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Abstract

A previously developed phenomenological turbulence model for Rayleigh–Taylor, reshocked Richtmyer–Meshkov, and Kelvin–Helmholtz instability-
induced mixing based on a general buoyancy–shear–drag model [O. Schilling, “A buoyancy–shear–drag-based turbulence model for Rayleigh–Taylor,
reshocked Richtmyer–Meshkov, and Kelvin–Helmholtz mixing,” Physica D 402, 132238 (2020)] is extended to include active or passive scalar mixing
and power-law acceleration-driven Rayleigh–Taylor mixing. The buoyancy–shear–drag equations are coupled to a scalar variance equation that is used
to define the molecular mixing parameter θm, and when the scalar is active, modifies the Rayleigh–Taylor and Kelvin–Helmholtz mixing layer growth
parameters to depend on the asymptotic value of this parameter, θmol. The scalar variance equation is closed by algebraically or differentially modeling
the scalar variance dissipation rate. Nonlinear analytical solutions of the model are obtained in the total and separate bubble and spike mixing layer width
formulations with the algebraic scalar variance dissipation rate for each instability, which are then used to calibrate the mechanical and scalar equation
coefficients to predict specific values of physical observables and molecular mixing parameters. Surrogate mechanical and scalar turbulent fields can be
constructed by multiplying a presumed self-similar spatial profile by appropriate functions of the width and its time derivative, and of the scalar obtained
by solving the ordinary differential model equations. The explicit modeling and solution of turbulent transport equations are not required. The bubble
and spike mixing layer width and scalar variance equations are then solved numerically for constant-acceleration Rayleigh–Taylor, impulsively reshocked
Richtmyer–Meshkov, and Kelvin–Helmholtz mixing, confirming that the prescribed level of molecular mixing is correctly predicted and illustrating the
spatiotemporal evolution of the scalar fields.
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1. Introduction

Turbulent mixing of single- and multiple-species fluids is encountered
in nature (e.g., geophysical flows in the atmosphere and oceans, and as-
trophysical flows) and a variety of technological applications (e.g., com-
bustion, chemical and process engineering, and inertial fusion). In many
of the flows involving multiple fluids, the species are initially separated by
a perturbed diffuse or sharp interface and subject to density, pressure, ve-
locity, and concentration gradients induced, for example, by continuous or
discontinuous accelerations and shear. Mixing processes that may lead to
the development of nonlinear, transitional, and perhaps turbulent flows are
therefore described by both mechanical and scalar fields. Here, mechani-
cal fields refer to quantities derived from velocity fields, such as the kinetic
energy and its dissipation rate, while scalar fields refer to quantities such as
mass fraction, density, or concentration. For the class of multifluid flows
that are Rayleigh–Taylor, Richtmyer–Meshkov, or Kelvin–Helmholtz un-
stable (see Ref. [1] for a survey), the extent of the mixing layer is described
by mechanical fields while the intensity of mixing within the layer is de-
scribed by scalar fields such as a scalar variance. In particular, the amount
of molecular mixing between two species is typically characterized by a
molecular mixing parameter related to the magnitude of scalar fluctuations
during the entrainment, stirring, and diffusive mixing stages [2].

Within the context of Reynolds-averaged turbulence models, the BHRZ
model [3] was an early model that used a transport equation for the av-
eraged Favre fluctuating velocity v′′i (the negative of the turbulent mass
flux ai) rather than an algebraic closure, which contained a buoyancy pro-
duction term b∂p/∂xi with b = −ρ′ (1/ρ)′ the negative density–specific
volume correlation depending on (scalar) density fluctuations. A second-
order model was later developed for Richtmyer–Meshkov mixing that in-
cluded a transport equation for the density variance [4]. The much more
recent K–L–a–V model [5] expresses b algebraically in terms of the mass
fraction variance V for the binary mixing case [6].
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As discussed and motivated in Ref. [7], in the modeling of complex ap-
plications involving hydrodynamic instabilities, it is still too computation-
ally expensive to use direct and large-eddy simulation routinely. Therefore,
reduced order modeling approaches such as Reynolds-averaged modeling
continue to be used extensively in multiphysics codes. In such approaches,
mean field transport equations coupled to turbulent transport equations are
solved, which are partial differential equations in space and time. Analyti-
cal self-similar solutions of these equations obtained in particular limiting
cases provide insight into the physics of the turbulent hydrodynamic in-
stability production, dissipation, and diffusion mechanisms, and provide a
systematic approach for the analytical calibration of the model coefficients
in the small Atwood number limit [7–9]. However, it also useful to develop
even simpler reduced order models based on the buoyancy–drag paradigm
that can predict mean and turbulent fields that are similar to those obtained
from Reynolds-averaged models as developed, described, and applied in
Ref. [10].

Buoyancy–drag models are a class of simple ordinary differential mod-
els that have been used to evolve bubble, spike, and total mixing layer
widths arising from Rayleigh–Taylor, Richtmyer–Meshkov, and Kelvin–
Helmholtz instabilities in time, as summarized in Ref. [10]. These mod-
els have been applied in the linear, nonlinear, and turbulent regimes, and
provide an intuitively appealing representation of the basic large-scale dy-
namics of these complex instabilities and the mechanical mixing arising
from them. In the turbulent regime, the models give widths that are con-
sistent with generally accepted self-similar scalings. For example, early
time modifications to the standard buoyancy–drag model for Richtmyer–
Meshkov mixing were proposed [11] based on analysis of implicit large-
eddy simulation (ILES) data from the FLAMENCO code corresponding to the
Mach 1.84 and Atwood number 0.5 multimode instability with narrowband
initial conditions considered previously [12]. This modified buoyancy–
drag model was subsequently generalized to separate equations for the bub-
ble and spike widths [13]. Buoyancy–drag modeling of bubble and spike
distances in three-dimensional spherical implosions was also explored nu-
merically using the FLAMENCO code [14].

The present work extends the buoyancy–shear–drag turbulence model
formulated in Ref. [10] to include scalar fluctuations. Conceptually, the
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model is motivated by the observation that Reynolds-averaged turbulence
models based on a description of mechanical and scalar turbulent mix-
ing in one spatial dimension aligned with the direction of transport have
self-similar solutions in the infinite Reynolds number limit, in which the
spatiotemporal dependence of the turbulent fields {ϕ} decouple into prod-
ucts of temporal power-laws Aϕtθϕ (where the prefactors {Aϕ} are func-
tions of the model coefficients and physical parameters) and self-similar
spatial profiles fϕ(z/h(t)) [where z is the direction of transport and h(t) is
the mixing layer width] [7]. When those equations are integrated over z,
the inhomogeneous turbulent diffusion terms vanish because the flux terms
vanish at the boundaries of the mixing layer and the resulting equations
depend only on time: this ‘zero-dimensional’ approximation was exten-
sively analyzed by Llor [15, 16] in the context of single-fluid K–ϵ and
two-fluid models applied to the instabilities considered here. The present
buoyancy–shear–drag–scalar (BSDS) model can be similarly interpreted as
a zero-dimensional model in which the amplitudes of the time-dependent
turbulent fields are determined by the solutions of the ordinary differential
equations subject to some chosen initial conditions.

The further phenomenological extension of the model to describe one-
dimensional turbulent fields by multiplying the time-dependent fields by
assumed self-similar spatial profiles is analogous to the self-similar ap-
proximation made in the analysis of Reynolds-averaged models. The re-
sulting one-dimensional fields grow in amplitude according to the temporal
solutions and widen in space according to the growth of the mixing layer
width. The constant prefactors multiplying the fields depend on the BSDS
model coefficients and physical parameters of the instabilities (e.g., accel-
eration, Atwood number).

The details of the approximations and general model formulation, and
how they were used to generate mean and turbulent fields are not repeated
here. Briefly, instead of solving turbulent transport equations to obtain a
turbulent diffusivity and viscosity for gradient-diffusion closures, the tur-
bulent diffusivity and viscosity are constructed as spatial profiles by:

1. solving the BSDS equations for the bubble and spike mixing layer
widths hb and hs or for the total width h = hb + hs and the scalar
variance and its dissipation rate;

2. using the bubble and spike widths or the total width and their rates
of change dhb/dt and dhs/dt or dh/dt to obtain a time-dependent
turbulent diffusivity and viscosity Dt, νt ∝ hdh/dt, and;

3. constructing a space–time turbulent diffusivity (or viscosity) by
multiplying the time-dependent value by a profile of the form
f (z/hb, z/hs) or a self-similar profile of the form f (z/h) in the to-
tal width formulation, where η ∝ z/h(t) is the similarity variable (z is
the coordinate along the direction of acceleration or shock).

The resulting turbulent diffusivity Dt(z, t) and viscosity νt(z, t) can then be
used to construct the usual gradient-diffusion closures of the mean flow
equations which are solved numerically, or can be substituted directly into
approximate analytic expressions for the mean fields, which can then be
evolved in space and time. Therefore, the present model only requires the
integration of ordinary differential equations with, for example, an analyt-
ically or numerically specified acceleration. The mean fields and mechan-
ical turbulent fields will not be reconstructed here, as they are the same as
those obtained in Ref. [10]: only the new scalar turbulent fields will be
considered here.

This paper is organized as follows. In Section 2 the BSDS equations
are formulated using the total mixing layer width. First, in Section 2.1,
the buoyancy–shear–drag equation is constructed from the sum of the in-
dividual bubble and spike equations discussed in Ref. [10]. These equa-
tions are then solved separately for general power-law acceleration-driven
Rayleigh–Taylor mixing, for impulsively accelerated and Richtmyer–
Meshkov mixing, and Kelvin–Helmholtz mixing analytically. The scalar
variance and its dissipation rate equations are then formulated. Analyti-
cal solutions to the scalar variance equation, the calibration of the scalar
variance production coefficient, the evolution equation for the molecular
mixing parameter, and the mixed mass are discussed in Secs. 2.2–2.5. An-
alytic solutions to the coupled BSDS equations for the total mixing layer
widths are derived for each instability in Section 3. The calibration of
the scalar variance dissipation coefficient using the asymptotic molecular
mixing parameter and scalar variance decay rate is discussed in Section 4.
The analytical solutions of the general BSDS equations for the bubble and

spike widths are derived in Section 5. The calibration of the scalar vari-
ance dissipation coefficient in the general case is discussed in Section 6.
The model coefficients in the equations based on the total mixing layer
width are calibrated in Section 7, and expressions for turbulent quanti-
ties are also provided. The coupled bubble and spike and scalar variance
model equations are then solved numerically in Section 8 for representative
Rayleigh–Taylor, reshocked Richtmyer–Meshkov, and Kelvin–Helmholtz
mixing layer cases considered in Ref. [10] to illustrate the time-evolution
of the molecular mixing parameters, scalar variances, and scalar variance
dissipation rates, as well as the spatiotemporal evolution of the scalar vari-
ance, scalar variance dissipation rate, and molecular mixing profiles across
the layers. Finally, a summary of the modeling methodology, principal
results, conclusions, and potential further uses of the model are given in
Section 9.

2. Formulation and solution of the buoyancy–shear–drag–
scalar model equations

The general formulation described in Ref. [10] considered separate
buoyancy–shear–drag equations for the less dense (bubble) and denser
(spike) fluids. The equations were solved analytically for each type of
instability, and relations between the mixing layer growth parameters and
exponents and the buoyancy, shear, and drag model coefficients were used
to calibrate the coefficient values so that the model would predict specified
values of these parameters and exponents. This calibration methodology
is the same as that used for the three- and four-equation mechanical–scalar
Reynolds-averaged turbulence models for the instabilities considered here
[7].

The development of the buoyancy–shear–drag model coupled to an ac-
tive scalar is first illustrated for the simplified case corresponding to the
total mixing layer width. The equation for the total (bubble plus spike)
mixing width h is constructed by adding the bubble and spike mixing
width equations derived in Ref. [10]. The resulting equation is then
solved analytically for the mixing layer width for each instability case. The
expressions for the mixing layer growth parameters for Rayleigh–Taylor
and Kelvin–Helmholtz mixing and the growth exponent for Richtmyer–
Meshkov mixing are then solved for the three model coefficients. The
scalar variance, S , equation is then derived from the fluctuating scalar
equation, and the scalar variance dissipation rate χ is closed either with
an algebraic expression or by solving the scalar variance dissipation rate
equation constructed from the S equation using scale-similarity.

Using the algebraic scalar variance dissipation rate, the general scalar
variance equation is solved analytically as a functional of h(t). The scalar
variance is then substituted into the buoyancy and shear production terms
in the mixing layer width equation (effectively generalizing the constant
Atwood number to depend on the scalar variance) and the resulting equa-
tion is solved analytically for each instability case in the early- and late-
time limits. In addition to considering miscible mixing with an asymptotic
value of the molecular mixing parameter θmol ∈ (0, 1), analytical solutions
are also given for the limiting cases of fully-atomic miscible mixing with
θmol = 1 and immiscible mixing with θmol = 0. Finally, the production and
dissipation coefficients in the S equation are calibrated using the constant
asymptotic value of the molecular mixing parameter, and the exponent of
the power-law decay of the scalar variance, respectively. Calibrated model
coefficients are given for the Rayleigh–Taylor, Richtmyer–Meshkov, and
Kelvin–Helmholtz mixing cases used to illustrate the buoyancy–shear–
drag model in Ref. [10].

This analysis is then generalized to the separate bubble and spike BSDS
equations. The scalar variance terms are added to the buoyancy and shear
production terms and the resulting equations are solved analytically for
each instability case. The relationships between the mixing layer growth
parameters and exponents and the model coefficients are solved to obtain
general expressions for the model coefficients, which now depend on the
molecular mixing parameter. The calibration of the scalar model coeffi-
cients is similar to that used in the total mixing layer width formulation.
The model is then applied to the Rayleigh–Taylor, Richtmyer–Meshkov,
and Kelvin–Helmholtz mixing cases considered in Ref. [10] and solved
numerically to include molecular mixing.

