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Abstract

We explore the impact of perturbative pions on the Unitarity Expansion in the
two-nucleon S-waves of Chiral Effective Field Theory at next-to-next-to leading or-
der (N2LO). Pion exchange explicitly breaks the nontrivial fixed point’s universality,
i.e. invariance of S waves under both conformal and Wigner’s combined SU(4) spin-
isospin transformations. On the other hand, Unitarity explicitly breaks chiral sym-
metry. The two seem incompatible in their respective exact-symmetry limits. yEFT
with Perturbative Pions in the Unitarity Expansion resolves the apparent conflict in
the Unitarity Window (phase shifts 45° < §(k) < 135°), i.e. around momenta k = m;
most relevant for low-energy nuclear systems. Its only LO scale is the scattering mo-
mentum; NLO adds only scattering length, effective range and non-iterated one-pion
exchange (OPE); and N?LO only once-iterated OPE. Agreement in the 'Sy channel
is very good. Apparently large discrepancies in the 3S; channel even at k ~ 100 MeV
are remedied by taking at N2LO only the central part of OPE. In contradistinction to
the tensor part, it is identical in the 'Sy and 3S; channels. Both channels then match
empirical phase shifts and pole parameters well within mutually consistent quantitat-
ive theory uncertainty estimates. Pionic effects are small, even for k = m,. Empirical
breakdown scales are consistent with Ayy = % ~ 300 MeV, where iterated OPE is
not suppressed. We therefore conjecture: BothAconformal and Wigner symmetry in the
Unitarity Expansion show persistence, i.e. the footprint of both combined dominates
even for k 2 m, and is more relevant than chiral symmetry, so that the tensor/Wigner-
SU(4) symmetry-breaking part of OPE does not enter before N3LO. We also discuss
the potential relevance of entanglement and possible resolution of a conflict with the
strength of the tensor interaction in the large-N¢o expansion.
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1 Introduction

Why are the observables of few-nucleon systems dominated by anomalous scales? The
deuteron is an exceptionally shallow bound state in the 3S; channel of NN scattering, with
a binding momentum of 45 MeV set by the inverse of the scattering length a(®S;) & 5 fm.
Likewise the 'Sy channel has a virtual bound state at a binding momentum of —7 MeV from

a(*Sp) & —24 fm. These scales differ markedly from the natural low-momentum QCD scales
of Nuclear Physics, the pion mass m, ~ 140 MeV and —— ~ 1.4 fm. The combined evidence
of lattice computations and chiral extrapolations suggest that this fine tuning holds in QCD
only in a small window around the physical value of the pion mass [1-3]; cf. [4].

Effective Field Theories (EFTs) of Nuclear Physics do not offer an explanation. They
simply impose an ordering scheme whose leading-order (LO) iterates a NN interaction in-
finitely often. In the usually employed version of Chiral Effective Field Theory (yEFT), the
one “with Nonperturbative Pions” (see e.g. [5, 6] for recent reviews), LO iterates one-pion
exchange (OPE) and contact terms, tuned to reproduce the shallow bound states. Perfectly
valid and consistent versions of yEFT exist in which LO is perturbative and the binding

momentum (energy) of light nuclei is set by the scale m, (V7 with M the nucleon mass).
But these are not realised in Nature.

And yet, one may recover the intrinsic momentum scales of S waves by expanding about
scale zero, namely about Unitarity. This presentation explores how such an expansion
emerges in yEF'T, 7.e. with pions, despite an apparent incompatibility with chiral symmetry,
the cornerstone of YEFT, and finally argues that its highly symmetric limit is key for the
wider question. The rest of the Introduction sets the stage: the Unitarity Expansion and its
symmetries in NN systems; issues with pions as explicit degrees of freedom; the Conjecture
we will infer from our results with perturbative pions; and the organisation of this article.

Let us first address the importance of Unitarity in general terms. The centre-of-mass two-
body scattering amplitude at relative momentum £ is

47 1
AR = 37 kcots(h) =ik (1.1)
The term “—ik” ensures Unitarity of the S matrix, i.e. probability conservation. All in-
formation about the interaction is encoded in kcotd(k). This invites two expansions.
In the Born Corridor, |kcotd| 2 |ik|, the phase shift is “small”, |§(k)| < 45°, so contri-
butions from interactions are small and can be treated perturbatively (Born approximation,
no bound state). Their details enter at LO and are therefore crucial:

4 1 1 i?

AR e = 37 oo |1 cototm) T cot?oth)

+ O(cot™6)| . (1.2)

This is the expansion about the “trivial/Gaufiian” fixed point of zero interactions.
On the other hand, in the Unitarity Window |kcotd| < |ik| about the Unitarity Point
cotd = 0, the phase shift is “large”, 45° < [0(k)| < 135°. Albeit interactions are so strong
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that they must be treated non-perturbatively at leading order by resumming an infinite
iteration, it is Unitarity which dominates the amplitude:

_dm 1 [1 N cotd (k) N cot? §(k)

Alk) Uni M —ik

+ O(cot?§)| . (1.3)

1 i2

This seems paradoxical, but the interactions are actually so strong that their details do
not matter as much as the simple fact that they are very strong — so strong indeed that
probability conservation limits their impact on observables. For example, the cross section
is saturated, o = 45 [1 —|O(cotd)|]. Moreover, an anomalously shallow bound state emerges
naturally since the amplitude’s pole is at zero, kpoe = 0+ O(cotd). Since the leading amp-
litude has no intrinsic scale, all dimensionless NN observables are zero or infinite at LO,
while all dimensionful quantities (like the cross section) are homogeneous functions of k.
Their exponents are set by dimensional analysis, and their dimensionless coefficients are
independent of details of the interactions. This expansion in the Unitarity Window is hence
one about the “Unitarity /non-trivial” fixed point of “maximally-strong” interactions, and
Unitarity naturally implies Universality: Systems share the same behaviour, independent of
interaction details at short distances. This applies when they are so close to the same Unit-
arity fixed point that differences between their interactions can be treated in perturbation.
Universality classes differ by different sets of symmetries. That is important for imposing a
dominant symmetry in sect. 4.1.

Universality, in turn, has been proposed as key to the emergence of simple, unifying
patterns in complex systems like the nuclear chart [7-12]. Expanding about it quantitatively
reproduces key observables like the binding of *He and its shallow first excitation. Such
indications exist also for heavier systems and nuclear matter [13-18]; see [19, 20] for reviews.

The transition between Born Corridors and Unitarity Window is of course gradual rather
than abrupt. One expects computations of observables still to be reliable to some degree
as one intrudes into the other. The borders should therefore not be taken literally but are
fuzzily located around phase shifts of about 45° and 135° (] cotd| =~ 1); see fig. 1.

This leads to the natural question: Is the Unitarity Window relevant in NN? According to
Partial-Wave Analyses (PWAs) [21-24]!, only the 'Sy and ®S; channels contain anomalously
shallow (real/virtual) bound states. Only their phase shifts are clearly inside it at momenta
relevant for low-energy properties of systems of nucleons, namely £ < 300 MeV (lab energies
< 200 MeV). From fig. 1, that happens for 35 MeV < k£ < 200 MeV. The estimate is
conservative, and the boundaries are again to be understood as fuzzy.

In none of the other channels does the magnitude of the phase shift exceed even 25°

(] cotd| =~ 2) for k < 300 MeV. The ERE mandates that kcotd;(k — 0) oc k=% 0 o s
at low momenta well outside the Unitarity Window in partial waves with orbital angular
momentum? [ > 1. The NN system knows no physical mechanism to overcome that at
higher energies and push phase shifts into the Unitarity Window. 3S; is part of a coupled

"While we use the Nijmegen PWA, uncertainties are minuscule in these channels. The 'Sy and 3SD;
phase shifts and mixing angles reported by the Granada group differ by less that 0.6° up to k = 350 MeV.
2A more careful K-matrix analysis of partial-wave mixing does not change this conclusion [77].



channel, but the magnitudes of 3SD; mixing angle and *D; phase shift do not exceed 25° and
may be amenable to treatment in perturbation. The 3Pg 5, *'P; and *'Dy channels hardly
reach 25° (| cotd| 2 2), either. The degree to which they must be treated nonperturbatively
is evolving [25-27], and we are for the purpose of this presentation agnostic about the issue.
All others have even smaller phase shifts (|6(k)] < 10°, |cotd| = 5) and can easily be
described in perturbation [28-31]. Therefore, [ > 1 partial waves are not considered here —
not because they would not be important, but simply because the premises of the Unitarity
Expansion do not apply. Unless explicitly mentioned, statements, results or conclusions in
this article hold only for such a theory of NN S waves, in the régime where it applies.
Unitarity is so attractive because its two-nucleon state is highly symmetric. At the fixed
point, nonrelativistic field theories are automatically not only scale-invariant but invariant
under the larger Schrédinger group of nonrelativistic conformal transformations [32, 33]. The
“Un-nuclear Physics” [34] this inspired is however not our focus. In systems of two spin—%
particles, 'Sy and 3S; amplitudes are identical at Unitarity, so that the symmetry group is
augmented by invariance under Wigner’s combined SU(4) spin-isospin transformations [35—
37]. Different scattering-length and effective-range corrections are included perturbatively;
see [38, 39] for numerical evidence in phenomenological NN potentials. The tightest-bound
light nuclei, *He, 2C and 0, are all near-perfect spin-isospin singlets; c¢f. Similarity Renor-
malisation Group studies in ref. [40, 41]. Recently, Li Muli et al. [42] saw it dominate the
B-decay of light nuclei. In QCD’s large-N¢ expansion, the leading non-tensor part of the
NN interaction is automatically Wigner-SU(4) symmetric in even partial waves [43, 44];
cf. [45, 46] for a concise summary. [Sect. 4.4 returns to the interplay with large-N¢.]
While it would be an anthropomorphism to surmise that Nature prefers expansions about
configurations with very high degrees of symmetry, theorists certainly do: Since Noether’s
theorem [47] relating continuous symmetries to conserved quantities, employing symmetry
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Figure 1: (Colour on-line) Born Corridor (shaded) and Unitarity Window (clear) of NN 'S
and 3S; phase shifts in the Nijmegen PWA [21]. Marked are also the scales of the first and
second non-analyticity in kcotd(k), from the branch points k = +i%= and %im, of non- and
once-iterated OPE.



principles to construct systematic theories have become a cornerstone of modern Physics. As
1 1

20507 + a@sy and neither is zero, both conformal invariance and Wigner-SU(4) symmetry
are weakly broken in Nature for |kcotd| < 1. Therefore, a Unitarity Expansion about
the nontrivial renormalisation-group fixed point with the symmetry group discussed above
should be useful [30, 31, 48, 49].

In the language of Information Theory, it is the high degree of symmetry at Unitarity
which may imply that the existence of anomalous scattering lengths is important, while their
values are demoted to be less consequential, on par with other information (like effective
ranges). The result is a compression of informational content by identifying relevant and
filtering out irrelevant information.

Wigner-SU(4) symmetry plays also a prominent role in “Pionless EFT” (EFT(¢#)). Its
3N Counter Term (CT) needed to renormalise LO is automatically spin-isospin invariant,
with its Low-Energy-Coefficient (LEC) fixed by a 3N datum [50]. Other examples include
classifying parity-violating and conserving 3N interactions [51-54]; and binding patterns in
nuclear systems [55-60], like the ?C ground and Hoyle states [61].

However, the first non-analyticity of kcotd marks the formal breakdown scale of EFT(¢),
i.e. its mathematical radius of convergence. It comes from the left-hand branch point
k = +i%x of NN OPE, the longest-range nonlocal exchange interaction. The associated
scale k ~ 7= lies well inside the Unitarity Window, as fig. 1 shows. It also appears to
be right around where both partial waves are close to perfect Unitarity, 6 = 90°. And
yet, EFT(#) is of all EFTs the only one for which the Unitarity Expansion has thus far
been explored [8, 9, 11-13, 18, 19]. That it appears to converge much better in practical
applications, is well-known. For example, a recent combination of Bayesian order-by-order
convergence analyses of np and nd scattering put its breakdown scale with 68% degree
of belief at [0.8;1.2] m, [62, 63]. Even that makes it cover barely more than half of the
Unitarity Window. Such tension makes one ask how the Unitarity Expansion emerges
with pionic degrees of freedom, i.e. in yEFT which should extend to higher momenta and
automatically embed the non-analyticities [64].

However, the question is not simply how big the window is in which the Unitarity Expansion
of yEFT is relevant, i.e. both converges and describes data efficiently. More fundamental is
how the key aspects of Unitarity and Universality emerge with pions. In yEFT, conformal
and Wigner-SU(4) invariance are not manifest in the chiral Lagrangean but hidden. They
are not imposed when one constructs the EFT [65], in contradistinction to chiral, Lorentz
and other symmetries. Rather, they are accidentally “discovered” when parameters are
determined by data. They are emergent phenomena. Certainly, neither is manifest in
OPE [€,: unit vector of momentum transfer ¢; &;, 7;: nucleon ¢’s spin, isospin]:

2 =2
_ gA q — — — — — — — — — —
VOPE——12f7%m (0’1-0'2)+[3(0’1-6(1)(0'2~6q)—(01-(72)] (7—1-7'2> (14)

=:(01-02)(T1-T2) Ve +[3(61-€,)(F2-Ey) — (G1-02)|(T1-T2) Vi .

The pion decay constant f, and m, break scale (and hence conformal) invariance explicitly
because they carry mass dimensions, and the spin-isospin structure of the tensor part, Vrp,
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induces S «+ D and D — D transitions. These are only possible in 3S;, and not in 'S,
where V7 is of course identically zero. Such 3SD; mixing therefore manifestly breaks the
Wigner-SU(4) symmetry between the S waves. In a possibly slight abuse of language, this
is what we call “Wigner-SU(4) symmetry breaking”; see also sect. 2.3.2.

On the other hand, the spin-isospin structure of the central part, Vi, is identical in these
channels, (61 - 09)(T1 - T2) = —3, and can in a similarly slight abuse of language be called
“Wigner-invariant” (projected onto the 'Syp-3S; system). It is also the only contribution in
the 'Sy channel, where the tensor piece is of course identically zero. Thus, only amplitudes
without Vr contributions are unchanged under Wigner-SU(4) transformations in the sub-
space of the 'Sy-3S; channels; c¢f. more formal discussion in sect. 2.3.2. Consequently, it is not
self-understood how explicit pionic degrees of freedom are reconciled with the symmetries
of the Unitarity Expansion which they appear to break rather strongly, while concurrently
extending the range to the whole Unitarity Window, including k& 2 m.,.

