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1 Introduction

Hybrid quantum computing architectures that coherently combine discrete-variable (DV)
qubits with continuous-variable (CV) bosonic qumodes (harmonic oscillators) have emerged as
a powerful and flexible paradigm for quantum simulation and quantum information processing.
Such hybrid platforms are now experimentally available across several leading hardware
modalities, including trapped ions, superconducting circuits, and cavity-QED systems, where
qubits are naturally coupled to harmonic oscillator degrees of freedom [1–5]. The physical
realization of qubits and qumodes varies significantly across platforms. In trapped-ion systems,
qubits are encoded in internal electronic or hyperfine states, while collective motional modes
provide long-lived bosonic qumodes [6, 7]. In superconducting circuits, nonlinear Josephson
elements realize qubits that are coupled to microwave resonators acting as qumodes [8]. These
hybrid DV-CV systems natively support entangling qubit-qumode interactions, Gaussian
CV operations, and selected non-Gaussian resources, enabling quantum circuits that directly
encode both discrete and continuous degrees of freedom in hardware [2].

Existing notions of universality in continuous-variable quantum computing [2] are typically
formulated in terms of polynomial functions of the canonical quadratures x̂ and p̂. Within this
framework, arbitrary unitary transformations are approximated via Taylor-like expansions
constructed from a finite set of elementary Gaussian and non-Gaussian gates [9–11]. While
formally universal, this approach is intrinsically local in phase space: representing operators
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with global structure or periodic dependence generally requires high-order polynomials and
correspondingly deep circuits.

In this work, we introduce and develop an alternative, and complementary, universality
paradigm for bosonic quantum gates based on trigonometric functions of continuous-variable
operators. Gates of the form e−it cos Â and e−it sin Â, where Â is a Hermitian operator acting on
one or more qumodes, provide access to a Fourier-like operator basis rather than a polynomial
one. In close analogy with the distinction between Taylor and Fourier representations in
classical analysis, trigonometric gates are naturally suited to capturing periodic structure with
fewer resources. We show that, when combined with standard hybrid qubit-qumode primitives,
these gates enable the systematic construction of a broad class of bosonic unitaries and thus
constitute a parallel route to universality for continuous-variable quantum computation.

A central technical contribution of this paper is a deterministic and unitary method for
implementing trigonometric continuous-variable gates using ancillary qubits. Rather than
exponentiating trigonometric operators directly, we embed the corresponding unitary operators
into an enlarged qubit-qumode Hilbert space, where they are promoted to effective operators
that are both Hermitian and unitary. This construction allows them to be exponentiated
using ancilla-based techniques originally developed for Pauli strings. The method applies to
trigonometric functions whose arguments are arbitrary Hermitian functions of the quadratures
x̂ and p̂, and it naturally extends to the implementation of non-unitary trigonometric operators
relevant for imaginary-time evolution.

From a hardware perspective, these gates rely only on hybrid qubit-qumode interactions
and ancilla-qubit control gates that are already available in hybrid architectures. These
operations include conditional displacements, single-qubit rotations, and qubit-mediated
phase interactions, which have been demonstrated in trapped-ion and superconducting qubit
platforms. The main practical considerations are finite coupling strengths, qubit and qumode
coherence times, and effective truncation of the bosonic Hilbert space due to anharmonicity
and finite squeezing. Since the trigonometric gates are constructed from standard hybrid
operations, they are compatible with existing experimental devices.

Beyond their algorithmic interest, trigonometric continuous-variable gates are directly mo-
tivated by quantum field theory, where cosine interactions arise ubiquitously. A paradigmatic
example is the sine-Gordon model, whose Hamiltonian contains a non-polynomial cosine
potential and which plays a central role in condensed-matter physics, high-energy physics,
and statistical mechanics. See refs. [12–16] for qubit-based and analog quantum simulation
protocols. In 1+1 dimensions, the sine-Gordon model is integrable and admits exact solutions
with solitonic excitations in the form of kinks and anti-kinks. Through bosonization, it is
closely related to fermionic theories such as the massive Thirring model [17], and it also
emerges in the study of large-N QCD2 [18], where baryons can be described as solitonic
configurations governed by an effective sine-Gordon dynamics, see [19] and references therein.
This integrability is a special feature of the 1+1-dimensional sine-Gordon model and is lost
in higher dimensions: its straightforward extensions to 2+1 and 3+1 dimensions define
non-integrable interacting field theories [20]. In these settings, the topological excitations
acquire a different geometric character, with the particle-like kinks of the two-dimensional
theory generalizing to line-like defects in 2+1 dimensions, which play an important role in
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a variety of condensed-matter systems [21, 22]. In 3+1 dimensions, these configurations
further extend to domain-wall solutions, which have been studied extensively in high-energy
and cosmological contexts as effective descriptions of topological defect structures, including
models related to cosmic strings and axion dynamics [23, 24].

In this work, we demonstrate how the lattice sine-Gordon Hamiltonian can be mapped onto
a hybrid qubit-qumode architecture, with one bosonic mode per lattice site and qubit ancillas
mediating the required trigonometric interactions. Using this framework, we investigate
several observables that probe both equilibrium and dynamical properties of the model: (i)
preparation of the ground state via quantum imaginary-time evolution using non-unitary
trigonometric gates; (ii) real-time dynamics under unitary evolution; (iii) time-dependent
vertex two-point correlation functions encoding non-perturbative information about solitonic
excitations; and (iv) quantum kink profiles obtained by imposing topological boundary
conditions and analyzing the resulting ground-state expectation values and fluctuations.

We note that cosine interactions also arise naturally in quantum simulations of lattice
gauge theories, where they act on gauge-field degrees of freedom. In those settings, however,
the arguments of the trigonometric functions correspond to compact continuous variables
associated with the underlying gauge group, whereas in the present work, we focus on
non-compact continuous quadratures. In refs. [25–28], several strategies were explored to
effectively realize compact continuous variables for lattice gauge theories, including the use of
squeezing operations and the introduction of penalty terms in the Hamiltonian.

