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ABSTRACT
FLEXO is a multiphysics code developed at Sandia National Laboratories for predictive simulation
of pulsed power target physics with extended magnetohydrodynamics modeling. Given this appli-
cation space, FLEXO must be able to perform high-fidelity simulations of pulsed-power systems
that include multiple materials. This work presents the augmentation of FLEXO with a six-equation
model for multimaterial flow. We design and analyze discretizations of the six-equation model,
emphasizing desirable properties for robust multimaterial simulation. We also present solution
limiting, bounds preservation, and pressure equilibration/relaxation techniques that enhance the
robustness of the overall multimaterial scheme. We present a suite of test problems to document
these new capabilities of the FLEXO code.
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ACRONYMS & DEFINITIONS

FLEXO Flux-Limited Extended-MHD Ohm’s Law
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MagLIF Magnetized Liner Inertial Fusion

DG Discontinuous Galerkin

GPU Graphical processing unit
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RKDG Runge-Kutta discontinuous Galerkin

LLF Local Lax-Friedrichs

HLL Harten-Lax-van Leer

HLLC Harten-Lax-van Leer-Contact
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1. INTRODUCTION

Flux-Limited Extended-MHD Ohm’s Law (FLEXO) is a multiphysics code for simulating tar-
get physics on pulsed-power systems with extended magnetohydrodynamics (XMHD) modeling
featuring Hall physics [36]. Multimaterial modeling is crucial for these targets, which are often
composed of multiple materials and exhibit complex interface hydrodynamics during compression.
For example, Magnetized Liner Inertial Fusion (MagLIF) experiments [42] feature an outer liner
material that is magnetically driven to implode a pre-heated lower-density fusion fuel. These targets
may also feature additional layers between the liner and fuel [41], further complicating the interface
dynamics during target implosion and stagnation. A great amount of effort has been expended on
diagnosing, simulating, and ultimately controlling the growth of interfacial instabilities in MagLIF
systems [37, 40, 49], which are a major source of degradation of the target and therefore pose a
large technical barrier for the success of MagLIF. Thus, development of robust, high-fidelity, and
parallelizable numerical algorithms for multimaterial physics is extremely important in this field.

The discontinuous Galerkin (DG) finite element method [9] is a numerical method that utilizes a
polynomial basis of arbitrary order with compact support in each element, coupling solutions via
numerical flux functions evaluated at element interfaces. This approach has received much attention
from researchers in recent years, due to its arbitrary high-order accuracy and superconvergence
properties [5] in addition to its compactness and parallelizability. These are ideal properties for
a production-level code for designing pulsed-power targets: high-order accuracy is important for
resolving the small-scale, low-density features involved in the seeding of the helical magneto-
Rayleigh-Taylor instability [37, 47] as well as the potentially turbulent mixing that occurs at the
liner-fuel interface. Furthermore, the method’s parallelizability lends itself very well to the large,
3-D computations required for this application, including the use of graphical processing unit
(GPU) architectures.

Despite these advantages, the discontinuous Galerkin method has not been applied to multimaterial
or multifluid flows as extensively as might be expected. This is likely due to issues with robustness
in discontinuity capturing with the DG method, as well as the complexity of applying schemes
developed for single-fluid shock capturing to material interfaces, generally referred to as interface
capturing. This approach contrasts with interface tracking, in which the interface is explicitly
tracked, e.g., via Lagrangian tracers, mesh alterations, or a level-set function. Rather, the interface
is captured via discontinuous material properties or color functions (e.g., volume fractions). Using
a high-order numerical method, these discontinuous functions require application of selective dis-
sipation to suppress oscillations. Interface capturing features a much more equitable balance of the
computational burden across the domain, unlike interface tracking which concentrates computa-
tional expense in elements near the interface. This is advantageous for large parallel calculations, in
which load balancing is an important consideration. Furthermore, interface capturing approaches
do not require interface reconstruction or remeshing/mesh distortion, which are conceptually and

15



practically difficult to extend to a 3-D high-order solution. For these reasons, adoption of the DG
method in the interface tracking literature has been even slower than in the interface capturing
literature.

This work aims to integrate into the FLEXO code an interface capturing approach in the framework
of the discontinuous Galerkin finite element method. This report is organized as follows: in
Chapter 2, we describe the six-equation model used here. In Chapter 3, we describe our DG
discretization for solving the phasic-total-energy six-equation model, with particular emphasis on
the non-conservative terms in the model and their discretization. In Chapters 4 and 5, we describe
the limiting scheme used to regularize discontinuities and the bounds-preservation scheme used
to maintain physically valid states, respectively. In Chapter 6, we describe our approaches for
equilibrating/relaxing material pressures, which is important for robust solution of the six-equation
model. In Chapter 7, we include results for a suite of verification problems. Then, in Chapter
8, we include results for a few large-scale, application-relevant FLEXO simulations using the
capabilities established in this document. In Chapter 9 we provide conclusions and discuss ongoing
development areas to improve the multimaterial capabilities in FLEXO.
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2. GOVERNING EQUATIONS

The single-velocity six-equation two-phase model of multimaterial flow was originally introduced
by Saurel et al. [32] as an alternative to the five-equation model of Kapila [21] to circumvent some
numerical issues (e.g., a non-monotonic mixture sound speed across interfaces) inherent to the
five-equation model. Another benefit of the six-equation model is that it admits the use of distinct
and arbitrary (i.e., from a tabular source) equation of state (EOS) for each material without the need
to iterate on a common pressure. This benefit is realized because each material’s energy is solved
for separately. As a result, the materials may naturally be out of pressure equilibrium in mixed
zones.

However, the six-equation model of Saurel et al. involves the solution of internal energies of
the mixing phases, which requires the solution of an additional conservation law governing the
mixture energy to ensure correct jump conditions across discontinuities. The phasic-total-energy
six-equation model of Pelanti and Shuye [28, 29], which is mathematically equivalent to that of
Saurel et al. (see Appendix A), was introduced to avoid this complication. Instead, the phasic
(i.e., partial) total energy density of each mixing phase is evolved, implicitly enforcing overall
conservation of energy. The phasic-total-energy six-equation model is written:

𝜕

𝜕𝑡
𝛼𝑘 + ®𝑢 · ∇𝛼𝑘 =

𝑁𝑚∑︁
𝑗=1

𝜇𝑘 𝑗 (𝑝𝑘 − 𝑝 𝑗 ), (2.1a)

𝜕

𝜕𝑡
[𝛼𝑘𝜌𝑘 ] + ∇ · [𝛼𝑘𝜌𝑘 ®𝑢] = 0, (2.1b)

𝜕

𝜕𝑡
[𝜌®𝑢] + ∇ · [𝜌®𝑢 ⊗ ®𝑢 + 𝑝𝑰] = 0, (2.1c)

𝜕

𝜕𝑡
[𝛼𝑘𝜌𝑘𝐸𝑘 ] + ∇ · [ ®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )] + Y𝑘 = −

𝑁𝑚∑︁
𝑗=1

𝑝𝐼,𝑘 𝑗𝜇𝑘 𝑗 (𝑝𝑘 − 𝑝 𝑗 ), (2.1d)

where the index 𝑘 spans the number of materials, 𝑘 = 1, .., 𝑁𝑚, and 𝑰 is the identity matrix. Here
the material 𝑘 volume fraction is 𝛼𝑘 , partial mass density is 𝛼𝑘𝜌𝑘 , and partial total energy density
is 𝛼𝑘𝜌𝑘𝐸𝑘 = 𝛼𝑘E𝑘 + 1

2𝛼𝑘𝜌𝑘 ®𝑢 · ®𝑢, where E𝑘 = 𝜌𝑘𝜀𝑘 is the internal energy density of material 𝑘 . The
mixture (bulk) density is 𝜌 =

∑
𝑘 𝛼𝑘𝜌𝑘 and the mixture (bulk) pressure is 𝑝 =

∑
𝑘 𝛼𝑘 𝑝𝑘 . The system

requires an EOS for each material pressure, 𝑝𝑘 = 𝑝𝑘 (𝜀𝑘 , 𝜌𝑘 ). We do not assume a form for this
relationship in this work, unless otherwise stated. The system necessarily contains nonconservative
terms in the volume fraction equation and energy equation, the latter of which is written as:

Y𝑘 = ®𝑢 · [𝑧𝑘∇𝑝 − ∇(𝛼𝑘 𝑝𝑘 )] . (2.2)

Here 𝑧𝑘 = 𝛼𝑘𝜌𝑘/𝜌 is the mass fraction of material 𝑘 . The right-hand terms are the pressure relax-
ation source terms, which drive the pressures to equilibrate in elements where multiple materials
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exist. Within these terms, 𝑝𝐼,𝑘 𝑗 = 𝑝𝐼, 𝑗 𝑘 is the interface pressure between materials 𝑗 and 𝑘 , and
𝜇𝑘 𝑗 = 𝜇 𝑗 𝑘 is the pressure relaxation coefficient between materials 𝑗 and 𝑘 .

