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Statistically-Averaged Rate Equations for Intense Nonneutral
Beam Propagation Through a Periodic Solenoidal Focusing Field

Based on the Nonlinear Vlasov-Maxwell Equations

Ronald C. Davidson, W. Wei-li Lee and Peter Stoltz

Plasma Physics Laboratory, Princeton University, Princeton, NJ 08543

Abstract

This paper presents a detailed formulation and analysis of the rate equa-
tions for statistically-averaged quantities for an intense nonneutral beam prop-
agating through a periodic solenoidal focusing field B*¥(x) = B,(s)é, —
(1/2)B.(s)ré,, where B,(s + S) = B.(s), s is the axial coordinate, and
S = const. is the axial periodicity length. The analysis is based on the
nonlinear Vlasov-Maxwell equations in the electrostatic approximation, as-
suming a thin beam with characteristic beam radius r, < S, negligibly
small axial momentum spread about the directed value p, = ympByc, and
viv = N(,Z2 2/yymc? < 1. Here, v is Budker’s parameter, yymc? is char-
acteristic kinematic energy of a beam particle, Ny = [dXdYdX'dY'F} is
the number of beam particles per unit axial length, and F(X,Y, X', Y',s) is
the distribution function of the beam particles in the transverse phase space
(X,Y,X'Y") appropriate to the Larmor frame. The global rate equation is
derived for the self-consistent nonlinear evolution of the statistical average
{x) = Ny 1 fdXdYdX'dY'xF,, where x(X,Y,X',Y',s) is a general phase
function. The results are applied to investigate the nonhnear evolution of the
generalized entropy, mean canonical angular momentum (/Py}, center-of-mass
motion for (X) and (Y, mean kinetic energy (1/2)(X"? + Y'2), mean-square
beam radius (X 2+Y?2), and coupled rate equations for the unnormalized trans-
verse emittance €(s) and root-mean-square beam radius Rp(s) = (X2+Y?)1/2,
Global energy balance is discussed, and the coupled rate equations for €(s)
and Ry(s) are examined for the class of axnsymmetrlc beam distributions
F, with fixed shape density profile ny(R,s) = [Ny/nrZ(s)|f(R/rs(s)). Here,
R = (X2 + Y?)Y/2 is the radial distance from the beam axis, r4(s) is the
outer radius of the beam envelope, and the density shape function f(R/rp)
is allowed to have general functional form. Most importantly, it is found
that de(s)/ds = 0 for general shape function f(R/rp), and the envelope equa-
tion for the outer beam radius r3(s) is similar to the envelope equation for
a Kapchinskij-Vladimirskij beam distribution, appropriately modified by a

geometric factor g to reflect the shape of the function f(R/rp). R
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I. INTRODUCTION

Periodic focusing accelerators [1-4] have a wide range of applications ranging from basic
scientific research, to applications [5-8] such as heavy ion fusion, tritium production, and
nuclear waste treatment. There is growing interest in developing an improved understanding
of the nonlinear dynamics, stability, and transport properties of intense nonneutral beams
propagating through a periodic focusing field [8], both with respect to identifying operat-
ing regimes for quiescent beam propagation with negligible effects of collective instabilities
[8-18], and with respect to minimizing or eliminating halo production [19-22]. Particularly
useful in describing intense beam propagation in periodic focusing transport systems are ki-
netic models [9-11,17,18,23-26] based on the nonlinear Vlasov-Maxwell equations [1], which
incorporate the self-consistent evolution of the distribution of beam particles F; and the
interaction of the beam particles with the electric and magnetic fields, E and B.

This paper presents a detailed formulation and analysis of the rate equations for
statistically-averaged quantities for an intense nonneutral beam propagating through a peri-
odic solenoidal focusing field B*!(x) = B,(s)&,—(1/2)B.(s)ré,, where B,(s+S) = B.(s), s
is the axial coordinate, and S = const. is the axial periodicity length. The analysis is based
on the nonlinear Vlasov-Maxwell equations in the electrostatic approximation [1,26]. It as-
sumes a thin beam with characteristic beam radius r, < S, negligibly small axial momentum
spread about the directed value p, = yymfc, where yymc? is the characteristic kinematic
energy of a beam particle, and v/, < 1, where v = N;Z2e?/mc? is Budker’s parameter.
Here, Z;e is the particle charge, N, = [dXdY n; is the number of beam parficles per unit
axial length, and F;(X,Y, X', Y’, s) is the distribution function of the beam particles in the
transverse phase space (X,Y, X', Y’) appropriate to the Larmor frame [26]. Particularly
useful in experimental applications and in numerical simulation models, such as the nonlin-
ear § f-scheme [18], is an understanding of the self-consistent nonlinear evolution of various
statistical averages [1,27,28], (x) = Ny 1 {dXdYdX'dY'xF,, where x is a phase function

defined on the four-dimensional phase space (X,Y, X', Y'). Such models for the evolution



of statistically averaged quantities have been developed and applied by Sacherer [27] for the
case of an elliptical cross-section beam propagating through a periodic quadrupole lattice,
by Lee and Cooper [28] for an axisymmetric beam propagating through a solencidal focusing
field, and by Struckmeier and Hofmann {17] for beam propagation through general periodic
focusing systems.

The organization of this paper is the following. The theoretical model and assumptions
are summarized in Sec. II. In Sec. III, the global rate equation is derived for general phase
function x(X,Y, X', Y’, s), and the results are applied to investigate the nonlinear evolution
of generalized entropy, mean canonical angular momentum (Fy), center-of-mass motion for
(X) and (Y), mean kinetic energy (1/2)(X" + Y"?), mean-square beam radius {X? + Y2},
and coupled rate equations for the unnormalized transverse emittance ¢(s) and root-mean-
square beam radius Ry(s) = (X2 + Y212, Here, €(s) is defined by (1/4)e?(s) = (X"? +
Y2W{X2+Y?)— (X X'+YY')? The rate equations obtained in Sec. III are deri\"ed from the
fully nonlinear Vlasov-Poisson equations allowing for azimuthal asymmetries (8/06 # 0),
and are valid no matter how complex the nonlinear evolution of the system. In Sec. IV,
following a discussion of global energy balance; and the rate equations for the special case
where F} corresponds to the Kapchinékij-Vladimirskij (KV) distribution [23], we examine
the coupled rate equations for the unnormalized beam emittance ¢(s) and rms beam radius
Ry(s) for the class of axisymmetric beam distributions F, with fixed-shape density profile
ny(R, s) = [Ny/7rE(s)] f(R/7s(s)) [28]. Here, R = (X2+Y?)'/2is the radial distance from the
beam axis, r4(s) is the outer radius of the beam envelope, and thé density shape function
f(R/7y) is allowed to have general functional form. Most importantly, it is found that
de(s)/ds = 0, corresponding to emittance conservation for general density shape function
f(R/74(s)), and that the envelope equation for the outer beam radius r4(s) is similar to
the envelope equation (28] for a KV beam distribution [23], appropriétely modified by a
geometric factor g to reflect the shape of the function f(R/r;). This is similar to the result
obtained by Lee and Cooper [28] for the case of axisymmetric beam propagation through a

solenoidal focusing field and general density shape function f(r/r;).
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II. THEORETICAL MODEL AND ASSUMPTIONS