Taken together, our results demonstrate that trigonometric continuous-variable gates
provide a natural and efficient language for simulating interacting bosonic quantum field
theories on near-term hybrid quantum hardware, while establishing a broader gate-level
framework that complements existing polynomial-based approaches to continuous-variable
universality.

Throughout this work, we use the term universality in the standard continuous-variable
sense of dense approximability of target unitaries on bounded regions of phase space, rather
than in a strict fault-tolerant or complexity-theoretic sense. The trigonometric gate construc-
tions introduced here do not replace the established polynomial (Taylor-based) universal
gate sets, but rather complement them by providing access to a Fourier-type operator basis
that is better matched to periodic and non-local structures. In this sense, trigonometric
continuous-variable gates define a parallel universality paradigm: they expand the expressive
operator space accessible to hybrid qubit-qumode circuits while remaining constructible
using standard universal hybrid primitives. The focus of this work is on expressivity and
physical suitability for non-polynomial interactions, rather than on optimal gate counts or
asymptotic complexity guarantees.

The remainder of this work is organized as follows. In section 2, we introduce the
notation used throughout this work and the elementary qubit-qumode gates. We also discuss
notions of universality, focusing on how continuous-variable operators can be approximated
using either polynomial Taylor expansions or trigonometric Fourier-type expansions. In
section 3, we describe the exponentiation of Hermitian qubit-qumode operators that enables
the construction of trigonometric gates. As a concrete application, section 4 presents a
quantum simulation protocol for the lattice sine-Gordon model. Using classical simulations,
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we explore both equilibrium and dynamical properties of the model. Finally, we summarize
our findings and provide an outlook in section 5.

2 Hybrid continuous-discrete variable quantum computing

2.1 Notation and elementary gates

Throughout this work, the canonical quadrature operators of a qumode are denoted by
x̂ and p̂, satisfying

[x̂, p̂] = i , (2.1)

with ℏ = 1. A single or multiple qumodes span the CV Hilbert space HCV, which can be
represented by the eigenstates |x⟩ or |p⟩ of the corresponding quadratures. Alternatively, the
Fock basis can be used to represent qumodes with states |n⟩ = (â†)n |0⟩ /

√
n!, where |0⟩ is the

qumode ground state in the Fock basis and â = (x̂+ ip̂)/
√

2 denotes the bosonic annihilation
operator with [â, â†] = 1. Qubits can be described by the computational basis states |0⟩ and
|1⟩ and the associated Pauli operators σ ∈ {X,Y, Z}. We also introduce the ladder operators

X± = 1
2(X ± iY ) , (2.2)

which often appear in qubit-qumode hybrid gates.
A hybrid system consisting of Nd qubits and Nc qumodes is described by the tensor-

product Hilbert space

Hhybrid = HDV ⊗HCV . (2.3)

Operators acting on this hybrid space can couple the discrete and continuous sectors. A
general hybrid operator can be written in the form

Ô = P ⊗ f(x̂, p̂) , (2.4)

where P denotes a Pauli string acting on the qubit register and f(x̂, p̂) is a polynomial
of the quadrature operators.

Hybrid qubit-qumode platforms admit a universal description in terms of a finite set
of elementary gates acting on the combined discrete and continuous degrees of freedom. A
convenient choice of a universal hybrid gate set is given by [2, 29]

Ghybrid =
{
Rx,y,z,CNOT, D(ξ), S(z), V (γ),BS(z),CD(α)

}
, (2.5)

where Ri denote single-qubit rotations and CNOT is the controlled-NOT gate acting on
the qubit sector. The remaining elements of Ghybrid act on the continuous-variable sector or
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couple qubits and qumodes. Explicitly, these gates are defined as

D(ξ) = exp
(
ξâ† − ξ∗â

)
, (2.6)

S(z) = exp
[1

2
(
z∗ââ− zâ†â†

)]
, (2.7)

BS(z) = exp
(
zâ†b̂− z∗âb̂†

)
, (2.8)

V (γ) = exp
(
i
γ

3 q̂
3
)
, (2.9)

CD(α) = exp
[
(αâ† − α∗â)Z

]
, (2.10)

where â, b̂ denote bosonic annihilation operators corresponding to different qumodes. The
gate set in eq. (2.5) enables the construction of arbitrary unitary operators Ô of the form
given in eq. (2.4) through composition and commutation. While Ghybrid is universal in this
sense, it is neither minimal nor unique. Depending on the hardware platform, different
universal gate sets may be advantageous.

As a concrete example, trapped-ion systems can host qubits in long-lived electronic or
hyperfine states, and continuous-variable degrees of freedom in the collective motional modes
of vibration of a multi-ion crystal in the trap. In this setting, qubit-qumode hybrid interactions
are naturally realized through state-dependent forces generated by laser-driven electronic
transitions that are detuned near a motional mode of the trap. These state-dependent forces
produce qubit-conditioned displacements of the motional modes in phase space, allowing
controlled trajectories whose geometry can be tailored through the amplitude, phase, and
duration of the applied laser fields. By designing closed phase-space loops, the motional
degrees of freedom can be disentangled from the qubit at the end of the interaction while the
qubit-qumode system acquires a well-defined geometric phase, providing a physical mechanism
for conditional phase operations and ancilla-mediated bosonic gates.