We note that while the partial total energy densities of each material are not conserved due to the
presence of the nonconservative and source terms, we may sum Eqn. (2.1d) over each 𝑘 material
to obtain a statement of conservation of the mixture (bulk) total energy 𝜌𝐸 =

∑
𝑘 𝛼𝑘𝜌𝑘𝐸𝑘 ,

𝜕

𝜕𝑡
[𝜌𝐸𝑘 ] + ∇ · [ ®𝑢(𝜌𝐸 + 𝑝)] = 0, (2.3)

thus, total energy is conserved using this modeling approach.

While this model is implemented in the FLEXO XMHD code, the discussion in this report regards
the hydrodynamic equations in the context of multimaterial modeling. Thus, we defer description
of the XMHD modeling, numerical solution, and capabilities to the Reference [2].

We discuss approaches to discretizing Eqns. (2.1) with the discontinuous Galerkin (DG) finite
element method, with a focus on the nonconservative terms, in Chapter 3. Approaches for model-
ing/solution of the pressure relaxation source terms in Eqns. (2.1) are discussed in Chapter 6.
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3. DISCONTINUOUS GALERKIN DISCRETIZATION

The DG method approximates the solution vector q using a polynomial expansion on a spatial
element Ω𝑒, which is a subset of the domain Ω =

⋃𝑁𝑒

𝑒=1 Ω𝑒, comprised of 𝑁𝑒 elements,

q(®𝑥) |®𝑥∈Ω𝑒
≈ q𝑒 =

𝑁𝑏∑︁
𝑗=1

q̂𝑒𝑗𝜙 𝑗 (𝑥), (3.1)

where 𝑁𝑏 is the number of locally supported basis functions 𝜙 𝑗 (𝑥), which are at most 𝑃-th order.
In 1-D, we utilize 𝑁𝑏 = 𝑃 + 1 number of Legendre basis functions for an overall solution order
of 𝑃. For 2-D and 3-D calculations, we use a tensor product of the 1-D bases in each coordinate
direction, resulting in 𝑁𝑏 = (𝑃 + 1)2 and 𝑁𝑏 = (𝑃 + 1)3 basis functions, respectively. The solution
degrees of freedom q̂𝑒

𝑗
are discrete unknowns that are advanced in time.

In this chapter, we describe a selection of different approaches to discretize the governing equations,
Eqns. (2.1), by the discontinuous Galerkin method. In this section, we neglect entirely the pressure
relaxation source terms on the right-hand side of Eqns. (2.1), deferring discussion of their solution
for later chapters. We then analyze these discretizations with emphasis on their well-balancedness,
which is an important attribute of numerical schemes featuring nonconservative terms.

3.1. Discontinuous Galerkin Discretization for Conservative Equations

We utilize a typical Runge-Kutta discontinuous Galerkin (RKDG) method [11] for the equations
in the six-equation model, Eqns. (2.1), that may be written entirely in divergence form, i.e., Eqns.
(2.1b) and (2.1c). These equations can be written as,

𝜕

𝜕𝑡
q + ∇ · ®f (q) = 0. (3.2)

The equations that obey Eqn. (3.2) comprise the conservative subsystem of the system Eqns. (2.1).

We create the DG weak form by considering the modal expansion of the solution vector, Eqn. (3.1),
in the continuous governing equations, Eqn. (3.2), mulitplying by the basis functions 𝜙𝑒

𝑖
, and then

integrating over the domain:∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
q𝑒𝑑Ω +

∫
Ω𝑒

𝜙𝑒𝑖 ∇ · ®f (q𝑒)𝑑Ω = 0, (3.3)
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where the integration becomes nonzero only within element Ω𝑒 due to the local support of the basis
function. We then apply the divergence theorem to separate the flux term into a surface integral
and a volume integral,∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
q𝑒𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖
®̂f · ®𝑛𝑑𝑠 −

∫
Ω𝑒

®f (q𝑒) · ∇𝜙𝑒𝑖 𝑑Ω = 0. (3.4)

Appearing in the surface integral is the numerical flux ®̂f, which due to the discontinuous nature of the
solution at element interfaces must depend on the state within Ω𝑒 as well as the element(s) sharing
the surface 𝜕Ω𝑒. Numerical fluxes from finite-volume schemes, such as Local Lax-Friedrichs (LLF)
and Harten-Lax-van Leer (HLL) are common choices. In Appendix B, we describe a few examples
of Riemann solvers for Eqns. (2.1). The two right-hand integrals are evaluated numerically using
Gaussian quadrature. As has been discussed in Refs. [8, 11], the volume integral present in Eqn.
(3.4) should be evaluated with a quadrature rule that is exact for polynomials of order 2𝑃, and the
surface integral should be evaluated with a quadrature rule that is exact for polynomials of order
2𝑃 + 1. For Gaussian quadrature, this corresponds to a quadrature rule using at least 𝑁𝑞 = (𝑃 + 1)𝑑
points for volume integrals and 𝑁𝑞 = (𝑃 + 1)𝑑−1 points for surface integrals, where 𝑑 is the number
of spatial dimensions of the element.

Inserting the definition for q𝑒, Eqn. (3.1), we obtain,

𝑀𝑒
𝑖 𝑗

𝑑

𝑑𝑡
q̂𝑒𝑗𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖
®̂f · ®𝑛𝑑𝑠 −

∫
Ω𝑒

®f (q𝑒) · ∇𝜙𝑒𝑖 𝑑Ω = 0, (3.5)

where 𝑀𝑒
𝑖 𝑗

is an entry of the elemental mass matrix,

𝑀𝑒
𝑖 𝑗 =

∫
Ω𝑒

𝜙𝑒𝑖 𝜙
𝑒
𝑗𝑑Ω, (3.6)

which in practice is also evaluated exactly using a sufficient quadrature rule. Now the solution
degrees of freedom q̂𝑒

𝑗
may be evolved by an explicit time-stepping scheme such as the family of

Runge-Kutta schemes [4].

In Sections 3.2-3.4, we describe the discontinuous Galerkin discretizations studied herein for the
nonconservative subsystem of Eqns. (2.1), i.e., Eqns. (2.1a) and (2.1d).

3.2. Pandare Discretization for Nonconservative Equations

We now describe the discretization of the nonconservative subsystem of the six-equation model,
Eqns. (2.1), using the approach of Pandare et al. [26, 27]. This approach uses the weak form, for
Eqn. (2.1a), ∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝛼𝑘 ®𝑢) · ®𝑛𝑑𝑠 −
∫
Ω𝑒

𝛼𝑘∇ · ( ®𝑢𝜙𝑒𝑖 )𝑑Ω = 0, (3.7)
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where 𝛼𝑘 ®𝑢 is the numerical flux term from Eqn. (3.4). Here, the divergence of the velocity ®𝑢 is to
be calculated in a special manner, rather than from the gradients of the DG solution. The authors
instead define,

∇ · ®𝑢 =

∫
𝜕Ω𝑒

®𝑢∗ · ®𝑛𝑑𝑠, (3.8)

where the velocity ®𝑢∗ is taken from the Riemann solver in such a manner that, according to
the authors, the discretization is well-balanced. This means, generally, that the nonconservative
discretization does not cause the accumulation of quantities that should be uniform. In the case of
multimaterial hydrodynamics, it means that equilibria of primitive quantities such as velocity and
pressure remain uniform in scenarios where the governing equations require so. This concept will
be revisited in Section 3.5. The weak form for Eqn. (2.1d) is,∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 [ �®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )] · ®𝑛𝑑𝑠 −
∫
Ω𝑒

®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) · ∇𝜙𝑒𝑖 𝑑Ω

−
∫
Ω𝑒

𝜙𝑒𝑖 ®𝑢 · ∇(𝛼𝑘 𝑝𝑘 )𝑑Ω +
∫
Ω𝑒

𝜙𝑒𝑖 𝑧𝑘 ®𝑢 · ∇𝑝𝑑Ω = 0, (3.9)

where [ �®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )] is the numerical flux term from Eqn. (3.4). Here, the gradient of the
partial pressure ∇(𝛼𝑘 𝑝𝑘 ) is to be calculated in a special manner, rather than from the gradients of
DG solution. The authors define,

∇(𝛼𝑘 𝑝𝑘 ) =
∫
𝜕Ω𝑒

(𝛼𝑘 𝑝𝑘 )∗®𝑛𝑑𝑠, (3.10)

where the partial pressure (𝛼𝑘 𝑝𝑘 )∗ is taken from the Riemann solver in such a manner that,
according to the authors, the discretization is well-balanced. The quantity ∇𝑝 is calculated from
the sum of the quantities ∇(𝛼𝑘 𝑝𝑘 ).

We implemented this approach in the FLEXO code: none of the results in Chapter 7 were obtained
using the QUINOA code [23].

3.3. Path-Conservative Discretization for Nonconservative Equations

We now describe the discretization of the nonconservative subsystem of the six-equation model,
Eqns. (2.1), using the path-conservative approach for nonconservative equations [6, 12]. At the
time of this writing, the present authors are unaware of other work in the literature that has applied
the path-conservative discretization to the six-equation model.

