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Abstract

This paper introduces a procedure to assess the predictive accuracy of stochastic models subject to model
error and sparse data. Model error is introduced as uncertainty on the coefficients of appropriate polynomial
chaos expansions (PCE). The error associated with finite sample size allows us to conceive of these coefficients
as statistics of the data that we describe as random variables whose influence on output quantities of interest
is evaluated through the extended polynomial chaos expansion (EPCE). A Bayesian data assimilation scheme
is introduced to update these expansions by considering the resulting nested chaos expansion as a hierarchical
probabilistic model. Stochastic models of quantities of interest (Qol) are thus constructed and efficiently
evaluated. The Metropolis-Hastings Markov chain Monte Carlo procedure is used to sample the posterior.
Two illustrative analytical and numerical problems are used to demonstrate the proposed approach.

Keywords: Model error, Scarce data, Bayesian inference, Extended polynomial chaos expansion,
Polynomial chaos coefficients, Uncertainty quantification.

1. Introduction

Uncertainties exist in many areas of science and engineering, and the manner of dealing with them for
purposes of prediction continues to be of widespread interest [1, 2, 3, 4] . All physics models, including ex-
perimental devices and computational codes, provide mere approximations of their intended behavior. The
input parameters (e.g. material properties, load characteristics) of a physics model can have intrinsic and
irreducible randomness which is often referred to as “aleatoric uncertainty” [1] . These uncertain input pa-
rameters are typically modeled as random variables whose probability distributions are inferred from availale
data. As they are propagated through a sequence of physics models, the input uncertainties are transformed
into uncertainties on quantities of interest (Qol) relevant to design and decision-making [5]. Subsequent
observations of these Qol or other functional of the physical behavior of the system can conceptually be
used to update prior belief concerning aleatoric variables [6]. Two observations are relevant in this context
and for defining the scope of this paper. First, any mathematical model is at best an approximation of an
intended physical phenomenon. Errors in the physics model introduce bias in comparing model predictions
to observations. Second, estimating prior probabilistic models from limited data introduces statistical errors
in these models [7]. These errors in the probabilistic model motivate the idea of propagating forward a family
of priors that capture the statistical error introduced by the finite sample size. These forms of model error
can be referred to as “epistemic” and are reducible by acquiring, respectively, additional physics insight or
more experimental data.

The physics model error (often referred to as model inadequacy) refers to the discrepancy between pre-
diction and reality and can result from the effect of simplifications and mis-representations of the modeled
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phenomenon. Thus, model error is inevitably random and is usually charcaterized through model validation
[8, 9]. It is common to represent model error with a completely statistical formulation and calibrate it with
observations. In view of their simplicity, and in spite of their lack of physical consistency, Gaussian represen-
tations for this model inadequacy [10] are widely adopted in many application domains. Recently, there has
been a concerted effort at developing more physically meaningful model such as random matrix models [11],
the stochastic inadequacy operator [12], and embedded model errors [13, 14]. These constructions attempt
to varying degrees, to satisfy known physics constraints.

Surrogate models (also known as metamodels) have gained increasing popularity for model validation
and calibration in the past few decades, particularly in complex engineering and scientific applications
[15, 16, 17, 18, 19, 20, 21] . Such models are typically trained on input output pairs from the physics model,
yielding a black box that can mimic significant traits of the underlying full fidelity model. Challenges to
this paradigm pertain to the achievable tolerances in reproducing specific traits of the underlying system
and to the requisite size of the training set.

A typical manner to deal with epistemic uncertainty associated with incomplete probability information
has been to perform nested iterations, with aleatory analysis on the inner loop and epistemic analysis on
the outer loop [22, 23]. In this case, the two types of uncertainties can be separated and easily traced.
In particular, each realization of the probabilistic models generates a response PDF based only on the
basic random variables. Thus, the ensemble of response PDFs evaluated at a number of realizations of the
probabilistic models can be used to visualize the combined uncertainty in the response and further interpret
the results using various statistical metrics. This paradigm, while conceptually simple, is computationally
prohibitive. Many researches have been focusing on modeling and propagating the uncertainty model for the
input parameters with sparse data, including evidence theory [24, 25], fuzzy set theory [26, 27] and interval
analysis [28].

