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G. Cataldi,45 L. Cazon,73 M. Cerda,10 B. Čermáková,37 A. Cermenati,42, 43 K. Cerny,30 J.A. Chinellato,21

J. Chudoba,29 L. Chytka,30 R.W. Clay,13 A.C. Cobos Cerutti,6 R. Colalillo,56, 47 R. Conceição,67 G. Consolati,46, 51

M. Conte,52, 45 F. Convenga,42, 43 D. Correia dos Santos,25 P.J. Costa,67 C.E. Covault,77 M. Cristinziani,41

C.S. Cruz Sanchez,3 S. Dasso,4, 2 K. Daumiller,37 B.R. Dawson,13 R.M. de Almeida,25 E.-T. de Boone,41
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H. Wilczyński,65 B. Wundheiler,7 B. Yue,34 A. Yushkov,29 E. Zas,73 D. Zavrtanik,70, 71 and M. Zavrtanik71, 70

(The Pierre Auger Collaboration)‡‡

1Centro Atómico Bariloche and Instituto Balseiro (CNEA-UNCuyo-CONICET), San Carlos de Bariloche, Argentina
2Departamento de F́ısica and Departamento de Ciencias de la Atmósfera y los Océanos,
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60Benemérita Universidad Autónoma de Puebla, Puebla, México
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Quantum gravity theories often modify spacetime symmetries. In particular, Lorentz invariance
may be violated when approaching the Planck scale. Although the scales at which interactions
occur in extensive air showers induced by ultra-high-energy cosmic rays in the atmosphere are many
orders of magnitude below the Planck scale, these violations might still be observable. In this work,
the fluctuations in the number of muons in the extensive air showers measured at the Pierre Auger
Observatory are exploited, for the first time, to constrain Lorentz invariance violations. The bounds
derived in the hadronic sector are the strongest ever obtained, and do not rely on assumptions about
the mass composition of ultra-high-energy cosmic rays. The fluctuations in the number of muons
constitute a new and powerful observable to further explore Lorentz invariance in a region of the
parameter space not accessible to other observables.

The effort for a unified theory of gravity has led to
the development of several quantum gravity (QG) mod-
els, some of them implying the breaking of Lorentz in-
variance (LI) [1]. While this would appear at the scale
of the Planck mass, the highest energetic processes in
our Universe, namely those involving the interactions
of ultra-high-energy cosmic rays (UHECRs), could keep
track of this breaking. During their propagation in ex-
tragalactic space, UHECRs undergo interactions with
background photons such as meson photoproduction or
photodisintegration; Lorentz invariance violations (LIV)

could affect their energy thresholds, suppressing such in-
teractions and making the attenuation lengths extremely
large [1–4]. As a consequence, the existing evidence of
the suppression of the UHECR flux at the highest ener-
gies [5, 6] can be exploited to set limits on LIV. In partic-
ular, LIV can be tested by searching for the best descrip-
tion of UHECR observables in terms of astrophysical sce-
narios, under LIV assumptions, as already attempted for
instance in [7–12]. However, the scenario is complicated
by the fact that the best astrophysical description of the
UHECR energy spectrum and mass composition is found
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corresponding to values of maximum energy of UHECRs
at the sources smaller than or comparable to the typical
threshold energy for photo-meson or photo-disintegration
reactions [13, 14]. For this reason, the sensitivity to devi-
ations from LI in the UHECR propagation is milder than
expected, and alternative approaches need to be inves-
tigated. Independently of propagation effects, Lorentz
invariance violation may also manifest itself in particle
interactions at extreme energies, potentially altering the
development of extensive air showers in the atmosphere.
Depending on the strength of the LI violation, the high
energies available in the collision of cosmic rays with the
atmosphere 1 can lead to modifications of the shower de-
velopment with respect to the standard LI case [9], which
is what is investigated in this work. The Pierre Auger
Observatory [15], located near Malargüe, in the Province
of Mendoza in Argentina, is the largest cosmic-ray de-
tector ever constructed, covering an area of 3000 km2.
Completed in 2008, it serves as the most precise facility
for UHECR detection above 0.1 EeV. The basic design
of the observatory comprises two components: the sur-
face detector (SD) array, featuring 1660 water Cherenkov
detectors (WCD) arranged in a triangular grid, and the
fluorescence detector (FD), a set of telescopes overlook-
ing the SD area. The SD, designed for nearly 100% duty
cycle operation, detects secondary particles at the ground
level, while the FD, operational on clear moonless nights
with a ∼15% duty cycle, captures UV fluorescence light
emitted by nitrogen molecules along the path of exten-
sive air showers (EAS). This hybrid configuration guaran-
tees a thorough comprehension of UHECRs by combining
a detailed calorimetric measurement of the longitudinal
profile with the FD, and assessing the lateral distribution
of particles at ground through the SD. In 2015, the Pierre
Auger Collaboration initiated a crucial upgrade phase
known as AugerPrime [16]. The upgrade significantly
improves the observatory’s ability to discriminate muonic
and electromagnetic components of showers on an event-
by-event basis, offering valuable insights into UHECR
physics. The Pierre Auger Observatory can measure the
fluctuations in the number of muons using a subset of
inclined events (θ > 62◦) reconstructed simultaneously
by the SD and FD. Within the current uncertainties, an
agreement between the experimental relative fluctuations
and the models has been found [17]. In this context, the
event-by-event fluctuations in the number of muons at
ground provide a particularly sensitive probe, as they
are dominated by the first hadronic interactions and are
less affected by the overall normalization and mass com-
position uncertainties. In this work, for the first time,
measurements of the relative fluctuations in the number
of muons [18] in extensive air showers are exploited to

