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We investigate the temperature dependence of the frequency and linewidth of the triply-degenerate T2g zone-centered
optical phonon in flux-grown ceria and hydrothermally-synthesized thoria single crystals from room temperature to
1273 K using Raman spectroscopy. Both crystals exhibit an expected increase in the phonon linewidth with tem-
perature due to enhanced phonon-phonon scattering. However, ceria displays an anomalous linewidth reduction in
the temperature range of 1023–1123 K. First-principles phonon linewidth calculations considering cubic and quartic
phonon interactions within temperature-independent phonon dispersion fail to describe this anomaly. A parameteriza-
tion of the temperature-dependent second order interatomic force constants (IFCs) based on previously reported phonon
dispersion measured at room and high temperatures, predicts a deviation from the monotonic linewidth increase, al-
beit at temperatures lower than those observed experimentally for ceria. The qualitative agreement in the trend of
temperature-dependent linewidth suggests that lattice anharmonicity-induced phonon renormalization plays a role in
phonon lifetime. Specifically, a local minimum in the overlap between acoustic and optical branches at the zone center
in the dispersion curve reduces the available phonon scattering phase space, leading to an increased phonon lifetime
within a narrow temperature interval. These findings provide new insights into higher-order anharmonic interactions
in ceria and thoria, motivating further investigations into the role of anharmonicity-induced phonon renormalization on
phonon lifetimes at high temperatures.

Lanthanide and actinide oxides, such as ceria (CeO2) and
thoria (ThO2), are integral to various high temperature techno-
logical applications such as catalysis and nuclear power gener-
ation that require efficient thermal transport. In these oxides,
thermal transport is primarily governed by quantized lattice
vibrations or phonons [1, 2]. At elevated temperatures,the
increased vibrational amplitude of atoms in the crystalline
lattice, along with the higher occupancy of high-frequency
phonons, leads to enhanced phonon-phonon (ph-ph) interac-
tions and the renormalization of phonon bands [3]. Phonon
renormalization is evident through changes in the frequencies
and lifetimes due to higher-order (or anharmonic) ph-ph inter-
actions. The phonon lifetime is determined by phonon interac-
tions, quantified by the scattering phase space as well as third
and higher-order interatomic force constants (IFCs). Con-
sequently, these interactions significantly influence phonon-
mediated physical properties such as the lattice thermal con-
ductivity [4, 5] and also result in thermal expansion of the lat-
tice. Thus, understanding phonon interactions at higher tem-
peratures is critical for accurately predicting thermophysical
properties and the performance of these oxides in energy con-
version applications.

Inelastic neutron and X-ray scattering are powerful tools
for studying phonon dispersion across entire Brillouin zone.
By measuring changes in the energy and momentum of neu-
trons or X-rays following their interaction with phonons, these

techniques provide detailed information about phonon mode
frequencies, linewidths, and their interaction strengths [6–
8]. On the other hand, Raman spectroscopy is an effective
technique for studying the characteristics of optical phonon
modes at the Brillouin zone center that satisfy Raman se-
lection rules with much greater accuracy [9]. This method
involves measuring the inelastic scattering of incident pho-
tons by the vibrational modes of the crystal. Temperature-
dependent measurements of first-order Raman scattering en-
able the assessment of anharmonic interactions, leading to
temperature-dependent shifts (due to phonon softening) and
broadening of phonon peaks (due to phonon decay) [10–
25]. These measured shifts and linewidth broadening have
been explained by first principles calculations incorporating
third-order phonon anharmonicity (i.e., three-phonon scatter-
ing processes) [26–31] across a range of materials [32–36].
Recent density functional theory (DFT) calculations incor-
porating fourth-order anharmonicity have accurately captured
phonon linewidth broadening at high temperatures, a task pre-
viously unattainable with only third-order anharmonicity [37].

Despite significant interest in lanthanide and actinide ox-
ides for high-temperature applications, studies on anharmonic
effects and phonon characteristics at elevated temperatures
in these materials are limited. Existing research includes
temperature-dependent studies on the T2g Raman-active mode
in single crystal ceria up to 800 K [38] and in nanocrystalline
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powdered ceria up to 1373 K [39, 40]. While the temperature
dependence of the Raman linewidth in single crystal ceria can
be described by the cubic anharmonic terms up to 800 K [38],
four-phonon processes dominate in ceria nanocrystals [40] at
higher temperatures. Differences in the phonon linewidths be-
tween single crystal, polycrystalline, and nanocrystalline ce-
ria have been attributed to phonon confinement effects [40–
42]. Studies on actinide oxides include those on polycrys-
talline urania pellets, examining the temperature dependence
of the T2g [43, 44] and 2LO modes [43] up to 873 K. To our
knowledge, similar studies on thoria have not been reported.
While most studies have provided insights into phonon an-
harmonicity in polycrystalline actinide oxides, investigations
on single crystals, necessary to elucidate intrinsic vibrational
properties without extrinsic factors like grain boundary scat-
tering, are scarce primarily due to the challenges in growing
high-quality single crystals with acceptable purity and stoi-
chiometry [45, 46].