The Unitarity Expansion with pions sets thus up as a apparent clash of fundamental
but apparently incompatible symmetries. On the one side is the Unitarity Expansion whose
weakly broken conformal and Wigner-SU(4) symmetries treat the 'Sy and 3S; channels as
fundamentally identical, and do therefore not allow 3SD; mixing. On the other side, the
weakly broken chiral symmetry of the Goldstone mechanism dictates the form of the OPE
of eq. (1.4), 3S; mixing, and that the S; and 'Sy channels are fundamentally different as the
tensor interaction in one is absent in the other, but prima facie explicitly breaks Conformal
and Wigner-SU(4) symmetry rather strongly. All these symmetries are approximate, but
neither scenario accommodates the idealisation from which the other starts. Each symmetry
appears to be “hidden” and thus “accidental” from the perspective of the other.

It makes thus sense to investigate in detail how to reconcile the two approaches, so that
both become manifest in observables. To our knowledge, that has not yet been attempted.

We therefore choose to investigate the transition from “pionless” to “pionic” EFT in
YEFT “with Perturbative/KSW Pions”, proposed by Kaplan, Savage and Wise [66, 67]. In
it, LO consists still only of iterated, momentum-independent contact interactions. Together
with corrections to these, OPE without iteration enters at next-to-leading order (NLO), and
once-iterated OPE at N?LO. Twice-iterated OPE as well as correlated two-pion exchange is
relegated to higher orders. At its breakdown scale Axx, OPE becomes non-perturbative [66-
68], and its dimensionless expansion parameter at typical momenta piy, ~ k, m, is

L 167 f2
Q= %yp . with Axn = ]\J; ~ 300 MeV . (1.5)

2
NN g

Birse [30] pointed out that this scale depends on the total angular momentum of the partial

wave, but we reiterated that we are only interested in S waves. From here on, we rephrase
9% _ _ 4m

- 12?7% T 3MAnN
Ann & 2m, in the real world, it is not explicitly dependent of m, and hence remains close
to that value in the chiral limit. Fleming, Mehen and Stewart (FMS) found [68, 69] that
perturbative pions at N?LO fit S; phase shifts rather poorly for & > 140 MeV, i.e. well below

Ann, and found order-by-order convergence elusive. And yet, this is the only YEFT generally

factors in OPE in terms of this scale, e.g. in eq. (1.4). While numerically

5



accepted to be self-consistent and renormalisable order by order, with a well-understood
power counting [29], and thus regularly employed for predictions in the absence of data,
e.g. in beyond-the-standard-model processes [70-72]. Modifications of this perturbative-
pion version with better S-wave convergence have also been explored [26, 73-75].

We thus propose the yEFT with Perturbative Pions in the Unitarity Expansion
(XEFT(pr)ur). Its N°LO amplitudes are based on the work by Rupak and Shoresh (RS)
in the 'Sy channel [76] and by FMS in 3SD; [68, 69]. We will argue that it has a wider range
of both convergence and agreement with PWAs than EFT(4#), if the following holds:

Conjecture: The symmetries of the Unitarity Limit are broken weakly in Nuclear
Physics. Their footprint shows persistence, i.e. their impact dominates observables
at momentum scales pg, ~ m, and beyond, and is there more relevant than chiral
symmetry. In particular, the tensor/Wigner-SU(4) symmetry-breaking part of one-pion
exchange in the NN 3S; channel is super-perturbative, i.e. does not enter before N3LO.

Co-author Teng’s MSc thesis gave first results [77]. Recently, we discussed findings and
Conjecture at the ECT* workshop The Nuclear Interaction: Post-Modern Developments,
the 11th International Workshop on Chiral Dynamics (CD2024), programme INT-24-3
Quantum Few- and Many-Body Systems in Universal Regimes and workshop INT-25-92W
Chiral EFT: New Perspectives [78-81]. Ref. [82] contains a digest and addenda.

This article is organised as follows. Appendices detail important aspects which for the sake of
flow are only summarised in the main text. Section 2 is devoted to methodology, with details
relegated to app. A. We briefly review the EFT(#) amplitudes to N?LO in the Unitarity
Expansion (sect. 2.1), and our choice to extract phase shifts, pole positions and residues
from the amplitudes via kcotd (sect. 2.2), with details in apps. A.1 and A.2. Section 2.3
discusses the YEFT amplitudes with Perturbative Pions in the Unitarity Expansion at O(Q*)
(N2LO; sects. 2.3.4 to 2.3.6); with app. A.3 on their & — 0 limit. It reviews the power
counting (sect. 2.3.1) and group theory of Wigner-SU(4) symmetry, and identifies OPE’s
transformation properties (sect. 2.3.2), followed by specifying renormalisation point and
parameters (sect. 2.3.3). Section 3 on the results starts with the zero-momentum and
pole properties. Our central results are sects. 3.2 on the 'Sy channel, and 3.3 on the 3S;
channel both with and without its Wigner-SU(4) breaking parts. A detailed accounting
of the robustness of our results and theory uncertainties is relegated to apps. B.1 and B.2
but summarised in sect. 3.5: order-by-order convergence, expansion parameters inside the
Unitarity Window, convergence to the PWA, complementing phase shift extractions, and
variation of the fit point. After such fact-oriented investigations, sect. 4 turns to ideas
inspired by them. It develops the Conjecture (sect. 4.1) and speculates about the impact
of the nontrivial fixed point on chiral symmetry (sect. 4.2), as well as about the interplay
of Wigner symmetry with quantum-mechanical entanglement (sect. 4.3), and with QCD’s
large-N¢ limit (sect. 4.4). After the customary summary, sect. 5 outlines steps to test if the
symmetries of the Unitarity Limit persist and dominate well into a momentum régime in
which pions must be accounted for.



2 Amplitudes and Observables

2.1 Amplitudes in Pionless EFT

To set up yEFT(prn)yg, we first consider the Unitarity Expansion at very low energies.
That is the régime of EFT(f), which is at N?LO identical to the Effective Rage Expansion
(ERE) [83-86]. We will use it in sect. 3 to check how important pions actually are. In
addition, some subtleties on extracting observables in app. A.1 become more transparent.
The function kcotd (k) which parametrises the interaction part proceeds for the expansion

about k = 0 in powers of k2 for k < %x, i.e. below non-analyticities from non-iterated OPE:

1 oo
keotd(k) = —~ + g k2 + Zvn g2 (2.1)

with a the scattering length, r the effective range, v,, the shape parameters®. From fig. 1,
phase shifts are inside the Unitarity Window even at these low momenta, so we choose:

1
kcot5§_1 =0, kcotc?{fo =——+ g K kcot5§1 =0 . (2.2)
’ bl a[ I’

The first subscript denotes the S channel (I = 0); the second the order in the expansion
parameter Q¢ of EFT(f). Inserting into the Unitarity Expansion of eq. (1.3), one finds at

O(QY) (N2LO):

. (S) 2
(S) . 4mi 1 (9) . 4 1 kr (S) . [A()¢ (k)]
AT(k) = -+ 7 Aot (k) = Uk (E —5 ) Ak = S oy ") (2.3)
,17{

Therefore, the Unitarity Expansion in EFT(#) proceeds in powers of and applies for Q) ~

k—la, % < 1. This also implies 5~ ~ Q; < 1, 1.e. r is of natural size for anomalously large
a. It breaks down for momenta which are either small, £ < %, or large, k 2 %, relative

to the ERE scales. The dimensionless expansion parameters at, for example, k ~ %z

2
are ;- (}s p R ( ) ~ (. 5, = 5 0.5 and - 381 ~ 0.3. Since none of these are
particularly small convergence of o%servables must be assessed carefully; see sect. 3.5. The
two NLO contributions are of relative size |4 k?| ~ 4 for k ~ %= in 'Sy and ~ 0.6 in °S;.
So we follow [8] to define the Unitarity Expansion such that O(Q¢) (NLO) includes both
the scattering length and effective range. At higher k, a could be considered N2LO since r
dominates, but we strive for an expansion applicable throughout the Unitarity Window.
No new Physics enters in EFT () at N?LO since the amplitude is entirely determined by
the LO and NLO results. The first additional datum comes then from the shape parameter

va at O(Q3) (N’LO), i.e. one order higher than considered here. Additional information
from v, enters at O(QQ” ) (N?"~1LO). No new information enters at odd powers of Q

(N?"LO). Since pionic effects enter at each order beyond LO, that changes in yEFT(pn)yg
whose power counting is described in sect. 2.3.1.

30ther conventions include v,, = —P,, 7>*~! with dimensionless P, and factors of 2, 4 and n!.



2.2 From Amplitudes to Phase Shifts and Pole Positions

We follow the canonical Stapp-Ypsilanti-Metropolis (SYM/”bar”) phase-shift parametrisa-
tion [87], also used by the Nijmegen [21] and Granada [22-24] PWAs. Phase shifts and
bound-state properties (S-matrix poles and residues) are then found by an order-by-order
expansion of the amplitude in “strict” perturbation as defined in Mathematical Perturb-
ation Theory [88-91]; see also [76, 92] and a technical summary [93]. This preserves all
symmetries at each order independently, including S-matrix unitarity. We will mostly use
the expansion of kcotd, as this is the fundamental variable of the Unitarity Expansion. The
path from amplitudes via kcotd(k), egs. (A.9-A.11), to phase shifts and pole parameters is
described in apps. A.1 and app. A.2, respectively. There, we also comment on approach’s
advantage outside the Unitarity Window. We show in app. B.1.5 that inside the Unitarity
Window, extraction variants are consistent within expected higher-order uncertainties.

2.3 Amplitudes in yEFT with Perturbative Pions about Unitarity
2.3.1 Power Counting

Guided by the discussion around eq. (1.5) in the Introduction and sect. 2.1, we count powers
of @ in YEFT(pn)yg as follows. In an EFT with resummed LO in the 2-body system,
LO must for consistency on general grounds be counted as O(Q™1); see e.g. [65, 94]. The
Unitarity Window of the NN system with perturbative OPE dictates then ﬁ < Piyp < Ann.
For simplicity, we equate the two dimensionless expansion parameters into

Q::ptyp:(k’m”)z L Lo, (2.4)

Ann a Ptyp

since they are numerically close for k& ~ m, and physical values of the NN scattering
lengths. We also set r ~ m;!, i.e. 2 ~ Q. All this implies ﬁ ~ o~ Q% and AN~ QO
That is not inconsistent with the real-world numerical values. With this, LO is Unitarity;
NLO (O(Q")) adds non-iterated OPE, finite scattering length and nonzero effective range

(cf. sect. 2.1); and N*LO (O(Q")) once-iterated OPE and corrections in a,r. Neither is zero.

2.3.2 Wigner-SU(4) Symmetry and Its Breaking in yEFT(pnt)ug

We first briefly review the group theory of Wigner-SU(4) spin-isospin transformations, fol-
lowing [45]. Its second Casimir operator Cy' &' := 14e4r40T hag eigenvalue 5 for super-
sextuplets ([ even), and 9 for super-decuplets (I odd) (defining o := &1 -72 etc.). As it com-
mutes with the orbital angular momentum operator, we decide to classify super-multiplets
in addition by a superscript [ for 2= I(l+1).

The 1Sp-3S; channels form an (antisymmetric) super-sextuplet Irrep [64]=° ((S,1) =
(0,1) V (1,0)). In general, a super-sextuplet [64]" applies to all partial waves with even
orbital angular momentum [. The next is [64]?, the spin-singlet isospin-triplet Dy combined
with the Wigner-symmetric components of the spin-triplet-isospin-singlets *Dy and 3DFs,
as well as 3D; which mixes with the 1Sy-3SD; Irrep; see below. Odd partial waves pair to
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(symmetric) super-decuplet Irreps [10s]!, (S, 1) = (0,0)V (1,1). The lowest-I representation
combines the spin-singlet-isospin-singlet 'P; and the Wigner-symmetric components of the
spin-triplet isospin-triplets 3P¢->P1-3PF,. [One could also classify Wigner-supermultiplets
by total angular momentum j. In mixed channels like 3SD;, the supermultiplet axes are
then slightly tilted off the [ = j £ 1 state. However, PWAs show that NN phase-shift mixing
angles are very small, |e| < 5°, i.e. pure [ = j 4+ 1 states can be treated as [W]! = [W]/ at
LO, with corrections in perturbation; cf. also [45, sect. V.C].]

The origin of Wigner-SU(4) breaking is thus twofold. The central operator & - &'
splits members of each super-multiplet [W]" at fixed { by spin S = 0 (eigenvalue —1) or
1 (eigenvalue 3), e.g. by different effective-range parameters a and r in the two channels.
However, it does not mix super-multiplets with different [ since it commutes with both
OVt and 12, On the other hand, OPE’s tensor operator in eq. (1.4) does not commute
with 12 (but of course with j?2), yet it does commute with Cy 8", Tt lifts therefore the
degeneracy both within and between super-multiplets [64] and [10g)’ for different | (where
sextets do not mix with decuplets because parity and 7 must be conserved). This justifies
the term “Wigner-breaking”. It does not affect S = 0 states, but mixes exclusively the
S =1 state in the same super-multiplet with one in another super-multiplet with the same
7 but different [ = j 4 1, like the j = 1 states 3S; in [64]° and 3Dy in [64]2. The operator
of OPE’s central part, Vo « o7, also commutes with the Casimir operator. It acts on
all members of super-sextuplets like 1Sy-3S; by returning the same state with eigenvalue
—3 and is thus there proportional to the unit operator. That justifies the name “Wigner-
SU(4) symmetric” contribution, albeit some may prefer “Wigner-SU(4) covariant”. In a
super-decuplet [10] like 'P1-Py 1 o, the latter is more appropriate since it returns different
values: 9 for S =71 =0 and 1 for S = I = 1. The impact of Wigner-symmetry there is
worth exploring [45]. As the Unitarity Expansion is inapplicable in all partial waves except
for the 1Sy-2S; super-sextet, we continue with the attributions “symmetric” and “breaking”.

We now discuss at which order and how Wigner-breaking terms enter in yEFT(pn)ug.
At NLO, OPE is inserted once. Symbolically, one projects Vopg (with contact terms for
renormalisation) onto the 'Sy and 3S; channels:

AO(ISO) = <ISO|V0|ISO> = A%

T
sqy _ [ IPS1) Ve V8 Vr PS5 . (2.5)
B e A )

The LO amplitudes and states |'Sg) and [3S;) are S-waves only and Wigner-SU(4) invariant,
o7|?S1) = o7|'Sp). The pion part at NLO is therefore necessarily Wigner-SU(4) symmetric.
OPE-induced differences between the partial waves only enter at N?LO:

A1(*So) = (*So|VeGVe|'Sy) =: AP

© £t sym

T
sq v [ 1PS1) Ve V8 Vi Ve V8 Vr 1>S1)
A8 = ( 0 ) (Jé Ve VC—2VT> “ (\/g Vi vc—2vT> ( 0 ) (2:6)

- Al(lso) + <3Sl|8vTGVT‘3sl> = Ag;m + Agi)reak



NLO is AJ; the symmetric (breaking) N*LO part is A% (AJ ). The “free” LO two-
nucleon propagator G is Wigner-symmetric at Unitarity. Wigner-breaking comes exclusively
from once iterating OPE via V and induces a S — D — S intermediate state. A DD matrix
element does not appear before twice-iterated OPE, i.e. N3LO. Extension to other channels
is straightforward [95]. It is natural to assume that the amount of breaking at higher orders
grows exponentially with the number of V; insertions.