1 A proton at 1019 eV hitting the atmosphere corresponds to a 0.1
PeV collision in the center of mass frame.

constrain LIV in the hadronic sector, in a region of pa-
rameter space not accessible to the LIV modifications in
the extragalactic propagation of cosmic rays.

LORENTZ INVARIANCE VIOLATION
FRAMEWORK

A well established phenomenological approach to in-
troduce LIV effects consists of adding effective terms in
the dispersion relation of a particle, arising from a metric
modification (see [1] for details). The dispersion relation
would therefore appear as:

E2 − p2 = m2 + f(p⃗,MPl), (1)

where m is the particle mass, E its energy, p⃗ its momen-
tum and MPl is the Planck mass2. At |p⃗| ≪ MPl, f can
be expanded in series and considering only the leading
order of the expansion, n, Eq. 1 becomes:

E2 − p2 = m2 + η(n)
pn+2

Mn
Pl

, (2)

where η is the dimensionless constant coefficient to be
constrained.
The LIV hadronic sector is investigated through the

expected cosmic-ray flux at Earth, compared to the mea-
sured energy spectrum and mass composition. Negative
values of η do not imply significant changes in the propa-
gation of UHECRs [9, 10]; in [12], positive values of η are
explored setting upper limits for different orders of viola-
tion, achieved through the flux suppression observed at

the highest energies: η
(1)
π < 2.4 · 10−10 and η

(2)
π < 0.3, at

5σ C.L3. The second order LIV parameter in the hadronic
sector is also investigated in previous works, such as [3]
with similar conclusions as in [12] although with assump-
tions on the UHECR mass composition4.
Interpreting the right-hand side of the Eq. 2 as an en-

ergy dependent mass:

m2
LIV = m2 + η(n)

pn+2

Mn
Pl

, (3)

the Lorentz factor for a LI violating particle at energy E
can be defined as:

γLIV = E/mLIV. (4)

2 Natural units are used hereinafter.
3 The reported values are for ηπ , which can be computed from ηp
(the LIV parameter for the proton) as ηπ ≈ 2ηp in the approxi-
mation given in [8]. The relation between ηp and the correspond-
ing parameter for other nuclei can be derived by the superposi-
tion model as done in [12].

4 For a collection of results on LIV studies, see [19].
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FIG. 1. Mean lifetime of the neutral pion as a function
of the energy for the Lorentz invariant case and for different
strengths and orders of LIV.

Depending on the value assumed by η(n), the lifetime of
the considered particle τ = γLIVτ0 will change accord-
ingly. For negative/positive values of η(n), the lifetime
of the particle should increase/decrease with respect to
the LI case producing modifications in the EAS develop-
ment. As an example, the π0 lifetime as a function of
the energy for the standard case and for different values
of the LIV parameter is shown in Fig. 1.