The principal assumptions utilized for the model developed in Ref. [10]
and extended here are:
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1. the mechanical and scalar properties of the mixing layer can be de-
scribed using an incompressible formulation (i.e., compressibility ef-
fects are negligible);

2. the forcing terms provide dimensionally consistent and physically
reasonable representations of the physical processes operative for
each instability case;

3. the mean field gradients are independent of space (they could depend
on time but are constants here), and;

4. the equation for the total mixing layer width can be constructed by
adding the bubble and spike width equations and assuming symmet-
ric bubble and spike growth.

In general, there is no specific requirement that the Atwood number be
small.

2.1. General total mixing layer width formulation

The effects of an active scalar on the dynamics of bubbles and spikes
separately can be considered, but molecular mixing is a bulk property of
a mixing layer. Therefore, the equation for the total mixing layer width
is considered here first to simplify the presentation. Consider the generic
bubble and spike equation (1) in Ref. [10],

ρ3−i
dv3−i

dt
= F3−i

b + F3−i
s + F3−i

vm + F3−i
d + F3−i

abl , (1)

where quantities with subscript or superscript 1 correspond to the denser
fluid (spike) and quantities with subscript or superscript 2 correspond to the
less dense fluid (bubble), and using Eqs. (16)–(19) and (6) in that reference
for the buoyancy force, shear force, virtual mass (plus pressure) force, drag
force, and ablative-stabilization force,

F3−i
b (t) = Cb (ρ1 − ρ2) geff(t) , (2)

F3−i
s (t) = Cs

ρ2
i ρ3−i

(ρi + ρ3−i)2

(∆v)2

ℓ3−i(t)
, (3)

F3−i
vm (t) = −C∗vm ρi

dv3−i

dt
, (4)

F3−i
d (t) = −

Cd

b
ρi |v3−i(t)|
ℓ3−i(t)

√√√
Rn

i δi1 + Ri

(
h3−i

hi

)β
δi2

 v3−i(t)


2

+ (∆v)2 ,

(5)

F3−i
abl (t) = −Ca

ρi va |v3−i(t)|
ℓ3−i(t)

, (6)

respectively, where the velocities are v3−i = dℓ3−i/dt. Summing Eq. (1)
over i = 1 and 2, taking v3−i(t) = (1/2) dℓ/dt = v(t)/2 and ℓ3−i(t) = ℓ(t)/2,
and with the new buoyancy, shear, drag, and ablation coefficient definitions

C∗b =
4 Cb

1 +C∗vm
, C∗s =

Cs

1 +C∗vm
, C∗d =

2 Cd

b
(
1 +C∗vm

) , C∗a =
2 Ca

1 +C∗vm
, (7)

respectively, ρ1ρ2/(ρ1 + ρ2)2 = (1 − At2)/4, density Atwood number At =
(ρ1 − ρ2)/(ρ1 + ρ2) > 0, ratio of bubble or spike density to the total density
Ri = ρi/(ρi + ρ3−i), and effective acceleration (a power-law for Rayleigh–
Taylor mixing with θRT > 0 and an impulse with change in velocity of the
interface ∆vs)

geff(t) =

g0

(
t
t0

)θRT−2
Rayleigh–Taylor

∆vs δ(t) Richtmyer–Meshkov ,
(8)

it follows that the general buoyancy–shear–drag equation for the mixing
layer width ℓ(t) = h(t) of all three instabilities is (redefining R1 → 21/nR1
and R2 → 2R2 and taking β = 0 in order to retain the conventional form of

the drag term)

d2h
dt2 = C∗b geff(t) At +C∗s

(
1 − At2

) (∆v)2

h(t)
(9)

−
C∗d
ρ1 + ρ2

|v(t)|
h(t)

×

ρ1

√[
Rn

1 v(t)
]2
+ (∆v)2 + ρ2

√
[R2 v(t)]2 + (∆v)2


− ν

v(t)
h(t)2 −C∗a

va v(t)
h(t)

,

where a viscous dissipation term has also been included in Eq. (9), and
ν = (ν1 + ν2)/2 is the average mixture kinematic viscosity. Here, h(t) is di-
rected normal to the interface separating the fluids, and can be interpreted
as the average width of a mixing layer developing from a two- or three-
dimensional flow with multimode initial perturbations. Unlike the general
bubble and spike equations, this equation for the total mixing layer width
is independent of the virtual mass coefficient C∗vm and geometrical factor
b. Later, the ablation velocity, va, needed to describe ablative Rayleigh–
Taylor and Richtmyer–Meshkov instability stabilization in inertial confine-
ment fusion will be set to zero.

The Ri terms in the drag term empirically introduce a possible bubble to
spike density ratio dependence, but as will be assumed later, typically Ri =
1 (n is a fitting exponent as briefly discussed in Ref. [10]). The motivation
for considering power-law acceleration-driven Rayleigh–Taylor mixing is
discussed in detail elsewhere [9]; θRT = 2 corresponds to the canonical
constant acceleration case. Note that geff(t) for Rayleigh–Taylor mixing
decreases with increasing time (i.e., corresponding to a deceleration) for
θRT ∈ (0, 2). Also, the power-law Rayleigh–Taylor acceleration allows for
a description of Richtmyer–Meshkov instability for θRT ≤ 0, as discussed
in detail elsewhere in the context of a statistical bubble merger model [17],
zero-dimensional, reduced turbulence models [16], and more recently in
the momentum model [18].

In this formulation considering only the total (bubble plus spike) mixing
layer width, there is no characterization of the Atwood number-dependent
asymmetry between the bubble and spike widths. The momentum model,
which is closely related to the buoyancy–drag model, was recently applied
to Rayleigh–Taylor mixing in the linear, nonlinear, and turbulent regimes
generated by a power-law acceleration geff(t) = Gta [19]. Analytical solu-
tions were derived and further analyzed in the context of supernova rem-
nants.

2.1.1. Analytic solutions of the buoyancy–shear–drag equation
and model calibration

Substitute the general power-law total mixing layer width (θh > 0)

h(t) = Ah tθh (10)

into Eq. (9):

θh (θh − 1) Ah tθh−2 = C∗b geff(t) At +C∗s
(
1 − At2

) (∆v)2

Ah
t−θh (11)

−
C∗d
ρ1 + ρ2

|θh|

t

×

[
ρ1

√(
Rn

1 θh Ah tθh−1
)2
+ (∆v)2

+ ρ2

√(
R2 θh Ah tθh−1)2

+ (∆v)2
]

− ν
θh
Ah

t−θh−1 −C∗a
va θh

t
.

For Rayleigh–Taylor (C∗s = ∆v = ν = C∗a = 0), Richtmyer–Meshkov (C∗s =
g0 = ∆v = ν = C∗a = 0), and Kelvin–Helmholtz (C∗b = Ri = ν = C∗a = 0)
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instability, the prefactors and power-law exponents are

Ah = α At g0 t2−θRT
0 , θh = θRT , (12)

Ah = h0

(
∆vs At+

θ h0

)θ
, θh = θ , (13)

Ah = δ |∆v| , θh = 1 , (14)

respectively, corresponding to the late-time mixing layer widths

h(t) = α At geff(t) t2 = α At g0 t2
0

(
t
t0

)θRT

, (15)

h(t) = h0

(
∆vs At+ t
θ h0

)θ
, (16)

h(t) = δ |∆v| t , (17)

where the postshock Atwood number At+ is included in the Richtmyer–
Meshkov width such that the initial velocity is dh/dt|t=0 = ∆vsAt+ when
the width is expressed as h(t) = h0

[
1 + ∆vsAt+t/(θh0)

]θ so that h(0) = h0.

With these substitutions it follows that

θRT (θRT − 1)α = C∗b −
θ2RT C∗d
ρ1 + ρ2

(
ρ1 Rn

1 + ρ2 R2

)
α ,

θ − 1 = −
C∗d θ
ρ1 + ρ2

(
ρ1 Rn

1 + ρ2 R2

)
,

0 =
C∗s
δ

(
1 − At2

)
−C∗d .

Solving these algebraic equations for α, θ, and δ gives the general ex-
pressions for the Rayleigh–Taylor growth parameter, Richtmyer–Meshkov
growth exponent, and Kelvin–Helmholtz growth parameter

α(C∗b,C
∗
d; Ri) =

C∗b

θRT (θRT − 1) + θ
2
RT C∗d
ρ1+ρ2

(
ρ1 Rn

1 + ρ2 R2

) ,
θ(C∗d; Ri) =

1

1 + C∗d
ρ1+ρ2

(
ρ1 Rn

1 + ρ2 R2

) ,
δ(C∗s ,C

∗
d) =

C∗s
C∗d

(
1 − At2

)
,

respectively. These relations provide three equations for the three coeffi-
cients C∗b, C∗d , and C∗s . Note that the power-law widths (10) correspond
to self-similar, fully-developed turbulent mixing and do not account for
transition to turbulence.

To simplify the solutions, let R1 = R2 = 1, so that

α(C∗b,C
∗
d) =

C∗b
θRT (θRT − 1) + θ2RT C∗d

, (18)

θ(C∗d) =
1

1 +C∗d
. (19)

Solving these equations gives the coefficients as a function of the growth
parameters and exponent:

C∗b(α, θ) =
α θRT (θRT − θ)

θ
, (20)

C∗d(θ) =
1 − θ
θ
, (21)

C∗s (δ, θ) =
δ

1 − At2

1 − θ
θ
=

δ

1 − At2 C∗d(θ) (22)

(θRT > θ and At , 1). It is clear that the value of C∗b increases with increas-
ing θRT . The calibration of the model coefficients in the buoyancy–shear–
drag equations for the bubble and spike widths separately is discussed in
Section 5.

2.1.2. Coupling the scalar variance equation to the buoyancy–
shear–drag equation

For Rayleigh–Taylor mixing in the Boussinesq approximation,
Schilling and Mueschke [20, 21] discussed the formulation and applica-
tion of three- and four-equation mechanical–scalar Reynolds-averaged tur-
bulence models motivated by consideration of both experimental and di-
rect numerical simulation data. The extension of the buoyancy–shear-drag
model developed in Ref. [10] to include scalar fluctuations is analogous to
Reynolds-averaged modeling, except that the models here include active
scalars and do not require the Boussinesq approximation.

The scalar variance equation. Consider nonreactive, binary fluid mixing
at molecular or atomic scales. Small fluctuations in scalar quantities such
as the (heavy or light) mass fraction, density, or concentration are produced
through gradients of these scalars near and across the interface separating
fluids with different densities. Consider the general incompressible scalar
transport equation

∂ϕ

∂t
+ v · ∇ϕ = D ∂2ϕ , (23)

where ∂2 is the Laplacian and D = (D1 + D2)/2 is the average mixture
scalar diffusivity. Substituting the Reynolds decompositions of mean (de-
noted by an overbar) plus fluctuating (denoted by a prime) fields v = v+v′
and ϕ = ϕ + ϕ′ into this equation and Reynolds averaging the resulting
equation using the standard averaging rules (e.g., v′ = ϕ′ = 0) gives the
mean scalar equation

∂ϕ

∂t
+ v·∇ϕ + v′·∇ϕ′ = D ∂2ϕ . (24)

Once again substituting the Reynolds decompositions of the velocity and
scalar into the unaveraged equation (23) and subtracting the mean equation
(24) gives the fluctuating scalar transport equation

∂ϕ′

∂t
+ v′·∇ϕ + v·∇ϕ′ + v′·∇ϕ′ − v′·∇ϕ′ = D ∂2ϕ′ . (25)

Multiplying this equation by ϕ′, Reynolds averaging the resulting equation,
defining d/dt = ∂/∂t+v · ∇, and defining the scalar variance S = ϕ′2 gives
the unclosed equation

dS
dt
= −2 ϕ′ v′·∇ϕ − ϕ′ v′·∇ϕ′2 + 2 D ϕ′ ∂2ϕ′ . (26)

Finally, the scalar variance equation (in a reference frame in which
v = 0) is closed by taking the mean scalar gradient ∇ϕ ∼ ∆ϕ/ℓ, as-
suming the gradient-diffusion closure of the scalar–velocity correlation
ϕ′v′ = −

(
Cp/4

)
Dt∇ϕ using a turbulent diffusivity Dt ∝ vℓ, using

ϕ′ ∂2ϕ′ = ∂2S/2 − (∇ϕ′)2, and assuming homogeneity (so that the term
ϕ′ v′·∇ϕ′2, which would be modeled as a turbulent diffusion term in a
Reynolds-averaged model, is zero):

dS
dt
=

Cp

2
v ℓ

(
∇ϕ

)2
− 2 χ + D ∂2S (27)

=
Cp

2
v
ℓ

(∆ϕ)2 − 2 χ + D
S
ℓ2
,

where the scalar variance dissipation rate (which can be interpreted as a
mixing rate with units of inverse time if S is dimensionless) is

χ = D (∇ϕ′)2 , (28)

ℓ is the lengthscale over which the mean gradients change, and Cp is a
dimensionless coefficient that will be calibrated later in Section 2.3. If
Cp = 0 there is no scalar flux and no production of scalar variance, only
decay as mixing progresses. In this case, the suppression of scalar fluc-
tuations is consistent with immiscible mixing (i.e., interpenetration of the
fluids without scalar mixing at molecular or atomic scales).
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A similar model was previously formulated and analytically solved for
Rayleigh–Taylor mixing with an active scalar, based on a temperature fluc-
tuation evolution equation dT ′/dt = −χ (∇T ′)2/T ∼ −

(
vℓ/T

)
(T ′/ℓ)2 [22].

However, a temperature production term was not included.
With the velocity v = dh/dt and using Eq. (10), the instability timescale

can be defined by

τh(t) =
h(t)
v(t)
=

t
θh
, (29)

differing only in the value of the power-law exponent θh. In a K–ϵ-based
turbulence model [7], the mechanical turbulent mixing timescale is τm =
K/ϵ. The large-scale turbulent kinetic production scales as PK = CϵK3/2/ℓ
(where ℓ is a turbulent lengthscale of the order of the mixing layer width h
and Cϵ is a dimensionless coefficient), which can be rewritten as

ϵ =
Cϵ

PK/ϵ

K3/2

ℓ
= C∗d

K3/2

ℓ
,

such that the PK/ϵ factor has been absorbed into the drag coefficient C∗d .
In general, PK/ϵ > 1 and is time-dependent in hydrodynamic instability-
induced turbulent flows, but becomes a constant in a late-time, self-similar
state; see Ref. [20] for the case of Rayleigh–Taylor instability for example.
With K ∼ v2 and ϵ ∼ v3/ℓ ∼ K3/2/ℓ, it follows that τm = ℓ/v, which is
equivalent to the instability timescale τh (29) for ℓ = h.

