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ABSTRACT
Open quantum systems exhibit dynamics ranging from unitary evolution to irreversible dissipation. While the Gorini–Kossakowski–
Sudarshan–Lindblad equation uniquely characterizes Markovian completely positive and trace-preserving (CPTP) evolution, many physi-
cal platforms display non-Markovian features such as algebraic relaxation and coherence backflow. Fractional calculus provides a natural
way to model such long-memory behavior through power-law temporal kernels introduced by fractional time derivatives. Here, we
develop a unified framework that embeds fractional master equations within the broader hierarchy of open-system formalisms. The
fractional equation forms a structured subclass of memory-kernel models, reduces to the Lindblad form at unit order, and, through
Bochner–Phillips subordination, admits a CPTP representation as an average over Lindblad semigroups. Its resolvent structure further con-
nects fractional dynamics to established non-Markovian approaches, including Nakajima–Zwanzig kernels and hierarchical equations of
motion, providing a compact surrogate for long-memory effects. This formulation positions fractional calculus as a rigorous and practi-
cal language for modeling non-Markovian quantum dynamics in chemical physics and physical chemistry, providing a CPTP-preserving,
computationally efficient surrogate for structured condensed-phase environments where long-time memory and dissipation play a central
role.
© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0312309

I. INTRODUCTION

The dynamics of an isolated quantum system are governed
by the Liouville–von Neumann equation, which generates per-
fectly unitary and reversible evolution.1 When a system interacts
with its environment, however, the reduced dynamics generally
become irreversible and often highly nontrivial. The celebrated
Gorini–Kossakowski–Sudarshan–Lindblad (GKSL) equation2,3 pro-
vides the unique characterization of Markovian open system dynam-
ics, ensuring completely positive and trace-preserving (CPTP)
semigroup evolution.4 Yet, many experimental platforms—from
superconducting qubits,5,6 nitrogen-vacancy centers,7 trapped ions,8
and ultracold gases9—display non-Markovian behavior such as
non-exponential decay, coherence backflow, and power-law tails,

indicating the presence of memory effects beyond the reach of
standard Lindblad dynamics.10–12

Fractional calculus has emerged as a powerful frame-
work for modeling such long-memory and anomalous relaxation
phenomena.13,14 By replacing the first-order derivative with a frac-
tional time derivative, one introduces a power-law memory kernel
that endows the dynamics with nonlocal temporal correlations.
The corresponding decay, governed by the Mittag–Leffler func-
tion,15 interpolates continuously between exponential and algebraic
regimes. Despite its empirical success in describing slow relax-
ation and heavy-tailed dynamics, most fractional formulations in
quantum contexts remain phenomenological, lacking a rigorous
connection to established open-system theory.16 Fundamental ques-
tions persist regarding how fractional evolution relates to the GKSL
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semigroup, whether it preserves complete positivity, and how it
fits within the general class of memory-kernel quantum master
equations (QMEs).

Addressing these questions requires placing fractional dynam-
ics within the broader QME landscape. Although numerically
exact open-system solvers have advanced rapidly, QMEs them-
selves remain central because they provide analytical insight, scal-
able reduced descriptions, and generator-level models that interface
naturally with quantum simulation and control frameworks. Clar-
ifying where fractional dynamics sit within this landscape, there-
fore, involves relating them to existing QME-based approaches and
understanding how they complement, rather than compete with,
exact computational methods.

From the perspective of chemical physics and physical chem-
istry, this problem arises naturally in the modeling of molecular
and condensed-phase systems interacting with structured environ-
ments. Examples include vibronic decoherence and energy trans-
fer in molecular aggregates,17,18 condensed-phase spectroscopy and
nonlinear optical response where long-time memory and non-
exponential relaxation are ubiquitous,19,20 and spin relaxation and
dephasing in magnetic resonance and spin chemistry.21,22 In these
settings, one often seeks reduced, generator-level descriptions that
remain physically consistent while avoiding the computational cost
of fully microscopic solvers, such as hierarchical equations of motion
(HEOM) or path-integral approaches.23,24

A wide variety of non-Markovian generalizations of the GKSL
equation have been proposed. Projection-operator methods such
as the Nakajima–Zwanzig (NZ) equation25,26 introduce memory
kernels through explicit system–bath couplings, while the time-
convolutionless (TCL) formulation yields time-dependent gen-
erators that may lose CP-divisibility.16,21 Generalized Lindblad
approaches (e.g., Ref. 27) incorporate environmental correlations via
correlated projection operators or extended state spaces and typ-
ically retain a first-order time derivative but with time-dependent
decay rates. Microscopic approaches such as hierarchical equations
of motion (HEOM)19,28–30 provide numerically exact descriptions
for Gaussian environments but at a high computational cost. These
formalisms collectively establish a rich landscape of non-Markovian
models, and recent years have seen substantial progress in improv-
ing their numerical efficiency, for example, through tensor-network
representations.31,32 Nevertheless, even in these advanced imple-
mentations, they generally lack the simplicity of a closed-form CPTP
propagator or an analytically transparent interpolation between
Markovian and memory-dominated regimes.

Beyond projection-operator and time-local master equations,
many non-Markovian methods arise from influence-functional and
path-integral formalisms, such as the quasi-adiabatic propagator
path integral (QUAPI).23,24 Related approaches based on multi-
configuration time-dependent Hartree (MCTDH) provide varia-
tional wavefunction descriptions of open-system dynamics,33,34 but
do not rely on influence functionals or Gaussian bath statistics
in the same manner as path-integral methods. These frameworks
provide controlled microscopic descriptions of dissipative dynam-
ics but typically involve large tensor-network objects or expo-
nential memory growth as temporal correlations accumulate. In
contrast, the fractional approach developed here provides a com-
pact, closed-form surrogate for environments with slow or alge-
braically decaying correlations. While it does not reproduce the

full influence-functional structure, it captures the emergent mem-
ory behavior in a generator-level deformation of the Lindblad
semigroup. Thus, fractional dynamics offer an analytically transpar-
ent complement to computationally intensive influence-functional
methods, providing a reduced model that summarizes the dom-
inant memory features encoded in more detailed path-integral
treatments.

The above considerations motivate the development of a frame-
work that situates fractional evolution within the established hierar-
chy of open-system formalisms while retaining the interpretability
of generator-based descriptions. In this work, we develop a uni-
fied theoretical framework that places fractional dynamics within
the broader hierarchy of quantum open-system formalisms. We
show that fractional master equations form a structured subclass of
non-Markovian QMEs, coinciding with standard Lindblad dynam-
ics in the limit of unit fractional order. This perspective reveals
that fractional differentiation introduces memory at the level of
the generator rather than through explicit environmental coupling,
bridging the conceptual gap between purely unitary and dissipative
descriptions.

Our key observation is that the fractional master equation
admits a resolvent-level representation (sαI −L)−1 that can be inter-
preted through Bochner–Phillips subordination35,36 as a convex
mixture of Lindblad semigroups evaluated at Lévy-distributed oper-
ational times. This structure guarantees complete positivity for any
GKSL generator and provides a closed analytical solution in terms of
the Mittag–Leffler function. Moreover, we show that the fractional
resolvent is algebraically connected to the Laplace-resolvent forms
appearing in the NZ equation (long-tailed kernels), HEOM (self-
energy corrections), and time-local generalized Lindblad approaches
(time-dependent rates). In this sense, fractional dynamics emerge
not as a phenomenological alteration of quantum mechanics but
as a mathematically precise deformation of the Lindblad semi-
group that captures algebraic memory in a compact, two-parameter
form.

Together, these insights establish a coherent storyline that
connects the principal regimes of quantum dynamics: unitary
Liouville evolution forms the base, Lindbladian semigroups rep-
resent Markovian open systems, and fractional extensions intro-
duce structured non-Markovianity through power-law memory
kernels. This unified framework provides both conceptual clar-
ity and a mathematical foundation for simulating long-memory
quantum processes on emerging quantum and hybrid computing
platforms. Unlike phenomenological fractional models, the present
formulation embeds fractional differentiation directly within
the GKSL generator and preserves complete positivity through
Bochner–Phillips subordination.35,36 This distinguishes it from
projection-operator25,26 and time-convolutionless approaches,16,21

which introduce memory through explicit environmental couplings
rather than at the generator level.

II. THEORY
A. Preliminaries

Let H be a separable Hilbert space, and let B1(H ) denote
the Banach space of trace-class operators acting on H . A physical
quantum state is a density operator ρ ∈ B1(H ) satisfying ρ ≥ 0 and
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Tr(ρ) = 1. The time evolution of ρ is represented by a family of lin-
ear maps {Φ(t)}t≥0 acting on B1(H ). Physical consistency requires
that each Φ(t) be CPTP; this condition ensures that the evolution of
ρ remains valid even when the system is part of a larger entangled
state, and it is thus central to any legitimate description of quantum
dynamics.12,37

When the system is isolated, the evolution is unitary and mem-
oryless, governed by the Liouville–von Neumann equation.1 The
corresponding maps form a one-parameter unitary group that is
CPTP, invertible, and norm-preserving. In the presence of envi-
ronmental coupling, irreversibility and decoherence arise. If the
dynamics remain time-homogeneous and memoryless, the family
{Φ(t)} constitutes a quantum dynamical semigroup:4

Φ(0) = I, Φ(t + s) = Φ(t)Φ(s), (1)

with Φ(t) CPTP and norm-continuous. The
Gorini–Kossakowski–Sudarshan–Lindblad (GKSL) theorem
guarantees that any such semigroup admits a generator L of
Lindblad form,2,3 uniquely characterizing Markovian open system
dynamics in which all memory of past states is lost.

In many physical systems, this Markovian approximation
breaks down. Coherence revivals, stretched-exponential relaxation,
and algebraic long-time tails all indicate that the generator L

becomes effectively time-nonlocal.20,21,38 The resulting dynamics
are better described by memory-kernel QMEs, which introduce
explicit temporal correlations through convolution integrals.25,26

Fractional calculus provides a compact and rigorous formulation
of such dynamics: fractional time derivatives generate power-law
kernels that naturally give rise to Mittag–Leffler relaxation, interpo-
lating between exponential and algebraic behavior.15,39,40 In the limit
α→ 1, the fractional derivative recovers the Markovian Lindblad
semigroup; for α < 1, the dynamics become non-divisible yet remain
CPTP and physically consistent.12,41

Fractional dynamics, therefore, provide a unified mathemati-
cal bridge connecting distinct regimes of quantum evolution—from
unitary to non-unitary, and from memoryless to memoryful—under
a single operator-theoretic framework. To make this connection
precise, we introduce the following hierarchy of dynamical models.

Definition 1 (Liouville Dynamics). Liouville dynamics describe
the unitary evolution of a closed quantum system governed by a
Hermitian Hamiltonian H = H†:

ρ̇(t) = −i[H, ρ(t)]. (2)

The maps Φ(t)(ρ) = e−iHtρeiHt form a one-parameter group of CPTP
and norm-preserving transformations.

