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The thermodynamics of the SU(4) gauge theory with a single flavor of fundamental quarks is
analyzed on the lattice with dynamical fermion simulations, which is the low-energy sector of a
realistic, strongly-interacting dark matter model—the Hyper Stealth Dark Matter. The gravitational
wave spectrum from the first-order confinement transition in the early universe is further calculated,
where the effect of the dark sea quarks, which decrease the interface tension in the effective potential
of the Polyakov loop, is shown numerically to lower the gravitational wave amplitude.

Introduction—The relevance of cosmology and astro-
physics to particle physics is becoming increasingly pro-
found, as they provide phenomenological grounds for
the beyond-Standard-Model physics such as dark matter.
The purpose of this letter is to investigate the possibility
that dark matter is a composite particle and its conse-
quences in the early universe. The Hyper Stealth Dark
Matter (HSDM) model [1], pushing forward the idea of
the Stealth Dark Matter (SDM) [2, 3], embodies this pos-
sibility with an economical dark sector of single-flavor
fundamental dark quarks and SU(Np) (Np > 3) dark
gluons, accompanied by the equilibration sector of heavy
fermions with the full-strength electroweak interaction.

In the following, we focus on the dark sector and set
Np = 4, which is the smallest Np for which the dark-
matter-candidate baryon has bosonic statistics. The
generic phase structure of the one-flavor theory [4-8] can
be found in the Columbia plot [9]: The theory exhibits a
first-order phase transition at a finite temperature T, for
heavy quark mass starting from the quenched (i.e., pure
glue) limit, and as we lower the quark mass m,,, the first-
order transition terminates at a critical mass mg . (see
also Ref. [10] for a study with multiple fermion repre-
sentations). The HSDM allows the baryon mass to be as
light as about 50 GeV in the heavy-dark-quark limit. The
existence of the first-order phase transition raises further
interest as a source of gravitational waves [11, 12], whose
detection will be supporting evidence for the strongly-

interacting dark sector (see Ref. [13] for discussion on
crossovers).

After the seminal work of Ref. [14] that studied the
gravitational waves from a wide class of composite dark
sectors, Refs. [15] and [16] reported quantitative predic-
tions from the confinement transition of the pure glue
theory with different numbers of colors and from the chi-
ral transition with the linear sigma model, respectively,
importing results from lattice calculations. To some sur-
prise, the results fell below the threshold of the near-
future detectors. On this ground, it is, of course, im-
portant to verify the result with independent calcula-
tions, and, at the same time, explore how the spectrum
varies for different strongly coupled theories and under-
stand the underlying physics, which help to develop ac-
curate methodology [17-20]. State-of-the-art lattice cal-
culations will play an indispensable role by providing a
first-principles framework.

In this letter, we report on the lattice calculation of
the one-flavor SU(4) thermodynamics for the HSDM
and a prediction of the gravitational wave spectrum (see
Ref. [21] for related work for the SDM and Refs. [22, 23]
for the pure glue Sp(4) theory). Concerning the theory
space of composite dark matter in general, this amounts
to adding a dark-quark-mass parameter to the SU(Np)
Yang-Mills theory. Since the anomaly takes an impor-
tant role in the dynamics at least in the massless limit
[24, 25], we preserve the chiral structure by using domain-
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wall fermions [26-29] in the M&bius formulation [30]. Our
analysis makes full use of the effective potential V' of the
Polyakov loop [31-36], whose shape is difficult to predict
a priori in the presence of sea quarks [37, 38] but is acces-
sible using the histogram method [39] non-perturbatively
on the lattice (see also Ref. [40]); our estimate of V does
not rely on the ansatz for its functional form (see Ref. [20]
for extensions to fermionic theories). With the obtained
shape for V', the spectrum is calculated by following the
outline of Ref. [15]. Preliminary results were reported in
Refs. [41, 42].