2.2 Universality

In CV quantum computations, the standard gate set naturally generates polynomials in
the quadratures x̂ and p̂, and arbitrary operators are typically approximated via Taylor-like
polynomial expansions leading to the notion of universality discussed in refs. [2, 29]. While
universal, this approach is inherently local: high accuracy over a finite phase-space region often
requires high-degree polynomials, which in turn requires an increasingly larger circuit depth.
The introduction of trigonometric gates such as e−it cos(cx̂) or e−it sin(cx̂), where c is a constant,
allows for a Fourier-type representation of operators. These gates are suitable to efficiently
approximate target unitaries that are periodic functions or those with bounded support in
phase space, with faster (potentially exponential) convergence in the number of terms. In
this sense, polynomial CV gates are akin to a Taylor expansion, while trigonometric gates
provide access to a Fourier basis that is better matched to global or periodic features of the
desired unitary. We emphasize that the polynomial and trigonometric representations are not
mutually exclusive, and that the latter relies on the former for its constructive implementation.

Using the hybrid circuits described below, one can generate operators corresponding
to arbitrary trigonometric functions whose arguments are polynomials of the quadrature
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|0⟩ H Rx(t) H

|ψ⟩ P P †

Figure 1. Circuit that implements the exponentiation of any Pauli string P = P †.

operators. Consider a generic analytic function of the quadratures

f(x̂, p̂) =
∞∑

n,m=0
cnmx̂

np̂m. (2.11)

The trigonometric gates introduced in this paper allow, in principle, for the construction
of any unitary, whose Hermitian exponent is

g (x̂, p̂) ≡
∞∑

n=0
γn,0 cosn(fc(x̂, p̂)) +

∞∑
n=0

γ0,n sinn(fs(x̂, p̂)) (2.12)

+
∞∑

n,m=1
γnm [cosn(fc(x̂, p̂)) sinm(fs(x̂, p̂)) + sinm(fs(x̂, p̂)) cosn(fc(x̂, p̂))] ,

provided that one can first construct qubit-controlled unitaries of eif(x̂,p̂), where fc and fs

denote two different functions. Here, γnm ∈ ℝ. It is important to note that the Fourier-based
universality does not replace the earlier (Taylor-like) universality statement. In fact, the
latter is leveraged to build the desired Fourier decomposition. A concrete example will be
given in section 3.3, where we use the conditional displacement, whose exponent is linear
in x̂, to produce the trigonometric gate e−it cos(cx̂).

3 Exponentiation of qubit-qumode Hermitian operators

We start by reviewing a method that allows for the construction of a unitary operator where
any Pauli string is exponentiated with the help of an ancillary qubit. Subsequently, we will
extend this method to hybrid qubit-qumode operations.

3.1 Exponentiation of operators using ancilla qubits

A Pauli string P ∈ {𝟙, X, Y, Z}⊗n is a tensor product of Pauli operators that are both
Hermitian and unitary. Because of this feature, they can be exponentiated using a single
ancilla qubit. See refs. [30–32]. The circuit in figure 1 is both deterministic and unitary,
which implements the unitary where the Pauli string is exponentiated

e−i t
2 P⊗Za |ψ⟩ |0⟩a = e−i t

2 P |ψ⟩ |0⟩a , (3.1)

where |0⟩a is the ancilla qubit. Here, the Pauli string acts on a register of qubits denoted by
|ψ⟩, and Z acts on the ancillary qubit. The result is deterministic because the ancilla qubit
decouples from the rest of the circuit and does not need to be measured. In addition, it is
unitary because, crucially, any Pauli string is both unitary and Hermitian.
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|0⟩ H Rx(t) H

|ψ⟩
Σ Σ†

|ϕ⟩

Figure 2. Circuit that implements the exponentiation of the hybrid qubit-qumode operator Σ = Σ†.
Here, the qubit (qumode) is represented by a single (thick or triple) wire.

A naive approach to implementing trigonometric gates would be to directly exponentiate
an operator of the form U = eiÂ, where Â is a continuous-variable operator. However, this
strategy fails because U is generally non-Hermitian, and therefore cannot serve as a valid
generator for unitary time evolution. Instead, we embed the operator U into a larger Hilbert
space by entangling it with an ancilla qubit. This construction promotes the effective generator
to a Hermitian operator acting on the joint qubit-qumode system, ensuring that the resulting
evolution is both unitary and physically implementable. In this way, the procedure naturally
generalizes the exponentiation of Pauli strings familiar from qubit-based quantum simulation
to the case of continuous-variable operators. We introduce the following two operators

Σ = eiÂ⊗X · (𝟙⊗ Z) = 1
2

(
U + U † U † − U

U − U † −U − U †

)
, (3.2)

Σ = (𝟙⊗ Z) · eiÂ⊗X = e−iÂ⊗X · (𝟙⊗ Z) = 1
2

(
U + U † U − U †

U † − U −U − U †

)
. (3.3)

The choice of the above construction is not unique. In fact, equivalent Hermitian and unitary
hybrid operators can be obtained by replacing X 7→ P1 and Z 7→ P2 with two distinct Pauli
operators P1 ̸= P2. For brevity, we do not list all such possibilities and instead restrict
ourselves to the specific choices given in eq. (3.3), which are sufficient for the discussion that
follows. We can directly verify that Σ = Σ† = Σ−1, and similarly for Σ. We can therefore
safely use the circuit shown in figure 1 to exponentiate Σ (or Σ) by making the replacement
P 7→ Σ (or Σ). The resulting circuit remains both deterministic and unitary. Note that
two ancillary qubits are required: the first, labeled a, entangles the unitary U in order to
construct Σ, while the second, labeled b, implements the standard exponentiation procedure
that places Σ in the exponent. Analogously to the circuit in figure 1, which requires a
controlled-P gate, the present algorithm requires a controlled-Σ gate, denoted by CΣ. For
the specific choice of Σ given in eq. (3.3), we find

CΣ ≡ eiÂ⊗Xa⊗Πb
− (𝟙⊗ CZab) , CΣ ≡ e−iÂ⊗Xa⊗Πb

− (𝟙⊗ CZab) , Π− ≡ 𝟙− Z

2 , (3.4)

with
CZab = eiπΠa

−⊗Πb
− = Hb CNOTa→bHb . (3.5)

Note that, up to this point, the construction is exact and involves no approximations or
Trotterization errors. The corresponding circuit is shown in figure 2. There, |ψ⟩ and |ϕ⟩
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|ϕ⟩

CD
(
CD†

)2
CD

|0⟩a R†
y Ry

|0⟩b H Rx(t) Rx(t) H

Figure 3. Circuit implementing the cosine gate as a function of the position quadrature x̂ up to
errors of order O(t2), see eq. (3.8).

denote the initial states of the second ancillary qubit (labeled by a) and the bosonic mode,
respectively.