Definition 2 (Lindblad/GKSL Dynamics). Lindblad dynamics
generalize Liouville dynamics to Markovian open systems. They
satisfy

ρ̇(t) = L ρ(t), (3)

with

L (ρ) = −i[H, ρ] +∑
j
γj (LjρL†

j −
1
2
{L†

j Lj , ρ}). (4)

Here, γj ≥ 0 quantifies the strength of the dissipative channel repre-

sented by the jump operator Lj. The solution ρ(t) = etLρ(0) defines
a CPTP semigroup, and complete positivity is ensured precisely by the
Lindblad structure of L superoperator.

Definition 3 (Memory-Kernel Quantum Master Equation). A
convolution-type or memory-kernel quantum master equation
describes non-Markovian dynamics through an integral kernel
K(t − τ):

ρ̇(t) = ∫
t

0
K(t − τ) L ρ(τ) dτ. (5)

The kernel encodes temporal correlations and environmental back-
action. Choosing K(t) = δ(t) recovers Lindblad dynamics, while
more general kernels yield stretched-exponential or power-law relax-
ation.16,20

Definition 4 (Fractional Master Equation). For 0 < α < 1, a
fractional master equation replaces the first-order time derivative with
a fractional (Caputo) derivative of order α:

CDα
t ρ(t) = L ρ(t). (6)

Here, L is a densely defined linear generator on B1(H ). The frac-
tional derivative introduces a long-range power-law memory kernel,
giving rise to Mittag–Leffler relaxation that interpolates between
exponential and algebraic decay. In the limit α→ 1, the equation
reduces to the standard first-order master equation ρ̇(t) = L ρ(t).14,42

Remark 1 (Physical meaning of the fractional order α). The
fractional order 0 < α < 1 has a clear operational interpretation
within the renewal-process framework underlying Eq. (6). In
Bochner–Phillips subordination, the physical time t is replaced by
a random operational time U(t) associated with an inverse-stable
subordinator.35,36,43,44 The corresponding renewal process has a
heavy-tailed waiting-time density ψα(τ) ∼ τ

−1−α, a structural
consequence of the Lévy measure of the underlying α-stable sub-
ordinator.45–47 The parameter α therefore controls the heaviness
of the waiting-time tail and thus the strength and persistence of
memory in the stochastic time change. When α = 1, the wait-
ing times become exponential and one recovers the Markovian
Lindblad semigroup; when α < 1, the broad, power-law waiting
statistics generate non-Markovian dynamics with Mittag–Leffler
relaxation, stretched-exponential transients, and long-time algebraic
tails.

In this sense, α is not a phenomenological constant but a struc-
tural memory exponent: it determines how far the dynamics deviate
from Markovian behavior and how quickly the influence of past states
decays. In microscopic settings such as the pure-dephasing spin–boson
model, the value of α can be related to properties of the bath corre-
lation function. Sub-Ohmic baths, which yield slow algebraic decay
of coherence, correspond to smaller α, while Ohmic or super-Ohmic
baths, which produce faster decay, yield α closer to unity. Thus, α
provides a compact and operational measure of bath-induced mem-
ory strength that connects the fractional master equation directly to
physically observable decoherence profiles.

Remark 2 (Fractional Liouville and Fractional Lindblad).
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(i) Fractional Liouville dynamics correspond to the closed-system
case where L = −i[H, ⋅ ]with H = H†. They describe coherent
yet memoryful evolution that remains CPTP but non-divisible,
effectively a continuous mixture of unitaries.35,36

(ii) Fractional Lindblad dynamics arise when L takes the GKSL
form. These dynamics represent physically consistent non-
Markovian extensions of standard Lindbladian evolution,
equivalent to subordinated Lindblad semigroups governed by
power-law waiting-time distributions.41

These nested definitions establish the structural hierarchy as
schematically illustrated in Fig. 1, in which fractional calculus con-
nects the memoryless semigroup of Lindblad evolution to the non-
local, algebraic relaxation characteristic of non-Markovian quantum
systems.20,21,38

The structural hierarchy above admits a natural mathemat-
ical interpretation through the concept of subordination. In this
picture, fractional dynamics arise as averages over standard semi-
group evolutions with respect to a probability density in opera-
tional time.35,36 Specifically, the fractional flow can be represented
as a Bochner–Phillips subordination of a Lindblad semigroup,
in which the physical time t is replaced by a random oper-
ational time distributed according to a power-law waiting-time
function.15,35,36 This representation guarantees complete positivity
whenever the underlying generator L is of GKSL form and provides
a direct link between fractional differentiation, non-divisibility, and
long-memory behavior.22 In Sec. II B, we make this correspon-
dence explicit and examine how fractional subordination generates
algebraic relaxation and interpolates smoothly between unitary,
Markovian, and non-Markovian regimes.

Fractional extensions of quantum master equations have been
explored in various contexts, from phenomenological models of
quantum dissipation with power-law memory14 to more recent
formulations of time-fractional Lindblad dynamics for weakly cou-
pled systems.48 Parallel developments have applied subordination

principles in quantum settings, including Bochner and topological
subordination for fractional evolution equations.36,49 These
approaches, while illuminating, often treat fractional derivatives
or memory kernels as postulated modifications rather than conse-
quences of a well-defined stochastic process. In contrast, the present
work provides a rigorous unification based on Bochner–Phillips
subordination of Lindblad semigroups. This construction ensures
that the fractional propagator is CPTP for any 0 < α ≤ 1, thereby
reconciling fractional dynamics with quantum dynamical semi-
group theory. The probabilistic interpretation in terms of random
operational times u ∼ fα(u, t) further connects power-law relaxation
directly to waiting-time statistics, clarifying the origin of algebraic
tails in open system coherence.

B. Fractional master equation
Fractional calculus provides a rigorous way to encode long-

range memory in quantum dynamics. In the fractional master
Eq. (6), L is a densely defined generator on B1(H ), and the Caputo
derivative acts on differentiable functions f : [0,∞)→ B1(H ) as

CDα
t f (t) = (I1−α ○ d

dt
) f (t)

= 1
Γ(1 − α)∫

t

0

f ′(τ)
(t − τ)α dτ, 0 < α < 1,

≡ ∫ κC(t − τ) f ′(τ)dτ, (7)

where κC(t) = t−α
Γ(1−α) and I1−α denotes fractional integration.40,42,50

The Gamma function,

Γ(z) = ∫
∞

0
tz−1e−t dt, R(z) > 0, (8)

fixes the normalization of the weakly singular kernel (t − τ)−α in
accordance with the Riemann–Liouville (RL) conventions.50 In this

FIG. 1. Schematic hierarchy of quantum dynamical regimes unified by fractional subordination. The parameter α is the memory exponent of the renewal process governing
the operational time of the dynamics: α = 1 yields Markovian Lindblad semigroups with exponential waiting times, while 0 < α < 1 generates long-tailed waiting statistics and
non-Markovian evolution with algebraically decaying memory. The parameter λ controls the dissipative strength of the underlying GKSL generator. Fractional or subordinated
Lindblad dynamics (0 < α < 1) therefore provide a CPTP bridge connecting unitary Liouville evolution (α = 1, λ = 0), Markovian semigroups (α = 1, λ > 0), and general
memory-kernel quantum master equations (α ≠ 1).

J. Chem. Phys. 164, 084103 (2026); doi: 10.1063/5.0312309 164, 084103-4

© Author(s) 2026

 18 M
arch 2026 21:14:01

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

way, an explicit power-law weighting of past rates f ′(τ) replaces
instantaneous evolution with a history-dependent response.

1. Equivalence to convolution master equations
Starting from Eq. (6), applying the RL integral Iαt and using

CDα
t Iαt = I gives the Volterra form,

ρ(t) = ρ(0) + ∫
t

0
K(V)α (t − τ) L ρ(τ) dτ, (9)

with the kernel

K(V)α (t) =
tα−1

Γ(α) . (10)

Differentiating Eq. (9) (Leibniz rule for weakly singular kernels)
yields the differential convolution form,

ρ̇(t) = ∫
t

0
kα(t − τ) L ρ(τ) dτ + tα−1

Γ(α) L ρ(0), (11)

with the kernel

kα(t) =
d
dt

K(V)α (t) =
tα−2

Γ(α − 1) . (12)

The boundary term in Eq. (11), tα−1

Γ(α) L ρ(0) arises generically
when the Caputo form is converted into a differential convolution
equation.12,14 For the fractional regime of primary interest in this
work, 0 < α < 1, this term represents an initial-slip correction reflect-
ing the mismatch between the initial state and the stationary state
of the Lindbladian. Its behavior is fully analogous to short-time
slip terms in NZ memory-kernel master equations and in MCTDH
models of anomalous relaxation.51 Although tα−1 diverges as t → 0
for 0 < α < 1, its integrated influence is finite and it decays rapidly,
contributing only transiently before the Mittag–Leffler relaxation
dominates. By contrast, in the short-time Zeno regime analyzed later
the effective order turns to be α = 2; in this case, the same prefactor
scales as tα−1 = t and therefore vanishes as t → 0, so no divergence or
anomalous enhancement occurs at early times.

It is helpful to separate the roles of the three kernels
that appear across these equivalent forms. The Volterra kernel
K(V)α (t) = tα−1/Γ(α) multiplies L ρ in the integral equation Eq. (9)
and is completely monotone on R+; this complete monotonicity
means K(V)α is the Laplace transform of a positive measure and
underlies the subordination representation developed later. Differ-
entiating K(V)α produces kα(t) = tα−2/Γ(α − 1), the kernel in the dif-
ferential convolution form Eq. (11). By contrast, the Caputo deriva-
tive itself can be written as a convolution of ρ̇ with κC(t) = t−α/
Γ(1 − α); this kernel lives inside the Caputo operator and should not
be identified with the memory kernels that multiply L ρ. Detailed
proofs are provided in Appendix A (Proposition 1).

