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Unitary t-designs are some of the most versatile tools in quantum information theory. Their applications range
from randomized benchmarking and shadow tomography, to more fundamental ones such as emulating quantum
chaos and establishing exponential separations between classical and quantum query complexity. While unitary
designs originating from a group structure, such as the Clifford group, have proven to be incredibly useful
for qubit systems, unfortunately, this is no longer true for qudits. In fact, the classification of finite-group
representations rules out the existence of unitary 2-designs for arbitrary qudit dimensions. This severely limits
the applicability of standard quantum information primitives when it comes to qudit systems.

‘We overcome these limitations with a three-fold contribution. First, we introduce a general technique to con-
struct families of weighted state t-designs in arbitrary qudit dimensions. These weighted state-designs generalize
classical shadow tomography protocol from qubits to qudits. Second, we introduce a Clifford character RB that
allows us to benchmark the qudit Clifford group in any dimension, including non-prime-power dimensions.
And third, we establish bounds on the quantum circuit complexity of generating approximate unitary-designs
from native gates in existing quantum hardware such as high-spin and cavity-QED qudits. Our work further
highlights the analogy between spin and optical coherent states by proving that spin-GKP codewords form a
state 2-design while spin coherent states do not; in direct analogy with the optical case. This work is structured
as a pedagogical and self-contained introduction to unitary designs and their applications to qudit systems.
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It is difficult to overemphasize the utility of randomness in computation [1]. In classical computation, (pseudo)randomness
shows up in a variety of tasks, the most common perhaps being cryptographic methods, where the security of several protocols
fundamentally relies on randomness. In quantum computation, the implications are no less severe. Quantum systems host two
different types of randomness, fundamental and statistical. Fundamental being those arising from the structure of quantum
theory, such as the noncommutativity of operators, measurement-disturbance relations etc. Statistical (or mixing) being the
classical uncertainty on top of the fundamental randomness. This distinction is important when trying to model certain types of
randomness, from the well-known random quantum circuit sampling ideas to quantum pseudorandomness [2]. There are various



approaches to quantifying how well one can approximate true randomness. For the case of “truly” random quantum processes,
often called Haar-random unitaries, this has a well-accepted definition, that of unitary t-designs [3]. Unitary t-designs have a
simple interpretation: if you’re only given access to ¢ copies of a unitary ensemble, they are indistinguishable from Haar-random
unitaries. While their cryptographic interpretation is elegant, they also have a beautiful mathematical structure underneath, that
of designs. Designs have a rich history in mathematics, often called “cubature rules” [4]. In particular, spherical designs and
their connection to platonic solids have long been appreciated as geometric structures. In quantum information theory, unitary
designs have found a multitude of applications, from randomized benchmarking [5—10] and optimal tomography schemes
[11, 12] to classical shadow tomography [13], quantum information scrambling [14], quantum chaos [15], decoupling methods
[16], and even exponential speedups in query complexity [17]. See Ref. [18] for an excellent introduction to Haar measure,
unitary designs and their applications. An intriguing connection that has emerged in recent years is the relationship between
unitary designs and so-called “pseudorandom unitaries” [19].

A. Summary of contributions

This work is written semi-pedagogically, with the intent of bringing together useful results about unitary designs and qudits.
One of the challenges here is that quantum information primitives for qudits often come with their own limitations on the
dimensionality. For example, certain techniques work for prime-dimensional qudits, while certain techniques work for prime
dimensions except two, while others work for prime-power dimensions. Very few work for arbitrary qudit dimensions, which
is the focus of this work. Many of these subtleties about the dimensions are summarized in Table I.

Section I introduces unitary designs, complex projective designs or state designs, and their connections with geometric objects
such as SIC-POVMs and MUBs. We briefly discuss the notion of approximate designs which is not necessarily tied to a natural
group or geometric structure. We focus on exact group designs and representation theory as well as proving some new results
about weighted group designs.

Section II reviews qudits and various notions of the qudit Clifford group, including the Galois-Clifford group. We discuss the
projection lemma that takes a uniform state t-design in dimension d and projects it onto a weighted t-design in any smaller
dimension. We use this to construct families of weighted state 2- and 3-designs in all dimensions.

Section III focuses on experimental platforms for qudits, in particular spin and cavity-QED qudits. We discuss the native gates
in both hardware and how to generate unitary designs from these for high-dimensional qudits. We discuss two results that
highlight the analogy between spins and bosons, namely that just like optical coherent states, spin-coherent states also cannot
form a state 2-design. However, spin-GKP states, like bosonic GKP states, do form a state 2-design.

Section IV focuses on the fact that standard Clifford RB which is ubiquitous in qubit systems does not work for qudit systems
with a dimension that is not a prime-power. To fix this, we introduce a Clifford character RB that treats all qudit dimensions in
essentially the same way. This utilizes the structure of the irreps of the qudit Clifford group.

Section V introduces the notion of fractional t-designs which can be used to quantify the closeness to an exact t-design. The
cyclic group is used as an example of a “half-design”.

Section VI focuses on various applications of these techniques as well as open questions for the future.

B. Unitary designs

We start by defining as “maximally uniform” the distribution of unitaries/states that are distributed according to the Haar
measure (on the unitary group/state space, respectively). Many of the technical results here are commonplace in the theory of
Haar integrals and unitary designs, see e.g., [20] for a wonderful introduction. Let # = C¢ be the Hilbert space of our qudit
system. Recall that the Haar measure y is the unique, group-invariant, normalized measure over the unitary group, U(d). That
is,

w(Ud) =1; and p(VU) = puUV) = u(U) ¥V € U(d),U C U(d). (1)

Suppose we are given an ensemble of unitaries, £ = {p;, U, },, where > p; = 1 is a probability distribution. Then the ¢-fold
J

twirl of the ensemble £ is simply the quantum channel,

()= Yo p U U, @
J



The ensemble £ is a t-design if and only if the action of the twirled channel is the same as twirling over the entire unitary group
with the Haar measure; namely fb(gt) (X) = o) (X) VX € L(H®"). Here,

Haar

) () = /H AUt (U, )
aar

where the integral is over the Haar measure on the unitary group. Definition | below summarizes various equivalent notions of
unitary designs.

Definition 1 (Equivalent ways of defining unitary ¢-designs). An ensemble of unitaries € = {U;} form a unitary t-
design if averaging over them is equivalent to averaging over the full unitary group. This can be expressed in the
following equivalent ways:

E
1. Averages over t copies of the unitary and its adjoint are equal: Z UT®t [ U® g Ut®tdy.

Haar

?l
5
2. Averages over t copies of the unitary channel are equal: % Z tXUT®t = [ U®XU®'qU, where

Haar
X € L(H®Y).

3. Correlation functions of order t are equal: % Xg: (pU®tXUT®t) = [ Tr(pU®XUT®) qU, for all
p, X € L(H®Y). = e

4. Polynomials of order t in the matrix entries u; j and w; ; are equal: % 25: = [ f(U)dU for any such

Haar
Sfunction f;.

With these definitions in hand, we are ready to introduce our metric. Given an ensemble &, the tth frame potential is defined as
[14],

FO = S e [utv)* )

€ vize

t)

Along with the quantum channel, <I>( , let us also introduce the closely related moment operator,

Aey =) pUf* @ U )
J
The frame potential of £ is then simply the squared Hilbert-Schmidt norm of this operator, that is,

D= | Ag2. ©6)

Lemma 1 (Bounds on frame potential). The frame potential for any ensemble of unitaries is lower bounded by the
Haar ensemble, F, é ) > FI({QM
FY =t fort <d.

Haar

Equality is achieved if and only if the ensemble £ forms a unitary t-design. Moreover,

Since F¢ () > FI({QM, their ratio serves as a natural quantifier for the how well an ensemble £ approximates the Haar uniform
ensemble A key property of unitary designs is that a unitary/state ¢-design is automatically a s-design for s < ¢,s,¢ € N. This

allows us to talk about the “maximal” order of a ¢-design with it being implicit that lower orders exist.

There are various closely related notions of the approximability of the Haar distribution. We introduce two important definitions

here. The first is based on the diamond norm distance between quantum channels, @é) and <I>£I;ar As is well-known, the
diamond norm distance quantifies the operational distinguishability of two quantum channels [21]. Therefore, an e-approximate

unitary design is defined as,

H@S) —o® || <e 7

Haar o




Type of designs Qubits (d = 2) Qupits (d = pk, pprime) | Qudits (d # prime-power) |Qunats (CV) (d = o0)
State 1-design B={[0),[1)} [B={[0),[1),---,lp— 1} B={[0),[1), -, [d— D} {In}neno}, {lo)acc}
Unitary 1-group {l,04,04,0:} Qupit Paulis Qudit Paulis D(a) = e*o'—aa

k = 1: stabilizer states

State 2-design stabilizer states k> 1: ? X [25, 26]

orbit of Galois-Cliffords [24]

k = 1: Clifford group
Unitary 2-group Clifford group k>1: X [27] X [25, 26]

Galois-Cliffords [24]

Weighted state 2-design v this work v this work v this work X [25,26]
Weighted unitary 2-group v this work v this work X this work X [25,26]
State 3-design stabilizer states X [24] general d: X X [25, 26]
Weighted state 3-design v this work v this work X this work X [25,26]
Weighted unitary 3-group v X this work X this work X [25,26]
t > 4 group designs |exist fort = 4,5 [3] X [27] X [27] X [25, 26]
Weighted ¢ > 4 groups v X this work X this work X [25,26]
Rigged ¢ > 1, 2 designs v [26] v [26] ? v [26]

Table I: Classification of exact state ¢-designs and unitary ¢-groups for various dimensions. For d < oo, we consider only discrete ¢-designs and t-groups. See the extensive
discussion in Section I C for more details.

A similar definition which is arguably less operational, but equally natural mathematically is to consider the operator norm
distance between the two moment operators. This allows us to introduce a quantum (1), t)-tensor product expander (TPE) as,

HAS,t - AHaaur,if”OO S n. (8)

Given the fact that all norms are equivalent in finite dimensions, one can easily relate the two definitions above. A more
nontrivial result shows how to iteratively use a (7, t)-TPE to generate an e-approximate ¢-design.

Theorem 1 (Iterating tensor product expanders generates unitary designs [22]). A (1), t) quantum tensor product ex-
pander can be iterated { > {1/[log(1/n)]} log (d'/€) times to generate an e-approximate unitary t-design.

The idea behind this construction is to start by taking a TPE with 7 < 1 and iterating it k times, namely, A* = Ao---0Ato
e
times
obtain a n*-TPE. And since n < 1 we have n* < 1 and therefore one obtains a better and better approximation by using the
TPE as a “seed” to generate larger and larger amounts of randomness. However this iterative property is generically true for the
operator norm and not directly for the diamond norm. Similar ideas were used in the seminal work of Brandao et al. [23].

C. Review of unitary designs literature

We briefly summarize some of the key results that are quite “handy” when working with unitary designs for both qubits and
qudit systems. For any dimension d, the generalized Pauli group forms a (minimal) unitary 1-design and so we will rarely
discuss this. The situation is much more interesting for ¢ = 2-designs and above. For multiqubits, the ¢-design situation can



be aptly summarized as “One, Two, Three, Infinity” ' since the only known examples of unitary designs exist for the case
of t = 1,2,3,00. In the sense that either the group of unitaries form a 1,2, 3-design or they form a co-design. The 1,2, 3-
design comes from the Clifford group. As it turns out, any set of unitaries that forms a 4-design is also a universal generating
set (namely these unitaries generate a group containing the special unitary group SU(d)) and therefore it is automatically a
oo-design (as in it forms a ¢-design for any ¢ € N).

For qudits, the situation is either 1,2, 00 or 1, 0o depending on the dimension. The binary classification is as follows: (i) for
prime-power dimensions (namely d = p", i.e., n “qupits””), the Clifford groups form a unitary 2-design. Or one has groups
that are universal and hence co-designs. (ii) For non-prime-power dimensions (e.g., d = p®¢®), the Clifford group only forms
a 1-design. As a result, for arbitrary qudit dimensions, we do not even have an exact unitary 2-design.

We also briefly remark on the situation of continuous groups (this is summarized in Theorem 5). One can show that continuous
subgroups of the full unitary group come in only two varieties, they either form af most a unitary 1-design or they are universal
and hence form a unitary co-design. It is worth highlighting a particular case of this observation, for G C U(d) the compact
symplectic group. For any initial state |)), the orbit {U |¢) : U € G}, with weighting given by the Haar measure on G, is a
state t-design for all t > 1 [28]. However, the symplectic group is not universal as a group of unitaries, so Theorem 5 implies
that GG is not a unitary ¢-group for ¢ > 2. This demonstrates the divide between unitary ¢-groups and state ¢-designs: although
orbits of a unitary ¢-group are state ¢-designs, state t-designs do not necessarily give rise to unitary ¢-groups.

All these results can be summarized as follows: for qubits, the only nontrivial example of a family of unitary ¢-groups is the
family of Clifford groups, which form at most a 3-design. For qupits, the Clifford group forms at most a 2-design. And for
arbitrary dimensional qudits, one only has nontrivial unitary 1-groups. While sporadic groups exist, we eventually run out of
them, and the colloquial statement above holds for families of unitary ¢-groups.

In Section I'1, we observe that weighted versions of unitary ¢-designs do not give “new” designs, in the following sense. Let S
be a set of unitaries, and let G be the closed group generated by S. If any weighting of S gives a weighted unitary ¢-design, then
G is in fact an unweighted unitary t-group (see Theorem 2). Thus, in Table I, the existence of (non-universal) weighted unitary
t-groups corresponds precisely to the existence of (non-universal) unweighted unitary ¢-groups. Further, we see that even sets
S of unitaries forming unitary ¢-designs are highly restricted, since the corresponding group G must be an (unweighted) unitary
t-group. Then (as stated in Corollary 1), if ¢ and d are such that there is no nontrivial unitary ¢-group in U(d), the search for
(exact) unitary t-designs is equivalent to the search for universal generating sets. In such a context, the more interesting notion
is that of approximate unitary t-design. Approximate designs often correspond to families of bounded-depth unitary circuits.
These are generally universal generating sets as well, but the focus of the literature here is on how closely one can approximate
a t-design using random circuits of the relevant type with a given depth. The state-of-the-art here is that unitary 2-designs on
n-qubits can be obtained in logarithmic-depth. More precisely, the depth is O(t¢poly (log(t)) log(n)) [29] for a unitary ¢-design
on n qubits, which provides an exponential improvement over the previous estimate of O(¢n) in [30]; which itself was an
improvement over the original estimate of O(t?>n!%) [23].