3.2 Trigonometric continuous-variable gates

To build trigonometric continuous-variable gates whose argument can be any Hermitian
operator, we first note that

Σ + Σ = 2 cos Â⊗ Z,

Σ − Σ = 2 sin Â⊗ Y.
(3.6)

Therefore, if we concatenate the circuit in figure 2 for both Σ and Σ, we can obtain the
combinations

CΣΣ ≡ ei t
2 Σ · ei t

2 Σ = ei t
2 (Σ+Σ) + O(t2) = eit cos Â⊗Za + O(t2),

SΣΣ ≡ ei t
2 Σ · e−i t

2 Σ = ei t
2 (Σ−Σ) + O(t2) = eit sin Â⊗Ya + O(t2).

(3.7)

By initializing the ancilla qubit in the +1 eigenstate |0⟩a of Z for the first expression and the +1
eigenstate SaHa |0⟩a of Y for the second, we achieve the implementation of trigonometric gates
both unitarily and deterministically provided that t≪ 1. We can always improve the protocol
by removing higher-order corrections using the higher-order Trotter-Suzuki formula [33, 34].

Our construction is valid for any unitary U , or equivalently, any Hermitian operator Â
for which the controlled version exists or can be constructed. Having the control-U gate
eiÂ⊗P , with P any Pauli operator, allows for the implementation of trigonometric gates as a
function of Â. Of particular interest for applications are bosonic gates, where Â is a function
of the quadratures x̂ and p̂ as mentioned in section 2.

3.3 Example: cosine gate of the position quadrature operator

For concreteness, we construct the exact circuit decomposition for the continuous-variable
cosine gate as a function of the position quadrature operator

e−it cos(cx̂) , (3.8)

where c ∈ ℝ is a constant. We use eq. (3.7) with Â = cx̂. We follow the construction

Hb CΣ e−i t
2 Xb CΣCΣ e−i t

2 Xb CΣHb |0⟩b |0⟩a |ϕ⟩ = e−it cos(cx̂) |0⟩b |0⟩a |ϕ⟩ + O(t2) , (3.9)
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where we include two ancilla qubits and the qumode state that the cosine gate acts on is
denoted by |ϕ⟩. To build CΣ we start with a controlled displacement that we then rotate
so that the control is Xa, i.e.

CDa

(
ic

2
√

2

)
= eic x̂

2 ⊗Za⊗𝟙b
Za→Xa7→ RyaCDa

(
ic

2
√

2

)
R†

ya
= eic x̂

2 ⊗Xa⊗𝟙b . (3.10)

The above is a single-qubit-qumode operation but we have added the identity on qubit
b for later convenience. We also need a double-controlled displacement, which can be
implemented as

CCD†
ab

(
ic

2
√

2

)
= e−ic x̂

2 ⊗Za⊗Zb
Za→Xa7→ RyaCCD†

ab

(
ic

2
√

2

)
R†

ya
= e−ic x̂

2 ⊗Xa⊗Zb , (3.11)

where we have conveniently defined

Rya ≡ Rya(π/2) = e−i π
4 Ya . (3.12)

To realize this gate, we use

CCDab

(
i
c√
2

)
= eisx̂⊗Za⊗Zb = (𝟙⊗ CNOTb→a) CDa

(
i
c√
2

)
(𝟙⊗ CNOTb→a) , (3.13)

where we have used the identity

Za ⊗ Zb = CNOTb→a(Za ⊗ 𝟙b)CNOTb→a. (3.14)

Finally, we obtain

CΣ = RyaCD†
aCCDabR

†
ya
Hb CNOTa→bHb. (3.15)

The construction of CΣ follows a similar logic. After operator simplifications, the qubit-
qumode hybrid circuit that implements the desired cosine gate in the position quadrature
operator (up to higher-order corrections) is given in figure 3, where we have neglected the
argument of the controlled displacements in eqs. (3.10)–(3.11) for brevity.

3.4 Extension to non-unitary trigonometric gates

Our approach naturally allows for the construction of non-unitary trigonometric gates, in
which the factor of i is removed from the exponent. These operators will be used in the
state-preparation algorithm discussed in section 4.3. This can be achieved by converting
eq. (3.1) to a non-unitary expression using an additional ancillary control qubit c. Specifically,
the qubit is coupled via a controlled-Y operation, followed by the application of a Hadamard
gate and post-selection on the appropriate ancilla outcome.

⟨0|cHce
−i t

2 P⊗Za⊗Yc |ψ⟩|0⟩a |0⟩c

∣∣∣∣
tan(t/2) 7→tanh(t/2)

= 1

cosh(t/2)
√

2(1+tanh2(t/2))
e−

t
2 P |ψ⟩|0⟩a .

(3.16)
The circuit is shown in figure 4. Note that this step keeps the qumode sector of the circuit
unaffected, as it is purely an exact transformation of the single qubit operations. The
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|ψ⟩

e−i t
2 P⊗Z

|0⟩a

|0⟩c R†
x(π/2) Rx(π/2) H |0⟩c

Figure 4. Circuit that implements the non-unitary prescription in eq. (3.16), by exploiting the
initialization and measurement of the ancilla qubit c.

replacement tan(t/2) 7→ tanh(t/2) is used to conveniently redefine the parameter t, which
is transformed non-trivially by the non-unitary operation. The above allows us to create
the non-unitary trigonometric operators

e−t cos Â and e−t sin Â, (3.17)

up to higher order corrections in t, which can be systematically improved using high-order
Trotter decompositions as for the corresponding unitary gates discussed before.