The path-conservative approach for discretizing a general nonconservative system of equations,
which can be written as,

𝜕

𝜕𝑡
q + ∇ · ®f (q) + ®h(q) · ∇q = 0, (3.11)
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has been applied to solve nonconservative equations using the discontinuous Galerkin method
[18, 31, 51]. In this context, the weak form is given by,∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
q𝑒𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖
®̂f · ®𝑛𝑑Ω −

∫
Ω𝑒

®f (q𝑒) · ∇𝜙𝑒𝑖 𝑑𝑥

−
∫
𝜕Ω𝑒

{𝜙𝑖}(®hq)∗ · ®𝑛𝑑𝑠 +
∫
Ω𝑒

𝜙𝑒𝑖
®h(q𝑒) · ∇q𝑒𝑑Ω = 0. (3.12)

Here, {𝜙𝑖} = 1
2 (𝜙

−
𝑖
+ 𝜙+

𝑖
) denotes the average of a quantity across the element interface 𝜕Ω𝑒, where

𝜙−
𝑖

denotes the value on the interface taken from Ω𝑒, and 𝜙+
𝑖

denotes the value on the interface taken
from the neighboring element sharing the element interface 𝜕Ω𝑒. This notation is borrowed from
continuous Galerkin literature; for the discontinuous Galerkin method, the basis function 𝜙+

𝑖
of the

neighboring element as seen from element Ω𝑒 is zero, such that {𝜙𝑖} = 1
2𝜙

−
𝑖
. The quantity ®̂f is the

conservative numerical flux from Eqn. (3.4). Note, however, that the nonconservative terms alter
the jump conditions using this approach, so that care must be taken in re-formulating the numerical
flux function [14]. The path-conservative term (®hq)∗ is evaluated as,

(®hq)∗ =
∫ 1

0
®h(𝜓(𝜏; q−, q+)) 𝜕𝜓

𝜕𝜏
(𝜏; q−, q+)𝑑𝜏, (3.13)

where we assume a linear path joins the states across the interface, 𝜓(𝜏; q−, q+) = q−+𝜏(q+−q−).

Considering the form of the path-conservative term Eqn. (3.13), we realize that writing the path
𝜓(𝜏; q−, q+) directly in terms of the state variables q = [𝛼𝑘 , 𝛼𝑘𝜌𝑘 , 𝜌𝑢, 𝛼𝑘𝜌𝑘𝐸𝑘 ] introduces non-
linearity in the quantity ®h(𝜓). Forming the path-conservative term (®ℎ𝑞)∗ for Eqn. (2.1a) in this
manner,

( ®𝑢𝛼𝑘 )∗ =
∫ 1

0

𝜌®𝑢− + 𝜏(𝜌®𝑢+ − 𝜌®𝑢−)
𝜌− + 𝜏(𝜌+ − 𝜌−) (𝛼+𝑘 − 𝛼

−
𝑘 )𝑑𝜏. (3.14)

Here we can move the quantity [[𝛼𝑘 ]] = (𝛼+
𝑘
− 𝛼−

𝑘
) out of the integral, but what remains cannot

be solved analytically and must be solved by quadrature. This is not at all desirable, as we must
solve an integral of this type at each element interface during every sub-step of our RKDG scheme.
Note that forming the 𝜕𝜓

𝜕𝜏
can also cause this issue, if writing the ∇q in the non-conservative term

directly in terms of the state vector q introduces products/quotients of the state variables.

Instead, we can circumvent this issue by ensuring that the non-conservative term is written via a
mapping of ®h(q) in terms of primitive variables that allows these terms to appear linearly in the
path-conservative term. Using this approach, the path-conservative term (®ℎ𝑞)∗ for Eqn. (2.1a)
evaluates as:

( ®𝑢𝛼𝑘 )∗ =
∫ 1

0
[ ®𝑢− + 𝜏( ®𝑢+ − ®𝑢−)] [𝛼+𝑘 − 𝛼

−
𝑘 ]𝑑𝜏 = {®𝑢}[[𝛼𝑘 ]], (3.15)

which requires no quadrature. Similarly, for Eqn. (2.1d), we apply this approach term-by-term:

( ®𝑢𝑧𝑘 𝑝)∗ =
∫ 1

0
[( ®𝑢𝑧𝑘 )− + 𝜏(( ®𝑢𝑧𝑘 )+ − (®𝑢𝑧𝑘 )−)] [𝑝+ − 𝑝−]𝑑𝜏 = {®𝑢𝑧𝑘 }[[𝑝]], (3.16)

( ®𝑢𝛼𝑘 𝑝𝑘 )∗ =
∫ 1

0
[ ®𝑢− + 𝜏( ®𝑢+ − ®𝑢−)] [(𝛼𝑘 𝑝𝑘 )+ − (𝛼𝑘 𝑝𝑘 )−]𝑑𝜏 = {®𝑢}[[𝛼𝑘 𝑝𝑘 ]] . (3.17)
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Inserting the nonconservative surface terms Eqn. (3.15), Eqn. (3.16), and Eqn. 3.17 into Eqn.
(3.12), we obtain for Eqn. (2.1a),∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω −

∫
𝜕Ω𝑒

1
2
𝜙𝑒𝑖 {®𝑢}[[𝛼𝑘 ]] · ®𝑛𝑑𝑠 +

∫
Ω𝑒

𝜙𝑒𝑖 ®𝑢 · ∇𝛼𝑘𝑑Ω = 0, (3.18)

and for Eqn. (2.1d):∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝐸𝑘 ) 𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖
�®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) · ®𝑛𝑑𝑠

−
∫
Ω𝑒

®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) · ∇𝜙𝑒𝑖 𝑑Ω

−
∫
𝜕Ω𝑒

1
2
𝜙𝑒𝑖 {®𝑢𝑧𝑘 }[[𝑝]] · ®𝑛𝑑𝑠 +

∫
Ω𝑒

𝜙𝑒𝑖 ®𝑢𝑧𝑘 · ∇𝑝𝑑Ω

+
∫
𝜕Ω𝑒

1
2
𝜙𝑒𝑖 {®𝑢}[[𝛼𝑘 𝑝𝑘 ]] · ®𝑛𝑑𝑠 −

∫
Ω𝑒

𝜙𝑒𝑖 ®𝑢 · ∇𝛼𝑘 𝑝𝑘𝑑Ω = 0, (3.19)

where [ �®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )] is the numerical flux term from Eqn. (3.4).

We note that other authors [46] have discretized the volume fraction equation Eqn. (3.18) in a
different form using the path-conservative approach (in the context of a five-equation model) and
found that it violates consistency of reduction, meaning that it does not enforce constancy of volume
fraction in a region of constant phase when a velocity gradient is present. By directly discretizing
the nonconservative form of Eqn. (3.18), we circumvent this issue.

Furthermore, it has been shown [1] that the path-conservative discretization of nonconservative
systems of equations may not converge to the correct solution even if the path is chosen such that the
jump conditions are correctly represented. This is a known shortcoming of the path-conservative
approach, and is outside the scope of this work.

3.4. Spatial-Averaging Discretization for Nonconservative Equations

We now describe the discretization of the nonconservative subsystem of the six-equation model,
Eqns. (2.1), using a more recent approach [46, 50], which has not been extended to this model
prior to the current report. We term this the spatial-averaging approach to discretization of
nonconservative equations.

We begin with our proposed discretization for the volume fraction equation, Eqn. (2.1a). Evaluating
the weak form of the equations, written in the form 𝜕𝑡𝛼𝑘 + ∇ · [𝛼𝑘 ®𝑢] − 𝛼𝑘∇ · ®𝑢 = 0,∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 𝛼𝑘 ®𝑢 · ®𝑛𝑑𝑠 −
∫
Ω𝑒

𝛼𝑘 ®𝑢 · ∇𝜙𝑒𝑖 𝑑Ω −
∫
Ω𝑒

𝜙𝑒𝑖 𝛼𝑘∇ · ®𝑢𝑑Ω = 0, (3.20)

where 𝛼𝑘 ®𝑢 is the numerical flux term from Eqn. (3.4).
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In order to remove the 𝛼𝑘 from the last integral to apply the divergence theorem, we make the
approximation that 𝛼𝑘 ≈ 𝛼𝑘 = 1

|Ω𝑒 |
∫
Ω𝑒
𝛼𝑘𝑑Ω,∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 𝛼𝑘 ®𝑢 · ®𝑛𝑑𝑠 −
∫
Ω𝑒

𝛼𝑘 ®𝑢 · ∇𝜙𝑒𝑖 𝑑Ω − 𝛼𝑘
∫
Ω𝑒

𝜙𝑒𝑖 ∇ · ®𝑢𝑑Ω = 0. (3.21)

Rearranging,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω+

∫
𝜕Ω𝑒

𝜙𝑒𝑖 𝛼𝑘 ®𝑢 · ®𝑛𝑑𝑠−
∫
Ω𝑒

𝛼𝑘 ®𝑢 · ∇𝜙𝑒𝑖 𝑑Ω−𝛼𝑘
∫
𝜕Ω𝑒

𝜙𝑒𝑖 ®̂𝑢 · ®𝑛𝑑𝑠+𝛼𝑘
∫
Ω𝑒

®𝑢 · ∇𝜙𝑒𝑖 𝑑Ω = 0,

(3.22)
where the nonconservative flux ®̂𝑢 is consistent with the discretization of∇· [𝛼𝑘 ®𝑢] in the conservative
surface integral term. In Appendix B, we describe a few examples of Riemann solvers and
corresponding nonconservative terms. We thus arrive at our weak form for the volume fraction
equation,∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝛼𝑘 ®𝑢 − 𝛼𝑘 ®̂𝑢) · ®𝑛𝑑𝑠 −
∫
Ω𝑒

(𝛼𝑘 − 𝛼𝑘 ) ®𝑢 · ∇𝜙𝑒𝑖 𝑑Ω = 0. (3.23)

We also introduce a similar discretization for the energy equation, Eqn. (2.1d). Evaluating the weak
form of the energy equation,∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖

[ �®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )
]
· ®𝑛𝑑𝑠 −

∫
Ω𝑒

[
𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘

]
®𝑢 · ∇𝜙𝑒𝑖 𝑑Ω

+
∫
Ω𝑒

𝜙𝑒𝑖 ®𝑢 · (𝑧𝑘∇𝑝 − ∇𝛼𝑘 𝑝𝑘 )𝑑Ω = 0, (3.24)

where [ �®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )] is the numerical flux term from Eqn. (3.4).