D. Complex projective designs or state designs

One can borrow the notion of uniformity from the unitary group to quantum states. Let the “maximally uniform” set of quantum
states be the ones that are Haar-uniformly distributed. I.e., the distribution generated by starting from an arbitrary (but fixed)
state |tpg) and applying Haar-random unitaries to it, i.e., {|¢y) := Ultpo)},U € U(d). Note that this distribution is unitarily
invariant and hence does not depend on the choice of the fiducial state |1)g). Strictly speaking, one is interested in the projective
representation, namely, we will work with rank-one projectors [¢) (1| (rays in the Hilbert space) as opposed to vectors in H. In
this sense, it is more accurate to think of these as complex projective designs [31].

Then consider Eppaar (|90)(1])¥", i.e., the average over t-fold tensor product of Haar-random states. Note that this is equal
to some linear operator in £L(H®?). For ¢t = 1, this is simply the maximally mixed state I/d and for ¢ = 2 is equal to
——— (I +S), where S is the swap operator. For a general ¢, we have the formula,

d(d+1)
1
Ettaar ([9)(0])®" = mem, ©)
t
where Ilgy,, is the projector onto the symmetric subspace. Note, Igy,, = % > W, with S; the permutation group for ¢
TES}
elements and W, is a permutation operator. That is, consider 7 € S; such that, 7 = (7(1),---,m(¢)) is a permutation

! From George Gamow’s One Two Three... Infinity: Facts and Speculations of Science.
2 Credits to Daniel Lidar for introducing us to this term.



of ¢ objects. Then, Wrlth1, %2, -+ ,¥s) = [thr1), Yr(2), > %r@))- The Welch test provides a simple criterion to see if a
collection of states forms a t-design, summarized in the following theorem.

.

Definition 2 (Welch test for weighted state designs). An ensemble of quantum states, £ = {w;, |1;)} forms a weighted
t-design if and only if [31]

I€] o 1
ZWWMMszﬂ- (10)
J,k=1 t

For t = 1,2, the RHS gives us 57 ﬁ, respectively. It is easy to show that tensor product of complex projective t-designs

only form a ¢-design for the case of ¢ = 1. This follows from the observation that state 1-designs are simply an orthonormal
basis and therefore their tensor products from a small space generates a basis for a larger Hilbert space. In contrast, state
2-designs necessitate entanglement, and therefore cannot be obtained by simply tensoring smaller designs.

Lemma 2 (Bounds on the cardinality of weighted unitary designs). In [/2, Corollary 20 & Theorem 21], the following
bounds on the size of weighted unitary t-designs were established,

€l = D(d, [t/2], [t/2]),
with equality only if € is a unitary t-design. And, for any t, d there exists a weighted unitary t-design with cardinality,
I€] < D(d,t,1).

Here, D(d,r,s) are the sizes of irreducible representations of U(d) in CI®" @ C*¥®5. Using Theorem 7 of [12] we
have that D(d,r,s) = ZW‘:T*S’W‘HST du2 where the sum is over nonincreasing, length-d integer sequences | and

_ Bi—pi+j—i
dy = H1§i<j§d =

E. Rigged designs

For finite-dimensional systems, the “rigged ¢-designs” introduced in Ref. [26] can be simply thought of as “measurement ¢-
designs”. For infinite-dimensional systems, the use of the rigged Hilbert space becomes necessary but the ideas simply for the
finite-dimensional qudit systems we are interested in. Especially if we focus on a “hard cutoff” for bosonic modes.

A set of operators {1/ }; form a POVM if and only if they are positive semidefinite and sum to the identity, namely,

0 < M; <Tand ZMj:H. (11)
J

Just as (uniform) state designs can be obtained as the orbit of an arbitrary state under the elements of a (uniform) unitary
design, the same applies to measurement designs. Let £ = {U;}; be at > 1 unitary design. And define M; := U; MU ; as the
elements of a set M = {M}; with M > 0. Then,

1 1 I
—SN"M; = =N U,MU! =Tr[M] -, 12
|5| ; J ‘5‘ ; J i I‘[ ] d ( )
where we have used the 1-design property of £. If we renormalize each M; as

d
M
then the set M forms a POVM. For this renormalization, we assume that 0 < Tr [M] < oo that is, the initial operator M is
both traceclass and has a nonzero trace. Two trivial examples here include: (i) M = I which generates trivial POVM elements
(in the sense that these measurements do not extract any information from the state) and (ii) M = |¢){(«| which is equivalent to
using elements of a state design as the elements of a POVM. Here choosing £ to be a 1-design such as the Pauli group elements
would be akin to reducing the POVM to a set of projective measurements (since the elements of M are mutually orthonormal).
If £ is t > 2-design then the elements are not orthonormal (every unitary 2-design must have > d elements) and therefore they
form a proper POVM (and not just a projective measurement in disguise).



Therefore, by starting from a single nontrivial positive semidefinite operator M with 0 < Tr [M] < oo and “evolving” this by
elements of a unitary design, we have generated a POVM. Going back to the “rigged ¢-designs” introduced in Ref. [26]; for
finite-dimensional Hilbert spaces we can think of them as “measurement ¢-designs”. Namely, they are POVM elements that
can generate the unnormalized symmetric projector. Notice that any rigged ¢t > 1 design is a rigged ¢ = 1-design. For ¢t = 1
this reduces to the set of states |x) to be such that,

/\x><xldu(x) oc IL (13)

Since the projectors satisfy 0 < |x){x| < L, by renormalizing the measure appropriately, we get a set of (possibly continuous)
POVM elements. Moreover, thinking of rigged ¢-designs as generalized measurements also allows us to construct them directly.
For example, it is easy to see that any state ¢-design can be used to generate a rigged ¢-design.

F. SIC POVMs and MUBs

The original theory of frame potentials originates from quantum states, in particular the study of symmetric, informationally
complete (SIC) POVMs. A SIC is a collection of d? unit vectors in a d-dimensional Hilbert space, that are “equiangular,” in the
sense that,

1

|<¢j|¢k>|2:m, 1<j,k<dandj#k. (14)

Recall that a set of operators form a POVM iff 0 < M; < T and Z;nzl M; = 1. Informational completeness is the statement
that the POVM elements form a basis for the operator space, i.e., span{M;} = L£(#) and as a result, any density matrix can be
written as a linear combination of them. The symmetry corresponds to the fact that the Hilbert-Schmidt inner product between
the POVM elements is symmetric, Tr [M; M) = ¢ Vj # k.

As an example, let us consider the qubit case. Here, the eigenvectors of the Pauli operators,
1YL L)L ) [=) (= |+ ay (i, | = i) (=il

with a prefactor of % forms an informationally (overcomplete) POVM. In order to generate a minimal IC-POVM, we can instead
choose the set,

{10) O], ) ([, [+ ) (el [ (U 4+ [ =) (=] + [ = ) (=}

single POVM

In contrast, an example of a qubit SIC-POVM is given by the following (nontrivial) set of states,

1 2 1 2 e 1 2 e
{|0>,\/§|0>+\/g|1>7\/§l0>+\/;€ : 1>,\/§|0>+\/Q 1)}

These states form a regular tetrahedron inside the qubit Bloch sphere, which is reminiscent of their equiangular structure.
Mutually Unbiased Bases.— Let H = C? and B, B be two (different) orthonormal bases for H. Then, B is mutually unbiased
with respect to B if and only if
-2 1 - .
|(wilde)| = = VIs) € B,1w) € B. (15)

An immediate consequence of this definition is that given a state |¢);) € B, measurements in the basis B yield an unbiased
estimator of the state. In the case of a single qubit, the computational basis is mutually unbiased w.r.t. the eigenvectors of both
Pauli 0, and o,. For any qudit, given an orthonormal basis, one can generate a MUB by applying a (discrete) quantum Fourier
transform.

Lemma 3 (Equivalence of state designs, SIC-POVMs, and MUBs [32]). For any d-dimensional Hilbert space, the
following equivalences hold.

1. SIC-POVMS form a (derandomized) state 2-design, and

2. a collection of d + 1 MUBs form a state 2-design.



G. Approximate versus exact designs

A seminal work of Brandao et. al. showed that local random quantum circuits generated in a brickwork fashion from 2-local
Haar random unitaries of depth poly (¢) form an approximate ¢-design [23]. More recently, it was shown that [33] inserting
O(t*log?(t) log(%)) many non-Clifford gates (e.g., T-gates) is sufficient to transform a random Clifford circuit into an -
approximate t-design. While there has been an extensive amount of work on the generation of ¢-designs in brickwork circuits
(also known as random quantum circuits, local random circuits, etc., see Ref. [34] for a recent review), the structure assumed
in these circuits is not well-suited for our purposes. For example, these circuits typically assume the ability to perform 2-qubit
Haar random unitaries on any pair of qubits; which amounts to a 4 x 4 random unitary. In contrast, we are interested in say, a
qudit of local dimension d = 16 (e.g., in this high-spin donor qudit architecture [35]) and keeping the same structure amounts
to assuming the ability to “easily generate” a 16 x 16 random unitary. Namely, as we increase the local Hilbert space dimension,
assuming the ability to perform local random unitaries is a nontrivial assumption on the quantum computing architecture.

As a result, we would instead like to focus on a different approach, one followed in Refs. [22, 36], summarized below. Since
our primary focus here is on a single qudit, this is a more natural construction for us. E.g., as we will argue below, we would
like to perform random diagonal unitaries in two different bases and understand how fast they converge to a t-design.

It is worth mentioning that in Ref. [36] the authors introduce a “diagonal unitary design,” namely, unitaries that can approximate
the uniform distribution over diagonal unitaries in a fixed basis B. This is not the usual unitary designs that are discussed in the
literature which are aimed at approximating Haar random unitaries. In Ref. [22] the authors introduce a method to alternatively
apply random unitaries from MUBSs to generate approximate 2-designs.

H. Unitary designs and representation theory

In this section, we will review the connection between unitary ¢-designs and representation theory. These connections have
previously been discussed, for example, in Refs. [3, 37, 38] and Ref. [39] by a subset of the authors. We will consider a (finite
or compact) subgroup G of the unitary group U (d), and the corresponding ensemble £ whose unitaries are the elements of G,
with weights 1/|G| in the finite case or determined by the Haar measure in the (infinite) compact case. For convenience, we

refer to the corresponding frame potential as Fg ). We briefly review some standard representation-theoretic concepts before
stating the result.

A representation of a group G is given by a pair (p, V') of a vector space V and a group homomorphism p : G — GL(V). A
representation is often referred to by the vector space V' alone, especially if the map p is understood from context. An important
example is the natural representation of a matrix group G C GL(d) on C? by matrix-vector multiplication; formally, the
natural representation corresponds to the pair (1, C?) where I is the identity map on G. We generally refer to C? as the natural
representation of GG without specifying the homomorphism p = I.

Two representations (p1, V1), (p2, Va) are equivalent if there exists a linear map ¢ : V4 — V5 that is an isomorphism of vector
spaces and commutes with the group action: that is, for all v; € Vj and g € G, ¢(p1(g)v1) = p2(g)$(v2). This is the relevant
notion of isomorphism for representations, and (when the maps p1, p2 are understood) we write V7 = V5.

Given a representation (p, V') of G, a subrepresentation is a vector space W C V such that, forall g € G and w € W,
p(g)w € W. This is a new representation of G, defined by (p’, W), where p'(g) = p(g)|w. Similarly, given two groups
G1 C G5 and a representation (p, V') of the larger group G2, we obtain the restricted representation of the smaller group G
as (p|lg,, V), where p|g, (9) = p(g) is simply the restriction of p to Gj.

Given two representations (p1, V1), (p2, Vo) of G, we may form the direct sum representation (p, V') where V.=V, ® V5 and,
forg € Gandv; € V;, p(g9)(v1 ®va) = p1(g)v1 ® p2(g)ve. We also have the tensor product representation, with V.= V; @ V3

and p(g)(v1 ® v2) = (p1(g)v1) @ (p2(g)v2).

A representation (p, V') is irreducible if it has no nonzero proper subrepresentations: in other words, if W C V' is a subrepre-
sentation, then W = 0 or W = V. The term “irreducible representation” is often shortened to irrep. A representation (p, V') of
G is completely reducible if it decomposes into a direct sum of irreps: V = W7 & Wy @ - - - & Wy, where each W is an irrep
for G. Typically we are only concerned with such decompositions up to equivalence, writing V' = @, Vl@”i, where each V; is
irreducible, V; = V; iff i = j, and n; is called the multiplicity of the irrep V;. For the groups of interest to us here, specifically
finite and compact groups, every finite-dimensional representation (p, V') is completely reducible.