Gravitational wave parameters—Among several possi-
ble sources of gravitational waves [43], we concentrate
on the sound wave contribution. Bubbles of the true
vacuum nucleate during a supercooling process, which
expand and collide to take over the universe eventually.
The temperature T, at which this transition happens is
distinguished from the critical temperature T, of the first-
order phase transition (T, < T¢).

To make a prediction on the gravitational waves, fol-
lowing Refs. [15-17, 19], we adopt an analysis with the
effective potential V' by reducing the system into an effec-
tive theory of scalar variables [44, 45], as assumed in the
numerical simulations for the spectrum estimation [46—
49]. The scalar variable will be chosen as the Polyakov
loop in the subsequent section. We discuss the detectabil-
ity in terms of the peak amplitude h%Qpeax and frequency
fpeak, conventionally parametrized as [15, 16, 19, 45, 50]
(see Ref. [43] for a review)

h2Qpearc = 2.65 x 107 (%") (ifg)z(;gg)é, (1)

foeate = 1.9 x 107517 (féfé)é(m(féew) (f)' @)

While the parameters will be described in order below,
the main input parameters turn out to be «, B, and T,.

For the wall velocity v,,, we use the Chapman-Jouguet
detonation velocity [51]:

o= Va2+3a)+1 3)
J = \/§(1+Oé) )

which serves as an optimistic estimate; see Ref. [52].
The efficiency factor x describes the kinetic energy frac-
tion in the plasma fluid that produces the gravitational
waves [11], and is a complicated function of « and wv,,
(see End Matter). et = geff,d + Gef,sm 1S the total ef-
fective radiation degrees of freedom, and ges.d, gefr,sM
those from the dark and Standard Model sectors, re-
spectively. For the Ny-flavor SU(Np) theory, gegr,a =
2(N3 — 1) + (7/8)4Ny, assuming the deconfined phase.
The temperature dependence of geg sm has a finite effect
in our energy scale. The factor Ao = gef,a/gerr takes into
account the effect of visible matter on the spectrum.
The parameter « parametrizes the strength of the first-
order transition [45, 52], defined as the latent heat nor-

malized by the effective degrees of freedom. Following
Refs. [15-17, 19], we use the convenient expression in
terms of the effective potential [48]:
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where AV = V, — V_ and V. are the values of V in
the deconfined (+) and confined (—) phases. The decay
rate I' is evaluated with the bounce action Ss from the
semiclassical analysis of V' as [53, 54]
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by which the dimensionless decay constant is defined as
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where t is the cosmic time and H the Hubble parameter.

As for the transition temperature T, following
Refs. [15, 16], we use the percolation temperature 7}, de-
fined by the relation I(T},) = 0.34 [55], where
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which depicts the total volume of the bubbles of the true
vacuum. The Friedmann equation expresses

2 _ PR
= 5 (8)

where My = 2.435 x 10'® [GeV] is the reduced Planck
mass and pr = (72/30)gesT? the total radiation density.

Polyakov loop effective potentials—As is well known,
the insertion of the Polyakov loop L(x) can be interpreted
as setting a probe quark at the spatial point x [56]. Upon
proper renormalization, the expectation value measures
the relative free energy of the static quark:

(L(x)) = e~ /T fa=]) (z = 6*(Q/T)f)7 (9)

where Q = [ d3x is the three-dimensional volume and Z
the partition function.

Though (L(x)) ceases to be an exact order parameter
in the presence of sea quarks, when the confined and de-
confined phases are separated by a first-order phase tran-
sition, we can expect a finite jump in (L(x)), denoting the
discontinuous change in the required free energy to place
a probe quark. This makes the Polyakov loop a suit-
able observable for our study of thermodynamics. The
dimensionally-reduced effective action for the Polyakov
loop may be written as

Ss = /d3x (T?10;L)* + V (L)), (10)



where the temperature factor is supplied in the kinetic
term for dimensionality [57]. The potential V' is expected
to have a double-well shape in the first-order regime.