In this study, we address this knowledge gap by investi-
gating anharmonicity-induced changes to phonon characteris-
tics up to 1273 K in ceria and thoria single crystals. Single
crystals of ceria and thoria, as shown in Figure 1 (a), were
grown using the flux growth method [46] and hydrothermal
synthesis techniques [45], respectively. Synthesis details are
previously described in the Ref. [45]. In situ Raman mea-
surements were performed with 532 nm optical excitation on
the {001} facet of the ceria and thoria crystals. Single crystal
were mounted inside a Linkam® optical heating stage. Raman
spectra were collected during the heating and cooling at each
temperature step. Experimental setup details are provided in
section S1 of the Supplementary Material [47]. Figure 1(b)
shows Raman spectra for ceria, highlighting the T2g mode’s
frequency reduction and broadening with temperature. Fig-
ure 1(c) shows normalized spectra from 1023–1123 K for both
crystals. At room temperature, the T2g peaks were approxi-
mately 465 cm-1 for ceria and 464 cm-1 for thoria, in agree-
ment with previous reports on flux-grown crystals [48]. The
T2g peak for ceria redshifted and broadened with temperature,
as shown in Figure 1(b).

The center frequency of the T2g peak as a function of tem-
perature is shown in Figure 2(a). The T2g peak in thoria shifts
monotonically from ∼464 cm-1 at room temperature to ∼451
cm-1 at 1273 K. In contrast, the T2g peak in ceria shifts more
significantly from ∼465 cm-1 at room temperature to ∼444
cm-1 at 1273 K. Figure 2(b) shows the temperature depen-
dence of the phonon linewidth of the T2g mode in both ma-
terials. Both exhibit an increase in linewidth up to ∼1000
K due to increased phonon-phonon scattering and reduced
phonon lifetime. However, while the thoria’s linewidth con-
tinues to broaden beyond 1000 K, ceria shows an anomaly in
the linewidth of the T2g between 1023–1123 K. This oppo-
site and counter-intuitive trend in linewidth is evident in the
normalized spectra in Figure 1(c). Beyond 1123 K, the ce-
ria’s phonon linewidth decreases abruptly and then gradually
increases with temperature. Figure 2(d) illustrates the rela-
tionship between T2g peak broadening and softening in both
materials. Despite greater softening and broadening in ce-
ria, the relationship is nearly identical for both. The anomaly

in ceria suggests a mechanism reducing phonon scattering in
1023–1273 K range. Comparing ceria’s linewidth broaden-
ing with Sato and Tateyama’s data [38] (Figure 2(c)), we see
reasonable agreement at 300 K and 350 K, but a clear devia-
tion at higher temperatures, likely due to differences in sam-
ple quality and purity. To the best of our knowledge, similar
measurements of phonon softening and linewidth broadening
at elevated temperature have not been previously reported for
thoria.

To elucidate the role of anharmonicity in Raman peak shifts
and linewidth changes, we use three lattice dynamics-based
modeling approaches. The first approach, herein referred to
as the ‘analytical model’, uses an expression developed by
Klemens [49]. This model considers the decay of an optical
phonon into two acoustic phonons (i.e., 3-phonon scattering)
at the Γ point and extends it to include 4-phonon processes
for explaining the temperature dependence of the phonon
linewidth [11]. It is based on the Debye density of states and
averaged IFCs, describing the temperature-dependence of the
phonon linewidth broadening Γ(T ) as,

Γ(T ) = Γ(0)+A
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where ω = 464 cm-1 is the Raman shift at 0 K, calculated
using the rigid-ion [42] or shell model [50], kB is the Boltz-
mann constant and T is the temperature. Parameters A and
B represent contributions from three-phonon and four-phonon
processes, respectively. Fitting the measured linewidth to the
Equation (1) gives A= 1.21 cm-1 and B= 0.0675 cm-1 for tho-
ria, and A = 2.19 cm-1 and B = 0.0629 cm-1 for ceria. These
fits are shown by dotted lines in Figure 2(b). Note that data up
to ∼920 K were used for the ceria fit, as the analytical model
does not capture the anomalous linewidth reduction observed
in our experiment. The higher values of the A parameter com-
pared to B, suggest that linewidth broadening is dominated
by 3-phonon processes, though there is a significant contri-
bution from 4-phonon processes. Setting the B parameter to
zero, thus only considering A, fails to accurately capture the
temperature-dependent linewidth trends of thoria and ceria.
This indicates that while 4-phonon processes play a smaller
role, including their contribution is necessary to describe the
linewidth broadening of the T2g phonon. Additionally, the
higher A value for ceria compared to thoria suggests more sig-
nificant 3-phonon scattering in ceria at the same temperature,
which aligns with the observed greater phonon softening and
linewidth broadening observed in ceria.