The scalar turbulent mixing timescale is τs = S/(2χ), so that the
mechanical-to-scalar timescale ratio is

R =
τm

τs
=

2 ℓ
v
χ

S
(30)

analogous to the expression R = 2Kχ/(ϵS ) in Reynolds-averaged models
[7].

The scalar variance dissipation rate equation. In the simplest case, χ can
be modeled algebraically as

χ(t) = Cχ
v(t) S (t)
ℓ(t)

, (31)

analogously to the three-equation Reynolds-averaged case [7], where Cχ
is the dimensionless scalar variance dissipation rate coefficient (which will
be calibrated later in Section 4). With ℓ = h and Eq. (29),

χ(t) = Cχ
θh S (t)

t
. (32)

Alternatively, rather than deriving a complicated equation directly from
the fluctuating scalar equation (25) (which must be closed in any case), an
evolution equation for χ can be empirically derived by multiplying each
term in the S equation by the inverse scalar mixing timescale χ/S and an
associated dimensionless coefficient:

dχ
dt
=

Cχ0
4

v
ℓ

χ

S
(∆ϕ)2 +Cχ3

v χ
ℓ
−Cχ2

χ2

S
+ D

χ

ℓ2
. (33)

Alternatively, it is more conventional to use the inverse mechanical mixing
timescale ϵ/K = v/ℓ to form this equation:

dχ
dt
=

Cχ0
4

v2

ℓ2
(∆ϕ)2 +Cχ3

v2 S
ℓ2
−Cχ2

v χ
ℓ
+ D

v S
ℓ3
. (34)

This equation is analogous to the scalar variance dissipation rate transport
equation in the four-equation K–ϵ–S –χ Reynolds-averaged model [7], the
motivation for and analysis of which is discussed in detail elsewhere in
the context of modeling Rayleigh–Taylor mixing [20, 21]. Equations (33)
and (34) require the specification of three dimensionless model coefficients
Cχ0, Cχ2, and Cχ3 (a simpler model can be obtained by taking Cχ3 = 0).
Note that the right sides of Eqs. (33) and (34) differ by a factor of R/2.

The coupled buoyancy–shear–drag–scalar equations. Define ∆ϕ = ϕ1 −

ϕ2 and the mean scalar ϕ = (ϕ1 + ϕ2)/2 so that the constant ‘generalized
scalar Atwood number’ is

Atϕ =
∆ϕ

2 ϕ
. (35)

With this definition, Eqs. (27) and (33) become

dS
dt
= 2 Cp ϕ

2
At2
ϕ

v(t)
ℓ(t)
− 2 χ(t) + D

S (t)
ℓ(t)2 , (36)

dχ
dt
= Cχ0 ϕ

2
At2
ϕ

v(t) χ(t)
ℓ(t) S (t)

+Cχ3
v(t) χ(t)
ℓ(t)

−Cχ2
χ(t)2

S (t)
+ D

χ(t)
ℓ(t)2 . (37)

In analogy with Reynolds-averaged models [7], the scalar variance
production-to-dissipation ratio is

PS

DS
= Cp ϕ

2
At2
ϕ

v
ℓ χ
=

Cp

Cχ

ϕ
2

At2
ϕ

S
, (38)

which is proportional to the ratio of the production and dissipation co-
efficients Cp/Cχ, and the scalar variance dissipation rate production-to-
destruction ratio is

Pχ
Dχ
=

Cχ0 ϕ
2

At2
ϕ +Cχ3 S

Cχ2

v
ℓ χ
. (39)

Define the normalized scalar variance and the normalized scalar vari-
ance dissipation rate

Ξ(t) =
ϕ′2

ϕ
2 =

S (t)

ϕ
2 , Σ(t) =

χ(t)

ϕ
2

respectively, so that the coupled nonlinear BSDS model equations for mis-
cible fluids are [using Eq. (37) and ℓ = h in the scalar equations]

d2h
dt2 = C∗b geff(t) At

√
Ξ(t) +C∗s

[
1 − At2 Ξ(t)

] (∆v)2

h(t)
(40)

−C∗d
|v(t)|
h(t)

√
v(t)2 + (∆v)2 − ν

v(t)
h(t)2 ,

dΞ
dt
= 2 Cp At2

ϕ

v(t)
h(t)
− 2Σ(t) + D

Ξ(t)
h(t)2 , (41)

dΣ
dt
= Cχ0 At2

ϕ

v(t) χ(t)
h(t) S (t)

+Cχ3
v(t)Σ(t)

h(t)
−Cχ2

Σ(t) χ(t)
S (t)

+ D
Σ(t)
h(t)2 (42)

with dimensionless coefficients {C∗b, C∗s , C∗d , Cp, Cχ0, Cχ2, Cχ3} > 0. The
buoyancy term in Eq. (40) is motivated by the form of the buoyancy term in
the momentum equation describing incompressible Rayleigh–Taylor insta-
bility in the Boussinesq approximation [23–25], which introduces a fluc-

tuating scalar ϕ′ ≈
√
ϕ′2 =

√
S (e.g., concentration or temperature) mul-

tiplying geffAt. However, note that the relationship ρ′/ρ0 = −βT ′ (where
β is the thermal expansion coefficient) between the density and tempera-
ture fluctuation results in the buoyancy term changing sign in the momen-
tum equation (and these fluctuations can be both positive and negative),
whereas the buoyancy term in the BSDS equation (40) must be positive in
order for the mixing layer to grow in the unstable case.

Introducing

Θ(t) =
√
Ξ(t) , (43)

it follows that

dΘ
dt
=

1

2
√
Ξ

dΞ
dt
=

1
2Θ

dΞ
dt
,

so that the mechanical and scalar equations (40)–(42) can be expressed in

5



the form

d2h
dt2 = C∗b geff(t) AtΘ(t) +C∗s

[
1 − At2 Θ(t)2

] (∆v)2

h(t)
(44)

−C∗d
|v(t)|
h(t)

√
v(t)2 + (∆v)2 − ν

v(t)
h(t)2 ,

dΘ
dt
= Cp At2

ϕ

v(t)
Θ(t) h(t)

−
Σ(t)
Θ(t)

+
D
2
Θ(t)
h(t)2 , (45)

dΣ
dt
= Cχ0 At2

ϕ

v(t)Σ(t)
h(t)Θ(t)2 +Cχ3

v(t)Σ(t)
h(t)

−Cχ2
Σ(t)2

Θ(t)2 + D
Σ(t)
h(t)2 , (46)

from which it is apparent that Θ is an active scalar that modifies the
buoyancy and shear production terms in the h equation. In Eq. (44),
AtΘ(t) = Ateff(t) can be interpreted as a time-dependent effective density
Atwood number. For the algebraic model (31),

Σ(t) = Cχ
v(t)Θ(t)2

h(t)
(47)

and Eq. (45) becomes

dΘ
dt
= Cp At2

ϕ

v(t)
Θ(t) h(t)

−Cχ
v(t)Θ(t)

h(t)
+

D
2
Θ(t)
h(t)2 . (48)

The production and destruction/molecular diffusion terms in the Θ equa-
tion are proportional to 1/Θ and Θ, respectively.

Using the previous definitions, the scalar variance and its dissipation
rate can be expressed as

S (t) = ϕ
2
Ξ(t) = ϕ

2
Θ(t)2 , χ(t) = ϕ

2
Σ(t) ,

and the scalar turbulent mixing timescale using these variables is τs =
S/(2χ) = Θ2/(2Σ) = Ξ/(2Σ). It may be possible to obtain analytical
solutions to Eqs. (44)–(46) in certain limiting cases or under particular
approximations, or they may be solved numerically with specified initial
conditions. Henceforth, only the model using the algebraic closure (31)
will be considered [i.e., Eqs. (44) and (48)] in order to obtain analytical
solutions and simplify the model calibration.

Early time solution of the buoyancy–shear–drag equation. At very early
times when molecular viscous dissipation dominates, Eq. (44) reduces to

dv
dt
= −ν

v(t)
h(t)2 . (49)

Substituting Eq. (10) into this equation gives

θh (θh − 1) Ah tθh−2 = −
ν θh
Ah

t−θh−1 ,

which is solved by θh = 1/2 and Ah =
√

2ν so that (introducing the average
Schmidt number Sc = ν/D),

h(t) =
√

2 ν t =
√

2 Sc D t , (50)

which describes the expected slow diffuse growth in time of the very early-
time mixing layer width due to molecular dissipation/diffusion.

2.2. Analytical solutions for the scalar variance

The equation for the normalized scalar variance (48) with D = 0 can be
solved analytically for Cp , 0 and for Cp = 0. The physical significance
of these solutions in discussed in Section 2.3.

2.2.1. Solutions for Cp , 0
The formal solution of Eq. (48) with Θ(0) = Θ0 and D = 0 is (Cχ , 0)

Θ(t) =

√√
Cp At2

ϕ

Cχ
+

Θ2
0 −

Cp At2
ϕ

Cχ

 [ h0

h(t)

]2Cχ

, (51)

so that the normalized scalar variance is

S (t)

ϕ
2 = Θ(t)2 =

Cp At2
ϕ

Cχ
+

Θ2
0 −

Cp At2
ϕ

Cχ

 [ h0

h(t)

]2Cχ

. (52)

As h(t) very rapidly attains its self-similar form, the second term rapidly
decreases, and

lim
t↑∞ Θ(t) =

√
S (t)

ϕ
2 ↓ Atϕ

√
Cp

Cχ
. (53)

These expressions depend on the ratio Cp/Cχ (i.e., on the relative impor-
tance of production and destruction) and not on Cp and Cχ separately.

2.2.2. Solutions for Cp = 0
Consider Cp = 0. The formal power-law solution of

d lnΘ
dt

= −Cχ
v(t)
h(t)
= −Cχ

d ln h
dt

(54)

is

Θ(t) = Θ(0) exp
[
−Cχ

∫ t

t0
d ln h(t′)

]
= Θ(0) exp

{
−Cχ ln

[
h(t)
h(t0)

]}
(55)

= Θ0

[
h(t)
h0

]−Cχ

with initial values h0 = h(0) and Θ0 = Θ(0), and Θ ↓ 0 as t ↑ ∞. The
corresponding normalized scalar variance is

S (t)

ϕ
2 = Θ(t)2 = Θ2

0

[
h0

h(t)

]2Cχ

. (56)

As h(t) rapidly increases, S (t)/ϕ
2
↓ 0. The analytical solutions (51) and

(55) depend parametrically on h(t)/h0. Note that if Cp = Cχ = 0, then Θ is
a constant because S is a constant (dS/dt = 0).

2.3. Calibration of the scalar variance production coefficient
Cp

In general, the calibration of Cχ is specific to each instability (and uses
their analytical solutions), and is discussed later in Section 4, where a uni-
versal calibration of Cχ is also presented. The coefficient Cp can be cali-
brated as follows.

Using Eq. (51), the general expression for the molecular mixing param-
eter (analogous to that used in water channel Rayleigh–Taylor experiments
and simulations [26, 27]) is

θm(t) = 1 −
4 S (t)
(∆ϕ)2 = 1 −

S (t)

At2
ϕ ϕ

2 = 1 −
Θ(t)2

At2
ϕ

(57)

= 1 −
Cp

Cχ
−

 Θ2
0

At2
ϕ

−
Cp

Cχ

 [ h0

h(t)

]2Cχ

with asymptotic value in the self-similar regime

θm(∞) ≡ θmol = 1 −
S (∞)

At2
ϕ ϕ

2 = 1 −
Cp

Cχ
, (58)
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so that the production and dissipation coefficients are linearly related by

Cp = (1 − θmol) Cχ . (59)

Clearly, the inequality 0 ≤ Cp ≤ Cχ must be satisfied so that θmol ∈ [0, 1].
Equation (57) shows that θm(t) is a functional of h(t). Using the previous
expressions, the scalar variance production-to-dissipation ratio (38) can be
expressed as

PS

DS
=

At2
ϕ

Θ(t)2 (1 − θmol) =
1 − θmol

1 − θm(t)
, (60)

showing that PS /DS → 1 as θm(t)→ θmol.
The model developed here can describe two other mixing limits:

• miscible fully-atomic mixing corresponding to

Cp = 0 , θmol = 1 , S (∞) = 0 (61)

• immiscible mixing corresponding to

Cp = Cχ , θmol = 0 , S (∞) = At2
ϕ ϕ

2
. (62)

Fully-atomic mixing results when the scalar fluctuations (and therefore
scalar variance) approach zero under the action of dissipation with no pro-
duction, PS /DS = 0, and Eq. (57) reduces to

θm(t) = 1 −
Θ2

0

At2
ϕ

[
h0

h(t)

]2Cχ

(63)

with θm(∞) = θmol = 1. This solution also directly follows from Eq.
(51) by setting Cp = 0. Immiscible mixing results when the scalar vari-
ance has its constant maximum value and does not decrease, PS /DS =
1/[1 − θm(t)], and Eq. (57) reduces to

θm(t) =

1 − Θ2
0

At2
ϕ

[ h0

h(t)

]2Cχ

(64)

with θm(∞) = θmol = 0 and PS /DS ↓ 1. Solutions of the models for these
two limiting cases will also be given for each instability case in Section 3.

