (22(4) — Zv2)) < 2)
(B41) = 2@))(@42) = Trn) I T-1) <(226) — 2641)) and () < (28611) = T(it)

di-d; =

Similarly to the calculation for Case 1, let

T-1)=0

T =b

x(i+2)=d

This implies that
(b—a)c—b) f(2b—c)<aand (2c—d)<b
(b—a)(d—c) if(20—c)<aandb< (2c—d)
(c—b)c—b) fa<(2b—c)and (2c—d)< b
(c=b)(d—¢c) ifa<(2b—c)andb<(2¢—d)

d;-d; =

The product moment of d; and d; is then

n! 1 d c b . A
did;) = ' d; d; a1 - &)(*2) da db dc dd
E( d’)k (i—2)!(n—-z’—2)!_/o /o /0 /0 e (1-d) aabac




ToG=-2) (Z!; i—2)! (2 - d) <) /01 /od /OC ~/:az(0,(26—c))

a™ (b-a)(c—b)(1—d)* 2 dadbdcdd

HGED)] (Z!- gy {6 < (2= d))/ol /od /o /,:az(o,(zb_c))

al~2 (b—a)(d—c)(1-d)* 2 dadbdcdd

. 1 pd pc p(2b—0)
T ST I((2c—d)<b)I(O<(2b—c))/0 /0 /0 /0

al=D (c = b) (c - b) (1 — d)""=2) da db dc dd

-l 1 pd e p(26=¢)
+(i_2)!(n_i_2)!I(b<(2c-—d))I(0<(2b—c)).[) /Ofofo

=2 (¢ — ) (d —¢)(1 - d)" 2 dadbdcdd

(¢ —2)! (7:— i—2)! (i)(il— 1) /01 /od /mcaz((zc—d),%)

{0 — [(2b— )2 —c—bi+ci)]}(e—b)(1— )" D dbdedd

n! 1 e ft 2 [3
+ =2 (n=-7-2) (7)(: —-1) I((2e~d) < §)L /o /ma,:c(O,(Zc-d))

(c—b)b (1 - d)""2) dbdec dd

nl 1 ¢ 1 d (2¢—d)
M GEP)] —i-2! (OG-1) I(5 < (2e- d))/o /o /5

{6 = [ (26— ) (2b — ¢ — bi + i) |}(d — ¢) (1 — d)*~"?) db dc dd
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N nl 1 /1 /d /min((2c—d),§)
G=2(n=-1—-2)! (O)(t—=1) Jo Jo Jo

b (d—c) (1 - d)* 2 dbdedd

* (Z - 2)! (:«!— i —2)! (i).(iz— 1) /o1 /od /;ax((zc—d),é)

(e =52 (20— )¢V (1= @)= dbdc dd

n! i e 1 pd p(2e-d)
Y T m—i— 2! (G- 1) I(§<(zc“d))/o /0 /5

(c—b) (26— )V (d—¢) (1 —d) D dbde dd

1
3(n+1)(n+2)

Substituting into the covariance formula yields

Cov(d;,d;) = E(did;) — E(d;) E(d;)

3 1 1
T 3(n+)(n+2)  4(n+1)?
n—2

T12(r+1)2(n+2)

Thus, for both cases, 1 and 2,

—rerrery 16 - (022
menarery HlEO-0l=1

Cov(d;,dj) = {




1.4 Moments of Mean Nearest Neighbor Distance

Let z(;y < ... < z(,) denote the order statistics of » independent identically
distributed random points from a 2(0,1) distribution or from an homogeneous Poisson

process, conditioning on n. The mean nearest neighbor distance can be calculated as follows:

n-1

d= % {(z@)—z@) + ; min] (2@ — 26-1)) (F@a+1) — 2@)) ] + (Z(n) — T(r-1)) }
Expected Value of d |
. n-1
E(d) = = E {(z@)—2z@)) + g min (2¢) — 2(i-1)) (T41) = T@) ] + (@) — T(n1)) }
= % { E(z(2) — z@)) + E( g min[ (2 — Z(i-1)) (241 — 2a) D) + E(Z(n) — T(n-1)) }