We consider a thin, intense nonneutral beam with characteristic radius 7, and axial

velocity V, = [yc propagating in the z-direction through the periodic solenoidal focusing
field [1]

B*¥(x) = B.(s)8, — -;—rBi(s)ér. (1)

Here, s is the axial coordinate, r = (22 + y?)!/2 is the radial distance from the beam
axis, B,(s + S) = B,(s) is the axial magnetic field with fundamental periodicity length
S = const., ‘prime’ denotes derivative with respect to s, r, < S is assumed, consistent with
the thin-beam approximation, and 7,mc? is the characteristic energy of a beam particle,
where v, = (1 — B82)~%/2. Consistent with the thin-beam approximation, the transverse
momentum of a beam particle and the axial momentum spread are assumed to be small in
comparison with the directed axial momentum ~,mfsc, where m is the rest mass, and c is

the speed of light in vacuo. In addition, it is assumed that

v Z 2¢2 Nb
Y vemc? @)

where v is Budker’s parameter, Z;e is the particle charge, N, = [ dzdyn, is the number of
particles per unit axial length, and ns(z,y, s) is the particle density. Equation (2) assures
that the self-field intensity is sufficiently weak that |Z;ed®/yymc?| < 1, where ¢° is the
electrostatic potential due to the beam spa:ce charge. However, the present analysis does
permit the potential energy Z;e¢* to be comparable in magnitude with the traﬁsverse kinetic
energy (p2 + p2)/2y,m of a beam particle.

The present analysis is carried out in the electrostatic approximation, where the self-
electric field produced by the beam space charge is E° = —V¢®, and the electrostatic

potential ¢°(z,y, s) is determined self-consistently from Poisson’s equation
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In Eq. (3), ns(z,y,s) is the particle density, and we have approximated V¢ ~ V2 =
0%/9z% + 8%/8y? in the thin-beam approximation with 7, <« S. In addition, the axial
beam current Z;en,V,;, where V,(z, y, s) is the average axial velocity, produces a transverse
self-magnetic field B* = V x A%8,, where A:(z,y,s) is determined self-consistently from
V2 A, = —4nZenyVy. In circumstances where the average axial velocity is approximately
uniform over the beam cross section with V;, o~ V, = fic = const., which we assume to
be the case, a comparison with Eq. (3) shows that the self-field potentials, ¢*(z,y,s) and

As(z,y,s), are related by the familiar expression [1]
A; = Bod’ (4)

Therefore, to summarize, in the thin-beam approximation the beam particles interact with

the electric and magnetic fields, E®* and B, described by

E* = '—V(ﬁ’(x: Y, S)’

1
B = B*! + B® = B,(s)é, — 5rB;(z)é, + BV (z,y,5) X &,. (5)

Here, B*°!(x) is the periodic solenoidal field defined in Eq. (1), and the electrostatic potential
#*(z,y, s) is determined in terms of the particle density ny(z,y, s) from Poisson’s equation
(3).

In the present analysis, we make use of a kinetic approach based on the nonlinear Vlasov-
Poisson equations [1,26] to describe the dynamics of the beam particles and their interaction
with the field configuration in Eq. (5). In this regard, it is convenient to introduce the

normalized Larmor frequency Q(s) and the normalized electrostatic potential ¥(z,y, s)

defined by
__ = _ZieBi(s)
0u(s) = —/e(e) = ~ 2222,
Zie s . »
@b(m,y, S) - W¢ (m,y,s). (6)
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It is also convenient to transform to a frame of reference rotating about the beam axis at
the local Larmor frequency Q.(s). We introduce the accumulated phase of rotation from
so to s defined by 0.(s) = — [, ds\/r:(ﬁ, where df; /ds = Q. Then the transverse orbits,
X (s) and Y (s), in the rotating frame, are related to the transverse orbits, z(s) and y(s), in

the laboratory frame by

X = zcosl(s) + ysinfr(s),

Y = —zsinf(s) + ycosfr(s). (7)

Finally, it is assumed that the beam particles have negligibly small spread in axial mo-
mentum about the average value yymfpc. Then, in the transverse phase space variables
(X,Y, X', Y’) appropriate to the Larmor frame, it can be shown that the distribution func-

tion F3(X,Y, X', Y’, s) evolves according to the nonlinear Vlasov equation [26]

OF, ,0F __,0R, ov\ OF, o9\ 0F, _
55 X ax Yy (MO X o o Y 57 ) 5 =0 (8)

where the normalized potential ¥(X,Y,s) is determined self-consistently from Poisson’s

equation

X z ¥ aYy?
Here, ny(X,Y,s) = [dX'dY'F, is the particle density, N, = [dXdYn; is the number of

( 52 az )¢_ _2”K/dx'dY’F,, 9)

particles per unit axial length, and we have introduced the self-field perveance K defined by
[1,26]

2N1,Zi2€2

K=
TompBict

(10)

which is a (dimensionless) measure of the self-field intensity. Note in Eq. (8) that X'and Y’
correspond to normalized velocity variables in the X —Y plane (i.e., X' denotes dX/ds and
Y’ denotes dY/ds), and the coefficients of F;, /80X’ and 8F,/8Y’ correspond to the particle
accelerations in the X- and Y -directions, respectively.

The Vlasov-Poisson equations (8) and (9) constitute the basic dynamical equations used

in the present analysis. They describe, in the Larmor frame, the nonlinear evolution of the
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charged particle beam as it propagates through the periodic solenoidal field . (s+S) = &.(s).
In particular, Eq. (8) describes the incompressible evolution of the distribution function
Fy(X,Y,X'Y",s) in the four-dimensional phase space (X,Y,X’,Y’), and Eq. (9) deter-
mines self-consistently the normalized potential (X,Y,s) in terms of the particle density
ny(X,Y,s) = [dX'dY'F,. In subsequent sections, we make use of Egs. (8) and (9) to inves-
tigate the evolution of various global (statistically averaged) quantities of physical interest.
In this regard, when carrying out averages of the Vlasov equation (8) over the phase space
(X,Y,X',Y"), we assume that a perfectly conducting cylindrical wall is located at radius

r=R=(X?+Y%'2? =r,, and impose the boundary condition

10
['R"a—a'(/)(R,o, S)} R = 0, (11)

which corresponds to zero tangential electric field at the conducting wall. Here, (R,6)
correspdnd to cylindrical coordinates in the Larmor frame defined by X = Rcosf and
Y = Rsinf. In addition, it is assumed that the distribution function F,(X,Y, X', Y’,s)

satisfies
F,=0, for X' = o0 or Y' = o0, (12)
and that there are no beam particles beyond some radius r, i.e.,
F,=0, for (X24+Y%)Y2> 1y, where 79 < 7y. (13)

Note that Eq. (13) implies that the beam density n; is zero in the vacuum region r¢ < R < 7.