2.4. Molecular mixing parameter evolution equation

As h(t) increases, Θ(t) and S (t) decrease and θm(t) increases, and ap-
proach their asymptotic values. It follows from Eq. (57) that the initial
molecular mixing parameter is

θm(0) ≡ θ0 = 1 −
S (0)2

At2
ϕ ϕ

2 = 1 −
Θ2

0

At2
ϕ

< 1 . (65)

Differentiating Eq. (57) with respect to time gives the molecular mixing
parameter evolution equation

dθm
dt
= 2 Cχ

 Θ2
0

At2
ϕ

−
Cp

Cχ

 [ h0

h(t)

]2Cχ d ln h
dt

(66)

= 2 Cχ

[
1 −

Cp

Cχ
− θm(t)

]
d ln h

dt

= 2 θh Cχ
θmol − θm(t)

t
,

which is a relaxation model [the last expression uses the self-similar mix-
ing layer width (10)] with solution (t0 > 0)

θm(t) = θmol + (θ0 − θmol)
( t0

t

)2θhCχ
, (67)

which is an alternative form of the last expression in Eq. (57) with t0 =
(h0/Ah)1/θh . When the BSDS equations are integrated numerically, h(t) can
be directly substituted into Eq. (57) or the first expression in Eq. (66) can
be integrated.

As θm depends on θh through the power-law exponent in Eq. (67), this
expression is different for each instability. Clearly, θm(t) ↓ θmol as t ↑
∞. This simple model does not describe the early transitional decrease of
θm(t) to a minimum value, followed by an increase observed in experiments
[26, 28, 29] and numerical simulations [12, 27, 30] because h(t) [Eq. (10)]
describes an initially fully-turbulent state.

2.5. Mixed mass evolution
Generalizing the self-similar mixed mass, Eq. (74) in Ref. [9] to include

a time-dependent molecular mixing parameter θm(t), an averaged (areal)
mixed mass can be defined for the BSDS model as

Mh(t) = ρ0 θm(t) h(t) ≈ Ah ρ0

[
θmol + (θ0 − θmol)

( t0
t

)2θhCχ
]

tθh (68)

for each instability, where ρ0 = (ρ1 + ρ2)/2 is the average density. Asymp-
totically,

lim
t↑∞Mh(t) = ρ0 θmol h(t) ≤ ρ0 h(t) ,

which shows that the late-time (areal) mixed mass is simply the average
density multiplied by the mixing layer width, modulated by the asymptotic
value of the molecular mixing parameter (with the last inequality a con-
sequence of θmol ≤ 1). If the BSDS equations are solved for a combined
instability numerically, then h(t) would have a different evolution than Eq.
(10) for a particular single instability.

3. Analytic solutions of the buoyancy–shear–drag–scalar
model equations for each instability in the total mixing
layer width formulation

The analytic solutions of the buoyancy–shear–drag–scalar model equa-
tions depending only on the total mixing layer width are derived here for
power-law acceleration-driven Rayleigh–Taylor, Richtmyer–Meshkov, and
Kelvin–Helmholtz mixing.

For any instability, substituting the general power-law (10) into Eq. (44)
gives

θh (θh − 1) Ah tθh−2 = C∗b geff(t) AtΘ(t) +C∗s
[
1 − At2 Θ(t)2

] (∆v)2

Ah
t−θh (69)

−
C∗d |θh|

t

√(
θh Ah tθh−1)2

+ (∆v)2 − ν
θh
Ah

t−θh−1 ,

where AtΘ(t) = Ateff(t) can be interpreted as a time-dependent effective
density Atwood number. This equation will be reduced for each instability
case below to determine the power-law exponent θh of the mixing layer
width and the coefficient Ah for the active scalar case.

3.1. Power-law acceleration-driven Rayleigh–Taylor mixing
Analytic nonlinear solutions to the equations are derived here for the

general case Cp , 0 and for Cp = 0.

3.1.1. Solutions with Cp , 0: miscible mixing
For Rayleigh–Taylor mixing, ∆v = 0. Substituting Eq. (51), the mo-

mentum equation (44) with ν = 0 becomes

d2h
dt2 = C∗b At g0

(
t
t0

)θRT−2
√√

Cp At2
ϕ

Cχ
+

Θ2
0 −

Cp At2
ϕ

Cχ

 [ h0

h(t)

]2Cχ

(70)

−
C∗d
h

(
dh
dt

)2

.
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Early-time solutions. At very early times, when h0/h ≫ 1, Eq. (70) re-
duces to

d2h
dt2 ≈ C∗b At g0

(
t
t0

)θRT−2
√
Θ2

0 −
Cp At2

ϕ

Cχ

(
h0

h

)Cχ

−
C∗d
h

(
dh
dt

)2

, (71)

and Eq. (69) with ν = 0 reduces to

θh (θh − 1) Ah tθh−2 =C∗b At g0 t2−θRT
0

√
Θ2

0 −
Cp At2

ϕ

Cχ

(
h0

Ah

)Cχ

tθRT−2−θhCχ (72)

−C∗d θ
2
h Ah tθh−2 ,

which requires θh − 2 = θRT − 2 − θhCχ, or

θh(Cχ) =
θRT

1 +Cχ
,

which decreases with increasing Cχ [and θh(0) = θRT , as required]. There-
fore,

θh (θh − 1) Ah = C∗b At g0 t2−θRT
0

√
Θ2

0 −
Cp At2

ϕ

Cχ

(
h0

Ah

)Cχ

−C∗d θ
2
h Ah ,

or

Ah(C∗b,C
∗
d ,Cp,Cχ; h0,Θ0)

=

 C∗b
(
1 +Cχ

)2
At g0 t2−θRT

0 hCχ
0

θRT

(
θRT + θRT C∗d −Cχ − 1

)
√
Θ2

0 −
Cp At2

ϕ

Cχ


1/(1+Cχ)

,

so that the analytic early-time power-law solution is

h(t) =

 C∗b
(
1 +Cχ

)2
At g0 t2−θRT

0 hCχ
0

θRT

(
θRT + θRT C∗d −Cχ − 1

)


1/(1+Cχ)

(73)

×
[
Θ2

0 − At2
ϕ (1 − θmol)

]1/[2(1+Cχ)]
tθRT /(1+Cχ) ,

which depends on h0 andΘ0. This shows that h(t) grows at early times with
an exponent depending on the scalar variance dissipation rate coefficient
Cχ, θRT /(1 +Cχ) < θRT for Cχ > 0, i.e., grows slower than tθRT .

Late-time solutions. For late times, when h0/h ≪ 1, Eq. (70) simplifies
to

d2h
dt2 ≈ C∗b Atϕ At g0

√
Cp

Cχ

(
t
t0

)θRT−2

−
C∗d
h

(
dh
dt

)2

(74)

and Eq. (69) with ν = 0 reduces to

θh (θh − 1) Ah tθh−2 = C∗b Atϕ At g0

√
Cp

Cχ

(
t
t0

)θRT−2

−C∗d θ
2
h Ah tθh−2 ,

which requires θh = θRT :

θRT (θRT − 1) Ah = C∗b Atϕ At g0

√
Cp

Cχ
t2−θRT
0 −C∗d θ

2
RT Ah ,

so that

Ah(C∗b,C
∗
d ,Cp,Cχ) =

C∗b Atϕ At g0 t2−θRT
0

θRT

(
θRT + θRT C∗d − 1

)√Cp

Cχ
.

Therefore, the analytic late-time power-law solution is

h(t) =
C∗b Atϕ At g0 t2−θRT

0

√
1 − θmol

θRT

(
θRT + θRT C∗d − 1

) tθRT , (75)

Θ = Atϕ

√
Cp

Cχ
= Atϕ

√
1 − θmol . (76)

Here, h does not depend on the initial values h0 or Θ0.
The corresponding velocity, acceleration, and normalized scalar vari-

ance are

v(t) =
dh
dt
=

C∗b
√

1 − θmol Atϕ At g0 t2−θRT
0

θRT + θRT C∗d − 1
tθRT−1 , (77)

a(t) =
dv
dt
=

(θRT − 1) C∗b
√

1 − θmol Atϕ At g0 t2−θRT
0

θRT + θRT C∗d − 1
tθRT−2 , (78)

S (t)

ϕ
2 =

Cp At2
ϕ

Cχ
= At2

ϕ (1 − θmol) . (79)

The scalar variance dissipation rate can be reconstructed using

χ(t) = Cχ
v(t) S (t)

h(t)
= Cχ

θRT S (t)
t

, (80)

and is proportional to θRT .
The width (75) can be written in the form (15) with mixing layer growth

parameter

α(θmol) =
C∗b Atϕ

√
1 − θmol

θRT

(
θRT + θRT C∗d − 1

) = √
1 − θmol α(0) , (81)

which is consistent with the model proposed by Ramaprabhu and Andrews
[31], but different from the model later derived by Gréa [32]. Incorporation
of an active scalar in the buoyancy production term results in a Rayleigh–
Taylor growth parameter that depends on the molecular mixing parameter
θmol. For constant acceleration, θRT = 2, Eq. (81) reduces to

α(C∗b,C
∗
d , θmol) =

C∗b Atϕ
√

1 − θmol

2
(
1 + 2 C∗d

) , (82)

and the solutions reduce to the classical Rayleigh–Taylor solution (18) with
θmol = 0 and Atϕ = 1.

Solving Eq. (81) for θmol gives

θmol(α) = 1 −

α θRT

(
θRT + θRT C∗d − 1

)
C∗b Atϕ


2

, (83)

which decreases with increasing α, consistent with the trends seen in nu-
merical simulations of Rayleigh–Taylor mixing with α increasing due to
larger long-wavelength initial perturbation content [33]. For a constant
acceleration, this expression simplifies to

θmol(α) = 1 −

2α
(
1 + 2 C∗d

)
C∗b Atϕ


2

.

3.1.2. Solutions with Cp = 0: fully atomic miscible mixing
Early-time solutions. If Cp = 0, Eq. (70) with Eq. (55) becomes

d2h
dt2 = C∗b At g0

(
t
t0

)θRT−2

Θ0

(
h
h0

)−Cχ

−
C∗d
h

(
dh
dt

)2

, (84)

8



and Eq. (69) with ν = 0 reduces to

θh (θh − 1) Ah tθh−2 =C∗b At g0

(
t
t0

)θRT−2

Θ0

(
h0

Ah

)Cχ

t−θhCχ

−C∗d θ
2
h Ah tθh−2 .

Setting Cp = 0 in Eq. (73) gives

h(t) =

C∗b
(
1 +Cχ

)2
At g0 t2−θRT

0 Θ0 hCχ
0

θRT

(
θRT + θRT C∗d −Cχ − 1

)


1/(1+Cχ)

tθRT /(1+Cχ) , (85)

Θ(t) = Θ0

[
h(t)
h0

]−Cχ

(86)

= Θ0

 C∗b
(
1 +Cχ

)2
At g0 t2−θRT

0 Θ0

θRT

(
θRT + θRT C∗d −Cχ − 1

)
h0


−Cχ/(1+Cχ)

t−θRT Cχ/(1+Cχ) .

With Cχ > 0, the growth of h(t) at early times is slower than tθRT . The
corresponding velocity, acceleration, and normalized scalar variance are

v(t) =
dh
dt
=
θRT

1 +Cχ

C∗b
(
1 +Cχ

)2
At g0 t2−θRT

0 Θ0 hCχ
0

θRT

(
θRT + θRT C∗d −Cχ − 1

)


1/(1+Cχ)

(87)

× t(θRT−1−Cχ)/(1+Cχ) ,

a(t) =
dv
dt
=
θRT

(
1 −Cχ

)
(
1 +Cχ

)2 (88)

×

C∗b
(
1 +Cχ

)2
At g0 t2−θRT

0 Θ0 hCχ
0

θRT

(
θRT + θRT C∗d −Cχ − 1

)


1/(1+Cχ)

× t(θRT−2−2Cχ)/(1+Cχ) ,

S (t)

ϕ
2 =Θ(t)2 (89)

=Θ2
0

 C∗b
(
1 +Cχ

)2
At g0 t2−θRT

0 Θ0

θRT

(
θRT + θRT C∗d −Cχ − 1

)
h0


−2Cχ/(1+Cχ)

t−2θRT Cχ/(1+Cχ) .

The scalar variance dissipation rate can be reconstructed using

χ(t) = Cχ
v(t) S (t)

h(t)
=

Cχ
1 +Cχ

θRT S (t)
t

. (90)

The solutions depend on the initial values h0 and Θ0; they reduce to the
classical (purely mechanical) Rayleigh–Taylor solution for Cχ = 0 and
θRT = 2.

The mixing layer width (85) can be written as a modification to the
classical form given by Eq. (15) with the time-dependent mixing layer
growth parameter

α(t) =
1
At

 C∗b
(
1 +Cχ

)2
AtΘ0

θRT

(
θRT + θRT C∗d −Cχ − 1

)


1/(1+Cχ)  h0

At g0 t2
0

Cχ/(1+Cχ)

(91)

×

(
t
t0

)−θRT Cχ/(1+Cχ)
,

which decreases in time at early times if Cχ > 0 and is a function of g0, At,

h0, Θ0, C∗b, C∗d , and Cχ. For Cχ = 0 and Θ0 = 1, Eq. (91) reduces to Eq.
(18) as required.