For negative values of η, the mean lifetime increases up
to a critical energy, corresponding to the point at which
the phase space reduces to zero (i.e. m2

LIV → 0) and
the particle becomes stable (i.e. γ → ∞). The energy
at which the lifetime evolution deviates from the LI case
depends both on the order and the strength of the vi-
olation. On the other hand, for positive values of the
η parameter the lifetime becomes smaller with respect
to the standard LI case as the energy increases. In these
cases, the lifetime decreases above the critical energy and
the pions decay faster than in the LI case and no effect
on the shower development is expected. For this reason,
in this work only the effects due to negative values of
the η parameter are considered. In order to describe the
modifications in the development of a shower, let us first
consider the simple model [20], where a primary hadron
interacts in the atmosphere, transferring a fraction αhad,1

of its energy to hadronic particles (mainly charged pions,
π±), while the remaining (1 − αhad,1) fraction goes to
neutral pions, π0. Charged pions further interact, de-
veloping a hadronic cascade, while neutral pions decay
promptly into photons, forming an electromagnetic sub-
shower. The number of charged pions grows with each
generation i until energy depletion. At the critical gen-
eration i = c, charged pions predominantly decay into

1016 1017 1018 1019

E / eV
4
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7

8
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N
(E

/T
eV

)0.
92

H EPOS-LHC
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He EPOS-LHC
He EPOS-LHC LIV ( = 10 3, 1st order)
N EPOS-LHC
N EPOS-LHC LIV ( = 10 3, 1storder)
Fe EPOS-LHC
Fe EPOS-LHC ( = 10 3, 1st order)

FIG. 2. Average number of muons at ground vs primary
energy in LI and LIV cases.

muons, yielding:

Nµ =
E0

ξc

c∏
i=1

αhad,i, (5)

where E0 is the primary energy and ξc the pion critical
energy. Fluctuations inNµ arise from variations in αhad,i:(

σNµ

⟨Nµ⟩

)2

=
c∑

i=1

(
σ(αhad,i)

⟨αhad,i⟩

)2

. (6)

For large i, σ(αhad,i) decreases as αhad,i averages over
many interactions, making σ(αhad,1) dominant [21]. In
the LIV scenario with negative η(n), the π0 lifetime
increases, enhancing interaction probability before de-
cay. This causes neutral pions to initiate hadronic sub-
showers. As αLIV

had,j ≃ 1 for affected generations, fluctu-

ations diminish (σ(αLIV
had,j) ≃ 0) and only LI generations

contribute to fluctuations in Eq. (8). The number of
muons, on the other hand, increases by

∏
j=1(α

LIV
had,j −

αhad,j). In summary, LIV leads to a moderate muon ex-
cess and reduced fluctuations due to limited stochastic
leakage in the first interaction [21].

Since less energy is transferred to the electromag-
netic component, the shower maximum depth (Xmax

5)
is slightly modified, and a displacement in the position
of the maximum of the longitudinal profile is expected,
together with a reduction of the maximum energy deposit
in the atmosphere (see Appendix).

5 Xmax is defined as the depth in the atmosphere at which the
EAS reaches its maximum number of particles. It is sensitive to
the mass composition of the primary cosmic ray [22].
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SIMULATING LIV EFFECTS IN THE SHOWER
DEVELOPMENT

To quantify the effect of LIV on the shower develop-
ment, we have performed detailed simulations of its lon-
gitudinal profile by using the CONEX software [23, 24]
for the LI and LIV cases. For the LIV scenario, the soft-
ware has been modified by changing the lifetime of any
unstable particle according to Eq. 4. The η(n) values
considered in this study span the range from −10−1 to
−10−6 in logarithmic steps, with order of violation n = 1.
For each value of η, 15000 primary cosmic-ray particles
have been produced in the energy range between 1014 eV
and 1021 eV, using EPOS-LHC [25] and QGSJetII-04 [26]
hadronic interaction models and for different primary
particle types i.e. hydrogen, helium, nitrogen, silicon and
iron nuclei.

The enhanced number of interactions of neutral pions
due to LIV contributes to the growth of the hadronic
component in the cascade producing an increase in the
number of muons Nµ, as shown in Fig. 2, where the av-
erage number of muons at ground as a function of the
primary energy in LI and LIV cases are shown. In the
LIV scenarios considered here, the number of muons in-
creases for any primary mass once the energy threshold is
surpassed, where pions in the shower become stable. For
iron primaries, this threshold occurs at higher energies
due to their larger mass, as can be understood through a
simple superposition model for nuclei with A > 1. Once
LIV is in place, the rate of muon increase is similar for
protons, iron, and intermediate masses. However, at the
highest energies, the number of muons for heavier nu-
clei exceeds that of protons, as protons saturate earlier,
when all available pions in the showers are interacting in-
stead of decaying. This fact affects the fluctuations of the
number of muons. In fact, the ratio of the fluctuations
to the average number of muons (hereinafter referred to
as relative fluctuations), dominated mostly by the first
interaction [21], considerably decreases in the presence
of LIV for the case of protons, as shown in Fig. 3. The
decrease is due at the same time to the increase of the
Nµ and to the decrease of fluctuations induced by LIV
effects. The decrease is milder for heavier nuclear species.