The polynomial chaos expansion (PCE) formalism is not a standard surrogate model. Specifically, PCE
first embeds the physics model at hand in a larger family of models. This family is parameterized by white
noise, a collection of independent variables, which simultaneously shapes both input and output. While
this embedding brings about the curse of dimensionality, it also provides a comprehensive mathematical
structure that serves to address the issues of convergence and efficiency raised above [29, 30, 31, 32]. The
independent variables at the core of the PCE are often referred to as the stochastic germ or the stochastic
degrees of freedom. These germs attempt to capture the independent statistical pieces of information needed
to characterize the quantities of interest, which often include (but not limited to) information required to
characterize the physics. In the standard PCE, this germ is associated with the prior model of the input
parameters. A statistically coherent perspective conceived the PCE model as a statistical model, and
estimated its parameters using either likelihood [33, 34, 35] or Bayesian [36] arguments. The Extended PCE
(EPCE) [37, 38, 39, 40, 41] formalized this “bookkeeping” of uncertainty by extending the germ to include, as
part of the model structure, stochastic degrees of freedom that tag information about the prior probabilistic
model. The present papers presents one Bayesian formalism that leverages the EPCE construction, while
also providing context for the uncertainty in the physics model.

The paper is structured as follows. In Sections 2 and 3, we provide detailed overview of PCE and EPCE
surrogate models, respectively. Then, in Section 4, we introduce the construction of PCE with random
coefficients in which the uncertainty reflects the error associated with incomplete data. Following that, we
describe the procedure of updating the random PCE coefficients built in Section 5 using MCMC, as well
as a brief overview of the standard Bayesian approach to infer the physical model parameters implemented
with additive Gaussian model error. Then stochastic models of Qol are introduced for validation metrics
in Section 6. Finally, the proposed procedure is illustrated by one analytical and one numerical example in
Section 7 and we present the conclusions and some closing comments in Section 8.

2. Review: Polynomial Chaos Expansion

Let X represent a scalar Qol that can be expressed as a function of a vector K = {Ky,---,K4}
representing physical random parameters such that X = g(K). The d-dimensional vector K is first expressed
as a mapping from a d-dimensional vector & = {3, -+ , 4} of uncorrelated standard normal random variables
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using, for instance, the Rosenblatt transformation. The set £ is referred to as the “germ” or the stochastic
degrees of freedom of the uncertainty. Expressing X as a function of € and representing X (£) in an orthogonal
polynomial expansion with respect to £ yields the polynomial chaos expansion (PCE) of X relative to &,

X)) = > Xatal§), EcRYacN (1)

la|<p

where { X} are referred to as the PCE coefficients, p denotes the highest order in the polynomial expansion,
« is a d-dimensional multi-index, and {1} are the normalized multivariate Hermite polynomials that can
be expressed in terms of their univariate counterparts as follows,

va® = [[Vo &) =[] ") . cemtacw @)
o A4 ap, (Sp P \/Oéip' s )

where, h,, represents the one-dimensional Hermite polynomial of order p. The collection of the multivariate
polynomials forms an orthogonal set with respect to the multivariate Gaussian density function.

In order to emphasize its dependence on the PCE representation, we denote the realization of X synthe-
sized from its PCE using sample £ of £ by,

X0 2 XD (Xa}) = 3 Xatal€?). (3)

|x|<p

The above PCE decomposition converges to X (&) in mean-square and thus also in distribution. The PCE
coefficients X, is the expectation of the product X (€)1 (&) and can thus be expressed as a d-dimensional
integral to be estimated as a weighted sum of samples of X (&¢). This can be achieved either using a sampling
such as Monte Carlo or Quasi-Monte Carlo techniques or by relying on a quadrature approximation as
follows,
Xa =Y X(ENWa(w,, ol <p, (4)
q€Q

where, @ is a quadrature rule in R%, £1 is a quadrature node in @ and w, is the associated weight. The
quadrature level required to achieve a preset accuracy in approximating any X, increases with the order of
the associated polynomial, 1. For a given polynomial order p and germ dimension d, the number of these
PCE coefficients, denoted by Npce, is equal to,

(d+p)!

Npce = Tp' (5)

3. Review: Extented Polynomial Chaos Expansion

Clearly, the numerical value of X, depends both on the mapping from K to X, and the mapping from &
to K. The former mapping encapsulates physics models and governing equations while the latter mapping
describes the probabilistic model of the physical parameters K, in a functional form that explicitly relates
them to a set of independent Gaussian random variables £. Uncertainty in the probabilistic model of K is
propagated into uncertainty about X through the composite map from K to £ and £ to X.