To estimate V', we introduce the constrained effective
potential V for the averaged Polyakov loop [58-62], which

is related to the normalized histogram h(L) as
- (L -1
=@V = [52([ - = 3
() =e = (-4 /d xL()). (1)
where 62(L) = §(ReL)§(ImL). We immediately see that
/d2ie—(Q/T) VL = @D (12)

where d°L = dReL dImL. In the thermodynamic limit,
the saddle point analysis becomes exact, and the location
of the minimum L describes the expectation value of the
averaged Polyakov loop L.

Strictly speaking, V and V must be distinguished as
V becomes the convex hull of V in the thermodynamic
limit [63, 64]. The potential barrier exists due to the in-
terface tension [31, 32, 37, 61, 65-68] in the mixed phase
configuration (i.e., between the local minima), which will
be dominated in the infinite volume by the bulk free en-
ergy. However, as was reported in Ref. [63], which is also
the case in our study, the disappearance of the potential
barrier turns out to be slower than the convergence of
the tail part of the potential, and we find that V at a
reasonably large but finite volume is a good estimate of
V. Though further volume scaling study of V [31, 39, 69]
would be beneficial, this is beyond the scope of this pa-
per.

Renormalization—The continuum dimensionful quan-
tities estimated from the lattice are dimensionally trans-
muted and measured at a reference mass scale u, which
we set to the Wilson flow scale [70]: u = 1/+/tg (see
End Matter for more detail). The value of 1/y/to in GeV
defines the overall scale of the dark sector. We define
the line of constant physics with the mass Mp+/fy of the
lightest baryon. Mp+/tg and 1/+/ty in GeV are thus the
inputs to the theory.

To renormalize the Polyakov loop [56, 71], the Wilson
flow [72] can be utilized most conveniently, where dif-
ferent flow times correspond to different renormalization
schemes. We measure the renormalized Polyakov loop
L(x) at the theory scale 1/+/o.

Lattice setup—We use MoObius domain-wall fermions
[30] with the Wilson gauge action [73] on lattices of size
N 3 X N. The auxiliary dimension Ls = 8 for the domain-
wall fermion is set such that the residual mass is O(107%)
[42]. The dynamical simulation is performed with the
exact one-flavor hybrid Monte Carlo algorithm [74] using
the Grid software library [75].

To study the thermodynamics, we fix N, = 8 and vary
the gauge coupling B = 2Np/g? for the dark-quark mass
mg = mga = 0.1,0.2,0.3,0.4. Since the temperature
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FIG. 1. The histogram h(L) for the averaged Polyakov loop
L at . with g = 0.4 and N, = 16,24, 32 from top left to
bottom. Errorbar is suppressed.

is T = 1/(N.a) and the gauge coupling determines the
lattice spacing a, varying 8 amounts to varying T. Fi-
nite volume effects are studied by taking Ny = 16, 24, 32.
Zero-temperature ensembles are generated for the scale
setting with N; = 24 and N, = 48. More details on lat-
tice calculation are provided in the Supplementary Ma-
terial.

Ideally, the continuum limit should be taken by varying
N,. While discretization effects will be studied systemat-
ically in future work, O(a?) corrections with domain-wall
fermions are expected to be subdominant to the relatively
large statistical error in the final results. See, e.g., the
a?-dependence of the baryon mass in End Matter.

Phase transition—We evaluate the histogram (11) by
regularizing the delta function with the Gaussian. By
using the multipoint reweighting method [76, 77] follow-
ing Refs. [35, 36], we can obtain the histogram for an
arbitrary value of 8 around f. (see Fig. 1). We use a
cubic spline to interpolate the effective potential V on
the real axis between the discrete points. The order of
the transition and the critical coupling (. are identified
by looking for the discontinuity of the minimum L (see
Fig. 2), which is a robust characteristic of the first-order
transition that exists even when V is the convex hull. In
the case of the Ny = 32 result, the gap disappears for
mq = 0.1, implying a crossover; the apparent discontinu-
ity in the smaller volumes may be attributed to the large
correlation length around the second-order point. We
identify the 7y > 0.2 ensembles to be in the first-order
regime.