In the second modeling approach, we determined the
phonon linewidths of thoria and ceria entirely from first-
principles calculations combined with the Boltzmann trans-
port equation (BTE) formalism [51]. We refer to this as the
‘zero-kelvin phonon dispersion method (0K-PDM)’. Using
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FIG. 1: (a) Top-down optical images of ceria and thoria crystals. (b) Temperature-dependent frequency shifts and broadening
of the T2g Raman-active mode in ceria. (c) Normalized T2g peaks of thoria (top) and ceria (bottom) in the 1023–1123 K range,

with center frequencies shifted to a fixed value to emphasize linewidth changes with temperature.

the Phonopy code [52, 53], we computed the second-order
force constants at the ground state, neglecting anharmonicity-
induced phonon renormalization and thus not considering the
Raman peak shift with temperature. The linewidth contribu-
tion due to the third-order [54] and fourth-order force [55]
constants were computed using the ShengBTE code [56]. De-
tails of the first-principles calculations are provided in Sec-
tion S2 of the Supplemental Material [47]. Figure 2(b) shows
the linewidths predicted by the 0K-PDM approach. The solid
lines indicate the temperature-induced changes in phonon
linewidth for both thoria and ceria. The predicted linewidths
for thoria match the experimental measurements well, while
ceria predictions accurately capture the linewidth broaden-
ing up to around 1000 K. However, the approach fails to ex-
plain the reduction in phonon linewidth observed in ceria be-
tween 1023 K and 1123 K. Although the 0K-PDM consid-
ered three- and four-phonon interactions, it neglected effects
of anharmonic phonon renormalization which may contribute
to changes in scattering phases space. [57–60].

Given that both the analytical and the 0K-PDM models
failed to capture the anomalous reduction, an alternative ex-
planation is needed. A recent experimental study reported a
similar anomalous phonon linewidth sharpening at elevated
temperatures for the longitudinal acoustic mode of lead se-
lenide (PbSe) at 770 K using inelastic X-ray scattering [61].
This was attributed to a shrinking of the available phase space

for scattering with increasing temperature. We hypothesize
that the anomaly in the T2g mode lifetime in ceria at el-
evated temperatures is due to a similar effects, where lat-
tice anharmonicity-induced phonon renormalization. There-
fore, our third modeling approach, the empirical model with
phonon renormalization (EPR), aims to capture phonon renor-
malization effects using an empirical method based on pre-
viously reported experimental dispersion curves of ceria and
thoria [62, 63].

In the EPR model, we account for the temperature depen-
dence of the second-order IFCs while considering only three-
phonon interactions and neglecting changes in the third-order
IFCs. The second-order IFCs of thoria were fitted to pre-
viously reported temperature-dependent phonon dispersion
curves by treating phonon interactions traditionally consid-
ered by rigid ion models [64, 65] . The phonon dispersion
curves used for these fits were obtained from measurements
on thoria at 5 K, 300 K, and 750 K using inelastic neutron scat-
tering [63]. The temperature dependent second-order IFCs in
thoria were obtained by interpolating the experimental phonon
dispersion data using the Lakkad expression (based on the De-
bye model of phonon dispersion) [66],

Fαβ = F0
αβ

[1−Kαβ F(T/θD)], (2)
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FIG. 2: (a) Temperature-dependence of the Raman shift of the T2g mode in ceria and thoria (indicated by markers). Error bars
represent the 95% confidence interval of the peak position from the Gaussian fit. Solid lines denote values obtained from the

empirical model with phonon renormalization. (b) Measured (markers) and calculated changes in the linewidth of the T2g
vibrational mode with temperature for ceria and thoria using an analytical model fit (dotted lines) and empirical model fit with
phonon renormalization (solid lines). (c) Comparison of the measured linewidth broadening in ceria and thoria with a previous

report on ceria and calculated linewidths using an Zero-Kelvin phonon dispersion method (0K-PDM) without phonon
renormalization. (d) Measured broadening versus softening of the T2g vibrational mode in ceria and thoria.

where F is

F(T/θD) = 3
(

T
θD

)4 ∫ θD/T

0
x3 [exp(x)−1]dx, (3)