We use an average velocity ®𝑢 = 1
|Ω𝑒 |

∫
Ω𝑒

®𝑢𝑑Ω and the average of the product of velocity and mass
fraction 𝑧𝑘 ®𝑢 = 1

|Ω𝑒 |
∫
Ω𝑒
𝑧𝑘 ®𝑢𝑑Ω to remove these quantities from the integrals,∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖

[ �®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )
]
· ®𝑛𝑑𝑠 −

∫
Ω𝑒

[
𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘

]
®𝑢 · ∇𝜙𝑒𝑖 𝑑Ω

+ 𝑧𝑘 ®𝑢 ·
∫
Ω𝑒

𝜙𝑒𝑖 ∇𝑝𝑑Ω − ®𝑢 ·
∫
Ω𝑒

𝜙𝑒𝑖 ∇𝛼𝑘 𝑝𝑘𝑑Ω = 0. (3.25)

Now, we may apply the divergence theorem to the last two terms,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖

[ �®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )
]
· ®𝑛𝑑𝑠 −

∫
Ω𝑒

[
𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘

]
®𝑢 · ∇𝜙𝑒𝑖 𝑑Ω

+ 𝑧𝑘 ®𝑢 ·
∫
𝜕Ω𝑒

𝜙𝑒𝑖 𝑝®𝑛𝑑𝑠 − 𝑧𝑘 ®𝑢 ·
∫
Ω𝑒

𝑝∇𝜙𝑒𝑖 𝑑Ω − ®𝑢 ·
∫
𝜕Ω𝑒

𝜙𝑒𝑖 �𝛼𝑘 𝑝𝑘 ®𝑛𝑑𝑠 + ®𝑢 ·
∫
Ω𝑒

𝛼𝑘 𝑝𝑘∇𝜙𝑒𝑖 𝑑Ω = 0,

(3.26)

where �𝛼𝑘 𝑝𝑘 is consistent with the discretization of ∇[𝛼𝑘 𝑝𝑘 ] in the conservative surface integral
term and 𝑝 is calculated from the sum of these partial pressures. In Appendix B, we describe a few
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examples of Riemann solvers and corresponding nonconservative terms. We obtain the weak form
for the energy equation,∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 [ �®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) + 𝑧𝑘 ®𝑢𝑝 − ®𝑢�𝛼𝑘 𝑝𝑘 ] · ®𝑛𝑑𝑠
−
∫
Ω𝑒

[ ®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) + 𝑧𝑘 ®𝑢𝑝 − ®𝑢𝛼𝑘 𝑝𝑘 ] · ∇𝜙𝑒𝑖 𝑑Ω = 0. (3.27)

3.5. Well-Balancedness of Nonconservative Discretizations

The concept of well-balancedness of a numerical method refers to its ability to maintain some
physically relevant state of equilibrium when appropriate. A well-balanced method, in the case
of Eqns. (2.1), should preserve velocity, phasic pressure, and phasic density equilibria for isolated
interfaces. The interface may be represented by sharp or smooth variations of 𝛼𝑘 , (the prior case
requiring some means of capturing the discontinuity, such as solution limiting) but should not
disturb other variables that are meant to remain constant and uniform.

First, we consider how the continuum equations behave in the case of two ideal gases separated
by an isolated one-dimensional interface (across which pressures, but not the bulk density, are
uniform) moving at a uniform velocity of 𝑢. We consider a diffused (i.e., smooth) interface, such
that spatial derivatives are well-defined. In this case, the bulk pressure 𝑝 is initially uniform as are
the material pressures 𝑝𝑘 and densities 𝜌𝑘 . For an ideal gas, 𝜌𝑘𝑒𝑘 = 𝑝𝑘

𝛾𝑘−1 , where 𝛾𝑘 is the ratio of
specific heats for material 𝑘 . Neglecting the pressure relaxation source term, the volume fraction
equations are:

𝜕

𝜕𝑡
𝛼𝑘 + 𝑢

𝜕

𝜕𝑥
𝛼𝑘 = 0, (3.28)

for 𝑘 = 1, 2. The density equations simplify to:

𝜕

𝜕𝑡
[𝛼𝑘𝜌𝑘 ] + 𝜌𝑘𝑢

𝜕

𝜕𝑥
𝛼𝑘 = 0. (3.29)

Which can be combined with Eqn. (3.28) to show,

𝜕

𝜕𝑡
𝜌𝑘 = 0. (3.30)

The momentum equation becomes:

𝜌
𝜕

𝜕𝑡
𝑢 = 0, (3.31)

indicating that the velocity remains uniform. The energy equations are,

𝜕

𝜕𝑡
[𝛼𝑘𝜌𝑘𝐸𝑘 ] +

𝜕

𝜕𝑥
[𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )] + 𝑢[𝑧𝑘

𝜕

𝜕𝑥
𝑝 − 𝜕

𝜕𝑥
𝛼𝑘 𝑝𝑘 ] = 0. (3.32)
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Using the definition of 𝜌𝑘𝜀𝑘 = 𝑝𝑘
𝛾𝑘−1 for an ideal gas and the conditions for an isolated interface, the

energy equations become:

𝜕

𝜕𝑡
[𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
] + 𝑝𝑘

𝛾𝑘 − 1
𝑢
𝜕

𝜕𝑥
𝛼𝑘 − 𝑝𝑘𝑢

𝜕

𝜕𝑥
𝛼𝑘

+ 1
2
𝑢2𝜌𝑘

𝜕

𝜕𝑡
𝛼𝑘 +

1
2
𝑢2𝜌𝑘𝑢

𝜕

𝜕𝑥
𝛼𝑘 + 𝑝𝑘𝑢

𝜕

𝜕𝑥
𝛼𝑘 = 0. (3.33)

The kinetic energy terms are zero by Eqn. (3.28), and we are left with:

𝜕

𝜕𝑡
[𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
] + 𝑝𝑘

𝛾𝑘 − 1
𝑢
𝜕

𝜕𝑥
𝛼𝑘 = 0. (3.34)

Rearranging, and using Eqn. (3.28), we show that,

𝜕

𝜕𝑡
𝑝𝑘 = 0. (3.35)

Thus, the material pressures should remain uniform and pressure equilibration/relaxation mecha-
nisms are unnecessary in this case. It is also relatively straightforward to prove that 𝜕

𝜕𝑡
𝑝 = 0. A

discretization that respects the equilibria stated by Eqns. (3.30), (3.31), and (3.35) is said to be
well-balanced. A similar analysis of the governing equations in the case of a discontinuous material
interface results in identical equilibrium conditions.

In the following sections, we analyze the well-balancedness of the discretizations described in
Sections 3.2-3.4 in the case of an advecting 1-D interface. In these analyses, the numerical flux
function introduced in Eqn. (3.4) is assumed to be chosen as the Local Lax-Friedrichs flux (see
Section B.1), without loss of generality.

3.5.1. Analysis of the Pandare Discretization

We will now examine the properties of the Pandare discretization of Section 3.2 in the case of a
1-D isolated interface.