To connect this theory to ¢-designs, we now consider a vector space V = C?, with U(d) the corresponding unitary group. As
discussed above, we have the natural representation (7, V) of U(d) on V, where 7 is simply the identity map. This representation
T is in fact irreducible. We then take the tensor product of ¢ copies of the natural representation, determining the tensor product
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representation (or diagonal representation) (t¢,V®*), given by 7/(U) = U®*. This has a decomposition into irreps for U (d),

Vel = Qe (16)

where, as above, each V; is irreducible and V; = V} iff i = j. One can show that the frame potential is precisely equal to the

sum of the multiplicities in (16): Flgilr = >, ni. In other words, the frame potential is equal to the total number of U (d)-irreps

of V¥, counted with multiplicity. For t = 1, V is already irreducible, as mentioned above, so Fl_(lﬂr = 27 n; = 1. For
t = 2, V®2 decomposes into a direct sum of two inequivalent irreps, namely the symmetric and anti-symmetric tensors, so

B =n =2

Haar

Now let G be a (finite or compact) subgroup G C U(d). The representation V®? restricts to a representation of G, which

then has its own decomposition into irreps for G. Generalizing the above, the frame potential F; C(f ) is equal to the total number
of G-irreps of V®¢, counted with multiplicity. (This connection may be proven by expressing the frame potential as an inner
product of group characters.) Then by Lemma 1, we obtain the following well-known result (see e.g., Theorem 3 of Ref. [3],
Proposition 3 of Ref. [37], or Proposition 34 of Ref. [38]):

Proposition 1 ([3, 37, 38]). Let G C U(d) be a (finite or compact) subgroup of the unitary group. The following are
equivalent:
1. G is a unitary t-design.
2. The t-copy diagonal action of G, denoted as T¢(G), decomposes into the same number of irreps as the t-copy
diagonal action of U (d).
3. 78(G) has the same commutant as 7 (U (d)).
4. FY = Y

Haar*

\. J

Therefore, checking if a subgroup of the unitary group forms a ¢-design reduces to understanding its representation theory. In
particular, GG is a 1-design if and only if V is an irreducible G-representation, and G is a 2-design if and only if V ® V has
exactly 2 irreducible G-subrepresentations (corresponding to the symmetric and anti-symmetric subspaces).

I. Weighted unitary t-designs

In Sections I B and I D above, we discuss (unweighted) unitary ¢-designs and weighted state ¢-designs respectively. Here, we
consider the case of weighted unitary t-designs £ = {wy, U }yes [12], especially focusing on the case where S = G is a
group. Ref. [40] considers the case in which the weights wy; arise from an irrep of G, referring to them as “twisted unitary
t-groups” and using them to construct quantum codes. However, the weighted ¢-designs obtained in this way do not give “new”
orders of design: Lemma 4 of Ref. [40] implies that if £ = {wy, U}pec is a twisted unitary ¢-group, then G is an unweighted
t-design. This is not related to the assumption that the weights are representation-theoretic: as we will show shortly, a similar
result holds in general.

We now give the definition, a direct generalization of Definition | Part 2. (Recalling the twirling notation of (2).)

Definition 3. [/2] Let £ = {wy, U }yes be a weighted ensemble of unitaries in U(d). £ is a weighted unitary ¢-design
if, for all X € L(H®Y),

2f)(X) = &,

Haar

(X). 17

For convenience of notation, we modify the twirling notation used above, writing @g)w (X) =Y pes woUT® XU, We omit
the weighting from the notation in the unweighted or Haar cases.

In the unweighted case, <I>(Gt) is the projection onto L (H®?), the G-invariant elements of £(H®?).

We note that we may always trivially extend S to a larger set, taking wy = 0 for the newly added unitaries. In particular, let G
be the closed group generated by S, which is either a finite group or a continuous compact Lie group. (If S generates a finite
group, that is G. Otherwise, if S generates an infinite subgroup of U(d), its closure must be a continuous Lie subgroup G.)
Thus we may always think of weighted ¢-designs as corresponding to some finite or compact group G.
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Theorem 2. Let & = {wy, U}yeg be a weighted unitary t-design, where G is a closed subgroup of U(d). Then G is
an unweighted t-design.

Proof. We prove the contrapositive: assume that the group G is not an unweighted ¢-design. We will prove that no weighting
leads to a weighted ¢-design. We note that L (H®?) D Ly () (H®?). By the assumption that G is not an unweighted ¢-design,

this must be a strict containment (or else the two projections would be equal), so there exists X € L£(H®?) with (Dg) (X)=X

and @g%d)(X) # X. Then for any weighted ensemble £ = {wy, U }yeq, we have
B, (X) = 3 wy(UOHYTAU® = 3" wyd = A+ ), (X). (18)
veG veG
By Definition 3, £ is not a weighted unitary ¢-design. |

Therefore, for a group G that fails to be a ¢-design, we will not be able to “salvage” it into a weighted ¢-design. If our goal
is to produce higher orders of unitary ¢-design than possible in the unweighted setting, we must necessarily use a universal
generating set:

Corollary 1. Suppose that d and t are such that there exists no non-universal, unweighted, group t-design in U(d). If
& = {wy,U}yes is a weighted unitary t-design, then the corresponding group G (the closure of the group generated
by S) is universal.

Proof. By the discussion above, we may trivially extend £ to a weighted unitary ¢-design on G. Theorem 2 then implies that G

is an unweighted unitary ¢-design. By the assumption, G is universal. |
Ref. [41] introduces the notion of generalized group t-designs, in which we have a sequence (Gy, ..., Gy) of groups, and we
require a certain weighting on the set of products {g; - - g¢ : g; € G;} to give a unitary ¢-design. Equivalently, (G1,...,Gy) is

a generalized group ¢-design if and only if

o), = 85 - 2. 19
By Corollary 1, if we have a generalized group t-design of a “new” order ¢ (higher than obtainable with unweighted group
t-designs), then the closed group G generated by the G; must be universal. This approach is useful, however, as it allows
one to apply representation-theoretic tools in a more general context (extending those of Section I H). For example, Theorem
1 of Ref. [41] gives a method for constructing generalized group ¢-designs using the representation theory of the groups G;.
Such designs naturally lead to convenient, finite-length quantum circuits for sampling from ¢-designs: simply sample a random
unitary from Gy, then Gy_1, etc. Note this sampling is unweighted as long as we sample from each G; independently; the
weighting given in Ref. [41] is only necessary if we want to view the ¢-design as sampling from the set of products {g; - - - g¢ :
gi € G;} (which could have fewer than |G| - - - |G| elements).

II. QUDITS

Qudits are d-dimensional quantum systems whose states can be manipulated for quantum information processing [42]. The
Hilbert space is # =2 C¢ and we denote as B = {|j) }?;3, a canonical basis for this space. For qubit systems, the Pauli matrices
form a unitary and orthonormal basis for the space of operators, I, X, Y, Z. For the case of qudits, one can define generalized
Paulis, sometimes called the “clock and shift” matrices (as will become clear from their action on the canonical basis). These
carry a representation of the Heisenberg-Weyl algebra and in this sense are a discretization of the unitary translations generated
from the position and momentum operators. We will interchangeably refer to the qudit Pauli elements as either Paulis or
Heisenberg-Weyl group elements, where it is understood that they are the same object.

We will often denote the generalized Paulis with a subscript d to emphasize that they are a qudit Pauli and not the standard
qubit Paulis to avoid any confusion. Note that for any d > 2, an orthonormal basis of operators for £(#) can either be unitary
(like the qudit Paulis below) or Hermitian (like the Gell-Mann basis), but not both. With this in mind, the qudit Pauli generators
are the unitaries defined by

Zylj) = w|j), w=eT, (20)
Xalj) =17 +1), 1)
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where the kets are indexed by integers modulo d. For a single qudit, we let
Py= (X370 :i,j € Za} (22)

be the group generated by X, and Z; modulo phases, which we call the Heisenberg-Weyl or Pauli group. We note the d?
elements of P, are an orthogonal basis for £(?). The generators satisfy (Xd)d =1 = (Zd)d and X7, = w1Z2,X,.
The latter is reminiscent of the commutation relations of the (translation operators associated with) position and momentum
operators and generalizes to [43]

(X;’Zf;) (X528) = whs=it (X325) (X;'Z];) . (23)

A. The qudit Clifford group

Given the qudit Pauli group P4, we can define a qudit Clifford group as its normalizer. Namely,
Clg={U € U(d) | UPU" € Py ¥P € P4}/U(1), (24)

so that conjugation by Cliffords takes Paulis to Paulis (modulo phases). Note that we define the Clifford group modulo U (1) to
obtain a finite group, by avoiding global phases. One may, of course, extend the Pauli and Clifford groups to multiple qudits as

well; we refer to those groups as Pén) and Clé”) respectively.

The qudit Pauli group forms a unitary 1-design in all dimensions d € N, which follows from the fact that they are an orthogonal,

unitary basis for £(7{). Recall that the multi-qubir Clifford group Clé") is a 3-design [20]. The story for qudit Clifford groups

is more complicated: for d > 2 prime, the Clifford group Clé”) is only a 2-design. If the qudit dimension d is composite, then

C’lg”) as defined here is only a 1-design. However, for d = p* a prime power, one may define modified Pauli and Clifford
groups, with phase structure coming from the finite fields of order p*, and those are 2-designs [24]: see Section II B.

We now recall the symplectic characterization of the qudit Pauli and Clifford groups for general d. Since the case of composite
d is rarely discussed, we go into detail here, but restrict to the case of a single qudit for simplicity. We may identify Py

with vectors in Z2 by the correspondence X*Z7 < (z j) . The exponent in the relation (23) above then corresponds to a

symplectic form f on Z2:

J s 0 -1 s )
f , = (j k) — ks — jt. (25)
k) \t 10/ \¢

We now consider how the Clifford action translates to the symplectic setting. By definition, the Clifford group Cl; permutes
the Paulis in P, by conjugation: this action is fully (and linearly) determined by the images of X and Z, so we may map the
Clifford action on Py to 2 x 2 matrices over Z,4. The Clifford group may not arbitrarily permute X and Z, however, as it must
preserve the relations (23). In particular, the appropriate matrices M must respect the symplectic structure, meaning we must
have f(Mv, Mw) = f(v,w) for all v, w € Z2. Then M must satisfy

(0 -1 0 -1
M M= , (26)
10 10
or equivalently
w X
det(M) =wz—zy=1for M = . (27)
Yy z

Then we may think of the image of the Clifford group Cl, as either Sp2(Zg) or, in this single-qudit case, S Lo (Zg). (Note there
are no issues with invertibility, despite Z, not being a field in general, since we only consider matrices with det(M) = 1.) In
summary, we have

Lemma 4. The conjugation action of Cly on Py is equivalently described by the multiplication action of Sps(Zq) =
SLy(Za) on Z3. We have the group isomorphism Claq/Py = Spa(Za).
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B. The qudit Galois-Clifford group forms a unitary 2-design

In the present work, we are mostly concerned with the “standard” qudit Clifford group Cl; defined above, namely which arises
as the normalizer of the group generated by the “clock and shift” matrices X4 and Z;. However, there also exists a different
definition of the Clifford group, sometimes called the Galois-Clifford group, see Ref. [24] for an excellent exposition. It is
important to note that the Galois-Clifford group forms a unitary 2-design for all prime-power dimensions while the “standard”
qudit Clifford group does not [24, 44].

For the rest of this discussion, we let p be a prime and take d = p*. We focus on the projective Clifford group (i.e.., modulo
phases). There exists a field F; of order d, called a Galois field. As an additive group, it is isomorphic to IF;‘?"’. Thus we will
view Fy as a copy of IF;?’“ with a nontrivial multiplication operation. We will index the basis for our Hilbert space H = C¢
by elements of [F; rather than Z;. We let x be a nontrivial additive character, a group homomorphism from F; (viewed as an
additive group) to C. We then define the “Galois-Pauli” operators as follows (the analogue of the Heisenberg-Weyl Paulis): for
u,x,z € Fg,

X(2) |u) = Ju+2),
2(2) [u) = x(zu) Ju)

This naturally induces a variant of the Pauli and Clifford groups: let GP; be the group of (projective) unitaries generated by

the X (z) and Z(z) modulo phases, and let GC be the group of (projective) unitaries normalizing GP;. (Alternatively, one
can work non-projectively by choosing the phases very carefully, as in Ref. [24].)

The Galois-Clifford group GCy is a subgroup of GCy, chosen so that GCy /GP; = Sps(Fy), through a homomorphism
similar to the one discussed for Cl,; above. This is the essential distinction: on the relevant Pauli groups, GCy acts by Spa(Fg),
whereas Clg acts by Sps(Zg). In particular, when d = p is prime, these constructions are all equivalent and we have GC,, =

GC, = Cl,.

One may carry out similar constructions for multi-qupit systems. Letting GCy,,, be the Clifford group for m d-dimensional
qudits, there is a natural embedding

GCh = GClp o,

and in fact aé’pk,m = GCpem = Eépm [24]. The distinction between “which Clifford group” to choose in the qudit case
has been the source of confusion about the (non)existence of unitary 2-designs, e.g., in Refs. [45, 46].

C. Exact qudit designs: the Wootters and Fields construction

While (unweighted) unitary designs exist for all ¢,d € N [12], explicit examples of these are only known in special cases. It
is, a priori, entirely unclear how one would go about searching for them. This is where the connection to group-theory has
been quite successful. By utilizing the representation theory of certain groups and leveraging character tables, a systematic
classification of unitary designs in various dimensions was obtained in [27]. For quantum information, the main takeaway from
this classification is that for all prime-power dimensions, the Clifford group forms a unitary 2-design. In fact, the only known
family (as a function of the dimension) of unitary designs for ¢ > 1 is the Clifford group.

The respite offered by group-theoretic methods is both a boon and a bane. For e.g., the results of [27] also tells us that so-called
“unitary ¢-groups” do not exist for non-prime-power dimensions such as d = 6,10. Of course one can always find sporadic
groups for these dimensions, but we run out of them as well. As a result, it is not obvious how to perform quantum information
primitives that rely on the unitary 2- or 3-design property such as RB and classical shadow tomography. Our weighted unitary
2- and 3-designs allow one to circumvent these issues. We summarize in Table I, known families of qudit unitary and state
designs.