We introduce the m-dimensional vector P = {P,--- , P,,} representing all the statistical parameters of
the input random variables K. These parameters are typically estimated based on a finite sample. Different
estimation methods yield different probabilistic models for P with the Maximum Likelihood estimates
(MLE) generally yielding an asymptotically (for large sample size) Gaussian distribution with variance
that is inversely proportional to sample size. We represent the random vector P in a polynomial chaos
decomposition relative to a new Gaussian germ p independent of £ Motivated by asymptotic results
concerning MLE sampling distributions, we limit this PCE to a first order expansion, resulting in a Gaussian
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model for P. We also assume a one-dimensional PCE representation for P, imposing a strict dependence
between the different P;, making them all linear transformations of the same scalar random variable p. This
statistical dependence between components of P is justified by the observation that experimental evidence
that influences our estimate of any one of the P;’s is likely to also affect our estimates of all other components
of P. We recognize that this dependence assumption can be violated (e.g. the minimum and maximum
values of a sample are likely to be independent, as are the sample mean and sample variance). While these
violations are the exception, one should be mindful of such occurences. We note that while our proposed
formalism can be readily extended to situations where the parameters P are statistically independent by
introducing a vector-valued p commensurate with P, we choose to instead rely on beta random variables
in our numerical examples, for which estimators of the shape parameters can be shown to be statistically
dependent [37]. We thus introduce p as a standard normal random variable independent of & = {&;,--- , &4},
and express the parameters of the input PDFs, P;, in the form,

P)i:MP¢+UP7,pa i:17"'7NP7 (6)

where pp, is the mean of P;, and op, its standard deviation. Also, Np denotes the number of parameters
from the set P that is presumed to be uncertain.

Thus, X can be represented as a function of a new germ 1 = {&,- -+ , &4, p}, and is therefore denoted as
X (n). The extended polynomial expansion of X can thus be expressed as,
X(n) = Z X’Y’l/}"/(’r') ) n € RdJrlv Y € Nd+1 (7)
[vI<p

where {X,} denote the PCE coefficients. It is consistent with common views [4, 1, 33, 36, 24, 42, 34] to
construe dependence on £ and p to represent, respectively, aleatory and epistemic uncertainties. Eq. (7)
provides a joint and uniform representation of these two uncertainties in a single representation. It is worth
reiterating that the extension of the foregoing to the case where each P; is decomposed according to its own
stochastic dimension p; can be readily accommodated, with some increase in computational cost.

For a given polynomial order p and germ dimension d, the number of terms in an EPCE, denoted by
Nepce, is equal to,

d+p+1)!
Nepce = W (8)

4. PCE with Random Coefficients via EPCE

We now construct a prior random model for the PCE coefficients which then gets updated to a posterior
model via data assimilation. Making use of Eq. (2), we can separate the dependence on € from the dependence
on p in Eq. (7), resulting in the following representation of EPCE,

X(m)=X&p) = Y, Xaptal)slp), £€R’ peR, acR! BeR, 9)
|| +B<p

with the subscript af being a (d 4+ 1) multi-index formed as the concatenation of e and . The result is a
PCE whose coefficients are function of p, and which can be expressed as,

X(&p) =Y Xalp)talf) (10)
|| <p

where the PCE coefficients X (p) are now random variables depending on p. Noting that not all coefficients
X exhibit dependence on p, the PCE in Eq. (10) can be separated into the p-dependent and p-independent
parts resulting in,

X(&p) = D Xa(pval®) + Y Xatal) , €€R’ peR,acN (11)

|| <p |e|=p

p-dependent PCE terms  p-independent PCE terms
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It can be seen that only the highest order PCE coefficients are independent of p. Thus, denoting the number
of elements in the first and second summations in Eq. (11) by Ndep and N, 4, respectively, we have

_ (d+p—1)!
AT (12
(d—&-p—l)!. )

Nind = (g0

Clearly, Ndep + Nlnd = Npce.

4.1. Representation of Error in EPCE

Sources of uncertainty in the constructed EPCE could be not only due to the probabilistic models of P
and K, but also to a finite order truncation of the polynomial expansion and finite quadrature levels (or,
more generally, limited accuracy in evaluating the coefficients). We denote the true EPCE of Qol as X (& p)
and the error from the constructed EPCE as egpce. We then have,

X(&P) = X(& p) + cepce - (13)

The numerical error eepce is represented in a PCE analogous to the first summation in Eq.(11). Thus, an
error term £q(p) is added to each PCE coefficient in Xq(p), where the multi-index o € R and 0 < || < p.
In this fashion, the random PCE coefficients with EPCE error, denoted by Z4 (p, p.), are expressed as,