In 1-D, the weak form of the volume fraction equation becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝛼𝑘𝑢)𝑛𝑑𝑠 −
∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
(𝑢𝜙𝑒𝑖 )𝑑Ω = 0. (3.36)

In the case of an isolated interface,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝛼𝑘𝑢)𝑛𝑑𝑠 − 𝑢
∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.37)

Here, the numerical flux 𝛼𝑘𝑢 contains a stabilization term, so we do not remove 𝑢 from the flux as
it may not be factored from the stabilization term. In the case of pure flow, where 𝛼𝑘 is uniform
(even in the presence of a velocity gradient), so long as the discretization of 𝑢̂ is consistent with the
appearance of 𝑢 in the numerical flux 𝛼𝑘𝑢, the volume fraction will remain uniform.
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In 1-D, the weak form of the density equation becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (�𝛼𝑘𝜌𝑘𝑢)𝑛𝑑𝑠 − ∫
Ω𝑒

(𝛼𝑘𝜌𝑘𝑢)
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.38)

In the case of an isolated interface,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘 )𝑑Ω + 𝜌𝑘

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝛼𝑘𝑢)𝑛𝑑𝑠 − 𝑢𝜌𝑘
∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.39)

We may factor out the uniform 𝜌𝑘 from the numerical flux �𝛼𝑘𝜌𝑘𝑢 because it appears in the variable
𝛼𝑘𝜌𝑘 , not just in the flux 𝛼𝑘𝜌𝑘𝑢. Because it appears only in the flux and may not be factored out
of the stabilization term, we do not factor out 𝑢 from �𝛼𝑘𝜌𝑘𝑢. We notice that the final two terms of
Eqn. (3.39) is 𝜌𝑘 times the right-hand side of Eqn. (3.37), such that Eqn. (3.39) becomes:∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝜌𝑘𝑑Ω = 0. (3.40)

In 1-D, the weak form of the momentum equation becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝜌𝑢)𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (�𝜌𝑢2 + 𝑝)𝑛𝑑𝑠 −
∫
Ω𝑒

(𝜌𝑢2 + 𝑝) 𝜕
𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.41)

For an isolated interface, this becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝜌𝑢)𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 ( 𝜌̂𝑢2)𝑛𝑑𝑠 − 𝑢2
∫
Ω𝑒

𝜌
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0, (3.42)

where we have broken up �𝜌𝑢2 + 𝑝 to 𝜌̂𝑢2 + 𝑝 because the pressure appears only in the flux and will
not appear in the stabilization term, so the stabilization term remains with the flux 𝜌̂𝑢2. As the
bulk pressure is uniform initially, the surface and volume integral terms including it cancel by the
divergence theorem. Likewise, we factor out only one 𝑢 to respect that the variable 𝜌𝑢 will appear
in the stabilization term.

Inserting the definition 𝜌 = 𝛼1𝜌1 + 𝛼2𝜌2, we can further write �(𝛼1𝜌1 + 𝛼2𝜌2)𝑢 as �𝛼1𝜌1𝑢 + �𝛼2𝜌2𝑢,
where the stabilization term is also split up among the two material momentum contributions
accordingly. Because the two contributions are linearly additive in both the flux 𝜌𝑢2 and the
variable 𝜌𝑢, this can be done consistently, and we obtain

𝜌

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝑢𝑑Ω + 𝑢

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼1𝜌1)𝑑Ω + 𝑢

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼2𝜌2)𝑑Ω

+ 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 �𝛼1𝜌1𝑢𝑛𝑑𝑠 + 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 �𝛼2𝜌2𝑢𝑛𝑑𝑠

− 𝑢2
∫
Ω𝑒

𝛼1𝜌1
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω − 𝑢2

∫
Ω𝑒

𝛼2𝜌2
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.43)

All but the first term can be identified as 𝑢 times Eqn. (3.39) and set to zero, leaving us with:∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝑢𝑑Ω = 0. (3.44)

27



In 1-D, the weak form for the energy equation can be written,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 [ �𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )]𝑛𝑑𝑠 −
∫
Ω𝑒

𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

−
∫
Ω𝑒

𝜙𝑒𝑖 𝑢
𝜕

𝜕𝑥
(𝛼𝑘 𝑝𝑘 )𝑑Ω +

∫
Ω𝑒

𝜙𝑒𝑖 𝑧𝑘𝑢
𝜕

𝜕𝑥
𝑝𝑑Ω = 0. (3.45)

For an ideal gas,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω +

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(1
2
𝛼𝑘𝜌𝑘𝑢

2)𝑑Ω

+
∫
𝜕Ω𝑒

𝜙𝑒𝑖 [
�

𝑢(𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 )]𝑛𝑑𝑠

−
∫
Ω𝑒

𝑢(𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 )
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

−
∫
Ω𝑒

𝜙𝑒𝑖 𝑢
𝜕

𝜕𝑥
(𝛼𝑘 𝑝𝑘 )𝑑Ω +

∫
Ω𝑒

𝜙𝑒𝑖 𝑧𝑘𝑢
𝜕

𝜕𝑥
𝑝𝑑Ω = 0. (3.46)

We may separate the numerical flux �
𝑢(𝛼𝑘 𝑝𝑘

𝛾𝑘−1 + 1
2𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 ) into �
𝑢(𝛼𝑘 𝑝𝑘

𝛾𝑘−1 + 1
2𝛼𝑘𝜌𝑘𝑢

2) +�𝑢𝛼𝑘 𝑝𝑘 , where the term �𝑢𝛼𝑘 𝑝𝑘 does not contain a stabilization term, as it appears only in the flux.
Then we can further write �

𝑢(𝛼𝑘 𝑝𝑘
𝛾𝑘−1 + 1

2𝛼𝑘𝜌𝑘𝑢
2) as �𝑢𝛼𝑘 𝑝𝑘

𝛾𝑘−1+
�1

2𝛼𝑘𝜌𝑘𝑢
3, where the stabilization term

is also split up among the internal energy and kinetic energy contributions accordingly. Because
the internal energy and kinetic energy contributions are linearly additive in both the flux 𝑢𝛼𝑘𝜌𝑘𝐸𝑘
and the variable 𝛼𝑘𝜌𝑘𝐸𝑘 , this can be done consistently. We obtain,

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω +

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(1
2
𝛼𝑘𝜌𝑘𝑢

2)𝑑Ω

+
∫
𝜕Ω𝑒

𝜙𝑒𝑖
�

𝑢𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
𝑛𝑑𝑠 +

∫
𝜕Ω𝑒

𝜙𝑒𝑖

�1
2
𝛼𝑘𝜌𝑘𝑢

3𝑛𝑑𝑠 +
∫
𝜕Ω𝑒

𝜙𝑒𝑖 �𝑢𝛼𝑘 𝑝𝑘𝑛𝑑𝑠
−
∫
Ω𝑒

[𝑢(𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 )]
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

−
∫
Ω𝑒

𝜙𝑒𝑖 𝑢
𝜕

𝜕𝑥
(𝛼𝑘 𝑝𝑘 )𝑑Ω +

∫
Ω𝑒

𝜙𝑒𝑖 𝑧𝑘𝑢
𝜕

𝜕𝑥
𝑝𝑑Ω = 0. (3.47)

For the isolated interface,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω + 𝑝𝑘

𝛾𝑘 − 1

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝑢𝛼𝑘 )𝑛𝑑𝑠 − 𝑢
𝑝𝑘

𝛾𝑘 − 1

∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

+ 1
2
𝜌𝑘𝑢

2
∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω + 1

2
𝜌𝑘𝑢

2
∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝑢𝛼𝑘 )𝑛𝑑𝑠 −
1
2
𝜌𝑘𝑢

3
∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

+ 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 (�𝛼𝑘 𝑝𝑘 )𝑛𝑑𝑠 − 𝑢 ∫
Ω𝑒

𝛼𝑘 𝑝𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

− 𝑢
∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑥
(𝛼𝑘 𝑝𝑘 )𝑑Ω = 0. (3.48)
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We eliminate the kinetic energy terms using Eqn. (3.37),∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω + 𝑝𝑘

𝛾𝑘 − 1

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝑢𝛼𝑘 )𝑛𝑑𝑠 − 𝑢
𝑝𝑘

𝛾𝑘 − 1

∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

+ 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 (�𝛼𝑘 𝑝𝑘 )𝑛𝑑𝑠 − 𝑢 ∫
Ω𝑒

𝛼𝑘 𝑝𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

− 𝑢
∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑥
(𝛼𝑘 𝑝𝑘 )𝑑Ω = 0. (3.49)

If the 𝜕
𝜕𝑥
𝛼𝑘𝜌𝑘 in the final volume integral above were indeed the derivative of the DG solution

𝛼𝑘𝜌𝑘 , we would be able to combine the volume integrals containing 𝛼𝑘 𝑝𝑘 , and apply the divergence
theorem to obtain:∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω + 𝑝𝑘

𝛾𝑘 − 1

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝑢𝛼𝑘 )𝑛𝑑𝑠 − 𝑢
𝑝𝑘

𝛾𝑘 − 1

∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

+ 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 [�𝛼𝑘 𝑝𝑘 − (𝛼𝑘 𝑝𝑘 )∗)]𝑛𝑑𝑠 = 0. (3.50)

At this point, given that the discretization for (𝛼𝑘 𝑝𝑘 )∗ is constructed in such a way as to be identical
to �𝛼𝑘 𝑝𝑘 , we would be able to use Eqn. (3.37) to recover:∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝑝𝑘𝑑Ω = 0, (3.51)

such that the uniformity of the material pressure 𝑝𝑘 would be maintained. However, the Pandare
discretization approximates the derivative 𝜕

𝜕𝑥
𝛼𝑘𝜌𝑘 using Eqn. (3.10), so Eqn. (3.50) onward does

not apply, and we cannot ensure that
∫
Ω𝑒
𝜙𝑒
𝑖
𝜕
𝜕𝑡
𝑝𝑘𝑑Ω = 0 and we cannot ensure that the material

pressure remains uniform.

In Reference [26], numerical results are shown depicting this discretization to be well-balanced for
the case of an isolated advecting interface. It should be noted that these results show numerical
results indicating that the discretization is well-balanced in terms of the bulk pressure 𝑝. While
this is possible with material pressures 𝑝𝑘 that are not themselves well-balanced, our perspective,
based on the analysis of Section 3.5, is that this is a necessary but not sufficient condition for a truly
well-balanced discretization of this type.