In Ref. [47], Wootters and Fields introduced the following set of states (following the notation in Ref. [26]),

d—1 .
1 P
g1, q2) = 7 n;) exp “ﬂ (qin + g2n?) | |n) (28)

For each g2 € {0,...,d — 1} itis easy to show that {|¢1,¢2) | ¢1 € {0, ...,d — 1}} forms an orthonormal basis. Moreover, if
d is prime, then the d? states above, along with the computational basis form an exact 2-design; and also a set of d + 1 MUBs.
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In Ref. [26], the authors generalized the discrete set of states here to a continuous design for an infinite-dimensional (separable)
Hilbert space. They introduce the non-normalizable states,

10, &) : \/7 Z exp [i (n + ¢on?)] |n). (29)

n€Np

They go on to show that the Fock basis for H along with the states {|6, ¢)} which are now continuously parametrized, when
integrated over 6, ¢ form a “rigged 2-design”. More formally, let I := % (I +S) be the symmetric projector on H?, then,

-3 (Z |n><n®2> /d<z>/de (16, 6) (0, 6)? (30)

n€Ng

—T

One of the key results of our work stems from the observation that, the (continuous set of) states above, when appropriately
redefined for a finite d-dimensional Hilbert space, form a weighted 2-design for any d € N. Perhaps even more importantly,
this finite-dimensional construction does not suffer from any of the issues that arise in the infinite-dimensional case, which is
what led the authors of Ref. [26] to introduce rigged ¢-designs and so on.

d—1

More formally, let H =2 C? be an arbitrary finite-dimensional Hilbert space with B = {|n)}%_{, an orthonormal basis (which

we refer to as the ‘Fock’ basis). Define the ‘phase’ states (w.r.t. the Fock basis) as,

Zexp (6n + ¢n?)] |n), 3D

where 6, ¢ € [—m, 7). Then the Fock states along with the phase states form a weighted 2-design for 7. We summarize this in
the following observation.

Proposition 2. The following ensemble of states forms a continuous weighted state 2-design for any finite-dimensional
qudit.

1 d—1
== |n><n|®2> de [ do (|6, )(0,¢|)*? (32)
(S o)+ Juo ]

—T

Notice that, unlike the projector in the infinite-dimensional case, Eq. (30), we have a prefactor of d?/2 in front of the phase
states. This is the reason why the states above form a weighted 2-design and not a uniform 2-design.

D. Generating weighted state designs from uniform designs

In Ref. [37], the following informal theorem was implied: Given a (uniform) ¢-design, £ = {|+;)} in d-dimensions, it induces
a weighted t-design for all d < d. Define the ensemble £ as,

E={uy, [¥;)},  |y) = [vj) and ;= [ Plyy)]| . (33)

||P|%>||

Here, P is a projector onto V C H, a d-dimensional subspace of H. Then, Eisa weighted ¢-design. Unfortunately, the above
claim is false. We provide a simple modification to fix this issue’.

3 To the best of our knowledge, the first such construction was observed in Ref. [37]. However, the result as stated there has typos/mistakes. The authors
independently realized how to (simply) fix this but would like to point to the original (yet unpublished) paper. In particular, the authors would like to thank
Huangjun Zhu for private communication on this topic.
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Theorem 3 (Weighted state designs via projections [37]). Given a uniform state t-design, £ = {|1;)} in a ¢-
dlmenswnal space, it induces a weighted t-design for all d < q. The weighted state t-design can be obtained as

{w]a |¢J>} where,

15) = gy EI¥) s = ¥ I and v = G4)
Z 1Pl 1
A simple calculation reveals that the chosen weights cancel out the normalization of the new states |w~3> eV, ie,
€] o 1 €]
DBl (W] = D (Pl (s P)*". (33)
=1 2 1Pl =

Now it remains to be shown that this is equal to the symmetric projector on V®?. Let us see how this works for the case of t = 1,
the generalization to larger ¢ is straightforward due to multilinearity. For ¢ = 1, let us consider a uniform 1-design for /. Of
course we can choose a ¢ > 1 design but this is sufficient for illustrative purposes. Since any orthonormal basis of H suffices to

form a 1-design, we have |€| = d and Z‘g‘ 1) (| = 1. As aresult, Eq. (35) simplifies to, Zlgl Pl;)(1;|P = PIP = P.
But notice that P|y = Iy that is, the projector restricted to the subspace V is simply the identity operator on the subspace. The
normalization can be simplified as

€] €]

Z 1Pl I* = > Te[Play) (4| P] = T [P] = d. (36)

j=1
Therefore, the RHS of Eq. (35) is equal to P/ d as expected.

An immediate consequence of this projection formula is that it immediately allows for qudit 3-designs in arbitrary dimensions.
This follows from the fact that multiqubit Clifford group forms a 3-design and choosing a projector onto the d < 2"-dimensional
subspace.

E. Exact weighted 2-design in arbitrary dimensions

Notice that this is one of the few cases where a 2-design is generated by states that do nof come from the (orbit of the) Clifford
group. Let us try to construct an example. Let p > 2 be an odd prime. Then, the Wootters-Fields construction gives us a
2-design in every p-dimension. The elements of this ensemble are,

-1
E={]0),[1),-,|lp— D} U{|a, q2>}51,q2:07 (37)
with |€] = p(p + 1). Since the projector in the Theorem 3 above is completely general, we can simply choose it to be of the

d-1
form, P = > |n)(n|, where d = dim(V), d < p is not necessarily prime. This allows us to formulate the following result.
n=0

Theorem 4 (Exact weighted state 2-design in any qudit dimension). Let p,d € N and p > d be an odd prime. Then the
following ensemble forms a weighted 2-design for every qudit dimension d.

E={0),[1),---,|d—=1)} U {|9 &) }o,4, where |0 c Zexp [ (On + ¢n )] [n), (38)

and 0,6 € {0,1,--- ;p—1}.

Note here that §, ¢ € {0,1,--- ,p— 1} so we still have p? such elements. That is, the size of this ensemble is p*> +d > d(d+1)
and in general is not the optimal ensemble. The number of extra elements (on top of the optimal bound) is p? — d2.

The weights associated with this ensemble are,

1 d

m and  Wphase = m (39)

WFock =
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As an aside note that this means that in any truncated Fock state simulation, we always have access to a ¢ = 3 design and do
not need to use the rigged design construction of [26].

1. Example of weighted state 2- and 3-designs for d = 6.

The smallest dimension where the unitary ¢-group structure restricts the existence of a design is d = 6, although, this is one of
those cases where there exist “sporadic groups,” and therefore d = 6 does have a unitary group 2-design but not a unitary group
3-design [27]. Nonetheless, we can construct explicit examples of weighted 2- and 3-designs. For the 2-design case we simply
list the states from the rigged design scenarios. For the 3-design case, we construct them from the Clifford group for d = 23.
Notice that the Clifford group (and hence stabilizer states) form an exact multiqubit 3-design in dimensions 2™ [20, 37, 48].
Constructing weighted 3-designs can become nontrivial since the number of stabilizer states for n qubits grows exponentially
as 2(n+t1(n+2)/2 [49] and one needs to compute inner products between these states and the projector to use the projection
lemma. However, since one can efficiently estimate the inner products between stabilizer states [50], we can easily construct
weighted state 3-designs in any dimension d, albeit not in an optimal way.

III. PRACTICAL APPLICATIONS
A. Spin-coherent states and the manipulation of high-spin nuclei

Here we briefly introduce the framework of spin-coherent states (SCSs) following the excellent reference (modulo some typos)
[51]. A variant of the discussion here can also be found in the supplemental material of Ref. [52] by a subset of the authors. We
will focus on a (25 + 1)-dimensional Hilbert space, H s which can host a irreducible representation of SU(2)*. That is, we need

a irreducible representation of the Lie algebra su(2) defined by the generators, {S'z, S’y, S’Z} and the canonical commutation
relation,

[82.8,] = 5., (40)

and cyclic permutations thereof. The Casimir operator 5* = S2 + S 4+ 52 = S(S + 1)I commutes with all elements of the
Lie algebra. Recall that the Hilbert space is spanned by the (simultaneous) eigenbasis of 2, 5,, i.e.,

HS:SpaH{|S,m> ‘mzfsv 75}7 (41)
§%18,m) = S(S +1)[8,m) (42)
SZ‘Sa m> = m|Sv m> (43)
The raising and lowering operators act as,
S418,m) = /(S —m)(S +m+1)[S,m + 1) (44)
S_1S,m) =/ (S+m)(S—m+1)|S,m—1) (45)

The phase space is SU(2)/U(1) = 52, i.e., the Bloch sphere. Let us define the displacement operator as

D(0,¢) = exp g (eicﬁs_ — e_wS_,_) . (46)

If we define n = (sin 6 cos ¢, sin 6 sin ¢, cos #) then, SU(2) coherent states can be equivalently defined as
[n) = D(n)|S, 5), (47)

where 6, ¢ represent the spherical coordinates of the unit vector n on the Bloch sphere. Using a stereographic projection, we
can define the coordinates

¢ =tan(0/2)e", n=TIn(1+[¢°). (48)

4 1In [53] they use I for the spin quantum number that we refer to as S instead
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This lets us define SU(2) coherent states in an analogous form

1

= ™

p(¢S-)1s.9). (49)

Some important properties of SCS include being eigenstate of the spin operator pointing in the direction n on the Bloch sphere:
Sn = S nthen S4|n) = —S|n). Non-orthogonality between different SCS: |(n; | n2)|* = [2 (1 +n; - 1’12)]23. And a
continuous resolution of identity:

1

I
i e dnjn)(n| = -, (50)

where d = 25 + 1. In particular, the latter shows that SCS form a continuous 1-design, where dn = sin(0)dfd¢.

B. Experimental platforms for qudits

Qudits may seem relatively rare in practical quantum information processing, but they are ubiquitous in the physical world [42].
Many qubit platforms are, in fact, the truncation to the lowest energy doublet of more complex, high-dimensional systems.
The steady progress in understanding the computational value of high-dimensional quantum information [54] has motivated
revisiting certain platforms to embrace, rather than avoid, the existence of more than two quantum levels. Some of the earliest
qudit demonstrations originate from atomic and optical physics. Sophisticated qudit control has been demonstrated with cesium
[55] and dysprosium atoms [56], and more recently in trapped ions [57]. Photonics offers a wide range of high-dimensional
quantum states, such as high orbital angular momentum states [58], or spatial spatial [59], temporal [60] and frequency [61]
modes. Natural examples of physical qudits are spins with quantum number S > 1/2, resulting in Hilbert space dimension
d = 25 + 1. Such high-spin systems naturally occur in nuclear or electronic spins in the solid state [52, 62—64], and magnetic
molecules [65].

Qudit can also be engineered in artificial quantum systems. For instance, the transmon is the workhorse of superconducting
quantum processors. In its common use as a qubit, a transmon is the truncation to the lowest two energy states of an anharmonic
oscillator. However, the parameters of the transmon can be optimized to facilitate the addressing of more than just two states
[66, 67], all the way to the simulation of an 8-dimensional spin [68]. A harmonic oscillator can also be viewed as a qudit
with d — oo. This way of looking at a harmonic oscillator gives rise to what is known as continuous variables quantum
computing [69]. It is also possible to remain within the realm of discrete variables quantum information, by coupling a few of
the Fock states to an ancilla transmon to control the transition matrix elements between the Fock states [70]. An interesting
new direction is the creation of logical finite-dimensional qudits, on top of states defined by continuous variables such as the
Gotteman-Kitaev-Preskill (GKP) ones [71]. Curiously, the seminal GKP proposal itself [72] began by considering the encoding
of a qudit, with the qubit being a special case.

A minimal Hamiltonian that allows universal qudit control may take the form:
Ho = aS, + BSE + Hcontrol(t)~ (51)

This form results in a natural basis B = {|m)}5 _ 4, where |m) are eigenvectors of S, and, in the case of an actual spin
system, represent the projections along the quantization axis. If |a| > |3, the energy spacing between each pair of adjacent
eigenstates |m) , |m — 1) is & a+28(m—1/2). For simplicity we assume that the operator norm of Hontror is small compared
to the original Hamiltonian Hy. For spin systems, the linear term a.S, is usually a Zeeman energy, i.e. the interaction of the
spin with a static magnetic field By. The quadratic term 352 depends on the details of the physical system. For nuclear
spins in the solid state, it may originate from the electric quadrupole interaction, that couples the nuclear electric quadrupole
moment to an electric field gradient [62]; for electronic spins, it may arise from the combination of crystal fields and spin-orbit
interaction [65]; for cold atoms, it may be the a.c. Stark shift from a detuned laser field [73]; for transmons, it is a function of
the anharmonicity of the confining potential [68], etc.

The control Hamiltonian Hcontro1 (t) is often the one that takes the most diverse forms. Taking the example of a spin S > 1/2,
H ontro1 Will usually be an oscillating magnetic field B; orthogonal to the quantization axis, so that:

25

Hcontrol(t) = ’YSa: Z COS(QWfkt + ¢k)Bl,k(t)a (52)
k=1

where 7y is a gyromagnetic ratio, and we have explicitly accounted for the possibility that the control Hamiltonian may consist
of multiple (possibly simultaneous) tones at the frequencies f; corresponding to transitions between eigenstates of Hg. The
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existence of 25 = d—1 spectrally resolved transition frequencies is due to the nonlinear term 352 in g, and is the fundamental
property that allows universal control and the creation of nonclassical states in qudit systems [74, 75]. The remarkable progress
in classical control electronics in the last decade has made it possible to efficiently produce Hamiltonians like Eq. 52, and has
provided further impetus to the experimental development of qudit platforms.