As a final point in concluding this section, it should be noted that the characteristics
of the nonlinear Vlasov equation (8) correspond to the single-particle equations of motion,
e.g., X'(s) = dX(s)/ds and dX'(s)/ds = —k,(s)X — 8¢ /80X for the X-motion, and similar
equations for the Y-motion. Indeed, these equations of motion can be derived from the

Hamiltonian H, (X,Y, X', Y’, s) defined by

(X?+Y?) + %K,(s)(Xz +Y?) +¢%(X,Y,s). (14)

H; =

N =t

7




Because k,(s) is s-dependent for a periodic focusing lattice, it is clear from Eq. (14) that
H, is not a single-particle constant of the motion. Therefore, it is not expected that total
energy (kinetic energy plus potential energy plus self-field energy) will be globally conserved

by the nonlinear Vlasov-Poisson equations (8) and (9).



III. GLOBAL RATE EQUATIONS AND CONSERVATION RELATIONS

We now make use of the Vlasov-Poisson equations (8) and (9), together with the bound-
ary conditions in Egs. (11)—(13), to derive rate equations and conservation relations that
describe the nonlinear dynamics of the beam and its interaction with the field coﬁﬁguration
in Eq. (5). In this regard, the statistical average of a phase function x(X,Y, X', Y’ s) over
the four-dimensional phase space (X, Y, X', Y") is denoted by (x)} and‘is defined in the usual
manner by [26-28]

(x) = _A.l[; f dXdY dX'dY'xF;. (15)

Here, N, = | dXdYn, = [ dXdYdX'dY'F, is the number of particles per unit axial length.
The phase-space integral in Eq. (15) can also be expressed in cylindrical coordinates as
[dXdYdX'dY' - = [¥"df [ dRR [ dX' {* dY'---. The most basic conservation re-
lation evident from Eq. (8) corresponds to the conservation of the total number of particles
per unit axial length. Operating on Eq. (8) with [dXdYdX'dY’--., integrating by parts
with respect to X,Y, X’ and Y’, and making use of Egs. (12) and (13), readily gives

d _ 1 ’an _
Ny = / dXdYdX'dY'52 = 0. (16)

Equation (16) is simply a statement that N, = const., no matter how complicated the
nonlinear evolution of the system.

For general phase function x(X,Y, X',Y", s), it follows from the definition of statistical
average in Eq. (15) that

(x>—< X) + [dxdyax'ay aai 4 o

Multiplying the Vlasov equation (8) by ¥, operating with N, [ dXdY dX'dY"..., integrat-
ing by parts with respect to X,Y, X’ and Y’, and making use of Eqgs. (12) and (13), the final
term in Eq. (17) can be simplified. This gives

(x) < +X’§§+Y’g§ (()X+§%)W——(z() +g$)aw>; (18)




The general rate equation (18) can be used to evaluate (d/ds)(x) for a wide variety of choices
of phase function x of physical interest.

Entropy Conservation: It is important to note that the total derivative operation on

x within the angular brackets on the right-hand side of Eq. (18) is identical to the total
derivative operation on F; in the nonlinear Vlasov equation (8). Furthermore, for smooth,

differentiable G(F}), it follows from Eq. (8) that

3 , 0 , 0 AN oY\ 8 | o
{a X'zt Y - (n,(s)X+aX) ax'“( ()Y+3Y)BY,}G(F,,) 0. (19)

Making use of Eq. (18), or operating directly on Eq. (19) with fdXdYdX'dY’--- readily

gives
4 / dXdY dX'dY'G(Fy) = 0. (20)
ds

That is, any smooth, differentiable function G(F;) integrated over the four-dimensional
phase space (X, Y, X',Y") is a globally conserved quantity. The case G(F;) = F, corresponds
simply to dN;/ds = 0 in Eq. (16). Many other choices of G(F}), such as F2, —Fy¢nF,, etc.,
are also globally conserved quantities. For example, using the standard definition of entropy

S it follows from Eq. (20) that

d
EES =—— / dXdYdX'dY'FytnF, = 0, (21)

Equations (20) and (21) are expected results because the nonlinear collective processes
contained in the Vlasov-Poisson equations (8) and (9) are known to conserve both entropy
[Eq. (21)] and generalized entropy [Eq. (20)] no matter how complicated the evolution of
the system. Nonetheless, Eq. (20) represents a powerful global constraint on the nonlinear

dynamics of the beam.

Conservation of Canonical Angular Momentum: In the normalized Larmor-
frame variables used in the present analysis, the canonical angular momentum P of an

individual particle is defined by [26]

Pp=XY' —YX'. (22)
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Substituting x = XY’ — Y X’ into Eq. (18) readily gives

Lo (o))
Here, use has been made of 8/8X = cos8(8/0R) — R™'sin6(8/80) and 8/0Y =
sin@(8/0R) + R~ cos0(8/86) in cylindrical coordinates (R,0), where X = Rcosé and
Y = Rsiné. To simplify the right-hand side of Eq. (23) it is convenient to express Poisson’s

equation (9) in cylindrical coordinates, i.e.,

19 8y  18% 21K
RoRTaR TR - N ™ (24)

where n3(R, 0, s) = { dX'dY'F, is the density of beam particles. From Eqs. (15) and (24) it

follows that

AR
<aa>‘N,,/o de/o RRggms

e o (10 0% 1%

= %K Jo do/ “RRG (E 3roRT R 602)

R & 00y _ 10900y

=—nxh “/ dRR( dRO9OR T R 00 90 ae) (25)

In Eq. (25), we have integrated by parts with respect to R and made use of [8¢/86)g=,, =0
[see Eq. (11)]. Next, we integrate by parts with respect to § on the right-hand side of
Eq. (25), and make use of the fact that 8¢/dR and 8v/86 are periodic functions of 8 with
azimuthal period 2. This readily gives (8v/86) = 0, and Eq. (23) reduces to- |

2(R) = (XY - YX) =0, o (26)

Equation (26) corresponds to global conservation of canonical angular momentum, also
a very powerful constraint on the nonlinear evolution of the system. Note that the boundary
condition in Eq. (11), corresponding to a perfectly conducting wall located at radius R = 7,
has played an important role in assuring that (9¢/96) = 0 and hence that Eq. (26) is satis-
fied. Note also that it has not been assumed that 8F,/86 and 9v/88 are zero (azimuthally

11



symmetric beam) in deriving the conservation relation in Eq. (26). That is, the beam can

(in principle) develop large-amplitude azimuthal distortions, and the global conservation of
canonical angular momentum in Eq. (26) will remain a valid conservation constraint.
Center-of-Mass Motion: Substituting x = X in Eq. (18) readily gives

24Xy = (X, 27)

and similarly, for x = X’, we obtain from Eq. (18)

00 = = (a)(X) - (5% )- (29
Substituting Eq. (27) into Eq. (28) then gives
2
0+ = - (F8). (9)

Equations identical in form to Eqs. (27) and (28) can be obtained for the average Y -motion,
ie., (d/ds){Y) = (Y') and (d/ds)(Y’) = —«.(Y) — (0¢/8Y), which can be combined to give

d? oY
T+ == (). )

Equations (29) and (30) describe the‘ evolution of the beam centroid ({X),(Y)) in response to
the periodic focusing magnetic field «,(s + S) = «,(s) and the average self-field components
—(0¢/0X) and —(0%/8Y). Evidently, if the beam is initially centered (at s = sp, say) with
(X)s=so = 0= (Y )s=so and (X' }gmgy = 0 = (Y") 4=, then it follows from Eqgs. (27)-(30) that
(X) =0=(Y) at subsequent values of s.