Za(p.pe) = Xa(p) + 0a(p)pe, a €N 0<|a|<p, (14)

where the standard deviation 04 (p) = 1%Xa(p) and pc is a standard Gaussian variable (a new stochastic
degree of freedom, or germ) which encodes the numerical errors. From the physical perspective, Z(p, pc) =

{Za (p,pe),0 < | < p} accounts for the errors from the probabilistic model of K and the probabilistic
model of P, as well as errors in the numerical approximation of the PCE coefficients (quadrature and

truncation errors).
Substituting Eq. (14) into Eq. (11) to represent Eq. (13) results in,

X(&p) =Xop)+ Y. Zalpp)tal®) + Y Xatalf), (15)

0<|ax|<p |a|=p

In our construction, the numerical errors considered (quadrature and truncation errors) in EPCE do not
affect the mean of Qol but only the higher-order statistics. The error terms generate scatter around the
“mode” which is the relationship obtained by EPCE. In other words, the mode of the prior is constructed
from EPCE and we add an additive Gaussian error which induces a small statistical perturbation around
this mode. In this manner, the prior constructed is physcially informative. When observations are acquired,

Eq. (15) is the model that we aim to update in which Z(p, p.) = {Za(p, pe),a € N 0 < || < p} are the

parameters to infer. The p-independent part participates in the inverse analysis while { X4, || = p} remain
deterministic during the analysis.
To explicitly represent the error term, Eq. (15) can be equivalently written as,

X&) =Xolp)+ DY Xalpal®+ D 02(0ptal€+ Y Xatalf). (16)

0<]ee|<p 0<|ee|<p |a|=p

error term

In Eqgs. (15) or (16), sensitivities with respect to model parameters can be readily evaluated by differen-
tiation. Sensitivity with respect to other parameters (either input, or latent, or output quantities) can
be approximated by considering directional derivatives in the direction of the dominant germs for these
quantities. This aspect of the analysis is not in the scope of the present paper.
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5. Bayesian Inference

Let us assume Np number of observations D = (DM, D®) ... D®p)) are acquired. The task is to
calibrate the prediction model to make more accurate predictions. The “model” can be either the physical
model (e.g., a finite element code) or the surrogate model (e.g., a PCE). In this section, we perform Bayesian
model updating for both cases.

5.1. Standard Bayesian Inference

The standard Bayesian inference is to update the physical parameters K in the physics model. In this
case, the Bayes’s theorem is written as,

fxip(k, D) = CsLy(k, D) fk (k) , (17)

where, fx (k) is the prior distribution of K; fx|p(k, D) represents the posterior distribution of K; L,(k, D)
is the likelihood function given observations D; and Cj is a normalizing constant.

To account for the physical model error, an additive Gaussian representation is typically used which is
expressed as,

X(K)=X(K)+N(0,0%), (18)

where X (K) and X (K) denote the values of Qol evaluated at K by the true physics and the physics model,
respectively. The discrepancy between X (K) and X (K) characterizes the model error which is represented
by a Gaussian distribution with zero mean and standard deviation of op; . Thus, the likelihhod function
can be represented by,

IR 1 /D™ — X (k)
Ly(k,D) —ml_:[lmexp (-2 (UM) ) . (19)

5.2. Bayesian Inference for Random PCE coefficients

The Bayesian inference can be also applied to calibrate the PCE surrogate model in Eq. (15). In this
case, the parameters to infer are the random PCE coefficients. Sampling p and p. gives realizations of the
prior random coefficients Z(p, p) = {Za (p,pe),a € NL O < |af < p} as constructed in Section (4.1). Once
the prior is built, we do not consider p or p. any more. Thus, the posterior of these random PCE coefficients
denoted by Z|D = {Za|D, acN0<|al < p} does not depend on p or p.. The Bayes’s theorem applied

on Z is thus represented by,
J210(5:D) = CL(Z,D)f4(3) , (20)

where, f;(2) is the prior distribution which is a joint distribution of Z(p, Pe); fZID(i,’D) represents the
posterior distribution which is a joint distribution of the PCE coefficients after calibration based on D;
L(z,D) is the likelihood function given observations D; and C is a normalizing constant.