We reiterate that this reasoning only applies to the pion-part of the interaction and the
corresponding CTs which absorb regulator-dependence. In our case, their “finite parts” are
set by the empirical scattering lengths and effective ranges. These break Wigner-SU(4) sym-
metry explicitly but weakly. For a meaningful distinction between Wigner-symmetric and
breaking contributions, it must of course be renormalisation-group invariant. That is ful-
filled by construction if the regulator preserves Wigner-SU(4) symmetry, like in dimensional
regularisation with Power-Divergence Subtraction [66, 67] which we use.

2.3.3 Pathway and Parameters

The NN amplitudes in the 'Sy and coupled 3SD; channels with perturbative (KSW) pions
were derived for finite scattering length by Kaplan, Savage and Wise [66, 67] to NLO, and
extended to N2LO by RS (1Sg) [76], and then by FMS (3S;, 1Sy) [68, 69] (both 'Sy results
agree). Figure 2 shows the contributions at each order. The last line includes those diagrams
with SD-mixing interactions, all of which enter only at N2LO as just discussed. Those which
enter only in the phase shift of the ®D; channel and of the SD mixing angle are discussed in
an MSc thesis [77] and will be subject of a future publication [95]. In order to confirm correct
coding, we reproduced the FMS results with their parameter values. This is nontrivial since
some are highly sensitive to the exact numbers used?.

We then expanded the amplitudes about Unitarity to find the LECs at its natural renor-

. oHHooes
xeos (- )e( O+ T )o(—+ M)
N2LO: (:+>=()® (><+:)®)=(®(X+:) +%+irx+s§s

Figure 2: (Colour on-line) yEFT(prt)ur at LO (top); NLO (middle) with CTs (red circle)
fixed to reproduce scattering length a and effective range r; N*LO with CTs (blue diamonds)
fixed so that a and r do not change from the NLO value. Last N?LO term in square brackets:
once-iterated OPE, with orbital angular momentum of the intermediate state as indicated.

4We are grateful for Iain Stewart’s help in numerous conversations, both electronically and in person.
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malisation point, kg = 0. Section 3.5 summarises discussions of different kgy # 0 in app. B.2.

FMS find their LO LECs (equivalent to our fixing a) from the pole positions, and their
dimensionless NLO and N?LO LECs ¢; to (4 from weighted least-squares fits to the Nijmegen
PWA which do not change the LO pole positions. We did confirm FMS’ finding that further
coefficients (s, (¢ of higher-order contributions do not solve the poor convergence at N2LO
and discard them here from the start; cf. discussion in sect. 3.4.

For clarity, we regrouped the amplitudes into Wigner SU(4) symmetric and breaking
parts, each sorted by powers of the dimensionless ratio . The results appear considerably
shorter that those of FMS [68] for three reasons. Flrst they are rewritten using the ERE
parameters a, r in favour of FMS’ (; to (4. Second, the Unitarity Expansion leads to a few
simplifications. Third, we found some more economical ways to rewrite certain terms.

On a technical note, we do not differentiate between NN CTs which explicitly break
chiral symmetry by quark (and hence pion) mass dependence. Staring at NLO, a NN LEC
Dom? enters [96] with the same operator structure as the CT whose LEC is determined by
the scattering length. Here, we do not vary the pion mass, and the amplitudes we use are
regulator-independent, so such effects cannot be disentangled.

We use the average nucleon and pion masses M = 938.91897 MeV, m, := WT“”?‘ =
138.037 MeV, the axial pion-nucleon coupling g4 = 1.267, pion decay constant® f, =
92.42 MeV, and 197.327 fm MeV = 1. The position of cuts and poles in amplitudes induced
by pionic effects becomes manifest when one replaces m? — m?2 — ie with € \ 0.

Generic scattering lengths and effective range are denoted by a and r and replaced by
the 'Sy or 3S; values as appropriate. We choose those reported by the Granada group [24]:
a(*Sp) = —23.735(6) fm, r('Sy) = 2.673(9) fm; and a(3S;) = 5.435(2) fm, r(3S;) =
1.852(2) fm. The slightly different results and parameter values in the MSc thesis [77]
used the Nijmegen group’s 1995 analysis [21, 97]: a('Sg) = —23.714 fm, r(*Sg) = 2.73 fm;
a(®S1) = 5.420(1) fm, r(3S;) = 1.753(2) fm. However, induced differences even at k =
300 MeV are smaller than 2.7° and hardly exceed the line widths.

2.3.4 Amplitude at O(Q') (Leading Order)

The LO contribution at Unitarity is identical in the *SD; and 'S, channel and therefore
obviously both conformally and Wigner-SU(4) invariant. Only the S-wave component is
nonzero and of course identical to the pionless result of eq. (2.3):

A(Sl)(k‘) N 4mi 1

Sy =77+ (2.7)

2.3.5 Amplitude at O(Q") (Next-To-Leading Order)

Now, scattering length, effective range and pions enter:

v b0 F ) e

SKSW and FMS use f = v/2f, [66-69].
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This, including its OPE part, is indeed suppressed against LO in the Unitarity Window
(ﬁ, Xﬁ < 1), consistent with the power counting,.

The first term is the NLO amplitude of the pionless version, eq. (2.3). Differences of
scattering lengths and effective ranges induce the only Wigner-SU(4) breaking effects at this
order. While the pionic potential of eq. (1.4) breaks conformal and Wigner symmetry, OPE
at NLO naturally accommodates Wigner-SU(4) symmetry as its projections onto the 'Sy
and 3S; channels are identical, as anticipated in sect. 2.3.2. It is also the only non-analytic
contribution, with just one branch point at k = +i"*.

As k — 0, the non-pionic part is exactly the EFT (%) result of eq. (2.3). Corrections

come exclusively from pions and vanish in dimensionless units as X2km2 ; see eq. (A.25) in
NN™M7

app. A.3. Thus, they contribute substantially only for £ 2 100 MeV: Pion contributions
violate scale invariance only weakly for low momenta, and not at all for zero momenta. This
is expected since all scale-breaking at k& = 0 is subsumed into the different scattering lengths
and effective ranges in 'Sy and 3S;. The O(g%) contribution in eq. (2.8) constitutes only the
long-range part of OPE (without iteration), after CTs absorb divergences to reproduce the
empirical a,r. The phrase “pion contribution” is understood in that sense: the pionic long-
distance (non-analytic) part after renormalisation within the chosen renormalisation scheme
(Power Divergence Subtraction in dimensional regularisation[66, 67]) and renormalisation
condition (kgy = 0 with empirical a and r).

2.3.6 Amplitude at O(Q') (Next-To-Next-To-Leading Order)

No new low-energy scattering parameters enter. As argued in the Introduction and sect. 2.3.2,
the Wigner-SU(4) symmetric part is identical to the contribution in the 'Sy channel:

—4*sym

M (s m2 2k m 1 m2 1 k
— A9k == arctan[ ] — = | — 4+ [ —Z — = ) In2 — G (—)| b .
o (B) 5 arctan[ ] LQ_%<4HZ 3) " ( >1}

ACS) (1) =A®) (k) = A7) 40T { 1 _%(i_@> (2.9)

The first term combines the N2LO EFT(#) amplitude of eq. (2.3) with insertions of the
pionic NLO pieces; see eq. (2.8) and first term in square brackets in fig. 2. The second term
is a correction from (non-iterated) OPE and CTs to keep a and r at N?LO fixed to the NLO
values (N2LO diagrams labelled a, r and Aa, Ar in fig. 2). The O(K;Hi) contributions of the
last line encode the long-range part of once-iterated OPE via S — S — S only (last N*LO
diagram in square brackets of fig. 2 and eq. (2.6)). The amplitude has a branch point from
non-iterated OPE at k = 417, and in addition from once-iterated OPE at k = xim,. The
latter comes from the last term of the dimensionless function

Gola) = {arctan[?x] In[1 + 422 — Im Liz[gix+ L 4 oy ]” (2.10)

~ 85 ir—1 % — 1
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since Euler’s Dilogarithm (Spence function) Lis(z) = — [ dt M has a branch point at
0

z =198, sect. 25.12(i)]. Furthermore, G (z — 0) =1 — % + O(x*) is finite as k — 0,

and monotonically falling towards its chiral limit G(z — o0) = ¥ lng[c_%x] + O(z™4).

The non-pionic ((Axy)?) part reduces to the pionless version, eq. (2.3), i.e. a and r are
unchanged from NLO. The pionic contribution to kcotd vanishes faster than k2, namely

in dimensionless units as —* (-1, r) dominated by the size of r ~ 1. With am, >
ANNmﬂ' amz mx
k2

rm,; & 1, the scale for once-iterated OPE is of the same magnitude, Kﬁ —=. Both are

hence again small for & < m.. A(()S)(k — 0) is given in eq. (A.26) of app. A.3.
A Wigner-SU(4) breaking part enters in the *S; amplitude:

AT (k) =AR,(F) + A (k) (2.11)
—1.5572...
———
16mm 571 — 3521n2 3m?2 9m* k
A _ s (1 s s -
+ 2t (In4 —1) + 31y 3R ) m_f; + Sy arctan[i]
5k2 16k4 2 My k 8k3  16k5 My
_ (SD) 1117
N 3 m_fr N 3mb 1n[16(k2 +m?2) B [AO (k)} (2.12)
16 \ k4 4k6 4k% 4+ m2 A(_Sl) ’

Since Agi)reak is O(K;HZ\I), it comes exclusively from the transition S —+ D — S of once-iterated
OPE; see fig. 2 and (3S;|8VrGVr[?S;) of eq. (2.6). In curly brackets is the part which is not
simply twice the non-iterated OPE between on-shell nucleons. It has branch points again
at k = Fi%=, £im,, with the latter from arctan miw, In[k? + m2] and G,. The very last
term is the on-shell piece, i.e. the NLO SD-mixing amplitude-squared:

iTv/2m?2 [3m 3m?2 2k
ABD) gy — _ V2 [3me () ™ ) arctan] 2| | 2.1
o (K) M A k2 | 2% + 2 ) 2 an[mﬂ] (2.13)

However, that term cancels the same contribution in the phase shift, eq. (A.5), and in kcotd,
eq. (A.11), irrespective of whether A(_Sl) is at Unitarity or not. Since A(()SD)(k =0) =0, it
does not contribute to shifting the pole, either; cf. eq. (A.19). The LO SD amplitude is
zero; neither its N2LO nor any DD amplitude enters for S waves at this order [77, 95].

According to eq. (A.27) of app. A.3, kcotd(k — 0) vanishes again as Kﬁ 7’;—22 (am, >

rm, ~ 1), so that a and r are not shifted from the NLO values.
We see that all N2LO OPE contributions are in the Unitarity Window suppressed by
powers of () ~ k—la ~ % < 1 against LO, and against both pionic and non-pionic NLO parts

separately. This confirms Q and Axy of eq. (2.4) in S-waves for the Unitarity Expansion of
yEFT with Perturbative Pions.
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3 Results and Analysis

All observables include Bayesian truncation uncertainties at N2LO, estimated semi-quanti-
tatively as 68% degree-of-belief (DoB) intervals via the “max” criterion [99, sect. 4.4] with
reasonable priors following [100-102]. As posteriors are non-Gaufian, the width of 95% DoB
intervals is about 2.7 times 68% DoB. These and other theory uncertainties are discussed
in sect. 3.5, and apps. B.1, B.2. The centre-of-mass momentum £k is the primary variable.

3.1 Zero-Momentum Limit and Pole Parameters

As k — 0, NLO and N2LO contribute to kcotd only via even powers of k, as required by
analyticity below k = | £i%=| [83-86]; see app. A.3. Since the renormalisation point is ERE
at k = 0 with Unitarity, 2 = 0, LO is keotdy_1 = 0. NLO is keotdpg = (—2 + 2k?) + O(k*);
eq. (A.25). N2LO vanishes, kcotdp; = 0+O(k*); egs. (A.26/A.27). Therefore, pole positions
and residues in YEFT (pn)yg, table 1, are unchanged from ERE/EFT(j), egs. (A.23/A.24) in
app. A.2. We use the Granada group’s empirical values (with negligible uncertainties) [24]:
in the S; channel, derived from the deuteron’s binding energy and asymptotic normalisation
(vy=vVMB,y, Z = g—%); fr the 'Sy channel, inferred from the scattering length, effective range
and shape parameter as described in [103]. From app. B.1.4, the 68% DoB interval for theory
truncation uncertainties is :l:é% for the pole position and :ttL.; for its residue (times about
2.7 for 95% DoBs). Within these, comparison to the empirical values is favourable.

13, 3,
iy [MeV] Z iy [MeV] Z
NLO — 8.3141i 0.887 +36.31 1.34
N2LO [— 7.898 +0.006)i [0.906 =+ 0.006] | [+44.6 +0.7]i [1.52 +0.16]
empirical || [~ 7.892 + 0.040]i [0.9034 £ 0.0005] | [+45.7023 + 0.0001)i [1.6889 + 0.0031]

Table 1: Pole position and residue in PWA and yEFT(pn)ug at N°LO (Bayesian uncertain-
ties from app. B.1.4) and NLO (no errors).