Rate equations for the evolution of other average quantities are also readily obtained.

For example, substituting x = X", where n is an integer, into Eq. (18) gives
d n 1 yn—1
;l;(X Yy =n(X'X"). (31)

Similarly, it follows from Eq. (18) that

_d_ my __ m—1\ _ Im—l_a_d)
ds(X ) = =R (s)m{X X"™ ) m<X 6X>’ (32)

12



and

—d— nyimy . n—1yim+ly n4-1 tm—1 tm—1 na¢ ;
(XX = (XX — g ()XY - m (X TIXT o ) (33)

Analogous equations for the evolution of (Y™), (Y'™), (Y*Y'™), (X“Y"‘), etc. are also
readily obtained but will not be presented here.

Two quantities of particular physical interest are the mean kinetic energy (1/2)(X" +
Y*?) and the mean-square beam radius (X2 + Y2). We now make use of the general rate
equation (18) to derive equations for the evolution of (1/2){X" + Y"2) and (X? ‘+ Y?).

Rate Equation for Mean Kinetic Energy (1/2)(X"? + Y"?): Substituting

x = (1/2)(X"? +Y"?) into Eq. (18), we obtain

X oY
It also readily follows from Eq. (18) that (d/ds){X%+Y?) = 2(XX'+YY"), so that Eq. (34)

%%(X” FY?) =~k (SHX X'+ YY) — <X’ +Y' = a¢> (34)

can be expressed in the equivalent form

dl

ds 2< 0X Yy

X?+Y?) = n,(s) (X2 +Y?) - <X’ Oy +Y' = ¢> (35)
The first term on the right-hand side of Eq. (35) is related to the change in potential energy
associated with the particle motion in the periodic solenoidal focusing field, whereas the
second term on the right-hand side is related to the change in self-field energy.

To simplify the self-field contribution on the right-hand side of Eq. (35), we make use
of the generalized rate equation (18) with x = 9(X,Y,s) and the definition of statistical

average in Eq. (15) to write
0% LU\ _d, 8%
<X ax T ey ds("’) 3s
= — / dXdeX’dY’z/ng'i
Ny
1 9 [ i
=% / dXdYy [ dX'dY'F, (36)

The beam density n4(X,Y,s) = [dX'dY'F, can be eliminated in Eq. (36) in terms of
Viy = (82/8X?% + 82/8Y?)y by means of Poisson’s equation (9). This gives, after some

integration by parts,

13




la¢ "/’ 2
<X ax T 6Y> 21rK/ dXdW e Ka / XY |V .yl (37)

In simplifying Eq. (37), we have expressed [ dXdY --- = [2"df [;* dRR--- and integrated
by parts with respect to R and 8, enforcing the boundary conditions that [0¢/06]z=r, = 0
and [¢]g=r, = const. at the conducting wall. (For convenience, the reader may wish to
assume that the conducting wall is grounded, with [¢]g=,, = 0.) In the normalized units

used here,
Ep(s) = / dXdY |V 9%, (38)

will be recognized as the self-field energy of the beam particles.
Substituting Eqgs. (37) and (38) into Eq. (35), the rate equation (35) for the change in

mean kinetic energy can be expressed as

dl 2 2\ __ _d__l_ 2 2 d
5 X2+ Y?) = () =2 (X2 + V) = —Er(s), (39)

or equivalently,

:_S {%(x'2 +Y?) + %Kz(SXXz +Y?) + £p(s)}

ld»'foz
2 ds

(s) S50 (X2 4 Y2, (40)
The left-hand side of Eq. (40) will be recognized as the rate of change of mean total energy
of the system. Indeed making use of the definition of H, in Eq. (14), and recognizing
that the field energy can also be expressed as Ep(s) = (¥) [see Egs. (15), (24), and (38)],
Eq. (40) can be expressed in the equivalent form (d/ds){H.) = (1/2)(dk,/ds){X?* + Y?).
It is clear from Eq. (40) that the mean total energy of the system is conserved whenever
dk,(s)/ds = 0. For example, this is true for the case of a uniform solenoidal focusing field
with k,(s) = k.0 = const. (for all s). It is also true for a periodic step-function lattice in
the localized regions of s-space where x, = 0 or k, = Kk, = const.

As a final point in concluding this subsection, it should be emphasized that rate equations
in Eq. (35) and Eq. (39) [or Eq. (40)] are fully equivalent.

Rate Equation for Mean-Square Beam Radius (X2 +Y?): Substituting x =

X2 4+ Y? into the generalized rate equation (18) gives
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:if‘l;(x2 +Y?3 =2(XX'+YY'). (41)

Furthermore, substituting x = XX’ + YY"’ into Eq. (18) and carrying out the required

derivative operations, we obtain

d 1 AN d2 1 2 2
E<XX +YY)—ES-5§<X +Y?) |
=(X?+Y?) — k(s X2 +Y?) — <X—§% + Y%> . (42)

Equation (42) and Eq. (35) [or Eq. (39)] represent coupled rate equations for the evolution
of (X2 +Y?) and (X2 +Y"%).

For future reference, it is useful to simplify the final term on the right-hand side of
Eq. (42). Making use of the representation (X8vy /90X + Yy /08Y) = (ROY(R,0,s)/0R) in

cylindrical coordinates, and the definition of statistical average in Eq. (15), we obtain

61/, a¢ ——]__ 2n Tw ?_?-
<X6X+Y6Y> = N,,/o defo dRRRzEn, |
1 T 10 8y 18%
=-5x)y ), ¢RRRsp [R@RR8R+R2662]
o1 e e 10 (_8p\? 8 (op)’
== h [ 43 [aR (RBR) 3R (ao) - 43)

Here, use has been made of Poisson’s equation (24) to eliminate ny(R, , s) in favor of V2 ¢
in cylindrical coordinates, and the term proportional to 8%¢/86% has been integrated by
parts with respect to 8, making use of ¥(R, 80+ 2, s) = (R, 0, s). Integrating by parts with
respect to R in Eq. (43), and making use of [8¢/80]g=,, = 0 [Eq. (11)], we obtain

oy o\ 1 g [ 8yl |

R=ry

It is convenient to express ¥(R,8,s) = ¥(R, s) + 8¥(R, 6, s), where ¢ = (27)1 fF do
and 2" dfy = 0. If ¢ is azimuthally symmetric (0y/06 = 0), then ¢ = ¢ and §¢ = 0. In
general, however, there may be (instability-induced) perturbations in the system, in which
case 6¢(R, 0, s) is non-zero. Therefore, in the general case, Eq. (44) can be expressed as

oy LY\ 1 o 091> [.069]% |
<)§53(—+Y5?>_-H0 de{[Rﬁ] +[Rﬁ—} } (45)

R=r, R=r,
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The first term on the right-hand side of Eq. (45) is associated with the dc space charge of the
beam and can be evaluated in closed form (see below). The second term on the right-hand
side of Eq. (45) involves the perturbed charge density and is typically much smaller than the
first term. To evaluate [R8¢/OR)g-,, in Eq. (45), we operate on Poisson’s equation (24)
with [2"d6 [~ dRR... and make use of f02" df 3 dRRny(R,0,s) = N,. This readily gives

where K is the self-field perveance defined in Eq. (10). Substituting Eq. (46) into Eq. (45)

then gives
8y o\ 1 o
<X6_X +Y-5?> = 2K(l + A), (47)
where A is defined by
1 rdg | 8 1
== /0 = [Rgﬁ&p} - (48)