Late-time solutions. At late times and taking Cp = 0 in Eq. (74) gives

d2h
dt2 = −

C∗d
h

(
dh
dt

)2

, (92)

and Eq. (69) with ν = 0 reduces to

θh (θh − 1) Ah tθh−2 = −C∗d θ
2
h Ah tθh−2 ,

which requires θh = 1/(1 + C∗d) but does not constrain Ah. The only
dimensionally consistent solution is a power-law of the form (similar to
Richtmyer–Meshkov instability)

h(t) = h0

(
t
t0

)1/(1+C∗d)
, (93)

Θ(t) = Θ0

(
t
t0

)−Cχ/(1+C∗d)
. (94)

As C∗d > 0, the power-law exponent for h(t) is less than one.
The corresponding velocity, acceleration, and normalized scalar vari-

ance are

v(t) =
dh
dt
=

h0(
1 +C∗d

)
t
1/(1+C∗d)
0

t−C∗d/(1+C∗d) , (95)

a(t) =
dv
dt
= −

C∗d h0(
1 +C∗d

)2
t
1/(1+C∗d)
0

t−(2C∗d+1)/(1+C∗d) , (96)

S (t)

ϕ
2 = Θ(t)2 = Θ2

0

(
t
t0

)−2Cχ/(1+C∗d)
. (97)

The solutions depend on the initial values h0 and Θ0. The scalar variance
dissipation rate can be reconstructed using

χ(t) = Cχ
v(t) S (t)

h(t)
=

Cχ
1 +C∗d

S (t)
t
. (98)

3.1.3. Solutions with Cp = Cχ: immiscible mixing
Early-time solutions. Setting Cp = Cχ so that θmol = 0 in Eq. (73) gives

h(t) =

C∗b
(
1 +Cχ

)2
At g0 t2−θRT

0 hCχ
0

θRT

(
θRT + θRT C∗d −Cχ − 1

)√Θ2
0 − At2

ϕ


1/(1+Cχ)

tθRT /(1+Cχ) . (99)

For the constant acceleration case with θRT = 2, this becomes

h(t) =

C∗b
(
1 +Cχ

)2
At g0 hCχ

0

2
(
1 + 2 C∗d −Cχ

) √
Θ2

0 − At2
ϕ


1/(1+Cχ)

t2/(1+Cχ) . (100)

Again, the solutions depend on h0 and Θ0.

Late-time solutions. Setting Cp = Cχ so that θmol = 0 in Eq. (75) gives

h(t) =
C∗b Atϕ At g0 t2−θRT

0

θRT

(
θRT + θRT C∗d − 1

) tθRT (101)

with Θ = Atϕ. For the constant acceleration case with θRT = 2 and Atϕ = 1,
this reduces to the classical width

h(t) =
C∗b

2
(
1 + 2 C∗d

) At g0 t2 . (102)
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3.2. Richtmyer–Meshkov mixing

Analytic solutions to the equations are derived here for the general case
Cp , 0 and for Cp = 0. Note that, unlike in the Rayleigh–Taylor case,
the scalar is not actively coupled to the buoyancy–shear–drag equation be-
cause of the absence of a production term, so that h(t) is independent of
the degree of molecular mixing.

3.2.1. Solutions with Cp , 0: miscible mixing
For Richtmyer–Meshkov mixing, ∆v = 0, Eq. (84) reduces to Eq. (92),

and the scalar is passive. The analytic late-time mixing layer width is (16)
with mixing layer growth exponent θ(C∗d) = 1/

(
1 +C∗d

)
. The formal solu-

tion of Eq. (48) withΘ(t0) = Θ0 and D = 0 is (51). The analytic power-law
solution is

Θ(t) =

√√
Cp At2

ϕ

Cχ
+

Θ2
0 −

Cp At2
ϕ

Cχ

 (∆vs At+ t
θ h0

)−2θCχ

, (103)

which depends on both h0 and Θ0. The corresponding velocity, accelera-
tion, and normalized scalar variance are

v(t) =
dh
dt
= ∆vs At+

(
∆vs At+ t
θ h0

)θ−1

, (104)

a(t) =
dv
dt
=
θ − 1
θ h0

(
∆vs At+

)2
(
∆vs At+ t
θ h0

)θ−1

, (105)

S (t)

ϕ
2 =

Cp At2
ϕ

Cχ
+

Θ2
0 −

Cp At2
ϕ

Cχ

 (∆vs At+ t
θ h0

)−2θCχ

. (106)

These solutions decay in time. The scalar variance dissipation rate can be
reconstructed using

χ(t) = Cχ
v(t) S (t)

h(t)
= Cχ

θ S (t)
t
. (107)

3.2.2. Solutions with Cp = 0: fully-atomic miscible mixing
Taking Cp = 0 in the equations above gives

Θ(t) = Θ0

(
∆vs At+ t
θ h0

)−Cχθ

, (108)

S (t)

ϕ
2 = Θ

2
0

(
∆vs At+ t
θ h0

)−2θCχ

, (109)

which decay in time, approaching zero asymptotically. The solutions
reduce to the classical Richtmyer–Meshkov solutions Θ(t) = Θ0 and
S/ϕ

2
= Θ2

0 for Cχ = 0 for which S = constant (dS/dt = 0).

3.2.3. Solutions with Cp = Cχ: immiscible mixing
Taking Cp = Cχ in the equations above gives

Θ(t) =

√
At2
ϕ +

(
Θ2

0 − At2
ϕ

) (∆vs At+ t
θ h0

)−2θCχ

, (110)

S (t)

ϕ
2 = At2

ϕ +
(
Θ2

0 − At2
ϕ

) (∆vs At+ t
θ h0

)−2θCχ

. (111)

At late times, the solutions approach Θ = Atϕ and S/ϕ
2
= At2

ϕ.

3.3. Kelvin–Helmholtz mixing

Analytic solutions to the equations are derived here for the general case
Cp , 0 and for Cp = 0.

3.3.1. Solutions with Cp , 0: miscible mixing
For Kelvin–Helmholtz mixing, geff = 0 and with the substitution (51),

Eq. (44) reduces to

d2h
dt2 = C∗s

1 −
Cp At2

ϕ At2

Cχ
− At2

Θ2
0 −

Cp At2
ϕ

Cχ

 [ h0

h(t)

]2Cχ
 (∆v)2

h(t)
(112)

−C∗d
|v(t)∆v|

h(t)
− ν

v(t)
h(t)2 ,

and Eq. (69) with ν = 0 reduces to

θh (θh − 1) Ah tθh−2

= C∗s

1 − Cp At2
ϕ At2

Cχ
− At2

Θ2
0 −

Cp At2
ϕ

Cχ

 ( h0

Ah

)2Cχ

t−2θhCχ

 (∆v)2

Ah
t−θh

−C∗d
|θh ∆v|

t
,

so that neglecting the small term proportional to t−2θhCχ at late times re-
quires θh − 2 = −θh = −1, or

θh = 1 , (113)

Θ(t) = Θ0 = Atϕ
√

1 − θmol .

Therefore,

0 = C∗s
(
1 − At2 Θ2

0

) |∆v|
Ah
−C∗d ,

or

Ah(C∗s ,C
∗
d , θmol) =

C∗s
C∗d

[
1 − At2 At2

ϕ (1 − θmol)
]
|∆v| .

The analytic power-law solution for the mixing layer width is (17) with
mixing layer growth parameter

δ(C∗s ,C
∗
d , θmol) =

C∗s
C∗d

[
1 − At2 At2

ϕ (1 − θmol)
]
, (114)

which depends on the ratio C∗s/C
∗
d and on θmol. The corresponding velocity,

acceleration, and normalized scalar variance are

v(t) = δ |∆v| , (115)

a(t) =
dv
dt
= 0 , (116)

S (t)

ϕ
2 = At2

ϕ (1 − θmol) . (117)

The scalar variance dissipation rate can be reconstructed using

χ(t) = Cχ
v(t) S (t)

h(t)
= Cχ

S (t)
t
. (118)

Therefore, the solutions reduce to the classical Kelvin–Helmholtz solu-
tion when θmol = 0 and Atϕ = 1. There is no dependence on θmol if At = 0,
corresponding to Kelvin–Helmholtz mixing in a pure fluid, in which case
the scalar is passive. If a nonpower-law solution with Cχ , 0 can be found,
then S (t) will depend on time.

3.3.2. Solutions with Cp = 0: fully-atomic miscible mixing
If Cp = 0, Eq. (44) with Eq. (55) becomes

d2h
dt2 = C∗s

1 − At2 Θ2
0

[
h0

h(t)

]2Cχ
 (∆v)2

h(t)
−C∗d

|v(t)∆v|
h(t)

− ν
v(t)
h(t)2 , (119)
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and Eq. (69) with ν = 0 reduces to

θh (θh − 1) Ah tθh−2 = C∗s

1 − At2 Θ2
0

(
h0

Ah

)2Cχ

t−2θhCχ

 (∆v)2

Ah
t−θh

−C∗d
|θh ∆v|

t
,

so that neglecting the small term proportional to t−2θhCχ at late times re-
quires θh − 2 = −θh = −1, or

θh = 1 , (120)

Θ(t) = Θ0 = 0 .

Therefore,

0 = C∗s
|∆v|
Ah
−C∗d ,

or

Ah(C∗s ,C
∗
d) =

C∗s
C∗d
|∆v| .

The analytic power-law solution for the mixing layer width is Eq. (17)
with mixing layer growth parameter

δ(C∗s ,C
∗
d) =

C∗s
C∗d
. (121)

The corresponding velocity and acceleration are the same as for the case
with Cp , 0, and the normalized scalar variance is

S (t)

ϕ
2 = 0 .

In this case, the scalar variance dissipation rate is zero. These solutions
also directly follow from the expressions derived for Cp , 0 by taking
At = 0.

3.3.3. Solutions with Cp = Cχ: immiscible mixing
Setting θmol = 0 in Eq. (114) gives

δ(C∗s ,C
∗
d; At) =

C∗s
C∗d

(
1 − At2 At2

ϕ

)
, (122)

S (t)

ϕ
2 = At2

ϕ . (123)

4. Calibration of the scalar variance dissipation coefficient
Cχ in the total mixing layer width formulation

The calibration of the scalar variance dissipation coefficient Cχ is anal-
ogous to that used for the turbulence models discussed in Ref. [7].

Consider decaying isotropic turbulence described by Eq. (27) with Cp =

D = 0, Eq. (29), Eq. (31), and ℓ = h:

dS
dt
= − 2 Cχ

v(t) S (t)
h(t)

= −2 Cχ
d ln h

dt
S (t) (124)

= − 2 Cχ θh
S (t)

t
,

which depends on θh. Substituting the temporal power-law S (t) =
S 0 (t/t0)−ns into this equation gives the linear relationship between the de-
cay exponent ns and Cχ,

ns(Cχ) = 2 Cχ θh . (125)

The equation for the turbulent kinetic energy (K = v2/2) in the absence
of any instability production is obtained by first taking geff = ∆v = ν =
va = 0, and Ri = 1 in Eq. (9):

dv
dt
= −Cϵ

v(t)2

h(t)
, (126)

where the drag coefficient C∗d has been replaced by the dissipation rate co-
efficient Cϵ appropriate for decaying turbulence. Multiplying this equation
by v(t) then gives the turbulent kinetic energy equation (using h = v t/θh)

dK
dt
= −Cϵ

v(t)3

h(t)
= −2 θh Cϵ

K(t)
t
, (127)

which depends on θh. The turbulent kinetic energy decay exponent, n, is
determined by substituting the temporal power-law K(t) = K0 (t/t0)−n into
Eq. (127) or

n(Cϵ ) = 2 θh Cϵ ⇐⇒ Cϵ (n) =
n

2 θh
.

With the relationship between the scalar decay exponent and the turbu-
lent kinetic energy decay exponent [see Eq. (B24) in Ref. [7]]

ns(Cχ) =
3 (2 − n)

2
= 2 Cχ θh , (128)

it follows that

Cχ(Cϵ ) =
3 (1 − θh Cϵ )

2 θh
or Cχ(n) =

3 (2 − n)
4 θh

. (129)

For Cχ > 0, θhCϵ < 1 and n < 2. The value of Cχ depends on θh, so that it
is different for each instability:

Cχ,RT (θRT , n) =
3 (2 − n)

4 θRT
, Cχ,RM(θ, n) =

3 (2 − n)
4 θ

, (130)

Cχ,KH(n) =
3 (2 − n)

4
.

However, in applications of Reynolds-averaged models with a scalar
variance description, such as the K–L–a–V model [5], the decay timescale
in the K and V equations L/

√
2K (where K, L, and V are the turbulent

kinetic energy, turbulent lengthscale, and scalar variance, respectively) is
independent of the instabilities, so the decay exponents are universal. The
analog of this in the present model would be to assume θh = 1, in which
case the single calibrated value is

Cχ(Cϵ ) =
3 (1 −Cϵ )

2
or Cχ(n) =

3 (2 − n)
4

(131)

for all three instabilities, the value of which is uniquely determined by the
choice of the value of n.

For example, with the decay exponent n = 1.1 [see the discussion of
Eq. (139) in Ref. [7]], and θmol = 0.8 for Rayleigh–Taylor, Richtmyer–
Meshkov, and Kelvin–Helmholtz mixing,

Cχ = 0.675 , Cp = 0.135 (132)

such that Cp/Cχ = 0.2.

5. Analytic solutions of the general buoyancy–shear–drag–
scalar model equations

To develop the analytic solutions of the general buoyancy–shear–drag–
scalar model corresponding to bubbles and spikes, Eq. (1) with the buoy-
ancy and shear forces (2) and (3) modified by taking (with ℓ = h)

F3−i
b (t) = Cb (ρ1 − ρ2) geff(t)Θ(t) , (133)
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F3−i
s (t) = Cs ρi

1 − At2 Θ(t)2

4
(∆v)2

h3−i(t)
(134)

with the other forces unchanged gives

(
ρ3−i +C∗vm ρi

) d2h3−i

dt2 = Cb (ρ1 − ρ2) geff(t)Θ(t) (135)

+
Cs

4
ρi

[
1 − At2 Θ(t)2

] (∆v)2

h3−i(t)

−
Cd

b
ρi |v3−i(t)|

h3−i(t)

√
[Ri v3−i(t)]2 + (∆v)2

−Ca
ρi va |v3−i(t)|

h3−i(t)
.

Analytical self-similar solutions of this equation can be obtained for the
asymptotically constant value of Θ(t) given by Eq. (53).

5.1. Solutions for Rayleigh–Taylor, Richtmyer–Meshkov, and
Kelvin–Helmholtz mixing

Substituting the generic bubble and spike mixing layer width

h3−i(t) = Ah,3−i tθh,3−i , (136)

where the constant coefficients Ah,3−i and exponents θh,3−i are specific to
each instability, into Eq. (135) and using Eqs. (53) and (59) gives

L(t) = Cb (ρ1 − ρ2) geff(t) Atϕ
√

1 − θmol,RT (137)

+
Cs

4
ρi

[
1 − At2 At2

ϕ

(
1 − θmol,KH

)] (∆v)2

Ah,3−i tθh,3−i

−
Cd

b
ρi θh,3−i

t

√(
Ri θh,3−i Ah,3−i tθh,3−i−1)2

+ (∆v)2

−Ca
ρi va θh,3−i

t

with L(t) = θh,3−i
(
θh,3−i − 1

)(
ρ3−i +C∗vmρi

)
Ah,3−itθh,3−i−2.