2. Mittag–Leffler solution and physical interpretation
The formal solution of the fractional master equation can be

written using the operator Mittag–Leffler function as

ρ(t) = Eα(tαL ) ρ(0), (13)

where the Mittag–Leffler function Eα(z) = ∑∞n=0 zn/Γ(1 + αn) is
defined via its convergent power series.15 If L is diagonalizable with
eigenvalues {λj} and spectral projectors {Πj}, this reduces to

ρ(t) =∑
j

Eα(λjtα)Πjρ(0). (14)

For non-diagonalizable L , the same operator expression (13)
remains valid, and the action on generalized eigenspaces simply
involves polynomially weighted derivatives of Eα (Jordan-block
structure). Notably, the subordination representation and complete
monotonicity of K(V)α do not require diagonalizability. For α = 1,
one recovers E1(z) = ez and the familiar exponential Lindblad relax-
ation. For 0 < α < 1, the response crosses over from stretched-
exponential at short times to algebraic at long times, capturing
persistent memory and non-Markovian relaxation observed in many
physical settings.51

Because K(V)α is completely monotone, the dynamical map
remains CPTP whenever L is of GKSL form; however, the result-
ing family generally lacks the semigroup property and is not CP-
divisible.22 This loss of CP-divisibility is not a deficiency of the
framework but a direct signature of genuine non-Markovianity,
reflecting temporal correlations and information backflow while
preserving complete positivity and trace preservation of the full
dynamical map at all times. Subsection II B 3 makes this precise
via the Bochner–Phillips subordination formula, in which physi-
cal time is replaced by a random operational time with power-law
waiting statistics. Additional details on the Caputo–Volterra equiv-
alence and on fractional Adams–Moulton discretizations appear in
Appendixes A and B. Recent analyses of driven two-level systems
show analogous fractional relaxation and coherence damping gov-
erned by Mittag–Leffler functions, extending the Rabi problem to
fractional time evolution.52

3. Fractional subordination
Fractional dynamics is equivalent to running the usual Marko-

vian evolution euL on a random clock u whose statistics encode
memory; averaging over that clock yields the fractional map:

ρ̂(s) = sα−1(sαI −L )−1ρ(0). (15)

Using Bochner’s functional calculus for the GKSL generator
L ,35,36,43,44,47

(sαI −L )−1 = ∫
∞

0
e−usα euL du, (16)

and inverting the Laplace transform introduces the inverse-stable
(Lévy) density fα(u, t):

ρ(t) = ∫
∞

0
fα(u, t) euLρ(0) du. (17)

The kernel satisfies fα(u, t) ≥ 0 and ∫ ∞0 fα(u, t) du = 1, which
makes the evolution (17) represent a convex mixture of CPTP semi-
groups euL (detailed in Appendix C). Specifically, the subordination
integral in Eq. (17) represents a probabilistic construction of frac-
tional dynamics: the inverse-stable density fα(u, t) ≥ 0 acts as a
genuine probability distribution for the random operational time
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u of an underlying stochastic clock. Consequently, Φα(t) can be
interpreted as the statistical mixture Φα(t) = EU(t)[eU(t)L], that is,
an ensemble average of standard Markovian (Lindblad) evolutions
sampled at random times U(t) with power–law waiting statistics.
This probabilistic representation ensures that complete positivity is
preserved and explains how algebraic relaxation emerges naturally
from the statistics of random operational time.

The fractional order α therefore acquires a clear operational
meaning in the subordination picture: it determines the statistics
of the random operational time U(t). For an inverse-stable sub-
ordinator, the waiting-time distribution obeys ψα(τ) ∼ τ

−1−α, so
that α controls the heaviness of the tail and thus the persistence
of memory in the stochastic time change. When α = 1, the process
reduces to ordinary physical time with exponential waiting statis-
tics, and one recovers the Markovian Lindblad semigroup {etL}.
When 0 < α < 1, the broad, power-law waiting-time statistics slow
down the operational time and produce non-Markovian relaxation
characterized by Mittag–Leffler or power-law decay. In this sense, α
serves as a physically interpretable memory exponent rather than a
phenomenological parameter.

While inverse-stable subordination yields the fractional master
equation, it is important to note that the subordination framework
itself is far more general (see Fig. 2). Any admissible waiting-time
density f(u, t) defines a subordinated evolution (17), and different
choices of f generate different classes of non-Markovian mem-
ory kernels.35,36,47 Fractional (inverse-stable) waiting-time laws are
distinguished because they lead to a closed-form Caputo master
equation, guarantee complete positivity for any GKSL generator,
and produce Mittag–Leffler relaxation with algebraic memory.15,42,44

However, subordination with non-stable waiting-time densities,
such as exponential, stretched-exponential, or multi-exponential
forms, remains mathematically valid and yields NZ-type memory
kernels with short-ranged or multi-scale decay rather than power
laws.16,22,45,53 Thus, fractional subordination should be viewed as
a special, analytically tractable instance within a broader class of

FIG. 2. General subordination replaces physical time with a random operational
time. Fractional (inverse-stable) laws yield the fractional subordination, while other
waiting-time distributions lead to non-fractional NZ kernels with short- or multi-
scale memory (not necessarily power-law).

subordinated Lindblad evolutions: it targets systems whose non-
Markovianity is dominated by algebraic or broad temporal cor-
relations, while other waiting-time laws may be used to model
qualitatively different memory structures.

The subordination representation (17) also has an important
algorithmic interpretation. Because euL admits standard quantum-
trajectory and quantum-jump unravelings,54–56 the subordination
formula shows that any non-Markovian trajectory method can be
extended to fractional, Markovian dynamics by replacing the physi-
cal time with a random clock U(t) drawn from fα(u, t), whose fluc-
tuations become increasingly intermittent as α decreases. Smaller
α thus leads to more strongly non-Markovian trajectory ensem-
bles with longer sojourn periods between effective Lindblad updates.
Thus, fractional dynamics corresponds to sampling ordinary Lind-
bladian trajectories at random operational times, with the memory
effects arising entirely from the statistics of U(t).

In the special case L = −i[H, ⋅ ], Eq. (17) reduces to a
fractional Liouville evolution,

ρ(t) = ∫
∞

0
fα(u, t) e−iHuρ(0)eiHu du, (18)

which represents a convex mixture of unitary maps parameterized
by the random operational time u. Because fα(u, t) is non-negative
and normalized, this evolution is CPTP for all α, continuously con-
necting the coherent, memoryful fractional regime to the strictly
unitary Liouville dynamics recovered in the limit α→ 1. This estab-
lishes the Liouville equation as the coherent base of the hierar-
chy spanning unitary, Markovian, and non-Markovian quantum
evolution.

Note that, one can plug Eq. (16) into Eq. (15), where the
obtained Laplace kernel sα−1e−usα is completely monotone, imply-
ing that fα(u, t) is a probability density on u ≥ 0. Consequently, the
subordinated map,

Φα(t) : ρ(0)↦ ρ(t), (19)

preserves complete positivity and trace, that is, remains CPTP when-
ever the underlying generator L is of GKSL form.12,35,36,41 In stan-
dard (Markovian) open dynamics, the family {Φ1(t)}t≥0 = {etL}
forms a semigroup obeying the composition law, Eq. (1); equiv-
alently, for any 0 ≤ τ ≤ t there exists a CPTP map Λ(t, τ) such
that

Φ1(t) = Λ(t, τ) Φ1(τ) (CP-divisibility). (20)

By contrast, the fractional dynamics (0 < α < 1) averages over
random clock times in Eq. (17) and thereby breaks exact time
composition in general:

Φα(t) ≠ Φα(t − τ) Φα(τ), 0 ≤ τ < t, (21)

so {Φα(t)} is typically not a semigroup. A simple test follows from
the known action on eigenoperators of L :

L X = λX ⇒ Φα(t)X = Eα(λtα) X. (22)

If {Φα(t)} were a semigroup, one would require Eα(λtα) = eμt for
all t, which is impossible unless α = 1 (or λ = 0). Hence, for 0 < α < 1
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and nontrivial L , the fractional family is not a semigroup and is
generally not CP-divisible. In special commuting cases (e.g., pure
dephasing channels) where all maps diagonalize simultaneously,
intermediate CPTP maps may still exist; see, for example, Refs. 48,
57, and 58).

For λ < 0, the Mittag–Leffler factor obeys Eα(λtα) ∼
−[λ Γ(1 − α)]−1t−α as t →∞. Populations and coherences
therefore relax as a power law t−α rather than exponentially, which
is an experimentally relevant signature of long memory.15,59 In
short, subordination guarantees CPTP at each time t while replacing
the Markovian semigroup structure with a memory-induced,
non-composable flow that exhibits algebraic relaxation.

4. Algebraic connections to Nakajima–Zwanzig
memory kernels and hierarchical equations of motion

The fractional master equation admits a unified algebraic struc-
ture that connects it directly to several mainstream non-Markovian
formalisms. In particular, the Laplace-transform solution of the
Caputo equation, Eq. (15), shows that fractional dynamics cor-
respond to a spectral deformation of the standard Lindbladian
resolvent (sI −L)−1 via the substitution s↦ sα. As discussed in
Subsection II B 3, this deformation underlies the quantum ana-
logue of subordinated Markov processes and continuous-time ran-
dom walks (CTRWs),35,36,43–45,47,53 where heavy-tailed waiting-time
statistics generate non-Markovian relaxation. We now elucidate how
the same spectral deformation relates algebraically to other major
approaches, including NZ projection-operator kernels, HEOM, and
influence-functional methods.

a. Connection to NZ memory kernels. A general NZ equation
takes the convolution form,25,26

ρ̇(t) = ∫
t

0
κNZ(t − τ) ρ(τ) dτ, (23)

with Laplace-domain solution,

ρ̃(s) = (sI − κ̃NZ(s))−1ρ(0). (24)

Comparing this with the fractional resolvent (15) identifies the NZ
kernel that reproduces fractional dynamics:

κ̃NZ,α(s) = s1−α
L . (25)

In the time domain, this corresponds to a weakly singular power-law
kernel κNZ,α(t) = tα−2L /Γ(α − 1), demonstrating that the fractional
master equation is algebraically equivalent to a non-Markovian NZ
equation with a completely monotone memory kernel.

b. Connection to HEOM. In HEOM,19,28–30 Gaussian envi-
ronments generate a frequency-dependent self-energy Σ(s) such
that

ρ̃(s) = (sI −L − Σ(s))−1ρ(0). (26)

For structured spectral densities with low-frequency scaling J(ω)
∼ ωχ , the bath correlation function acquires a power-law tail and the
associated self-energy displays the asymptotic scaling Σ(s) ∼ sχ . In
this regime, the HEOM resolvent becomes algebraically equivalent
to (sαI −L)−1 with α = χ + 1, up to prefactors.

c. Connection to influence-functional approaches. Path-
integral methods such as QUAPI,23,24 MCTDH-based open-system
propagation,33,34 and related influence-functional techniques
provide numerically controlled descriptions of non-Markovian
dynamics by explicitly encoding bath correlation functions in
discretized memory tensors or augmented Hilbert spaces. These
approaches do not yield closed-form propagators and often scale
exponentially with the bath memory time. The fractional master
equation does not aim to reproduce their microscopic structure;
instead, it serves as a compact surrogate for environments whose

FIG. 3. Algebraic connections between the fractional Lindblad equation and mainstream non-Markovian approaches. Fractional dynamics arise as (i) a resolvent-level
deformation of the NZ memory-kernel equation, (ii) a coarse-grained surrogate for HEOM self-energy structures, (iii) a subordinated Markovian process corresponding to
Lévy-distributed operational times, and (iv) a compact representation of long-memory features also encoded in influence-functional methods such as QUAPI and related
path-integral methods, as well as variational wavefunction-based techniques such as MCTDH.
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memory exhibits broad temporal support or algebraic tails, thereby
complementing these methods at a coarse-grained level.

