From closed shells to open shells: Coupled-cluster calculations of atomic nuclei*
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Coupled-cluster theory is a powerful tool for first-principles calculations of atomic nuclei, en-
abling accurate predictions of nuclear observables across the Segré chart. While coupled-cluster
computations are especially efficient at shell closures, extensions have been developed to tackle
open-shell nuclei, by exploiting the equation-of-motion method or by expanding the coupled-cluster
wave function on top of a symmetry-breaking (either deformed or superfluid) reference state. In this
study, we provide a comprehensive comparison of these different formulations applied to the calcium
and nickel isotopes using nuclear two- and three-body interactions from chiral effective field the-
ory. Based on ground-state energies, two-neutron separation energies, and two-neutron shell gaps,
different coupled-cluster computations—based on symmetry-broken reference states and equation-
of-motion techniques— offer consistent descriptions of bulk properties across medium-mass isotopic

chains.

I. INTRODUCTION

The scope of ab initio computations has expanded sig-
nificantly over the last decade, thanks to a combina-
tion of developments in nuclear interactions, many-body
methods, and computational resources [1-3]. These ad-
vances have enabled the study of medium-mass nuclei
and even selected heavy nuclei, such as 2°°Pb [4-6] and
266 P, [7]. Key factors in this progress include new poten-
tials, rooted in the fundamental theory of strong interac-
tions, quantum chromodynamics, via chiral effective field
theory (xEFT) [8, 9], as well as efficient schemes to in-
clude the contribution of three-body forces in large model
spaces [10].

Methods based on a systematic many-body expansion,
such as many-body perturbation theory (MBPT) [11],
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in-medium similarity renormalization group (IMSRG) |2,
12, 13|, self-consistent Green’s functions (SCGF) [14-16],
and coupled-cluster (CC) theory [17-20], have pushed the
limits of ab initio computations to heavier nuclei, as they
provide good accuracy at a moderate computing cost that
scales polynomially with the system’s size.

Early applications of most of these methods have fo-
cused on nuclei with closed shells or closed subshells,
where spherical symmetry allows for a drastic reduction
of the computational complexity [21]. However, the ma-
jority of atomic nuclei are open-shell, thus calling for ex-
tensions. In general, four strategies have been pursued
to tackle open-shell isotopes:

i) Equation-of-motion (EOM) techniques [19, 22-25],
where the open-shell ground state is constructed as
an excitation from the ground state of a neighbor-
ing closed-shell system.

i1) Symmetry-breaking techniques [26-30], where a
symmetry of the Hamiltonian is dynamically bro-
ken in the reference state of an open-shell nucleus,
allowing to lift the degeneracy of the spherical or-
bitals.

1i1) Valence-space methods, where the many-particle
problem is divided into a frozen core and a re-
stricted space of active orbitals, such that a final di-
agonalization is performed within the valence space
to capture residual correlations [31-34].
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iv) Multi-reference approaches (see e.g. [35-40]), where
a superposition of Slater determinants! conserving
the symmetries of the Hamiltonian is taken as a
reference.

In this paper, we concentrate on the first two strategies
applied in the context of CC theory.

Equation-of-motion techniques have been initially in-
troduced to tackle excited states of closed-shell nuclei
within both the CC [19, 41] and IMSRG [42, 43] frame-
works. Within the CC method, they have also proved to
be a successful and efficient strategy to access the ground
state and the low-lying spectrum of nuclei in the vicin-
ity of closed-(sub)shell systems [22, 24, 25, 44-46]. Such
computations proceed in two steps. First, the similarity-
transformed Hamiltonian of the doubly- or semi-magic
neighbor is efficiently computed using spherical CC the-
ory. Second, an eigenvalue problem is solved in the space
of particle, hole, or particle-hole configurations of the
closed (sub)shell, enabling access to the states and nu-
clei of interest. The flexibility of the EOM-CC ansatz
has also been exploited in combination with the Lorentz
integral transform technique to address the calculation of
response functions in both closed-shell [47-51] and open-
shell nuclei [46, 52, 53].

Equation-of-motion CC is an efficient and conceptu-
ally simple way of extending the CC scope to open-shell
isotopes. However, its reach is limited to systems close
to magicity. To compute open-shell nuclei, methods that
exploit the breaking of symmetries (and their restoration)
have been designed and applied with great success over
the last 15 years. In such approaches, a single-reference
computation is performed, in which the reference state
breaks some of the symmetries of the underlying Hamil-
tonian, enabling one to capture static correlations. This
was achieved to tackle superfluidity in singly open-shell
nuclei by employing a spherical Hartree-Fock-Bogoliubov
(spherical HFB) solution violating the U(1) global gauge
symmetry associated with particle-number conservation,
leading to the computation of Ca and Ni isotopic chains
within the framework of Gorkov SCGF [16, 54, 55] and
Bogoliubov MBPT [28]. This strategy was more recently
implemented within the realm of CC methods via Bo-
goliubov CC theory (BCC) [27], leading to an ab ini-
tio prediction of the neutron drip line in the tin isotopic
chain [56].