C. SNAP gates and qudit universality

In the following, we will refer to the Hilbert space dimension as d = 25 + 1. And since we work with a fixed total spin S,
we will refer to the |\S, m) states as |m) instead. With this notation, the SNAP gate is simply a diagonal unitary with arbitrary
phases on each diagonal (inspired from the analogous quantity in cavity-QED systems [76]),

d
S(@) =" e |m)(m (53)
m=1
— d .

where § = (61,02, -+ ,04) is the vector of phases. Occasionally we will need to use the “linear SNAP,” S(¢) = Z e™m?|m)(ml.
We call this a linear SNAP because of the linear relationship between the phases on the diagonal, ¢, :7 m¢ Vm €
{1,2,---,d}. We first note the following simple identity,

D(0,¢) = S(#)D(0,0)S" (), (54)

where S(¢) is the linear SNAP gate defined above. Moreover, notice that since, D(6,0) = exp [4(S_ — S4)] and S_ — S, =

—2iS,, we have, D(0,0) = e~Ss. That is, displacements by a 6 direction only correspond to a S,, rotation with the same
angle (up to a minus sign). Moreover, we have,

D(8,¢) = 5(¢) exp [-i65,] 5T(¢). (55)
That is a displacement of (0, ¢) can be generated from linear SNAP gates of amount ¢ and a S, rotation.

Our proof strategy follows closely that of Ref. [76]. Using the fact that, D(6, ¢) = S(¢)D(0, 0)ST(¢) we will only focus on
rotations generated by D(6,0) = e~"Sv with 6 € [0, 7). Let Q,, = > _, |m)(m]| be the projector onto the first n levels.
Then, it is easy to show that,

Iy = =[Sy, Qn] o (In)(n + 1] + |n + 1)(n]). (56)

That is, J,, is the generator of SO(2) rotations between levels |n) and |n + 1) Therefore, using J,, and ),, we can gener-
ate the Lie algebra u(d) and hence generate any Hamiltonian evolution for the qudit, proving the universality of SNAP and
displacement operations.

Moreover, similar to [76], let R,,(€) = €¥Q,, + (I — Q,,)? That is, it acts as a ‘1’ on states |m > n), but otherwise with the
phase. Then this is a snap gate as required, of the form S(e, ..., ¢,0,...,0). Then the ‘group commutator,’

D(e)R,,(€)D(—€) Ry, (—€) = exp (i€ + O (€3>) . (57)

That is, switching on and off the (infinitesimal) SNAP and displacement gates above generates (infinitesimal) rotations between
levels |n) and |n + 1). Although not optimal, this allows for a protocol to implement nontrivial  >> 0 rotations by breaking
them into infinitesimal rotations and then using the alternating sequence above.

This combined with the fact that we can compile any d x d unitary into O(d?) SNAPs and SO(2) rotations (also known as
Givens rotations) [76] allows for a protocol to implement any single qudit unitary gate.

D. SU(2) covariant rotations are not a unitary 2-design

Recall the notation from Section I11. Let S > 1 be a half-integer and consider the representation of SU(2) on the d-dimensional
Hilbert space Hs. Let G C U(Hg) = U(2S + 1) be the image of SU(2). We will show G is not a 2-design in U(Hg). We
give 3 related proofs of this fact, each more explicit than the last. For the first, we recall the following theorem.

Theorem 5 ([39, 77]). Let V = C% with d > 2. Let G be an infinite closed subgroup of U(d) = U(V). If G is a
unitary 2-design, then SU(d) C G. In particular, any set of unitaries generating G is a universal set.
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Figure 1: State Welch test ratio R, (ratio of left to right hand side in Eq. (10)) minus one, where R,, — 1 = O for a state ¢-design. The four different panels show different qudit
dimension d = 6, 9, and the approach to a t = 2, 3 design, with the number of states /N used. The legend gives the circuit depth, where each layer is a random real displacement
D(6,¢ = 0) (6 € [0, m] selected according to density 3 sin ), followed by a random SNAP gate (angles selected uniformly in [0, 27)). The initial state is |.S, S). For deep
enough circuits, the curves fall like R,, — 1 ~ 1/N.

The colloquial way to interpret this theorem is as follows: continuous subgroups of the full unitary group only come in two
flavors: (i) either they form a unitary 1-design or (ii) they are universal and hence form a unitary ¢-design for any ¢ € N. The
latter is not particularly useful since the primary goal of unitary designs is to replace integration over the full unitary group
with a sum over a discrete set. The former is also limited in its utility since a unitary 1-design can simply be obtained by an
orthonormal unitary basis of the operator space. In practice, the t > 2,¢ € N designs are most useful, e.g., for randomized
benchmarking and shadow tomography. This limits the applicability of continuous groups as unitary designs.

We now return to our consideration of the group G given above, the image of SU(2) in U(2S + 1). Since G is not universal in
U(2S + 1) for S > 1, the theorem implies it cannot be a 2-design.

For the second proof that G is not a 2-design, we apply Proposition 1, showing that H s ® Hg has at least 3 G-irreps for S > 1.
In Appendix A4, we use character theory to show that Hs ® H¢ has 25 4+ 1 > 3 distinct irreps, each of multiplicity 1. As in
[39], one can show that Hs ® H and Hs ® Hs have the same number of irreps (or apply the same character theory used in
Appendix A4 to prove a similar decomposition for the latter), leading to the conclusion that G is not a 2-design.

Finally, we give a more direct proof, still applying Proposition 1. Consider the states
[S, 8 —2)®15,9), |S,S—1)®|5,S—1), |S,9) ®S5,5—2) € Hs @ Hs. (58)
Under the action of S, on Hg ® Hg, namely S, — S, ®I+1®.S,, these states are linearly independent and all have eigenvalue

2S — 2. However, in any irrep of SU(2), eigenspaces of S, are all 1-dimensional. Therefore, Hs ® H s must decompose into
a sum of at least 3 irreps. We conclude that GG is not a 2-design.

It is worth emphasizing that such covariant SU(2) rotations are the native gates used to perform quantum computing via
high-spin qudits [52].

E. Spin coherent states do not form a state 2-design

Lemma 5 ([37]). If a group G < U(d) forms a unitary t-design then any orbit of a normalized vector under the action
of G forms a complex projective t-design (aka a state t-design).

Notice that this result, combined with the proof above that SU (2) covariant rotations do not form a group 2-design immediately
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tells us that averaging over SCS does not generate a state 2-design. Namely,
/|e, )10, 6212 + ~(t, d) for t > 2. (59)
5’2

As a consequence, SCS are not enough to perform tasks such as classical shadow tomography, which relies on 2- or 3-designs.
Namely, to perform shadow tomography in these systems, one necessarily needs “spin squeezing,” the equivalent of optical
squeezing in bosonic systems.

An interesting contrast can be made here with respect to the Heisenberg-Weyl coherent states which also do not form a 2-
design. In the HW case, the lack of 2-design is simply a consequence of the infinite-dimensional Hilbert space. The irrep
structure breaks down into the same number of components as U(d) but it is the lack of convergence of the corresponding
integral that prevents it from forming a 2-design; see the discussion in this excellent reference [25]. In contrast, the failure
of SCS to form a 2-design is not due to the infinite-dimensional convergence issues; rather the consequence is representation-
theoretic. This example further highlights the fact that, while there are deep analogies between the spin and optical coherent
states, via mappings such as Holstein-Primakoff, they are not identical in every way. The infinite-dimensional nature of bosonic
systems manifests differently from the finite-dimensional nature of high-spin systems. In this case this resulted in two different
ways to fail at being a unitary/state 2-design. There are also other ways in which spin and optical coherent states are different,
the simplest being perhaps the fact that there exist two orthogonal spin coherent states (corresponding to any pair of antipodal
points on the Bloch sphere), while there are no two optical coherent states that are orthogonal (this only happens approximately
as we send the Gaussian wavepackets asymptotically away from each other).

F. Spin-GKP states and state 2-designs

GKP codes are one of the leading proposals to perform quantum error correction with bosonic and high-dimensional qudit
systems [72]. Ref. [78] shows that the ensemble of all n-mode GKP stabilizer states over all symplectic lattices forms a “rigged
2-design”. The ensemble is denoted as X,, := {|A; &) = D(&)|A),A € Y,,,d € P(A)}. Here |A) is an equal superposition
of optical coherent states at all points in the symplectic self-dual lattice (the GKP code word that protects against displacement
errors). This state is displaced as D(&) via the set of all vectors in the lattice’s fundamental domain, denoted as P(A). Recall
that each lattice is defined by a symplectic matrix and the space Y,, = Sp(2n,Z)\Sp(2n,R). This compact space is endowed
with a Haar measure that is then used to perform (uniform) averages over this set.

The fact that spin-GKP codewords also form a state 2-design follows from combining the fact that the bosonic GKP codewords
form a rigged 2-design and two other ideas. First, we use the Theorem 3 to project the bosonic lattice states onto a finite-
dimensional Hilbert space, similar to the construction of the weighted state 2-design before. Then, we use the Holstein-
Primakoff transformation to map these truncated “bosonic” degrees of freedom onto high-dimensional spins [79].

The projection aspect is straightforward, by identifying |A; @) = % and similarly the weight function as in Theorem 3
for t = 2 (since we are interested in the 2-design case). It is then easy to show that averaging these projected states is equivalent

to sandwiching the symmetric projector by the projector P, which results into a symmetric projector onto a d-dimensional
subspace.

The Holstein-Primakoff transformation is simply the map:

S, —v28af, S_ V254, S.—»N-S (60)
where N satisfies
[Naq —af, [Na=-4, [a,al]=1-N/S, N ala 61)

Then one can see that in the limit S > 1 this converges to the Heisenberg-Weyl algebra, i.e., the canonical commutation
relations can be recovered [a, aT] ~ 1. Together, these suffice to show that spin-GKP codewords form a state 2-design, when
averaging over all lattice states, and each lattice is displaced by all vectors in its fundamental domain.

G. Approximate designs from native qudit gates

The usual construction of unitary designs on multiqubit systems involves generating them from ‘“smaller” amounts of ran-
domness. This is captured in the brickwork architecture of random circuits following the seminal work of [23]. Here we are
interested in a slightly different question: how do we generate unitary designs on a single high-dimensional qudit, using native
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gates such as SNAPs and displacements? The first thing to notice is that random circuits generated from a universal gate set
such as the SU(4) gates or SNAP-displacements can generate an arbitrary order of ¢-designs [80]. The real question is, what
is the minimal depth needed for this? Or for the single qudit case, what is the minimal length of such a circuit?

Fortunately, the work of Nakata et. al. [22] already has a construction for this. The idea is to generate random unitaries in
two different, mutually unbiased bases. This randomizes the state of any system and can generate t-designs as a result, of
arbitrary order (depending on the circuit length). Given two MUBs, let’s call them B and B’, such as the eigenbases of Z, p for
continuous-variable systems or the eigenbases of Z, X for qubits (does this work for qudits as well?), we want to understand
what circuit lengths are sufficient to obtain a ¢-design. Using Corollary 3 of [22] we have that if d = Q(2(#!)?) (that is
d > ct®(t)2, where c can be arbitrarily large) and ¢ > m [tlogd + log(1/€)] implies that the random unitary,
D[ .= DFDfDF \DF ... DFDI D, (62)

generates an e-approximate unitary ¢-design. Here D¥ is a random unitary in a fixed basis (say the computational basis) such
as SNAP gates and D" is a random unitary in a MUB. Note that d = Q(#2(¢!)?) is a technical requirement for the proof and
it remains unclear if this can be relaxed. However, the numerics we discuss in [...] shows that this works for small d as well.
One way to generate such a design from native gates is to apply random SNAP gates and utilize the quantum Fourier transform
(QFT) to change to a MUB.

Namely, let U = ijl €¢']§)(j| be a random diagonal unitary in the Fock basis. Then, if Ug is the QFT, we have
UgU UCB = Z?Zl €'%3(5)(j| is a random unitary, diagonal in the MUB. Therefore one can construct the ¢-designs as D[(] :=

DE(UqoDF U(E)Dﬁl (UQDfilU(g) e D{S(UQD{EUé)DéE instead. As a result, 2/ + 1 random unitaries in a fixed basis along
with 2¢ QFTs are sufficient to generate a single qudit e-approximate ¢-design.

The numerical result of [81] tells us that 2/ + 1 random SNAP gates along with 2¢ x O(d) SNAP + displacement gates suffice
for this. As a result, we have that O(¢d) SNAP-displacement gates suffice to generate a unitary ¢t-design. As an example, if we
want a 2-design for d = O(1), this gives us £ % 2 +log,(1/€). For e = 1/d* we have ¢ %, 2 + k. Therefore, only O(d) SNAP-
displacement gates suffice to generate a unitary 2-design. Notice that the majority of the gate cost comes from generating the
QFT. While these bounds can obviously be improved, we believe they will be instructive for thinking about generating designs
from native gate sets.

H. Cavity-QED qudits

Superconducting radio-frequency (SRF) cavities offer an interesting platform for hosting qudits: the cavity has long coherence
times (typically in milliseconds) and can be easily integrated with nonlinear elements for universal control [82—-84]. The qudit
is typically encoded in the first d-levels of a bosonic mode and control is implemented via “naturally occurring” interactions
such as selective number-dependent arbitrary phase (SNAP) gates [76], displacements, two-level rotations (Givens rotations),
echoed conditional displacement (ECD) gates [83], sideband interactions [85, 86], among others.

For our discussion below, we focus on the simpler case of SNAP and displacement gates or SNAP and Givens rotations as our
universal gate set (both sets are independently universal). Since they are universal gate sets, they can form arbitrary orders of
unitary ¢-designs in the d-dimensional computational subspace. Note that this only works for d < oo, since convergence on
the full unitary group is subtle in the infinite-dimensional case; see some work on rigged t-designs [26]. How such random
unitaries can be used to assess the performance of noisy qudits was discussed in Ref. [87].

IV. CHARACTER RANDOMIZED BENCHMARKING

We now discuss character randomized benchmarking (RB) [88-90]. Let £ = C be a state space, with corresponding unitaries
U(d). Let G C U(d) be a finite or compact subgroup. We consider the problem of approximating the average fidelity of gates
in U(d) using only gates in G. We will need to consider the representations of G and U (d), acting by conjugation on L(#H).
For convenience, we often use the canonical isomorphism £(H) = H @ H*, with U € U(d) actingby U @ U*.