3.5.2. Analysis of the Path-Conservative Discretization

We will now examine the properties of the path-conservative discretization of Section 3.3 in the
case of an isolated interface.

In 1-D, the weak form of the volume fraction equation becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω −

∫
𝜕Ω𝑒

1
2
𝜙𝑒𝑖 {𝑢}[[𝛼𝑘 ]]𝑛𝑑𝑠 +

∫
Ω𝑒

𝜙𝑒𝑖 𝑢
𝜕

𝜕𝑥
𝛼𝑘𝑑Ω = 0. (3.52)
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We note that, in the case of pure flow, where 𝛼𝑘 is uniform, even in the presence of a velocity
gradient, the volume fraction will remain uniform.

In the case of an isolated interface,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω − 𝑢

∫
𝜕Ω𝑒

1
2
𝜙𝑒𝑖 [[𝛼𝑘 ]]𝑛𝑑𝑠 + 𝑢

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑥
𝛼𝑘𝑑Ω = 0. (3.53)

We apply the divergence theorem to the last integral to obtain,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω + 𝑢

∫
𝜕Ω𝑒

𝜙𝑒𝑖 {𝛼𝑘 }𝑛𝑑𝑠 − 𝑢
∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.54)

The weak form of the density equation becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖
�[𝛼𝑘𝜌𝑘𝑢]𝑛𝑑𝑠 − ∫

Ω𝑒

(𝛼𝑘𝜌𝑘𝑢)
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω. (3.55)

In the case of an isolated interface,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘 )𝑑Ω + 𝑢𝜌𝑘

∫
𝜕Ω𝑒

𝜙𝑒𝑖 [̂𝛼𝑘 ]𝑛𝑑𝑠 − 𝑢𝜌𝑘
∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω. (3.56)

Notice that this does not quite reduce to a repeat of Eqn. (3.54), as the surface integral contains {𝛼𝑘 },
which is only the central flux term (not including the stabilization term) of [̂𝛼𝑘 ]. As numerical
dissipation is applied to the volume fraction field via Eqn. (3.53), while the re-worked version of this
equation Eqn. (3.54) may appear to be missing a source of dissipation, in practice this is not so. So,
we conjecture that [̂𝛼𝑘 ] is sufficiently approximated by {𝛼𝑘 } for the purposes of well-balancedness,
and continue with the analysis. The results of Chapter 7 verify this conjecture. Thus, we obtain,∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝜌𝑘𝑑Ω = 0. (3.57)

In 1-D, the weak form of the momentum equation becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝜌𝑢)𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (�𝜌𝑢2 + 𝑝)𝑛𝑑𝑠 −
∫
Ω𝑒

(𝜌𝑢2 + 𝑝) 𝜕
𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.58)

For an isolated interface, this becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝜌𝑢)𝑑Ω + 𝑢

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝜌𝑢)𝑛𝑑𝑠 − 𝑢2
∫
Ω𝑒

𝜌
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0, (3.59)

where we have broken up �𝜌𝑢2 + 𝑝 to 𝜌̂𝑢2 + 𝑝 and factored out one 𝑢 as in Section 3.5.1. Inserting
the definition 𝜌 = 𝛼1𝜌1+𝛼2𝜌2, we can further write �(𝛼1𝜌1 + 𝛼2𝜌2)𝑢 as �𝛼1𝜌1𝑢+�𝛼2𝜌2𝑢 as in Section
3.5.1, obtaining:

𝜌

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝑢𝑑Ω + 𝑢

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼1𝜌1)𝑑Ω + 𝑢

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼2𝜌2)𝑑Ω

+ 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 �𝛼1𝜌1𝑢𝑛𝑑𝑠 + 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 �𝛼2𝜌2𝑢𝑛𝑑𝑠

− 𝑢2
∫
Ω𝑒

𝛼1𝜌1
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω − 𝑢2

∫
Ω𝑒

𝛼2𝜌2
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.60)
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All but the first term can be identified as 𝑢 times Eqn. (3.56) and set to zero, leaving us with:∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝑢𝑑Ω = 0. (3.61)

such that velocity equilibrium is maintained.

In 1-D, the weak form of the phasic energy equation becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖
�[𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )]𝑛𝑑𝑠 −

∫
Ω𝑒

[𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 )]
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

−
∫
𝜕Ω𝑒

1
2
𝜙𝑒𝑖 {𝑢𝑧𝑘 }[[𝑝]]𝑛𝑑𝑠+

∫
Ω𝑒

𝜙𝑒𝑖 𝑢𝑧𝑘
𝜕

𝜕𝑥
𝑝𝑑Ω+

∫
𝜕Ω𝑒

1
2
𝜙𝑒𝑖 {𝑢}[[𝛼𝑘 𝑝𝑘 ]]𝑛𝑑𝑠−

∫
Ω𝑒

𝜙𝑒𝑖 𝑢
𝜕

𝜕𝑥
𝛼𝑘 𝑝𝑘𝑑Ω = 0.

(3.62)

For an ideal gas,∫
Ω𝑒

𝜙𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2)𝑑Ω +
∫
𝜕Ω𝑒

𝜙𝑒𝑖

�
[𝑢(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 )]𝑛𝑑𝑠

−
∫
Ω𝑒

[𝑢(𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 )]
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

−
∫
𝜕Ω𝑒

1
2
𝜙𝑒𝑖 {𝑢𝑧𝑘 }[[𝑝]]𝑛𝑑𝑠+

∫
Ω𝑒

𝜙𝑒𝑖 𝑢𝑧𝑘
𝜕

𝜕𝑥
𝑝𝑑Ω+

∫
𝜕Ω𝑒

1
2
𝜙𝑒𝑖 {𝑢}[[𝛼𝑘 𝑝𝑘 ]]𝑛𝑑𝑠−

∫
Ω𝑒

𝜙𝑒𝑖 𝑢
𝜕

𝜕𝑥
𝛼𝑘 𝑝𝑘𝑑Ω = 0.

(3.63)

In the case of an isolated interface,∫
Ω𝑒

𝜙𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2)𝑑Ω +
∫
𝜕Ω𝑒

𝜙𝑒𝑖

�
[𝑢(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 )]𝑛𝑑𝑠

− 𝑢
∫
Ω𝑒

[𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 ]
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

+ 𝑢
∫
𝜕Ω𝑒

1
2
𝜙𝑒𝑖 [[𝛼𝑘 𝑝𝑘 ]]𝑛𝑑𝑠 − 𝑢

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑥
𝛼𝑘 𝑝𝑘𝑑Ω = 0. (3.64)

We apply the divergence theorem as to obtain Eqn. (3.54),∫
Ω𝑒

𝜙𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2)𝑑Ω +
∫
𝜕Ω𝑒

𝜙𝑒𝑖

�
[𝑢(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 )]𝑛𝑑𝑠

− 𝑢
∫
Ω𝑒

[𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 ]
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

− 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 {𝛼𝑘 𝑝𝑘 }𝑛𝑑𝑠 + 𝑢
∫
Ω𝑒

𝛼𝑘 𝑝𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.65)

We may separate the numerical flux �
𝑢(𝛼𝑘 𝑝𝑘

𝛾𝑘−1 + 1
2𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 ) into �
𝑢(𝛼𝑘 𝑝𝑘

𝛾𝑘−1 + 1
2𝛼𝑘𝜌𝑘𝑢

2) +�𝑢𝛼𝑘 𝑝𝑘 , where the term �𝑢𝛼𝑘 𝑝𝑘 does not contain a stabilization term, as it appears only in the flux.
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Then we can further write �
𝑢(𝛼𝑘 𝑝𝑘

𝛾𝑘−1 + 1
2𝛼𝑘𝜌𝑘𝑢

2) as �𝑢𝛼𝑘 𝑝𝑘
𝛾𝑘−1+

�1
2𝛼𝑘𝜌𝑘𝑢

3, where the stabilization term
is also split up among the internal energy and kinetic energy contributions accordingly. Because
the internal energy and kinetic energy contributions are linearly additive in both the flux 𝑢𝛼𝑘𝜌𝑘𝐸𝑘
and the variable 𝛼𝑘𝜌𝑘𝐸𝑘 , this can be done consistently. We obtain,

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω +

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(1
2
𝛼𝑘𝜌𝑘𝑢

2)𝑑Ω

+
∫
𝜕Ω𝑒

𝜙𝑒𝑖
�

𝑢𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
𝑛𝑑𝑠 +

∫
𝜕Ω𝑒

𝜙𝑒𝑖

�1
2
𝛼𝑘𝜌𝑘𝑢

3𝑛𝑑𝑠 +
∫
𝜕Ω𝑒

𝜙𝑒𝑖 �𝑢𝛼𝑘 𝑝𝑘𝑛𝑑𝑠
− 𝑢

∫
𝜕Ω𝑒

𝜙𝑒𝑖 {𝛼𝑘 𝑝𝑘 }𝑛𝑑𝑠 − 𝑢
∫
Ω𝑒

[(𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 ) − 𝛼𝑘 𝑝𝑘 ]
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.66)