To access doubly open-shell nuclei, it is necessary
to perform the CC expansion with respect to a mean-
field state that breaks rotational invariance [57], e.g.,
an axially-symmetric deformed Hartree-Fock (HF) wave
function. This accurately captures bulk properties of de-
formed Ne and Mg isotopes [30, 57] and of nuclei around
A =~ 80 [58, 59]. For the computation of rotational

I More generally, it can be a linear combination of symmetry-
breaking product states, e.g. Bogoliubov states.

bands and transition matrix elements, one needs to re-
store good symmetries, e.g., via angular momentum pro-
jection. While the restoration of symmetries is routine
for mean field states [60], projecting the correlated CC
wave function onto good angular momentum has only
been addressed recently [61, 62]. This yields a quan-
titative agreement with experimental rotational spectra
and B(E2) transition strengths [29, 30, 59]. The particle-
number restoration has been formulated within the BCC
framework [63] and successfully applied to the Richard-
son Hamiltonian problem [64], however, it is still lacking
an implementation for nuclear ab initio calculations.

While restoring symmetries is key for spectroscopic
quantities relying on symmetry selection rules, bulk prop-
erties like binding energies and charge radii are only
mildly affected. The energy gain from angular momen-
tum and particle number projections respectively amount
to a few MeV in the Ne and Mg region [30, 57] and to less
than one MeV in tin isotopes, and tends to decrease for
increasing mass numbers [3, 29, 56, 65|. Consequently,
symmetry-broken (unprojected) wave functions offer an
adequate and reliable description of bulk properties of
medium-mass nuclei.

In this work we benchmark different CC approaches
to medium-mass even-even open-shell nuclei. We apply
EOM-CC, BCC, and CC on top of a deformed refer-
ence state to compute ground-state energies in the cal-
cium and nickel chains for different chiral interactions.
The evolution of ground-state energies, two-neutron sep-
aration energies, and two-neutron shell gaps are ana-
lyzed along those chains, and the differences between CC
frameworks for selected nuclei that can be accessed in all
open-shell variants are further investigated.

In Sec. II, we review coupled-cluster theory, starting
from the single-reference formulation and then addressing
the distinctive aspects of symmetry-breaking approaches
and EOM-CC. Section III presents the numerical results,
while Sec. IV provides conclusions and future perspec-
tives.

II. COUPLED-CLUSTER THEORY

We want to compute accurate solutions of the time-
independent many-body Schrodinger equation

Here, the nuclear Hamiltonian H = T+ V +W consists of
the (intrinsic) kinetic energy T, the two-body potential
V and the three-body potential W. We use one-body cre-
ation and annihilation operators c;g and ¢, respectively,
that fulfill the usual anti-commutation rules for fermions
and create single-particle states |p) = CZ,|0> (where |0)
denotes the vacuum). The Hamiltonian reads in second
quantization

T= Z tpq c;f)cq ) (2a)
Pq
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where all matrix elements are anti-symmetric and Her-
mitian. The three-body interaction is approximated as
an effective two-body interaction via the normal-ordered
two-body (No2B) approximation [6, 66, 67].

Single-reference CC theory [17-20] provides a system-
atically improvable ansatz for the nuclear ground state.
One starts from a reference state |®) that is a product
state (which is not orthogonal to the ground state). Act-
ing with an exponentiated operator T on it then gen-
erates dynamical correlations and yields the correlated
ground state

|0) = e”|®). 3)

Important is here that all excitations contained in the
cluster operator T' commute with each other.

There is considerable flexibility in selecting the refer-
ence state. A common choice for |®) is the mean-field
solution obtained by solving the self-consistent Hartree-
Fock equations,

A
®) =[] cl10)- (4)

For closed-shell nuclei, this reference state preserves ro-
tational symmetry and is therefore an eigenstate of the
total angular-momentum operator (J?) with eigenvalue
J = 0. For open-shell systems, however, breaking sym-
metries in the reference state can be beneficial. The im-
plications of starting the CC expansion from a deformed
HF state or from an HFB state that includes pairing cor-
relations are examined in Secs. IT A and II B, respectively.

For the reference state (4) the cluster operator T is
given by a sum of n-particle-n-hole (np-nh) excitation
operators,

A
T=>T,, (5)
n=1
where the components are defined as
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The cluster amplitudes ¢!~/ are antisymmetric with

respect to the permutation among upper/lower indices.
Indices i and aj denote single-particle states that are
occupied (holes) and unoccupied (particles) in the ref-
erence state, respectively?. In Egs. (2), (4), and (6) we

2 The BCC approach, reviewed in Sec. II B, replaces the particle-
hole separation with an expansion in terms of quasi-particle
states, thus requiring some adaptations of the formalism.

used the convention that indices i, j, k, ... refer to hole
states, that a,b,c,... refer to particle states, and that
D,q,T, ... refer to any single-particle state. We will fol-
low this convention throughout the paper.

In principle, an exact wave function is obtained by
including all terms up to excitation rank A. In prac-
tice, the expansion of T is truncated at a certain rank of
particle-hole excitations. The most common approxima-
tion is coupled-cluster with singles and doubles (CCSD),
which consists in keeping terms up to 2p-2h excitations,
i.e., T ~ Ty + T. Higher accuracy is achieved by in-
cluding 3p-3h (triples) contributions from the T35 opera-
tor through a variety of approximations [19, 68, 69]. In
the Hartree-Fock basis, triples contributions in the clus-
ter operator typically lower the ground state energy by
about 10% of the CCSD correlation energy. This esti-
mate, well-established in quantum chemistry [18], applies
also in nuclear physics for both CC [30, 57, 70, 71] and
BCC [72]| calculations. In the present work, the CCSD
approximation is employed in all computations.