4 Quantum simulation of the sine-Gordon model

After constructing the trigonometric continuous-variable gates introduced above, we now turn
to an application in the quantum simulation of interacting field theories. As a representative
example, we focus on the sine-Gordon model, which captures a wide range of physical
phenomena in high-energy, nuclear, and condensed matter physics, as discussed in the
introduction. We begin by reviewing the lattice-discretized Hamiltonian formulation of the
model and describe its implementation using continuous-discrete hybrid quantum gates. We
then present classical simulations of small lattice systems, investigating several quantities,
including real-time evolution, ground-state preparation, time-dependent two-point correlation
functions, and quantum kink profiles.

4.1 Discretized Hamiltonian

An exemplary quantum field theory whose Hamiltonian requires the trigonometric continuous-
variable gates introduced above is the well-known sine-Gordon model in 1+1 dimensions.
The Lagrangian density in the continuum is given by [35]

LsG = 1
2 ∂µϕ∂

µϕ− m2

β2 (1 − cos(βϕ)) , (4.1)

where, m and β are the parameters of the theory.
The spectrum of the quantum sine-Gordon Hamiltonian strongly depends on the value

of the coupling parameter β. In the region 0 < β2 < 4π, the spectrum contains solitons
(kinks), antisolitons (antikinks), and kink-antikink bound states known as breathers [36]. For
4π < β2 < 8π, the breathers disappear and the spectrum consists solely of kinks and antikinks.
The special point β2 = 4π corresponds to a free massive fermion theory [17]. At the Coleman
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point, β2 = 8π, the cosine potential becomes marginal in the renormalization group sense,
and for β2 > 8π it is irrelevant, such that the theory flows to a gapless free boson in the
continuum limit [17, 36]. These two points, β2 = 4π and β2 = 8π, are particularly important
as they mark qualitative changes in the spectrum and the low-energy behavior of the model.

The corresponding Hamiltonian, discretized on a spatial lattice [37], can be written as

HsG =
L−1∑
n=0

a

[
1
2π

2
n + 1

2

(
ϕn+1 − ϕn

a

)2
+ m2

β2 (1 − cos (βϕn))
]
, (4.2)

where a is the lattice spacing, which we set to unity from here on. Throughout this work,
we use periodic boundary conditions. The generalized momentum πn at lattice site n and
the scalar field ϕn satisfy the bosonic algebra

[ϕn, πn′ ] = iδnn′ . (4.3)

Except for the potential term, this Hamiltonian is the same as for scalar ϕ4 field theory, which
was discussed in the context of continuous-variable quantum computing in refs. [38–43]. The
commutation relation in eq. (4.3) suggests a natural mapping of the field and momentum
variables to the quadrature operators of a single qumode per site, i.e. ϕn 7→ x̂n, πn 7→ p̂n.
However, since we are ultimately interested in the unitary time evolution operator, we can
choose to first diagonalize the quadratic part of the Hamiltonian so that we only have
local (single-mode) gates. A particularly convenient way of simulating the Trotterized time
evolution is via the Bloch-Messiah decomposition [44, 45]. While this procedure has been
described in the literature, we review it here to establish the notation that is needed to
determine the relevant trigonometric gates to simulate this model. We start by considering
the gradient term. Writing the sum symmetrically, we find

Hgrad = 1
2

L−1∑
n=0

(
ϕn+1 − ϕn

a

)2
= 1

2

L−1∑
n,m

ϕnKnmϕm , (4.4)

where
Knm = 2δnm − δn,m+1 − δn,m−1 − δ0,L−1 − δL−1,0 . (4.5)

Here, K is a circulant tridiagonal Toeplitz matrix whose eigenvectors are given by

v(s) = 1√
L

(
1, ws, w2s, . . . , w(L−1)s

)
, with w = e−i 2π

L , (4.6)

and eigenvalues

ω2
s = 2 − 2 cos

(2π
L
s

)
, s = 0, . . . , L− 1 . (4.7)

This is exactly the discrete Fourier transform (DFT) of the fields

ϕ̃s ≡ v(s) · ϕ =
L−1∑
n=0

v(s)
n ϕn, π̃s ≡ v(−s) · π =

L−1∑
n=0

v(s)∗
n πn. (4.8)
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However, this basis is not convenient as the eigenvectors are not Hermitian. The DFT can be
made real by noticing that ϕ̃L−s = ϕ̃†s. Therefore, for s ≠ 0 it is more convenient to define

Φ̃s ≡ ϕ̃s + ϕ̃L−s√
2

=
√

2 Re[ϕ̃s], Φ̃L−s ≡ ϕ̃s − ϕ̃L−s

i
√

2
=

√
2 Im[ϕ̃s] , (4.9)

and similarly

Π̃s ≡ π̃s + π̃L−s√
2

=
√

2Re[π̃s], Π̃L−s ≡ − π̃s − π̃L−s

i
√

2
= −

√
2Im[π̃s] . (4.10)

The component with s = 0 is already Hermitian

Φ̃0 = ϕ̃0 = ϕ̃†0, Π̃0 = π̃0 = π̃†0. (4.11)

For even L, there is another special case L− s = s, which means s = L/2. This is referred
to as the Nyquist mode. In this case, we have

Φ̃ L
2

= ϕ̃L
2

= ϕ̃†L
2
, Π̃ L

2
= π̃L

2
= π̃†L

2
. (4.12)

To summarize, we work with the following transformed operators

Φ̃s =



1√
L

∑L−1
n=0 ϕn,√

2
L

∑L−1
n=0 cos

(
2π
L ns

)
ϕn,

1√
L

∑L−1
n=0(−1)nϕn,√

2
L

∑L−1
n=0 sin

(
2π
L ns

)
ϕn

, Π̃s =



1√
L

∑L−1
n=0 πn, (s = 0),√

2
L

∑L−1
n=0 cos

(
2π
L ns

)
πn, (0 < s < L/2),

1√
L

∑L−1
n=0(−1)nπn, (s = L/2),√

2
L

∑L−1
n=0 sin

(
2π
L ns

)
πn, (L/2 < s < L).