Substituting Eq. (47) into Eq. (42), it is found that

A LK YD) £ (X + YY) — EK(148) = (X2 Y7, (49)

Equation (49) describes the evolution of (X?+Y?) and is fully equivalent to Eq. (42). Here,
the nonlinear evolution of the mean-square radius [Eq. (49) or Eq. (42)] is coupled to the
evolution of the mean kinetic energy (1/2)(X" + Y"?) [Eq. (39) or Eq. (35)]. Particularly
important in Eq. (49) is that the self-field perveance K = const., no matter how complicated
the nonlinear evolution of the system. Furthermore, the term proportional to A in Eq. (49)
is either zero (A = 0 for an azimuthally symmetric beam), or small (A < 1) in many regimes
of practical interest. Equation (49) [or, equivalently, Eq. (42)] is an exact consequence of
the fully nonlinear Vlasov-Maxwell equations (8) and (9).

Coupled Rate Equations for rms Emittance ¢(s) and rms Beam Radius R,(s):

For future reference, it is convenient to rewrite the coupled rate equations for the mean ki-

netic energy (1/2){X” + Y"?) in Eq. (35) [or Eq. (39)] and the mean;square beam radius
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(X% +Y?) in Eq. (42) [or Eq. (49)] in terms of the root-mean square beam radius Ry(s)
defined by [27,28]

Ry(s) = (X* + V)12, (50)
and the unnormalized beam emittance ¢(s) defined by [1,26-28]
E(s) = 4[(X? + YU X2 4+ YD) ~ (XX + YY)}

2 .
=4 [(X'2 +Y?)R? — (1 d R,’f) : (51)

2ds

In Eq. (51), use has been made of R? = (X% +Y?) and (X X'+ YY) = (d/ds)(1/2){X? +
Y?) = (d/ds)(RE/2). Substituting Eq. (51) into Eq. (42) and eliminating (X" + Y") in

favor of €%(s), some straightforward algebra shows that Eq. (42) can be expressed as
d2

ds?

(s
Ry(s) + . (s) Ra(s) = R(g ()5/)4 - R:(s) <x% + y-g;é> . (52)

Equation (52) is fully equivalent to Eq. (42). If we further express (X8vy/0X + Y8y /8Y)
in terms of the self-field perveahce by means of Eq. (47), then Eq. (52) for the rms beam

radius R;(s) can also be expressed as

fz_Rb(s) + |&,(s) — W] Ry(s) = €(s)/4 (53)

35 RI(5) Ri(s)

Equation (53) is fully equivalent to Eqs. (52) and (42), and has been derived from the
fully nonlinear Vlasov-Poisson equations (8) and (9) for general beam distribution function
Fy(X,Y, X', Y, s) and self-consistent normalized potential ¥(X,Y, s) defined in Eq. (6). In
deriving Eq. (53), no a priori assumption has been made that 0F;,/30 = 0 or 8¢ /88 = 0.
The striking feature of Eq. (53) is that it is similar in form to the analogous equation for
Ry(s) derived for the restrictive assumption of a Kapchinskij-Vladimirskij beam distribution
[23] FXY [which has uniform beam density n, = const. for 0 < R < 73(s) = v/2Ry(s), and
ny = 0 for R > 73(s)], in which case €(s) = const., and A = 0 because (8/88)FfY = 0 and
/06 = 0.

The rate equations (35) and (42) can be used to describe the nonlinear evolution of the

unnormalized rms emittance €(s) defined in Eq. (51). From Eq. (51), we obtain
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£ 22(s) = (X2 4 Y Z(x? 4 ¥7)

d o |
+{(X"? + Y'Z)-&-S-(XZ +Y% -2 XX + YY’)a—s-(XX’ +YY'). (54)

Substituting Egs. (35) and (42) into Eq. (54) and rearranging terms, it can be shown that
Eq. (54) reduces to

d 1 1d . ,
Egez(s) = 525<X2+Y2)< a;/'(+ a$> (X*+Y?) <X 8;p(ﬂ/ 3;/;> (55)

or equivalently,

d1, 1dR, [ 0y _ 0Y 0 8y
38 e) = Rb{R,, s<X5;?+Y517> <Xax+Yay>} (56)

If we make use of Egs. (37), (38), and (47), then Eq. (56) can also be expressed as

300 = R { - DRIKU+8) - L), (57
where Ep(s) is the self-field energy defined in Eq. (38).

To summarize, the rate equation (52) [or Eq. (53)] for the rms beam radius Ry(s) together
with the rate equation (56) [or Eq. (57)] for the unnormalized beam emittance €(s) are fully
equivalent to the original rate equatiohs for the mean-square radius (X2 + Y?2) in Eq. (42)
and mean kinetic energy (1/2){X"? + Y") in Eq. (35). These equa.tioné have been derived
from the fully nonlinear Vlasov-Poisson equations (8) and (9) and are valid no matter how
complex the nonlinear evolution of the system. Which of these representations is best to use
depends in practice on the particular application under consideration. In the remainder of

this paper, we will use primarily (but not exclusively) the rate equations for Ry(s) and e(s).
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IV. APPLICATION OF GLOBAL RATE EQUATIONS

The global rate equations and conservation relations derived in Sec. III have been ob-
tained from the nonlinear Vlasov-Poisson equations (8) and (9) and are applicable over a
wide range of system parameters consistent with the assumptions enumerated in Sec. II. As
such, the results obtained in Sec. III place very powerful global constraints on the nonlinear
evolution of the system and can be used to benchmark numerical simulation codes as well
as obtain valuable insights regarding the nonlinear beam dynamics and collective processes
affecting its propagation. In this section, we make use of the global rate equations derived
in Sec. III to investigate several aspects of beam propagation in regimes of practical interest.
These include the energy rate equation for matched beam propagation (Sec. IV.A), and the
coupled rate equations for the rms beam radius R,(s) and unnormalized beam emittance €(s)
for azimuthally symmetric beam propagation (8/86 = 0), corresponding to the Kapchinskij-
Vladimirskij distribution [23] (Sec. IV.B), and beam distributions with fixed-shape density
profile (Sec. IV.C).

A. Global Energy Balance

The global energy balance equation can be expressed in the three equivalent forms given
in Egs. (35), (39) and (40). For present purposes, we make use of the form given in Eq. (40),
where Er(s) is the normalized self-field energy defined in Eq. (38), and the coupling coeffi-
cient k,(s + S) = k,(s) for the solenoidal field is assumed to have fundamental periodicity
length S. The energy balance equation (40) is valid no matter how complex the nonlinear
evolution of the system. For example, if £r(s) exhibits growth and saturates nonlinearly due
to a collective instability, then the mean kinetic energy (1/2)(X"?+Y"?) and the mean-square
beam radius (X2 + Y?2) must adjust self-consistently according to Eq. (40). Evidently, in

the special case of a uniform focusing field with

k:(8) = Ko = const., ' (58)




the total energy is conserved according to Eq. (40). In this case dx.(s)/ds = 0, and Eq. (40)

reduces to
-;-(X'2 +Y"?) + %5,00( 2 +Y?) + Ep(s) = const., (59)

which is a statement of energy conservation between mean kinetic energy, potential energy,
and self-field energy. When «,(s) = k. = const., other rate equations, such as Eq. (53) for
the rms beam radius R;(s) also undergo corresponding simplifications.