We normal-order [3, 6, 17] the nuclear Hamiltonian
with respect to the reference state |®), i.e., we rewrite the
Hamiltonian such that all operators that annihilate the
reference state are to the right. This yields the normal-
ordered Hamiltonian

Hy=H—(2[H|®), (7)
where
Erer = (P|H|P) (8)

is the energy expectation of the reference state. Hy again
consists of one-, two-, and three-body terms.

Inserting Eq. (3) into the Schrédinger’s equation
Eq. (1) yields a set of equations that determine the T
amplitudes and the ground-state energy. The exponen-
tial parametrization induces a (non-unitary) similarity
transformation on the Hamiltonian

H=eTHye" = (Hye)o . (9)

Here the subscript C denotes that only connected terms
contribute [17]. The unknown singles and doubles clus-
ter amplitudes are solved for by left-decoupling the
similarity-transformed Hamiltonian from 1p-1h and 2p-
2h excitations, leading to the coupled set of non-linear
amplitude equations

(@|71|®) =0,
<q>gj¢|H]q>> =0.

(10a)
(10b)
Here, |®¢) = cle;|®o), [®FF) = chelejei |®o). The am-
plitude equations are solved iteratively from an initial

(perturbative) guess. The correlation energy is defined
as

AEy = Ey — Eyor = (0| H |®) . (11)

Matrix elements of the similarity-transformed Hamilto-
nian are evaluated using the Baker—Campbell-Hausdorff



expansion, which allows to rewrite H as a series of nested
commutators [17]. Since all elements of the cluster opera-
tor commute with each other, the sequence of nested com-
mutators terminates naturally. This is a key advantage
of CC theory with respect to many-body methods based
on unitary transformations, such as the IMSRG [12].

The power of CC theory relates to its compact way
of including high-order many-body correlations from the
exponential operator

1
el'=1+1Ty +T2+...+1T12T22+.... (12)

As a consequence, high rank excitations, such as triples
or quadruples, are partly captured already at the CCSD
level through operator products, such as 71T, or T3, in
contrast to a linear excitation operator as in configura-
tion interaction frameworks [18]. In addition, CC theory
is based on a manifestly size-extensive many-body expan-
sion due to the connected character of Eq. (9) [17, 18].
This ensures a linear scaling of the many-body error 6 Ey
with the system size,

E
670 ~ const, (13)

and hence allows to reliably carry out calculations for a
wide range of (nuclear) many-body systems.

A. Coupled-cluster calculations based on a
deformed reference

Dynamical correlations related to quadrupole collec-
tivity are crucial in doubly open-shell nuclei [3, 73]. To
compute such systems in single-reference CC, a Slater de-
terminant reference state breaking SO(3) rotational sym-
metry [29, 30, 57, 58] can be employed. The symmetry-
breaking reference state displays a non-zero quadrupole
moment (P|Q20|P), where multipole operators are de-
fined according to

Q=Y Vo, (14)

The intrinsic quadrupole moment may be converted to a
deformation parameter [74]

Az
8= 5z ®IQnle). (15)

Here, the empirical radius Ry = 1.2 - A3 fm is used.
This allows for a characterization of different shapes in
the intrinsic frame: oblate (5 < 0), spherical (8 = 0) or
prolate (8 > 0).

In this work, the reference state is enforced to main-
tain axial symmetry, i.e., to carry the angular momentum
projection M = 0 as a good quantum number, such that
(Q212) = 0 is satisfied. As the reference state remains a
Slater determinant, the deformed CC approach is iden-
tical to the textbook formulation applied to closed-shell

systems, except that HF single-particle basis states do
not carry good angular momentum (but only good pro-
jection J,). Consequently, the loss of angular-momentum
conservation that propagates to the (truncated) CC wave
function comes at an increase in computational cost, as
angular-momentum coupling techniques (aka j-scheme)
can no longer be used to reduce the memory footprint of
storing many-body operators [19, 75]. This makes it more
expensive to include triples excitations in open-shell sys-
tems. Applications in neutron-rich neon and magnesium
isotopes [30, 57] have shown that triples play a similar
role in bulk properties of collective systems as in their
spherical counterparts®.

Let us discuss the numerical cost of CCSD computa-
tions. We consider a single-particle basis that consists of
harmonic-oscillator states up to (and including) energy
(émax +3/2)hw, where w is the oscillator frequency. Then
there are N' = O(e3 ) single-particle states |76] and (for
assessing the cost of calculations where angular momen-
tum is kept as a good quantum number) N; = O(N?/3)
single-j shells [75]. As an example, for ey, = 12 we have
N = 1820 and N; = 182.

In CCSD, the most expensive contribution to the
solution of the Egs. (10) scales as O(A2N?) and
O(AY3N}) = O(A*Y3N3/3) for the angular-momentum
breaking and conserving approaches, respectively [75].
Here, A is the mass number of the computed nucleus.
We see that breaking rotational invariance comes at a
computational cost.