As summarized in Fig. 3, these algebraic correspondences clar-
ify the generality of fractional dynamics. For any GKSL genera-
tor, each Lindbladian eigenmode acquires a Mittag–Leffler relax-
ation profile, and the deformation s↦ sα modifies the spectral
response of the resolvent without altering the dissipator. Fractional
dynamics therefore provide a low-parameter, CPTP surrogate that
captures long-memory behavior reflected in NZ kernels, HEOM
self-energies, and influence-functional approaches, while remaining
algebraically consistent with established open-system theories.

III. NUMERICAL DEMONSTRATION AND DISCUSSION
To assess the physical relevance of the fractional

Liouville–Lindblad dynamics, we benchmark it against a well-
understood non-Markovian system for which an exact microscopic
solution is available. The pure-dephasing spin–boson model
provides an ideal testbed: its coherence dynamics are governed
entirely by bath-induced memory effects, and the off-diagonal
elements of the reduced density matrix admit a closed-form
expression determined by the spectral density. This enables a
precise, parameter-free comparison between (i) the exact coherence
function derived from the full system–bath Hamiltonian (i.e., the
ground truth) and (ii) the coherence predicted by the fractional
evolution obtained through subordination of a Lindblad generator,
without numerical or model-dependent ambiguities. Our goal
in this section is to evaluate whether the fractional propagation
captures the characteristic non-exponential decay, long-memory
behavior, and turnover between Gaussian and exponential regimes
exhibited by the microscopic model. Establishing this agreement
demonstrates that the fractional dynamics can faithfully reproduce
structured non-Markovian behavior without requiring explicit
microscopic modeling of the environment. We emphasize that
this benchmark is intentionally restricted to the pure-dephasing
limit, which admits an exact microscopic solution and isolates non-
Markovian memory effects without population dynamics. While
the fractional subordination framework applies formally to general
dissipative GKSL generators, systematic numerical validation for
energy-relaxing channels (requiring comparison with numerically
exact solvers such as HEOM or QUAPI) is left for future work.

For this purpose, we now summarize the exact coherence
dynamics of the pure-dephasing spin–boson model, which will serve

as the microscopic reference against which the fractional evolution
is compared. We work in the exactly solvable pure-dephasing limit
of the spin–boson model,

H = ε
2
σz +∑

k
ωk b†

kbk + σz∑
k

gk (b†
k + bk), (27)

with independent boson modes {bk} in thermal equilibrium at
inverse temperature β. Since [H, σz] = 0, populations are constants
of motion; only the off-diagonal element (coherence) decays. If we
assume a factorized state for the total spin–boson system,

ρtot(0) = ρS(0)⊗ ρB, (28)

with bath state ρB = e−βHB

ZB
and bath Hamiltonian HB = ∑k ωkb†

kbk.
Since ρB is exactly a Gaussian state, tracing over a thermal Gaus-
sian bath yields the exact coherence (Kubo–Martin–Schwinger
identity),20,59,60

u(t) = ⟨σ+(t)⟩ = ⟨σ+(0)⟩ e−iεt e−Q(t), (29)

where σ+ = 1
2(σx + iσy) and

Q(t) = 2
π∫

∞

0
dω

J(ω)
ω2 [(1 − cos ωt) coth(βω

2
)], (30)

with J(ω) the spectral density. A standard choice of J(ω) is the alge-
braic (sub–Ohmic/Ohmic/super–Ohmic) family with exponential
cutoff,16,59

J(ω) = η ωχω 1−χ
c e−ω/ωc , χ ∈ R, η > 0, ωc > 0, (31)

is used in standard treatments of dissipative two-level systems and
spin–boson dynamics.59,61 Table I provides the asymptotic scal-
ing for the coherence that smoothly interpolates between Gaussian
short-time decay, stretched-exponential-like intermediate behavior,
and algebraic or saturating long-time tails, depending on χ and
t.20,59–61 The real-time propagation of the dephasing functional Q(t)
and corresponding coherence amplitude ∣⟨σ+(t)⟩∣ for t ≤ 0.2/ωc and
t ≥ 5/ωc and three different bath exponents χ = 0.5, 1.0, and 1.5 are
shown in Fig. 4. In the weak-coupling and pure-dephasing limit, the
reduced coherence u(t) obeys a NZ convolution equation,

TABLE I. Short- and long-time asymptotic forms of the dephasing functional Q(t) and corresponding coherence amplitude ∣⟨σ+(t)⟩∣ for different bath exponents s. Here,
the asymptotic forms in each column follow standard analyses of the spin–boson model and focus on the non-thermal quantum decoherence, thus coth(βω/2) ∼ 1. For

∣⟨σ+(t)⟩∣ in short-time Gaussian decay, tG =
√

2 ω−1
c (η Γ(χ + 1))−1/2. For ∣⟨σ+(t)⟩∣ in long-time sub-ohmic case, Cχ(ωc) =

2
π ηω

1−χ
c Γ(1 − χ) sin ( πχ2 ). For ∣⟨σ+(t)⟩∣

in the long-time super-Ohmic case, Q∞ = 2
π η Γ(χ − 1).

Short-time59,60,62 Long-time (t ≫ 1/ωc)

(t ≪ 1/ωc) Sub–Ohmic (χ < 1)60,61 Ohmic (χ = 1)20,59,60 Super–Ohmic (χ > 1)59,61

Q(t) O ( 1
2η Γ(χ + 1)ω2

c t2) O (Cχ(ωc) t1−χ) O (η ln (ωct)) O (Q∞ −Dχ t−(χ−1))
∣⟨σ+(t)⟩∣ O (e−t2/t2

G) O (e−ω
1−χ
c t1−χ

) O (t−η) O (e−Q∞[1 +Dχ t−(χ−1)])
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FIG. 4. Short-time (t ≤ 0.2/ωc , left panels) and long-time (t ≥ 5/ωc , right panels) asymptotic propagation of the dephasing functional Q(t) and corresponding coherence
amplitude ∣⟨σ+(t)⟩∣ for three different bath exponents χ = 0.5, 1.0, and 1.5. Solid lines denote numerical integrations of Eq. (30); open circles show asymptotic expressions
(Table I) with optimized prefactors.

u̇NZ(t) = −∫
t

0
κNZ(t − τ)uNZ(τ)dτ, (32)

where the memory kernel κNZ(t) is determined by the bath
correlation function,

κNZ ∝ C(t) = ⟨B(t)B(0)⟩ = 2
π∫

∞

0
dω J(ω) cos (ωt) coth(βω

2
),

(33)
with

B(t) =∑
k

gk(b†
keiωkt + bke−iωkt), (34)

corresponding to the bath coupling operator. The exact solution,

uNZ(t) = e−Q(t), (35)

coincides with the Gaussian-bath result in Eq. (29), confirming that
Q(t) fully characterizes the non-Markovian dephasing kernel. In the
following sections, Eq. (35) serves as the baseline against which the
conventional and fractional evolutions are evaluated.

A. Why Markovian dephasing misses e −Q (t )?
A common Markovian dephasing of the spin-boson model

relies on the time-homogeneous Lindbladian model (3) and (4) with
γj ≥ 0. Here, the system Hamiltonian HS = ε

2σz and a single jump
operator L = σz are employed. This Markovian model can then be
transformed to

u̇M(t) = (iε − 2γ) uM(t) (36)

that yields an exponential dephasing:

uM(t) = uM(0) eiεt e−2γt. (37)

Equation (36) can also be written in the NZ form,

u̇M(t) = −∫
t

0
κM(t − τ) uM(τ) dτ, (38)

with a δ-kernel,

κM(t) = 2γδ(t). (39)
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Since the entire Markovian kernel is a δ-function concentrated at
the present time, this is different from the exact kernel (33) that pos-
sesses a long tail inherited from the bath spectrum J(ω). Therefore,
the time-homogeneous Lindbladian cannot capture the long-time
memory that produces u(t) = e−Q(t). The left panel of Fig. 5 explic-
itly illustrates the discrepancy, where a constant Markovian rate
γ produces a purely exponential decay that systematically deviates
from the exact coherence u(t) = e−Q(t). The “missing terms” are pre-
cisely the nonlocal (finite-memory) contributions. It is worth noting
that to reproduce u(t) = e−Q(t), one can choose the rate γ to be
time-dependent. For example, with γ(t) = 1

2 Q̇(t), we have

u̇(t) = (iε − 2γ(t)) u(t) ⇒ u(t) = u(0) eiεt exp(−2∫
t

0
γ(τ) dτ).

(40)
Numerically, as can be seen from the right panel of Fig. 5, a time-
local rate γ(t) = 1

2 Q̇(t) can reproduce the exact behavior only by
encoding the full non-Markovian memory directly into the time-
dependent rate. This more flexible time-local dephasing model
merely re-encodes the exact memory in γ(t) through Q(t) to repro-
duce the exact dephasing law. Moreover, if γ(t) were to become
temporarily negative (possible for structured environments), the
dynamics is non-Markovian (not CP-divisible),22,41 and the GKSL
form with constant positive rates is no longer valid.

We emphasize that the quantities fitted in Fig. 5 [the constant
rate γ or the time-local rate γ(t)] pertain solely to the Marko-
vian and time-local Lindblad descriptions. The associated analysis
highlights that a constant-rate Lindbladian cannot capture the long-
tailed memory encoded in Q(t), while a time-dependent rate merely
re-parametrizes this memory without providing structural insight.
The purpose of Fig. 5 is therefore to demonstrate the limitations

of these Lindbladian descriptions and to motivate the introduc-
tion of a more fundamental generalization that embeds the memory
directly into the generator. We next show that replacing the first-
order derivative in the Lindblad equation with a fractional derivative
produces a compact, CPTP, and physically transparent model that
reproduces the exact non-Markovian coherence e−Q(t) across spec-
tral regimes. Remarkably, the parameters used in the Lindbladian
descriptions in this section are not related to the fractional model
introduced in Sec. III B and do not involve the fractional order α.

B. Single-order fractional Lindbladian for structured
baths

The failure of the conventional Markovian Lindbladian to
reproduce the nonexponential coherence e−Q(t) underscores the
need for a minimal generalization that can capture the memory
effects introduced by a structured environment. A natural extension
is to replace the first-order time derivative in the Lindblad equation
with a fractional derivative, producing a non–Markovian but still
completely positive and trace-preserving (CPTP) evolution.