5.2.1. Prior

The samples of prior can be directly obtained by sampling p and p. and mapping them into samples
of Z(p,pe). Then the joint prior distribution fz(Z) can be estimated by the multivariate kernel density
estimation (KDE) using these prior samples, which can be expressed as,

N,
WETIE S o ~1/2(5 _ Z(,0) )
fZ(z)_ Np‘Hl‘l/z JZ:;KH (Hl (Z Z(p ) Pe ))) ’ (21)

N N
where K is the kernel function which is a symmetric multivariate density; H; € R deP x R deP s the
bandwidth matrix which is symmetrix and positive definite; Z(p(), p)) is the j-th sample of Z(p, p.); and
N, is the number of PCE samples used to estimate the multivariate KDE.
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5.2.2. Likelihood
The likelihood function is given by,

Np
L(z,D) =[] fx(D"™[Xx(2)) , (22)
m=1

where fx (X (2)) denotes the response PDF estimated by PCE as a function of Z(p, pe). Then, fx (DX (2))
is the value of the response PDF evaluated at an observation D™ . In other words, the likelihood function
and response PDF are both stochastic models depending on p and pe.

5.2.8. Posterior
According to Bayes’ theorem as expressed in Eq. (20), combined with Eqgs. (21) and (22), the posterior
is expressed as,

- C _ - .
fZ\D(zaD) = m H fX D( )|X ZKH( 1/2 Z(P(J)vpgj))» ) (23)
P

m=1

5.2.4. Metropolis-Hastings Algorithm

We use the Metropolis-Hastings algorithm to sample from the posterior. The pseudocode is shown in
Algorithm 1. It is worth mentioning that the model evaluations in associated Markov chains are performed
by the PCE surrogate model that has been built in Section 4, and the Bayesian procedure thus has little
numerical efforts.

After posterior samples are collected, the multivariate KDE is used to estimate the joint posterior PDF
of PCE coefficients, which results in,

fzp( D) = 5 |H2‘1/2 ZKH( (21D - zm|D)) : (24)

where Z (j/)\D is the j'-th posterior sample; Ky is the kernel function which is a symmetric multivariate

. N, N . . . c . . e . .
density; H, € R"deP x R™dep ig the bandwidth matrix which is symmetric and positive definite; N, is the
number of accepted samples of the posterior used in multivariate KDE.

6. Stochastic Models for PDF's

When we use the posterior random PCE coefficients Z |D to build the PCE, the updated PCE repre-
sentation of QoI denoted by X|D is a function of the random vector Z|D = {Z¢,¢|D7 acNLO<|al < p}

with only the mean dependent on p, expressed as,
X|D(& ZID,p) =Xo(p) + Y. ZalD tal€)+ Y Xatal(é), (25)
0<|a|<p la|=p

A stochastic model for the PDF of X is used to characterize confidence in estimates of failure probability.
The PDF of Qol computed by PCEs with prior and posterior random PCE coefficients Z(p, p.) and Z|D
are random variables and can be expressed as,

> Ny r— X(eW) 7 .
fX('r7Z(p7pe)): ! ZKh< X(€ 7Z(p,p))>7

N,hy & hy
! ) ) (26)
> e r—X|D(£Y), Z|D, p)
Z\|\D = K
fX($7 ‘ 7[)) Nath/gl h ( h2 )



Algorithm 1 Metropolis-Hastings posterior sampler for PCE coefficients

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:

17:

18:
19:
20:
21:
22:
23:
24:
25:
26:
27:

function TARGET(,%(S)) > Input is a sample of prior random PCE coefficients
L(Z®, D) + I[,2, fx (DX (1))
m(20)) « L(29), D) f5(2)
return m(()) > Output is a scalar
end function

. function PROPOSAL(2(*)) > Define proposal distribution

2(8) ~ Multivariate normal(z(*), ) > X is covariance matrix
return z(+1)
end function

Initialization: Choose any sample of 2(°) from prior;
for s + 1 to N, do > Ny is the number of MCMC steps
25+ ~ PROPOSAL(2())
7(2)) < TARGET(z(®))
7(26+1)) < TARGET(2(511)
©) o min TE)
R <« mln{ ) ,1}
u(®) ~ Uniform(0, 1)
if R > u(®) then
accept 201
2(s+1) « 2(3+1)
else
reject 251
3(s+1) . 5(s)
end if
end for
return accepted samples > Collect posterior samples
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where Gaussian kernel is used for K} with the bandwidth h; and ho determined following Silverman’s rule
[43] as hy = (407 /3N,)'/® and hy = (403 /3N,)/®, where o1 and oy are the standard deviations estimated
from the N, and N, samples of Qol, respectively. Again, the samples used in Eq. (26) are evaluated by the
PCE surrogate model before and after update, respectively, given by,

X(E, P) = XO(p) + Z Za(pv pe)¢a(£) + Z Xa'l/)a(é) ;
0<|]a|<p le|=p

X|D(,ZID,p) = Xo(p) + > ZalD ¢a(é)+ > Xatha(€).