3.2 The Spin Singlet, Isospin Triplet: 'S, Phase Shifts

The pionic contribution to the 'Sy channel consists only of the Wigner-SU(4) invariant part.
By inspection, its phase shift (top of fig. 3) converges well order-by-order until k¥ — Axy &
300 MeV approaches the putative breakdown scale. This point lies actually well outside
the Unitarity Window (non-shaded area), but even there, the difference between N?LO and
PWA is only as large as the difference between NLO and N?LO. Remarkably, N2LO is
nearly indistinguishable from EFT(%) at NLO=N2LO. [Recall that the N*L.O contribution
of EFT(#) is zero; see eqs. (2.2) and (A.14).] Thus, explicit pionic degrees of freedom appear
to have a minuscule impact even close to or beyond the breakdown scale of EFT (), which
is at least the scale of the first branch point k 2 “=. The bottom of fig. 3 also displays
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Figure 3: (Colour on-line) Phase shift (top) and cotd(k) (bottom) in the 'Sy channel as a
function of k, compared to the Nijmegen PWA [21] (thick green dashed). Green dotted:
LO; blue dashed: NLO; red solid: N2LO with 68% degree-of-belief (DoB) interval based on
the Bayesian truncation uncertainty under the assumptions of sect. B.1.4; red dash-dotted:
NLO=N2LO in EFT(#). Shaded areas indicate the “Born Corridors” of fig. 1, i.e. regions
in which the Unitarity Expansion can a priori not be expected to hold. Marked is also the
scale of the first and second non-analyticity in kcotd(k), from the first two branch points

k = +i= +im, of OPE,

cotd since the Introduction identified the “physical part” of the amplitude, cotd in eq. (1.3),
as the primary variable in the Unitarity Expansion. Included in both figures are the N2LO
intervals in which higher-order corrections should lie with 68% DoB, based on a Bayesian
order-by-order convergence analysis under assumptions detailed in sect. B.1.4. Section 3.5
will argue that this provides also a reasonable estimate of the smallest reasonable range of
theory uncertainties combining several assessments.

The excellent agreement between PWA, EFT(f) and yEFT(pn)ug at low k is a result
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Figure 4: (Colour on-line) Phase shift (top) and cotd(k) (bottom) in the 3S; channel, com-
pared to the Nijmegen PWA [21] (thick green dashed). Details as in fig. 3.

of our fit to the ERE parameters. At high momenta, differences to the original results by
RS, and by FMS [68, 76] are small. While our N2LO is above the PWA, theirs lies a bit
below. We attribute this to two aspects: KSW fit at low k& to the PWA, while we use the
ERE parameters; and we find phase shifts via kcotd, while they determine § directly using
egs. (A.3-A.5); see apps. B.1.5 and A.1. That we expand about Unitarity while they use a
finite a at LO, has little impact since k,—la < 1 for large k.

In this channel, YEFT(pn)yg appears to accomplish the goal of a self-consistent theory
with pions in all of the Unitarity Window, up to its breakdown scale Axx.

3.3 The Spin Triplet, Isospin Singlet: 3S; Phase Shifts

The result with Wigner-breaking OPE pieces at O(Q') (N?LO) in fig. 4 is catastrophic, as
FMS already noticed [68]. While NLO is by eye reasonable, N2LO deviates dramatically
from the PWA just above the OPE branch-point scale of %=. This is the more puzzling as
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Figure 5: (Colour on-line) Phase shift (top) and cotd(k) (bottom) in the Wigner-symmetric
3S; channel, compared to the Nijmegen PWA [21] (thick green dashed). Details as in fig. 3.

EFT(f) agrees well with the PWA even at k£ 2 100 MeV. With pions, the difference between
NLO and N2LO becomes around k ~ m, as large as between LO and NLO, and larger than
the deviation from the PWA. Not even the sign of cotd is correct. The breakdown is hardly
gradual but sudden, with no hint at NLO of the unnaturally large N2LO curvature around
100 MeV. This is the more concerning as phase shifts are there nearly at the centre of the
Unitarity Window. N2LO pions have an outsized and wrong impact for k& > 100 MeV.

That most of the Unitarity Window is outside the radius of convergence and hardly
extends beyond the scale "=, is unsatisfactory for a “pionful theory”.

What is the origin of the stark discrepancy of both convergence and reasonable range
of applicability between the 'Sy and 3S; channels? The former is exclusively Wigner-SU(4)
invariant; the latter has a symmetry-breaking component which according to sect. 2.3.2
comes exclusively from the tensor (S — D — S) part of once-iterated OPE. Mindful of the
importance of this symmetry around Unitarity discussed in the Introduction, fig. 5 shows
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the 3S; channel without the Wigner-SU(4) symmetry-breaking term of eq. (2.12).

The qualitative and quantitative improvement is obvious. Similar to 'Sy, the phase shift
converges now order-by-order even as k — Axn ~ 300 MeV just outside the Unitarity
Window. The difference between N2LO and PWA is wholly within the Bayesian 68% DoB
band of app. B.1.4, even better than in the 'S, channel and quite a bit smaller than the shift
from NLO to N?LO. Since yEFT(pr)yg at N*LO and EFT(#) at NLO=N2LO are nearly
indistinguishable, pionic degrees of freedom have again a minuscule impact beyond k 2 “=.
Even before the much more robust discussion in sect. 3.5, one can thus place the empirical
breakdown scale of yEFT(pn)yg soundly around k& 2 250...300 MeV, which aligns with
the formal breakdown scale Axy at which OPE needs to be iterated fully.

We conclude that the Wigner-SU(4) invariant version of yEFT (pn)yr appears well-suited
to overcome the formal inapplicability of EFT(#) above the scale of the first branch point.
In both the 'Sy and 3S; channels, it is a self-consistent, convergent theory with pions in all
of the Unitarity Window — and potentially somewhat beyond — with a common breakdown
scale of k > 250 MeV ~ Ay, plus good agreement with PWAs even at high momenta.

3.4 Wigner-SU(4) Symmetric vs. Breaking Amplitude in 3S;

Why do versions with and without Wigner-SU(4) symmetry-breaking terms lead to such
different results? We are unable to cast blame on any combination of terms in Agi)reak(k‘),
eq. (2.12) and thus turn to a low-energy expansion for further insight. In contradistinction
to EFT(4), the pionic contributions to all amplitudes in yEFT with Perturbative Pions
lead to nonzero coefficients of the ERE, and hence to predictions of all shape parameters v,
in eq. (2.1); see egs. (A.25), (A.26) and (A.27) in app. A.3. Cohen and Hansen [104-106]
argued that PWA and FMS results are incompatible due to a “pattern of gross violation”:
The coefficients v,, in yEFT(pr) follow the pattern of the naive v, ~ m_ 2"t ~ r2tl g
priori estimate in yEFT and EFT(f) but are by a factor of 5 to 10 larger than the PWA
values, even after updates [24] to the latter. Their scales seem in the real world rather set
by Axn or an even higher scale. Interestingly, Thim recently showed that this issue does not
exist when pions are included nonperturbatively and found instead very good agreement
with phenomenology within respective uncertainties [107].

In YEFT(prt)uk, the phase shifts at NLO and N?LO as well as EFT(#) all describe the
PWA analyses of both the 'Sy and 3S; channel very well for k < 70 MeV, albeit v, = 0 in
N2LO EFT(#); see figs. 3 to 5. We find a generic scaling as v,, ~ —w— with m—1 the number of

ANN
OPE iterations (entering at N™™'L0O), times combinations of powers of m., a,r obscured by

both quite large and quite small numerical coefficients; see e.g. eqs. (A.25-A.27) in app. A.3.
This suggests that the string of v, predictions which is individually too large in yEFT, is
highly correlated and produces in toto large cancellations between different v,. Indeed,
FMS [68] already saw that all pion contributions at N*LO are for k — 0 non-analytic in the
quark mass (m2) and can hence never be fully absorbed into higher-order yEFT LECsS;
see app. A.3. Cancellations may be forced in some momentum window but will fail overall.

6We thank U. van Kolck to bring this to our attention.
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Figure 6: (Colour on-line) Interpolation between the Wigner-symmetric and full 3S; phase
shift as expansion in powers of k about k = 0 (top) and %= (bottom); see text for details.

This generalises easily: The low-momentum limit of y EFT with Perturbative Pions leads at
odd orders @*"~! (N?"LO) to non-analyticities because no contact term determined by an
effective-range enters. This observation does not necessarily conflict with the yEFT power
counting since, as discussed above, the contributions to all v, are nonzero separately at
each order of (). The v, may be vastly changing between orders, but their combined effect
on the low-momentum phase shifts (observables) does not. Eventually, a CT at O(Q*"~?)
(N?"~1LO) can be used to exactly match v, to the empirical value, eliminating the issue up
to that order and ERE coefficient altogether. Still, the non-analyticities in m?2 will persist.

This can explain that the 'Sy and Wigner-symmetric 3S; results agree with PWA despite
discrepant predictions for the v,,, but is it also key to the breakdown of the Wigner-breaking
version? When one expands the once-iterated, symmetry-breaking OPE of eq. (2.12) for
k — 0, the dominant part is o< k% with a purely numerical coefficient of 0.2827 ... ; eq. (A.27).
That is about a factor 7 bigger than the corresponding symmetric coefficient 0.0408 ... from
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eq. 2.9; see eq. (A.26). The next terms, < k® etc., show a similar pattern. This could lead
to subtle cancellations at low momenta which are overwhelmed at high .

The top gra%)h of fig. 6 compares therefore the full amplitude to one in which one adds an
expansion of Aliieak(k‘) up to O(k1?) to the symmetric part, Agim(k) [The series proceeds
in powers of k? since the ERE is analytic [83-86].] If this converges, then it should smoothly
interpolate between the Wigner-symmetric and full result as powers of k? are added.

However, large coefficients are clearly not the issue. Just as before, the symmetry-
breaking portion is very small for k& < %=, the scale of the OPE branch point. Above it, the
expansion does not converge at all. Each new term is bigger and alternates sign.

We also expanded also around %=, where all non-negative integer powers of k contribute.
As discussed in sects. 2.3.5 and 2.3.6, contributions from this branch point appear at NLO
and in both the symmetric and breaking terms of N?LO. According to the lower plot in
fig. 6, this series interpolates well between symmetric and full amplitudes. We find that the
region of convergence extends, simply because the distance from the first branch point is

increased up to k &~ "r + 7z ~ 170 MeV. Above that, convergence is asymptotic: the best,

and indeed very good, approximation uses all terms up to and including £*. We checked
that Wigner-breaking terms with branch point at kK = £i m, alone do not explain the big
differences. Rather, the issue seems in combining all symmetry-breaking terms.

3.5 Consistency, Robustness and Uncertainties

We now summarise detailed studies of robustness, consistency and theory truncation un-
certainties which are relegated to the appendix. According to the “democratic principle”,
different but reasonable choices should agree up to higher-order corrections. In concert,
these thus test to which degree various EFT assumptions are consistent with the outcomes.
To encourage discussion [65], we disclose our choices and why we believe they are reasonable.

We start with a-priori estimates based on the idea that the expansion parameter @) of
YEFT(pr)yr should be small enough so that OPE is perturbative (app. B.1.1) and one is
in the Unitarity Window (app. B.1.2). We find that these are consistent with a “Lepage”
analysis [108, chap. 2.3] [109] of data-driven convergence to PWA results (app. B.1.3), with
a-posteriori order-by-order convergence via a simple Bayesian analysis of the convergence
pattern (app. B.1.4) [100-102], and with a-posteriori comparison of different phase shift
extractions, directly or via kcotd inside the Unitarity Window (app. B.1.5). Since all focus
on complementing aspects, their uncertainties should be combined, but it is not clear how,
and how uncorrelated these approaches are.

Overall, all 5 findings are consistent with the more qualitative observations discussed
with figs. 3 to 5: a breakdown scale of Axy = 300 MeV; a lower bound of the Unitarity
Window of ki < 8 MeV in 1Sy and 35 MeV in 3S;; and an expansion in Q as in eq. (2.4).
The Bayesian uncertainty bands at N?LO appear to be a good estimate of truncation errors
at about the 68% degree-of-belief (DoB) level, possibly extending to slightly smaller phase
shifts at given k. For these, we followed the BUQEYE collaboration to derive probability
distributions and DoB intervals via the “max” criterion [99, sect. 4.4] with a simple choice
of priors [100-102]: a uniform (flat) distribution for all known and unknown coefficients of
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the EFT expansion of an observable up to some (unknown but existing) maximum which
follows a log-uniform distribution. Reasonable variations of the priors induce variations
by < 20% in these posteriors [101]. For these priors, the 95% interval at N2LO is about
2.7 times the 68% DoB, i.e. not twice like for a GauBiian distribution. The posteriors fall
off much slower, namely with inverse powers. It may be of note that we exploit that it is
natural in the Unitarity Expansion to set the scale by the Unitarity-ensuring factor —ik of
the scattering amplitude, eq. (1.1)7, and that uncertainties are constructed to vanish at the
renormalisation point (where quasi-exact PWA values must be reproduced). We use the
same Bayesian scheme for the uncertainty estimate of the pole parameters of table 1.

We caution that Bayesian uncertainty estimates of the factual convergence pattern of
observables complement, but do not replace, conceptual arguments. If an expansion breaks
down, for example because non-analyticities limit its radius of convergence, then an order-
by-order assessment may be able to heuristically extend the range of applicability beyond
that for some processes. But there is no reason why this should hold in all cases. If an EFT
is not self-consistently renormalisable order-by-order, no statistical analysis can validate it.

All tests show a clear failure of the expansion when Wigner-breaking terms enter at
N2LO in 3S;, usually around & = [100...150] MeV.

We do not test insensitivity to varying the cutoff scale which probes momenta beyond
the EFT’s range; see e.g. [65, 110]. The amplitudes are analytical in the PDS scheme of
dimensional regularisation [66, 67]. That choice eliminates any unphysical quantities.

Another assessment of EFT uncertainties varies the renormalisation point, i.e. the input
determining LECs. Such alternatives add another “uncertainty band” and test the stability
of observables, expansion parameter and breakdown scale: The Callan-Symanzik renorm-
alisation group equation’s variation of the renormalisation condition needs to be fulfilled
up to higher-orders in the EFT expansion, wherever the EFT converges. In yEFT, a pre-
ferred “Goldilocks corridor” k¢ ~ piyp ~ m, captures the Physics at the scales the EFT is
designed for and helps avoid potential fine-tuning of coefficients between different orders.

So far, we used kg, = 0 because that is the natural scale at Unitarity. In app. B.2, we
add studies with the parameters determined at points inside the Unitarity Window which
are natural in yEFT(pr)ug: the pole position of the amplitude, or at kg, = %=, or at my,
as the branch-point scales of non- and once-iterated OPE. That = is also in the region
where both 'Sy and 3S; are closest to Unitarity (§ ~ %), makes it conceptually attractive.
Remember that yEFT(prt)ug is constructed to explore precisely this very region piy, ~ my
around Unitarity. We find that these reasonable choices of renormalisation points at N2LO
do not lead to statistically significant changes of phase shifts or empirical breakdown scales.

3.6 Partial-Wave Mixing

As discussed in sect. 2.3.2, tensor OPE induces 3SD; mixing in the original Wigner super-
multiplet 'Sy-3S;. What is its impact of Unitarity, and to which extent are such Wigner-
breaking terms demoted? Both mixing angle ¢ and 3D;-wave phase shift §, are small, but

"We thank D. R. Phillips for this suggestion.