We consider the stationary fractional equation of motion,

CDα
t ρ(t) = λL ρ(t), 0 < α < 1, (41)

where L is the standard Lindbladian generator. Note that Eq. (41)
provides the formal CPTP generator: the fractional evolution is a
subordination of the usual semigroup euL over an inverse-stable
operational-time distribution.14,15 For pure dephasing, L acts diag-
onally in the energy basis, and the off-diagonal element u(t) = ρ01(t)
satisfies

CDα
t u(t) = −λu(t), u(0) = 1. (42)

FIG. 5. Comparison of exact coherence from Fig. 4 with Markovian and non-Markovian fits. The asymptotic propagation of the coherence amplitude ∣⟨σ+(t)⟩∣ for three
different bath exponents χ = 0.5, 1.0, and 1.5 is computed by constant γ (Markovian, left panel) and time-local γ(t) = 1

2
Q̇(t) (non-Markovian, right panel), respectively.

The constant rate γ is obtained by fitting log∣⟨σ+(t)⟩∣ to a linear decay in the intermediate-time regime t ∈ [2/ωc , 60/ωc] (blue shade, left panel), while solid lines are
obtained by numerically integrating Eq. (30). The parameters shown here [γ and γ(t)] belong to Markovian and time-local models only and are not related to the fractional
parameters (α, λ) introduced in Fig. 7.
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TABLE II. Predictive fractional parameters (αpred, λpred) obtained directly from micro-
scopic inputs. The universal short-time parameters follow from the Gaussian expan-
sion of Q(t), while the long-time parameters follow from the asymptotic form of Q(t)
determined by the bath exponent χ. All derivations are given in Appendix D.

Regime/bath type Structure of Q(t) αpred λpred

Universal short time Aχt2 2 2Aχ
a

Sub–Ohmic (0 < χ < 1) Cχt1−χ 1 − χ CχΓ(2 − χ)
Ohmic (χ = 1) 2η

π ln t η 1/Γ(1 − η)
Super–Ohmic (χ > 1) Q∞ −Dχt−(χ−1) χ − 1 eQ∞−1

DχΓ(2−χ)
aAχ = η Γ(χ + 1)/π.

Taking Laplace transforms on both sides gives

sαũ(s) − sα−1 = −λũ(s) ⇒ ũ(s) = sα−1/(sα + λ), (43)

whose inverse transform yields the Mittag–Leffler relaxation,

uα(t) = Eα(−λtα), (44)

where (α, λ) do not correspond to the Markovian or time-local rates
[γ, γ(t)] discussed previously, and can be found for reproducing the
expected dephasing. The same Mittag–Leffler envelope has recently
appeared in the context of the generalized fractional Rabi problem,
where fractional differentiation modulates the coherent oscillations
of a driven two-level system.52

The rest of this section is organized as follows: (i) a physics-
based recipe for predicting (α, λ) from the spectral density; (ii)

an optional refinement scheme (least-squares fitting) used only for
benchmarking against the exactly solvable spin-boson model; and
(iii) a dedicated super-Ohmic ansatz required when the coherence
saturates at a finite plateau.

1. Predicting (α, λ) directly from J (ω)
A major advantage of the fractional formulation is that (α, λ)

can be specified directly from microscopic inputs, that is, the bath
exponent χ and the asymptotic structure of the dephasing kernel
Q(t) [or the structure of spectral density J(ω)]. Appendix D pro-
vides the full derivations for all three bath classes (sub-Ohmic,
Ohmic, super-Ohmic). The resulting predictive rules are summa-
rized in Table II and are used verbatim in Fig. 6. As can be seen
from the figure, in the short-time regime (t < 0.2/ωc) the dephas-
ing kernel exhibits the universal Gaussian expansion Q(t) ≈ Aχt2,
which fixes the fractional short-time parameters to αpred = 2 and
λpred = 2Aχ . While our main fractional master equation is formu-
lated for 0 < α < 1, this short-time assignment αpred = 2 should be
understood as an effective Caputo order in the scalar coherence
equation used solely to match the initial Gaussian curvature; it is
not employed as a full fractional Lindblad evolution for all times.
Beyond this window, the coherence is governed entirely by the long-
time asymptotics of Q(t), and the fractional model transitions to the
memory exponent αpred listed in the table. These exponents repro-
duce the correct non-Markovian decay or saturation behavior over
the full long-time interval (5/ωc ≤ t ≤ 105/ωc).

The accuracy of these analytic predictions is also illustrated in
Fig. 6, which compares the parameter-free fractional solutions with
exact results for all three bath types. The agreement at early and

FIG. 6. Comparison between the exact coherence u(t) = e−Q(t) (solid lines) and the parameter-free fractional predictions uα(t) = Eα(−λtα) (circles) for sub-Ohmic
(χ = 0.5), Ohmic (χ = 1), and super-Ohmic (χ = 1.5) baths. The fractional parameters (αpred, λpred) used here are obtained directly from microscopic information: (Left)
α = 2 and λ = 2Aχ follow from the universal short-time Gaussian behavior of Q(t) (t < 0.2/ωc); (Right) the long-time values of (αpred, λpred) follow from the asymptotic
structure of Q(t) determined by the spectral density J(ω)∝ ωχ (5/ωc ≤ t ≤ 105

/ωc). The analytic fractional model reproduces both the correct short-time curvature
and the correct long-time decay or plateau behavior for all bath types without any fitting. As expected, the discrepancies appear in the intermediate-time crossover regime,
where neither the Gaussian expansion nor the asymptotic form of Q(t) is accurate; this region reflects subleading features of the true spectral density and may be used to
refine or infer additional structure in J(ω).
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FIG. 7. Asymptotic propagation of the coherence amplitude ∣⟨σ+(t)⟩∣ for the spin-boson model obtained from the single-order fractional propagation and compared
with the numerically exact result [solid lines, computed by direct integration of Eq. (30)]. Results are shown for three spectral exponents: χ = 0.5, 1.0, and 1.5. The
fractional parameters (α, λ) are determined by the least-squares fitting to the exact propagation within the indicated intermediate-time windows (blue shades, left panels):
t ∈ [2/ωc , 20/ωc] (top), t ∈ [2/ωc , 40/ωc] (middle), and t ∈ [2/ωc , 60/ωc] (bottom). Circle markers denote the fractional results; the shaded regions mark the fitting
intervals. The parameters (α, λ) shown here are fractional parameters and should not be compared with the Markovian or time-local rates in Fig. 5.
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late times is a direct consequence of the fact that both regimes are
controlled by analytic structures of Q(t), and ultimately of J(ω):
the short-time curvature is inherited from the Gaussian prefactor
Aχ , while the long-time behavior reflects the power-law (or plateau-
anchored) asymptotics of Q(t) determined by the bath exponent
χ. As expected, the fractional prediction deviates from the exact
dynamics in the intermediate-time interval (5/ωc ≲ t ≲ 104/ωc).
This is precisely the regime where neither the short-time Gaussian
form nor the long-time asymptotic expansion of Q(t) is accurate,
and where subleading features of the true spectral density J(ω) play
a dominant role. The fact that the discrepancy is confined to this
intermediate region suggests that the fractional model may serve as
a sensitive diagnostic of missing structure in J(ω): improving the
bath model in this time window would sharpen agreement across
all times. Indeed, one may either refine the assumed form of J(ω)
or, conversely, use partial fitting in the intermediate-time range to
infer additional information about the underlying spectral density.
We explore this perspective in Subsection III B 2.

Overall, the comparison demonstrates that the fractional model
can be parameterized predictively and entirely from microscopic
inputs, with the intermediate-time deviations providing useful guid-
ance on how to refine or learn the spectral structure of the envi-
ronment. These intermediate-time deviations are an intrinsic con-
sequence of using a single effective fractional order, which encodes
the dominant long-memory statistics of the environment while
intentionally averaging over finer spectral details. In this sense, the
fractional Lindbladian should be viewed as a controlled, coarse-
grained surrogate that faithfully captures the universal short- and
long-time regimes, rather than as a numerically exact representation
of all intermediate-time features.

2. Refinement via least–squares fitting (benchmarking
and bath inference)

To quantify the accuracy of the single-order fractional model
and to extract an effective memory exponent in the intermediate
regime where discrepancies emerge, we refine (αpred, λpred) by least-
squares fitting to the exact spin–boson coherence. This refinement
is used strictly as a diagnostic and benchmarking tool; it reveals
how the fractional parameters summarize bath-induced memory
over a specific temporal interval and provides a principled route
to inferring additional structure in J(ω). Accordingly, we focus on
the interval 5/ωc ≤ t ≤ 102/ωc, where the deviation between the pre-
dictive fractional model and the exact solution in Fig. 7 is most
pronounced. Extending the comparison into the later-time regime
(102/ωc–104/ωc) does not change the qualitative conclusions, as the
deviation decreases monotonically once the dynamics enters the
asymptotic regime captured by the analytic structure of Q(t).

Figure 7 compares the coherence amplitude ∣⟨σ+(t)⟩∣ obtained
from the single-order fractional propagation (44) with the numeri-
cally exact NZ evolution for representative bath exponents χ = 0.5,
1.0, and 1.5. For each case, the fractional parameters (α, λ) are opti-
mized within the shaded intermediate-time windows, and then the
parameters are fixed for the fractional propagation over the entire
time domain. Concretely, (α, λ) are obtained by minimizing the
discrete root-mean-square deviation between the fractional coher-
ence uα(t; α, λ) and the NZ result uNZ(t) over a fitting interval
[tstart, tend], cf. Appendix E. The fitting windows are chosen to be
several times the bath correlation time τB ∼ 1/ωc (so that both the

initial curvature and the onset of the long-time tail are resolved) yet
shorter than the recurrence time set by the high-frequency cutoff.

This consistent fitting procedure is applied to the sub-Ohmic,
Ohmic, and super-Ohmic examples shown in the top, middle, and
bottom panels, respectively. As can be seen, the fractional model
accurately reproduces the exact coherence for the sub-Ohmic bath
(with the deviation <0.02 over the entire time domain regardless of
the selected time windows for the parameter fitting), demonstrat-
ing that a single fractional order can faithfully mimic the memory
kernel encoded in Q(t). Since Q(t) is completely determined by
the bath correlation function C(t) = ⟨B(t)B(0)⟩ and, hence, by the
spectral density J(ω), the optimized (α, λ) can be viewed as com-
pact, two-parameter summaries of the influence of C(t) over the
chosen time window. For the Ohmic and super-Ohmic baths, the
agreement gradually worsens as χ increases, reflecting the reduced
influence of long-tailed correlations. On the other hand, the accu-
racy in the Ohmic baths can be systematically improved by fitting
over a broader time window, which allows the optimized (α, λ)
to capture both the short-time curvature and the slower asymp-
totic decay of the exact solution. Nevertheless, improvements for
the super-Ohmic bath are modest compared to the other two baths,
and its large residual deviation (>0.05)motivates the modified frac-
tional ansatz as described in Sec. III B 3, which incorporates the finite
plateau u∞ characteristic of super-Ohmic environments.