Recall that we have a decomposition

LOH) =) Vo™, (63)

where the V; are inequivalent G-irreducibles and the m; > 0 are their multiplicities. (In general one may consider irreps with
respect to a subgroup of G [89]; we neglect this for ease of exposition.) Earlier works on RB assume that GG is a 2-design,
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which in particular implies that L(H) = H @ H* = sl[(H) @ CI (see the proof of Theorem B.1 in [39]). In particular, when
G is a 2-design there are two irreps, each of multiplicity 1, with one being the trivial representation. In the more general
case of character RB, we will need to consider the isotypic components W; = Vl@mi, with projectors P;. We need, for each
isotypic component W;, a state p; and measurement projector M; with |Tr(M;P;p;)| # 0, preferably as large as possible. In
the examples considered below, we will in fact choose a single state p sufficient for all isotypic components, and will similarly
measure only a single observable (with the different outcomes potentially relevant to different isotypic components). The RB
experiment then involves the following for each i: preparing the state p;, randomly choosing a sequence Uy, Uy, ..., Uy € G
(according to the uniform or Haar measure), applying the gates U1 Uy, Us, Us, ..., Un, UlT e U]TV in sequence (with the first and
last compiled as single gates), and measuring an appropriate observable to project onto M;. Interpreting this data appropriately
then gives the RB parameters. We will not go into detail here, referring the reader to [88—90], but we briefly give some intuition
for why these methods should work.

During the RB process, the relevant channels correspond to gates in G and a fixed gate error channel A (in addition to state
preparation and measurement errors). Through averaging over random choices of Uy, ..., Uy, we are able to replace most
appearances of A with its G-twirl Ag = ﬁ Y vec UAU f, which notably commutes with the action of G. In particular, both
elements of G and G-twirls preserve the isotypic components W,;. Then character RB essentially reduces to studying each
isotypic component individually: if one starts with a state p; € W;, applies only gates in G and G-twirls of quantum channels,
then projects onto an observable in I¥;, the entire computation remains within that isotypic component. In practice, SPAM
errors may cause us to leave the isotypic component; further, as discussed above, we do not need to choose p; and M; in
W;. This is the role of the “extra” random gate Uj discussed above: as shown in [88, 89], one may take a cleverly weighted
average over Uy € G (with complex-valued weights coming from the character of V;) to insert the projector P; into the relevant
expressions, forcing the calculation back into IW;. The results from each irrep can then be combined to approximate the overall
average fidelity.

The situation is particularly simple when all multiplicities m; = 1, because Schur’s lemma then implies that the G-twirls act by
a scalar, and we may perform randomized benchmarking by fitting a single exponential decay for each irrep. This is the special
case considered in Ref. [88]. More generally, the case with nontrivial multiplicities is discussed in [89, 90] and involves fitting
a sum of multiple exponential decays.

In the setting of Proposition 5, we find all the irreps to have multiplicity 1, leading to character randomized benchmarking
using single exponential decays as in Ref. [88]. We will consider the special case G = SU(2) in Section [V A, and yet another
multiplicity-free case in Section IV B. In order to enable character RB in these settings, we will (1) give the decomposition
of L£(H) into irreps; (2) exhibit a useful initial state p overlapping nontrivially with all irreps; and (3) give the appropriate
observables with measurement projectors overlapping nontrivially with the various P;p.

A. Character RB for SU(2)

We will now discuss the application of character randomized benchmarking to SU(2). We also refer the reader to Ref. [91]
for a systematic discussion of “synthetic RB” for the SU(2) case. In particular, following the previous section, we will discuss
the decomposition of H g ® H¥ into (multiplicity-free) SU (2)-irreps, then give the required initial states and measurements. In
fact, for ease of implementation, we will give a single state and single measurement that suffice to benchmark all irreps.

Note that we have an equivalence of SU(2) representations H§ — Hg, given by (S, m| — |S, —m). Then we have
L(Hs)=Hs @Hg=Hs ® Hs, (64)
with the isomorphism between the latter two given by
IS, m1) |S, ma) — |S,mq) (S, —ma]. (65)
We will freely move between these descriptions of £(Hs).

Note that g has weights 2(S — m), where 0 < m < 2S is an integer. (Recall that the weights are double the spins, and
correspond to the eigenvalues of Z € su(2).) Then the tensor product has weights

2(5 — ’I”I’L1> + 2(5 — mg) = 2(25 - (m1 + mz))
In particular, only even integer weights arise in Hg @ Hs = Hs @ H5.
More precisely, from Appendix A4, we have

25

28
Hs @ Hg = @ Vies—e,0—25) = @ Has—¢- (66)
=0 =0
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Then the highest weights of the relevant irreps have the form 2.J for J an integer satisfying 0 < J < 2. In particular, each
irrep has multiplicity 1.

Following the above, we now identify a density matrix p that overlaps nontrivially with each irrep. It turns out we can simply
take p = |5,.9) (S, S|, the density matrix corresponding to the highest weight vector. Recall that under the equivalence (65),
we may view |5, .S) (S, S| as the tensor |S, S) |S, —S). Then the overlaps of basis vectors in the irreps V; with |.S, S) | S, —S)
may be calculated using the Clebsch-Gordan coefficients. From the explicit formula of [92], given in (2.41) on page 172, we
directly see that the relevant Clebsch-Gordan coefficients are nonzero. (In fact, the formula, which is generally a large sum,
reduces to only a single nonzero term.) We may explicitly calculate that for the irrep H ; with highest weight 2J (where J is
an integer satisfying 0 < J < 2S5), the unique unit vector with weight 0 has the following inner product with |S, S) |.S, —S):

(27 +1)(25)12 1/2
((25 YU+ 1025 — J)!) '

(67)

We conclude that |5, S) |S, —S) overlaps nontrivially with each irrep, and therefore the same holds for p = |5, .5) (S, S|. We
may also take our measurement projector M = p, so that, for P; the projector onto the copy of H s,

as desired.

A similar argument allows us to take M = p = |S, —S) (S, —5|, the density matrix corresponding to the lowest weight vector.
In fact, we may instead use M = |5, S) (S, S|+|S, —S) (S, —S|, which has nontrivial overlap with each irrep. This observable
corresponds to measuring in the standard basis |S, m) and keeping only those terms that project onto |S, S) and |S, —S). Then
we may perform character RB for SU(2) using only standard basis states and measurements.

Proposition 3. For Hg, the group of gates corresponding to SU (2) admits multiplicity-free character RB, using a single
state p = |5, S) (S, S| and a single measurement projector M = |S, S) (S, S| + |S, —S) (S, —S|. RB is performed by
fitting 25 + 1 single exponential decays, one for each irrep.

B. Character RB for the single-qudit Clifford group in arbitrary dimension

We now consider character randomized benchmarking for Cl, the Clifford group of a single d-dimensional qudit in arbitrary
dimension d. Recall that this involves decomposing the space £(#) into irreps, where = C?. We do this explicitly:

Theorem 6. Under the conjugation representation of C'ly, we have

cech= §H w,

1<r<d, r|d
where
W, = spanc{X°Z" : gcd(a, b,d) = r}

are irreps for Clg of multiplicity 1, and the dimension of W,. is the number of pairs of integers (a, b) satisfying 0 <
a,b < d and gcd(a,b,d) = r. In particular, Cly is a 2-design if and only if d is prime.

Proof. Recall from the introduction to Section II that we may identify the conjugation action of Cly on P, with the multiplica-
tion action of Spa(Zg) on vectors (a,b) € Z?2 (written as ordered pairs rather than column vectors for convenience). We will
first establish the orbits V;. of the symplectic action. We then show that the corresponding subrepresentations W, are irreducible
and inequivalent, so they have multiplicity 1.

Note that
zi= |J Vi where V, = {(a,b): 0 < a,b < d, ged(a,b,d) = r}, (68)
r|d
1§l§d

and the V,. are pairwise disjoint. Factoring out the greatest common divisor, we may write

Ve ={(rd,rb'):0<d b <d/r,ged(a’,b',d/r) = 1}. (69)
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By linearity and invertibility, the V,. are clearly preserved by the action of Cl4; further, we may show the action on each V. is
transitive, since (r,0) may be taken to arbitrary (ra’,7b") by some symplectic matrix with first column (a’,¥’')T. Then the V.
are the full orbits of the Cl; action.

Of course, the elements of V. index the Pauli basis for W, (defined in the theorem statement), with (a,b) — X*Z b We have
thus shown that, ignoring phases, Cl, transitively permutes the Pauli basis of W.,.. Further, the Pauli subgroup P; C Cl, acts
by the appropriate phases (powers of a primitive dth root of unity w). We may use these two facts to explicitly show that the W,
are irreducible. One may start with an arbitrary linear combination v = (@), Cap X*Z b and inductively apply Clifford
group elements to reduce the number of nonzero terms, eventually taking arbitrary v € V;. to a fixed basis element, say X".

We now show the W,. are inequivalent, separately considering the cases in which d is odd and even. The idea of the proof is
to exhibit a Clifford group element L that can be used to tell the various W, apart. Specifically, we will use the fact that an
equivalence of irreps must preserve the order of L.

First, if d is odd, we consider the diagonal unitary operator L = (8w’ *1/2),. Clearly L commutes with Z, and further one

can check LXLT = wX Z, so L € Cl,. (This is an analogue of the S = \/Z gate for qubits.) This conjugation relation implies
that L has order d/r when acting by conjugation on the irrep W,.. This prevents any possible equivalences between the irreps.

If d is even, we let { = exp(mi/d), so that (? = w, and let L = (§ijgj2)¢j. We similarly have that L € Cly, with LXLT =
(X Z. In this case, the phases are more complicated. We may calculate that on V;., L has order d/r if r is even and 2d/r if r is
odd. Like above, this prevents all possible equivalences. To make this clear, suppose for the sake of contradiction that we have
an equivalence V,» — V;., where 7’/ < r. Since d/r < d/r’, and equivalence must preserve the order of L, this would require
L to have order 2d/r on V,. (forcing r to be odd), order d/r’ on V,. (forcing r’ to be even), and further 2d/r = d/r’. This
equation may be rewritten as 7 = 27, But this implies that the odd number 7 is divisible by 2, a contradiction. We conclude
that all irreps W, are inequivalent.

The statement about 2-designs follows from Proposition 1. |

Given this result, we see that single-qudit character RB is very tractable: the irreps are multiplicity-free, so there are only single
exponential decays. Further, the number of decays we need to fit is equal to the number of divisors of d, which is trivially
O(+/d). (With much tighter bounds known, see [93].)

To fully enable character RB, we must also specify what initial states and measurements to perform. Fortunately, for any s, we
may always take M = p = |s) (s|, since Z" € W,. and

Tr(MZ"p) = (s| Z" |s) = w". (70)

In particular, we can prepare a fixed computational basis state, say p = |0) (0|, perform computational basis measurements, and
use the projector M = |0) (0.

Proposition 4. The single-qudit Clifford group in arbitrary dimension d admits multiplicity-free character RB, using
a single state p = |0) (0| and a single measurement projector M = |0) (0. RB is performed by fitting ¢(d) single
exponential decays, one for each irrep, where ¢(d) is the number of divisors of d.

V. FRACTIONAL DESIGNS

In this section we introduce a notion of “fractional ¢-designs,” that provide a natural generalization of ¢-designs beyond integer
order. These are inspired from the theory of fractional calculus [94]. Recall that a set of N pure states form a (uniform) ¢-design
if and only if [11] (see also Eq. (10)),

N

1 1
w2 2 Wil = ey (71)
Py (")

The RHS is obtained by plugging in Haar random states and using the symmetric projector on H®* (along with Schur’s
lemma). Our goal is to generalize this formula to a non-integer ¢. Notice that such a generalization does not make sense (in any
straightforward way) from the point of view of the tensor product, i.e., we are not going to think about the quantity,

E¢~Haar |¢> <1/J|®t~ (72)
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Instead, we notice that the inner product on the LHS can be evaluated for any ¢ € R>¢. This will be way in which we generalize
the definition of a ¢-design. Notice that the RHS can be generalized via the use of the Gamma functions,

I'(2) :/tHe*tdt, Re(z) > 0. (73)
0

Moreover, for a positive integer n we have I'(n) = (n — 1)!. Importantly, the Gamma function allows us to generalize the
notion of a factorial in the RHS to any t € N

1 rt+nr'(d

dri—1\ e U 74

( : ) T(t+d)
This will be the starting point of the notion of a fractional t-design for us.

Definition 4 (Fractional state designs). A set of quantum states in H = C? form a fractional t-design if and only if,
1 ol T(t + 1)T(d)
2t
— = ———2 =1tB(t,d). 75

To argue that this is a meaningful generalization, we first show that the RHS holds true for ¢ € R for Haar random states (the
t = 0 case is trivial so we only focus on ¢ € R ). Namely, we want to compute,

[ el = [ 1wl duwuo). 0
Y, p~Haar

Here, dy.(1)) denotes the unique, unitarily-invariant measure on the complex projective Hilbert space. Using the unitary invari-
ance allows us to translate one of the states, |¢) — |0) without changing the result of the integral above. Therefore, we only
need to estimate,

[ 1006 duton. )

As an aside, note that for ¢ = 1 this is akin to estimating the probability of observing the bitstring corresponding to |0) when
d

measuring a Haar random state. To perform the integral, we will parametrize pure quantum states as [) = > 1;|j) where,
=1

j=
1; = xj + 1y;. Then, the Haar measure over normalized pure states can be parametrized in spherical coordinates as [95]

d d d
du(i) = ® ))d S11=>"r | I] drjdo;, (78)
- L

where z; = | /rjsin (6;) and y; = /7 cos (6;) with r; € [0,1] and 0; € [0, 27]. The J-function ensures the normalization of
these pure states. Therefore,

/wwﬁww=/mhww, 79)

where we let |0) be the first element of the basis in which we are expanding above, hence we obtain the term r;. Plugging in
the measure from above and using the fact that |r1| = r; we have,

LHS = I'(d) / r)f e 1— Zr] H drj, (80)

where we have already integrated over the 6;’s to obtain a factor of (27T)d cancelling the prefactor in the measure above. Then,

1 oo
LHS :F(d)/drl (rl)t/(S (1-m) Z Hdr] (81)
0 0 j=2

1
- F(I;l(d)l) /dﬁ (r) (1= )2, (82)
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10°

Figure 2: Numerical evaluation of the relative error between the Haar integral I(d,t) := fu(d) [tr(U)|?*duy and the Gamma function '(t 4 1), for d = 3, 4, 6. This is

computed by taking the trace of 10® Haar random unitary samples (using scipy), and numerically estimating the integral. The random looking form of these curves is likely
explained by finite sampling effects, however, the broad features are fairly transparent: We see in the regime ¢ < d, the approximation is fairly accurate (relative error less than 1%
in all cases). Also notice the error generally reduces increasing d, consistent with the expectation that in the asymptotic limit, I does indeed converge to I'(¢ + 1). We observe the
error does not appear to go to zero with the number of samples, suggesting, as per the main text, that the integral value is not exactly I'(t + 1), even for ¢t < d.