21



¥EFT has no satisfactory explanation. By imposing Wigner-SU(4) symmetry at N°LO, the
mixing angle and D wave are nonzero at most as early as O(Q?) (N*LO), so ¢, 6, = 0+0(Q?).
With Q@ ~ 0.5 at k = m, or so and LO being O(Q™ 1), their natural magnitude can a
priori be estimated as (0.5)® < 10°. The actual values are e(m,) ~ 2° (¢(2m,) ~ 3°),
do(my) &= —5° (—15°). This is markedly smaller, but not entirely incompatible with what is
only intended as a rough estimate. It might therefore indicate that V enters only at even
higher orders. The Unitarity Expansion might thus naturally explain why both the *SD,
mixing angle and 3D; wave phase shift are so small. First results are given in refs. [77, 82],
and more are forthcoming [95].

4 Interpretation

While we focused so far to establish facts, we now discuss ideas to which these may lead.

4.1 Inferences and Conjecture

In sects. 3.3 and 3.4, we presented evidence that yEFT (pn)yg converges quite well in the *Sg
and ®S; channels at N?LO both order-by-order and to the PWA only if the tensor/Wigner-
breaking effects of once-iterated OPE are demoted to N3LO or higher. Traditional chiral
power counting for perturbative pions adds them at N2LO, but such phase shifts fail for
k 2 100 MeV. Indeed, it has been argued that the breakdown of yEFT with Perturbative
Pions occurs at momenta so low that the tensor interaction is simply irrelevant [30, 31]. This
is unsatisfactory since 3S; is there actually close to Unitarity, §(3Sy, k ~ 100 MeV) ~ 85°.
That would be the failure of a description which wants to merge Unitarity and chiral Physics
in all of the Unitarity Window. We therefore propose an alternative idea:

Conjecture: The symmetries of the Unitarity Limit are broken weakly in Nuclear
Physics. Their footprint shows persistence, i.e. their impact dominates observables
at momentum scales pg, ~ m, and beyond, and is there more relevant than chiral
symmetry. In particular, the tensor/Wigner-SU(4) symmetry-breaking part of one-pion
exchange in the NN 3S; channel is super-perturbative, i.e. does not enter before N3LO.

Our study considered only the Wigner-doublet 1Sy-3S; channels since only their phase shifts
are well inside the Unitarity Window. We did not address at which order the tensor/Wigner-
SU(4) breaking part of one-pion exchange (OPE) enters — except that it is at least N3LO.
This Conjecture is a first step to convert the emergent phenomena of what appear to be
accidental /hidden conformal and Wigner-SU(4) symmetries into manifest but weakly broken
symmetries in the yEFT Lagrangean itself. Demoting interactions based on renormalisation-
group arguments is less familiar than promoting. However, it is expected when one fails to
impose symmetries on an EFT but data fits find symmetry-breaking LECs which appear
anomalously small, or even zero if the symmetry is exact. For example, QED with different
couplings for left- and right-handed electrons would display what one could call an emergent
symmetry because the parity-violating interactions are (nearly) zero — and that becomes
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manifest by postulating that the QED Lagrangean must be parity-conserving.

The Conjecture provides context to the long list of studies which see Wigner-SU(4)
symmetry manifest itself both with and without pionic degrees of freedom in essential nuclear
interactions, potentials, binding and matrix elements well into the heavy-element region [38-
46, 50-61]. It adds that the symmetry is not isolated or accidental but a natural consequence
of its exact and unavoidable realisation at the Unitarity Fixed Point; see next subsection.

If the Conjecture is to be successful, then one must find a systematic expansion guided
by Wigner-SU(4) symmetry and Unitarity. Like any ordering scheme, it must, before the
computation, provide reliable, semi-quantitative assessments which Wigner-breaking pion
interactions to include at a given order. Ordinarily, correlated two-pion exchange starts for
KSW pions at N*LO and has both Wigner-symmetric and breaking pieces. Are the latter
demoted? The power counting should also illuminate at which momenta either Wigner-
SU(4) symmetry or chiral symmetry dominates. Preferably, it will also differentiate the
Unitarity Window from Born Corridors, e.g. by being small in one but large in the other.
Before considering two candidates: quantum-mechanical operator entanglement (sect. 4.3),
and QCD’s large-N¢ limit (sect. 4.4), we discuss the neighbourhood of the fixed point.

4.2 Universality and Chiral Symmetry Close to the Fixed Point

Central to the Conjecture is that it breaks chiral symmetry at N?LO, resolving the conflict of
symmetries in favour of Unitarity. However, that the pion’s central and tensor interactions
in few-nucleon systems enter at the same chiral order and with the same strength, is a direct
consequence of its derivative coupling to the nucleon spin, rooted in chiral symmetry. The
Goldstone mechanism converting global chiral symmetry into local, weakly interacting field
excitations may eventually be too strong to overcome and lead to the Conjecture’ downfall.
Why is this violation not that important?

The renormalisation group around the Unitarity fixed point (FP) in the two- and few-
nucleon sector may provide some insight; see fig. 7. The FP is non-Gauflian (LO is nonper-
turbative) and displays conformal invariance. In Nuclear Physics, its universality class is

Figure 7: (Colour on-line) Ilustration of symmetry-stacking around the Unitarity FP.
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defined by adding invariance under Wigner-SU(4) transformations, so all such theories must
agree at Unitarity. One of these is EFT(f), the EFT to which yEFT reduces very close to
the FP (very low momenta). As chiral symmetry is unknown in EFT(%), it is subdomin-
ant in the immediate vicinity of the FP; Wigner-SU(4) symmetry and its weak breaking
dominate. If this were incorrect, then yEFT would belong to a different universality class
than EFT(f). In this scenario, the Unitarity FP protects Wigner-SU(4) symmetry to be
only broken weakly, while chiral symmetry in the few-nucleon sector has no such strong
protection, simply because it is not a characteristic symmetry of the FP. This allows for
the possibility that chiral symmetry is broken and the Wigner-breaking tensor part Vr is
consequently suppressed. That Wigner symmetry (but not chiral symmetry) characterises
the FP is now particularly powerful. It virtually guarantees that it survives renormalisa-
tion as long as the renormalisation scheme itself respects the FP symmetries. Farther away
from the FP, chiral symmetry may then become as important as Wigner-SU(4) symmetry,
and eventually dominate for large enough momenta — mandating similar strengths for the
OPE’s tensor and central pieces. The scale Axy at which OPE becomes nonperturbative is
an obvious candidate for this inversion. Since the zero- and one-nucleon sectors of yEFT
are perturbative, i.e. the projection of the FP onto these is Gauflian, their chiral counting
is unaffected. The argument is not implausible but needs to be studied quantitatively.

4.3 Unitarity, Wigner-SU(4) Symmetry and Entanglement

Beane et al. (BKKS) [111] pointed to a link between entanglement suppression and Wigner-
SU(4) symmetry, which in turn extends to an SU(16) symmetry for three quark flavours
that had first been discovered in lattice computations [112]; see also [113-117] for discus-
sions and relations to S-matrix properties®. In Quantum Information Theory, entanglement
aims to quantify the extent to which a state is “non-classical” at its core. It asks about
the a-causal/ethereal influence of measuring quantum numbers of one particle on others at
mutually space-like separated points (“QM non-locality”). If the total state of the system
is a tensor product of isolated particles, then the system is quasi-classical and its entangle-
ment is zero. If measuring one particle instantaneously and uniquely defines the quantum
states of all others (“total collapse of the wave function at a distance”), then entangle-
ment is maximal and the system is fundamentally quantum-mechanical. The most famous
example of the latter is given in the Einstein-Podolsky-Rosen Gedankenexperiment [118],
inspiring both Bell’s inequality [119] and his comparison to Bertlmann’s socks [120]. En-
tanglement (or entangling) power, in turn, is the extent to which an operator is a direct
product of single-particle operators. So, entanglement power is the capacity of an oper-
ator to create entanglement, namely the average entanglement of final states an operator
generates from a set of initial product (un-entangled) states drawn with some given prob-
ability distribution [121]. An operator which is a direct product has zero entanglement
power. Like entanglement, entanglement power is nonlinear. An operator can map product
states into product states (zero entanglement power) and yet itself not contain any direct

8We thank one referee and M. Savage for encouraging us to study this point, and N. Klco for pointing
out our initial misconceptions.
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product (maximal entanglement). The SW, operator discussed momentarily is an example.
However, a generally-agreed operator-entanglement measure does not yet seem to exist.

In the NN system, the operator of interest is the scattering matrix. As we wish to explore
relations between Wigner-SU(4) symmetry and entanglement inside the Unitarity Window,
we consider the 1Sy-3S; system only but are aware of Miller’s critique that higher partial
waves are not negligible at higher momenta [117]. The S matrix is then

6216[381] 0 2i5[3S1] pr3 2i5[1Sp] 1

S=1 o sy =€ PS4+ PS) (4.1)
The partial-wave projectors P lead to the “SWAP” operator SW,, := 1 (147'1-7'») [115, 116].
As it interchanges the spins of nucleon 1 and 2, it has eigenvalue +1 for the spin-symmetric

(3S,) state, and —1 for the spin-antisymmetric (1Sg). Introducing the average and difference
of the two phase shifts as ¥ := 1(0[*S1] + 6['So]) and A := §[*S;] — 6[*So], one finds

S = e []1 cos A +1SW, sin A (4.2)

One can now study the OPE contribution to entanglement. The operator of the central
(Wigner-symmetric) term is (1 - 02)(71 - T2) = —3 1 in both channels and hence impacts
only the 1 part of the S matrix. On the other hand, iterations of the Wigner-breaking
tensor term [3 (G - €,) (02 - €,) — (01 - F2)] (T1 - T2) are zero in 'Sy but nonzero in 3S;, and
hence differentiate between the SW, and 1 terms, and they mix Wigner super-multiplets of
different [. Therefore, they do entangle spins (and isospins) quite differently between 'S,
and 3S;, leading to a phase-shift difference A. To quantify that, one needs to find their
impact on entanglement.

BKKS defined an operator’s entanglement power’ as a state-independent average over
initial direct-product (un-entangled) states which vanishes when out-states remain such a
tensor product, using the second Rényi entropy of the one-particle density matrix:

9

in? 2A 1
S = € (05 ] (4.3)

5BKKS(Ea A) = 6

Based on the binary von Neumann entropy of overlaps to Bell states of spin—% particles [113],

1 ¥, A
H[f(3,A)]:==—2 Inz — (1 —2)In(l —2) € [0;In2] with z := i J;( 8) . (44)
Miller [117] proposed a different measure'’:
ZA A — cos2Y)?
Erpion (5, A) = H[COS (cos cos 2%0) | (4.5)

(1 — cos A cos2X0)?

9 According to Klco [122], this is strictly speaking the “local purity”, related to entanglement power.
10We thank G. Miller for pointing out the typographical error that the denominator of eq. (19) in ref. [117]
should be squared.
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To isolate the effect of SW, from that of 1, one may also define a third criterion, an
entanglement strength/nonlocality of the S matrix as magnitude-square of the coefficient
of SW,, relative to the total S-matrix strength, cos? A + sin? A = 1. This concept is
meaningful as S, 1 and SW, all have eigenvalues of magnitude one. To some degree, it
measures the nonlocality of the operator S, and hence its potential to entangle. It thus
sits between between the entanglement of an operator, i.e. the degree to which it can be
written as product, and its entanglement power, i.e. the degree to which it entangles initial
product states. The former is zero for 1 but maximal for SW,, while the latter is zero for
both (mapping product states into product states). Only their combination has nonzero
entanglement power, i.e. maps product states into entangled states, and only because the
SW, operator is nonlocal as it cannot be written as product state (while 1 is obviously not).
One then converts that to a binary entanglement entropy using eq. (4.4)":

S(A) := H[sin? A] (4.6)

This definition does not depend on the mean phase shift, only on the difference. It serves
as relative, simplistic and ad-hoc measure if one thinks of 1 as not adding entanglement
to the incident, already fully-entangled 'Sy and 3S; states. No “additional” entanglement
enters in the Wigner-SU(4) symmetric case, S(A = 0) = 0. On the other hand, for a
phase-shift difference of 90°, S(A = Z) = ie?* SW, = +ie*™ o SW, is maximally nonlocal,
with upper (lower) sign for the spin-symmetric (antisymmetric) channel, 3S; (1Sy). The
spin wave functions of the final state continue then to be maximally entangled, just like the
initial ones. Both become eigenstates to the S matrix, and S(A = 7) = In2 is maximal.

Like Egkks and unlike &ypper, the relative measure S does not depend on the mean,
s

Y. However, it is like Eyiiner maximal for A = (2n + 1)7 and zero for A = nf (n € Z),
while Egkks depends on 2A and hence assigns zero where both Eyier and S predict a
maximal measure of entanglement. Conversely, Egkkg ascribes maximal entanglement power
to A = (2n+1)7%, where neither S =~ 0.41 ... nor Eyjper are maximal. Miller’s and the ad-hoc
definition agree for ¥ = £7, i.e. at the brink of the Unitarity Window.

We do not attempt to resolve the discrepancies between these measures for operator
entanglement. Neither do we account for the fact that each initial state 'Sy and 3S; on
which the S matrix acts is separately already maximally entangled and thus not a product
state. Hence, the standard ideas described above of measuring entanglement power by
applying the operator to product states might not quite apply to the NN states themselves.
Rather, we study the degree of entanglement each measure assigns to the S-wave phase
shift operator. KEach reports zero entanglement for both Unitarity and perfect Wigner-
SU(4) symmetry (A = 0). If that drives indeed tensor-OPE suppression in the real-world
Unitarity Window, some measure of entanglement should be so small there as to serve as
an efficient expansion parameter. Ideally, it should be large(r) in the Born Corridors where
the Unitarity Expansion fails by design.

Figure 8 uses the Nijmegen PWA for results of each variant (top, normalised to its

respective maximum) and the corresponding phase shifts with their average 3 and difference

Hsin? A without eq. (4.4) falls off slightly faster than S, with no marked change of the analysis below.
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A (bottom). Results for N2LO yEFT(pr)yg are very similar since the 'Sy and *S; phase
shifts agree very well with their PWA counterparts. The BKKS entanglement power is
maximal well inside the Unitarity Window, namely at A(k ~ 63.7 MeV) = 7, and there
always 2 0.4. It drops further in the high-momentum Born Corridor and thus shows no
correlation between its size and the Unitarity Window. It does not provide a likely expansion
parameter. On the other hand, both Miller’s and the ad-hoc version are maximal just outside
the lower end of the Window, A(k ~ 19.4 MeV) = 7. Both decrease monotonically inside,
with Evier & 0.4 (S & 0.35) in its centre (k ~ 100 MeV) and Eyiper =~ 0.3 (S =~ 0.17)
at its upper end. Miller’s version increases again for & > 200 MeV, hinting indeed that
entanglement thus defined may be characteristic exclusively of the Unitarity Window, and
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Figure 8: (Colour on-line) Top: Entanglement measures of the phase shifts in the 'Sy-*S;
system in the BKKS (blue solid), Miller (red long-dashed) and ad-hoc measure (green short-
dashed), each normalised to its maximum. Darker lines: Nijmegen PWA; lighter: N?LO
with Wigner-breaking terms. Bottom: Nijmegen PWA phase shifts (green thick dashed)
and their mean % (red solid); the difference A is the width of the corridor between the *S;
and 'S, phase shifts, with blue lines every 15 = 15°, and k shown at multiples of § = 45°.
Black dashed: 3S; at N2LO with Wigner-breaking; red vertical lines above k = m,: N?LO
381-1S difference at multiples of Z = 45°. Born Corridors and Unitarity Window as before.
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not of the Born Corridors. The ad-hoc measure may provide a smaller, and hence better-
converging, expansion parameter, but it simply continues to decrease in the Born Corridor,
potentially indicating little correlation with the Unitarity Window.