More importantly, because the exact coherence spans multiple
dynamical regimes—Gaussian at short times, stretched-exponential
at intermediate times, and algebraic or plateau-anchored at long
times—no single exponent can describe the full evolution. Thus, a
fitted α should be viewed as an effective memory exponent appro-
priate to the chosen time window, analogous to window-dependent
anomalous diffusion exponents in CTRW theory.45,51,53,63 The vari-
ation of fitted α across different windows, therefore, serves as a
quantitative probe of unresolved features in the spectral density
J(ω) and offers a potential route for bath inference. For example,
in the sub-Ohmic case, if fitting over an intermediate window yields
an effective exponent αfit, then matching the stretched-exponential
form implies an effective spectral exponent χeff = 1 − αfit. Thus. αfit
> αpred = 1 − χ indicates additional low-frequency weight in J(ω),
for example, a softened cutoff or a secondary power-law compo-
nent. We present this only as an illustrative example; developing a
systematic reconstruction scheme is left for future work.

3. Super–Ohmic baths: Fractional ansatz with plateau
normalization

For super-Ohmic baths (χ > 1), the coherence does not vanish
at long times but saturates to a finite plateau u∞ = e−Q∞ determined
by the bath reorganization energy. To preserve this limit, the frac-
tional model must include u∞ explicitly through a convex mixture
of the Markovian and fractional channels:

u(t) = u∞ + (1 − u∞) Eα(−λtα),

⇒ v(t) ≡ u(t) − u∞
1 − u∞

= Eα(−λtα).
(45)

This affine form bounds the coherence between u∞ and 1 and
renders the initial Gaussian decay and most of the intermedi-
ate stretched-exponential behavior negligible, thereby isolating the
long-time algebraic regime of the dynamics. We therefore fit the
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FIG. 8. Improved single-order fractional propagation for super-Ohmic baths with spectral exponents χ = 1.2, 1.5, and 1.8. Fractional propagations are anchored to the finite
coherence plateau u∞ [see Eq. (45)]. The fractional orders (α, λ) are obtained by least-squares fitting to the numerically exact coherence [solid lines, computed by direct
integration of Eq. (30)] within the shaded intermediate–time window t ∈ [2/ωc , 20/ωc], and then the parameters are fixed for the fractional propagation over the entire time
domain. Circle markers denote the fractional results, while the right panel shows the absolute deviation from the numerically exact result [solid lines, computed by direct
integration of Eq. (30)].

plateau–normalized curve v(t) within the shaded intermediate-time
window to obtain (α, λ), and then reconstruct u(t) from Eq. (45).
The optimized fractional orders are systematically larger than s − 1,
compensating for the overly rapid decay of the fixed-order model
and capturing the slower relaxation characteristic of structured
baths. As shown in Fig. 8, this plateau-anchored fractional ansatz
accurately reproduces both the intermediate-time curvature and the
long-time coherence plateau for all super-Ohmic exponents consid-
ered (χ = 1.2, 1.5, and 1.8). Because the asymptotic tail is mapped
to a pure power law, the fractional parameters extracted from v(t)
in Fig. 8 emphasize the long-time memory exponent and may dif-
fer from parameters obtained by fitting the full coherence u(t). For
example, for χ = 1.5, the fractional order obtained from the plateau-
normalized fit (α = 0.62) is approximately twice that obtained from
the full-coherence fit in Fig. 7 (α = 0.31), even when using the same
fitting window.

In practice, when the accessible simulation window lies in
the pre-asymptotic regime, the best effective order is slightly
larger [αeff ∈ (1 − χ, 1)], capturing the stretched-exponential enve-
lope of uNZ(t) before the Mittag–Leffler power law sets in.
A quick, data-driven estimate can be obtained from the local
log–log slope of X(t) = −ln∣uNZ(t)∣ (for sub-Ohmic and Ohmic
baths) or X(t) = −ln∣v(t)∣ (for super-Ohmic bath) as αloc(ti)
= [ln X(ti+1) − ln X(ti−1)]/[ln ti+1 − ln ti−1], with α chosen as the
median over the region where the slope is approximately constant.
Once α is fixed, λ follows from a single point in the same window by
solving Eq. (44) or (45). This optimization-free selection rule recov-
ers the expected scaling α ≈ 1 − χ for sub-Ohmic baths and provides
reliable initial guesses for the least-squares refinement used in Figs. 7
and 8.

It is worth noting that the single-order fractional Lindbladian
in Eq. (41) serves as a minimal demonstration because it admits

exact analytical benchmarking against the solvable pure-dephasing
model. Nevertheless, the underlying construction is fully general:
the subordination representation (17) applies to any bounded gen-
erator L , including dissipative channels that induce population
decay, and to composite or multi-qubit systems via tensor-product
generators Ltot = ∑i Li ⊗ Iī. In these cases, the fractional propa-
gation remains CPTP whenever each Li is of GKSL form. The
subordination framework thus extends beyond pure dephasing and
accommodates arbitrary combinations of coherent and incoherent
processes. A systematic generalization to distributed-order forms
∫ 1

0
CDα

t ρ g(α) dα = L ρ is straightforward and provides a flexible
route to model strongly structured environments.

C. Unified interpretation and quantum algorithms
for fractional dynamics

The fractional framework is able to provide both a unified inter-
pretation of non-Markovian quantum dynamics and a constructive
pathway toward their quantum simulation. Numerical benchmarks
on the spin-boson model show that a stationary single-order frac-
tional Lindbladian can closely track the exact NZ coherence over
broad time windows, with errors at the few-percent level. Oper-
ationally, the fractional order α continuously tunes the degree of
memory: lowering α slows relaxation, broadens correlation times,
and induces algebraic envelopes, all consistent with the long-tail
structure inherited from the bath spectral density J(ω). Within
this hierarchy, the Liouville, Lindblad, and fractional master equa-
tions correspond, respectively, to unitary, Markovian, and struc-
tured non-Markovian evolution. Fractional differentiation intro-
duces memory directly at the generator level, embedding power-law
temporal correlations without violating complete positivity, and
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providing a continuous interpolation between reversible (α = 1) and
strongly non-Markovian (α≪ 1) limits.

The subordination representation not only clarifies the
physical origin of long-memory relaxation but also provides
a direct blueprint for quantum simulation. In particular, the
Bochner–Phillips subordination representation (17) replaces explicit
memory integration by an average over standard Lindblad semi-
groups weighted by the inverse-stable density fα(u, t). This repre-
sentation guarantees complete positivity and naturally inspires two
complementary quantum-simulation paradigms:

(i) Polynomial approximation via Quantum Signal Processing
(QSP)/Quantum Singular Value Transformation (QSVT).

Since the Mittag–Leffler function Eα(z) is entire, the
fractional propagator Eα(L tα) can be uniformly approx-
imated by bounded polynomials on spec(L ) and imple-
mented through Quantum Signal Processing (QSP) or Quan-
tum Singular Value Transformation (QSVT),64–67 generaliz-
ing exponential simulation.

Let PN(z) = ∑N
n=0 cnzn with cn = 1/Γ(αn + 1). For a

block-encoded generator,

UL = (
L/λmax ⋅
⋅ ⋅) (46)

(with spectral radius λmax) acting on an extended Hilbert
space such that ⟨0∣UL∣0⟩ = L/λmax, PN(L tα/λmax) realizes
an approximate Mittag–Leffler evolution with deterministic
error:

∥Eα(z) − PN(z)∥ ≤ ∣z∣N+1/Γ[α(N + 1) + 1]. (47)

A degree N = O (
√

tαλmax log (1/ε)) achieves precision ε,
giving polylogarithmic scaling in 1/ε. This route extends
exponential-type algorithms to non-Markovian propagators
while retaining the CPTP structure of the underlying Lindblad
generator.

(ii) Subordination sampling (fractional quantum trajectories).
Alternatively, one may sample operational times u from

fα(u, t) and simulate standard Lindblad evolutions euLρ(0)
for each trajectory. Every path corresponds to a physical CPTP
evolution of random duration, and observable estimates,

⟨O⟩t =
1
M

M

∑
k=1

Tr [O eukLρ(0)], (48)

converge as O (M−1/2) with unbiased variance. This defines
a fractional quantum-trajectory method that emulates long-
memory dynamics using only Markovian primitives68 and
requires only constant memory per trajectory, since no
time-history storage is needed.

In terms of complexity and accuracy, classical fractional solvers
scale quadratically in propagation length because they store full his-
tory. Both quantum strategies circumvent this cost: the QSP/QSVT
approach yields deterministic super-exponential error decay in N
and polylogarithmic gate complexity, whereas the subordination-
sampling method scales linearly in trajectory number M [with

M = O (1/ε2) trajectories sufficient to estimate bounded observ-
ables to accuracy ε, essentially independent of system size] and
polylogarithmically in Lindblad simulation cost. Their complemen-
tary error behaviors—deterministic for QSP and stochastic 1/

√
M

for sampling—make them respectively suited for fault-tolerant and
near-term architectures. We note that, in principle, the Lindblad
evolution euL could also be implemented approximately via ran-
domized circuits and engineered noise channels,69 suggesting an
interesting direction for combining fractional quantum trajectories
with noise engineering on NISQ hardware.

These approaches demonstrate that long-memory quantum
processes can be simulated without explicit history storage. By
either polynomially approximating the Mittag–Leffler propagator or
stochastically averaging over Lindblad evolutions, fractional dynam-
ics emerge as physically consistent CPTP mixtures of Markovian
semigroups. This dual theoretical–algorithmic perspective connects
open system theory with practical quantum-simulation paradigms,
laying the groundwork for scalable studies of non-Markovian
dynamics, dissipation, and decoherence within existing hardware
toolkits.

While the fault-tolerant strategies discussed above—
polynomial approximation via QSP/QSVT and stochastic subor-
dination sampling—provide provably accurate and asymptotically
efficient realizations of fractional propagation, recent studies have
also pursued near-term hybrid alternatives. In particular, Leong
et al.70 introduced a variational quantum–classical algorithm for
solving Caputo time-fractional differential equations, employ-
ing overlap history states to capture memory effects on noisy
hardware. Such variational schemes are complementary to the
present framework: they enable proof-of-concept demonstrations
of fractional evolution on NISQ devices, whereas the block-encoded
and sampling-based approaches developed here are designed for
scalable, fault-tolerant architectures with rigorous accuracy and
resource guarantees.

IV. CONCLUSION AND OUTLOOK
Fractional calculus provides a rigorous and physically consis-

tent extension of quantum master equations for simulating non-
Markovian dynamics on both classical and quantum hardware. It
embeds long-memory effects within a completely positive frame-
work. By deriving the fractional master equation, proving its equiv-
alence to power-law convolution forms, and expressing it through
Lindblad subordination, we have unified three cornerstones of open-
system theory—Liouville, Lindblad, and structured non-Markovian
evolution—within a single operator-theoretic hierarchy.