1,.(2-1) n—2 (n-(n-1))

- {(n+1) 2(n+1) (n+1) }
1 n—2 1
{(n+1)+2(n+ TRRCTS
| _ n+2
- T 2n(n+1)

Variance of d

Let dy = z(3) ~2(q) and dp = () — T(n-1)

n-1

- 1
Var(d) = — Var {di + Z min (:z;(z) - x(z_l)) (Z@41) — z(,))] +d,}
=2
n—1

= = {Var(d)+ > Var(d)+ Var(dy,)
=2

n—1

+2 Z Cov(dy,d;) + 2 Cov(dy, dy)

=2

n—1

+ 2 Z Cov(d;, d;)

1=2,4<j

n--1

+2 Z Cov(d;,d,) }

=2
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- Var(dy)
Var(dy) = Var(z@) - zq))
= Var(x(l)) + Var(:z:(2)) -2 C’ov(x(l), 1’(2))
B n 2(n-1)  2(n-1)
S Gt (1Y) AP (42 mFlP(atD)
T+ DE(n+2) |
Var(d,)
Var(d,) = Var(zg) — 2(-1))
= Var(:v(n_l)) + Var(:l:(n)) -2 Cov(x(n—1)7 a:(n))
_ 2(n—-1) + n __2n-1)
n+120+2) r+12(n+2) (r+12(n+2)
T w+1)E(n+2) |
Cov(dy, d;)

The covariance of dy and d; has two different values, fori=2and for3<:i<n-1.
Fori= 2

C’ov(dl, dz) = E(dldg) - E(dl)E(dg)

E(dldg) - E($(2) - :12(1)) E( mzn[ (.'17(2) - .’17(1)), (2:(3) - 27(2))] )

E(dldg) — m

i

The joint density function of z(y), z(2) and z(3) is

f@.@Ea» 2@ 2E) = nln—1)(n = 2)(1 - zg)"

Here
dy-dy = { (z2) — 2))(T(2) — z1)) i (22() — 2(3)) < (1)
| (22) = 2))(2(3) — 2(2) H 2) < (222) — 2¢3))
As before, let

za) =a

T(z) =b

TE) =¢
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This implies that .
(b—a)b—-a) if(2b—c)<a
dl . d2 =
(b—a)c—-b) fa<(2b-c¢)

The product moment of dy and d; is then
1 ¢ b
E(didy) = n(n—1)(n-2) / / / di dy (1 — €)™ da db de
o Jo Jo
1 ¢ b
= n(n—-1)n- 2)/ / / (b= a)? (1 —¢)"3) da db de
0 Jo Jmaz(0,(2b—c))

+n(n - 1)(n—2)I(0 < (2b— c))/ol /0 fo(%_c) (b—a) (c—b) (1 — )" da dbde
= n(n—1) n—2)/ / —(1—c)("-3> db de

—n(rn—1)(n—2) /01 /_ 0 (26— c) (1 — €)™ dbde

+a(n—1)(n - 2) /01 L B(2b - ¢)? (1 - )= dbde

~nln - 1)(n—2) /: /5 @—;—?f (1 - ¢)™=3) db de

+n(n—1)(n— 2)/ / 2 (1-¢)" dbde

+n(n—1)(n—2)/01 L b(c—b) (25— ) (1— )* dbde

—n(n—1)(n-2) /01 / (c—b) @-;—i (1= )" dbde

24n(n—-1)(n-2)
R2n-2)(n-Dn(n+l)(n+2)

3
4(n+1)(n+2)
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Substituting into the covariance formula yields

Cov(dy,dy) = E(dids) — E(dy)E(dy)
3 1
4(n+1)(n+2) 2(n+1)?
n—1 ‘
4(n+1)2(n+2)

For3<i<n-1

Cov(dy,d;) = E(did;)— E(d1)E(d;)
= E(didi) — E(z(2) — z1)) E(min[ (z() — 2(-1)): (T(i31) — 2(3) ])

1
= 'E(d]di) - m

The joint density function of z(1), Z(2), T(;-1), T(;) and z(;4y) is

J@),@).6-0.0.641)(2 1) £(2) 2(i-1)s T T (i41))

n!