0<|e|<p |ee|=p

(27)

One important application of the aforementioned ideas is to the characterization of failure probabilities,
themselves, as random variables. In many applications, the failure probability Py is defined as the probability
of reaching or exceeding a critical threshold and is of great significance. This distribution is typically
predicated on pre-specified probabilistic models for input parameters, and thus lends itself to the present
analysis. To simplify the presentation, and without loss of generality, we assume a scalar description of
the limit state in terms of a critical threshold for the Qol, denoted by X.. The prior and posterior failure
probabilities denoted by Pf; and Py, respectively, are then given by the following integral,

Pi(2(pp0) = [ (e Z(p.p) da
r2Xe (28)

z>X.

where we have explicitly expressed the dependence of Pgy and Py on the prior and posterior random PCE
coefficients Z(p, p.) and Z|D, respectively. Then, the PDF of Py; and Py computed by KDE is expressed

as,
Ny z— Py 7 (- (5) Ej)
fPfl(a:):lth< Py (Z(pD), p )))> ;

Nohs = hf
- i (29)
1 s T — pf2(z(j’)|D’p(j/))
= g K,
Jera (@) Nohyo =1 " ( o ’

where fp; (z) and fp,,(z) are the prior and posterior PDFs of failure probabilities Py and Pro. The
Gaussian kernel is used for K with the bandwidth hysy and hys determined following Silverman’s rule as
hfi = (4015(1/3]\7,,)1/5 and hyy = (40?2/3Na)1/5, where 071 and o9 are the standard deviations estimated
from the N, and N, samples of failure probability, respectively.

7. Case studies

In this section, two examples are investigated to demonstrate the proposed approach. Example I is a
beam structure of which a closed-form expression for the Qol is known. Example II is a reinforced concrete
wall on which the hysteresis analysis is performed using finite elements.

7.1. Example I: Beam structure

The beam structure is shown in Fig. 1. The model characterizes the mid-span displacement X, ;q of
the beam fixed by a linear spring and a rotational spring at each end, with concentrated load F' acting in
the middle of the beam. The random inputs include the linear spring, rotational spring, flexural stiffness
and beam span, which are denoted as ki, ko, EI and L, respectively. It can be shown from elementary
mechanics of materials that mid-span displacement X ;4 for this beam is given by,

X . F E 8EI]C2L3 + k1k2L6 i 8EI]€1L2 — k1k2L3 (30)
mid = 96ET |3 16E1(ky + ki1 L?) irky + 2K2L% |

9
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Figure 1: Schematic of the physical setup for Example I: Random beam on random supports.

Table 1: Statistical parameters of random inputs for Example I: beam structure

Input variables Distribution | @ | b | g(fixed) | r (fixed)
Linear spring k1 (N*m) Beta 415 350 650
Rotational spring ko (N*m/rad) Beta 415 400 600
Flexural stiffness I (N/m*m) Beta 415 80 186.67
Beam span L (m) Beta 415 0.216 0.264

The four input variables, ki, ko, EI and L, are mutually independent and follow the Beta distributions.
The vector of random statistical parameters P consists of the eight random variables @ and b which are the
vectors of two shape parameters of the Beta distribution while the lower and upper bounds are fixed. The
statistical parameters are listed in Tab. 1. The mean value of P is taken equal to the nominal values, and
the coefficient of variation of each entry in P is assumed to 5%.

From the EPCE, the mean of predicted response PDF is 2.09 cm. We assume 10 artificial observations
generated from a uniform distribution with bounds of (2.4, 2.6), which gives
D = {2.42,2.43,2.58,2.55,2.41,2.51,2.54,2.50,2.54, 2.43} cm.

A second order EPCE was found to be sufficiently converged in the response PDF to carry out the
foregoing studies. Thus, in the stochastic PCE constructed in Section 4, only the Oth-order and 1st-order
PCE coefficients are random (N, = 5).

The results of Bayesian inference on the coefficients of the PCE surrogate model are plotted. Fig. 2
shows the statistics of the random PCE coefficients directly build by EPCE according to Eq. (10), and
the statistics of the joint prior of the random PCE coefficients that includes the error terms according to
Eq. (21). Tt indicates that the terms representing the error in EPCE generate scatter around the "mode”
which is a deterministic relationship obtained by EPCE. Fig. 3 depicts the statistics of the joint posterior of
the random PCE coefficients including the samples (lower left), marginal PDFs (diagonal) and joint PDFs
(upper right), according to Eq. (24). The posterior samples have larger scatter compared to the prior. Fig. 4
exhibits the family of predicted PDF of Qol using prior and posterior PCE models in Eq. (26). It is found
that the posterior PDF family is thinner than the prior family, which indicates that the posterior predictions
have smaller scatter than the prior predictions. Assuming failure is associated with X, ;4 > 2.45cm, the
distribution of the probability of failure P is obtained by evaluating Py for each sample in Fig. 4, and plotting
the PDF of the resulting values, according to Eq. (29). The resulting PDFs from prior and posterior are
shown in Fig. 5. The posterior distribution of failure probability is sharper than the prior prediction and
shifts to the right, which indicates that the observations improve the credibility of the prediction and an
increase in overall failure probability is forecasted.