For a periodic focusing field k.(s + S) = &,(s), examination of Eq. (40) shows that the

total mean energy U(s) defined by
U(s) = (X7 +Y?) + srals) (X2 +Y?) + E(s) (60)

also varies periodically for quiescent (instability-free) propagation of a matched beamn with
Ry(s + S) = Ry(s), where R%(s) = (X2 + Y2) is the mean-square beam radius. For present
purposes, we further assume that the functional form of «,(s) and the rms beam radius

Ry(s) have half-period symmetry of the form

k(S/2 — 5) = k.(S/2+ s5),

Ry(S/2 — s) = Ry(S/2 + 5), | (61)

for 0 < s < §/2, and all subsequent lattice intervals. A case in point is illustrated in Fig. 1

for a periodic step-function lattice where

Ky = const., 0 < s < (n/2)S,
r(s) =4 0, (7/2)S < s < (1—n/2)S, (62)
k.0 = const., (1-1/2)S<s<S, '
over the fundamental interval 0 < s < S. Of course the functional form of «,(s) in Eq. (62)
and Fig. 1 repeats for each subsequent lattice interval because k.(s + S) = k.(s). We

integrate the energy balance equation (40) over one lattice period by operating on Eq. (40)

with f;+s ds---. Because dk,/ds has odd-function symmetry over a half-lattice interval,
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whereas RZ(s) = (X2 4+ Y?) has even-function symmetry over a half-lattice interval, it

follows from Eq. (61) that

s+S ‘ '
f ds‘fi"s‘ (X2+Y? =0. (63)

Therefore, Eq. (40) gives [**5 dsdU(s)/ds = 0, or equivalently
U(s+S) =U(s), - (64)

which corresponds to a periodic variation of the total energy U(s) with fundamental peri-

odicity length S.

B. Rate Equations for Kapchinskij-Vladimirskij Beam Distribution

We now specialize to the case of azimuthally symmetric beam propagation (0F,/86 =
0 = 9¢/88) through a periodic solenoidal focusing field «,(s+S) = &,(s), placing particular
emphasis on the rate equations for the rms beam radius Ry(s) [Egs. (52) or (53)] and the
unnormalized beam emittance €e(s) [Eqs. (55) or (57)]. As a first example, we consider
the widely-studied case of a Kapchinskij-Vladimirskij beam distribution [23] FXV, which
generates self-consistently the step-function density profile [1,23,26,28] |

Ny < R < ry(s) = v2Ru(s),

ny(R, s) = { 27RY(s)’ (65)
0, V2Ry(s) = 13(s) < R < 7.

Here, ny(R,s) = [dX'dY'F, is the beam density, ry(s) = +/2Ry(s) is the outer radius of
the beam envelope, and N, = 27 fo"(’) dRRny(R, s) is the number of p,articles per unit
axial length. Note from Eq. (65) that the mean-square beam radius is (X? + Y?) =
N;'2r [7* dRRR*n,(R,s) = RZ(s), as expected. Because 8v¢//84 = 0, it follows that the
coefficient A = 0 [see Eq. (48)] in the rate equation (53) for the rms beam radius Ry(s).

Substituting A = 0 and Ry(s) = r3(s)/v/2 into Eq. (53), we obtain
2

SEare(s) + [ma(0) = 35| o) =

ds?

€X(s)
ri(s)

(66)
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Equation (66) is the familiar envelope equation [1,28] for the outer radius ry(s) of a
Kapchinskij-Vladimirskij beam, derived as a particular application of the general rate equa-
tions developed in Sec. III.

We now turn to the evolution of the unnormalized beam emittance €(s) described by
Eq. (55), or equivalently, Eqs. (56) and (57). For the step-function density profile in Eq. (65),
Poisson’s equation (24) is readily integrated to give

¢ l R2
27 r(s)’

—%K (1+2£n T )), 75(s) < R < 1.

0 < R < 1p(s),

.

Here, we have taken ¢(R = 0, s) = 0 without loss of generality. Making use of Eq. (67) and
R? = X? +Y? to evaluate 8y/0X and 8¢/8Y in the region where the beam density n, is
non-zero in (65), it follows from Eq. (55) that

K
%-;—62(3) = 26 { (X2 YIUX24+Y?) — (X2 +YI(XX' + YY')} =0, (68)
where use has been made of (d/ds){X? + Y?) = 2{X X'+ YY"). Therefore, as expected for
a Kapchinskij-Vladimirskij beam distribution, the unnormalized beam emittance defined
in Eq. (51) is an exactly conserved quantity with €(s) = const. (independent of s). This
conclusion also follows from the representation of the rate equation for ¢(s) in Eq. (57),

where Ep(s) is the self-field energy defined in Eq. (38). Making use of Egs. (38) and (67),

we obtain

Er(s) = 5 / dRR (gzﬁ) K( ””r,,(s)) (69)

Therefore, from Eq. (69), (d/ds)ép(s) = —(K/2)ry'(s)(d/ds)ry(s), and the rate equa-
tion (57) also gives (d/ds)e?(s) = 0 when A = 0. This calculation also clearly shows

that if a KV beam distribution develops an (instability-induced, say) asymmetry such that

A # 0, then the unnormalized beam emittance is no longer a conserved quantity according

to Eq. (57).




For an azimuthally symmetric KV beam distributioxi, the constancy of €(s) permit a
determination of the s-dependence of the mean kinetic energy (1/2){(X" +Y'?). Setting
€2(s) = €% = const. in Eq. (51), and solving for the kinetic energy gives

2 2 |
€ 1 [dr
- — 70
4r§(s)+4(ds) ’ (70)

%(Xm + YI2) —

where use has been made of 2RZ(s) = ri(s).

To summarize, for a KV beam distribution propagating thfough a periodic solenoidal
focusing field k,(s+S) = .(s), the outer radius r;(s) of the beam envelope evolves according
to the nonlinear envelope equation (66) with €2(s) = €} = const. Closed expressions for the
field energy £x(s) and mean kinetic energy (1/2){X" + Y) are given in terms of ry(s) and
~ other system parameters by Egs. (69) and (70). For a matched beam with ry(s+ S) = r3(s),
note from Egs. (69) and (70) that £r(s) and (1/2){X"? + Y"2) are also periodic functions of

s with fundamental periodicity length S.

C. Rate Equations for Beam Distributions with Fixed-Shaped Density Profile

The assumption of a KV beam distribution FXV and corresponding step-function density
profile for ny(R, s) in Eq. (65) is very restrictive. In this section, we carry out an important
generalization of the analysis in Sec. IV.B to the class of azimuthally symmetric beam

distributions (8F;/80 = 0 = 8¢y/80) with density profile n, = [ dX'dY’F, of the form [28]

ny(R, s) = mjgvzs)f (Tbl(z)), 0 < R < mi(s),

0, T5(8) < R < 7.