θD is the Debye temperature and Kαβ is the anharmonicity
parameter for each IFC [3, 67]. Third-order IFCs of thoria,
at 0 K were obtained from previously reported first-principle
calculations [68]. The phonon linewidth as a function of tem-
perature was then extracted using the Phono3py package with
a q-point mesh of 20 x 20 x 20. [51, 69, 70]. For ceria, due
to the availability of only room temperature phonon dispersion
data [62], the Lakkad model parameters could not be uniquely
defined. Therefore, a set of parameters that reproduced the
room temperature dispersion was chosen. The temperature-
dependent phonon linewidth of ceria was then calculated us-
ing the 2nd order IFCs obtained using this approach. Parame-

ters of the Lakkad model parameters and thermally correlated
force constants are provided in Section S2 of the Supplemen-
tary Material [47]. Using the EPR model, we first predict the
frequency shift of the T2g mode and compare it with the exper-
imental measurements, as shown in Figure 2(a). The agree-
ment between the measured frequency shift of the T2g mode
and the EPR model calculations is excellent. Furthermore,
this approach successfully captures the linewidth broadening
at low and moderate temperatures (up to approximately 700
K) for thoria, as shown in Figure 2(b). However, for ceria, the
linewidths calculated using the EPR model consistently un-
derestimate the measured values by ∼30-35%, although the
general trend with temperature is similar up to around 700 K.
Beyond this temperature, a deviation between the calculated
and measured phonon linewidths is observed. This is expected
since higher-order phonon scattering processes become sig-
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FIG. 3: Temperature-dependent phase space for 3-phonon scattering processes in ceria at (a) 600 K, (b) 850 K, and (c) 1050 K.
These surfaces in the Brillouin zone represent scattering processes allowed by energy and momentum conservation for the T2g

mode fixed at the zone center, ω1 = T 2g(Γ), the transverse acoustic (TA) phonon, ω2 = TA(q2), and the longitudinal optic
phonon (LO), ω3 = LO(−q1 −q2). The orange surface represents allowed values for q2.

nificant at elevated temperatures, while the calculations con-
sider only three-phonon interactions and neglect higher-order
mechanisms. Notably, the calculated linewidths exhibit a non-
monotonic increase with temperature, attributed to changes in
the three-phonon scattering phase space as the phonon disper-
sion curves are renormalized. This is in contrast to the 0K-
PDM without phonon renormalization, which shows a mono-
tonic increase in the T2g mode linewidths with temperature for
both materials, as depicted in Figure 2(c).

From Figure 2(b), we observe that while the temperature-
dependent trends in the linewidths obtained from the EPR
model predict an anomalous narrowing of the phonon
linewidth at a lower temperature than observed experimentally
in ceria, they still provide a qualitative explanation for the pos-
sible mechanism behind the observed anomaly. In the case of
thoria, our analysis suggests that the anomalous linewidth nar-
rowing occurs at an elevated temperature outside our measure-
ment range. To further elucidate the origin of the reduction in
the phonon scattering phase space resulting from anharmonic
renormalization of the phonon band at elevated temperatures,
we plot the scattering phase space in ceria at different temper-
atures using the temperature-dependent IFCs obtained from
the EPR model, as shown in Figure 3. The orange surfaces
in the Brillouin zone depicted in Figure 3 represent the three-
phonon scattering processes allowed by energy and momen-
tum conservation of the T2g mode at the zone center. A clear
reduction in the surface area representing the phonon scatter-
ing phase space is seen at 1050 K. This observation further
corroborates the role of phonon renormalization in narrowing
the phonon lifetime at elevated temperatures.

Zone-centered optical phonons generally contribute mini-
mally to the thermal conductivity of fluorite oxides due to
their low group velocity and short relaxation times [71]. First-
principles calculations indicate that the triply-degenerate T2g
mode contributes approximately 14.5% to the lattice thermal
conductivity of thoria [72] at room temperature and approx-
imately 13.7% in ceria [73]. However, in conditions such
as increased structural complexity [71] or strong overlap be-
tween acoustic and optical phonon branches away from the
Brillouin zone center [74], optical phonons significantly in-

fluence the lattice thermal conductivity of crystalline materi-
als. Despite the minimal contribution of the T2g mode in ceria
and thoria to thermal conductivity [72, 73, 75], renormaliza-
tion of acoustic and optical phonon branches at elevated tem-
peratures can notably affect lattice thermal conductivity. It is
crucial to consider that increased phonon lifetimes due to re-
duced scattering from phonon renormalization may enhance
the lattice thermal conductivity of ceria and thoria at higher
temperatures [76]. This is particularly relevant for applica-
tions such as next-generation nuclear fuels or solid-state elec-
trolytes, where operating temperatures fall within the range
where phonon linewidth narrowing and lifetime enhancement
occur. Further investigation into the high-temperature phonon
dispersion and lattice thermal conductivity of ceria and tho-
ria is necessary to definitively establish the impact of phonon
linewidth narrowing on thermal conductivity.