Finite volume effects can be observed pictorially in the
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FIG. 2. The location of the minimum Lg for Ny = 16,24, 32
from top left to bottom. 1M, = 0.1 does not exhibit a discon-
tinuous jump for Ny = 32, implying a crossover, whose . is
determined by the largest derivative dLo/dg.

reconstructed potential at 5. in Fig. 3. The sizable effect
for Ny = 16 can be understood from the histogram on
the complex L plane (Fig. 1) as the remnant of the Z,
symmetry in the pure glue theory; the soft breaking by
the fermionic boundary condition takes effect in larger
volumes. We also observe in Fig. 3 that the lowering of
the potential barrier is hardly visible for Ny = 24,32. We
thus use the reconstructed V for N, = 32 as the estimate
of the potential V.

Gravitational wave spectrum— From the estimate of
the potential V', the bounce action S5 is calculated with
the shooting method. Combined with the scale setting
results, the data points are obtained as dimensionless tu-
ples (S3/T, (T — T.)v/to, Mp+/to) that can be fitted to
express S3/T as a continuous function of (T'—1T,)+/to and
Mpg+/ty. The dimensionless vacuum energy AV/T* can
be expressed similarly as a function of (T' — T,)+/tg and
Mpg+/ty. See End Matter for more on the intermediate
steps. With the continuous functions, the gravitational
wave parameters can be readily evaluated, as shown in
Fig. 4. Varying Mp+/to effectively changes the quark
mass 1My, whereas varying Mp in GeV rescales the over-
all theory scale 1/4/%y. The rescaling shifts the peak fre-
quency while leaving the peak amplitude approximately
unchanged, and therefore moves the points horizontally
in Fig. 4. As shown in Fig. 5, Mp/T. ~ 20 in our pa-
rameter range, and —0.0005 < (T, — T.)+/%g, where the
interpolating functions are valid.

The Mp+/to dependence of the spectrum can be under-
stood in terms of « and 3 (Fig. 6). We see that the larger
interface tension observed as the larger barrier height in
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FIG. 3. The dimensionless constrained effective potential
V' = V/T* along the real axis at .. 7, = 0.1,0.2,0.3,0.4
from top left to bottom right.
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FIG. 4. The peak amplitude thpeak and frequency fpeak,
compared against near-future detectors’ sensitivity, taken
from Ref. [78].

Fig. 3 gives a stronger transition and a longer lifetime of
the bubbles, both of which increase the amplitude.

Discussion—The amplitude saturates as we reach the
pure glue limit, Mp+/tg — oo. Our result for the largest
baryon mass Mpg+/tg = 4.0 may be considered as near
the pure glue limit, and is in agreement with the former
works on the pure glue theory [15, 17, 19] in order of
magnitude. The amplitude may be amplified by varying
the number of colors Np [14, 15, 19] or the Lie group
[18].

Note that the observed quark-mass dependence is
mainly from the change in the decay rate: In our ap-
plication, we have AV <« 0AV/dlogT in Eq. (4), and
the strength parameter is consistently o ~ 1/3, as in
Refs. [15, 17, 19] (see Fig. 6). It is further notewor-
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FIG. 6. (Left) The strength parameter o and (Right) the
dimensionless decay constant B Points with equal Mp+/to
are horizontally displaced for visibility. Minor dependences
on Mp [GeV] are from the comparison of 1/+/to to the Hubble
parameter H and to the temperature 7" in GeV that enters
into ges,sm (7).

thy that such dependence of « relies on the calcula-
tion scheme with the effective scalar variable. To un-
derstand the sea-quark effects better, calculating gluonic
and fermionic contributions to the latent heat [79-82]
separately may be useful. In combination with the lat-
tice methods for the decay rate [83, 84], one can obtain
« and B without introducing the effective potential V.