T G=-dl(n—i-1) (Z(i—1) — m(z))(i—4)(1 _ x(i_l_l))(n—i-l)

Here
dydi = { (2@2) — z))(2@) ~ 26-1))  H (220) — T(41)) < 2(i-1)

(22) — 2@ 1) — 2) H 2-1) < (22() = 2(41))

As before, let :

T(1) =a
Tz =b
T(;-1)=¢
T =d
T(ip1)=e
This implies that

{ (b—a)d—c) if (2d—e)<c
dy-d; =
(b—a)e—d) ife<(2d-¢)

The product moment of d; and d; is then

E(d1d;)

n! 1 e pd pc gb i i
o= h b [ dedste= 969 - e)e-Ddodbdedae




= G- (7:— i (2d-e) <o) A s

(b — a)(c—b)9(d - ¢)(1 — &)~V dadbdcddde

+(i_4)!(7:_z._1)!I(c<(2d—e))/01 /0 /Od /0 /Ob

(b - a)(c—b)"(e — d)(1 — &)"~*"Vdadbdcddde

= G- @i < of [ L[

2 . .
% (c — )9(d — ¢)(1 — &)~ Vdbdeddde

T Eoa (Z!—i-— yi{(e < (24~ e))/ol /0 /od /0

2 . - .
% (c = )Y(e — d)(1 — e)""*"Vdbdeddde

G+20(n~i-1)!n!
2@+ 2! (n—i-1)(n+2)!

_ 1
T 2(n+1)(n+2)

Substituting into the covariance formula yields

CO’U(dl,dz') = E(dld,) - E(dl)E(dg)
1 1

2(n+ D) (n+2)  2(n+1)?
1
T2(n+1)2(n+2)
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Cov(dy,dy)
Following similar procedure gives the product moment E(d;dy,).

Substituting into the covariance formula yields

Cov(dy,dy) = E(did,) — E(dy)E(dy)
1 1
T D) (nt2)  (n+1)
1

C(n+12(n+2)
Cov(d;,d,)
Similar to the covariance of dy and d;, the covariance of d; and d,, has two different values,
fori=n—-landfor2<i:<n-2.

Fori=n-1

COU(dn_l,dn) = E(dn_ldn)—E(dn_l)E(dn)

= E(dn—ldn) - E( mzn[ (x(n-—l) - x(n-—Z))a (x(n) - x(n—l)) ] ) E(m(n) - x(n—l))
3 1 :
4(n+1)(n+2) 2(n+1)?
n—1
4(n+1)2(n+2)

For2<i<n-2

Cov(diydy) = E(didy) — E(di)E(dy)

= E(min[(z@ — 26-1)), (Tr1) — 2) ) E(@m) — Z(n-1))
1 1
2(n+1)(n+2) 2(n+1)?
1

“2(n+1)?2(n+2)




Finally, substituting all the above results into the formula of the Var(d) gives

Var(d) = % Var {dy + i min[ (2i) = 2i-1))s (T(+1) — 2(@) 1+ dn }
=2
1 { n + n(n—2) + n
2 ‘(n+12(m+2)  4(n+12(n+2)  (n+1)2(n+2)

2{(n—1) B 2(n-3) _ 2
4(n+1)2(r+2) 2(n4+12(@m+2)  (r+12(n+2)

+

2(n—2)(n—3) g (o=3et)
12(n+12(n+2) 4(n+1)2(n+2)

2(n—-1) 2(n-23)
4n+12(n+2) 2(n+12(n+2)

+ }

_}_2n2 + 17n + 12
n? 12(n+1)2 (n+2)

48
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1.5 Edge Effects Correction

In Section 1.4 the calculation of the mean nearest neighbor distance was based
on the assumption that the contributions from the two extreme points are the distances to

their neighbors. This can be readily seen in the formula for d,

n—-1

- 1 .
d=— {(2@)— zqy) + D_ min[ () — 2(=1))» (Tp1) — 26) | + (Fm) — T(n1)) }
d" =2 \——\d,—.—/
1 13

Unfortunately, these contributions may be biased due to the edge effects.