Limits on the LIV parameter η can be derived by com-
paring the expected decrease of the relative fluctuations
caused by LIV effects with the experimental measure-
ments [17].

RESULTS AND DISCUSSION

The relative fluctuations in the number of muons are
directly linked to the mass composition of UHECRs,
which consist of a mixture of nuclear species arriving at
Earth [27, 28]. An accurate determination of the con-
tribution of different nuclear species to the UHECR flux

1017 1018 1019

E / eV
0.00
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0.10

0.15

0.20
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0.30

0.35

N
/N
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Fe EPOS-LHC
H EPOS-LHC LIV ( = 10 3, 1st order )
He EPOS-LHC ( = 10 3, 1st order)
N EPOS-LHC ( = 10 3, 1st order)
Fe EPOS-LHC ( = 10 3, 1st order)
Auger - PRL 126 (2021) 152002

FIG. 3. Relative fluctuation of the number of muons vs
primary energy; data (black points, from [17]; the statistical
uncertainty is indicated by the error bars, while the total
systematic uncertainty by the square brackets) are compared
to expectations from LI and LIV (η = −10−3) models.

is challenging due to uncertainties in the hadronic inter-
action models used to describe the shower development
at these extreme energies. These models, which describe
key processes such as particle production and energy dis-
sipation, significantly influence the inferred composition.
Thus, any attempt to constrain the degree of LIV in EAS
development must account for these uncertainties.

To this aim, we notice that in the case of a composi-
tion comprised of the lightest and heaviest nuclear species
(p and Fe respectively), the width of the distribution of
the shower maxima is the largest, as shown for instance
in [29]. The same behaviour can be expected for the
relative muon fluctuations. Although when LIV is in-
cluded the relative fluctuations in the number of muons
differ only slightly among different primaries (as shown
in the highets energy range in Fig. 3), they are maxi-
mized when considering a mixed composition of protons
and iron nuclei. This makes the proton-iron mixture a
conservative and robust benchmark, ensuring that the
investigation of LIV effects in EAS development remains
independent of the specific details of the UHECR mass
composition, while mitigating the uncertainties associ-
ated with it. Further details are given in the Appendix.

As described in [17], the average number of muons,
⟨Nµ⟩mix, and its fluctuations, σNµ,mix, can be calculated
for a mixture of p and Fe as follows:

⟨Nµ⟩mix(f ; η) = (1− f)⟨Nµ⟩p + f⟨Nµ⟩Fe
σ2
Nµ,mix(f ; η) = (1− f)σ2

Nµ,p+

fσ2
Nµ,Fe + f(1− f)(⟨Nµ⟩p − ⟨Nµ⟩Fe)2

(7)

where f , which depends on the energy, is the relative
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abundance of iron nuclei6. The average number of muons
⟨Nµ⟩ and the σ2

Nµ
for air showers induced by both pro-

ton and iron nuclei have been obtained from the air
shower simulations performed with different LIV param-
eters over the energy range reported in the previous sec-
tion. These results have been used to parametrize ⟨Nµ⟩
and σNµ

across the range E = 1014 eV to E = 1020 eV,
for −10−1 < η < −10−6 and for both proton and iron
primaries. These parametrisations were then extrapo-
lated to provide expectations in the energy range 1016

to 1020 eV and for η values extended down to −10−16

(see Appendix). For any given value of η, the parametri-
sations allow us to calculate the expected relative fluc-
tuations for a specific mixture of proton and iron nuclei
(hereinafter referred to as mixed relative fluctuations) as
follows:

σNµ

⟨Nµ⟩
(f ; η) =

√
σ2
Nµ,mix(Nµ)(f ; η)

⟨Nµ⟩mix(f ; η)
. (8)

To identify the most conservative LIV model, the rel-
ative fluctuations are analyzed as a function of energy
by determining the value of f that maximizes the mixed
fluctuations for each energy bin. This maximum, deter-
mined by varying f between 0 and 1 (i.e., scanning from
a pure proton to a pure iron composition), is found to
be consistent across all tested values of the LIV parame-
ter η (see Appendix). Consequently, the most conserva-
tive LIV model for any composition corresponds to the
values f(E) that maximise Eq. 8, under the constraint
that the predicted curves lie entirely below the measured
data. Notably, this procedure allows the most conserva-
tive LIV relative fluctuations to be determined for any
given LIV parameter value without requiring additional
shower simulations.