B. Bogoliubov coupled-cluster theory

The Bogoliubov variant of the single-reference CC
ansatz [27, 56] is based on a particle-number-breaking
Bogoliubov vacuum,

@) =[] 80), (16)
k

which generalizes Eq. (4). The quasi-particle operators
{Br} are defined through a unitary Bogoliubov transfor-
mation

Be=> (Upcp+ Vireh) (17)
p

1]; = Z (Upn C;rv + Vok ¢p) (18)
p

where the transformation matrices U and V are obtained
from a self-consistent solution of the spherical HFB equa-
tions. Due to the particle-number-breaking character of

3 As discussed in the introduction, the more costly angular mo-
mentum projection of the CC wave function is not included in
this work, as the corresponding ground-state energy correction
is expected to be small [3].



the reference state, the Hamiltonian is replaced by the
grand potential

QEH—)\NN—)\Zz, (19)

where the neutron (proton) chemical potentials Ay (A7)
are used to ensure the correct average neutron (proton)
number.

Within the BCC framework, it is convenient to express
any operator O in the quasi-particle basis via the appli-
cation of Wick’s theorem with respect to the Bogoliubov
vacuum Eq. (16) [27, 61], i.e., O is expressed as a sum of
terms of the form, e.g.,

1 _[31]
ﬁ Z k1k2k3k4 ﬁklﬁk25k35k4’ (20)

’ kikakska

OBl =

where the superscript [31] indicates the number of quasi-
particle creation and annihilation operators.  Simi-
larly, the cluster operators are represented in the quasi-
particle basis as

Z hakan By Bl (21)

. kan

involving only excitation components?. Similar to
standard CC theory, the similarity-transformed grand-
canonical potential is introduced via

Q=cTQe”, (22)
which enters the BCC amplitude equations,

(@F210(®) =0,
(DFrkzhska|0@) = 0,

(23a)
(23Db)

that decouple the HFB reference state from elemen-
tary two and four quasi-particle excitations |®*1F2) =
BLBLI1®) and |@Fikakaksy = gl gl g 8l |®), respec-
tively. Following the standard CC convention, the ap-
proximation T ~ T; + T3 is labeled as Bogoliubov CC
with singles and doubles (BCCSD). Presently, rotational
invariance is enforced in large-scale BCC implementa-
tions [56].

The absence of a particle-hole characterization of
single-particle states in BCC requires the storage of the
cluster operator in the full single-particle basis. This
comes at a considerable increase in computational re-
sources. As there is no distinction between particles
and holes, the computational cost to solve the BCCSD
equations (23) scales as O(N7) = O(N*) [27]. The
comparison with the estimates presented at the end of
Sect. IT A shows that spherical BCCSD is more expen-
sive than spherical CCSD and a factor A? less expen-
sive than CCSD based on an axially symmetric reference

4 The notation 7 is introduced to distinguish the quasi-particle
variant of the cluster operator from its traditional counterpart.

state. Breaking both particle number and angular mo-
mentum would scale as O(N©).

In addition, it is crucial to monitor the breaking of
particle number by tracking corrections to the particle-
number expectation value on the BCC ground state,

AA = (D|A]D). (24)

where A = e~ 7 Ae” is the similarity-transformed num-
ber operator. This may induce significant particle-
number shifts and hence strong contamination of nuclear
ground-state energies as AE ~ AA-8 MeV. To this end, a
self-consistent procedure is used to constrain the average
particle number to its physical value using an additional
micro iteration within each BCC loop to determine the
amplitudes [56, 72]|.

C. Equation-of-motion approach

The EOM-CC approach provides a pathway to investi-
gate open-shell nuclei in the vicinity of closed-shell ones
without breaking symmetries in the many-body wave
function [22, 24, 25, 46, 52, 77, 78|.

An EOM computation consists of two steps. First, a
closed-(sub)shell nucleus of mass number A* is identi-
fied in the vicinity of the target nucleus, and its ground
state wave function |¥) is determined by solving the stan-
dard spherical CC equations for the 7" amplitudes, yield-
ing a ground state correlation energy AFE]. In a second
step, the target nucleus with mass number A = A* + k
(k = 1,2) is interpreted as a generalized excitation of the
closed-shell system. The present work focuses on k = 2,
and more specifically, we detail the two-particle-removed
(2PR) variant [24, 46, 77| in which the target nucleus dif-
fers by the removal of two nucleons from the (sub)shell
closure. States |\IIS(-A*72)> of a 2PR open-shell system are
parametrized by acting on the correlated wave function
of its closed-shell neighbor with the excitation operator

RSCA*_Q) according to [24, 46]
A*—2
o) =

RV 1wy =R el 9),  (25)

with

A*—2
)— E rwc]cl—&— E 7"”1@0 CKCiCi + . ...

ljka

(26)

In this work, Op-2h and 1p-3h configurations are in-
cluded in the EOM excitation operator. By inserting

Eq. (25) into the Schrédinger’s equation Hy |\II _2)> =
AE;A -2 |\I/(fA _2)>, the eigenenergies of the target nu-
cleus and the unknown amplitudes r;;, ;) can be deter-
mined as the solution to the eigenvalue problem [24, 46]

o .
(HR§ 2>)C\q>>:w§ DRI 18y, (2r)



where the excitation energies of the open-shell nucleus
with respect to the closed-shell reference are given by

A*—2 A*—2 *
W = AT AR (28)

To solve Eq. (27) one uses a complex Arnoldi algorithm
to obtain the first few low-lying eigenstates [19].