(71)

Here, f(R/75(s)) is a smooth, but otherwise unspecified function satisfying f > 0, and r(s)
is the outer radial envelope of the beam. We refer to f(R/r;) as the density shape function,
and the class of profiles in Eq. (71) as fized-shape profiles because the only depéndence on
s in Eq. (71) is through the factor r;2(s), and the shape-function f(R/ry(s)). Because
Ny = 27 [3* dRRny(R, s), the normalization on f in Eq. (71) is |

23




/0 XX F(X) =1/2. (72)

Furthermore, the mean-square beam radius R3(s) = (X2 + Y?) for the class of profiles in

Eq. (71) is given by R2(s) = Ny '2x [**) dRRR?ny(R, $), which reduces to
R}(s) = gry(s), (73)
where g = const. is the geometric factor defined by
g=2 fo AXXX2F(X). (74)

A simple example for the choice of f(R/7y(s)) in Eq. (71) is the step-function density profile
in Eq. (65) corresponding to a KV distribution of beam particles. In this case f(X) = 1 for
0< X <1,and f(X)=0for X > 1, and the geometric factor in Eq. (74) is g = 1/2, which
corresponds to R#(s) = r(s)/2. A second example is the parabolic density profile
2N R?

ny(R, s) = W{;—) (1 ~ r_g(‘s_)) , (75)
for 0 < R < 74(s), and ny(R,s) = 0 for ry(s) < R < ry. In this case, the density shape
function is f(X) = 2(1 — X?) for 0 < X < 1, and f(X) = 0 for X > 1. The corresponding
geometric factor ¢ and mean-square beam radius calculated from Eq. (74) are g = 1/3 and
R%(s) = r2(s)/3. Clearly, many other examples are possible (Table 1).

We now turn to an examination of the rate equations for the rms beam radius Ry(s)
[Egs. (52) or (53)] and unnormalized beam emittance ¢(s) [Eqgs. (55), (56) or (57)] for the
class of beam density profiles in Eq. (71). Because A = 0 for the azimuthally symmetric case
considered hLere [see Eq. 48)], the rate equation (53) for the rms beam radius R;(s) = 1/grs(s)
readily gives |

2

62 s 2 )
Fan(o)+ |mte) = 22 ) = SLL (76)

Equation (76) describes the nonlinear evolution of the outer beam envelope ry(s) for the |

general class of density profiles in Eq. (71). Apart from the géometric factor g, Eq. (76) is
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identical in form to the envelope equation (66) derived for a KV beam distribution. Indeed,
for a KV beam, g = 1/2 and Eq. (76) reduces exactly to Eq. (66), as expected.

With regard to the unnormalized beam emittance €(s), we make use of the rate equation
in the form given in Eq. (57). Setting A = 0 and R¥(s) = gri(s), where g is defined in
Eq. (74) for general f(X), we obtain

753 (s) —grb(s){ —p 2K 7 Er (77)

where £p(s) is the field energy defined by (for 9y/06 = 0)

Er(s) = 5= / dRR(ZZ). (78)

Substituting Eq. (71) into Poisson’s equation (24), we obtain the equation for ¥(R, s}, i.e.,

1 8 0y QK(R)

_—— —f | —= 79
R BRRaR 'rg(s) 7o(s) (79)
Equation (79) can be formally integrated to determine 8v¢/dR, which is required in Eq. (78).

This gives

—K—/ e )dXXf(X) 0 < R < rs),
oy

35" (80)

—K%, ro(s) < R < ro.
Note from Eq. (80) that 8¢/0R is continuous at R = ry(s) because of the normalization con-
dition f} dXX f(X) = 1/2. Substituting Eq. (80) into the expression for £r(s) in Eq. (78),

and carrying out the integration over R gives

Er(s) = %K {4f01% (/OX dXXf(X))2+€n;;1l('§-)-}. | (81)

It is important to note in Eq. (81) that the first term on the right-hand side is constant
(independent of s) for general choice of density shape function f(R/ry(s)). Therefore, the

only s-variation of £r(s) occurs through the logarithmic term in Eq. (81), which gives

1 K d :
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Substituting Eq. (82) into Eq. (77) then gives the important result

d , : ‘
Z; (s) =0, ' (83)

corresponding to conservation of beam emittance, with €(s) = ¢ = const.

Equations (76) and (83) are similar to the results first obtained by Lee and Cooper
[28] for the case of azimuthally symmetric beam propagation through a solenoidal focusing
field, making the assumption that the density profile has the fixed profile shape in Eq. (66).
Equations (76) and (83) indeed constitute powerful results for axisymmetric beam propa-
gation. While emittance conservation is a well-known result for a KV beam, the fact that
€(s) = const. for general profile shape function f(R/rs(s)) has several important implica-
tions. First, because €(s) = ¢y = const. in the envelope equation (76) for the outer beam
radius 73(s), Eq. (76) can be solved numerically for r3(s) for a broad range of lattice func-
tions k,(s + S) = k.(s), system parameters k and ¢, and values of the geometric parameter
g, which depends on the choice of shape function f(R/ry(s)). Second, once the outer beam
radius r4(s) is determined from Eq. (76), the self-consistent evolution of £r(s) can be deter-
mined from Eq. (81). Finally, similar to the result obtained for a KV beam in Sec. IV.B [see
Eq. (70)], the definition of emittance in Eq. (51) can be used to determine the evolution of
the mean kinetic energy (1/2){X" + Y'2). We readily obtain, for €(s) = ¢; = const.,

1
2

<X12+Y12>= Gg +lg i’l 2 (84)
8gré(s) 27 \ds/) ~

For the particular choice of a KV beam distribution, where the geometric factor is ¢ = 1/2,
Eq. (84) reduces to Eq. (70), as expected.

Table 1 shows a tabulation of values of the geometric factor g = 2 Jj dX X X2 f(X) defined
in Eq. (74) for several choices of the profile shape-function f(X). Here, f(X) is normalized
according to fy dXX f(X) = 1/2 [Eq. (72)], and the rms beam radius Ry(s) is related to
the outer beam radius r;(s) by RZ(s) = gri(s) [Egs. (73) and (74)]. Note from Table 1 that
g = 1/2 for a KV beam distribution, which has the step-function density profile in Eq. (65),

whereas g < 1/2 when the density profile is peaked on axis and decreases monotonically to
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zero at r = 74(s)(X = 1). On the other hand, if the density profile is strongly peaked off

axis, then g > 1/2. Indeed, for an infinitesimally thin annulus centered at r = r(s), which

corresponds to f(X) = (1/2)6(X — 1) in Table 1, we obtain the geometric factor g = 1.
We conclude this section with a brief discussion of properties of the envelope equation (76)

for general geometric factor g. Defining

1
Kg = '2—g'K,

=576 (85)

it follows that Eq. (76) can be expressed in the equivalent form

9+ [sa(9) = 5| ) = 5 (80

Equation (86) is identical in form to the envelope equation (66) for a KV beam provided
we make the replacements K — K, and € — ¢, in Eq. (66). Therefore, many of the results
obtained in analytical and numerical studies of the envelope equation (66) can be applied
directly to Eq. (86) provided we make the replacements implied by Eq. (85). This includes,
for example, the existence of self-field-induced nonlinear resonances and chaotic behavior
[29] exhibited by the beam envelope in some parameter regimes where there is a mismatch
between the beam and the periodic focusing field.