The edge effect, which is also known as the boundary problem, arises whenever at least
one of the two extreme points is closer to the end—point of the line than to its neighbor.
In this case, the distance from the extreme point in one direction is truncated and cannot
be compared to the distance to its neighbor on the study interval. This implies that the
nearest distance may be smaller than the one that was used in the calculation of the mean
nearest neighbor distance. Consequently the contribution of this extreme point to the mean

is larger than it should be. The figure below illustrates these two possible situations.

Yo o *m : @ L Fee) Ty 1 Yr)

The smallest point, z(;), is closer to the interval border than to its neighbor z(z). The dis-
tance to the point on the other side of the border, y(z), is smaller than the distance to (s).
Thus the contribution of z(;) to the mean nearest neighbor distance is larger than it should
be. On the other hand, although the largest point, z(,), is closer to the border than to

its neighbor, z(,_;), there is no need for correction. As it is shown, the distance from this

point to its neighbor is smaller than the distance to the point outside the interval.
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Since there is no information on the location of the points outside the interval
boundaries the correction for the edge effects relies either on the information about the
location of the random points on the study interval, or on the assumption that the same
processes responsible for the location of the points on the interval are operating beyond its
boundaries.

There are five possible methods which can be used to correct for the edge effects:
the ‘Circle’ method, the ‘Boundary’ method, the ‘Mirror’ method, the ‘Expected Value’
method, and the ‘Random Points’ method. The ‘Boundary’ and the ‘Expected Value’
methods are based only on the information from the given set of random points and their
distribution along the interval. The other three correction methods are based on the as-
sumption that the points pattern inside the interval is the same as the one outside its

boundaries. These methods are described in the following sections.
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1.5.1 The ‘Circle’ Method

One way to compensate for the edge effects is based on the conversion of the
straight line (or any other non closed curve) to a circle (or any other closed curve) by join-
ing together its opposite edges. On the circle, the previously two exterme order statistics,
z(1) and z(), become candidates for being each other’s nearest neighbor. The basic as-
sumption is that the same processes responsible for the location of the points on the unit
interval are operating beyond its boundaries. Therefore, these two points are assumed to
be representatives of the other points outside the interval.

Another useful way to think about it is to consider n + 2, instead of n, order statistics
20) T S B2 S - S Bnm1) S Fn) < Ent)
where z(g) = —(1 — z(n)}) and z(n41) = 1+ 7()

1 I i i I 1

=) —1 0 : Ty Z(2) L Z(n-1) T(n) 1 T(nt1) = 1+ 2(y)

The corrected expected value of d can be calculated following the same procedure which

had been used in Sections 1.3 and 1.4

Let I; = (2 — 2(i-1)) + (T(g1) — 2()) = Tip) = Ty 0SL <L, i=1,...,n
Let d; = min[ (2@ — 2@-1))» (Z@41) — (@) ] 0<d; < %, i=1,...,n

In particular,

h=2@ -0 =1+2@2) 2w

In = Z(nt1) ~ -1y = L4 20) — T(n-1)

di = min[ (21) — 2(0)): (2(2) — 21)) ] = min[ (1 + z(1) — T(m))> (T(2) — 2()) ]

dn = Min[ (T(n) = T(n-1)) (T(n+1) = T(n)) | = Mn[(2(n) = Tn-1)), (1 + T(1) — T()) ]
Then,

a 1 n—-1 ] )
d= ; { dy + Z mzn[ (:E(i) - .’17(2'_1)), (x(z’—i-l) - .’L’(i)) ] +d, }

=2
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The expected values of dy and d,, can then be caiculated using their conditional expectations,

given [; and .