For Rayleigh–Taylor (∆v = va = 0), Richtmyer–Meshkov (g0 = ∆v =
va = 0), and Kelvin–Helmholtz (geff = Ri = va = 0) instability, the coeffi-
cients in the mixing layer widths and exponents are

Ah,3−i = α3−i Atϕ At g0 t2−θRT
0 , θh,3−i = θRT , (138)

Ah,3−i = h0,3−i

(
∆vs At+

θ3−i h0,3−i

)θ3−i

, θh,3−i = θ3−i , (139)

Ah,3−i = δ3−i |∆v| , θh,3−i = 1 , (140)

respectively. With these substitutions, Eq. (137) reduces to

θRT (θRT − 1)
(
ρ3−i +C∗vm ρi

)
α3−i = Cb (ρ1 − ρ2)

√
1 − θmol,RT

−
Cd

b
θ2RT ρi Ri α3−i ,

(θ3−i − 1)
(
ρ3−i +C∗vm ρi

)
= −

Cd

b
θ3−i ρi Ri ,

0 =
Cs

4

[
1 − At2 At2

ϕ

(
1 − θmol,KH

)] 1
δ3−i
−

Cd

b

for each instability, and solving for α3−i, θ3−i, and δ3−i gives

α3−i(Cb,Cd ,C∗vm, θmol,RT ) (141)

=
Cb (ρ3−i + ρi) Atϕ

√
1 − θmol,RT

θRT (θRT − 1)
(
ρ3−i +C∗vm ρi

)
+
θ2RT Cd

b ρi Ri

,

θ3−i(Cd ,C∗vm) =
ρ3−i +C∗vm ρi

ρ3−i +
(
C∗vm +

Cd
b Ri

)
ρi

, (142)

δ3−i(Cs,Cd , θmol,KH) =
b Cs

4 Cd

[
1 − At2 At2

ϕ

(
1 − θmol,KH

)]
(143)

for the bubble and spike. It follows that the corresponding values for the
total (bubble plus spike) mixing layer widths are

α(θmol,RT ) = α1 + α2 (144)

=
Cb (ρ1 + ρ2) Atϕ

√
1 − θmol,RT

θRT (θRT − 1)
(
ρ1 +C∗vm ρ2

)
+
θ2RT Cd

b ρ2 R2

+
Cb (ρ2 + ρ1) Atϕ

√
1 − θmol,RT

θRT (θRT − 1)
(
ρ2 +C∗vm ρ1

)
+
θ2RT Cd

b ρ1 R1

,

δ(θmol,KH) = δ1 + δ2 =
b Cs

2 Cd

[
1 − At2 At2

ϕ

(
1 − θmol,KH

)]
. (145)

Note that the bubble and spike growth exponents for Richtmyer–Meshkov
mixing are not additive. However, for very large times, θ → max (θb, θs).
These expressions consistently reduce to the analogous expressions in Ref.
[10] with θmol,RT = θmol,KH = 0 and θRT = 2.

These analytic solutions confirm that the model equations are consistent
with the expected temporal scalings of mixing [i.e., Eqs. (138)–(140)] in-
duced by the instabilities. The solutions also provide relationships between
growth parameters and exponents and the model coefficients (analogous to
those obtained in self-similar analyses of Reynolds-averaged models [7–
9]) that can be used to calibrate the model as a function of Atwood number.

The bubble and spike and total turbulent kinetic energy, turbulent kinetic
energy dissipation rate, turbulent lengthscale, and Reynolds number are
given by Eqs. (30)–(37) in Ref. [10].

5.2. Calibration of mechanical coefficients

The expressions for the growth parameters and exponent provide three
equations for four coefficients Cb, C∗vm, Cd , and Cs; a value of C∗vm will be
assumed later. Only the three-dimensional case is considered here, so that
b = 2/3.

The calibration appropriate for finite Atwood number described above
will be used here. With Ri = 1 and using ρ1/ρ2 = (1 + At)/(1 − At), it
follows that (choosing θ = θs)

α(Cb,Cd ,C∗vm, θmol,RT ) (146)

=
Cb (ρ2 + ρ1) Atϕ

√
1 − θmol,RT

θRT (θRT − 1)
(
ρ1 +C∗vm ρ2

)
+
θ2RT Cd

b ρ2

+
Cb (ρ1 + ρ2) Atϕ

√
1 − θmol,RT

θRT (θRT − 1)
(
ρ2 +C∗vm ρ1

)
+
θ2RT Cd

b ρ1

=
2 Cb Atϕ

√
1 − θmol,RT[

θRT (θRT − 1)
(

1+At
1−At +C∗vm

)
+
θ2RT Cd

b

]
(1 − At)

+
2 Cb Atϕ

√
1 − θmol,RT[

θRT (θRT − 1)
(

1−At
1+At +C∗vm

)
+
θ2RT Cd

b

]
(1 + At)

,
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θ(Cd ,C∗vm) =
ρ1 +C∗vm ρ2

ρ1 +
(
C∗vm +

Cd
b

)
ρ2

=

1+At
1−At +C∗vm

1+At
1−At +C∗vm +

Cd
b

, (147)

δ(Cs,Cd , θmol,KH) =
b Cs

2 Cd

[
1 − At2 At2

ϕ

(
1 − θmol,KH

)]
, (148)

each of which is a function of the Atwood number. Kelvin–Helmholtz
growth decreases with increasing At. Solving these algebraic equations
gives the analytic expressions for the buoyancy, shear, and drag coefficients
(At , 1)

Cb(α, θ) =
f (α, θ)
g(θ)

, (149)

Cd(θ) =
b (1 − θ)

[
1 +C∗vm +

(
1 −C∗vm

)
At

]
θ (1 − At)

, (150)

Cs(δ, θ) =
2 (1 − θ)

[
1 +C∗vm +

(
1 −C∗vm

)
At

]
δ

θ (1 − At)
[
1 − At2 At2

ϕ

(
1 − θmol,KH

)] (151)

with

f (α, θ) =
[
1 +C∗vm +

(
1 −C∗vm

)
At

]
α (θRT − θ) θRT (152)

× {(1 − At)
[
1 +C∗vm + At

(
C∗vm − 1

)]
θ

+
[
At

(
At C∗vm − At + 4 θ − 2

)
− 1 −C∗vm

]
θRT } ,

g(θ) = 4 θ Atϕ
√

1 − θmol,RT (153)
×

{
θRT

[
At

(
C∗vm + 2 θ − 1

)
− 1 −C∗vm

]
+ (1 − At)

(
1 +C∗vm

)
θ
}
.

For example, taking [7, 10, 34]

α = 0.05 , θ = 0.30 , δ = 0.07 (154)

for Rayleigh–Taylor, Richtmyer–Meshkov [35, 36], and Kelvin–
Helmholtz mixing [37, 38], respectively, and θmol,RT = θmol,KH = 0.8 gives
the coefficients

Cb(C∗vm, At) =
f (0.05, 0.3)

g(0.3)
, (155)

Cd(C∗vm, At) =
1.5556

[
1 +C∗vm +

(
1 −C∗vm

)
At

]
1 − At

, (156)

Cs(C∗vm, At) =
0.3267

[
1 +C∗vm +

(
1 −C∗vm

)
At

]
(1 − At)

(
1 − 0.2 At2 At2

ϕ

) . (157)

6. Calibration of the general scalar variance dissipation co-
efficient Cχ

A procedure similar to that used in Section 4 generalized to bubbles and
spikes can be used to calibrate the coefficient Cχ for each instability.

Consider decaying isotropic turbulence: the decaying scalar variance
equation is the same as Eq. (124), together with Eq. (125). To derive the
turbulent kinetic energy equation in the absence of any instabilities, first
take geff = ∆v = va = 0 and Ri = 1 in Eq. (135):

(
ρ3−i +C∗vm ρi

) dv3−i

dt
= −

Cd

b
ρi v3−i(t)2

h3−i(t)
. (158)

In an asymptotically fully-mixed decaying state, the densities reduce to
the average density of the mixture ρi → (ρ1 + ρ2)/2, and assuming that
h3−i = h(t)/2, these approximations simplify Eq. (158) to

d2h
dt2 = −

Cd

b
(
1 +C∗vm

) 1
h(t)

(
dh
dt

)2

, (159)

which has the same mathematical form as Eq. (92). Substituting the power-

law h(t) = h0 (t/t0)nh into this equation gives the growth exponent

nh(Cd ,C∗vm, b) =
b
(
1 +C∗vm

)
b
(
1 +C∗vm

)
+Cd

.

Therefore, the turbulent kinetic energy is

K(t) =
v(t)2

2
=

1
2

(
dh
dt

)2

=
1
2

(
nh h0

t0

)2 (
t
t0

)−n

with decay exponent

n(Cd ,C∗vm, b) = −2 (nh − 1) =
2 Cd

b
(
1 +C∗vm

)
+Cd

. (160)

With the relationship between the scalar decay exponent and the turbu-
lent kinetic energy decay exponent (128) it follows that

Cχ(Cd ,C∗vm, b) =
3

2 θh

b
(
1 +C∗vm

)
b
(
1 +C∗vm

)
+Cd

or Cχ(n) =
3 (2 − n)

4 θh
. (161)

The value of Cχ depends on θh, so that it is different for each instability:

Cχ,RT (θRT ,Cd ,C∗vm, b) =
3

2 θRT

b
(
1 +C∗vm

)
b
(
1 +C∗vm

)
+Cd

, (162)

Cχ,RM(θ,Cd ,C∗vm, b) =
3

2 θ
b
(
1 +C∗vm

)
b
(
1 +C∗vm

)
+Cd

,

Cχ,KH(Cd ,C∗vm, b) =
3
2

b
(
1 +C∗vm

)
b
(
1 +C∗vm

)
+Cd

.

These expressions are equivalent to those in Eq. (130), but with n given by
Eq. (160), and will subsequently be used in the applications discussed in
Section 8. The scalar variance dissipation coefficient does not depend on
the Atwood number.

7. The buoyancy–shear–drag–scalar turbulence model in
the total mixing layer width formulation

The buoyancy–shear–drag–scalar model equations for the total mixing
layer widths and scalar variance discussed above are given here for each
instability case using the calibrations of the mechanical and scalar coef-
ficients. Only the calibrated model coefficients and construction of the
turbulent fields will be given; the equations are solved numerically for the
bubbles and spikes separately in Section 8.

7.1. Model calibration using instability growth parameters and
exponents, and scalar coefficients

The calibrations of the mechanical and scalar model coefficients for the
passive and active scalar cases are given here.

7.1.1. Passive scalar mechanical coefficients
Substituting the values in Eq. (154) into Eqs. (20)–(22) gives the me-

chanical coefficients

C∗b = 0.1667 θRT (θRT − 0.3) , C∗d = 2.3333 , C∗s =
0.1633
1 − At2 . (163)

For θRT = 2, C∗b = 0.5668. For this particular choice, C∗b > 0 requires
θRT > 0.3.

7.1.2. Active scalar mechanical coefficients
For the active scalar case, solving Eqs. (81), (19), and (114) for the

buoyancy, drag, and shear coefficients gives

C∗b(α, θ, θmol,RT ) =
α θRT (θRT − θ)

Atϕ θ
√

1 − θmol,RT
, C∗d(θ) =

1 − θ
θ
, (164)
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C∗s (δ, θ, θmol,KH) =
(1 − θ) δ

θ
[
1 − At2 At2

ϕ

(
1 − θmol,KH

)] ,
which reduce to the passive expressions with θmol,RT = θmol,KH =
0 and Atϕ = 1, as required. For constant acceleration, C∗b =

2α (2 − θ) /[Atϕθ
√

1 − θmol,RT ].
Substituting the values in Eq. (154) into these equations gives the me-

chanical coefficients

C∗b =
0.1667 θRT (θRT − 0.3)

Atϕ
√

1 − θmol,RT
, C∗d = 2.3333 , (165)

C∗s =
0.1633

1 − At2
ϕ At2 (

1 − θmol,KH
) .

For θRT = 2, C∗b = 0.5668/[Atϕ
√

1 − θmol,RT ].

7.1.3. Active and passive scalar coefficients
For example, with the decay exponent n = 1.1, θ = 0.3, and θmol = 0.8

for Rayleigh–Taylor, Richtmyer–Meshkov, and Kelvin–Helmholtz mixing,
Eqs. (130) and (59) give the scalar coefficients

Cχ,RT =
0.675
θRT

, Cp,RT =
0.135
θRT

, (166)

Cχ,RM = 2.25 , Cp,RM = 0.45 ,

Cχ,KH = 0.675 , Cp,KH = 0.135 ,

respectively. For θRT = 2, Cχ,RT = 0.3375 and Cp,RT = 0.0675.
If the equations are solved numerically for combined instabilities, the

value of Cχ could be chosen to be that corresponding to the dominant
instability. Alternatively, a coefficient that blends the values and weights
them according to, for example, a Richardson number could be used. The
universal calibration (132) can also be used.

7.2. Construction of turbulent quantities

Turbulent quantities corresponding to the mixing layers can be con-
structed from h and v = dh/dt as derived in a general form for the bubble
and spike in Ref. [10]. The corresponding turbulent quantities were con-
structed in Ref. [10] as sums of bubble and spike quantities; here, they are
given in the total mixing layer formulation for completeness.