In Fig. 4, the colour code represents the relative fluc-
tuations corresponding to the maxima with respect to f ,
derived from the parametrisations considering η values in
the range [−10−1, −10−16]. By selecting only the mixed
relative fluctuations below the experimental data points,
the χ2 is computed as a function of η. This approach
yields a continuous confidence level for excluding specific
LIV models, allowing the determination of the strictest
lower bound on η.

The mixed relative fluctuations have been estimated
for three different confidence levels (CLs) by consider-
ing all available experimental data. The exclusion lim-
its for η, quantified as log10(−η), represent the smallest
level of violation that can be ruled out at each corre-
sponding confidence level. The exclusion limits at the

6 ⟨Nµ⟩p, ⟨Nµ⟩Fe, σ2
Nµ,p and σ2

Nµ,Fe depend on energy and on the

LIV parameter η.
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FIG. 4. Mixed relative fluctuations obtained using the pa-
rameterisations considering η in the range [−10−1,−10−16] as
a function of the primary energy, corresponding to the maxi-
mum with respect to f . Each colour corresponds to a different
violation strength (right axis, where the arrow indicates the
direction of increasing violation strength). The measured rel-
ative fluctuations in the number of muons are shown with
black points [17].

C.L. 90.5% 95.5% 99.9%

log10(−η) −7.03+0.21
−0.50 −6.82+0.19

−0.54 −5.90+0.13
−0.62

TABLE I. Lower limits on log10(−η) derived from this anal-
ysis at different confidence levels (CL). The asymmetric un-
certainties indicate the associated systematic uncerainty from
the spread between the EPOS-LHC and QGSJetII-04 predic-
tions.

99.9%, 95.5% and 90.5% CLs are summarized in Table I.
These bounds were obtained as the mean values derived
from two distinct hadronic interaction models, EPOS-
LHC and QGSJetII-04.

It can be observed that, if the discrepancy in the en-
ergy reconstruction between the LIV scenario and the
standard one were explicitly accounted for, a shift in the
experimental data towards higher reconstructed energies
would occur. This is because, in the LIV scenario, a
smaller fraction of the primary energy is transferred to
the electromagnetic component of the shower, which is
used to reconstruct the energy. However, this bias in
the energy estimation between the two scenarios remains
below 5% for all the considered η parameter values. As
a result, incorporating this effect into the analysis would
change the reconstructed energy values leading to a more
stringent constraint on the η parameter.

CONCLUSIONS

In this work, interactions of particles at the most ex-
treme energies have been exploited to test Lorentz in-
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variance, a frontier in physics which is reminiscent of the
early 20th century, when cosmic rays paved the future of
particle physics. A significant milestone in constraining
first-order Lorentz invariance violation has been achieved
through the analysis of muon fluctuations within exten-
sive air showers - used for the first time to this purpose
- measured at the Pierre Auger Observatory. Using a
conservative model based on mixed nuclear composition
of protons and iron nuclei, we derived the most stringent
LIV bounds, for negative values of the LIV parameter:
ηπ > −1.26× 10−6 at 5σ C.L. Upper bounds are instead
obtained with studies considering UHECR propagation,
which find that ηπ < 2.4× 10−10 at 5σ C.L. In addition
to showing the potential of muon-related observables to
detect deviations from Lorentz invariance, with this work
we demonstrate the unique capability of testing both neg-
ative and positive values of LIV parameters exploiting at
most the data of the same observatory. Future efforts
will be devoted to extend this analysis to investigating
second-order LIV effects and combining muon fluctuation
data with mass composition estimates and other observ-
ables, such as radio detector data [30] and underground
muon detector (UMD) measurements [30].