Another simplification in the calculation is the wall
velocity v,, = v that assumes detonation. Accurate de-
termination of v,, requires evaluation of hydrodynamic
quantities such as fluid velocity in the two phases [19, 52].
It will be interesting to develop a lattice framework in
parallel to holographic models [85-88].

Concerning the HSDM as the theory of dark matter,
glueballs and mesons, together with baryons, provide es-
sential inputs to its phenomenology [1]. Detailed spec-
troscopy and scattering studies will follow in future work
(see also Refs. [89-92]). Our spectroscopy result for the
connected diagrams (see End Matter) suggests that, to-
gether with the glueball masses of the quenched theory
[93], the critical mass mg . roughly corresponds to where
the mass hierarchy between glueball and mesonic states
turns over. The simple setup of the one-flavor theory also
serves as a theoretically intriguing system for scrutinizing
the confining dynamics of quantum chromodynamics.
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End Matter

After introducing (i) the formulas for the efficiency fac-
tor k, we elaborate on (ii) the scale setting, (iii) the
bounce action, and (iv) the interpolating functions. It
is convenient to measure the dimensionful quantities re-
lated to the gravitational wave in the units of T' [15],
which will be indicated by the prime symbol. Quantities
measured in the units of a~! are indicated convention-
ally with the hat symbol. We further work in the units
where 1/4/tg = 1 for notational simplicity. (v) Partial
spectroscopy results for baryonic and mesonic states are
also given.

(i) Efficiency factor

Following Refs. [15-17, 19], we use the expression:

K = /Towku-

The factor /Tow takes into account the lifetime of the
sound-wave source [94, 95]:

(A.13)

Tow = 1 —

142387 =
* i1ta

L —1/2
(87) 3 vy / s 3 «

BUy L
(A.14)

which lowers the amplitude in numerics. k., is the fac-
tor that is derived from hydrodynamical analysis, and is
given for the Jouguet detonation as [52]

Ja
(v = v) = . A5
(Ve = Vg) = G e (A-15)

(ii) Scale setting

Our definition of the Wilson flow scale ¢ is (see Fig. 7)

t2(E(t))]1=¢, = 0.28, (A.16)

where E(t) is the flowed energy density at the flow time
t [70]. Since we also use to to renormalize the Polyakov

loop, the right-hand side is chosen such that \/870 <
N,/2 for N, = 8, by which the flow does not wrap
around the temporal extent in the finite-temperature cal-
culations. See Refs. [96, 97] on the Np scaling from the
conventional choice.

For the one-flavor theory, local baryon operators
have totally symmetric flavor indices and totally anti-
symmetric spin indices. Accordingly, the lowest baryon
states are spin 2. Figure 8 shows the effective masses
for the JP = 2,2~ point-to-point correlators, which are
fitted by the ansatz: My + Aexp(—AM 7). The mass
M, of the 27 state is used as Mg to define the line of
constant physics.
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FIG. 7. #*(E(t)) plotted against £ for the zero-temperature
ensembles. The dashed line indicates the defined scale
t2(E(t))]t=s, = 0.28.
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FIG. 8. Effective masses ieg for the J© = 27 and 27 correla-
tors with 8 = 11.045 and m, = 0.4, plotted against temporal
slices 7. The reduced x? is 0.91 for 27 and 0.57 for 2™.

(iii) Bounce action

To obtain the bounce solution [53], the equation of
motion [15]

L 2dL 14V’

dr’2 vl dr’ 2 dr'
is solved with the boundary conditions dL(r' = 0)/dr’ =
0 and L(r" = o0) = L4 by the shooting method. Ob-
tained solutions are shown in Fig. 9 for the smallest and
largest 8 which enter the fit of S%, where the largest
value of (8 is constrained by the machine precision in the
shooting method. By substituting the solution into the
(subtracted) effective action [15]:

0 (A.17)

o dL\2
r 1,12 / _ !
S5 —47r/0 dr'r [(—dr/) + V(L) -V (Ly)|, (A.18)

we obtain the values for the classical action S5.