7.2.1. Time-dependent quantities
The turbulent kinetic energy, turbulent kinetic dissipation rate, turbulent

lengthscale, and turbulent mixing layer Reynolds number at late-time are

K(t) =
v(t)2

2
=
θ2h A2

h

2
t2θh−2 , (167)

ϵ(t) =
C∗d
2 ρ0

v(t)2

h(t)

ρ1

√[
Rn

1 v(t)
]2
+ (∆v)2 + ρ2

√
[R2 v(t)]2 + (∆v)2

 (168)

=
C∗d
2 ρ0
θ2h Ah

×

[
ρ1

√(
Rn

1 θh Ah tθh−1
)2
+ (∆v)2 + ρ2

√(
R2 θh Ah tθh−1)2

+ (∆v)2
]

× tθh−2 ,

L(t) = CL
K(t)3/2

ϵ(t)
(169)

=
CL
√

2 C∗d
θh A2

h ρ0

×

[
ρ1

√(
Rn

1 θh Ah tθh−1
)2
+ (∆v)2

+ ρ2

√(
R2 θh Ah tθh−1)2

+ (∆v)2
]−1

× t2θh−1 ,

Reh(t) =
v(t) h(t)
ν

=
θh A2

h

ν
t2θh−1 . (170)

The mechanical and scalar timescales are [7]

τm(t) =
K(t)
ϵ(t)

(171)

=
ρ0

C∗d
h(t)

ρ1

√[
Rn

1 v(t)
]2
+ (∆v)2 + ρ2

√
[R2 v(t)]2 + (∆v)2

−1

,

τs(t) =
S (t)

2 χ(t)

for the algebraic scalar variance dissipation rate Eq. (31), and the constant
mechanical-to-scalar timescale ratio is

R =
τm(t)
τs(t)

(172)

=
2 Cχ ρ0

C∗d
v(t)

ρ1

√[
Rn

1 v(t)
]2
+ (∆v)2 + ρ2

√
[R2 v(t)]2 + (∆v)2

−1

.

For Rayleigh–Taylor mixing with the simplification R1 = R2 = 1, τm =
h(t)/[2C∗dv(t)] (differing by a factor of 1/(2C∗d) from the definition in Sec-
tion 2.1.2).

Using Eq. (10), a mixing layer turbulent diffusion coefficient is given
dimensionally for each instability by the general expression

Dh(t) = CD h
dh
dt
= CD θh A2

h t2θh−1 , (173)

where CD is a dimensionless coefficient. The corresponding mixing layer
turbulent viscosity coefficient is νh(t) = SctDh(t), where Sct is the (con-
stant) turbulent Schmidt number (typically assumed to be 0.7).

An alternative expression inspired by the K–ϵ model is

νh(t) = Cν
K(t)2

ϵ(t)
(174)

=
Cν θ2h A3

h t3θh−2

4 C∗d

×

[
ρ1

√(
R1 θh Ah tθh−1)2

+ (∆v)2

+ ρ2

√(
R2 θh Ah tθh−1)2

+ (∆v)2
]−1

= Sct Dh(t) .

This expression could be used in applications with Cν = 1, Dh → Dt, and
νh → νt.

In the expressions above that include the terms with Ri, v(t) should ei-
ther be independent of time (as it is in Kelvin–Helmholtz mixing) or be
zero in order that these expressions have a single time dependence (as
would be required by self-similarity).
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7.2.2. Spatiotemporal quantities

As described in Ref. [10], a spatially-dependent turbulent diffusion co-
efficient across the mixing layer can be constructed as (zint is the location of
the initial interface separating the heavy and light fluids) a self-similar in-
verse parabolic, Gaussian, or product of an inverse parabolic and Gaussian
profile,

Dt(z, t) = Dh(t)
f
(

z−zint
h(t)

)
max

[
f
(

z−zint
h(t)

)] , (175)

where

f
(

z − zint

h(t)

)
= 1 −

(z − zint)2

h(t)2 , (176)

f
(

z − zint

h(t)

)
= exp

[
−

4 (z − zint)2

h(t)2

]
, (177)

f
(

z − zint

h(t)

)
=

[
1 −

(z − zint)2

h(t)2

]
exp

[
−

4 (z − zint)2

h(t)2

]
, (178)

respectively. These expressions can be generalized to include hb and hs.
Higher-order profiles generalizing the inverse parabolic profiles of the form

f
(

z − zint

h(t)

)
=

[
1 −

(z − zint)2

h(t)2

]nD

(179)

with nD > 1 similar to the form used in a Reynolds-averaged turbulence
model [39] to fit late-time profiles obtained from numerical simulations
and inspired by a previous analysis of a Reynolds-averaged model [40]
could also be used. In this case, the turbulent fields would, in general,
have different exponents {nϕ} chosen such that each resulting field profile
closely matches the corresponding profile obtained from the simulations.
In general, the spatial profiles are normalized by their maximum value and
are required to be positive for realizability.

The corresponding turbulent viscosity is

νt(z, t) = Sct Dt(z, t) . (180)

7.2.3. Turbulent kinetic energy and turbulent kinetic energy
dissipation rate equations

For reference, an equation for the turbulent kinetic energy K(t) =
v(t)2/2 follows by multiplying Eq. (44) by v(t):

dK
dt
= C∗b geff(t) AtΘ(t) v(t) +C∗s

[
1 − At2 Θ(t)2

] (∆v)2 v(t)
h(t)

(181)

−
C∗d
ρ1 + ρ2

|v(t)| v(t)
h(t)

×

ρ1

√[
Rn

1 v(t)
]2
+ (∆v)2 + ρ2

√
[R2 v(t)]2 + (∆v)2


− 2 ν

K(t)
h(t)2 − 2 C∗a

va K(t)
h(t)

.

An equation for the turbulent kinetic energy dissipation rate ϵ(t) follows by
dividing the right side of Eq. (181) by the mechanical turbulent timescale
τm = K/ϵ = h/v and introducing a dimensionless coefficient Cϵq (in which
numerical factors and the previous coefficients have been absorbed) in each

term:

dϵ
dt
= Cϵ0 geff(t) AtΘ(t)

K(t)
h(t)
+Cϵ1

[
1 − At2 Θ(t)2

] (∆v)2 K(t)
h(t)2 (182)

−
Cϵ2
ρ1 + ρ2

|v(t)|K(t)
h(t)2

×

ρ1

√[
Rn

1 v(t)
]2
+ (∆v)2 + ρ2

√
[R2 v(t)]2 + (∆v)2


−Cϵ4 ν

K(t)3/2

h(t)3 −Cϵ5
va K(t)3/2

h(t)2 .

The coefficients {Cϵq} can be calibrated using a procedure similar to what
was used for the BSDS model, and would require the introduction of ad-
ditional physical quantities (beyond α, θ, and δ) to determine the values of
the coefficients in the ϵ equation (similar to the calibration of Reynolds-
averaged models).

7.2.4. The closed mean flow equations
The gradient-diffusion closure of the one-dimensional, variable-density

incompressible mean heavy mass fraction, mean momentum, and mean
shear velocity equations, respectively, are given here for reference. These
equations can be solved numerically using the expressions for the turbulent
diffusivity and viscosity constructed above.

The mean heavy mass fraction equation is (w̃ = ρw/ρ is the mean ve-
locity in the z-direction parallel to the acceleration)

ρ

(
∂

∂t
+ w̃

∂

∂z

)
m̃H =

∂

∂z

(
ρD
∂m̃H

∂z
− ρm′′H w′′

)
(183)

=
∂

∂z

[
ρ
(
D + Dt

) ∂m̃H

∂z

]
in the Fickian diffusion approximation (the mean light fluid mass fraction
is m̃L = 1 − m̃H). The heavy and light fluids correspond to the spike
and bubble, respectively. The mean momentum equation is (with mean
kinematic molecular and turbulent kinematic viscosities µ = ρ ν and µt =
ρ νt)

ρ

(
∂

∂t
+ w̃

∂

∂z

)
w̃ = ρ geff −

∂p
∂z
+
∂σzz

∂z
−
∂τzz

∂z
(184)

= ρ geff −
∂p
∂z
+
∂

∂z

(
2 µ
∂w̃
∂z

)
−
∂

∂z

(
2
3
ρK − 2 µt

∂w̃
∂z
−

4
3

CA
νt K
ρ ϵ

∂ρ

∂z
∂p
∂z

)
,

where the mean viscous stress tensor component is σzz = 2µ ∂w̃/∂z and the
buoyancy-generalized Reynolds stress model is [20]

τzz =
2
3
ρK − 2 µt

∂w̃
∂z
−

4
3

CA
νt K
ρ ϵ

∂ρ

∂z
∂p
∂z

(185)

with dimensionless coefficient CA. Taking CA = 0 reduces this to the stan-
dard Boussinesq Reynolds stress model. For Kelvin–Helmholtz mixing the
mean shear velocity, ṽ, transport equation is

ρ

(
∂

∂t
+ w̃

∂

∂z

)
ṽ =
∂

∂z

(
µ
∂̃v
∂z
− ρ v′′ w′′

)
(186)

=
∂

∂z

[
(µ + µt)

∂̃v
∂z

]
.

These equations are closed with the previously constructed turbulent trans-
port coefficients νt(z, t) and Dt(z, t) obtained by solving the BSDS equa-
tions.

The approximate analytic solutions for the mean fields are given in
Section 2.5 of Ref. [10], and are not repeated here.
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8. Application of the general buoyancy–shear–drag–
scalar turbulence model to Rayleigh–Taylor, reshocked
Richtmyer–Meshkov, and Kelvin–Helmholtz mixing

Similar constant acceleration Rayleigh–Taylor, reshocked Richtmyer–
Meshkov, and Kelvin–Helmholtz mixing cases considered previously in
Ref. [10] are considered here. However, here the BSDS equations are
solved numerically with Θ(t) an active scalar. The scalar will be assumed
to be the heavy mass fraction for which ϕ = 1/2 is the average value in
a mixed state and Atϕ = 1. For each instability, it will be assumed that
θ0 = 0.90 at t = 0 and using Eqs. (53) and (59),

Θ(0) = Θ0 =
√

1 − θ0 . (187)

With a calibration to the values in Eq. (154) used in Ref. [10], the evo-
lution of the mixing layer widths and of the mechanical turbulence fields is
that shown in Ref. [10], and therefore are not reproduced here. The present
model does not account for early-time entrainment that results in θm attain-
ing a minimum value and then increasing to values ∼ 0.8 at late times for
all three instabilities in a self-similar state [7, 41, 42], asΘ(t) and S (t) relax
(slowly for the Rayleigh–Taylor case and very rapidly for the Richtmyer–
Meshkov and Kelvin–Helmholtz cases) to their constant asymptotic val-
ues consistent with the chosen values of the molecular mixing parameter
θmol. Only the evolution of the scalar and associated turbulent fields will
be shown here.

The expressions (155)–(157) with C∗vm = 2 will be used in the model
applications below, where the full bubble and spike (rather than simplified
bubble plus spike) equations will be solved numerically as in Ref. [10] us-
ing the Mathematica® function NDSolve (with the StiffnessSwitching

Method option for the Richtmyer–Meshkov case). Mathematica® is also
used to construct and evolve the scalar turbulent quantities

S (z, t) = S (t) f
(

z − zint

hb(t)
,

z − zint

hs(t)

)
, χ(z, t) = Cχ

v(t)
h(t)

S (z, t) , (188)

θm(z, t) = 1 −
S (z, t)

At2
ϕ ϕ

2 (189)

in space and time. Note that θm(t) = θm(0, t) is the ‘centerline’ value. To
evolve the mean heavy mass fraction and mean shear velocity in Eqs. (63)
and (72) in Ref. [10], the initial diffuse interface width δ0 = 0.1 cm is used
(not shown here).

In the applications of the model below, the inverse parabolic–Gaussian
profiles

f
(

z − zint

hb(t)
,

z − zint

hs(t)

)
=

[
1 +

z − zint

hb(t)

] [
1 −

z − zint

hs(t)

]
exp

[
−

(z − zint)2

hb(t) hs(t)

]
(190)

normalized to unity and restricted to positive values are used. Such profiles
have tails at the edges of the mixing layer, qualitatively similar to those
seen in experiments and numerical simulations. It is assumed that the light
and heavy fluid occupy z < zint and z > zint, where zint = 0 is the interface
location.

8.1. Application to Rayleigh–Taylor mixing
Consider the case of a constant acceleration (θRT = 2), g0 = 981 cm/s2,

At = 0.5, ν = D = 0.01 cm2/s, h0,b = h0,s = 0.01 cm, and v0,b = v0,s =
0. The final time is t f = 24 s (longer than in Ref. [10] to better show
the approach of the molecular mixing parameter to its calibrated late-time
value).

Figure 1 shows the time-evolution of the normalized scalar fluctuation,
scalar variance, and scalar variance dissipation rate, and Fig. 2 shows the
corresponding evolution of the molecular mixing parameter θm(t). Both
Θ(t) and S (t) rapidly relax from their initial values and slowly approach
their asymptotic values Θ(∞) =

√
1 − θmol ≈ 0.45 and S (∞) = 0.05. It is

apparent that θm(t) relaxes very slowly to its asymptotic (calibrated) value
0.8.

Figures 3–5 show the spatiotemporal evolution of the scalar variance,
scalar variance dissipation rate, and molecular mixing. The peak values of
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Figure 1: Time-evolution of the normalized scalar fluctuation, scalar variance,
and scalar variance dissipation rate Θ(t), S (t), and χ(t) for Rayleigh–Taylor
mixing.
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Figure 2: Time-evolution of the molecular mixing parameter θm(t) for
Rayleigh–Taylor mixing.

the fields evolve with the expected late-time t0, t−1, and t0 power-laws, re-
spectively. The profiles are a maximum near the interface zint = 0, exhibit
increasing asymmetry toward the light (bubble) side as time evolves, and
widen rapidly as the mixing layer width grows quadratically in time. The
locations of the peak values also shift towards the bubble side at an increas-
ing rate. The peak values of the profiles of S slowly approach 0.05 and the
peak values of the profiles of θm(z, t) slowly approach 0.8, consistent with
the approach of θm(t) to 0.8.