Standard Bayesian inference is also conducted on the physical parameters K in the physics model of the
beam in Eq. (30). Fig. 6 shows the prior and posterior distributions of K when the Gaussian noise in the
likelihood op; = 30%. The prior of K corresponds to p = 0 in EPCE and the posterior of K provides the
best P in consistence of the observations.
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For a clear comparison of the two Bayesian approaches, the prior and posterior predictions of Qol by
updating K and Z (p, pe) are plotted together in Fig. 7. It shows that the update of K induces a shift of
the response PDF and a change in shape. For the update of Z (p, pe), shift in the family of response PDFs
is not observed while the PDFs ensemble is narrower. Such influence is also reflected in the distribution of
failure probability as a shift and change in the shape of its PDF. This is due to the fact that, a sample of
PCE coefficients generates a full response PDF by the corresponding PCE surrogate model while a sample
of physical parameters composes a physics model which predicts a value of Qol. That is to say, the PCE
coefficients contain more information (i.e. probabilistic information) than the physical parameters. The
inference of PCE coefficients thus allows a dual-level characterization of the uncertainty in Qol, which is
more informative.

0020958
0020956

o0;
o0;
0000095 Bus
0000095 |

o oowmn{ %, < 000100
0000105 AN 0000105
Y ~a.000110
-0.00140 000184
-o040 {gds
-o00145
-o00uss
000150 :
Y  owso
-oomss -o0aiss
00060 4 -ooote

s ~ I
PN N

000054

-l \, o
.
12 000050 / ‘\\ 2 000050

i
Sooms / \ ooooss |
\.' 000045
oooots | ¥
s N P oomnzs
0020 / '\ Y & 00120
/ ™, ™, g

w2 000115 ", ", 2 ooouts
N\, \ V4
v i

000105 1€

N 7 7\

0020950 0020955 ~0000166.000108000095  -0.0016 00015 00014  000047SG0DSROT525 o001l 00012 0020950 0020955  -000011 -00D0I0 -00D009 -0.0016-00015-00014 000045 006050 000055 00011 00012
X % % % X X % % % X

Figure 2: Comparison of statistics of the prior PCE coefficients directly from EPCE (left) and the prior PCE coefficients with
error term (right) in Example L.

7.2. Example II: Reinforced concrete shear wall

Many literatures have suggested that epistemic uncertainty is non-ignorable in dynamic analysis of
structures [44, 45, 46, 47, 48]. To demonstrate the proposed methodologies in this context, a reinforced
concrete shear wall model is investigated in this study. This model comes from an experimental study [49].
Fig. 8 depicts the geometry, dimension and reinforcement of the shear wall.

There are two steps in the loading procedure. First, a constant axial load of 378 kN is applied on the
top of the wall, followed by a cyclic lateral load achieved by controlling the displacement. The applied
lateral drift consisted of a train of triangular pulses of alternating signs. Additional details of the setup
and its loading are described elsewhere [49]. The purpose of the present analysis is to find the influence of
the statistical parameters of mechanical properties of concrete and steel on the response PDF of the energy
dissipated throughout the structure via hysteresis.

Some of the material properties are considered as random variables, including the concrete elastic modu-
lus E., the concrete tensile strength f,., the concrete compressive strength f. and the steel yielding strength
fy. For concrete, I, f. and f. are of course correlated, but for simplicity they were regarded as fully
correlated in this paper. According to the code ACI 318-19 [50], the relationships between these parameters
are,

E, =57,000\/f. |,
fr=T5M/F.
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Figure 3: Posterior distribution of PCE coefficients in Example I.

2.0

15

PDF

1.0

0.5

0.0

15 3.0 3.5

2.0 2.5
Mid-span displacement (cm)

Figure 4: The family of response PDFs computed by posterior PCEs (red) and the family by prior PCEs (blue) in Example I.
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Figure 5: The posterior and prior distributions of the probability of failure in Example I.