Noting that 𝑢{𝛼𝑘 𝑝𝑘 } and �[𝑢𝛼𝑘 𝑝𝑘 ] are the same quantity, we simplify,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω +

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(1
2
𝛼𝑘𝜌𝑘𝑢

2)𝑑Ω

+
∫
𝜕Ω𝑒

𝜙𝑒𝑖
�

𝑢𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
𝑛𝑑𝑠 +

∫
𝜕Ω𝑒

𝜙𝑒𝑖

�1
2
𝛼𝑘𝜌𝑘𝑢

3𝑛𝑑𝑠

− 𝑢
∫
Ω𝑒

[𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2] 𝜕
𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.67)

Removing the velocity 𝑢 from integrals where possible,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω + 𝑝𝑘

𝛾𝑘 − 1

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝑢𝛼𝑘 )𝑛𝑑𝑠 − 𝑢
𝑝𝑘

𝛾𝑘 − 1

∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

+ 1
2
𝜌𝑘𝑢

2
∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω + 1

2
𝜌𝑘𝑢

2
∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝑢𝛼𝑘 )𝑛𝑑𝑠 −
1
2
𝜌𝑘𝑢

3
∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0, (3.68)

we may use Eqn. (3.54) to recover, ∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝑝𝑘𝑑Ω = 0, (3.69)

such that the uniformity of the material pressure 𝑝𝑘 is maintained. It is relatively straightforward to
show that if we guarantee the condition

∑
𝑘 𝛼𝑘 = 1 for all time, the bulk pressure 𝑝 is well-balanced

as well.

3.5.3. Analysis of the Spatial-Averaging Discretization

We will now examine the properties of the spatial-averaging discretization of Section 3.4 in the
case of an isolated interface. In 1-D the weak form for the volume fraction equation becomes:∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝛼𝑘𝑢 − 𝛼𝑘 𝑢̂)𝑛𝑑𝑠 −
∫
Ω𝑒

(𝛼𝑘 − 𝛼𝑘 )𝑢
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.70)
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For an isolated interface, 𝑢̂ = 𝑢 is uniform initially, and we have,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝛼𝑘𝑢)𝑛𝑑𝑠 − 𝑢
∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.71)

Here, the numerical flux 𝛼𝑘𝑢 contains a stabilization term, so we do not remove 𝑢 from the flux as
it may not be factored from the stabilization term.

We also note that, in the case of pure flow, where 𝛼𝑘 is uniform, even in the presence of a velocity
gradient, so long as the discretization of 𝑢̂ is consistent with the appearance of 𝑢 in the numerical
flux 𝛼𝑘𝑢, the volume fraction will remain uniform.

In 1-D, the weak form of the density equation becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (�𝛼𝑘𝜌𝑘𝑢)𝑛𝑑𝑠 − ∫
Ω𝑒

𝛼𝑘𝜌𝑘𝑢
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.72)

In the case of an isolated interface,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘 )𝑑Ω + 𝜌𝑘

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝛼𝑘𝑢)𝑛𝑑𝑠 − 𝑢𝜌𝑘
∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.73)

We may factor out the uniform 𝜌𝑘 from the numerical flux �𝛼𝑘𝜌𝑘𝑢 because it appears in the variable
𝛼𝑘𝜌𝑘 , not just in the flux 𝛼𝑘𝜌𝑘𝑢. Because it appears only in the flux and may not be factored out
of the stabilization term, we do not factor out 𝑢 from �𝛼𝑘𝜌𝑘𝑢. Similar to the preceding analyses, we
notice that the final two terms of Eqn. (3.73) is 𝜌𝑘 times the right-hand side of Eqn. (3.71), such
that Eqn. (3.73) becomes: ∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝜌𝑘𝑑Ω = 0. (3.74)

In 1-D, the weak form of the momentum equation becomes,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝜌𝑢)𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (�𝜌𝑢2 + 𝑝)𝑛𝑑𝑠 −
∫
Ω𝑒

(𝜌𝑢2 + 𝑝) 𝜕
𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.75)

For an isolated interface,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝜌𝑢)𝑑Ω + 𝑢

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝜌𝑢)𝑛𝑑𝑠 − 𝑢2
∫
Ω𝑒

𝜌
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0, (3.76)

where we have broken up �𝜌𝑢2 + 𝑝 to 𝜌̂𝑢2 + 𝑝 and factored out one 𝑢 as in Section 3.5.1. Inserting
the definition 𝜌 = 𝛼1𝜌1+𝛼2𝜌2, we can further write �(𝛼1𝜌1 + 𝛼2𝜌2)𝑢 as �𝛼1𝜌1𝑢+�𝛼2𝜌2𝑢 as in Section
3.5.1, obtaining:

𝜌

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝑢𝑑Ω + 𝑢

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼1𝜌1)𝑑Ω + 𝑢

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼2𝜌2)𝑑Ω

+ 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 (�𝛼1𝜌1𝑢)𝑛𝑑𝑠 + 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 (�𝛼2𝜌2𝑢)𝑛𝑑𝑠

− 𝑢2
∫
Ω𝑒

𝛼1𝜌1
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω − 𝑢2

∫
Ω𝑒

𝛼2𝜌2
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.77)
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All but the first term can be identified as 𝑢 times Eqn. (3.73) and set to zero, leaving us with∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝑢𝑑Ω = 0, (3.78)

such that velocity equilibrium is maintained.

The weak form of the energy equation becomes, in 1-D,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 [ �𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) + 𝑧𝑘𝑢𝑝 − 𝑢�𝛼𝑘 𝑝𝑘 ]𝑛𝑑𝑠
−
∫
Ω𝑒

[𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) + 𝑧𝑘𝑢𝑝 − 𝑢𝛼𝑘 𝑝𝑘 ]
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.79)

For an ideal gas,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω +

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(1
2
𝛼𝑘𝜌𝑘𝑢

2)𝑑Ω

+
∫
𝜕Ω𝑒

𝜙𝑒𝑖 [
�

𝑢(𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 ) + 𝑧𝑘𝑢𝑝 − 𝑢�𝛼𝑘 𝑝𝑘 ]𝑛𝑑𝑠
−
∫
Ω𝑒

[𝑢(𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 ) + 𝑧𝑘𝑢𝑝 − 𝑢𝛼𝑘 𝑝𝑘 ]
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.80)

As in Section 3.5.2, we separate the numerical flux �
𝑢(𝛼𝑘 𝑝𝑘

𝛾𝑘−1 + 1
2𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 ), obtaining,

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω +

∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(1
2
𝛼𝑘𝜌𝑘𝑢

2)𝑑Ω

+
∫
𝜕Ω𝑒

𝜙𝑒𝑖
�

𝑢𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
𝑛𝑑𝑠 +

∫
𝜕Ω𝑒

𝜙𝑒𝑖

�1
2
𝛼𝑘𝜌𝑘𝑢

3𝑛𝑑𝑠 +
∫
𝜕Ω𝑒

𝜙𝑒𝑖 �𝑢𝛼𝑘 𝑝𝑘𝑛𝑑𝑠
+
∫
𝜕Ω𝑒

𝜙𝑒𝑖 𝑧𝑘𝑢𝑝𝑛𝑑𝑠 −
∫
𝜕Ω𝑒

𝜙𝑒𝑖 𝑢�𝛼𝑘 𝑝𝑘𝑛𝑑𝑠
−
∫
Ω𝑒

[𝑢(𝛼𝑘
𝑝𝑘

𝛾𝑘 − 1
+ 1

2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 ) + 𝑧𝑘𝑢𝑝 − 𝑢𝛼𝑘 𝑝𝑘 ]
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.81)

For the isolated interface,∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω + 𝑝𝑘

𝛾𝑘 − 1

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝑢𝛼𝑘 )𝑛𝑑𝑠 − 𝑢
𝑝𝑘

𝛾𝑘 − 1

∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

+ 1
2
𝜌𝑘𝑢

2
∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω + 1

2
𝜌𝑘𝑢

2
∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝑢𝛼𝑘 )𝑛𝑑𝑠 −
1
2
𝜌𝑘𝑢

3
∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω

+ 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 [�𝛼𝑘 𝑝𝑘 − �𝛼𝑘 𝑝𝑘 ]𝑛𝑑𝑠 + 𝑢𝑝 ∫
𝜕Ω𝑒

𝜙𝑒𝑖 𝑧𝑘𝑛𝑑𝑠 − 𝑢𝑝
∫
Ω𝑒

𝑧𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.82)
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We recognize that the quantity 𝑧𝑘 is constant across an element Ω𝑒, so that similar to 𝑝 in the
momentum equation, it does not contribute. Also, we eliminate the kinetic energy terms using Eqn.
(3.71),∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘

𝑝𝑘

𝛾𝑘 − 1
)𝑑Ω + 𝑝𝑘

𝛾𝑘 − 1

∫
𝜕Ω𝑒

𝜙𝑒𝑖 𝑢𝛼𝑘𝑛𝑑𝑠

+ 𝑢
∫
𝜕Ω𝑒

𝜙𝑒𝑖 [�𝛼𝑘 𝑝𝑘 − �𝛼𝑘 𝑝𝑘 ]𝑛𝑑𝑠 − 𝑢 𝑝𝑘

𝛾𝑘 − 1

∫
Ω𝑒

𝛼𝑘
𝜕

𝜕𝑥
𝜙𝑒𝑖 𝑑Ω = 0. (3.83)

As long as the discretization for 𝜕
𝜕𝑥
𝛼𝑘𝜌𝑘 is consistent in the numerical flux and the nonconservative

term within the surface integral, we can use Eqn. (3.71) to recover:∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝑝𝑘𝑑Ω = 0, (3.84)

such that the uniformity of the material pressure 𝑝𝑘 is maintained. It is relatively straightforward to
show that if we guarantee the condition

∑
𝑘 𝛼𝑘 = 1 for all time, the bulk pressure 𝑝 is well-balanced

as well.
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4. SOLUTION LIMITING

Solution limiting is a post-processing step, typically employed at each time-stage of a Runge-Kutta
time-stepping method, which limits the allowable values of gradients in the numerical solution
to reduce small-scale variation (i.e., numerical oscillations) in the solution. In general, spurious
oscillations occur when capturing discontinuous solutions with high-order numerical methods, so
some means of reducing solution variation is required. While solution limiting is only one approach
that can be used to regularize discontinuities, the wealth of research that has been developed for
many decades in the context of slope limiting for high-order finite volume schemes has been widely
adapted to limiting discontinuous Galerkin solutions.