(4.13)
These are Hermitian operators satisfying the canonical bosonic algebra [Φ̃s, Π̃r] = iδsr.
Therefore, the entire quadratic part of the Hamiltonian can be written as

Hquad =


1
2Π̃2

0 + 1
4
∑L−1

s=1 Π̃2
s + 1

4
∑L−1

s=1 ω
2
s Φ̃2

s, odd L,
1
2Π̃2

0 + 1
2Π̃2

L
2

+ 1
2ω

2
L
2
Φ̃2

L
2

+ 1
4
∑L−1

s=1,s ̸= L
2

Π̃2
s + 1

4
∑L−1

s=1,s ̸= L
2
ω2

s Φ̃2
s, even L

, (4.14)

with ω2
s = ω2

L−s when s ̸= 0. In this basis, the potential term gets modified as

Hpot = m2

β2

L−1∑
n=0

(
1 − cos

(
β

L−1∑
s=0

VnsΦ̃s

))
= m2

β2

L−1∑
n=0

(
1 − cos

(
βVn · Φ̃

))
, (4.15)

where V is the matrix that changes the operators in the real DFT basis back to the phys-
ical space

Vns =



1√
L
, (n = 0),√

2
L cos

(
2π
L ns

)
, (0 < n < L/2),

(−1)s
√

L
, (n = L/2),√

2
L sin

(
2π
L ns

)
, (L/2 < n < L).

(4.16)
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4.2 Time evolution

We implement the unitary time evolution operator in two steps: we first consider the quadratic
and potential contributions separately, and then we adopt the (first-order) Trotter-Suzuki
formula to obtain the desired time t,

U(t) ≡ e−it(Hquad+Hpot) = lim
N→∞

N∏
n=1

e−i t
N

Hquade−i t
N

Hpot . (4.17)

For the quantum simulation, it is natural to represent the bosonic degrees of freedom as

Π̃s → p̂s, Φ̃s 7→ x̂s. (4.18)

Doing so reduces the quadratic Hamiltonian to a sum of local terms of the form

Hquad =
L−1∑
s=0

(
Asp̂

2
s +Bsx̂

2
s

)
≡

L−1∑
s=0

Hquad,s , (4.19)

where the coefficients can be found by comparing to eq. (4.14). The evolution operator of
a local quadratic Hamiltonian of the form Hquad,s in eq. (4.19) can be realized in terms of
two squeezing and one rotation gate

e−itHquad,s = Ss(rs)Rs(Ωst)S†
s(rs) , (4.20)

with
rs = 1

4 ln
(
As

Bs

)
, Ωs = 2

√
AsBs . (4.21)

The exact full unitary evolution operator of the quadratic part is

Uquad(t) = e−i t
2 p̂2

0

L−1⊗
s=1

Ss(rs)Rs(Ωst)S†
s(rs). (4.22)

Notice that we have excluded the zero mode with vanishing normal frequency (ω2
0 = 0) from

the SRS† decomposition, as it would be equivalent to an infinite squeezing. Instead, it can
be implemented via a quadratic phase gate, which leads to the prefactor in eq. (4.22).

Since we work in Fourier space, the time evolution operator corresponding to the potential
term in the Hamiltonian is expressed exactly as the product of L cosine gates, each having
a sum of L quadratures as their argument. Specifically, it is

Upot(t) =
L−1⊗
n=0

e
it m2

β2 cos(βVn· x̂) (4.23)

The ancillary qubit resources to build the cosine of a single quadrature or of a sum of many
are always the same with our procedure. Adding commuting terms as arguments of the cosine
amounts to simply adding more control displacements on the ancilla qubit in sequence.

Alternatively, we could also express the unitary evolution operator in terms of the physical
basis by undoing the change of basis V . In that case, it is convenient to keep the SRS†

decomposition of the quadratic contribution and transform it as

Uquad(t) 7→ V TUquad(t)V , (4.24)
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Figure 5. Survival probability of the free vacuum |n = 0⟩⊗L for L = 3 lattice sites as a function of
time for representative model parameters. For the classical simulations, we choose different cutoffs for
the local Hilbert space as indicated in the figure. The markers indicate Trotter steps.

where V can be implemented with single-phase rotations and beam-splitters [38, 46]. In
the physical basis, the potential term is simply the product of L cosine gates, each one
having only the corresponding site quadrature x̂n as argument. For the numerical results
discussed below, we verified that both approaches give identical results up to finite truncation
effects of the qumode Hilbert space.

For the following analysis, we only consider the theory in Fourier space. In figure 5, we
show the survival probability of the free vacuum |n = 0⟩⊗L for three lattice sites (L = 3),
setting m = 1 and β = 1 for four different truncations of the local qumode Hilbert space,
which is necessary for the classical simulation. We observe good convergence of the survival
probability as the local cutoff Λ is increased. In particular, the results for Λ = 11, 13, and
15 show only small quantitative differences over the time window considered, indicating
that Λ = 11 already provides a satisfactory approximation for the range of time evolution
studied here. All simulations are performed using sufficiently small Trotter steps such that
discretization errors are negligible compared to truncation effects.