In summary, this work represents a foundational step
towards a comprehensive test of Lorentz invariance at
ultra-high energies, as aimed in [31], thanks to the unique
capability of the Pierre Auger Observatory to explore
extreme energy scales.
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Italy – Istituto Nazionale di Fisica Nucleare (INFN);
Istituto Nazionale di Astrofisica (INAF); Ministero
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cional de Ciencia y Tecnoloǵıa (CONACYT-SECHTI)
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SUPPLEMENTAL MATERIAL: BOUNDS ON LORENTZ INVARIANCE VIOLATION FROM MUON
FLUCTUATIONS AT THE PIERRE AUGER OBSERVATORY

I. LIV EFFECT ON SHOWER MAXIMUM AND ENERGY

The depth of the shower maximum and the energy deposit in the atmosphere have been evaluated in the same set
of CONEX simulations used for the muon analysis. In the presence of LIV, ⟨Xmax⟩ shows a systematic shift towards
lower values with respect to the Lorentz-invariant case, particularly for proton primaries at the highest energies.
However, the magnitude of this variation remains small compared to the changes observed in the muon sector. For
the values of LIV η parameter within the region of interest considered in this work, the shift towards shallower ⟨Xmax⟩
with respect to the standard case does not exceed 5%. This behaviour is illustrated, as an example for EPOS-LHC
hadronic interaction model, in Fig. 5 (left panel).

A similar trend is found for the energy deposited in the atmosphere: the suppression of neutral-pion decay reduces
the fraction of energy transferred to the electromagnetic component, leading to a modest reduction in the normalization
of the longitudinal profile. Across the full range of constrained LIV parameters, the decrease in the deposited energy
is consistently below 5%, as shown in Fig. 5 (right panel).

These results confirm that while the shower maximum and the deposited energy carry some sensitivity to LIV effects,
their relative modifications are much less pronounced than for the muon content at ground level. Consequently, they
provide complementary but less stringent observables in assessing possible deviations from Lorentz invariance.
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FIG. 5. Relative differences in shower maximum (left panel) and deposited energy (right panel) as a function of log10(E/eV)
for different LIV values, using the EPOS-LHC hadronic interaction model. Both are expressed in percent.

II. PARAMETERISATIONS OF MUON OBSERVABLES IN LIV MODELS

The relative muon fluctuations, defined as σNµ/⟨Nµ⟩, are sensitive to energy, primary mass and hadronic interaction
model. Since the necessary high statistics simulations are feasible only for a discrete set of energies and mass numbers,
a functional representation is essential to enable a smooth evaluation of muon observables under LIV hypotheses.
However, the parameterisations have been produced only for protons and iron nuclei which allow us to reproduce the
most conservative LIV scenario, namely, the composition that yields the largest possible value of σNµ

/⟨Nµ⟩ under
the hypothesis of a given LIV strength. In the following, we describe the two-step fitting procedure that enables this
construction and the parametrisation which are valid for log10(E/eV) = [16.0, 21.0] and log10(−η) = [−16,−1]:

1. The standard (LI) values of ⟨Nµ⟩ and σµ for each primary and hadronic interaction model are fitted as a function
of energy using an exponential function (see Eq 10);

2. The LIV-modified values are expressed through the ratios:
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Rµ(ϵ) =
⟨Nµ⟩STD

⟨Nµ⟩η
, Rσ(ϵ) =

σSTD

ση
, (9)

and parameterised as functions of ϵ = log10(E/eV) for each η. Their fit parameters are subsequently modeled
as quadratic functions of log10(−η) (see Eq 14).

This choice of treating separately the LI reference and the LIV-to-standard ratios is motivated by the fact that, once
these parameterisations are known for protons and iron, the mean and variance for any mixed mass composition and
any value of η can be reconstructed a posteriori using Eq. 7 and Eq. 8 in the main text.

Parameterisations of Standard Muon Mean and Fluctuations

The standard (Lorentz–invariant) values of the mean and standard deviation of the muon number are modelled, as
a function of energy, with the same exponential form:

f(ϵ) = a · exp(b · ϵ) , (10)

where ϵ = log10(E/eV). The coefficients a and b are determined independently for ⟨Nµ⟩ and σNµ
and for each

combination of primary mass and hadronic interaction model, and are reported in Tab. II. An example of this
exponential description for EPOS–LHC protons is provided by the η = 0 curves in the upper–left panel of Fig. 6 for
the mean and of Fig. 7 for the RMS.