Beyond the single-system formulation, the probabilistic sub-
ordination picture naturally extends to composite generators and
multiqubit systems, since the subordination integral in Eq. (17) acts
operatorwise and preserves tensor–product structure. Hence, the
assumption of a GKSL generator is a sufficient but not restrictive
condition for guaranteeing complete positivity; non-GKSL exten-
sions can also be analyzed provided the underlying semigroup euL

remains positive and norm-bounded.
It is also instructive to contrast this subordination hier-

archy with the well-known recursion hierarchies of memory-
kernel and time-convolutionless (TCL) master equations.12,20,21 In
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traditional formulations, higher-order kernels arise from pertur-
bative projections of the system–bath Liouvillian, and complete
positivity is generally not preserved at finite truncation order. By
contrast, the present construction defines a stochastic-process hier-
archy in which each level corresponds to a CPTP map generated
by a Bochner–Phillips subordination of a Lindblad semigroup. The
resulting hierarchy organizes non-Markovian dynamics in terms of
nested waiting-time distributions rather than nested kernels, pro-
viding a physically transparent and CPTP-preserving alternative to
conventional kernel recursion schemes.

This unified picture clarifies how fractional differentiation
introduces structured memory directly at the generator level, pro-
ducing CPTP yet non-divisible dynamics that interpolate smoothly
between unitary, Markovian, and strongly non-Markovian regimes.
It connects the algebraic tails of long-time relaxation with the
complete monotonicity of the subordination kernel and explains
why fractional dynamics form a structured subclass of memory-
kernel quantum master equations. Moreover, by linking the frac-
tional resolvent to NZ kernels, HEOM self-energies, and influence-
functional descriptions, the present framework situates fractional
dynamics as a coarse-grained, analytically transparent complement
to existing microscopic approaches (rather than a replacement for
them) that captures universal short- and long-time behavior while
averaging over intermediate-time microscopic detail.

From an algorithmic perspective, the same structure offers a
practical route to simulation. The Mittag–Leffler propagator can
be approximated deterministically via polynomial quantum sig-
nal processing or stochastically through subordination sampling
over operational times. Both approaches realize long-memory quan-
tum dynamics using only Markovian primitives, avoiding explicit
time-history storage while preserving complete positivity. This dual
deterministic–stochastic formulation establishes a bridge between
theoretical open-system analysis and scalable quantum algorithms.
Such reduced, generator-level models may be particularly valuable
when fully microscopic solvers—such as HEOM, QUAPI, or tensor-
network path-integral methods—become computationally expen-
sive, yet one still seeks controlled long-time behavior or interpretable
memory parameters.

Although the present analysis focused on the exactly solvable
pure-dephasing limit at zero temperature, the fractional framework
itself imposes no such restriction. Because the subordination con-
struction remains valid for any GKSL generator, the same approach
can incorporate amplitude damping, population relaxation, and
multiqubit tensor-product generators while preserving complete
positivity; it thus applies to models with dissipation, pumping, and
non-commuting system–bath couplings, as clarified in Sec. II B 4.
The pure-dephasing model was chosen solely because it provides
an exact analytical reference against which the fractional formula-
tion can be benchmarked without numerical ambiguity. A natural
extension is to apply this framework to dissipative models (with
energy relaxation) where only numerical references such as HEOM
or QUAPI are available, which will be explored in future work.

Future research will extend these ideas to distributed-order
and space–time-fractional models that capture correlated noise
and anomalous diffusion, derive rigorous error bounds for quan-
tum implementations of Mittag–Leffler propagators, and develop
hybrid quantum–classical workflows that exploit fractional subor-
dination for efficient noise modeling and dissipation control. More

broadly, the fractional framework provides a co-designed theoretical
language linking operator theory, stochastic processes, and quan-
tum simulation—offering a unified platform for exploring memory,
coherence, and irreversibility in complex quantum systems.
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APPENDIX A: CAPUTO–VOLTERRA EQUIVALENCE
AND CONVOLUTION-TYPE QME

We collect the basic operators and prove the equivalence
between the Caputo fractional master equation and its Volterra
(integral) and convolution (differential) forms, keeping careful
track of boundary terms. The equivalence between the Caputo,
Volterra, and convolution forms follows standard results in frac-
tional calculus40,42,50 and their applications to open quantum sys-
tems.14 The complete monotonicity of the Volterra kernel is a direct
consequence of Bernstein’s theorem and the classical subordination
results of Bochner and Feller.35,36

1. Operators and identities
For μ > 0, the Riemann–Liouville (RL) fractional integral is

given by
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(Iμt f )(t) = 1
Γ(μ)∫

t

0
(t − τ)μ−1 f (τ) dτ, (A1)

and for 0 < α < 1, the corresponding Caputo derivative is

(CDα
t f )(t) = 1

Γ(1 − α)∫
t

0
(t − τ)−α f ′(τ) dτ = I1−α

t f ′(t). (A2)

They satisfy, for a sufficiently regular function f ,

Iμt Iνt = Iμ+νt ,
CDα

t ○ Iαt f = f ,

Iαt ○ CDα
t f = f − f (0).

(A3)

2. Equivalence of forms for the fractional Lindblad
equation

Proposition 1 (Caputo–Volterra–Convolution equivalence). Let
0 < α < 1, ρ be absolutely continuous, and L a (bounded) GKSL
generator on the working space. The following are equivalent:

1. (Caputo):

CDα
t ρ(t) = L ρ(t). (A4)

2. (Volterra):

ρ(t) = ρ(0) + ∫
t

0
K(V)α (t − τ) L ρ(τ) dτ, (A5)

with K(V)α (t) = tα−1

Γ(α) for t > 0.
3. (Convolution, differential):

ρ̇(t) = ∫
t

0
kα(t − τ) L ρ(τ) dτ + tα−1

Γ(α) L ρ(0), (A6)

with kα(t) = d
dt K(V)α (t) = tα−2

Γ(α−1) for t > 0.
If L ρ(0) = 0, [for example, ρ(0) is a fixed point of L ],

the boundary term vanishes and the differential form is a pure
convolution.

Proof. (Caputo⇒ Volterra): Apply Iαt to the Caputo equation
and use (A3): ρ(t) − ρ(0) = Iαt [L ρ](t) = ∫ t

0 K(V)α (t − τ) L ρ(τ) dτ.
(Volterra⇒ Convolution): Differentiate the Volterra integral (Leib-
niz rule for weakly singular kernels) to obtain ρ̇(t) = (kα ∗ L ρ)(t)
+ K(V)α (t) L ρ(0). (Convolution ⇒ Caputo): Integrate the differ-
ential form with I1−α

t , use I1−α
t ρ̇ = CDα

t ρ, and I1−α
t kα = δ in the

distributional sense (since kα = d
dt K(V)α ), yielding CDα

t ρ = L ρ. ◻

Remark 3 (Three kernels and their roles). There are three
related kernels:

● κC(t) = t−α
Γ(1−α) ,

● K(V)α (t) = tα−1

Γ(α) ,

● kα(t) = tα−2

Γ(α−1) .

Only K(V)α and kα = d
dt K(V)α appear as the memory kernels mul-

tiplying L ρ in the integral and differential QME forms, respectively;
κC multiplies ρ̇ inside the Caputo derivative. Moreover, K(V)α is com-
pletely monotone on R+, and hence it is the Laplace transform of a
positive measure; this underpins the subordination representation of
the fractional semigroup.

The Caputo derivative used throughout this work is prefer-
able for physical initial-value problems because it acts on the
first derivative of ρ(t), ensuring that the initial condition ρ(0)
enters linearly and that CDα

t ρ(t)→ ρ̇(t) as α→ 1. By contrast, the
Riemann–Liouville derivative introduces fractional integrals of ρ(t)
that depend explicitly on its entire prehistory, requiring fractional
initial conditions that are not directly measurable. In open system
dynamics where the state ρ(0) is known, the Caputo definition yields
physically meaningful time evolution and consistent reduction to
standard Lindblad dynamics in the limit α→ 1. Numerically, both
definitions produce similar late-time algebraic behavior, but only the
Caputo form preserves the conventional initial-state specification
used in quantum master equations.

APPENDIX B: FRACTIONAL ADAMS–MOULTON
(VOLTERRA) DISCRETIZATION IN BANACH SPACES

The numerical scheme presented here follows the frac-
tional Adams–Moulton predictor–corrector formulation for Caputo
equations,42,50,71 widely used for fractional differential equations.

Specifically, we derive an implicit predictor–corrector
(Diethelm–Ford–Freed type) scheme for

CDα
t ρ(t) = L ρ(t), 0 < α < 1, (B1)

with ρ : [0, T]→ B1(H ) absolutely continuous and L the GKSL
generator of a norm-continuous CPTP semigroup. By Proposition 1
(Caputo⇔ Volterra),

ρ(t) = ρ(0) + 1
Γ(α)∫

t

0
(t − τ)α−1

L ρ(τ) dτ. (B2)

Let tn = nh with h = T/N, and denote ρn ≈ ρ(tn). Using piece-
wise linear (predictor) and trapezoidal (corrector) quadrature of
(B2) yields the standard Lubich weights:

bj = ( j + 1)1−α − j 1−α ( j ≥ 0), (B3)

and composite corrector weights an−k obtained by integrating
exactly against (tn+1 − τ)α−1 on each subinterval [tk, tk+1]:

an−k = (n − k + 1)α − 2(n − k)α + (n − k − 1)α, (B4)

with 1 ≤ k ≤ n − 1, a0 = 1α − 0α, and an = 1α (endpoint corrections
are the usual ones for the fractional trapezoid rule).

Employing the predictor–corrector update, the predictor is

ρ(pred)
n+1 = ρ0 +

hα

Γ(1 + α)
n

∑
k=0

bn−k L ρk, (B5)
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and the corrector is implicit:

ρn+1 = ρ0 +
hα

Γ(1 + α)[
n

∑
k=0

an−k L ρk + a−1 L ρ(pred)
n+1 ], (B6)

with a−1 = 1. Equivalently,

(I − hα

Γ(1 + α) L)ρn+1 = ρ0 +
hα

Γ(1 + α)
n

∑
k=0

an−k L ρk. (B7)

In a finite representation, the left factor is step-invariant and can be
factorized once (e.g., using LU/Cholesky factorization).

In terms of the convergence and stability, as discussed in
Ref. 71, if L is bounded on the discrete space, the scheme (B6) and
(B7) is consistent of order O (h1+α) for sufficiently smooth ρ (local
error from polynomial replacement under a weakly singular ker-
nel). In addition, the scheme is A-stable for the scalar test equation
CDα

t y = λy with Re λ ≤ 0, in the sense induced by the fractional trape-
zoid rule. The proof can be done by employing Laplace-transform
tools and discrete Grönwall inequalities for weakly singular Volterra
convolutions.

The naïve history cost per step is O (n). Efficient long-time
propagation can be achieved using compressed-memory implemen-
tations based on sum-of-exponentials approximations,72

tα−1

Γ(α) ≈
Q

∑
q=1

wqe−ξqt , (B8)

which yields O (1) history updates via Q auxiliary ordinary differ-
ential equations (ODEs), for an overall O (QN) time and O (Q)
memory with controllable error.