4.3 State preparation with QITE

The ground state of any gapped theory can be found by exploiting the rapid decay of the
non-unitary imaginary-time evolution [27, 47, 48],

⟨ϕ| e−2τHH |ϕ⟩
⟨ϕ| e−2τH |ϕ⟩

= E0 + O(e−2τ(E1−E0)), (4.25)

where |ϕ⟩ is an arbitrary state with non-vanishing overlap with the ground state.
We employ the circuits described in section 3.4 to implement the non-unitary time

evolution. As before, we consider a lattice with L = 3 sites and impose a local cutoff of
Λ = 11. In the left panel of figure 6, we show the rapid convergence of the QITE algorithm
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Figure 6. Comparison between the true ground state and the result obtained using the QITE
algorithm. We quantify the agreement in terms of the ground state energy (left) and the fidelity
(right). The markers indicate imaginary time steps associated with the QITE algorithm.

toward the ground-state energy obtained from exact diagonalization of the Hamiltonian. We
fix m = 1 and consider several values of β ∈ {0.8, 2, 5, 20}. The imaginary-time step is chosen
as ∆τ = 0.5, and we employ 10 Trotter steps. We observe that satisfactory accuracy is
already achieved with fewer steps, particularly for smaller values of β. In contrast, larger
values of β require longer imaginary times to converge to the correct ground-state energy
with comparable accuracy. The fidelity with respect to the exact ground state is shown
in the right panel of figure 6, where a similar trend is observed. The convergence to the
ground state is generally slower for larger values of β, which is consistent with a reduced
spectral gap of the Hamiltonian.

4.4 Time-dependent two-point correlation function

Next, we simulate time-dependent correlation functions of the sine-Gordon model. We
denote the ground state of the lattice sine-Gordon model by |Ω⟩ = |Ω(m,β)⟩. Given a local
operator O(x, t), we define the corresponding time-dependent two-point connected ground
state expectation value

G(O)
c (x, y, t) = ⟨Ω|O(x, t)O(y, 0) |Ω⟩ − ⟨Ω|O(x, 0) |Ω⟩ ⟨Ω|O(y, 0) |Ω⟩ , (4.26)

with
O(x, t) = eiHtO(x, 0)e−iHt. (4.27)

A particularly interesting observable is the so-called vertex operator O(x, t) = exp{iαϕ(x, t)},
where α ∈ ℝ is a constant, from which we can compute the two-point function

Gc(n, k, t) = ⟨Ω| eiαϕn(t)e−iαϕk(0) |Ω⟩ − ⟨Ω| eiαϕn(0) |Ω⟩ ⟨Ω| e−iαϕk(0) |Ω⟩ . (4.28)

For the three-site lattice (L = 3), we consider n = 0 and k = L− 1. This operator measures
the connected correlations of vertex operators at different lattice sites and times. Vertex
operators eiαϕn are of central importance in the sine-Gordon model because they create and
annihilate soliton-like excitations and encode the non-perturbative structure of the theory,
including the topological sectors and form factors. The connected correlator isolates the
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Figure 7. Connected vertex correlator Gc(0, L− 1, t) for m = 1, β = α = 2, and local Fock cutoff
Λ = 11 between site 0 and L− 1 with L = 3. The result using exact diagonalization (ED) is compared
with the approximated ground state using QITE.

genuine two-point correlations by subtracting the product of the one-point functions, which
would otherwise include trivial disconnected contributions.

Analytical results for such correlators are known in the continuum sine-Gordon model
in certain regimes, particularly using form-factor expansions and the integrable structure
of the model [49]. For general lattice parameters and finite systems, exact expressions are
not available, and one typically relies on numerical approaches.

In this work, we approximate the true ground state by the one obtained with QITE and
use it to compute the connected two-point function in eq. (4.28). In figure 7, we show a
comparison between the correlator at sites 0 and L− 1, with L = 3, evaluated on the exact
ground state (via exact diagonalization) and the one obtained with QITE using 10 Trotter
steps and ∆τ = 0.5. Both calculations are performed for m = 1, β = α = 2 and a local Fock
cutoff of Λ = 11, corresponding to a ground state fidelity of approximately 0.971.

The results demonstrate that a QITE-prepared approximate ground state is already
sufficient to reproduce the main features of the connected two-point function of vertex
operators, showing good agreement with exact diagonalization even for a modest circuit depth
and a finite imaginary-time step. The remaining discrepancies are consistent with the finite
Trotter step and the imperfect ground-state fidelity. The ability to capture nontrivial, nonlocal
correlations using a relatively shallow imaginary-time evolution highlights the potential of
QITE as a viable tool for studying interacting quantum field theories on NISQ-era hardware.
The present results are restricted to small system sizes and relatively large time steps. However,
systematic improvements in hardware capabilities and algorithmic refinements are expected
to enable simulations of larger lattices and finer imaginary-time discretizations, potentially
extending these studies into regimes that are increasingly challenging for classical methods.
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4.5 Quantum kink profile

In the sine-Gordon model, a kink is a configuration in which the field interpolates between
two adjacent minima of the cosine potential [20]. See ref. [50], where kink anti-kink scattering
was studied for an extension of the trasnverse Ising spin chain [51] using tensor networks.