Model primary ⟨Nµ⟩ σNµ

a [×10−11] b a [×10−11] b
EPOS-LHC proton 3.4266± 0.0475 2.1382 ± 0.0008 4.2845± 0.1227 2.0177 ± 0.0017
QGSJetII–04 proton 3.9467± 0.0477 2.1288 ± 0.0006 7.3410± 0.1808 1.9807 ± 0.0015
EPOS-LHC iron 5.9547± 0.0199 2.1224 ± 0.0002 1.7325± 0.0599 1.9995 ± 0.0018
QGSJetII–04 iron 6.7664± 0.0257 2.1148 ± 0.0002 3.8215± 0.1436 1.9587 ± 0.0020

TABLE II. Best-fit parameters a and b for the exponential functions f(ϵ) = a · exp(bϵ) used to describe ⟨Nµ⟩ and σNµ at η = 0.

Parameterisations of LIV-to-Standard Ratios

The energy dependence of the LIV-to-standard ratios is described by simple analytic functions of ϵ = log10(E/eV).
For the mean number of muons, the ratio Rµ(ϵ, η) is parametrised as:

Rµ(ϵ, η) = C(η) +
1− C(η)

1 + exp
[
λ(η)

(
ϵ− θ(η)

)] , (11)

where θ(η) sets the transition energy between the Lorentz-invariant and LIV-dominated regimes, λ(η) controls the
steepness of the transition, and C(η) is the high-energy plateau value of the ratio. With this choice Rµ → 1 at low
energies and Rµ → C(η) at high energies.

For the RMS of the muon number, the ratio Rσ(ϵ, η) is modelled as an “inverted Fermi–Gaussian” in the energy
variable ϵ = log10(E/eV):

Rσ(ϵ, η) = 1 +
[
1− f(ϵ, η)

] [
A(η) exp

(
−
(
ϵ− µ(η)

)2
2 s2

)
+∆(η)

]
, (12)

with

f(ϵ, η) =
1

1 + exp
[
t
(
ϵ− ω(η)

)] , (13)
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where s = 2 and t = 3.2 are kept fixed. Here ω(η) controls the onset of the transition, µ(η) sets the position of the
peak in ϵ, A(η) is the Gaussian amplitude and ∆(η) is a constant offset.
For protons, we set ∆(η) = 0 and fit A(η), µ(η) and ω(η) as functions of log10(−η). For iron, the data are well

described by fixing the Gaussian amplitude to a constant value A(η) ≡ A0 = 0.4 and introducing a non-zero high-
energy offset ∆(η) = R∞ − 1. In the implementation used in this work we take R∞ = 1.0 for EPOS–LHC and
R∞ = 0.7 for QGSJetII–04, so that Rσ(ϵ, η) tends to these values at the highest energies. Illustrative examples of
these fits for different values of η, for EPOS–LHC protons and iron, are shown in Fig. 6 and Fig. 7, where the upper
panels display Rµ(ϵ, η) and Rσ(ϵ, η) as a function of ϵ for several LIV strengths.
Each parameter p(η) ∈ {θ, λ, C, ω, µ,A} in the above functions is then parameterised as a function of log10(−η). In

general we adopt the quadratic form

p(η) = a+ b log10(−η) + c
[
log10(−η)

]2
, (14)

while for the iron RMS case a linear dependence (c = 0) provides an adequate description and is used in the fits.
Representative examples of these parameter–vs–log10(−η) fits are shown in the lower panels of Fig. 6 and Fig. 7, where
the points correspond to individual ratio fits (namely Rµ and Rσ) and the curves to the global parameterisations with
their 1σ uncertainty bands.

Model primary θ λ C
a b c [×10−3] a b c a b [×10−3] c [×10−3]

EPOS-LHC proton 16.67± 0.028 −0.364± 0.017 −4.710± 1.987 1.851± 0.086 0.061± 0.052 0.012± 0.007 0.418± 0.003 4.12± 2.02 −1.39± 0.26
QGSJetII–04 proton 16.82± 0.022 −0.385± 0.013 −7.283± 1.516 1.740± 0.063 0.032± 0.038 0.011± 0.005 0.430± 0.003 5.63± 1.62 −1.41± 0.22
EPOS-LHC iron 18.38± 0.005 −0.353± 0.004 −11.330± 0.514 1.659± 0.015 0.063± 0.011 0.030± 0.002 0.445± 0.001 6.24± 0.80 −2.98± 0.18
QGSJetII–04 iron 18.48± 0.005 −0.363± 0.004 −11.202± 0.641 1.634± 0.017 0.003± 0.010 0.022± 0.002 0.445± 0.001 9.23± 0.96 −2.75± 0.15

TABLE III. Fit parameters for Rµ as a function of log10(−η): θ, λ, and C.