The top panel also contains in lighter colours the entanglement measures for yEFT (pn)ug
at N2LO when the Wigner-breaking terms in 3S; are added, and on the bottom its 3S; phase
shift with markers where its difference to N2LO Sy is a multiple of 45°. All entanglement
measures follow in that case that of the Nijmegen PWA up to about 70 MeV, where PWA
and N2LO phase shifts start to disagree. The BKKS variant is then near-constant and
saturated in the centre of the Unitarity Window, with a rapid dip to zero entanglement at
its upper border, followed by another rapid rise inside the Born Corridor to the maximum.
Miller’s and the ad-hoc version are > 0.6 everywhere and rapidly rise at the boundary. All
variants agree that the Wigner-breaking part of OPE causes large entanglement inside the
Unitarity Window. This may indicate that Vp lifts indeed the entanglement suppression of
the Unitarity Limit and its Wigner-SU(4) symmetry.

In conclusion, while there is a clear link between entanglement, Wigner-SU(4) symmetry
and the Unitarity Limit itself, the situation is rather muddy in the real world where symmet-
ries are not exact, phase-shift differences not tiny, and measures of entanglement (power)
not that small inside the Unitarity Window. None of the definitions provides a clear path
to quantifying Wigner-symmetry and its breaking inside the Unitarity Window. It is also
a major deficiency that we found each entanglement measure only by actually computing
the phase shifts both with and without tensor-OPE. Without an a-priori assessment of the
relative entanglement measure of the Vi and Vi operators, entanglement as a concept is
useless for power-counting — at least for now. These findings clearly need further study.

4.4 Unitarity, Wigner-SU(4) Symmetry and Large-N.

In contradistinction and returning to a point raised in the Introduction, the typical sizes of
contributions can be estimated in the large- No expansion of QCD. Recently, Richardson et
al. studied the relation between large- N, Unitarity and entanglement in two-baryon systems
with A(1232) and strangeness [123]. The Unitarity Expansion may actually resolve apparent
conflict between large-Ngo and Wigner symmetry. In large-Ng, the leading non-tensor part
of the NN interaction is automatically Wigner-SU(4) symmetric in partial waves with even
orbital angular momentum [43, 44]. However, this only holds if the tensor/Wigner-breaking
interaction is neglected altogether, and does not apply to odd partial waves (to which the
Unitarity Expansion does not apply). And yet, that Wigner symmetry is only weakly broken
contradicts the large-N¢ finding that tensor (Wigner-breaking) NN interactions should be
leading contributions. Calle Cordén and Ruiz Arriola concisely summarised this quandary
and proposed as solution that Wigner symmetry is largely intact in intermediate- and long-
range tensor OPE, but strongly broken at short distances [45].

We, too, see evidence for such a splitting. Recall from sect. 2.3.5 that the “pion con-
tribution” is actually only the pionic long-distance (non-analytic) part in the chosen renor-
malisation scheme and condition. By fitting to a and r, Wigner-breaking at low momenta
is locked into the short-distance Counter Terms. At very low momenta, that guarantees
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vanishing pion contributions and thus good agreement with EFT(#) and PWAs. By the
Uncertainty Principle AxAp > g, this is associated with very large distance scales (very
poor resolution) over which the potential is averaged. As resolution increases, more detailed
structures in the potential are probed. While we found that the Wigner-breaking (tensor)
interaction is insignificant at low momenta (long range/averaged over large distance scales),
it becomes strong in 3S; as & > 80 MeV, namely when structures & ~ 2 fm are resolved
which should be classified as “short” in a theory with perturbative pions. We saw that this
leads to unacceptable convergence problems. We hence discard again the offending term by
invoking that the Unitarity Expansion’s Wigner symmetry is broken weakly.

In this interpretation, the large- N argument of dominant tensor interaction only holds
if its leading coefficient is of natural size. We propose that an additional symmetry not
accounted for by only applying large-N¢ is imposed, namely Wigner-SU(4) close to the
Unitarity FP. This forces the coefficient to be zero, resolving the apparent conflict. By the
argument of sect. 4.2, this exact zero survives renormalisation because Wigner’s is a FP
symmetry. Clearly, this mechanism is as of yet mere speculation.

In our approach, imposing Wigner symmetry as principle is only legitimate when phase
shifts are close to the Unitarity FP, i.e. for S waves only. Therefore, no contradiction exists
between Wigner symmetry and large-N¢ for any higher partial waves, simply because a
Wigner symmetry borne out of the Unitarity Limit does not apply there. This also cures
the problem that this symmetry is realised at best extremely poorly for I > 1 [45].

5 Conclusions

5.1 Summary

We formulated an EFT with pionic degrees of freedom and a natural expansion scheme about
Unitarity in the 'Sy and SD; channels of the NN system: Chiral Effective Field Theory
with Perturbative/“KSW” Pions in the Unitarity Expansion (yEFT(pn)yg). Its analytic
next-to-next-to leading order (N*LO) amplitudes are given in sect. 2.3. We interpreted and
contextualised the results of sect. 3 in sect. 4, leading to the Conjecture of the Introduction.
It resolves for k 2 m, the apparent conflict of conformal and Wigner-SU(4) symmetries
around Unitarity with yEFT’s chiral symmetry dictated by the Goldstone mechanism, in
favour of the symmetries of the nontrivial fixed point. We reiterate that in the NN system,
it only applies to the S waves as only their phase shifts are close to Unitarity.

In this formulation, LO is Unitarity itself, i.e. the nontrivial fixed point (FP) of the
renormalisation group flow. Its only scale is the relative momentum k, and its natural
renormalisation scale/fit point for Low-Energy Coefficients (LECs) is the momentum kg = 0
at which no scale exists. Around Unitarity (kcotd = 0, § = 7) lies the Unitarity Window of
momenta roughly in the régime 35 MeV < k < 200 MeV with phase shifts 45° < §(k) < 135°
(|cotd| < 1). Inthe NN system, it is only relevant for S-waves, but these dominate many low-
energy properties of nuclei. Unitarity implies Universality: Details of the interactions are
less important than that their impact is so big as to saturate the bounds set by probability
conservation. What separates different universality classes is the symmetries imposed at
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Unitarity. Besides nonrelativistic conformal invariance (which is automatic at the FP), that
is Wigner’s combined SU(4) spin-isospin transformations acting on nucleons. Indeed, we
find in sects. 3.2 and 3.3 that YEFT(pn)yg is in this window very close to “pionless” EFT
— explicit pionic degrees of freedom appear to be of little consequence.

This observation nicely aligns with the viewpoint of Information Theory; c¢f. the In-
troduction: The high degree of symmetry at Unitarity implies that an anomalously large
scattering length is important, but not its precise value. In yEFT(prn)yg, that value is
indeed demoted: Its impact is only comparable to that of interaction details parametrised
by the effective range and non-iterated OPE. These enter at NLO and are suppressed by
Q@ =~ 0.5 relative to LO. The once-iterated central part of OPE is the only information which
enters one order in @ higher still, with ~ 25% relevance, but is completely determined by
short-range information (i.e. LECs) set already at NLO. Tensor OPE is relegated to higher
orders. All this emphasises a central EFT promise to optimally encode the unresolved short-
distance information: The high degree of symmetry at Unitarity leads to a better-optimised
compression, namely to a reduction of the number and relative importance of independent
LECs which encode the information in NN scattering at a given accuracy. Important is that
both EFT(#) and yEFT(pn)yg classify as most relevant the mere existence of anomalously
small intrinsic scales, not how their different explicit degrees of freedoms produce them.
Unitarity makes their results agree very well — the rest is detail.

In YyEFT(pn)yg, both Wigner-SU(4) and conformal invariance are weakly broken in
a systematic expansion in small, dimensionless parameters: a—lk < 1 defines the lower
bound of the Unitarity Window; and @) ~ %Tyir < 1 the upper one of a chiral expansion, with

DPiyp ~ k, m, typical low-momentum scales. We find that yEF T (pn)yr at N?LO describes the
Physics inside the Unitarity Window which includes pionic degrees of freedom and is both
conceptually fully consistent and convergent. Comparison to pole parameters (sect. 3.1)
and Partial Wave Analyses (PWAs; sects. 3.2 and 3.3), assessments of theory uncertainties
(sect. 3.5) including a Bayesian analysis of order-by-order convergence and variations of
extraction methods and of the renormalisation point (app. B.2), all show that the expansion
parameter is consistent with the above a-priori estimates, and that its empirical breakdown
scale is consistent with Axy = 2% ~ 300 MeV. This is the scale where yEFT with
Perturbative Pions is expected to %ecome inapplicable because iterations of OPE are not
suppressed. Thus, yEFT(pn)ug appears to also apply somewhat into the Born Corridor
| cotd| 2 1. That is not surprising as the perturbative (Born) approximation for cotd 2 1 and
YEFT (pn)yg for cotd < 1 must match in the transition region, cotd ~ 1. In contradistinction
to the Unitarity Expansion in EFT(¢), yEFT(pn)yg naturally embeds the scales %= and
m, associated with the branch points of non- and once-iterated OPE.

Thus, the following picture at nuclear scales might emerge. The NN S waves are
treated in perturbation about Unitarity with suppressed tensor-OPE in yEFT- and for
some processes even in EFT(f). Either version considerably reduces computational com-
plexity without loss of information in the momentum region most relevant for low-energy
nuclear systems. The S waves set the dominant patterns of nuclear systems, while the other
partial waves are of course relevant for more detailed and complex phenomena. High partial
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waves are treated in Born approximation (with perturbative OPE) [28-31]; and interme-
diate partial waves (likely some P and possibly D waves) may need resumming an infinite
number of interactions at LO, including potentially all of OPE, but not about Unitarity [25—
27, 30, 31]. Such a three-pronged approach is computationally much less intensive than the
traditional one of a nonperturbative LO OPE potential with a high number of partial waves.

5.2 Outlook

Further studies are clearly warranted. If the Conjecture of sect. 4.1 is to be successful,
then a systematic expansion guided by Wigner-SU(4) symmetry and Unitarity must be
found. Such an ordering scheme must provide an a-priori classification of the relative
importance of Wigner-symmetric and breaking contributions induced by chiral symmetry.
It might also differentiate between Unitarity Window and Born Corridors, and illuminate at
which distances from the FP Wigner and chiral symmetry dominate, respectively (sect. 4.2).
We discussed two candidates, both somewhat problematic: quantum-mechanical operator
entanglement (sect. 4.3), and QCD’s large-N¢ limit (sect. 4.4).

The Conjecture should also be tested in systems with at least 3 nucleons and with
external probes. The extant NLO work in yEFT with Perturbative Pions in 2N and 3N
systems with external probes of e.g. [92, 96, 124-127] can be expanded about Unitarity
and extended by at least one order. While we see that EFT (%) and yEFT(pn)yg agree in
scattering even at higher momenta, external probes most likely differentiate the two even at
quite low energies, e.g. in Compton scattering [99, sect. 5.4.1]. Because of the issues with
chiral symmetry, pion photoproduction and pion scattering may be of particular interest.
All these are well-known to reveal the considerable strength of pion-exchange currents.
Fortunately, computations become actually simpler in the Unitarity Expansion, as seen by
comparing our N?LO amplitudes to those for % # 0 at the same order [68, 69, 76].

Finally, the Unitarity Expansion for NN S-waves system should also be explored in the
YEFT version in which pions are nonperturbative. First LO results are in preparation [128]
and reported in [80-82, 129, 130]. Both for perturbative and nonperturbative pions, further
clarifications are needed. Can imposing a preference for Unitarity as a highly symmetric
state about which to expand provide a quantitative answer to the questions of the Intro-
duction: Why is fine-tuning preferred? How does varying m, affect it?