(iv) Interpolating functions
To interpolate the functional dependence of a~! on 8
and 774, we use a generic expansion:
a coo + c108 + Colmq + Cllﬁmq + Cogmg. (Alg)
For the baryon mass Mpg, we use the ansatz:

Mp = cop + co0a® + co1mq + Cogmg. (A.20)
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FIG. 9. The bounce solution L(r") for the smallest and largest
B in the fitted range for S5. 1y = 0.2,0.3,0.4 from top left
to bottom.

The fit results are shown in Fig. 10. Using the interpo-
lated functions at 3. for each M4, we obtain the critical
temperature T, at the corresponding Mpg. A linear fit is
performed to express T, as a function of Mp (Fig. 11).

MC
fit

3.5
MpgVty 3

2.5

04
5 .:
0.2 mg Vg

10975 11 11,025 11,05
B

FIG. 10.  Global fit for the Monte Carlo (MC) results of
(Left) a=*v/%o and (Right) Mpv/fo. The reduced x? is 0.94
for a=*v/To and 2.68 for Mp+/%o.

fit
+  MC

0.165

Z0.160 *
S

0.155

2.5 3.0 3.5
Mpy/to

FIG. 11. T.+/to fitted with the linear function of Mp+/%o.
The reduced x? is 2.11.

Combining the above results, we obtain data points for
S4 and AV’ for a given (T'— T, Mp). Since the classical
action S% is quadratically divergent in three dimensions,



we use the ansatz with the subleading terms:

Sé ~ (MB — MB7C)V<CO +

C1

C2

T—T, '

T—T,)?

AV’ is interpolated with a generic expansion:

).

(A.21)

AV’ ~ (T — T.)(bo + by Mp) + (T — T.)*(co + c1 Mp).

The fit results are shown in Fig. 12.
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FIG. 12.

ML |

-0.0002

Interpolating/extrapolating functions for (Left)

MC
fit
0.01
AV
0.005

0
| -0.0006

3.5
3 MgV
5

St = S3/T and (Right) AV’ = AV/T*.

In one-flavor quantum chromodynamics, the confine-
ment scale and the quark mass are the primary scales in

(v) Mass landscape

(A.22)

the theory. The mass landscape may be observed through
the lightest masses in the connected diagrams for the
baryonic and mesonic correlators compared against the
quenched glueball masses (Fig. 13). It should be noted,
however, that the mesonic masses may not be regarded
as physical due to omitted contributions from the discon-
nected diagrams. We nevertheless observe that, roughly
around the critical mass 0.1 < mg, < 0.2, the quenched
glueball and mesonic masses turn over. Detailed analy-
sis will be given with full spectroscopy results in future
studies.

25 T 2 baryon
2" baryon
20 T 1~ meson (conn part)
- ¥ 0~ meson (conn part)
IS s 1
152
=
*
10 *
*
51-3%
0.1 0.2 0.3 0.4

My

FIG. 13.  The lightest masses M in the units of 7¢ in the
connected parts of the baryonic and mesonic correlators, eval-
uated at (g, 3) = (0.1,10.865), (0.2,10.99), (0.3,11.035),
and (0.4,11.045). The lightest quenched glueball masses for a
given JFC are indicated by dashed lines, taken from Ref. [93].
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SUPPLEMENTARY MATERIALS

Parameter details in lattice calculation

For the finite-temperature calculation, we create two streams for each parameter (v, 3) with the cold and hot
starts to ensure thermalization. The total sample sizes of the generated ensembles are summarized in Fig. 14, where
the trajectory length in the hybrid Monte Carlo (HMC) algorithm is set to 1.0 in all cases. To calculate the Wilson
flow scale and the baryon mass, we also generate zero-temperature ensembles with N, = 24, N, = 48. The total
sample sizes of the zero-temperature ensembles are summarized in Fig. 15.