8.2. Application to reshocked Richtmyer–Meshkov mixing

With the same approximation used in Section 8.1 above, the mean equa-
tions for Rayleigh–Taylor mixing are formally the same for Richtmyer–
Meshkov mixing. Let ∆vs = 981 cm/s2, ∆vr = 1.2∆vs at tres = 5 s,
At = 0.67, D = 0.01 cm2/s, δ0 = 0.1 cm, h0,b = h0,s = 0.01 cm, and
v0,b = v0,s = ∆vs. The acceleration representing the initial and second
shock is taken as

geff(t) =

 ∆vs
10 t∗

exp
(
−10 t2/t2

0

)
if t < tres

∆vr
10 t∗

exp
[
−10 (t − tres)2/t2

0

]
if t ≥ tres

, (191)
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Figure 3: Spatiotemporal evolution of the scalar variance S (z, t) for Rayleigh–
Taylor mixing.
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Figure 4: Spatiotemporal evolution of the scalar variance dissipation rate χ(z, t)
for Rayleigh–Taylor mixing.

where t0 = 0.1 s, the exponential factors make the acceleration zero for
times between the first and second shocks, and are thus effectively delta
functions at t = 0 and t = tres. The final time is t f = 10 s.

Figure 6 shows the time-evolution of the normalized scalar fluctua-
tion, scalar variance, and scalar variance dissipation rate, and Fig. 7
shows the corresponding evolution of the molecular mixing parameter
θm(t). Both Θ(t) and S (t) rapidly attain their constant asymptotic values
Θ(∞) =

√
1 − θmol ≈ 0.45 and S (∞) = 0.05, while χ(t) decays from its

initial value, increases at the time of reshock, and then continues to decay.
It is also apparent that θm(t) also attains its asymptotic (calibrated) value
0.8 almost immediately; a very slight change can be seen at the time of
reshock.

Figures 8–10 show the spatiotemporal evolution of the scalar variance,
scalar variance dissipation rate, and molecular mixing. Again, the peak
values of the fields evolve with the expected late-time t0, t−1, and t0 power-
laws, respectively. At early times, the profiles are a maximum near the
interface zint = 0 and exhibit increasing asymmetry toward the light (bub-
ble) side as time evolves, and particularly after reshock when the profiles
widen more rapidly as the mixing layer width grows more rapidly after
reshock than before reshock. The scalar variance dissipation rate rapidly
decreases in magnitude, is increased at the time or reshock, and then de-
cays rapidly. The peak values of the molecular mixing parameter profiles
are 0.8.

8.3. Application to Kelvin–Helmholtz mixing

Let g(t) = 0, vb = 900 cm/s, vs = 1500 cm/s, ∆v = 600 cm/s, At = 0,
ν = 0.01 cm2/s, δ0 = 0.1 cm, h0,b = h0,s = 0.01 cm, and v0,b = v0,s = 0.
Also, Atv = | (vs − vb)/(vs + vb) | = 0.25. In this case, the mixing layer
parameter δ does not depend on θmol because both streams have the same
density (the scalar is passive). However, each stream could be assigned a
scalar tracer. The final time is t f = 10 s.
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Figure 5: Spatiotemporal evolution of the molecular mixing θm(z, t) for
Rayleigh–Taylor mixing.
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Figure 6: Time-evolution of the normalized scalar fluctuation, scalar vari-
ance, and scalar variance dissipation rate Θ(t), S (t), and χ(t) for reshocked
Richtmyer–Meshkov mixing.

Figure 11 shows the time-evolution of the normalized scalar fluctuation,
scalar variance, and scalar variance dissipation rate, and Fig. 12 shows the
corresponding evolution of the molecular mixing parameter θm(t). Both
Θ(t) and S (t) almost immediately attain their constant asymptotic values
Θ(∞) =

√
1 − θmol ≈ 0.45 and S (∞) = 0.05. The scalar variance dissi-

pation rate χ(t) decays from its initial value. It is also apparent that θm(t)
almost immediately attains its asymptotic (calibrated) value 0.8.

Figures 13–15 show the spatiotemporal evolution of the scalar variance,
scalar variance dissipation rate, and molecular mixing. Again, the peak
values of the fields evolve with the expected late-time t0, t−1, and t0 power-
laws, respectively. The profiles are a maximum near the interface zint = 0
and widen as the mixing layer width grows linearly in time. The profiles
remain symmetric about the interface because At = 0.

9. Summary, discussion, and conclusions

The theoretical buoyancy–shear–drag–scalar-based turbulence model
developed and demonstrated here for binary power-law acceleration driven
Rayleigh–Taylor, reshocked Richtmyer–Meshkov, and Kelvin–Helmholtz
mixing is based on the observation that the evolution of the mean fields
is fundamentally determined by a turbulent diffusivity and viscosity (as
assumed in the original mixing-length turbulence models) if gradient-
diffusion models are used to close the turbulent fluxes in the mean trans-
port equations, i.e., equations for the turbulent kinetic energy and another
quantity (turbulent kinetic energy dissipation rate or lengthscale) are not
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Figure 8: Spatiotemporal evolution of the scalar variance S (z, t) for reshocked
Richtmyer–Meshkov mixing.

essential because the turbulent transport coefficients can be constructed di-
rectly from the mixing layer width and mixing layer velocity (and assumed
spatiotemporal profiles).

In summary, the modeling framework proposed here can be used in
three ways:

1. as a pure buoyancy–shear–drag–scalar (BSDS) model for time-
dependent mixing layer widths and scalars, and any quantities con-
structed from them;

2. using the BSDS solutions to construct a turbulent diffusivity and vis-
cosity with assumed spatially and temporally evolving spatial pro-
files similar to self-similar profiles, and numerically evolving ap-
proximate self-similar mean fields;

3. using the BSDS solutions to construct a turbulent diffusivity and vis-
cosity with assumed spatially and temporally evolving spatial pro-
files similar to self-similar profiles, and solving the closed mean field
equations numerically.

The present model equations combine the previously developed
buoyancy–shear–drag model [10] with a scalar variance equation and an
algebraic model for the scalar variance dissipation rate, allowing the model
to describe active or passive scalar mixing. An equation for the scalar vari-
ance dissipation rate was also derived and could be solved instead of us-
ing an algebraic model (however, this would require calibrating additional
model coefficients). This quasi-homogeneous model can be regarded as
intermediate between an ordinary differential BSDS model and a partial
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Figure 9: Spatiotemporal evolution of the scalar variance dissipation rate χ(z, t)
for reshocked Richtmyer–Meshkov mixing.
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Figure 10: Spatiotemporal evolution of the molecular mixing θm(z, t) for
reshocked Richtmyer–Meshkov mixing.

differential Reynolds-averaged transport model. Although the model is
presently formulated for planar geometries, it is still true that the most de-
tailed experimental and simulation data concerning interfacial instability-
induced mixing also corresponds to planar geometry. Spatial, temporal,
and diagnostic limitations of experiments and simulations in convergent
or divergent geometries currently preclude detailed measurements in such
geometries. Reference [10] provides additional background on the over-
all motivation and theoretical approach to constructing a turbulence model
from such equations.

First, beginning with a general equation for a fluctuating scalar ϕ′, the
corresponding equation for the scalar variance S = ϕ′2 was constructed.
This equation was closed using gradient-diffusion concepts and an alge-
braic closure for the scalar variance dissipation rate χ. Alternatively, a
closed equation for χ was derived phenomenologically from the S equa-
tion using a scale-similarity assumption similar to that used in Reynolds-
averaged modeling of the turbulent scalar variance dissipation rate equa-
tion. The scalar variance equation requires two coefficients Cp and Cχ if an
algebraic model is used for χ. Using a differential model equation for χ in
general adds three coefficients (and removes one coefficient, Cχ, from the
S equation), requiring additional physical quantities for their calibration.

Nonlinear analytical self-similar solutions were derived for the scalar
variance as a function of the mixing layer width h(t) and the model coeffi-
cients. The calibration of the scalar variance production coefficient using
a value of the asymptotic molecular mixing parameter θmol was described.
Early- and late-time solutions of the BSDS equations were derived ana-
lytically for both miscible and immiscible mixing and each instability. As
expected, the early-time solutions depend on the initial conditions, while
the late-time solutions are independent of the initial conditions. The tem-
poral power-law exponents of the early-time mixing layer widths depend
on the scalar variance dissipation rate coefficient, while the exponents of
the late-time widths do not. For the power-law-in-time acceleration-driven
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Figure 11: Time-evolution of the normalized scalar fluctuation, scalar variance,
and scalar variance dissipation rate Θ(t), S (t), and χ(t) for Kelvin–Helmholtz
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Figure 12: Time-evolution of the molecular mixing parameter θm(t) for Kelvin–
Helmholtz mixing.

Rayleigh–Taylor case and the Kelvin–Helmholtz instability case, expres-
sions for the mixing layer growth parameters α and δ that depend on the de-
gree of molecular mixing through the factors

√
1 − θmol,RT and 1 − θmol,KH ,

respectively, and expressions for the scalar variance were derived. A time-
dependent expression for α was also derived in the fully-atomic mixing
case. While the Richtmyer–Meshkov mixing layer width does not depend
on the degree of molecular mixing, an expression for the passive scalar
variance was derived. For each instability, solutions were derived for the
miscible mixing case with θmol ∈ (0, 1) corresponding to a scalar variance
production coefficient 0 < Cp < Cχ, as well as for the fully-atomic misci-
ble mixing case with θmol = 1 and Cp = 0 and for the immiscible mixing
case with θmol = 0 and Cp = Cχ. Analytical solutions corresponding to
decaying scalar instability-induced turbulence were used to calibrate the
scalar variance dissipation coefficient Cχ for each instability: in this for-
mulation, the relationship between h(t) and v(t), v/h = θh/t, introduces a
dependence of Cχ on the instability exponent θh. A universal calibration of
Cχ based on decaying isotropic scalar turbulence was also presented. The
calibration method is analogous to that used in the self-similar approxima-
tion of Reynolds-averaged turbulence models [7]. The corresponding an-
alytical solutions and calibrations were also derived for the general model
with separate bubble and spike equations coupled to the scalar variance
equation.
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Figure 13: Spatiotemporal evolution of the scalar variance S (z, t) for Kelvin–
Helmholtz mixing.
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Figure 14: Spatiotemporal evolution of the scalar variance dissipation rate
χ(z, t) for Kelvin–Helmholtz mixing.

The BSDS equations for the bubble and spike were then solved numer-
ically for constant acceleration Rayleigh–Taylor, reshocked Richtmyer–
Meshkov, and Kelvin–Helmholtz mixing using model coefficients cali-
brated to specific values of the mixing layer growth parameters and ex-
ponents α = 0.05, θ = 0.30, and δ = 0.07 and to the typical value
θmol = 0.8. The time-evolutions of S (t), χ(t), and θm(t) were shown to
be consistent with the calibration of the model to θmol = 0.8 for each
instability case. The corresponding spatial profiles were constructed us-
ing the procedure described in Ref. [10] and assumed self-similar inverse
parabolic–Gaussian spatial profiles depending on the mixing layer widths
hb(t) and hs(t). The spatiotemporal evolution of the fields S (z, t), χ(z, t),
and θm(z, t) were shown to be consistent with expectations, including bub-
ble and spike side asymmetries in the spatial profiles of the fields for the
Rayleigh–Taylor and Richtmyer–Meshkov cases having At , 0. The me-
chanical fields are those shown in Ref. [10], and were not reconstructed
here, while the scalar variance and its dissipation rate evolved qualitatively
similarly to the self-similar fields in Ref. [7] (where inverse parabolic pro-
files were used to obtain the analytic solutions for the fields).

The theoretical zero-dimensional (i.e., ordinary differential) or one-
dimensional (i.e., with phenomenologically constructed or numerically
computed mean and turbulent fields) model developed conceptually by uti-
lizing the temporal and spatial separability of self-similar turbulent fields
and demonstrated here serves several pedagogical and practical purposes.
Analytical and numerical solutions of the model can be used to build a
fundamental understanding of the instability and mixing dynamics aris-
ing from classical interfacial instabilities as well as from combined in-
stabilities. The exact and approximate analytical solutions of the nonlin-
ear ordinary differential equations exhibit the dependence of the solutions
on the physical parameters and model coefficients. Exploiting parallels
with Reynolds-averaged turbulence models, the coefficients in the present
model can be systematically calibrated using physical observables. The
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Figure 15: Spatiotemporal evolution of the molecular mixing θm(z, t) for
Kelvin–Helmholtz mixing.

model can be used to rapidly estimate mixing layer widths, molecular mix-
ing parameters, turbulent fields, and many other quantities derived from
these.

The model can also be applied to very large Reynolds number as-
trophysical, inertial confinement fusion, and high-energy-density physics
flows where turbulence and mixing have an important role and remain chal-
lenging to model physically and numerically. For example, the present
model would be much better than a simple fall-line mixing model [43] still
extensively used in ICF modeling. As the temporal scalings of the self-
similar solutions of the BSDS model equations for each instability are the
same as those in the K–ϵ–S –χ model [7] (but with coefficients specific to
the present model), the model could serve as a much simpler alternative to
the full Reynolds-averaged turbulence model. The model can be used to
develop and evaluate new concepts before implementation in a full turbu-
lence model. As discussed in Ref. [10], the model can be applied to flows
with time-varying densities, general time-dependent accelerations, include
de(compression) and compressibility effects, include molecular viscosity
and diffusivity effects, ablation, and consider early-time linear instability
evolution.

Further refinements of this model are possible, including investigating
alternative closures of the terms in the equations, developing model mod-
ifications that describe transition to turbulence (such as an intermittency
model [44]), using the scalar variance dissipation rate equation rather than
an algebraic model to potentially improve molecular mixing modeling, de-
veloping hybridized model coefficients to better describe combined insta-
bilities, refining the assumed spatial profiles, and formulating the equations
in radial geometry. Modifications to the model that can describe the tran-
sitional evolution of h(t) and θm(t) for example in Rayleigh–Taylor mix-
ing would provide improved early-time predictions of experimental and
simulation data [45]. The model can also be used in analogy with tra-
ditional buoyancy–drag models without solving for (or constructing) tur-
bulent fields. Future comparisons of the predictions of this model to ex-
perimental and numerical simulation data will evaluate the predictive ca-
pabilities and limitations of the model, and also suggest other potential
improvements.
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