We see our Conjecture merely as a first step to merge two highly successful but at first
glance incompatible concepts of Nuclear Theory, namely the expansion about Unitarity
and yEFT, for mutual benefit and a better understanding of why fine-tuning emerges in
low-energy Nuclear Physics.
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A Appendix to Section 2

A.1 From Amplitudes to Phase Shifts

In a perturbative calculation, converting an amplitude into observables is dictated by the
theorems of Mathematical Perturbation Theory [88-91]. Only an order-by-order expansion
in both amplitude and observable is guaranteed to preserve the symmetries (including S-
matrix unitarity) at each order independently. Different paths to observables must at a given
order agree within uncertainties set by higher orders. Therefore, we will in app. B.1.5 use
different extractions to estimate truncation uncertainties and order-by-order convergence.
We first follow the original KSW/FMS prescription which starts from the S matrix in the
Stapp-Ypsilanti-Metropolis (SYM/”bar”) parametrisation of the coupled *SD; channel [87]:

ikM (A(SS) A(SD)> ( e2% cog2¢  iell%0td2) gip 25)

S=1+ (A.1)

2w \ ABGDP)  A(DD) iel®0+02) gin 2e 292 cos 2
Throughout, the 'Sy case is retrieved by setting d, = ¢ = 0, ASP) = APDP) — 0,
Like the amplitudes A = A_; + Aqg+ A; + A, .. ., each phase shift and the mixing angle
¢ is expanded in powers of the small, dimensionless parameter:

do = 00,1 + 00,0 + 00,1 + 002 + ... and likewise for ds, &1 (A.2)

where dp_1 > 0o > do1 > doz2... and the second subscript denotes again the order in
Q. In yEFT with Perturbative Pions, only the S wave phase shift is nonzero at LO, while
02,—1 = €21 = 0 vanish. Expanding and matching order-by-order, we quote the result from
KSW/FMS [66-69]. The only nonzero LO contribution is

i kM (ss)
1=—=In|1 A.
(507 1 5 Il|: + o A,1 ( 3)
At NLO and N2LO, one adds for the S wave phase shifts
M 469
do0 = k;m ik(])\/[ ) (A4)
1 + ?Afl
kM AP —j EM[ASPR2
So1 = ! i (40| —i (6o0)* . (A.5)

4y M YED

While the SD-mixing NLO amplitude A(()SD) enters at N2LO, sect. 2.3.6 shows that it cancels
in the S; channel against terms in A§SS). Formulae for d5 and ¢ can be found in [67-69, 77].
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kM A(SS

o 1)|Uni = -1

In the Unitarity limit, the term in the denominators simplifies to 1 +
and the LO phase shift is in both S waves as expected identically

50’,1 =

—90° . (A.6)

o 3

However, from the pionless amplitudes of eq. (2.3), the NLO correction,

1 kr
doo = e (A.7)
suffers an apparent divergence for 1 > ka — 0. The same holds for yEFT(pr)yg. Strictly
speaking, this is not an issue since such a limit is outside the window % < 1 in which the
Unitarity Expansion converges. Still, the divergence may obscure features close to k = 0
which can be of interest. Ultimately, its origin is a mismatch between defining the low-
energy parameters in the ERE of kcotd, eq. (2.1), and the constraint that §(k — 0) — 0 or
180° at NLO and in physical systems, while the value is 90° at Unitarity.
We therefore use another definition which expands not the phase shifts but the “physical”
part of the amplitude, i.e. kcotd as in eq. (1.3), extending the approach by RS [76] to the
coupled 3SD; system. Replace phase shifts (I = 0,2) by

2ik

2i0; =1
¢ T fcotd (k) — ik

with kcotd = kcotd; _1 + kcotdy g + keotd; 1 + keotd o + ..., (A.8)

expand the mixing parameter ¢ as before, use that kcotdy _; = 0 vanishes at LO to find

4 1

kCOt507_1 =ik + M ISIS) (Ag)
47 A(()SS)
kCOtdoy() = —M m (A]_O)
At A(SS) [A(SS)}Q [A(SD)]Q
kcotdgq = —— L + ik A1l
YoM ([A(_Sf)]z ASs) T [AS)2 Ay

Deriving the corresponding formulae for kcotd, and ¢ is again straightforward [77].
The phase shifts are then simply found by inverting kcotd, at the appropriate order. In
the Unitarity limit, the LO expression is as expected

keotdo, 1], =0 (A.12)

i.e. 0g,—1(k) = arccot[y] = 2 = 90°. Now, one finds at NLO in pionless EFT from eq. (2.3)
by construction the effective-range result:

1

0— 14 2k?
1<c0t60,0|Uni = + gk’2 = Jy = arccot|[—L—2—

’ ] "2 arctan 0 . (A.13)
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This is finite (0° for a < 0, 180° for a > 0) and reproduces at NLO the first two terms of
ERE and EFT(#) (2.1). The O(Q") (N"*'LO) terms are (also beyond Unitarity Expansion)

keotd,. — { vnka:"“ for n > 2 even ‘ (A14)
’ 0 for n > 1 odd
Since the N2LO contribution vanishes, we refer to such results as “EFT(#) NLO=N2LO".
In the following, we will mostly use the kcotd form, cognisant of the fact that phase shifts
at k—la 2 1 are outside the Unitarity Window. In both variants to extract phase shifts, as
in all expansions which are consistent within Mathematical Perturbation Theory, all phase
shifts dg, 2, as well as kcotd are at each order real below the pion-production threshold,
i.e. S-matrix unitarity is manifest at each order. In sect. 3.5 and app. B.1, we will compare
both versions to assess truncation uncertainties and radius of convergence.

A.2 From Amplitudes to Pole Positions

Poles of the S matrix, and hence of the amplitudes, at complex momentum iy correspond
to real bound states for Re[y] > 0,Im[y] = 0; to virtual states for Re[y] < 0,Im[y] = 0,
and to resonances for Re[y] < 0,Im[y] # 0. Unitarity is at v = 0. Nonrelativistically, the
corresponding (real or virtual) binding energies are B = % > (0 when bound.

Extracting bound state properties from amplitudes follows again Mathematical Perturb-
ation Theory [88-91]; see also [76, 92] and [93]. Poles are zeroes of the inverse S matrix (or
amplitude) and appear in all coupled waves concurrently. It suffices to find the zeroes of the
denominator in eq. (A.8). Expand both kcotd(k) and the pole position, i.e. its argument:

kpole - i(’)/—l + Y0 + ga! + .. ) . (A15)
Likewise, the (rescaled) residue at the pole is found by expanding

dri d 1 d
-1 _ el —i— (k —i ) Al
M AR |, ldk;< cotdy (k) — ik) (A.16)

k=ivy

For ease of notation, we also define the mth derivative of the nth (O(Q™), N**'LO) contri-

bution to kcotdy at k = iy_; as kcoté(()fz)(iv_l) = %‘W| k—ir_,- The leading-order pole

position is determined implicitly, and the residue is fixed by the Unitarity part, ik:
keotdo,_1(i7-1) + 71 =0 , (Z4)"" =1 +ikeotd{ (iv-1) - (A.17)

The other orders are again solved by iteration:

kCOt5070 (1’)/_ 1 )

o = - (i (A.18)
i— kcoté(() 7 (iv-q)

. 1 : : : i70)? .

I = m <kCOt5()’1(l’7_1) + 170 kCOt(S(()B (1”}/_1) + % kCOt(S((f)l(lfy_l)) (A]_g)
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For expressions via amplitudes, one starts from [A_1(kpote) + Ao (kpote) +- - -] 7" < 0 or inserts
egs. (A.9) to (A.11). Usually, kcotd is analytic in k% around ~_1, so that kcot(;é%)(iv_l) =0
for odd n > 1 from eq. (A.14). In the Unitarity Expansion (y_; = 0), kecotdy_; = 0 =
kcot5 Vanlshes with all its derivatives, and the last term in parenthesis is zero.
Expandlng the residue is straightforward; we only quote the next nontrivial term:

Zy = —i(Z_1)* (kcoté(()’lg (iy-1) + i kcotéé?zl(i7_1)> . (A.20)

That both the Unitarity limit and ERE/EFT(#) expand about the same point & = 0
has a curious consequence which we present in some detail as sect. 3.1 demonstrates that
the same postdiction emerges in yYEFT(prt)yg at renormalisation point k£ = 0. Since kcotd is
there analytic in k2, one can use directly eq. (2.1). All odd orders of 7, and all even orders
of Z,, are zero. The first nonzero terms are:

] i ) ir ] ir2 ] i [/5r3
o=_, m=g5, =55, 1762274<T—2U2) (A.21)
r 3r2 1
Z.=1, Zi=— , Zy=— , Zg=— (53-8 A.22
1 ) 1 a ) 3 202 ) 5 203 ( r U?) ( )

[The first term in each line and iy; = 0 = Z also follow from inserting the pionless amp-
litudes of eq. (2.3) into egs. (A.18) and (A.19).] These series converge since - < 1 inside
the Unitarity Window and we assume v,, ~ m_?"*! are natural as well.

While the shape parameter vy enters at O(QQ) (N3LO) in ERE/EFT(#), it shifts the
pole only at a very high O(Q°) (N"LO) when the parameters of the Unitarity Expansion are
determined at k = 0. The reason is that kcotd,(k — 0) o< k22 beyond NLO, so that at
zero momentum kcotcs((]’z)( ) = 0 — unless m = 2n+2 so that 1{(:01:5(2"Jr2 (0) = (2n+2)! Unt2.
This is inconsequential as long as all derivatives and functions in the pole expansion must
be taken at a LO pole position 7_; # 0. But Unitarity mandates iy_; = 0, so nearly all
contributions to the pole momentum disappear. As a consequence, the binding momentum
and residue can be determined to quite high order in the Unitarity Expansion, even if the
ERE is given only to N?LO (expanding in \/E would induce non-analyticities in 7, a):

) r r? r3
7 = 1+T+3L+O( 3) (A.24)
- 2a2 ’

This result is accurate only up to and including N2LO in . It coincides with the outcome of
ERE/EFT(#) without Unitarity Expansion at N°LLO. When the scattering length is included
at LO (instead of NLO as in the Unitarity Expansion), terms with n powers of L'~ Q1! are

merely reshuffled to n orders earlier, leading to i7" = iryg, iy = iy, Zid = 21 etc.
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A.3 The Zero-Momentum Limit

Reporting the & — 0 limit of the yEFT(pn)yg amplitudes serves a dual purpose. It confirms
that the amplitudes reduce to those of EFT(#); and it allows further insight into the stark

discrepancy between Wigner-SU(4) symmetric and breaking pion contributions.

At NLO, the impact of A(()S) (k) reduces for low momenta to contributions analytic in m2,

and hence in the quark mass, which are eventually absorbed into higher-order yEFT LECs:

) 1 r,
]£I_I>I(1JkCOt(5070<l{?) = (-a + 5]{3 ) —

k* (1 + O(:TQ?)) : (A.25)

s

N
mz ANN

The Wigner-SU(4) symmetric N2LO amplitude AQISO)(/{) =A% (k) reduces to

- “tlsym
}Ci_rf(l) keotdn o (k)| gy = =0.040800...
A 8 4 (384m2—227) k2 (A.26)
— Lr) o4 (38l Vet (14 005

Finally, the symmetry-breaking N?LO amplitude Agileak(k) reduces at low momenta to'?

=0.28274...
/_/%
, 4 \?384In2-187 k2
Ilgl_r)l(l) kCOtélvo(k”break = — (mﬂ KNN) 930 mﬂ—k’ (1 + O(m—%)> . (AQ?)

4
KNN"'n‘/r
quark mass (m2). That is relevant for sect. 3.4.

Each OPE iteration adds one power of . Neither N2LO contribution is analytic in the

B Appendix to Section 3

B.1 Assessing Uncertainties

To quantify the observations of sects. 3.2 and 3.3, we estimate theory uncertainties: a-priori
order-by-order convergence; a-priori estimates from the assumption to be inside the Unitar-
ity Window; data-driven convergence to PWAs; a-posteriori order-by-order convergence via
Bayesian statistics; and a-posteriori comparison of different ways to extract phase shifts.

B.1.1 A-Priori: Order-By-Order Estimates

The typical low-momentum scales are % — 0 in the Unitarity Expansion, r ~ m%u k and
m,. As discussed in sects. 2.3.5 and 2.3.6, n inverse powers of the a-priori breakdown scale
Axy &~ 300 MeV parametrise the relative strength by which (n — 1)-times-iterated OPE is

suppressed against LO (no OPE). Therefore, K”;L ~ 0.5 and for @ < 1 from eq. (2.4), the

upper limit of yEFT with Perturbative Pions is expected to be k < Ann &~ 300 MeV.

12Gince Aés) has no Wigner-SU(4) breaking contribution, Aéss) =01in eq. (A.11).
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Since Q ~ 0.5 at k ~ m, and N2LO is complete, corrections in §(k ~ m,) should be of
order Q® ~ % ~ 10% relative to dy_1 = 7, if coefficients follow the Naturalness Assump-
tion [5, 94, 131-137]. As k — Axn, NLO and N2LO corrections should become comparable
to LO. That happens at a slightly lower k& &~ 150 MeV in the 'Sy channel (cf. fig. 3). In
the Wigner-symmetrised 3S; wave, N2LO corrections are consistently somewhat larger than

NLO, as allowed by Naturalness, but they exceed thrice NLO at k ~ 170 MeV; fig. 5.

B.1.2 A-Priori: Inside the Unitarity Window

According to eq. (2.4), the Unitarity Window ﬁ < 1 with upper limit |cotd| < 1 imposes
8 MeV < k <160 MeV in 'Sy, and 35 MeV < k < 230 MeV in 3S;. In both, ratios of small
scales are not inconsistent with Naturalness: ]ﬁ] < 0.1 in 'Sy and ~ 0.25 in 3S; about
Unitarity; ™= ~ 0.9 in 'Sy and ~ 0.6 in *S;. Therefore, changes from N*LO may at k ~ m
be 0.6 ~ 0.2 in 3S;, and 0.9% ~ 0.7 in 'Sy — assuming again Naturalness. That appears

large, but actual NLO-to-N2LO corrections are much smaller.

B.1.3 Data-Driven: Convergence to the PWA

Comparison to an empirical PWA as next-best approximation to data can quantify how
accurately the EFT reproduces experimental information [108, chap. 2.3] [109]. The double-
logarithmic plots of fig. 9 contain information about expansion parameter and breakdown
scale. First, deviations between calculation and data should be of order 1 for all orders
when ) ~ 1. That determines the empirical breakdown scale Kemp. Second, since each new
order adds one power of ) = % in the expansion of observables, slopes should increase
by one power of () from one order to the next for k > m, where the momentum scale
dominates. Furthermore, the plots help quantify the assertions in sects. 3.2 and 3.3 that
the Wigner-symmetric forms agree well with PWAs.

Excellent agreement at small k£ is no surprise since the low-k phase shifts are fitted to
the ERE which is determined from a PWA. For the 'Sy channel, NLO, N2LO and pionless
corrections all approach unity around Aemp(1Sg) & 270 MeV which is close to the expected
breakdown scale Axy =~ 300 MeV. We believe that is still sufficiently far away to be
unaffected by the point & ~ 350 MeV where the yEFT(pn)yg result is nonzero but the
Nijmegen PWA crosses zero; cf. [74]. That induces an artificial divergence which cannot be
remedied by plotting cotd instead. Slopes seem indeed to increase by roughly one from LO
to NLO, and from NLO to N?LO, and N2LO is consistently more aligned with data than
NLO. The EFT(4) result might have an even better slope, but it suffers from an artificial
zero since it crosses the empirical phase shift at an already relatively high & ~ 100 MeV.
We estimate an empirical expansion parameter from scaling at momenta where reproducing
the ERE has worn off: Q(k ~ 200 MeV) ~ 0.6 at NLO, and Q*(k =~ 200 MeV) = 0.25 at

N2LO. That is not inconsistent with the a-priori estimate Q = "WQK()% ~ 0.7.