my=0.1,N. =8 my=02,N. =8
B N, =16 s N, =16
30000 Ny=24 80000 Ny, =24
Ny =32 . Ny =32
199) w0
2 -£ 60000
(o) =}
20000 Z
E £ 40000
3 *
10000
20000
0 0t
10.86 10 83 10.90 10 94 10 96 10.98
 =03,N, =8 =04,N, =8
g = 0.3, 60000 Ty
N N, =16
100000 Ny=24
. N, =32
2} o0
2 75000 £ 40000
3 3
g £
£ 50000 £
I 320000
B N, =16
25000 v, — 2]
| N =32
0 0 I
11.00 11 02 11.04 11.00 11.02 11.04 11.06

FIG. 14. The total number of HMC trajectories after thermalization for the finite temperature ensembles, m, = 0.1,0.2,0.3,0.4
from top left to bottom right. The measurement is performed every 100 trajectories.

N, =24, N, = 48

20000

1y = 0.1
g = 0.2
1, = 0.3

» 15000 .
1, = 0.4

10000

5000 ‘ H

0 10.85  10.90  10.95  11.00  11.05
B

#trajctorio%

FIG. 15. The total number of HMC trajectories after thermalization for the zero temperature ensembles. The measurement
is performed every 20 trajectories.

In the calculation of the histogram, the standard deviations in the x and y directions of the Gaussian regularization
of the delta function are chosen to be the same as the widths of the histogram, Az, Ay. The histogram parameters are
summarized in Table I. For the multipoint reweighting method, we choose the range Bnin < 8 < Pmax that includes S,
for each 714, and the potential is evaluated for the equally spaced ng points in the range. The reweighting parameters
are summarized in Table II. Since the multipoint reweighting method combines data from multiple ensembles, the net
statistical error is estimated with the error-propagation formula from all ensembles. The statistical error from each
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ensemble is calculated by the jackknife method, in which each ensemble is divided into 40 bins.

Ns Zmin | Tmax AI Ymin | Ymax Ay
16|-0.2| 0.6 |24]-0.2] 0.2 |24
241-0.2] 0.6 |32]-0.2| 0.2 | 32
321-0.2] 0.6 |40 (-0.2| 0.2 |40

TABLE 1. Histogram parameters

mq ﬁmin ﬂmax ng
0.1 10.85 | 10.90 {1000
0.2] 10.93 | 10.98 |1000
0.3]10.995|11.045|1000
0.4| 11.0 | 11.05 |1000

TABLE II. Reweighting parameters.

The critical coupling . is determined by looking into the discontinuity of the potential minimum Lo with the
reweighted values of § (see Table III). Note here that the statistical fluctuation in the lattice data varies both the
critical coupling 3. (i.e., in the horizontal direction) and the value of the potential V' = V/T* (i.e., in the vertical
direction). In performing the jackknife error analysis for V’, we separate the two fluctuations by always adjusting S,
to be the location of the discontinuity; then the horizontal fluctuation is quoted as the statistical error on ., and the
vertical fluctuation is quoted as the statistical error on V’. The potential V' is, in this sense, a function of 5 — f,,
and thus a function of (T —T.)\/% since a~!1/%; is linearized with respect to 3 in our region of interest in Eq. (A.19).

N \ring 0.1 0.2 0.3 0.4
16 | 10.89630(58) | 10.9444(48) | 10.9985(44) | 11.0103(64)
24 | 10.8859(18) |10.9717(15)| 11.0172(14) | 11.0366(12)
32 [(10.8681(41))|10.9699(11)|11.02045(89) | 11.04275(76)

TABLE III. Estimates of 8.. For 7, = 0.1, Ny = 32, 3. is determined such that it gives the largest derivative dLo/dS.