In summary, we have reported the temperature-dependent
mode softening and linewidth broadening of the zone-
centered T2g mode in hydrothermally synthesized ceria and
thoria single crystals in the temperature range of 300–1273
K using Raman spectroscopy. Our findings reveal that the
reduction in phonon frequency and increase in phonon life-
time are more pronounced in ceria compared to thoria. By
integrating the temperature-dependent softening data with
previously reported volume expansion data, we derived the
mode-specific Grüneisen parameters for both materials. No-
tably, T2g phonon linewidth generally increased with temper-
ature, but an anomalous reduction was observed in ceria be-
tween 1023–1123 K. While DFT calculations with ground-
state interatomic force constants and 4th order phonon inter-
actions failed to capture this anomaly, calculations incorporat-
ing temperature-dependent second-order force constants and
3-phonon interactions qualitatively matched the experimental
observations at a slightly lower temperature. However, cal-
culations that accounted for the temperature dependence of
the second-order force constants with 3-phonon interactions
qualitatively captured the anomaly but at a lower temperature
than observed experimentally. We attribute this anomaly to
anharmonic phonon renormalization at elevated temperatures,
which reduces the effective phonon scattering phase space
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at the Brillouin zone center. Future work should focus on
higher-order scattering events and detailed phonon dispersion
measurements at elevated temperatures to achieve precise de-
scriptions of phonon dynamics in these fluorite oxides. These
insights will be crucial for evaluating the lattice thermal con-
ductivity and performance of these materials in applications
such as next-generation nuclear fuels, high-temperature cat-
alysts, and solid-state fuel cell electrolytes. Our study pro-
vides a foundation for further investigation into the impact of
phonon renormalization on the thermal properties of fluorite
oxides, advancing our understanding of their potential in ad-
vanced technological applications.
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40Z. V. Popović, Z. Dohčević-Mitrović, A. Cros, and A. Cantarero, “Raman
scattering study of the anharmonic effects in CeO2y nanocrystals”, Journal
of Physics: Condensed Matter 19, 496209 (2007).

41J. E. Spanier, R. D. Robinson, F. Zhang, S.-W. Chan, and I. P. Herman,
“Size-dependent properties of CeO2−y nanoparticles as studied by Raman
scattering”, Phys. Rev. B 64, 245407 (2001).

42W. Weber, K. Hass, and J. McBride, “Raman study of CeO2: second-order
scattering, lattice dynamics, and particle-size effects”, Physical Review B
48, 178 (1993).

43J. M. Elorrieta, L. J. Bonales, V. G. Baonza, and J. Cobos, “Temperature
dependence of the raman spectrum of UO2”, Journal of Nuclear Materials
503, 191–194 (2018).

44G. Guimbretière, A. Canizarès, N. Raimboux, J. Joseph, P. Desgardin, L.
Desgranges, C. Jegou, and P. Simon, “High temperature raman study of
UO2: a possible tool for in situ estimation of irradiation-induced heating”,
Journal of Raman Spectroscopy 46, 418–420 (2015).

45M. Mann, D. Thompson, K. Serivalsatit, T. M. Tritt, J. Ballato, and J. Ko-
lis, “Hydrothermal growth and thermal property characterization of ThO2
single crystals”, Crystal Growth Design 10, 2146–215 (2010).

46B. Wanklyn and B. Garrard, “The flux growth of large thoria and ceria crys-
tals”, Journal of crystal growth 66, 346–350 (1984).

47S. Material.
48V. Keramidas and W. White, “Raman spectra of oxides with the fluorite

structure”, The Journal of Chemical Physics 59, 1561–1562 (1973).
49P. Klemens, “Anharmonic decay of optical phonons”, Physical Review 148,

845 (1966).
50J. Hurrell and V. Minkiewicz, “The crystal dynamics of barium fluoride”,

Solid State Communications 8, 463–466 (1970).
51A. Maradudin, A. Fein, and G. Vineyard, “Thermal expansion and phonon

frequency shifts”, Physica status solidi (b) 2, 1493–1507 (1962).

52A. Togo, L. Chaput, T. Tadano, and I. Tanaka, “Implementation strategies
in phonopy and phono3py”, J. Phys. Condens. Matter 35, 353001 (2023).

53A. Togo, “First-principles phonon calculations with phonopy and
phono3py”, J. Phys. Soc. Jpn. 92, 012001 (2023).

54W. Li, L. Lindsay, D. A. Broido, D. A. Stewart, and N. Mingo, “Thermal
conductivity of bulk and nanowire Mg2SixSn1-x alloys from first princi-
ples”, Phys. Rev. B 86, 174307 (2012).

55Z. Han, X. Yang, W. Li, T. Feng, and X. Ruan, “Fourphonon: an extension
module to shengbte for computing four-phonon scattering rates and thermal
conductivity”, Computer Physics Communications 270, 108179 (2022).