L

E(d) = E[E(d1 | L)] = E(3)
1
= - E(l + 27(2) - .’l)(n))
_ {n—}-l 2 . n }
T 4'n+1 " n+1l n+l
3 ,
T 4(n+1)

Similarly,
E(dn) = E[E(dn l ln)} = E(_)

1
= - E(l + Ta) — x(n_l))
n+1 1 n—1

= {n-}-l n 1l nii)
3
T 4(n+1)
The corrected expected value of d is then
n-1
E(d) = - E {di+ ) min[(24) — 2-1)), (T41) — €@) ]+ dn }
1=2
1 n—1 )
= ~{1E(d)+ £ > min[ (zg) — 2i-1))s (T41) — ) D) + E(dn) }
=2
_ 1, 38  on-2 . 8
T nl4n+1)  2n+1)  4(n+l)
1
T 2n

Furthermore, it is possible to calculate the difference between the uncorrected and the

corrected mean nearest neighbor distance.

_ n+2 1
DIFFERENCE = Snnt 1) 2n
1

2n(n + 1)
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1.5.2 The ‘Boundary’ Method

An alternative way to overcome the boundary problem is to consider the distance
from each extreme point to the nearest border as its possible nearest neighbor distance.
Since there is no information on the point pattern outside the unit interval, this method
relies only on the one available, that is, the location of the extreme points and there dis-
tance to the interval boundaries. The ‘Boundary’ method can be easily generalized to two
dimensions, even when the shape of study area is irregular.

This method implies that there are n + 2, instead of n, order statistics
20 S SR S -+ S Tn-1) S F(m) S F(ni)

where (o) =0 and z(p41) =1

| |
! i | 1 ] 1

zo) =0 ay %@ . . . F(n-1) ()  Tntr) =1

The corrected expected value of d can then be calculated as before

Let

h=2@) - 20 =2q

In = Z(aq1) = T(n-1) = 1 = Z(n-)

di = min[ (zq) — z()), (22) — z)) | = min[ (z1)), (z2) — 2(1)) ]

dn = mMin] (2(n) = T(n-1)): (T(nt1) = T(n)) | = Min] (2(n) = T(n-1)), (1 = T(m)) ]
The expected values of dy and d,, are then

E(dy) = E[E(dr | h)] = E()




54

Similarly,
In
B(dy) = E[E(dn | 1)] = E(2)
1
= 7 E(-24-)
_ l { n+1 _n-— 1 }
T 4'n+l n+1l
_ 1
T 2(n+1)
The corrected expected value of d is then
_ 1 n—1
E(d) = -~ E{dy+ Z min| (.7:(,-) - a:(,-_l)), (Z(i41) — z(;)) ]+d.}
=2
1 n—1 .
= = {E(dy) + E(Y_ min(z() = 2(-1)>{3(i41) ~ 5()) ]) + Eldn) }
i =2
_ 1 { 1 + n—2 N 1 )
T on'2n+1)  2n+l)  2(n+1)
1
T 2n+1)
The difference between the uncorrected and the corrected mean nearest neighbor distance
is then
n+ 2 1
DIFFERENCE = atn 1) nt 1)
1

n(n+1)
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1.5.3 The ‘Mirror’ Method

Another way to overcome the edge effects is to assume that on the other side of
the border there is a point which is located at the same distance from it as the extreme
point. Thus, a distance, which is exactly twice the distance to the border, becomes a possi-
ble nearest neighbor distance. As in the ‘Circle’ methods, the assumption is that the same
processes responsible for the location of the points on the unit interval are operating beyond
its boundaries. The ‘Mirror’ method, as the ‘Boundary’ method, can be easily generalized
to a two—dimensions situation, even if the shape of study area is irregular, while the ‘Circle’
method can be generalized to two dimensjons only if the study area has a rectangular shape.
Another way to think about it is to consider again n 4 2 order statistics
) <T() SE@ S -+ S Fn-1) S F(n) < T(nt1)
where z(g) = ~z¢) and T(n41y) = 1+ (1~ z(y))

T(0) = —Z(1) 0 1) %(2) L T(n-1) T(w) 1 T(nt1) = 14+1- T(n)

Let

hh=2@) —20) =2 +2q)

In = Za41) = B(n-1) = 2~ T(n) ~ T(n-1) |

di = min[ (z1) — 2(0))> (Z(2) — T1)) ] = min[ (22(1)), (2(2) — 2(1)) ]

dn, = Min[ (2(n) = T(n-1))> (T(nt+1) — T(n)) ] = Mn[(T(n) = T(n-1)); (2 — 22(n)) ]
Note that given Iy, the conditional distribution of d; is uniform (0, 2 Z(2))
and given I, the conditional distribution of dy, is uniform (0, £ (1 - (,-1)))
Then,

