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2 PrOblem FormUIation Infinite Dimensional Nonsmooth Optimization

Goal: Develop efficient algorithms to solve the regularized nonsmooth optimization problem,

min F(z) = f(z) + ¢(2). (1)

zeZ

» Zis a Hilbert space with (-,-) and [|-||;
> ¢: Z — [—o0,00] is proper, closed, and convex, but may be nonsmooth;
» f: Z — R has Lipschitz continuous gradients on an open set containing dom ¢;
» F > —o0, bounded below on dom ¢.
Key Requirements
1. Large-scale Problems: Rapid convergence, mesh independence, and matrix free;

2. Leverage Inexactness: Converges even for inexact computations.

Robert Baraldi Trust Region



3| SmOOth Tel’m Objective Function Properties

f(z) may be nonconvex and often impossible to compute exactly.

» Stems from discretization, iterative procedures, adaptive model reduction,
surrogate models, iterative linear and nonlinear solves, etc.

Adaptive Finite Elements Adaptive Quadrature Adaptive Compression
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4 Nonsmooth RegUIarizers Objective Function Properties

¢(z) are typically sparsity-inducing and temper model complexity.
» Sparse regularization: Z — [1(Q), B € L~(Q), 3> 0 a.e., and

o(2) = /Q B(w)]z(w)ldw.

Applications: Optimal control, data-science, learning, basis-pursuit.
> Total Variation: Z — BV(Q), 8 € L>(Q), 3> 0 a.e,

o(2) = /Q B(w)| V2(w)ldw.

Applications: Image processing, digital image correlation, topology optimization.
» Convex Constraints: C C Z nonempty, closed and convex,

¢(Z):{o, if x € C

400, otherwise.

Applications: Optimal control, inverse problems, optimal design.
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5

Outline

Goal: Incorporate adaptive mesh refinement into inexact trust-region framework [4]
» Trust Region Algorithm
> Inexactness conditions

» Error Estimates for AFEM
» Numerical Example

Robert Baraldi

Trust Region



6 BaSiC Algorithm Nonsmooth Trust Regions

Algorithm 1: Nonsmooth Trust-Region Method

Data: zp e dom¢p, Ag >0, 0<m < <l,and0<y <% <1<y
for k=1,2,...do

Model Selection: Select subproblem model f; of f near z.

Step Computation: Compute z,,; € Z that approximately solves

n’éig {mi(z) = fi(z) + ¢(z)} subject to ||z — z| < Ax.

Evaluate Objective: Compute credy = aredy.
Step Acceptance: Compute ratio of computed and predicted reduction
credy

mic(zic) = mi(Zk+1

Pk = ) <m = Zky1l < Zk.

1Dk A, ifpe <m
Update Trust-Region Radius: Ay 1 € ¢ [1244, A, if px € [m1,72)

end [Ak,oo), ifpk > 1.
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(InexactneSS) Cha"enges Nonsmooth Trust Regions

Recall: infinite-dimensional optimization function and gradient evaluations are often
impossible to compute without discretization, leading to inexactness.

1. Ensure subproblem step yields decrease - existence of a Cauchy point ([1, 3, 2]);
2. Handle nonsmooth subproblems efficiently - subproblem solvers ([3]);

3. Ensure convergence with fi, gk inexact - adaptive FE.

> Assume approximations of objective f, and gradient gx have the form:

f(z,7): Z x [0,4+00) = R, f(z,0)=Ff(2)
g(z,7): Z x[0,4+0) = Z, gi(z,0) = Vf(z).
» Trust-region algorithm will 1) controls error in evaluations via satisfying 2) computable error
estimates.

» Algorithm selects tolerance, and we must find grid whose error estimates are below given
tolerance.
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8 Inexactness Conditions Nonsmooth Trust Regions

Objective function approximates the decrease
credy ~ aredy = (f(Zk) + ¢(zk) — (f(zk+1) —+ ¢(Zk+1))

so for pred, predicted model decrease, the objective bound (with limy_, ;o Ox = 0) is

laredx — credi| < Kobj [1 min{predk,ek}]< , ] (2)

The gradient bound is, for kgaa > 0 and hy = t(;l [Proxys(zx — togk) — zkl| 5

gk — VI(zk)|| < Fgraa min{Ax, b} Vk. ] (3)

Conclusion: There exists iterative procedures that satisfy (2) & (3) in finite time.
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o Computable A Posteriori Error Estimates
Consider full space (for a moment):

Lemin F(u,z) = f(u,z) + ¢(z) subject to c(u,z)=0. (4)
with Lagrangian
L(uyz,\) = f(u,z) + (A c(u, z)>u,u* )

For given mesh parameter h > 0, let nf == (n;’k,n,f“’k,n,f“k) with n;”k — 0 as h — 0 where

i €{c, Ly, L,} such that

Lo (uf 2, M)l 2+ < Nlgionllz; + llcn(un, za)lleg +1I L2 (uk, 28, AF) || :

Ly, k
s

uy +||LU(U,§, Z/;, Aﬁ)|

ILu(up, 25, M)l < llganllz; + llcn(un, 21)] U

ntu,k

lle(uy, 25

u- S gl z: +llcn(uf, z5) -
npk
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10| Adaptive Finite Elements Algorithm Variants

Goals: Use inexact state/adjoint estimates to adaptively refine finite element mesh.
Our cost function is the usual regularized

data misfit with L' penalty

2 15
gneug/{n (2) ~ vl + - ‘

p
||Z||L2 ots ||Z||L1 dx o

for U = H}(Q), Z = [*(Q) and .