Completely analogous is the two-particle-attached
(2PA) approach [24, 25, 52], where the A* 4 2 open-shell
nucleus is described in terms of excitation operators in-
volving 2p-Oh and 3p-1h configurations,

. 1 1
R = 2% relel + o Y riteelejelei (29)
ab

abci

The 1p-3h (3p-1h) approximation scheme for 2PR-EOM
(2PA-EOM) nuclei is accurate for states which are rel-
atively simple in structure with respect to the reference
state [25, 46, 52, 79]. More complex states may not be a
good target for the particle-removed/attached ansatz.

Let us also discuss the cost of the 2PR and 2PA com-
putations. Working in a angular-momentum preserving
scheme, the dimensions of the eigenvalue problems (27)
and (29) scale as O(A2N?/3) and O(A%/3N?), respec-
tively.

III. RESULTS
A. Calculation details

We use two nuclear interactions from chiral effec-
tive field theory, namely the EM 1.8/2.0 potential from
Ref. [80] and the A-full ANNLOgo(394) potential from
Ref. [81]. Both produce fairly accurate nuclear ground-
state energies up to the Sn chain [56]. Ground-state en-
ergies of even-even Ca (Z = 20) and Ni (Z = 28) isotopes
allow us to gauge the performance of the three CC vari-
ants under consideration.

All calculations employ the spherical harmonic oscil-
lator basis for the one-body Hilbert space. The model
space includes a total of 13 major oscillator shells, i.e.
emax = 12. We choose hw = 16 MeV as the oscillator
frequency. To keep the number of three-body matrix
elements tractable, an additional cut is imposed by in-
cluding only configurations that satisfy e; + eq + ez <
ES), [56] where e, denotes the energy of particle p
in the harmonic oscillator (neglecting zero-point ener-

gies). For the calcium chain, calculations employ Er(g’gx =

16 [81] whereas for the heavier nickel chain Eg’gx =24
is used [10, 56]. Three-body forces are treated within
the NO2B approximation [6, 66, 67, 82, 83|, where an
effective two-body operator is obtained by contracting
three-body matrix elements with a symmetry-conserving
one-body density matrix p and adding it to the original
two-body matrix elements, i.e.,

ﬂpqrs = Upqrs + Z Wpqtrsu Ptu - (30)

tu

The explicit form of p depends on the specific CC vari-
ant and is chosen as a spherical Hartree-Fock density
(for closed-shell CC), a spherical fractional-filled Hartree-
Fock density [58, 67, 84] (for CC on top of a deformed
reference), or a spherical HFB density (for BCC). As
discussed extensively in Refs. [6, 67], this ensures a
symmetry-conserving nuclear Hamiltonian in the NO2B
approximation.

Coupled-cluster computations are performed on top of
a deformed mean-field state while BCC calculations rely
on a spherical HFB state, both employing the singles
and doubles truncation level. The corresponding results
are denoted as CCSD and BCCSD, respectively. For
EOM calculations, we perform a spherical CCSD com-
putation based on the closed-shell reference from spher-
ical Hartree-Fock and then include up to 3p-1h (1p-3h)
configurations in the excitation operators in 2PA (2PR)
open-shell nuclei [25, 46]. This is denoted as 2PA-EOM
(2PR-EOM).

In the following, theoretical uncertainties are assigned
to ground-state energies based on the residual model-
space dependence of the results and the truncation of the
many-body expansion. These are shown as gray bands in
Figs. 1, 2, and 3. Doing so, a conservative 2% symmetric
error bar is attributed to the correlation energy due to
the truncation of the model-space [56]. The uncertainty
arising from omitted triple excitations materializes in an
asymmetric band corresponding to a lowering of the CC
energies. The magnitude of the band is equal to 10%
of the BCCSD correlation energy and is centered on the
mean of the BCCSD and CCSD calculations. As shown
in Ref. [46], this turns out to be a reasonable estimate
for the many-body uncertainty also for 2PA-EOM (2PR-
EOM) energies when including triples in the closed-shell
reference while keeping the EOM truncation scheme at
the level of 3p-1h (1p-3h) excitations. We note that the
uncertainty from the interaction is not accounted for in
our theoretical error bands.

B. Ground-state energies

We first compare the different CC results for
the ground-state energies of even-even calcium and
nickel isotopes. Figure 1 shows ground state ener-
gies of 34756Ca obtained from the EM 1.8/2.0 and
ANNLOgo(394) interactions.  Nuclei with closed-
(sub)shells are 36:40:48:52.56Cq and this allows us to use
EOM-CC for neighboring isotopes.

For both interactions, the different CC methods are
in excellent agreement for all nuclei, with their spread
being much smaller than the estimated uncertainty. In
general, the CCSD results for the EM 1.8/2.0 potential
are closer to experimental data than ANNLOgo(394)
because the former interaction is softer than the latter.
This is in agreement with previous works [33, 86-88].
The remaining discrepancy to experimental data is dom-
inated by the lack of triples contributions in the clus-
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FIG. 2. Same as Fig. 1 but for Ni isotopes.

ter operator, corresponding to about 20 MeV in *®Ca for
the ANNLOgo(394) interaction [46]. When the shown
triples estimates are included, ground-state energies for
the ANNLOGo(394) potential are also close to data.