2::{2) 1 21{21 m
3 3
E(dy | l) = dy f(dy | 1) ddy = 52— diddy = -2
0 2z Jo 3

and the expected value of dj is
2

E(d) = FE@ | 0)] = B(CD)=

3(n+1)




Similarly,
2(1-3(51)) 1 2(1~z(p_1))
3 3
B |t) = [ dn f(dn |zn)azd,,=mf0
and the expected value of d,, is
1-23-1 2
E(dn) = BIB(dn | 1)) = B(—5") = 55
The corrected expected value of d is
n—1
- 1 .
E(d) = ; F { dy + Z mzn[ (:I:(z) - 1’(,'_1)), (l'(i+1) - z(,)) ] +d, }
=2
1 n—1

= 1 E(d)+ E( > min] (z() — 2i-1))» (Tt — T@) D) + E(dn) }

1=2

56

_ 1, 2 n=2 2,

T ont3(r+1) 2zn+1) 3(n+l)

. 3n+2

~ 6n(n+1)
The difference between the uncorrected and the corrected mean nearest neighbor distance
is then

n+2 3n + 2
DIFFERENCE = St 1) 6n(n 1 1)
2

3n(n+1)
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1.5.4 The ‘Expected Value’ Method

An alternative solution the boundary problem is to consider the expected value
of the nearest neighbor distances for a unit interval as a possible distance .of each of the
extreme points. This method, like the ‘Boundary’ method, relies only on information about
the distribution of the set of points on the interval. The major advantage of this method
over the others is that the correction factor is a constant which depends only on the number
of points and not on their location. Furthermore, it is based on information from all the
points while the others are based only on the two extreme order statistics.

The ‘Expected Value’ method implies having n 4 2 order statistics
) <) SE@) S -+ S E(n-1) S I(n) < Tnt)

where z(g) = (1) — W and (n41) = Z(n) + 2’(++-1)

I ! | I | l

T(o) = Z(1) — _2(nl+l) Tay Ty .. . T-1) Tw) T(nt1) = T(n) T —2(n1+1)

Let

b= 20) =~ T0) = 2(2) ~2() + 3050

ln = Tn41) = T(u=1) = Tn) =~ T(n-1) T 54D

dy = min[ (zq) — 2(0)), (T@2) - Ty} ] = min| (ﬂanl))7(x(2) —2()]

dp = min[(Z(n) = T(n-1))s (B(nt1) — T(n)) ] = Min[ (T(n) = (a-1)), (575 ]

The expected values of d; and d,, are then

l
E(d) = E[E(d: | h)] = E(})
1, 1
= 1ot onsTy)
1 2 1 1
- Z{n+1_n+1+%n+n}
3

8(n+1)




Similarly,
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E(dn) = E[E(dn } ln)] = E(—)

The corrected expected value of d is then

E@)

4
1 1
= 15w =20+ 555y
1 n n—1 1
B Z{n+1—n+1+2(n+1)}
_ 3
T 8(n+1)
1 ) n—1
; FE { dy + Z mm[ (:c(i) - x(i_l)), (z(i+1) - x(i))] +4d, }
=2
1 n—1 )
~{ E(d) + E( > minf (2a) — 2(i1))s (Tit1) — 2) ) + E(dn) }
=2 .
}_ { 3 N n—2 + 3 )
n 8n+1) 2(nrn+1) 8(n+1)
2n-1
4n(n + 1)

The difference between the uncorrected and the corrected mean nearest neighbor distance

is then

DIFFERENCE = zn(n+1)_4n(n+ 1)
- 5
4n(n + 1)
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1.5.5 The ‘Random Points’ Method

An alternative strategy for overcoming the boundary problem is to distribute ran-
dom points on both sides of the study interval with the same intensity as the one on the
interval. This can be done by considering two more unit length intervals, which are located
on its both sides, and n independent uniformly distributed random points on each of them.
After ordering the points, the largest one on the left hand side interval becomes a candi-
date for being z(;)’s nearest neighbor, and the smallest one on the right hand side intervals
becomes a candidate for being z(,)’s nearest neighbor.