Now we just need to recall the Beta function,

1
- - ['(a)I'(B)

B(a, B) := re 1 — )y = 20 83
(@ p)i= [t = g 83)

Therefore, the integral above is equal to B(¢t + 1,d — 1), which in terms of the T" function gives us,

FEt+1)r(d-1)
Bt+1l,d-1)= ——7F7—7+°7—"- 84
Adding the prefactors from above we have (after cancelling the I'(d — 1)),
e+ 1)I'(d

LHS = M (85)

T(t+d)

Therefore, we have shown that Haar random states form fractional ¢-designs for any ¢ > 0. Recall that the definition of the
Gamma function requires 93e(z) > 0 which amounts to ¢ € R-. The result can be generalized from states to unitaries as
follows.

Definition 5 (Fractional unitary designs). A finite subgroup {U;}; of the unitary group forms a fractional t-design if
and only if the generalized frame potential satisfies

1 X 2
= ‘tr(UjUk)’ :/|tr(U)|2tduU. (86)

Jik=1

If d = 2, we have

/|tr(U)|2tdﬂU =7 reet+ ) (87)

(t+DI(t+2)

To enable approximations for d > 2, we also note that

Jim /|tr(U)|2tduU =T(t+1). (88)
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For proof of the d = 2 case, we first note that the eigenvalue spacing statistics for Haar random unitaries are given by density
p(A) = L(1 — cosA)(1 — A/2m), where A € [0,27) is the angular difference of the two eigenvalues (this is shown in
App. Al). The integral of interest can then be written as:

27 t 27
/|tr(U)|2tduU = A |1+ 22 p(A)dA = / (1+cosA) (1 —cosA) (1 - 2A> dA. (89)

™ Jo 71—

In App. A2 we show this can be evaluated to give the desired result, valid for Re(t) > —1/2.

The d > 2 case is more complicated as discussed below, and we do not have a general form for the integral evaluation in (86).
The limiting case can however be evaluated, noting that in the asymptotic limit tr(U) is Gaussian distributed with mean zero
and variance 1/2 in the real and imaginary axes (covariances are 0) [96]:
2t 1 2t —|z|? > 2t —r2 > t o—
[tr(U)|*"duy = = | |2]"%e dz =2 rete™" rdr = ¢'e”dg=T(t+1). (90)
m 0 0

Numerically we observe I'(t 4 1) to be a reasonable approximation for the integral in the regime ¢ < d (see Fig. 2), and in
numerics below we use this value in lieu of the exact expression.

We make an important comment here for the d > 2 case. In the integer case, the frame potential is the number of permutations
of {1,...,t} with no increasing subsequence of length larger than d [37]. For ¢t < d that is clearly ¢!, and for ¢ > d, it is strictly
less than t!. The naive expectation for the generalization to non-integer ¢ would perhaps be that for d > ¢, the generalized
frame potential takes on value T'(¢ 4+ 1). However, by the identity theorem of complex analysis, two holomorphic functions
that are equal on a subdomain, are equal on the full domain of analyticity (in this case, the region of interest being Re(t) > 0).
This would imply the Haar integral would be I'(¢ + 1) for all ¢ > 0, which is a contradiction of the integer case for ¢t > d.
Therefore, the functions cannot be equal. We expect the correct generalization is based directly on the definition of permutations
of {1,...,t} using all integer values of ¢, which is highly non-trivial for ¢ > d (e.g. see p. 281 in [97] for the d = 3 case).
As mentioned above however, the approximation of T'(¢ + 1) for ¢ < d is fairly accurate based on numerical observations, and
increasingly so for larger d.

A. Numerics/discussion for fractional ¢-designs
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Figure 3: Fractional frame potential ratio for one and two qubit Clifford group.

Whilst we have been unable to find an operational group theoretic meaning for non-integer ¢-designs, they do exist, as we have
observed numerically. First, to gain some intuition, in Fig. 3 we plot the frame potential ratio [? ¢, defined as the frame potential
at (non-integer) value ¢, divided by the Haar random result Eq. (86), for the Clifford group on 1 and 2 qubits. We see it is only
an integer design, for ¢t = 0, 1, 2, 3. Generalizing from integers to the reals can also provide us with more information about a
group. Notice in Fig. 3 that at ¢ = 2, the frame potential has a negative gradient. Since we know for the integers Ry > 1, by
continuity, it implies the Clifford group must be a design for some (potentially non-integer) ¢ > 2.

Another group of interest is a qubit representation of SL(2,F5), which is a 5-design. SL(2,TF5) is the group of unitary 2 x 2
matrices of determinant 1 over F5. The group is isomorphic to the binary icosahedral group, with generators (r, s,t), where
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r2 = s =t = rst = —1I, and has order 120. A unitary two-dimensional representation can easily be constructed from these

constraints directly. For example, the following are unitary generators:

1 o =y 1 irw ! —yw w 0
po L =L = , o1
V2 Yy —ix V2 yw ! —izw 0 wt

where z = /1 + 1/ V5, y=14/1-1/ V5, and w = 27/10 We plot the generalized frame potential for this representation in

Fig. 4. This representation was also described in [3, 98]; however, we believe there to be typographic mistakes in the provided
generators for each reference, which we have corrected in App. A3.

We note that G = SL(2,F5) in fact has two inequivalent 2-dimensional irreps. We will show that borh of these inequivalent
irreps can be described using the above generators. Let p; : G — U(2) be the irrep of G constructed above. We note that
for any automorphism ¢ of G, p1 o ¢ : G — U(2) is also a 2-dimensional irrep of G with the same image. If ¢ is an outer
automorphism of (G, meaning it does not preserve conjugacy classes, then p; o ¢ may be inequivalent to p;. We construct such
an outer automorphism: for A € SL(2,F5) (now viewed literally as a 2 X 2 matrix over 5, not in any representation), consider

10
M = . H(A) = MAM™L. (92)
02

The automorphism ¢ swaps the conjugacy classes
R , R , (93)

while fixing the others, making it an outer automorphism. One can verify using GAP [99] that the character of p; has 9 distinct
values on the 9 conjugacy classes of G. Since ¢ nontrivially permutes the conjugacy classes, the characters of the irreps p; and
p2 = p1 © ¢ must be distinct. Then p; and ps are inequivalent 2-dimensional irreps.
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Figure 4: Frame potential ratio for a qubit (two-dimensional) representation of S L(2, F5), which is a 5-design.

1. Cyclic group frame potential

In contrast, in Fig. 5 we plot the frame potential ratio for small size cyclic groups C,,, and we see that these forma¢ < 0.5 design
with respect to U(n). Here the cyclic group is generated by the generalized Pauli-X matrices (shift matrices), which permute
basis elements |i) — |(i +s) mod d). It’s easy to verify that the fractional frame potential for this group is: F'(¢,d) = d**~1.
Noting that T'(1/2+1) = /7/2 < 1 = F(1/2,d), the value ¢t* for which T'(¢* + 1) = F(¢*, d) accumulates to 1/2 as d — oc.

Another way to think about this result is that the generator of the cyclic group is unitarily equivalent to the qudit Pauli operator
Z4. The group generated by this is an abelian group with elements (I, Z4, Z3,- - - | Zj_1> (modulo phases). It is easy to see
that the only element with non-zero character is the identity, namely, x(I) = d, x(g) = 0 Vg # L. The character version of the
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fractional ¢-design test then yields,

1 2t 2t—1
@l > Ix(g))t =d* (94)
geG
in any dimension d € Nand ¢t € R.
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Figure 5: Fractional frame potential ratio for cyclic groups Cq of order d (see legend), with respect to U (d). One can compute Ry (d,t) = d**~' /T'(t + 1). For d — oo, the

convergence point t* — 1/2 (see main text).

VI. CLOSING
A. Applications

Classical shadow tomography for qudits.— Learning quantum systems is a computationally nontrivial problem. In the worst

case, this requires exponential resources, for e.g., via quantum state and process tomography. However, in many physical

scenarios, one is only interested not in learning the full quantum state, rather, the expectation value of this state over a set of
observables (k-local operators, order parameters, fidelity, etc.). This has motivated the idea of classical shadow tomography
[13, 100]. The key insight is that if we only want to learn a subclass of observables then one can circumvent the exponential
bottleneck of full tomography. In particular, two types of shadow tomography protocols are particularly useful, (i) Pauli shadows
and (ii) Clifford shadows. The two are so-called since they require averaging over the Pauli and the Clifford group of unitaries,
respectively. Pauli shadows are useful for predicting low-weight observables (operators with limited support) while Clifford
shadows are useful for predicting low-rank observables such as fidelity with a pure quantum state. In the multiqubit case, these
protocols are very well-motivated since the Pauli and the Clifford group form a 1- and a 3-design, respectively. However, we

need to reexamine this for the qudit case.

Note that if we want to do classical shadow tomography for qudits then we only need state designs, where we can utilize the
weighted 2- and 3-designs introduced in this work. The key observation here is that weighted complex projective 2-designs
form a informationally complete POVM and are optimal for classical shadow tomography [101]. This still leaves open the
problem of efficient classical simulation of the snapshot states for qudit systems. This will either require the use of magic in
the case of prime dimensional qudits, see e.g., some recent results in Refs. [102, 103], or the use of random circuit approaches,

see the discussion in [104].

Information scrambling in qudits.— Strongly-interacting quantum systems can spread local information quickly through the
nonlocal degrees of freedom of a system. This property has been termed information scrambling, and is often quantified via the
out-of-time-ordered correlator (OTOC) [14, 105-115]. A common method to quantify the degree of chaoticity of an ensemble
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of unitaries is to ask if it can imitate the four-point OTOC for Haar-random unitaries. It turns out that unitary 2-designs are
sufficient for spoofing Haar-random unitaries via OTOCs. However, in the qudit case, the absence of unitary 2-groups means
that one cannot spoof such dynamics. Of course using random quantum circuits, one can generate approximate unitary designs
of any order (given sufficient depth of the circuit). However, here we are interested in studying exact group designs.

In the qubit case, OTOCs cannot tell apart unitary 2-designs generated via say the Clifford group from truly Haar-random
unitaries. This has inspired the use of the variance of the OTOC to detect magic. The variance is sensitive to a unitary 4-design,
which necessary requires magic. In fact, in qubit systems, any group of unitaries that forms a unitary 4-design must be universal.
However, in the non-prime-power-dimensional system, OTOCs already can distinguish Haar-random unitaries from 2-designs.
It will be interesting to understand the utility of OTOCs to probe the design structure of subgroups of the unitary group.

Randomized benchmarking for qudits.— The standard Clifford RB scheme can no longer generate a unitary 2-design if the
dimension is not a power of a prime. As a result, the RB decay signal will be a linear combination of multiple exponentials,
which is not ideal from the point of view of reliably fitting the data. However, the framework of character RB [89] and
filtered RB [10] are still useful to benchmark groups of unitaries. In particular, the results in Ref. [10] tell us that for filtered
RB, if the measurement POVM utilized in the postprocessing of the RB data forms a complex projective 3-design, then the
sample complexity of the entire RB method (collecting experimental data and its postprocessing to extract the exponentials)
can be achieved with a number of samples that is independent of the dimension of the underlying Hilbert space. This result
holds for arbitrary benchmarking groups G and is a sufficient condition (but not necessary). Therefore, even for non-prime-
power dimensional qudit RB, our weighted state 3-design guarantees scalability of the RB experiments, which is crucial to its
applicability.

Moreover, given the considerable limitations that group-designs have for qudit systems, perhaps the random circuit based
designs that are introduced in Ref. [10] are perhaps most useful from this point of view. It will be interesting to contrast this
with the Clifford character RB that we have introduced.

Quantum machine learning for qudits.— A prominent result in quantum machine learning states that if the parametrized
quantum circuit used in training is sampled from a unitary 2-design then the cost function necessarily runs into barren plateaus
[116]. This follows from a simple application of the concentration of measure ideas, along with the observation that the variance
of the cost function is a polynomial of degree two and hence a unitary 2-design is sufficient to imitate this behavior. However,
for qudit systems that are not a prime-power, the Clifford group does not form a unitary 2-design. Can we use this to say
something about the learning/trainability of quantum circuits?

B. Open Questions

There are many open problems here that we list for the reader.
1. Can we generalize the weighted state t-design construction in an efficient way to multiqudit systems?

2. Can we use weighted unitary designs for quantum error correction, such as those originating from twisted unitary ¢-
designs [40]? In general, finding relationships between the twisted unitary t-group constructions and weighted t-designs
would be useful.

3. Can we formalize the connection between fractional designs and fractional calculus, see e.g., Ref. [94]?

4. Can we use the projection trick to define weighted unitary designs (as opposed to state designs)? Naively, this results in
isometries that generate a symmetric projector. Since isometries have a quantum channel completion, perhaps this can be
used to make a connection with quantum channel designs?

5. It will be interesting to see if fractional t-designs with 1 < ¢ < 2 have any advantage over state 2-designs, perhaps in
sampling?