Model primary ω µ A
a b c [×10−3] a b c [×10−3] a b c [×10−3]

EPOS-LHC proton 15.694± 0.076 −0.428± 0.040 −2.982± 4.505 18.252± 0.116 −0.204± 0.077 −6.225± 10.628 0.916± 0.030 −0.019± 0.018 2.535± 2.633
QGSJetII–04 proton 15.605± 0.088 −0.580± 0.046 −2.508± 5.297 18.381± 0.140 0.124± 0.088 51.680 ± 0.002 0.576± 0.025 −0.044± 0.016 −1.025± 2.117
EPOS-LHC iron 17.504± 0.048 −0.330± 0.014 – 15.861± 0.091 −0.591± 0.027 – 0.4 – –
QGSJetII–04 iron 17.632± 0.129 −0.289± 0.028 – 16.949± 0.057 −0.424± 0.017 – 0.4 – –

TABLE IV. Fit parameters for Rσ as a function of log10(−η): ω, µ and A.

III. COMPOSITION MAXIMIZING RELATIVE FLUCTUATIONS IN LIV SCENARIOS

In order to identify the most conservative scenario for constraining LIV effects through muon fluctuations, we
investigated how the relative muon fluctuations σNµ

/⟨Nµ⟩ depend on mass composition for different values of energy
and the LIV parameter η.
Figures 8 shows “umbrella plots” of relative muon fluctuations at fixed values of log10(−η) = −3 and −6, corre-

sponding respectively to a large LIV violation and to the region currently constrained by this analysis. Each panel
shows σNµ

/⟨Nµ⟩ as a function of ⟨Nµ⟩ for selected primary combinations at three energies in the relevant range, with
the corresponding standard (non-LIV) case superimposed for comparison. Despite the distortions in shower develop-
ment induced by LIV, the mass hierarchy in muon production is largely preserved. This implies that the composition
that maximizes the relative fluctuation can generally achieved with a binary mixture of protons and iron. In some
extreme configurations (large η and/or high energy), the maximum is obtained for pure proton composition, but never
for intermediate-mass combinations.

To identify the actual mass mixture that maximizes the relative muon fluctuations over energy and LIV parameter
values, we performed a full scan over binary mixtures of protons and iron, varying the iron fraction f from 1 (pure
Fe) to 0 (pure p). The complete results of this optimization are shown in Fig. 9, where the optimal iron fraction f is
mapped over the full (E, η) space, for the EPOS-LHC (left panel) and QGSJetII-04 (right panel) interaction models.
These heatmaps allow the identification of the most conservative scenario for any given configuration, based on the
parametrizations derived above, without requiring additional simulations.
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FIG. 6. Mean muon number and LIV-to-standard ratios for EPOS–LHC protons. Top panels: standard case η = 0 and ratios
Rµ = ⟨Nµ⟩STD/⟨Nµ⟩η as a function of log10(E/eV) for different η values (data points, best–fit curves and 1σ bands). Bottom
panels: corresponding parameters θ(η), λ(η) and C(η) versus log10(−η); points are the results of individual ratio fits, while red
curves and bands show the quadratic parameterisations and their 1σ uncertainties.
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FIG. 7. Muon RMS and LIV-to-standard ratios for EPOS–LHC protons. Top panels: standard case η = 0 and ratios
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FIG. 8. Relative muon fluctuations σNµ/⟨Nµ⟩ as a function of ⟨Nµ⟩ for selected primary combinations at three energies
log10(E/eV) = 17, 18, 19, for the EPOS-LHC hadronic interaction model. Left column: log10(−η) = 3, corresponding to a large
LIV violation. Right column: log10(−η) = 6, corresponding to the region currently constrained by this analysis.
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FIG. 9. Fraction of iron f that maximizes the relative muon fluctuations σNµ/⟨Nµ⟩, as a function of log10(E/eV) and log10(−η).
The corresponding proton fraction is 1− f for the EPOS-LHC (left panel) and QGSJetII–04 (right panel) hadronic interaction
models.