Another useful way to think about it is to consider n + 2 order statistics
20 <) ST@) S - S ¥n-1) S Fw) < F(nty)
where z (o) is the largest order statistic on the left hand side interval and z(,,) is the small-

est order statistics on the right hand side interval.

| T | | I T l : 1
-1 0 1

Ly, | F) = TL(n) Tw ., . W T(n+1) = TR(1) , “R(n)

| | | —]
2

This implies that the expected location of () with respect to 0 is the same as the expected
location of z(,) with respect to 1. Furthermore, the expected location of z(,4;) with re-
spect to 1 is the same as the expected location of z(;y with respect to 0. Thus, z(g) can be
considered as —(1 — z(,)) and (,41) can be considered aés 1+ z(3). That is, the expected
location of z(g) and Z(n41) is the same as their location in the ‘Circle’ method. In other
words, over many trials the results from the ‘Random Points’ method will agree with those
from the ‘Circle’ method. The advantage of the ‘Circle’ method is that it is not sensitive to

random fluctuations outside the study interval and the correction factor depends only on

the data set and not on additional random processes.
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1.5.6 Summary of the Correction Methods

Table 1 below summarizes the differences between the expected values of the un-
corrected and corrected means of nearest neighbor distances, which were derived in Sec-

tions 1.5.1 through 1.5.4.

Table 1: Differences Between Expected Values

Method of Correction || Ezpected Value | Difference
(Cirela? 1 1 _1
Circle o0 RICTS))
. 3n42 2 1
Mirror Bn(nt1) 3 n(atl)
‘Boundary’ S 1
2(n+1) n{n+1)
¢ R 2n—1 5 1
Expected Value In(ntD) 4 n(ntD)
The differences between the expected values are of magnitude Wnl;—l—) This implies that

they decrease as the sample size increases. Since the correction procedures are applied to
two nearest neighbor distances at most, their effect on the expected mean value gets smaller
as the number of points gets larger. Furthermore, all differences are in the same direction
and are greater than zero. This reflects the process of the edge effects correction. While
the uncorrected nearest neighbor distance is the distance between the extreme point and
its neighbor, the corrected distance is the minimum between that distance and a correction

factor. Consequently, the expected value of the corrected mean can be equal to or smaller

than the expected value of the uncorrected mean.
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The “Circle’ method yields a corrected expected value which is the most similar
to the uncorrected one. The ‘Expected Value’ method yields the least similar corrected ex-

. pected value. A further investigation of these expected values and their standard deviations

is needed in order to evaluate which correction method gives the best results.
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1.6 Simulation Results

The simulations were conducted using a prescribed number of random points (n) on
a unit length line between 0 and 1. The set of points was then used to calculate n nearest
neighbor distances and the uncorrected mean nearest neighbor distance. The corrected
nearest neighbor distances and their mean were calculated using four different methods of
correction: the ‘Circle’, the ‘Boundary’, the ‘Mirror’, and the ‘Expected Value’.

The process was simulated 10,000 times for each value of n. Then the overall uncorrected
and corrected means and their standard deviations were calculated.

The ‘Random Points’ method was applied differently. For each set of n random
points on a unit length line between 0 and 1, two new sets of n random points were generated.
One set on a unit length line between —1 and 0, and the other on a unit length line between
1 and 2. The largest point from the left hand side set and the smallest point from the
right hand side set became candidates for being nearest neighbors. The corrected mean
nearest neighbor distance was then calculated. This proccess was repeated 100 times for
each set of n random points and the overall mean was calculated. After repeating the
process 100 times, a new set of random points was generated and the whole process was
repeated another 100 times. This procedure was conducted 1000 times for each n and the
overall corrected mean and its standard deviation were then calculated.

The results of the simulations are summarized in Table 2 on the next page. The
table’s rows correspond to the different methods of correction and its columns correspond
to four sample sizes, n = 5, 10, 100, 200. For each sample size, the table presents the
uncorrected and the five corrected means of nearest neighborv distances, together with their
standard deviations.