For a periodic focusing lattice with «.(s + S) = «.(s), Eq. (86) generally supports
nonlinear periodic solutions with r,(s+.S) = ry(s), corresponding to a matched-beam solution
in which the period of oscillation of the beam envelope 7;(s) is the same as the period of the
focusing field ,(s). In the special case of a uniform focusing field where «,(s) = &, = const.
(independent of s), Eq. (86) also supports a smooth-beam solution.in which 7r4(s) = 1 =

const. Setting d?ry,/ds? = 0 in Eq. (86) and solving for ry,, we find

K KAN2 1Y 1 (K K\? &) |
2 _ Ko (KN & L <
Tps = 2%, + [(2,—%) + Rz] 2g | 2R, + [(2/‘9,) + Rz] ' (87)

For specified values of beam current (K), field strength (%.) and emittance (¢), we note from

Eq. (87) that the equilibrium beam radius r, is smaller when the density profile is strongly
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peaked off axis (1/2 < g < 1) than when it is peaked on axis (g < 1/2). Moreover, from
Eq. (87) the beam radius ry, generally scales as g~1/2.

We now examine the envelope equation (86) for a periodic focusing field ,(s+S) = «,(s)
and matched-beam solutions 7;(s + S) = r4(s). Inspection of Egs. (85) and (86) shows that
it is useful to introduce the dimensionless quantities (denoted by a ‘hat’) defined by

g =%S_KS

(88)

Because K = KS/e, we note from Eq. (88) that K is a dimensionless measure of beam
current, which is proportional to K. Substituting Eq. (88) into Eq. (86), the envelope

equation can be expressed in the equivalent form

~

@ oo e (5 — K] s = L
E;ﬁrb(s) + [K.,(s) - ;,:-E-(-:s:)-} Tb(s) = fg(g)’ (89)

where &,(§ + 1) = &,(§) for a periodic focusing lattice. In solving Eq. (89) numerically for
7(5 + 1) = 74(8), it is necessary to specify the functional fovrm of %,(5) and the value of
K = KS/e.

Typical numerical solutions to Eq. (89) over the interval 0 < s/S < 1 are illustrated in
Fig. 2 for the choice of step-function lattice in Eq. (62). Here, we assume lattice strength
K,08% == 6.25 and filling factor 7 = 0.25. The two cases shown in Fig. 2 correspond to
K = KS/e =1 (low beam current) and KS/e = 10 (high beam current). As expected, the
normalized beam radius 7,(3) increases as K is increased because of repulsive space-charge
effects.

An important quantity in accelerator physics is the so-called phase advance (or ‘tune’) o

defined by [1]
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Note that the phase advance o becomes increasingly depressed as the normalized beam
current K = KS/e is increased (larger beam radius #). This is illustrated in Fig. 3 for
the choice of lattice parameters k,05% = 6.25 and n = 0.25, where the phase advance o
calculated numerically from Eqgs. (89) and (90) is plotted versus K.S/e. Here, the vacuum

phase advance is 0, = limg_,q 0 = 74.69° for the choice of lattice parameters in Fig. 3.




V. CONCLUSIONS

In this paper, we have presented a detailed formulation and analysis of the rate equations
for statistically-averaged quantities for an intense nonneutral beam propagating through a
periodic solenoidal focusing field B**(x) described by Eq. (1). The analysis was based
on the nonlinear Vlasov-Maxwell equations in the electrostatic approximation, assuming
a thin beam with characteristic beam radius r, <« S, negligibly small axial momentum
spread about the directed value p, = yymBc, and v/y, = NyZ2e?/yymc* < 1, where v
is Budker's parameter. Following a discussion of the theoretical model and assumptions
(Sec. II), the global rate equation was derived (Sec. III) which describes the self-consistent
nonlinear evolution of the statistical average (x) = N;! [ dXdYdX'dY'xF,, where x is a
general phase function defined on the transverse four-dimensional phase space (X,Y, X',Y").
The results were then applied to investigate the evolution of the generalized entropy, mean
canonical angular momentum (Fp), center-of-mass motion for (X) and (Y'), mean kinetic
energy (1/2){X" + Y"2), mean-square beam radius (X2 + Y2}, and coupled rate equations
for the unnormalized transverse emittance €(s)and rms beam radius Ry(s) = (X? + Y?)1/2,
The rate equations obtained in Sec. III are derived from the fully nonlinear Vlasov-Poisson
equations allowing for azimuthal asymmetries (6/86 # 0), and are valid no matter how
complex the nonlinear evolution of the system. Following a discussion of global energy
balance (Sec. IV), and the rate equations for the special case where F, corresponds to
the Kapchinskij-Vladimirskij (KV) distribution with step-function radial density profile, we
examined the coupled rate equations for the unnormalized beam emittance Ie(s) and rms
beam radius Ry(s) for the class of axisymmetric beam distributions F, with fixed-shape
density profile ny(R, s) = [Ny/mrE(s)]f(R/75(s)). Here, r3(s) is the outer radius of the beam
envelope, and the density shape function f(R/r;) is allowed to have general functional form.
Most importantly, it was found that de(s)/ds = 0, corresponding to emittance conservation
for general density shape function f(R/3), and that the envelope equation (76) for the outer

beam radius r4(s) is similar to the envelope equation [1,28] for a KV beam distribution [23],
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approximately modified by the geometric factor g to reflect the shape of the function f(R/rg).
This is similar to the result obtained by Lee and Cooper (28] for the case of axisymmetric
beam propagation through a solenoidal focusing field and general density shape function
f(r/rs). Future work will include a determination of axisymmetric distributions F; that

self-consistently generate different functional forms for the density shape function f(R/r).
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FIGURES
FIG. 1. Periodic step-function lattice in Eq. (62). Here, 7 is the so-called ﬁiling factor.

FIG. 2. Plots of #4(8) versus § = s/S obtained numerically from Eq. (89) for the choice of
step-function lattice in Eq. (62). Here, £.,05% = 6.25 and # = 1/4, and the two cases correspond

to KS/e =1 (dashed curve) and KS/e = 10 (solid curve).

FIG. 3. Plot of phase advance o defined in Eq. (90) versus K S/e obtained numerically from (89)

for the choice of step-function lattice in Eq. (62) with £,05% = 6.25 and 7 = 1/4.
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TABLES

TABLE I. Table of values of the constant A and geometric factor g = 2 fol dXXX%f(X) for

several choices of the density shape function f(X). Here, f(X) =0 for X > 1, and the constant A

is chosen so that fol dXX f(X)=1/2 [Eq. (72)].

f(X)for0< X <1 A g=2 [ dXXX2f(X)
A 1 1/2
A(l - X?) 2 1/3
Al — X?2)? 3 1/4
AQ-X",n>0 n+1 (n+2)71
Acos (5X) L = 2161 2 -6(2)" =032
AX?%(1 - X?) 6 1/2
AS(X —1) 1/2 1
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