56W. Li, J. Carrete, N. A. Katcho, and N. Mingo, “ShengBTE: a solver of the
Boltzmann transport equation for phonons”, Comp. Phys. Commun. 185,
1747–1758 (2014).

57I. Errea, M. Calandra, and F. Mauri, “Anharmonic free energies and phonon
dispersions from the stochastic self-consistent harmonic approximation:
application to platinum and palladium hydrides”, Physical Review B 89,
064302 (2014).

58T. Tadano and S. Tsuneyuki, “Self-consistent phonon calculations of lat-
tice dynamical properties in cubic SrTiO3 with first-principles anharmonic
force constants”, Physical Review B 92, 054301 (2015).

59Y. Xia, “Revisiting lattice thermal transport in PbTe: the crucial role of
quartic anharmonicity”, Applied Physics Letters 113 (2018).

60Y. Xia, V. I. Hegde, K. Pal, X. Hua, D. Gaines, S. Patel, J. He, M. Aykol,
and C. Wolverton, “High-throughput study of lattice thermal conductivity
in binary rocksalt and zinc blende compounds including higher-order an-
harmonicity”, Physical Review X 10, 041029 (2020).

61M. E. Manley, O. Hellman, N. Shulumba, A. F. May, P. J. Stonaha, J. W.
Lynn, V. O. Garlea, A. Alatas, R. P. Hermann, J. D. Budai, H. Wang, B. C.
Sales, and A. J. Minnich, “Intrinsic anharmonic localization in thermoelec-
tric PbSe”, Nature communications 10, 1928 (2019).

62K. Clausen, W. Hayes, J. E. Macdonald, R. Osborn, P. G. Schnabel, M. T.
Hutchings, and A. Magerl, “Inelastic neutron scattering investigation of the
lattice dynamics of ThO2 and ChO2”, Journal of the Chemical Society,
Faraday Transactions 2: Molecular and Chemical Physics 83, 1109–1112
(1987).

63M. A. Mathis, A. Khanolkar, L. Fu, M. S. Bryan, C. A. Dennett, K. Rick-
ert, J. M. Mann, B. Winn, D. L. Abernathy, M. E. Manley, D. H. Hurley,
and C. A. Marianetti, “Generalized quasiharmonic approximation via space
group irreducible derivatives”, Phys. Rev. B 106, 014314 (2022).

64W. B. Lacina and P. S. Pershan, “Phonon optical properties of Ca1−xSrxF2”,
Phys. Rev. B 1, 1765–1786 (1970).

65A. Nakajima, A. Yoshihara, and M. Ishigame, “Defect-induced raman spec-
tra in doped CeO2”, Phys. Rev. B 50, 13297–13307 (1994).

66S. Lakkad, “Temperature dependence of the elastic constants”, Journal of
Applied Physics 42, 4277–4281 (1971).

67A. Khanolkar, Y. Wang, C. A. Dennett, Z. Hua, J. M. Mann, M. Khafi-
zov, and D. H. Hurley, “Temperature-dependent elastic constants of thorium
dioxide probed using time-domain brillouin scattering”, Journal of Applied
Physics 133 (2023).

68M. Jin, M. Khafizov, C. Jiang, S. Zhou, C. A. Marianetti, M. S. Bryan, M. E.
Manley, and D. H. Hurley, “Assessment of empirical interatomic potential
to predict thermal conductivity in ThO2 and UhO2”, Journal of Physics:
Condensed Matter 33, 275402 (2021).

69A. Togo, “First-principles phonon calculations with phonopy and
phono3py”, Journal of the Physical Society of Japan 92, 012001 (2023).

70A. Togo, L. Chaput, and I. Tanaka, “Distributions of phonon lifetimes in
Brillouin zones”, Physical review B 91, 094306 (2015).

71Z. Li, D. Shi, J. Yang, W. Luo, C. Wan, and W. Pan, “Contribution of optical
phonons to lattice thermal conductivity in complex structural thermal insu-
lation materials”, Journal of the European Ceramic Society 41, 7981–7987
(2021).



8

72L. Malakkal, A. Prasad, E. Jossou, J. Ranasinghe, B. Szpunar, L. Bichler,
and J. Szpunar, “Thermal conductivity of bulk and porous ThO2: atomistic
and experimental study”, Journal of Alloys and Compounds 798, 507–516
(2019).

73L. Malakkal, A. Prasad, D. Oladimeji, E. Jossou, J. Ranasinghe, B. Szpunar,
L. Bichler, and J. Szpunar, “Atomistic and experimental study on thermal
conductivity of bulk and porous cerium dioxide”, Scientific reports 9, 6326
(2019).

74Y. Zhang et al., “First-principles description of anomalously low lattice
thermal conductivity in thermoelectric Cu-Sb-Se ternary semiconductors”,
Physical Review B—Condensed Matter and Materials Physics 85, 054306
(2012).