6. Can we formalize the elements of a minimal state 2-design from the perspective of spin systems, namely SU (2) covari-
ant rotations and spin squeezing? Do these suffice to generate state 2-designs or does it necessitate higher-order spin
interactions?

C. Discussion

Unitary designs have emerged as one of the most versatile tools in quantum information theory in the last two decades. They
play a crucial role in a variety of tasks such as twirling of noise, which allows us to easily estimate quantum error correction
thresholds; randomized benchmarking, that allows us to estimate average gate fidelities in a low-cost and scalable way; as well
as classical shadow tomography, that allows us to learn many physical properties of exponentially large quantum states from
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only a few measurements. In a completely different context, they also find utility as minimal models of information scrambling
as well as proofs of exponential separations in oracular complexity between quantum and classical computations. A large part
of this effort has been focused towards efficient construction of approximate unitary designs. Instead, here we chose to focus on
exact unitary designs in single qudit systems to highlight the immediate challenges one faces as we go beyond the qubit picture.

To circumvent the lack of unitary ¢-groups beyond prime-power dimensions, we introduced a systematic method to construct
weighted qudit 2- and 3-designs. This allows us to generalize standard qubit-based primitives to qudit architectures with little-
to-no overhead. This also highlights that the “extra room” provided by qudit devices is not without its own challenges. With
the rise of qudit platforms such as high-spin nuclei, cavity-QED systems, as well as photonics-based, this is a timely problem.

Our work also highlights the necessity of spin squeezing for state 2-designs in spin qudits, in analogy to the necessity of
entanglement for multiqubit state 2-designs. This strengthens the connections between the physics of high-dimensional spins
and continuous-variable optical systems. In particular, while it is well-known result that (infinite-dimensional) optical coherent
states cannot form a 2-design; we show that so is true for spin-coherent states. However, the nature of these failures are
completely different: for spin-coherent states this is not due to the “vanishing of the centroid” or divergence of integrals, rather,
simply due to the representation theory of SU(2). The analogy between spin and optical coherent states has been particularly
useful for quantum error correction, such as the development of spin-GKP codes, and we believe our work will only push this
further. In particular, the proof that spin-GKP codewords form a state 2-design, just like optical GKP states is another addition
to this framework.

We also proved bounds on the length of circuits needed to generate ¢-designs for both spin-qudits and cavity-QED systems,
using random sequences of SNAPs and displacements, the native gate set in these architectures. And finally, we introduced a
notion of “fractional ¢-designs,” inspired from fractional calculus, which provides an alternative quantification of e-approximate
designs. One of our key contributions is the introduction of a Clifford character randomized benchmarking scheme that can
be utilized in any qudit dimension. This is one of the few schemes where a quantum information primitive works for a qudit
dimension that is not a prime-power. It will be interesting to utilize these ideas to inspire novel QEC and practical applications
for qudit systems, as well as unveiling their rich mathematical structure.
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Al
Appendix Al: Probability density for d = 2 Haar random unitary eigenvalues

It is known that the eigenvalues (e'°, e’?1) of a Haar random matrix in dimension 2 are distributed according to density
p(do, 1) = 7oz (1 — cos(¢1 — ¢o)) [117]. We are interested in the density for the difference A = |¢1 — ¢1| however. This
can be computed by integrating p(¢g, ¢1) over lines of constant A, an example of which is shown in Fig. Al. Since the density
function p(¢1, ¢o) x (1 — cos A) is constant on such lines, the problem is purely geometric. We can see in Fig. Al the length
each line is v/2(2m — A), and so the probability density for the difference is: p(A) oc (2 — A)(1 — cos A). Normalization

gives:

1/ AN
27— A
64
" 2r—A
"
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Figure A1: Lines of constant [¢1 — ¢o| = A.
Appendix A2: Evaluation of Eq. (89)
We wish to evaluate
2t [ A
I.=— (14 cos A)(1 — cos A) (1 - ) dA. (A1)
T Jo 2m
In order to do so, we split it into two pieces:
2m 2m
Iy = W/ (1 +cosA)f(1 —cos A)dA, I := / (14 cos A)*(1 — cos A)A dA, (A2)
0 0
where T = 2 (Io — 1,/2).
We first observe that I = I;, which we can see via:
27 i
L-1)= / (A —7)(1+cos A (1 — cos A)dA = u(1 — cosu)(1 + cos u)du = 0. (A3)
0 -

The first step substitutes u = A — 7, and the last step follows by noting the integrand is odd, integrated over [—, 7. Therefore,
the integral of interest is [ = %IO.

We now focus on I, which we can rewrite using 1 4 cos A = 2cos?(A/2), 1 — cos A = 2sin?(A/2):

27 A 2t A 2 T
Iy = 2t+177/ (cos 2) (sin 2) dA = 2t+17T/ (cos u)* (sinu)*du. (A4)
0 0



A2
Noting that the integrand is symmetric about 7 /2, we get

/2 1
Iy = 2t+27r/ (cosu)? (sinu)?du = 217 B <§7t+ 2> ) (AS)
0

where B is the Beta function (valid for Re(t) > —1/2).

Using standard identities for the Beta and Gamma functions, we get:

I't+1/2)
Ip=2tpg32 = T 12 A6
0 Tt r2) (A6)
This can be simplified to the final result using the Legendre duplication formula:
2t r 1/2 ree+1
I = =_ott153/2 (t+1/2) _ (2t+1) ) (A7)
272 I'(t+2) Lt+ 1)t +2)

Appendix A3: Qubit unitary 5-design

In [3] (Table IIT) and [98] (Appendix A) the details for a qubit unitary 5-design are given. However, in both references we
believe there to be a mistake in the provided generators, and so, for completeness, we provide corrected versions here.

The group G := SL(2,F5) is the unitary group of 2 x 2 determinant 1 matrices over F5. The group order is |G| = 120, and
it is isomorphic to the binary icosahedral (27) group. First we start by providing corrected generators from the above papers
(apparently a simple typo in each). We define w = ¢2™%/15,

First, it is apparent there is a mistake in the generators provided in [3] (Table III), since one of the matrices does not have a
determinant of absolute value one. A correct set of generators is:

1 0 N ERS VS S RS
; : (A1)
0 -1 w10 —w — w?
w—w? — Wt — W 2w W) W W
(A2)
Wl 14 WP

These are identical to those in [3], apart from the third matrix, in the top left entry, where the sign in front of w'? is flipped.
These all have determinant one, and it can be checked they generate a group of size 120. We also note these can be used to
define a set of 21 generators. Label the final two matrices above g1, g2 (the first matrix listed is redundant). Then s = g1 9391,
and t = g% g3 satisfy (st)? = s> = ¢, which are known 21 generator relations.

Similarly for [98] (Appendix A), a corrected set of generators is:

-1 0 _wll _ OJ14 w6 +w9
; ; (A3)
0 —1 _w_w2_w4_w7_w8_w13 w11+w14
oJlO wll +OJ14 0 w5
7 . (A4)
_w2 _ wS _w10 _w10 _w3 _ w12

Compared to [98] the last generator differs in the final entry. Also note that all four of these are not required, and e.g. the final
three suffice to generate the group. One can also define a set of 2/ generators based on these. Label the final two generators
above ko, k3. Then s = kik3,t = k3 satisfies (st)? = s® = t°, as required.

The above generators can be used to construct the full group of size 120, {gx }+2%, by matrix multiplication. Whilst these

matrices are not unitary, the unitarian trick can be employed to find a similarity transform to obtain a unitary representation of
G [98]:

|G| 1 .

1 1 1 1(1+i\/5/3)

Us =VPuVP , P=:2) glge =3 ’ : (A5)
Gl = 1(1—i\/5/3) 1



A3

The P matrix obtained from the Ref. [3] generators is:

bl 9+ 3v5 6+ 3v5 + iV 27 + 125 A6)
2\ 643v5—iV2T+12v5 9+3v5

Appendix A4: Character theory and Schur polynomials

In this section, we will give some tools for decomposing representations of SU(m) and related groups into irreps. We will
do this by heavily using the Lie group-Lie algebra correspondence. The condition we will need is that the complexified Lie
algebra of our group G is isomorphic to sl(m, C) or gl(m, C), where m < d. This covers various cases, including G = SU(2)
as in the case of spin-coherent states, G = SU(1,1) as in SU(1, 1) interferometry, and G = U(m) as in the case of the linear
optical unitary transformations of n photons in m modes.

We begin by recalling some representation theory for the Lie algebra g = gl(m, C). This is a special case of the representation
theory of reductive Lie algebras over C, and all of this can be generalized to that setting. We will later discuss the m = 2 case,
corresponding to SU (2), in more detail. We omit a detailed introduction to the representation theory of Lie algebras, referring
the reader to the classic exposition [118]. The notions of equivalence, irreducibility, and so on are similar to the group case
discussed in Section I H.

The (finite-dimensional) irreps of g (up to equivalence) are in bijective correspondence with weakly decreasing integer tuples
W € Z™, called their highest weight. We call the irrep corresponding to p by V,,. Finite-dimensional representations W of
g may be assigned a formal character x(W) € Z[xlﬂ, ol H +1 with integer coefficients,

,x,-'], a polynomial in 7,..., x5
satisfying the following properties:

X(W1 @ Wa) = x(Wh) + x(W2), x(W1 @ Wa) = x(W1)x(W2). (A1)

We have x(V,,) = su(21,...,2m), the Schur polynomial in m variables. Notably, {s,(z1,...,&m) : p1 > po > -+ >
Lm, 1; € Z} is a Z-basis for the subspace of symmetric polynomials in Z[xlﬂ, ..., xE. By (A1), we see that decomposing
a representation T of g into a direct sum of irreducibles is equivalent to decomposing x (W) into a nonnegative integer linear
combination of Schur polynomials s,,(z1, ..., 2, ). The coefficients of the s,, are precisely the multiplicities of the irreps V/,.

Note that for any ¢ € Z and weakly decreasing ;1 € Z", Schur polynomials satisfy

S teyrpimte) (T1y oo s Tn) = (@1 Tin) S (T2, 00 T (A2)

Then, up to adjusting by powers of - - - 2, it suffices to consider Schur polynomials s,, where p is a weakly decreasing
m-tuple of nonnegative integers. In this case, we have s, (z1, ..., ) a genuine polynomial in the z; (no inverses required).
This is the setting in which many results about Schur polynomials are stated, such as those of [119]. We note that the factors
of 1 - - - 2,,, do not seriously affect any of the results. In fact, the representation theory of s{(m, C) is determined only by the
differences p; — pt;+1; the remaining degree of freedom only affects the scalar by which the identity matrix I € g acts, which
has little effect on the representation theory.

Now let G C U(d) be a compact subgroup, and assume that the natural representation of G' on V = C¢ is irreducible. Further
assume that the complexified Lie algebra of G is isomorphic to sl(m, C) or gl(m, C), where m < d. In particular, assigning
the central element I € gl(m, C) to act by an arbitrary integer if necessary, we obtain an irrep (p, V) for g = gl(m,C). Let
A be the corresponding highest weight, so that we may identify VV = V). For applications to randomized benchmarking (see
Section IV A), we will want to decompose the representation V) ® V' into irreps. For this purpose, we note that V" = V_,, 5,
where wy is the permutation that reverses the indices of A (so that woA = (A, ..., A\1)). From (A1), we may determine the
relevant irreps and multiplicities by decomposing

SA(T1y oy Tn)S— oA (T, ooy Ty ) = ch,sl,(gcl, ey X)) (A3)

These coefficients ¢, may be exactly calculated by the Litflewood-Richardson rule. We will consider a special case: A =
(k,0,...,0), where k is a nonnegative integer. We have sy = hy, the complete symmetric function, and the Littlewood-
Richardson rule simplifies to the Pieri rule. (See [119], Chapter I, (5.14).) In particular, we have —woA = (0,...,0, —k),



A4

and
XA @ V) = x(Va)x(Vowoa) (A4)
= Sa(Z1, o, T ) S—woA (X1 - oy Tin) (A5)
= (@1 ) 800,00 (@10 Tn) Sk 0) (1, - i) (A6)
k
= (z1 )" ZS(Zk—Z,k,..A,k,é)(xla Cy Ty) (A7)
=0
k
= Zs(k—e,o,...,o,e—k)(ffh e T) (A8)
=0
k
=X V(k-@,o,...,o,@-k)) . (A9)
=0

In particular, we have:

Proposition 5. Let G C U(d) be a compact subgroup with complexified Lie algebra isomorphic to sl(m,C) or
gl(m,C), where m < d. Assume V = C% is an irrep of G with highest weight A = (k,0,...,0). Then
End(V) =V ® V* decomposes into k + 1 inequivalent irreps for G, each of multiplicity 1.

We now consider the special case of spin-coherent states: take S a nonnegative half-integer and recall
Hs = span{|S, k) | k= —S,---,S}. (A10)

As discussed in Section II1 A, Hg is an irrep of G = SU(2) with spin S. There is a correspondence between spin and highest
weight; namely, an irrep of g = gl(2,C) with highest weight (a, b) has spin S = (a — b)/2 as an irrep of G. The irreps
Vlatc,b4c) for ¢ € Z are all equivalent as G-representations, so we may choose the value of ¢ freely without affecting the
results. Then we will view Hg as an irrep of g with highest weight (2.5, 0). From the above calculations, we see that

25 25
Hs @Hg = @ Vies—t,—25) = @H2S—e~ (A11)
=0 =0

In particular, there are 25 + 1 inequivalent irreps, all of multiplicity 1.

Note also that H g and 1% are equivalent as representations of SU(2), with isomorphism given by |S, k) — (S, —k|. Thus the
above may be equivalently viewed as giving a decomposition of H g ® H g into irreps. In the general case, m > 2, Hs ®H g and
Hs ® HF are not necessarily isomorphic, but they will always decompose into the same number of irreps, counting multiplicity
(see the proof of Theorem B.1 in [39]).