Table 2: Statistical parameters of random inputs for Example II: reinforced concrete shear wall

Material Input variable Distribution | a®V [ 8°W | ¢°V (fixed) | " (fixed)
Concrete | Compressive strength f. (in Pa) Beta 2 2 3.91 x 107 5.29 x 107
Steel Yielding strength f, (in Pa) Beta 2 2 3.40 x 10% | 4.60 x 10°®

where, the units are in psi. To calculate these concrete parameters, the f. is sampled from a Beta distribution
first and the f,. and E. are then generated according to Eq. 31. The steel strength is also modeled as a
Beta random input. The material properties input to the shear wall structure are listed in Tab. 2. where,
in this shear wall hysteresis problem, a®"V and b5 are the vectors of two shape parameters of each input
from the original dataset; ¢ and 75" are the vectors of the lower and upper bounds of each input and
assumed to be the same in any dataset. Thus, in this example, the vector P of random parameters has four
components consisting of the shape parameters a®" and b5". The mean value of P is taken equal to the
values estimated from the original dataset, and the coefficient of variation of each entry in P is assumed to
5%.

We implement in Abaqus [51] a model that follows the theoretical development in Feng et.al [52] which
features a multi-dimensional softened plasticity damage model. The steel material follows a Menegotto-
Pinto model that includes strain-hardening, Baushinger effects and tension stiffening and a multi-layer shell
element is used for the shear wall [52]. Additional material properties include the concrete Poisson’s ratio,
the steel elastic modulus and the steel hardening ratio which are deterministic inputs.

A second order EPCE was found to be sufficiently converged in the response PDF to carry out the
foregoing studies. In such case, the Oth-order and 1lst-order PCE coefficients are random in the stochastic
PCE constructed in Section 4, and N, = 3.

Since the assessment and comparison of standard Bayesian analysis of physics parameters have been
discussed in details using Example I, we focus on applying the proposed approach in this example. The
statistics of the random PCE coefficients directly built by EPCE according to Eq. (10), and the joint
prior of these coefficients that includes the EPCE error terms according to Eq. (21) are plotted in Fig. 9.
Again, EPCE provides the deterministic relationships as the "modes” and the error terms generate scatter
around these modes. Using the Bayesian inference, the statistics of the joint posterior of the random PCE

13
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Figure 6: The posterior and prior distributions of K by standard Bayesian inference (ojs = 30%) in Example 1.
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Figure 8: Schematic of the physical setup for Example II: Reinforced concrete shear wall.
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coefficients according to Eq. (24) is shown in Fig. 10. A clearly larger scatter is found compared with the
prior samples. According to Eq. (26), the two families of response PDFs using prior and posterior PCE
models are plotted together in Fig. 11, and the distribution of the probability of failure (Py) associated
with X > 37.5 kN*m is shown in Fig. 12. It can be clearly seen that the posterior family is thinner than
the prior family, which means the posterior predictions has smaller scatter than the prior predictions. The
posterior distribution of failure probability shifts to the right and is sharper than the prior distribution, thus
indicating the observations result in an increase in the overall failure probability and gives higher credibility
of the prediction.

8. Concluding Remarks

We have presented a Bayesian parameter calibration approach based on a polynomial chaos model whose
prior model is constructed as an EPCE. The epistemic uncertainties associated with model inadequacy and
incomplete probabilities are accounted for. The performance of the proposed methodology has been assessed
using an analytical and a numerical example. Both cases indicate that data assimiliation yields a smaller
scatter in the family of response PDFs, and the distribution of failure probability shifts and has a tighter
support better aligned with observed data, as expected, and consistent with observations. The Bayesian
inference of coefficients in PCE surrogate model allows dual-level characterizations of the uncertainties in
Qol, which enables more informative predictions and decision-making than updating the physical parameters
in the physics model. It is worth mentioning that the model evaluations in associated Markov chains are
performed by the PCE models, resulting in a streamlined and efficient procedure.

In the original version of EPCE, if the statistical parameters P are estimated according to the MLE
arguments, then their asymptotic distribution will be Gaussian. However, in the small data case, the
distribution of P will generally depend on the dataset. One could replace Eq. (6) with a higher-order PCE
to account for more general form of the density function. This will slightly complicate the evaluation of
sensitivities with respect to the epistemic variable would be complicated to take. In the present work, the
representation of the error associated with the model of P by a chaos expansion of Qol in Eq. (16) can not
only account for more general forms of the density function, but can also preserve the convenience to take
sensitivities as a straightforward post-processing of the EPCE.
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