75S. Zhou, C. Jiang, E. Xiao, S. Bandi, M. W. D. Cooper, M. Jin, D. H.
Hurley, M. Khafizov, and C. A. Marianetti, “Improving empirical inter-
atomic potentials for predicting thermophysical properties by using an irre-
ducible derivatives approach: the case of thorium dioxide”, arXiv preprint
arXiv:2204.13685 (2022).

76X. Yang, J. Tiwari, and T. Feng, “Reduced anharmonic phonon scattering
cross-section slows the decrease of thermal conductivity with temperature”,
Materials Today Physics 24, 100689 (2022).



9

SUPPLEMENTARY INFORMATION

Lattice anharmonicity effects in fluorite oxide single crystals and anomalous increase in phonon
lifetime in ceria at elevated temperature

A. Khanolkar1,*, S. Adnan2, M. Minaruzzaman2, L. Malakkal3, J.M. Mann4, D.H. Hurley1, M. Khafizov2,*

1Condensed Matter and Materials Physics Group, Idaho National Laboratory, Idaho Falls, ID 83415 2Department of
Mechanical and Aerospace Engineering, The Ohio State University, Columbus, OH 43210 3Computational Mechanics and
Materials Group, Idaho National Laboratory, Idaho Falls, ID 83415 4Air Force Research Laboratory, Sensors Directorate,

Wright-Patterson Air Force Base, Dayton, OH 45433

*Corresponding authors: Amey Khanolkar (amey.khanolkar@inl.gov) and Marat Khafizov (khafizov.1@osu.edu)

17 July 2025

S1. EXPERIMENTAL DETAILS

In situ Raman measurements were performed by placing the crystals in a Linkam® TS1000 temperature-controlled stage,
coupled to an Olympus® MPlan N 10× objective lens (numerical aperture of 0.25) connected to the turret of a Horiba Jobin
Yvon® LabRAM HR800 confocal Raman microscope. Raman excitation was provided by a Coherent® Verdi 532 nm continuous
wave (CW) laser, with the beam focused on the {001} facet of the ceria and thoria crystals through the silica window of the
heating stage, with an incident power of ∼ 450 µW. Raman spectra were acquired during the heat-up and cool-down phases of
the experiment at each temperature step. Figure S1 shows an image of the ceria crystal in the Linkam heating stage at 1273 K
during a Raman spectrum acquisition.

FIG. S1: Experimental setup showing the ceria crystal in the Linkam heating stage during a Raman spectrum acquisition.

S2. DETAILS OF THE THEORETICAL MODELS

1. 0K-PDM

All density functional theory [1] calculations in this study were performed using the projector-augmented-wave [2] method
within the Vienna Ab initio Simulation Package (VASP) [3], employing the local density approximation (LDA) [4] for exchange
and correlation. Geometry optimization of ThO2 and CeO2 (space group Fm3̄m) was performed on a primitive unit cell by
minimizing total energy with respect to cell parameters and atom positions using the conjugate gradient method. Energy conver-
gence for these materials was achieved with an electron wave vector grid of 12 × 12 × 12 and a plane wave energy cutoff of 550
eV, with electronic energy convergence criteria set at 10−8 eV. Given the polar nature of both CeO2 and ThO2, non-analytical
contributions were considered. The Born charges and dielectric constants required for evaluating the non-analytical corrections
were calculated using density functional perturbation theory [5]. For ThO2, harmonic force constants were evaluated using a 5
× 5 × 5 supercell with 375 atoms and a k-point grid of 2 × 2 × 2 via the finite displacement method implemented in PHONOPY
[6]. Third-order (anharmonic) force constants were calculated using a 5 × 5 × 5 supercell at the gamma point with Thirdorder.py
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[7], setting the force cutoff distance to the fifth nearest neighbors. Fourth-order force constants were determined using a 4 ×
4 × 4 supercell at the gamma point with Fourthorder.py [8], setting the force cutoff distance to the second nearest neighbors.
For CeO2, second order force constant was calculated on a 5 × 5 × 5 supercell and k-points of 3 × 3 × 3, the third-order force
constants were calculated using a 5 × 5 × 5 supercell, setting the force cutoff distance to the third nearest neighboring atoms. For
the fourth-order force constant we used a 4 × 4 × 4 supercell at the gamma point, setting the force cutoff distance to the second
nearest neighboring atoms. The lattice thermal conductivity (kL) was calculated using the iterative solutions of the Boltzmann
transport equation (BTE) as implemented in ShengBTE [7]. The phonon linewidth was calculated from scattering rates. Further
details of the calculations of ThO2 work are available in reference [9].