The calcium isotopes show that bulk properties can
be well approximated from both deformed and particle-
number-broken reference states. Due to the proton shell
closure at Z = 20, deformed HF simulations exhibit only
small deformation parameters of about 8 < 0.1, and
their intrinsic ground state configurations are (almost)
spherical. Therefore, enforcing rotational invariance in a
spherical HFB calculation may adequately capture the
static correlations in the systems. The corresponding
pairing energies are of the order of 5 MeV with a particle-
number variance close to its (nucleus-dependent) mini-

mum value, see Ref. [89]. As a consequence, both ro-
tational SO(3) symmetry and U(1) global gauge sym-
metry are only weakly broken, leaving the many-body
practitioner with the option of using either the CCSD or
BCCSD formulation.

Next, ground-state energies of nickel (Z = 28) iso-
topes are displayed in Fig. 2 between N = 20 (*8Ni)
and N = 52 (8Ni). Closed-(sub)shell nuclei along this
chain are 48:56,60.68.78Nj  Similarly to the case of calcium
isotopes, the CCSD results of the EM 1.8/2.0 potential
are closer to data than the ANNLOgo(394) potential. As
ANNLOg0(394) is a harder interaction than EM 1.8/2.0,
it typically yields larger correlation energies at the CCSD
level and triples contributions are therefore also expected
to be larger. This is reflected in the gray band. For both



interactions the differences between CCSD and BCCSD
reach 2—3 MeV in %2:64Ni, consistent with the absence of
a subshell closure at N = 34, while discrepancies beyond
68Ni remain below 1 MeV. This points to an accurate
description of neutron-rich nickel nuclei.

C. Detailed comparison around N = 30

We turn to a detailed comparison of selected isotopes
using the EOM and symmetry-broken CC variants. We
note that *°Ca and ®8Ni can be accessed via both 2PA-
EOM and 2PR-EOM techniques based on the N = 28, 32
(sub-)shell closures at 48°2Ca and °¢-°°Ni, respectively.

Table I and Fig. 3 show ground-state ener-
gies of 4850:52Ca and 56:5860Ni obtained with the
ANNLOg0(394) potential. In Fig. 3 the shaded bands
account for theoretical uncertainties. For convenience,
only uncertainties on the BCC calculations are shown.
We can appreciate a good agreement in all the consid-
ered isotopes. The BCCSD and CCSD results differ by
less than 1.5 MeV whereas 2PR-EOM and 2PA-EOM re-
sults are in near-perfect agreement in °°Ca with each
other and the symmetry-breaking methods. For %®Ni,
2PA-EOM, CCSD, and BCCSD results are close, too,
while the 2PR-EOM results deviate slightly by 3 MeV.
This discrepancy may be related to °Ni, which acts as
a core for the 2PR-EOM computation of ®8Ni, featur-
ing a weak subshell-closure character [90]. This is sup-
ported by the spherical CCSD ground-state energy for
6ONi (not shown) being 5 MeV lower than the correspond-
ing CCSD ground state energy, while the two techniques
typically agree within 1 MeV in closed-subshell isotopes.
We note, however, that the discrepancies between the dif-
ferent techniques are within the estimated model-space
uncertainties (=~ 2 —4 MeV) and subleading with respect
to the impact of the missing triples contributions (last
column of Tab. I).

D. Two-neutron separation energies

We focus on the two-neutron separation energies
Son(N,Z)=E(N —-2,Z)— E(N,Z), (31)

which provide signatures of shell closures and serve as
key indicators for identifying the neutron drip line. Be-
cause neighboring isotopes are computed within the same
Hamiltonian and many-body framework, their theoreti-
cal uncertainties are strongly correlated. Consequently,
separation energies benefit from a substantial cancella-
tion of systematic errors. Corrections from neglected
triples corrections are size-extensive and therefore scale
linearly with particle number. Their contributions in
neighboring nuclei are thus very similar, implying that
their net effect on differential quantities such as Ss,
is strongly suppressed. A reliable description of two-
neutron separation energies is therefore expected already
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FIG. 3. Ground-state energies for *®°%52Ca (top) and
56.58,60Nj (bottom) isotopes as a function of the num-
ber of neutrons N. Calculations are performed with the
ANNLOGo(394) interaction, and results are reported for
CCSD (squares), BCCSD (circles), and, when available, 2PA-
EOM (upward triangles) and 2PR-EOM (downward trian-
gles). As in Fig. 1, the shaded bands account for an esti-
mate of the theoretical uncertainties due to the model-space
truncation and the contribution of the missing triples. Ex-
perimental ground-state energies are shown as black bars.

at the present level of approximation. Residual uncer-
tainties may nevertheless remain, arising from the ab-
sence of symmetry restoration and, in neutron-rich iso-
topes close to the drip line, from missing couplings to the
particle continuum [56, 91].

Figure 4 displays two-neutron separation energies
along the calcium and nickel nuclei based on the EM
1.8/2.0 and ANNLOgo(394) interactions. We focus on
the symmetry-broken CC approaches, as these are the
only methods that can systematically address all open-
shell nuclei along the chains.

Let us first consider calcium isotopes. For both interac-
tions, jumps are observed at “°Ca and “8Ca, accompanied
by a nearly flat trend in between, i.e. across the neutron
f7/2 shell. Beyond 48(a, another small plateau is reached



TABLE 1. Ground-state energies of the Ca and Ni isotopes shown in Fig. 3.