APPENDIX C: SUBORDINATION FOR THE FRACTIONAL
MASTER EQUATION

The subordination representation used in Sec. II B 3 follows
the classical theory of subordinated semigroups and inverse-stable
processes.35,36,44,47

We assume L is the (time-independent) GKSL generator of
a norm-continuous CPTP semigroup T(u) = euL on the trace-
class B1(H ) with growth bound ω0 ≤ 0. ρ : [0,∞)→ B1(H ) is
absolutely continuous and of exponential order. For 0 < α < 1, the
Laplace transform of the Caputo derivative satisfies

L{CDα
t ρ(t)}(s) = sαρ̂(s) − sα−1ρ(0), (C1)

where ρ̂(s) is the Laplace transform of ρ(t)

ρ̂(s) = ∫
∞

0
e−stρ(t) dt, Re(s) > 0. (C2)

Applying this to Eq. (6) and using L{L ρ}(s) = L ρ̂(s) (time-
independence of the Lindblad operator) gives

(sαI −L )ρ̂(s) = sα−1ρ(0),

⇒ ρ̂(s) = sα−1(sαI −L )−1ρ(0).
(C3)

To represent the resolvent, recall that if L generates a strongly con-
tinuous (C0) semigroup {T(u)}u≥0 on a Banach space, then for any

Re(λ) > ω0 (with ω0 being the growth bound of the semigroup), the
resolvent identity reads as a Bochner integral in operator norm:

(λI −L)−1 = ∫
∞

0
e−λu T(u) du. (C4)

Here, T(u) ≡ euL represents the usual Markovian evolution at time
u generated by L . Setting λ = sα with Re(s) > 0, we obtain

(sαI −L )−1 = ∫
∞

0
e−usα T(u) du. (C5)

Substituting this expression into Eq. (C3) yields

ρ̂(s) = ∫
∞

0
[sα−1e−usα] T(u)ρ(0) du. (C6)

The prefactor sα−1e−usα acts as the Laplace-domain representation of
the kernel that connects the physical time t and the operational time
u. We now introduce this kernel explicitly by defining fα(u, t) as the
function whose Laplace transform in t satisfies

L{ fα(u, t)}(s) = sα−1e−usα , u ≥ 0, Re(s) > 0. (C7)

This property follows from Bernstein’s theorem on completely
monotone functions.43 The function fα(u, t) is known as the inverse-
stable (or hitting-time) density associated with an α-stable subordi-
nator. It provides a probabilistic bridge between the deterministic
operational time u and the physical time t, capturing the long-
memory and non-Markovian effects introduced by fractional dif-
ferentiation. This kernel possesses several key properties that follow
directly from Eq. (C7):

1. Positivity: fα(u, t) ≥ 0 for all u, t ≥ 0, as sα−1e−usα is a com-
pletely monotone function of s.

2. Normalization: ∫ ∞0 fα(u, t) du = 1 for each t ≥ 0. Indeed,

L {∫
∞

0
fα(u, t) du}(s) = ∫

∞

0
sα−1e−usα du = sα−1

sα
= 1

s
, (C8)

and the inverse Laplace transform of 1/s is unity.

Finally, the fractional evolution can be written in the subordi-
nation form,

ρα(t) = ∫
∞

0
fα(u, t) T(u)ρ(0) du, (C9)

which expresses the fractional dynamics as a superposition of stan-
dard semigroup evolutions T(u)ρ(0) weighted by the random-time
density fα(u, t). This representation provides both a rigorous ana-
lytical foundation and a clear probabilistic interpretation for frac-
tional master equations. In particular, taking the inverse Laplace
transform of (C6) in t (and using Fubini/Tonelli to exchange the
Bochner and scalar integrals, justified by positivity and exponential
bounds) yields Eq. (17), which is the desired subordination repre-
sentation; this represents a convex mixture of Lindblad semigroups
and remains CPTP, in agreement with the criteria for completely
positive dynamical maps discussed in Refs. 22 and 41. ■
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APPENDIX D: PREDICTIVE DETERMINATION OF (α, λ)
FROM THE SPECTRAL DENSITY

This appendix provides the derivations underlying the pre-
dictive rules for (αpred, λpred) summarized in Table II. Our goal
is to extract the fractional order α and amplitude λ directly from
microscopic inputs, which are the short- and long-time asymptotic
structures of the dephasing kernel Q(t) induced by the spectral
density J(ω).

We begin with the exact coherence u(t) = e−Q(t) of the pure-
dephasing spin-boson model and compare it to its fractional
analogue,

uα(t) = Eα(−λtα), (D1)

where Eα denotes the Mittag–Leffler function. A crucial feature of
Eα is that it exhibits two distinct asymptotic regimes, which must be
used appropriately depending on the bath structure:

(i) Small-argument/moderate-time expansion (λtα ≪ 1):

Eα(−λtα) = 1 − λ
Γ(1 + α) tα + O (t2α) ≈ exp [− λ

Γ(1 + α) tα]. (D2)

This behavior mimics a stretched exponential and is the
form relevant for matching sub-Ohmic baths, whose exact
coherence also decays as a stretched exponential.

(ii) Large-argument/long-time asymptotic (λtα ≫ 1):

Eα(−λtα) ∼ 1
λ Γ(1 − α) t−α (t →∞). (D3)

This algebraic decay is the correct asymptotic structure for
matching Ohmic baths (which yield power-law decoherence)
and super-Ohmic baths (where the coherence relaxes to its
plateau with a power-law correction).

The correct identification of (α, λ) therefore depends on
whether the exact coherence u(t) [determined by the long-time
form of Q(t)] is stretched exponential (sub-Ohmic) or algebraic
(Ohmic or super-Ohmic). In the sections below, we match the
appropriate Mittag–Leffler regime to the asymptotic expansions of
Q(t) that follow from the low-frequency structure of the spectral
density shown in Eq. (31).

1. Universal short-time regime
The short-time expansion of Q(t) is universal for all bath types.

Expanding the cosine in Eq. (30) gives

Q(t) = Aχ t2 + O (t4), with Aχ =
η Γ(χ + 1)ω2

c

π
. (D4)

Thus, the exact coherence behaves as

u(t) = exp (−Aχ t2 + O (t4)) = 1 − Aχt2 + O (t4). (D5)

The Mittag–Leffler expansion, Eq. (D2), matches the curvature only
when

αpred = 2, λpred = 2Aχ. (D6)

These relations provide the analytic short-time assignments used
in Fig. 6 and in the main text. They require only the microscopic
coefficient Aχ , and involve no fitting.

2. Sub-Ohmic baths (0 < χ < 1)
For J(ω)∝ ωχ with 0 < χ < 1, the long-time dephasing is

dominated by low-frequency modes. The asymptotic form is

Q(t) ∼ Cχ t1−χ (t →∞), (D7)

with Cχ determined by the infrared part of the spectral density. The
corresponding coherence decays as

u(t) ∼ e−Cχ t1−χ

∼ 1 − Cχt1−χ + O (t2−2χ). (D8)

Matching the leading power-law behavior of Eα(−λtα) in Eq. (D2)
yields

αpred = 1 − χ, λpred = Cχ Γ(2 − χ). (D9)

3. Ohmic bath (χ = 1)
For the Ohmic case,

J(ω) = ηω e−ω/ωc , (D10)

the exact long-time form is

Q(t) ∼ 2η
π

ln t + const → u(t) ∼ t−2η/π. (D11)

Matching the Mittag–Leffler asymptotic in Eq. (D3) gives

αpred =
2η
π

, λpred =
1

Γ(1 − αpred)
. (D12)

4. Super–Ohmic baths (χ > 1)
For χ > 1, the dephasing saturates at a finite value:

Q∞ =
2η
π
Γ(χ − 1), u∞ = e−Q∞. (D13)

The asymptotic correction takes the form

Q(t) = Q∞ −Dχ t−(χ−1) + ⋅ ⋅ ⋅ , (D14)

so that

u(t) − u∞ ∼ u∞ Dχ t−(χ−1). (D15)

Defining the plateau-normalized coherence v(t) as Eq. (45),

v(t) ∼ u∞
1 − u∞

Dχ t−(χ−1). (D16)

Matching the Mittag–Leffler form Eq. (D3) to above v(t) expression
yields

αpred = χ − 1, λpred =
eQ∞ − 1

Dχ Γ(2 − χ)
. (D17)
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5. Summary
The microscopic short- and long-time structures of Q(t)

fully determine the fractional parameters (αpred, λpred). Short-time
matching always gives (α, λ) = (2, 2Aχ), while the long-time expo-
nents and amplitudes follow directly from the infrared behavior
of the bath through the power χ. The results for all three regimes
match those listed in Table II and are precisely the values used in the
parameter-free comparisons of Sec. III B and Fig. 6.

APPENDIX E: OPTIMIZATION OF FRACTIONAL
PARAMETERS

For each bath exponent χ, the single–order fractional model is
specified by the propagator,

uα(t;α, λ) = Eα(−λtα), (E1)

which is compared to the numerically exact NZ coherence uNZ(t)
= exp [−Q(t)] obtained from the structured spectral density J(ω).
The parameters (α, λ) are determined by a least–squares fit over a
finite time window [tstart, tend]:

RMSE2(α, λ) = 1
Nfit

∑
k: tk ∈ [tstart ,tend]

∣uα(tk;α, λ) − uNZ(tk)∣2, (E2)

with (α, λ) chosen to minimize RMSE2(α, λ). In practice we use a
coarse grid search followed by a local refinement (Nelder–Mead) to
identify the optimal parameters.

The fitting window is guided by the bath correlation time.
In our dimensionless units we set ωc = 1, so the bath correlation
time is of order τB ∼ 1/ωc = 1. More quantitatively, we estimate τB
from the decay of the bath correlation function C(t) = ⟨B(t)B(0)⟩
[or equivalently from Q′′(t)] as the time at which ∣C(t)∣ has
dropped below e−1∣C(0)∣. The fitting windows are then chosen as
tstart ≈ 2τB and tend ∈ [20τB, 60τB], which in practice corresponds to
[2/ωc, 20/ωc]–[2/ωc, 60/ωc] in Fig. 7. This ensures that the opti-
mized (α, λ) are extracted from a regime where the bath has largely
decorrelated but before finite-cutoff recurrences become important.

Since Q(t) is obtained by a double time integral over the
bath correlation function C(t), the optimized pair (α, λ) should
be regarded as an effective two-parameter representation of the
influence of C(t) over the chosen fitting window. In this sense, α
controls the effective long-time decay law of the coherence, while
λ sets the overall decoherence timescale. For general structured
spectral densities there is no closed-form analytic relation between
C(t) and (α, λ); the fractional parameters summarize the memory
characteristics encoded in Q(t) rather than reproduce them exactly.
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