—Au=1z, x€QcCR? 2
u=0, xe€0Q

Initial mesh for nonconvex domain in

_10-4 5 _ 10-2 : -
a=10"7% g =107, Q2 discretization for Poisson problem,

states and PO for controls; stopping tolerance
1076,
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11

Error Estimators for Poisson |

We introduce the following the computable error estimators:

0
g =N W2 - Adf— 23y + Z||[ “h]HLZ

T, e€€h
O\
w3 Rl = v = Ay + 5 3 52
TET; ech

yields the following adaptive mesh refinement criteria:

ny" < min{|[ VK|
n < min{[| V]

2 + llen(uk, i)z 735

z= + llen(ul, 28) oz + 1 Lulun, z An)llui 7},

where 7 > 0 is a given tolerance.
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12l Adaptive Finite Elements: True Solution

True solution: ug(x) = (x1 — x2) - (2 — x3) and f(x) = 2(x1 — x2) + 2(x> — x2)

Robert Baraldi Trust Region



Adaptive Finite Elements: u(z) and z
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Final state (left) and control (right).
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1sl  Adaptive Finite Elements: Grid Comparison
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Q2 grid (left) and Q1 grid (right).
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15

Conclusions

» Nonsmooth problems are extremely prevalent in the literature and require careful
treatment.

» Moreover, numerical solutions require expensive approximations.
» Objectives and gradients can only be compute inexactly.

» Nonsmooth trust-region is provably convergent even while adaptively changing the FE grid.

> Next: topology optimization problem.
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18 Inexact Gradient Algorithm Nonsmooth Trust Regions

Assume that we have an approximation g : Z x [0, +00) — Z that satisfies Cgraq > 0 such that

g(z,0) =Vf(2) and IVf(z) — g(z,7)|| < CgraaT V7 € R4 ] (6)

s D

Algorithm 2: Inexact Gradient Computation
Require: Constant Kgraq > 0, a tolerance pigraq > 1, current iterate zx € Z, and A.
Set 7’; — f_fgradAk
Compute hi + g ||Proxpe(zk — rog(ze, 7)) — 2|
Set Tk — Iigmd min{hg, Ax}
while fig0qa7) < 7, do
Compute hy < r(;l ||Prox,o¢(zk — gz, 7)) — zk||
Set 7, 7, and 7, < Rgraa min{hi, Ag}
end while

If h(zx) > 0, Algorithm 2 terminates finitely and (3) holds with Kgrad = fgradRerad Carad-
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19 Inexact Function Algorithm Nonsmooth Trust Regions
Assume T,fbj < uobjT,ijl, then Kobj = (1 + fobj)Robj Cobj Since

laredx — credi| < (1 + pobj)Robj Cobi[n min{pred,, 0,(}]4.

Algorithm 3: Inexact Objective Function Computation

Require: Constants kobj > 0 and pon; > 1, the current objective function tolerance 7y,
the current iterate x, € X and approximate objective value v, = ?(xk, T), the new
iterate zx41 € X, and the predicted reduction pred,.

Set Tki1 < Fobj[n min{pred,, O }]°
if HobjTh+1 < Tk then
Compute vy < ?(Xk,TkH)
end if _
Compute Vkt1 & f(2k+1,Tk+1) and set credy = (Vk + gb(Zk)) = (Vk+1 + ¢(Zk+1))
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20 Convergence Nonsmooth Trust Regions

Recall: h, = rgl [|Proxg(zi — rogk) — z«| =

Theorem (Algorithm Convergence)
Let {z} be the sequence of iterates generated

ILrlLrlf hg=0 = Ii(rlLrlf ro ! ||Proxg(zx — oV f(z)) — z|| ; = 0. (7)

Note: Permits unbounded model curvature.

Given € > 0 and bounded model curvature, then Trust-Region Algorithm satisfies hx <
min{e, 1} in at most O(¢2) iterations.

. J

Note: This is a worst-case bound; we find much better performance in practice.
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PrOXimaI Operator Background on Nonsmoothness

Definition (Moreau-Yosida Envelope)

For a proper, lower semicontinuous function ¢ : Z — R and a parameter t > 0, the
Moreau envelope e, : Z — R and the proximal operator Prox;y : Z — Z are defined
by

ees) = i {& 2= yIP + 00} (@)

Prox;s(y) == argmin {% lz—yl? + qﬁ(z)} . (8b)
zEZ

> Interpretation: extension of cost function to minimizing ¢ and near y.
> Utility: many proximal operators have analytic solutions (can be relaxed somewhat);

> ["Norm: Z = [*(Q), ¢#(z) = 2]l ;1) = Proxes = sign(z) © (|z| — tB)+.
> RelLU: Z =R, ¢(z) = max{0, z} = Prox;y = max{z — t,min{0, z}}.
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221 First-Order Necessary Optimality Conditions

Background on Nonsmoothness

Definition (Local Minimizer)

z € Z is a local minimizer of (f 4 ¢) if there exists a neighborhood U of z on which
(f + ¢)(2) < (f + ¢)(z) Vz € U. Additionally, 7 satisfies

[ —Vif(z) € 04(z) < z=Proxy(z—tVF(z))Vt>0. ] (9)

Lemma (Generalized Gradient & Stationary Point)
Ifz € Z is a stationary point of (f + ¢), then h(z) = 0 where

h(z) = t1 |Prox;y(z — tVF(z2)) — z||

for arbitrary fixed t > 0.
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