All calculations are performed using the

ANNLOGo0(394) interaction and are reported in MeV. Results for the CCSD, BCCSD, and (when available) 2PA-EOM and
2PR-EOM methods are shown. The last column (labeled “Triples”) reports expected triples contributions, estimated as 10% of

the BCCSD correlation energy.

CCSD [MeV] BCCSD [MeV] 2PA-EOM [MeV] 2PR-EOM [MeV] Triples [MeV]
8Ca —397.7 —398.1 —17.2
50Ca —406.7 —406.7 —405.9 —406.7 —17.8
52Ca —415.5 —416.0 —415.6 —18.4
56N —460.1 —460.6 —21.2
58Ni —480.1 —478.7 —478.8 —476.0 —21.9
5ONi —498.0 —497.2 —22.6
T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
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FIG. 4. Two-neutron separation energies Sz, (N, Z) as a function of the mass number A in the Ca and Ni isotopic chains.

Results obtained with the EM 1.8/2.0 and ANNLOgo(394) potentials are shown as filled and empty symbols, respectively.
Calculations performed with CCSD and BCCSD are denoted by squares and circles, respectively. Experimental data are shown
as black bars. For clarity, the results for the ANNLOgo(394) interaction are offset horizontally by 0.3.

as the ps/o shell is filled, followed by a weaker kink asso-
ciated with the sub-shell closure at N = 32. Deviations
between CCSD and BCCSD are negligible and agreement
with experiment is achieved for both potentials already
at the singles and doubles truncation level. The largest
discrepancies from the experimental data are about 2-
3 MeV. Since many-body truncation effects are expected
to largely cancel out for this observable, the dependence
on the interaction model appears to be the leading source
of uncertainty for Ss,, in the calcium chain.

Let us now turn to the nickel isotopic chain. For
both interactions and many-body methods, pronounced
changes in slope appear at N = 28, N = 40, and N = 50,
confirming the closed-shell character of °6Ni, ®®Ni, and
"8Ni, respectively. This is consistent with the rela-
tively high 2;‘ excitation energy of these nuclei, exceed-
ing 2 MeV [86, 92-95]. While CCSD and BCCSD closely
track each other along the chain for the ANNLOgo(394)
interaction, larger differences arise near 54Ni for the EM
1.8/2.0 Hamiltonian. Table II shows our results for this
potential, i.e. ground-state energies at both the mean-

field and (B)CCSD levels, together with two-neutron sep-
aration energies and shell gaps computed with CCSD and
BCCSD.

Comparing calculations that break rotational symme-
try (deformed HF, CCSD) with those that break particle-
number (spherical HFB, BCCSD), we find that deformed
HF and CCSD typically yield slightly more binding than
their superfluid counterparts, except in the mid-shell iso-
topes 949°Ni. Indeed, BCCSD is 2 MeV more bound
than CCSD in %4Ni, accounting for the fact that the S,
value in %4Ni computed with BCCSD exceeds the CCSD
result by about 4.5 MeV. At the mean-field level, these
nuclei exhibit small yet non-negligible deformation (3 =~
0.03). The interplay between pairing and deformation
in such mildly deformed systems can occasionally induce
instabilities in the spherical HFB solutions, which subse-
quently propagate to the correlated BCCSD results.

Except for this particular case, So,, remains nearly flat
between °8Ni and %Ni, reflecting the gradual filling of the
P32, f5/2, and py o neutron subshells. Notably, and in
contrast to the calcium isotopes, no signs of magicity are
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TABLE II. Ground-state energies, two-neutron separation energies Sa2,, and two-neutron shell gaps Az, obtained for Ni
isotopes between A = 50 and A = 78 using the EM 1.8/2.0 interaction. Ground-state energies are from the deformed HF,
CCSD, spherical HFB, and BCCSD methods. Separation energies and two-neutron shell gaps are from CCSD and BCCSD.

All results are in MeV.

Deformed HF  CCSD Son Agp Spherical HFB  BCCSD Son Aoy,
5ONi —262.8 —374.8 34.2 —0.2 —261.9 —374.9 34.2 0.4
52Ni —290.9 —409.2 34.4 1.6 —288.7 —408.7 33.8 0.6
54Ni —317.6 —441.9 32.8 0.6 —-316.1 —441.8 33.1 0.9
56Ni —344.2 —474.1 32.1 10.7 —344.2 —474.1 32.3 11.7
58Nji —361.4 —495.5 21.4 2.8 —358.8 —494.6 20.5 1.0
5ONi —373.0 —514.2 18.7 1.2 —373.7 —514.2 19.6 4.0
52Ni —387.9 —531.6 17.5 1.2 —389.3 —529.7 15.5 —5.2
64Nj —402.7 —548.0 16.3 —14 —404.8 —550.4 20.7 3.0
56Ni —418.0 —565.7 17.8 0.2 —414.0 —568.1 17.7 2.7
58Ni —434.0 —583.3 17.6 9.6 —433.8 —583.1 15.0 6.4
"ONi —438.4 —591.3 8.0 —1.2 —438.1 —591.7 8.6 0.2
"ZNi —444.6 —600.5 9.2 0.8 —442.7 —600.1 8.4 0.2
T4Ni —449.8 —609.0 8.5 0.7 —447.7 —608.3 8.2 —0.1
"6Ni —454.5 —616.7 7.7 0.0 —453.3 —616.6 8.3 1.0
78Nj —459.5 —624.4 7.7 6.2 —459.1 —624.0 7.3 5.6

observed at N = 32 and N = 34 in the Ni chain [90, 96].
Finally, as already shown in Ref. [56] for EM 1.8/2.0,
the ANNLOGo(394) interaction also predicts 8°Ni to be
bound, suggesting that the drip line is located beyond
N = 52.