On a finite lattice, the kink configuration can be enforced by imposing boundary conditions
ϕ0 = ϕleft and ϕL−1 = ϕright, which we separate by 2π/β to obtain a kink with topological
charge +1. In the real Fourier basis, the lattice field operators are expanded as ϕn =∑L−1

s=0 VnsΦ̃s, where Vns is the real DFT matrix in eq. (4.16). The kink is imposed by first
computing the classical lattice kink {ϕcl

n}, i.e., the static field configuration that minimizes
the classical lattice static energy

Ecl[ϕ] =
L−1∑
n=0

1
2(ϕn+1 − ϕn)2 + m2

β2

L−1∑
n=0

(
1 − cos(βϕn)

)
, (4.29)

subject to the boundary conditions ϕ0 = ϕleft and ϕL−1 = ϕright. The Fourier-space shift
vector Φshift is then obtained by projecting this classical solution onto the real Fourier basis via

Φshift,s =
L−1∑
n=0

Vsn ϕ
cl
n , s = 0, . . . , L− 1. (4.30)

The full quantum Hamiltonian is thus constructed using the shifted field operators ϕtotal
n =∑

s VnsΦ̃s + Φshift,n in the cosine potential, while the quadratic part remains unchanged.
Diagonalizing this Hamiltonian (or evolving it via QITE) yields a ground state whose expec-
tation values ⟨ϕn⟩ ≡ ⟨Ω|ϕn |Ω⟩ form a quantum kink interpolating between the boundaries.
The local quantum fluctuations are captured by the variances σ2

n = ⟨(ϕdyn
n )2⟩ − ⟨ϕdyn

n ⟩2.
In figure 8 we show the kink profile and variance for L = 5, m = 1 and β ∈ {0.5, 1, 2}
for the local Fock cutoff Λ = 6. Given the relatively large number of lattice sites, we are
limited to this small cutoff. The semi-classical limit is obtained as β → 0, and, indeed, we
find that the variances become smaller for decreasing values of β, confirming the sharper
localization of the states. This behavior is consistent with the expected transition from a
quantum to a classical regime, where fluctuations are suppressed and the system exhibits
more well-defined, localized configurations.

Having explicit access to kink (and anti-kink) states opens the door to a broader range
of investigations beyond static properties. In particular, it enables the computation of
expectation values of local and nonlocal observables in topologically nontrivial sectors,
allowing for a detailed characterization of kink-induced modifications to correlation functions
and energy densities. These states provide a natural starting point for studying real-time
dynamics, such as kink propagation, scattering, and responses to perturbations, which are
essential for understanding nonequilibrium phenomena and the interplay between topology
and dynamics in interacting quantum field theories.

5 Conclusions and outlook

In this work, we introduced trigonometric continuous-variable gates as a complementary
universality paradigm for bosonic quantum computation within hybrid qubit-qumode architec-
tures. By embedding non-polynomial bosonic operators into an enlarged Hilbert space using
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Figure 8. Expectation value (top) and variance (bottom) of the quantum kink profile using QITE
for the ground state.

ancillary qubits, we developed deterministic and unitary circuits that implement trigonometric
functions of arbitrary Hermitian qumode operators. This construction extends standard
ancilla-based exponentiation techniques beyond Pauli strings and provides a systematic
route to both unitary and non-unitary trigonometric gates, including those required for
imaginary-time evolution.

We demonstrated the utility of this gate framework through a concrete quantum simulation
of the lattice sine-Gordon model, an interacting field theory with a non-polynomial cosine
potential. Using a hybrid qubit-qumode encoding, we showed how the discretized Hamiltonian
can be efficiently mapped onto continuous-variable degrees of freedom, with trigonometric
gates naturally capturing the structure of the interaction term. Within this framework, we
prepared ground states via quantum imaginary-time evolution, simulated real-time dynamics,
evaluated time-dependent vertex two-point correlation functions, and extracted quantum kink
profiles under topological boundary conditions. These observables probe both equilibrium
and dynamical properties of the model and illustrate how trigonometric gates provide direct
access to non-perturbative features such as solitonic excitations and topological sectors.

Beyond the specific application studied here, our results highlight a broader conceptual
point: trigonometric gates furnish a Fourier-based operator representation that complements
the conventional polynomial (Taylor-based) approach to continuous-variable universality. For
operators with periodic structure or global phase-space dependence, this representation can
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offer a more natural and potentially more resource-efficient description. Importantly, the two
paradigms are not mutually exclusive; rather, they can be combined within hybrid circuits,
with polynomial gates enabling the construction of trigonometric primitives and vice versa.

From a hardware perspective, the proposed gate constructions are compatible with lead-
ing hybrid quantum platforms. In trapped-ion systems, internal electronic states provide
high-fidelity qubits while collective motional modes act as long-lived bosonic qumodes, with
state-dependent forces enabling controlled displacements and multi-mode couplings. Super-
conducting circuit architectures similarly offer strong qubit-oscillator interactions through
Josephson junctions coupled to microwave resonators, where conditional displacements
and nonlinear ancilla-mediated operations are natively available. Cavity- and circuit-QED
platforms further provide access to bosonic modes with engineered nonlinearities and long
coherence times, making them particularly suitable for implementing the controlled operations
required by the trigonometric gate protocols. While detailed resource estimates and noise
analyses remain to be developed, the reliance on standard qubit-qumode primitives suggests
that these gates can be integrated into existing experimental toolkits without requiring
fundamentally new hardware capabilities.

Several directions for future work are immediate. On the algorithmic side, optimizing
trigonometric gate decompositions, developing higher-order Trotter-Suzuki schemes, and
exploring alternative compilation strategies tailored to specific hardware platforms will
be essential for reducing circuit depth and accumulated errors. Extending the present
framework to higher-dimensional field theories, where kinks generalize to line-like defects
and domain walls, provides a natural path toward more complex and physically relevant
simulations. More broadly, this work suggests that enriching the continuous-variable gate
toolbox beyond polynomial operations by incorporating trigonometric primitives opens a
qualitatively new avenue for quantum simulation, positioning hybrid qubit-qumode processors
as a uniquely powerful platform for exploring non-perturbative quantum field theories and
strongly interacting bosonic systems. In addition, we expect the trigonometric gates introduced
here to find broader applications, including quantum simulations of condensed matter systems,
quantum chemistry, and biological models.

Note added. Upon completion of this work, we became aware of the recent study in ref. [52],
where a closely related qubit-qumode approach was introduced to create trigonometric
continuous-variable gates.
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