The differences between the uncorrected and the corrected means and between the
various corrected means get smaller as the sample size gets larger. This result corresponds
with the calculations which are shown in Table 1 and indicate that those differences are
of magnitude Wl-i-f)‘ The dependence of those differences on the sample size reflects the
fundamental property of the mean. As it is well known, the mean is a summary statistic
which is sensitive to the contributions of all random points. However, as explained in Sec-
tion 1.5.6, the effect of a change in one or two nearest neighbor distances decreases as the

sample size increases.



Table 2: Simulation Results for the Correction Methods
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Sample Size

Method of n=235 n =10 n = 100 n = 200
Correction Mean | Std.Dev. Mean | Std.Dev. | Mean | Std.Dev. Mean | Std.Dev.
‘Circle’ 0.099801 | 0.033005 | 0.050098 | 0.012229 | 0.004998 | 0.000407 | 0.002500 | 0.000144
‘Boundary’ 0.083148 | 0.028466 | 0.045527 | 0.011447 | 0.004947 | 0.000404 | 0.002487 | 0.000143
‘Mirror’ 0.094232 | 0.032919 | 0.048561 | 0.012296 | 0.004981 | 0.000408 | €.002496 | 0.000144
‘Expected Value’ || 0.076858 | 0.027920 | 0.043687 | 0.011629 | 0.004927 | 0.000404 | 0.002482 | 0.000143
‘Random Points’ || 0.101118 0;036059 0.050247 | 0.012848 | 0.004998 | 0.000408 | 0.002499 | 0.000144
No Correction || 0.116456 | 0.043828 | 0.054594 | 0.014630 | 0.005048 | 0.000414 | 0.002512 | 0.000145

For each sample size, the uncorrected mean nearest neighbor distance is larger than all

corrected means. This result reflects the process of correction. While the uncorrected

nearest neighbor distance is the distance between the extreme point and its neighbor, the

corrected distance is the minimum between the above distance and a correction factor.

This implies that the corrected mean can be equal to or lower than the uncorrected one.
Similarly, for each sample size, the standard deviation of the uncorrected mean

nearest neighbor distance is larger than the standard deviations of the corrected means.

A comparison of the different correction methods reveals that two of them, the
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‘Circle’ and the ‘Random Points’, yield similar values of the mean nearest neighbor, even for
small sample sizes. This result corresponds to the similarity between these methods, as was
explained in Section 1.5.5. That is, the expected location of the two candidates for being
the extreme points’ nearest neighbors are the same in both methods. Consequently, the
means of the nearest neighbor distances are expected to be similar. However, the standard
deviation of the mean nearest neighbor distance in the ‘Circle’ method is smaller than the
one in the ‘Random Points’ method. This reﬁecté the advantage of the ‘Circle’ method
where the mean depends only on the data set and not on additional random processes
outside the study interval.

Another correction method, the ‘Mirror’ method, also gives similar values of the
mean nearest neighbor distance, especially as the sample size increases. An important result
is that the standard deviation of the mean is smaller than the one from the ‘Random Points’
method, and similar to the one from the ‘Circle’ method. Consequently, the ‘Mirror’ method
can be assumed a possible alternative to the ‘Circle’ method. This assumption is especially
important for the two—-dimensions case since the ‘Mirror’ method can be easily generalized
to two dimensions, even if the shape of study area is irregular, while the ‘Circle’ method
can be generalized to two dimensions only if the study area has a rectangular shape.

The ‘Expected Value’ and the ‘Boundary’ methods yield the smallest values of fhe
mean nearest neighbor distance and its standard deviation. Those values of the standard
deviations correspond to the common characteristic of the two methods. Both methods,
unlike the others, rely only on information from the given set of random points. The
‘Boundary’ correction factor is based on the distance to the interval boundaries and the
‘Expected Value’ correction factor is based on the number of random points on the interval.
The other correction methods rely on the assumption that the same processes responsible
for the location of the points on the interval are operating beyond its boundaries. The
calculation of the correction factors introduce additional variablity which affects the values

of the mean’s standard deviation.
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