E. Two-neutron shell gaps

A more refined understanding of the nuclear phe-
nomenology can be obtained from two-neutron shell gaps,
defined as (see Ref. [73])

= E(N —2,2)—2E(N,Z)+ E(N +2, 7).

As A,, is proportional to the second derivative of the
ground-state energy at given neutron number, a sudden
increase indicates a local minimum in the ground-state
energy, and thus an additional gain in stability associated
with a shell closure [56, 73]. This gives us a complemen-
tary way of probing shell effects without resorting to, e.g.,
computing excitation energies of 2] states.

Figure 5 shows the evolution of the empirical shell gaps
along the Ca (left) and Ni (right) isotopic chains. We
used the CCSD and BCCSD approaches and the EM
1.8/2.0 interaction. We note that the ANNLOgo(394)
potential yields a similar picture. As a benchmark, we
show numerical data for nickel in Table II.

For calcium isotopes between 36Ca and ®*Ca, both
symmetry-broken approaches agree. A strong enhance-
ment of Ao, is evident in 364948Ca in conjunction with
N =16 [97, 98], N = 20, and N = 28 shell closures.

While smaller in absolute terms (approximately 4 MeV),
the two-neutron shell gaps in the neutron-rich 5254Ca
magic nuclei [90, 96] stand out compared to the neigh-
boring *°Ca or the average value (about 2 MeV) seen for
open-shell Ca nuclei with 42 < A < 46.

For nickel, shown in the right panel of Fig. 5, A,,, fea-
tures two strong maxima at N = 28 (°°Ni) and N = 50
("8Ni). This is consistent with the corresponding kinks
observed in the two-neutron separation energy. Again,
results from CCSD and BCCSD are close to each other,
in particular for "®Ni. Both approaches, however, over-
predict the experimental shell gap at N = 28 by about
30%.

Interestingly, the enhancement of the shell gap for
68Ni, already predicted by BCCSD in Ref. [56], is qual-
itatively confirmed by CCSD calculations, although the
discrepancy is somewhat large in this case (about 3 MeV).
However, the computations predict magicity at N =
40 while this is not observed in the experimental two-
neutron shell gaps. It seems that the CC computations
at the singles and doubles truncation level tend to en-
hance the closed-shell character of %Ni in both Ss,, and
As,. The agreement between CCSD and BCCSD, in
general, is rather good for A < 56 and A > 70. Devia-
tions turn out to be larger for open-shell isotopes lying
between N = 28 and N = 40. Two-neutron shell gaps
tend to enhance the discrepancies noticed for separation
energies.
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FIG. 5. Two-neutron shell gaps in Ca (left panel) and Ni (right panel) isotopes computed with the EM 1.8/2.0 interaction

using the BCCSD and CCSD approaches.

IV. CONCLUSION AND OUTLOOK

In this work, we compared three different coupled-
cluster approaches to ground states of open-shell nuclei.
We presented an overview of the two-particle-attached
and two-particle-removed EOM-CC methods and dis-
cussed the impact of adopting a symmetry-breaking ref-
erence state in the single-reference CC expansion. Our
calculations focused on the even semi-magic Ca and Ni
nuclei, allowing us to compare the ground-state energies
and two-neutron separation energies predicted by EOM-
CC (for nuclei close to subshell closures), Bogoliubov CC,
which includes pairing correlations in the reference state,
and CC based on a deformed Slater determinant.

We found that ground-state energies computed with
the different CCSD methods agree within uncertainty
estimates from model-space truncations. Furthermore,
differences are always significantly smaller than the esti-
mated contribution of triples excitations. A substantial
agreement between CC variants is also observed for the
two-neutron separation energies. Moreover, being a dif-
ferential quantity, for which systematic errors cancel, sep-
aration energies are in accordance with the experiment
already at the singles and doubles truncation level, even
in very neutron-rich isotopes.

The consistency of the different CC implementations
underscores the strength of CC theory as a tool for de-
scribing nuclear phenomenology in mid-mass systems,
with the potential to scale at a reasonable computational
cost to very heavy open-shell nuclei. The symmetry-
broken variants investigated here offer clear advantages
over particle-attached and particle-removed EOM formu-
lations, as their scope extends to mid-shell isotopes which
are beyond the reach of low-rank excitation operators in
the EOM ansatz. This distinction becomes particularly
important in heavier systems, where shell sizes increase
substantially and only nuclei in the vicinity of major

shell closures can be targeted by EOM-CC. In addition,
symmetry-broken reference states can be tailored to the
intrinsic structure of the target nucleus: deformed refer-
ence states are well suited for strongly collective, doubly
open-shell systems, whereas superfluid spherical refer-
ence states are appropriate for heavy semi-magic chains.

Ultimately, a unified treatment that incorporates both
deformation and pairing correlations within a single
many-body framework remains desirable. While proof-
of-principle studies have demonstrated the promise of
such an approach (see Ref. [27]), its large-scale imple-
mentation remains to be explored.
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