2. Empirical model with phonon renormalization (EPR)

This approach accounts for the temperature dependence of the 2nd order interatomic force constants (IFCs) and, for simplicity,
considers only 3-phonon interactions, neglecting changes in the 3rd order IFCs. The 2nd order IFCs of thoria were fitted to
previously reported temperature-dependent phonon dispersion curves by treating phonon interactions traditionally considered by
rigid ion models Fαβ up to the 4th nearest neighbor (Th-O: 1

4
1
4

1
4 , Th-Th: 0 1

2
1
2 , O-O: 1

2 00, and O-O: 0 1
2

1
2 ). The phonon dispersion

curves used for these fits were obtained from measurements performed on thoria at 5 K, 300 K, and 750 K using inelastic neutron
scattering. The 2nd order IFCs in thoria were obtained as a function of temperature by interpolating the reported experimental
phonon dispersion data using the Lakkad model expression (based on the Debye model of phonon dispersion), defined as:

Fαβ = F0
αβ

[
1−Kαβ F

(
T
θD

)]
where

F
(

T
θD

)
= 3

(
T
θD

)4 ∫ θD
T

0

x3

exp(x)−1
dx

θD is the Debye temperature, and Kαβ is the anharmonicity parameter for each IFC. The 3rd order IFCs of thoria, considering
only 3-phonon interactions, were obtained at ground state (0 K) from previously reported first principles calculations. The
phonon linewidth was then extracted as a function of temperature using the Phono3py package with a q-point mesh of 20 x 20 x
20. The resulting linewidth calculated using this approach for thoria is shown in Figure S2.

(a) (b)

FIG. S2: Temperature-dependence of the (a) frequency and (b) linewidth of the T2g mode in ThO2 obtained from the EPR
model

For the case of ceria, since only room temperature phonon dispersion data are available, the parameters in the Lakkad model
cannot be uniquely defined. In this instance, a set of parameters that could reproduce the room temperature dispersion was
chosen. The temperature-dependent phonon linewidth of ceria was then calculated using the 2nd order IFCs obtained using this
approach. The solid lines in S3 show that the Raman linewidth exhibits more structure in ceria (when compared to EPR model
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results for thoria) and displays evidence of linewidth narrowing. This analysis provides a qualitative explanation for a potential
mechanism responsible for the observed anomaly. However, it is important to note that the accurate determination of phonon
renormalization due to 3- and 4-phonon processes is nontrivial and remains a challenge.

(a) (b)

FIG. S3: Temperature-dependence of the (a) frequency and (b) linewidth of the T2g mode in CeO2 obtained from the EPR
model

Additional fitting terms from the EPR model are tabulated below.

Table S1: Thermally correlated force constants of ThO2 and CeO2 at 0K

α1 α2 β3 α3 β3
ThO2 -0.0281602 0.0630 -0.0712 -0.05115 0.01135
CeO2 -0.0219 0.0586 -0.0764 -0.0581 0.0100

Table S2: Lakkad’s constant, K for the modified force constants of ThO2 and CeO2

α1 α2 β2 α3 β3
K for ThO2 0.0431 -0.1987 -0.1177 0.0511 0.080
K for CeO2 0.035 -0.0322 0.0529 0.020 -0.0430

To conduct this study, we initially utilized force constants computed via Quantum ESPRESSO in Phonopy to plot the disper-
sion curve employing the rigid ion model for both ThO2 and CeO2. Subsequently, we adjusted the previously mentioned force
constants according to Lakkad’s expression to account for the thermal effects observed in ThO2’s dispersion curve by Adnan et
al.[[10]] and to incorporate the thermal effect observed in CeO2’s dispersion curve by Clausen et al.[[11]]. Non-zero force con-
stant values for ThO2’s experimental data at 5K, 300K, and 750K were listed in Tables S3, S4, and S5, respectively, while Table
6 provided the non-zero force constants for CeO2 at 293K. Figures S1 and S4 display the dispersion curve of CeO2 and ThO2,
respectively. Subsequently, we employed Phono3py to observe the T2g’s Raman peak positions and the T2g’s Raman linewidth
of 24x24 supercell and 20x20x20 meshed CeO2 and ThO2 for different temperatures, comparing them with the experimental
dataset. These observations were depicted in Figures S2 and S3 for CeO2 and Figures S5 and S6 for ThO2. SI_Figures 1 to 6
strongly elucidate that the anharmonicity of ThO2 and CeO2 increases at higher temperatures. Notably, Figure S3 and Figure
S6 indicate that CeO2 exhibits a higher T2g Raman linewidth than ThO2, suggesting that thermal effects are more pronounced
in CeO2. This higher anharmonicity reduces CeO2’s phonon lifetime and thermal conductivity compared to ThO2 at the same
elevated temperature.
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FIG. S4: Dispersion Curve for CeO2 at the different temperatures.

FIG. S5: Dispersion Curve for ThO2 at the different temperatures.

FIG. S6: Notation for IFCs used in the EPR model was taken from the Ref.[12]
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