In the 3S; channel, the failure of the N>LO result including Wigner-breaking terms (red
solid line) is obvious: It breaks down at k ~ 150 MeV, and N?LO corrections are already
significantly larger than NLO ones for £ = 100 MeV. In contradistinction, the Wigner-
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symmetric version at N?LO (black long-dashed line) has the expected slope increase. For
k 2 170 MeV, it demonstrates consistent improvement over NLO, towards the PWA, and,
most remarkably, over EFT(#). This adds to the evidence that yEFT(pn)yg has a radius
of convergence which is not only formally larger than that of a pionless version, but also
empirically. The extractions of an empirical breakdown scale at NLO (~ 250 MeV) and
N?LO (= 350 MeV) differ but are both well compatible with the expected breakdown
scale Axy ~ 300 MeV. The issue may be that N?LO and PWA happen to agree at k =
200 MeV, inducing an artificial zero. That also makes it difficult to read off estimates of the
expansion parameter for k > m,. We find instead Q(k ~ 120 MeV) ~ 0.2 from NLO, and

Q?(k ~ 120 MeV) = 0.06 from N2LO, which is quite a bit smaller than an a-priori estimate
Q _ (k=120 MeV+mr)/2
XNN

~ 0.4 in which m, cannot be neglected as typical low scale.
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Figure 9: (Colour on-line) Double-logarithmic plots of the relative deviation between our

results and the Nijmegen PWA in the 'Sy (top) and 3S; (bottom) channels. The gray lines
represent slopes of k1234 Colour-coding as in fig. 3; shaded: Born Corridors.
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B.1.4 A-Posteriori: Bayesian Order-By-Order Convergence

The a-priori estimates of apps. B.1.1 and B.1.2 can account only qualitatively for the
Naturalness of coefficients [5, 94, 131-137]. Factors of 2 or 3 can change Ayxy and order-
by-order convergence substantially. A statistical interpretation via Bayesian analysis of
the information on Naturalness that is available from the known orders quantifies theory
uncertainties from truncation at a given order; see e.g. [138-140] and references therein.

We first analyse truncation uncertainties for the pole position, eqs. (A.23) and table 1,
following the simple approach of refs. [100-102]. Expand

1+ Z cme"] (B.1)

to define dimensionless coefficients ¢, assumed to be of natural size with expansion para-
meter e. Truncated after n known coefficients, |Cpaxni1]| & max{|c,|} reasonably estimates
’ m<n

iy=1

-1+ % + Z%] = 170

n=1

higher orders and =|cyaxnt1] €1 is a reasonable truncation uncertainty [99, sect. 4.4].

The EFT(#) and yEFT(pn)ug expressions for the pole parameters agree, and eq. (A.23)

suggests € = = with ¢; = ¢ = % for 7. Since iy_y = 0, only iy = é sets a scale. If one
1 3

would likewise choose e = = for the residue, eq. (A.24), coeflicients ¢; = 5,¢c0 = 5,3 =
2,04 = % ~ 4.4,... quickly outgrow the Naturalness Assumption ¢, < % The reason,

well-explored in EFT(f), is its high sensitivity to the pole position [141]. From eq. (A.22)

or the ERE residue with no expansion in - and v, =0, Z “1=1/1- %7" proceeds in powers
of € = % and ¢; = %,cz = %,C3 = %,c4 = % ~ 0.3,... are indeed natural. Thus, the
expansion parameter for Z is twice that of iy. Ignoring such additional information in a
Bayesian prior leads to inconsistent and wildly under-estimated uncertainties in particular
in 3S; where 2a_7“ ~ 0.6 is not so small and dominates against corrections from higher ERE
parameters. In 'Sy, corrections from 2 a~ —0.2 are similar in size to ERE corrections.

The BUQEYE collaboration derived probability distributions and degree-of-belief (DoB)
intervals to statistically interpret +|c, 1] €™ [101]. A simple choice of priors is a uniform
(flat) distribution for all known and unknown |c,,| up to some (unknown but existing)
maximum ¢ which follows a log-uniform distribution. With n = 2 known terms, +|cyayx 3| €
encompasses roughly a 68% DoB interval. With only n = 1 term known, |y 0| € sets a
50% DoB interval since fewer information leads to greater uncertainty. For these priors, the
68% DoB for n = 1 known term is actually at about +1.6 |cpax2| €2, and the 95% interval
for n = 2 known terms at about +2.7 |¢yax 3| €. This is not simply a factor 2 from the 68%
DoB width for a Gauflian distribution because the posteriors fall off much slower, namely
with inverse powers. Reasonable variations of the priors lead for n > 2 known drawings to

variations by < 20% in these posteriors. Thus, we set the 68% DoB intervals as ié% for

the pole position and :l:%,3 for its residue, each multiplied by about 2.7 for 95% DoBs.

We apply the same method to kcotd(k) at each k and extract the corresponding uncer-
tainties for phase shifts. This assumes that uncertainties at different k are very strongly
correlated, which appears reasonable given that cotd(k) is near-linear for £ 2 100 MeV;
cf. figs. 3 and 5. The LO coefficient is again zero, kcotdy _; = 0. Around Unitarity, the
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Figure 10: (Colour on-line) The 68% DoB uncertainties of phase shifts at N?LO (red) and
NLO (blue, using the rescaling factor from 50% described in the text) in the 'Sy channel
(top), and in the 3S; channel with and without Wigner-breaking terms (bottom), under the
assumptions of priors described in the text. Details as in fig. 3.

Unitarity-ensuring factor —ik of eq. (1.1) sets a natural scale. Since the theory is renorm-
alised at £k = 0 to the ERE, we ensure that uncertainty bands vanish as k£ — 0 by setting

o keotd o (k) — keotdoo(0) o kcotdo 1 (k)
0 — k Q ) 1= k QQ '

This choice is aligned with cotd as prime variable. We simply accommodate the various
scales which make up the numerator of the expansion parameter in eq. (2.4) as

(B.2)

max{k; m,}
Axn 7

Q~ (B.3)

noting that this choice of breakdown scale is consistent with the numbers in app. B.1.3.
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Figure 11: (Colour on-line) Phase shifts for the two variants to extract the 'Sy (top) and *S;
(bottom) phase shifts of app. A.1: directly (pure lines), and via kcotd (lines with Bayesian
uncertainty bands), at N2LO (red) and NLO (blue). The differences are marked by the
hatched areas (blue: NLO; red: N?LO). Details as in fig. 3.

The N2LO uncertainties are shown in figs. 3 to 5. Figure 10 includes the NLO bands
(rescaled as above to 68% DoBs). They overlap very well in the 'Sy channel and reasonably
in the Wigner-symmetric 3S; version. For both, the N2LO band is throughout smaller than
the NLO one. In the 3S; wave with Wigner-breaking terms, NLO and N2LO uncertainties
still overlap. However, the width of the N2LO band approaches rapidly that of NLO and
exceeds it for k& = 200 MeV, which is further proof that this version does not converge well.

B.1.5 A-Posteriori: Different Ways to Extract Phase Shifts

In app. A.1, we discuss two variants to extract phase shifts from amplitudes: directly, or
via kcotd. As noted there, when both are preformed at the same order in (), these two must
agree up to higher-order corrections where their convergence ranges overlap. If the results
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differ vastly, the expansion breaks down. This is a particularly interesting tool to measure
the size of the Unitarity Window. When one expands about it centre at cotd = 0,

cotd(k) = (5 — (k) + 3 (5 - 60)) +0((5 -5 ) (BA)

proceeds in odd powers of 90° — §(k). The first correction is smaller than % of the leading
term for approximately § € [40°;140°], i.e. close to the points 6 = 45°,135° at which the
Unitarity Expansion of eq. (1.3) is expected to fail because | cotd| = 1.

The very good agreement of extractions both at NLO and N?LO in all yEFT (prn)yg vari-
ants, fig. 11, is therefore no surprise. At the low end of the Unitarity Window, they diverge
starkly for the reason discussed in app. A.1: According to eq. (A.13), using kcotd(k — 0)
leads to 0(k — 0) = 0,180° at Unitarity from NLO on, while the phase-shift extraction
encounters a divergence, d(k — 0) — % — 00, eq. (A.7). Thus, discrepancies are expected
for k < |a| = 8 MeV in 'Sy and < 35 MeV in 3S;. Interestingly, for higher momenta pushing
into the Born Corridors, the induced bands are smaller than the Bayesian estimates, and
phase shifts from the direct methods tend to lie slightly below the kcotd variant.

B.2 Varying the Renormalisation Point

So far, we used the ERE around £ = 0 because that is the natural scale at Unitarity.
Now, we treat the symbols a and r as if they were not scattering length and effective range
but (finite pieces of) LECs whose values reproduce the Nijmegen values of kcotd and its
derivative at a particular kg. Any choice is legitimate, as long as kg << Any [65].

RS and FMS used the pole position of the amplitude as input [68, 76]. This natural
choice for bound-state properties avoids universal (and thus trivial) correlations between

13, 38,
ket a [fm] 7 [fm] (v [MeV], Z) a [fm] r [fm] (v [MeV], 2)
empirical —23.735(6)% 2.673(9)x (—7.892,0.9034) 5.435(2)% 1.852(2)x (+47.7023 ,1.680)
pole —23.7104 2.7783 5.6128 2.3682
NLO —38.988 3.3270 (—4.86 ,0.925) 4.9310 2.4966 (+55. ,1.9)
me N2LO || —25.428 27281 (—7.38 ,0.910(5)) || 47768  2.4492  (+57(3). ,1.9(5))
sym. 54625  1.6124  (+43.0(5) ,1.4(1))
NLO | + 9.2856  4.2285  (+28. ,18) 33442/ 3.1886¢ (+114. 3¢
my N?LO || +34.3335  2.8056  (+6.01 ,1.10) || 1.8376¢  3.3741¢  (-+387(330).,8(25).)¢
sym. 45344 17006 (+55(1). ,1.6(2))

Table 2: Values of a, r interpreted as LECs to reproduce kcotd and its derivative at a certain
kgt. The empirical values are found from the Granada values [24] as described in app. A.2.
An asterisk * is input; a lightning bolt # indicates the result cannot converge because r 2 a.
For a,r, spurious precision is used because of some fine-tuning. N2LO uncertainties for pole
position v and residue Z are based on the uncertainty estimate of app. A.2. If none is given,
it is smaller than the last quoted significant figure.
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Figure 12: (Colour on-line) Phase shifts in the 'Sy (left) and 3S; (right) channels, fitted to
the pole (top), kg, = 2= (centre) and m, (bottom). NLO: blue short-dashed. N*LO and
Wigner-invariant N2LO are both red dot-dashed but simple to differentiate. Crosses mark
fit points. The results for kg, = 0 with Bayesian N2LO (in 3S; for the symmetric form only)

bands are colour-coded as in fig. 3.

binding energies and observables like the charge radius. One can find such a and r from the
empirical pole position and residue of table 1 up to O(Z—z) by inverting eqs. (A.23/A.24). No
pion contributions enter. The results in table 2 differ only slightly from the Granada group’s
best values for physical scattering length and effective range at £ = 0. On the other hand,
since the leading nonzero contribution (NLO) is iyp =  from eq. (A.18), kga = va ~ 1 lies
by design just at the brink of the Unitarity Window. That is dangerous.

We thus also explore two natural renormalisation points of yEFT(pn)yg inside the Unit-
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Figure 12 shows the phase shifts for the three choices, and fig. 13 the double-logarithmic
plots of convergence to the PWA. The results of both fits to the pole and %= are well within
the N2LO bands of 68% DoB uncertainties from Bayesian truncation uncertainties with
kg, = 0. According to table 2, the pole position and residue is still captured adequately,
though discrepancies increase and order-by-order convergence gets poorer for kg
nominal 'Sy scattering length changes sign for kg, = m, (bottom panels), and the extracted
pole parameters and their uncertainties are meaningless since the phase shifts clearly diverge

45

mx

2

(centre) and my

1| 7 S R 22 SN MO
Eentes LO et R R
C--2UNLO 7 IR 7 R I
- = NLO 1 3 T TS
P 1 3 ) - B
E— — N2LO Wigner . K + 51t kcatpole = AN E
*'So: ki atpole [ -’ A \VE
i - ’ PR S sa ) I ]
_2 ) - 4 -~ \:; - u
107 Lt . : - 3 4
—————— - LZ:‘- . . 3
F- o . o ]
3 ' i ]
e i T i
1073 . } — ~ =+ o —
* 2 . X
- o R — Ry
B T & o
"""""""""""""" / ’o"" C I 7 "‘\ ‘,v'/
3 = o".' 3 =M ‘.‘) R 4
So: K= S Pk ey |
Nog B4 50 A
o4 .. . AT
IR R P /7
. '.. ’. ------ '__“l . ‘,
L S [l . [
10 3 = ~ * . I’ E3 ‘.’. \. '3 / 3
~ . ‘. AR N4
N :’_l * -‘ .,'. ::/
\ i “.- ! 7
10—3 ' i — L |' a4 ; ' ':‘
T N L AL — J
1 LI TR ;’ 0 7
T T 4 & B . 7 A 7
SRR 3 _.I—"-"‘?.-,,'- - ‘\‘\ | ./
1 Sl e i = ' , SR 'ty
~ R A X T P . 5 . 4
10 7 Fd St AR 79
'\‘\ ‘; —’——'—'_‘ﬁ \’__’oi . ' j
'\-‘ N N, \‘ - j
g . ol d [3g . SN[ ]
£ So: Kiie=11, %ol +°S1: k=1 B 'i
Yy NI
1073 " i ‘;n'f
20 50 100 200 20 50 100 200
kem [MeV]

Figure 13: (Colour on-line) Double-logarithmic plots in the 'Sy (left) and 3S; (right) channels
of the relative deviation of results fitted to the pole (top), kg
(bottom), to the Nijmegen PWA. LO: green dotted; NLO: blue short-dashed; N2LO: red
dot-dashed; Wigner-symmetric N?LO: black dashed; see also fig. 9.
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from the PWA well inside the Unitarity Window for k& < 60 MeV. The 3S; results at NLO
and Wigner-symmetric N°LO have £ > 1 (marked by lightning bolts #). This does not only
violate the expansion of pole and residue in powers of = (eqs. (A.23/A.24)), but also the
Unitarity-Window constraint 5~ < 1. Apparently, the “leverage arm” from the fit point to
the lower bound of the Unitarity Window is too large.

Interestingly, NLO is for all fit points at least as good, and sometimes even better, than
the kg = 0 answers. Some of this may be because the phase shift is simply required to go
through the PWA result. However, the N2LO curves with Wigner-SU(4) symmetry do not
show such a uniform trend. The convergence plots of fig. 13 are very similar to the kg = 0
case for the pole fit. Except for the pole fit, they are dominated by the enforced identity
with the phase shifts and derivatives of the PWA at the fit points. This makes the slopes
seem steeper. However, the empirical breakdown scale of all fits is unchanged and in the
same range of around 300 MeV as before. We therefore consider this to be a robust result.

The only exception is, of course, the 3S; channel with Wigner-SU(4) breaking interactions
(red dot-dashed lines). Even when the fit forces matching at kg, = m,, does it diverge
quickly at higher £. We see no scenario in which these amplitudes can be made to reasonably
agree with the PWA, or with the pole position and residue (table 2).

Different but reasonable choices of the renormalisation point at N?LO do therefore not
change phase shifts or empirical breakdown scales in a statistically significant way.
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