It is important in the simulation of material interfaces that the limiting scheme we utilize preserves
equilibria of primitive variables. It has been shown that limiting schemes that do not operate on the
primitive variables (or characteristic variables) themselves may introduce errors into the primitive
variables, violating equilibrium conditions in the primitive variables. This can be avoided by
deducing the slopes of our primitive variables, limiting them directly, and recomputing the limited
solutions of the conserved variables. This can be shown to not violate the equilibria of primitive
variables, such as pressure and temperature [7, 18].

In this chapter, we describe the solution limiting scheme used in the FLEXO code. First, we describe
the transformation between the modal representation of the state variables [𝛼𝑘 , 𝛼𝑘𝜌𝑘 , 𝜌®𝑢, 𝛼𝑘𝜌𝑘𝐸𝑘 ]
and the modal representation of the primitive variables [𝛼𝑘 , 𝜌𝑘 , ®𝑢, 𝜌𝑘𝜀𝑘 ]. Then, we describe the
limiting of the multi-dimensional modal primitive variable solutions.

4.1. Modal Primitive Transformation

In FLEXO, we utilize a Legendre (modal) polynomial basis for the DG solution, so the slope of the
solution may be returned trivially by indexing the degrees of freedom appropriately. However, it is
important in a multimaterial context that the slopes of the appropriately chosen primitive variables
are being limited directly, and that these limited values are then used to compute the slopes of the
state variables.

We start with a 𝑃 = 1 modal representation of the state variables q = [𝛼𝑘 , 𝛼𝑘𝜌𝑘 , 𝜌®𝑢, 𝛼𝑘𝜌𝑘𝐸𝑘 ] in a
3-D reference element Ω𝑒, 𝜉 × 𝜂 × 𝛾 ∈ [−1, 1] × [−1, 1] × [−1, 1]:

q𝑒 = q̂𝑒0 + q̂𝑒1𝜉 + q̂𝑒2𝜂 + q̂𝑒3𝛾 + q̂𝑒4𝜉𝜂 + q̂𝑒5𝜉𝛾 + q̂𝑒6𝜂𝛾 + q̂𝑒7𝜉𝜂𝛾. (4.1)

In order to unambiguously obtain a modal representation of the primitive variables on Ω𝑒, we cast
this representation to a nodal one, where the degrees of freedom are defined on a collection of
(𝑃 + 1)3 (to ensure the nodal-modal mapping is invertible) nodes. For convenience, we choose the
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element-interior Gaussian quadrature points used for evaluating volume integrals, shown in Fig.
4-1. The modal-to-nodal mapping of the state variables is attained by simply interpolating the

ξ

η

γ

Figure 4-1. Gauss quadrature points (nodes) in 3-D reference element for 𝑃 = 1.

basis:
Q𝑒 ( ®𝜉𝑞) = q̂𝑒0 + q̂𝑒1𝜉𝑞 + q̂𝑒2𝜂𝑞 + q̂𝑒3𝛾𝑞 + q̂𝑒4𝜉𝑞𝜂𝑞 + q̂𝑒5𝜉𝑞𝛾𝑞 + q̂𝑒6𝜂𝑞𝛾𝑞 + q̂𝑒7𝜉𝑞𝜂𝑞𝛾𝑞, (4.2)

where Q𝑒 denotes the nodal representation of the state variables in element Ω𝑒. Next, we convert
these nodal values to the primitive variables: Q∗

𝑒 = [𝛼𝑘 , 𝜌𝑘 , ®𝑢, 𝜌𝑘𝜀𝑘 ]. Now we use projection to
convert the nodal primitive values to a modal representation of the primitive variables q∗

𝑒,∫
Ω𝑒

𝜙𝑒𝑖 q
∗
𝑒𝑑𝜉 =

∫
Ω𝑒

𝜙𝑒𝑖 Q
∗
𝑒𝑑𝜉. (4.3)

Now that we have a modal representation of the primitive variables, q∗
𝑒, we limit this solution as

described in Section 4.2 to obtain the limited modal primitive variables q̃∗
𝑒. Then, we interpolate

the limited primitive variables back to the interior nodes to obtain Q̃∗
𝑒 ( ®𝜉𝑞), where we calculate the

limited nodal state variables Q̃𝑒 ( ®𝜉𝑞), then we use the projection,∫
Ω𝑒

𝜙𝑒𝑖 q̃𝑒𝑑𝜉 =
∫
Ω𝑒

𝜙𝑒𝑖 Q̃𝑒𝑑𝜉, (4.4)

to recover the higher-order terms of the limited 3-D modal representation. By limiting primitive
variables and combining their limited slopes in the nodal representation to compute the slopes of
the state variables, we do not introduce error into the primitive variables or disturb their equilibria.
This is performed during each substep of the Runge-Kutta time-stepping method.

4.2. Modal Slope Limiting

Here, we describe the procedure used to limit the 3-D modal primitive variables from the prior
section. We have the modal representation of the primitive variables on element Ω𝑒,

q∗
𝑒 = q̂𝑒∗0 + q̂𝑒∗1 𝜉 + q̂𝑒∗2 𝜂 + q̂𝑒∗3 𝛾 + q̂𝑒∗4 𝜉𝜂 + q̂𝑒∗5 𝜉𝛾 + q̂𝑒∗6 𝜂𝛾 + q̂𝑒∗7 𝜉𝜂𝛾. (4.5)
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Along each direction, we limit the first-order coefficient by evaluating the slope limiter values as,
for example,

𝜽𝜉 =
Δ𝜉q
q̂𝑒∗1

, (4.6)

for the vector of primitive variables, where the trial slope is determined by

Δ𝜉q = minmod(minmod(Δ𝐿q̄∗

Δ𝐿𝜉
,
Δ𝑅q̄∗

Δ𝑅𝜉
), q̂𝑒∗1 ), (4.7)

where the (̄) denotes a cell-average and Δ𝐿 and Δ𝑅 are the jumps in a quantity between the element
Ω𝑒 and its left and right neighboring elements in the 𝜉 direction. The minmod() function is written
briefly as a function of two arguments below:

minmod(𝑎, 𝑏) = 1
2
(sgn(𝑎) + sgn(𝑏))min( |𝑎 |, |𝑏 |). (4.8)

In order to ensure that the limited point-wise values of volume fraction sum to 1,∑︁
𝑘

(̃𝛼𝑘 )
𝑒
( ®𝜉) = 1, (4.9)

we synchronize the values of the solution limiter to be applied to the volume fractions 𝛼𝑘 , 𝜃𝜉,𝛼𝑘 ,
as:

𝜃𝜉,𝛼𝑘 = min
𝑘
𝜃𝜉,𝛼𝑘 . (4.10)

We note that this only guarantees Eqn. (4.9) if the volume fractions sum to unity prior to limiting.

We then calculate the slope limiter values for the higher-dimensional cross-terms as, for example,

𝜽𝜉𝜂 = min(𝜽𝜉 , 𝜽𝜂), (4.11)

and
𝜽𝜉𝜂𝛾 = min(min(𝜽𝜉 , 𝜽𝜂), 𝜽𝛾). (4.12)

This is a greatly simplified version of the concept introduced in Ref. [24]. We note that our approach
discards information from the higher-dimensional cross-terms entirely, which is not ideal but is
suitable for our current purposes. Then we apply the slope limiters to obtain the limited modal
representation of the primitive variables on element Ω𝑒:

q̃∗
𝑒 = q̂𝑒∗0 + q̂𝑒∗1 𝜽𝜉𝜉 + q̂𝑒∗2 𝜽𝜂𝜂 + q̂𝑒∗3 𝜽𝛾𝛾

+ q̂𝑒∗4 𝜽𝜉𝜂𝜉𝜂 + q̂𝑒∗5 𝜽𝜉𝛾𝜉𝛾 + q̂𝑒∗6 𝜽𝜂𝛾𝜂𝛾 + q̂𝑒∗7 𝜽𝜉𝜂𝛾𝜉𝜂𝛾. (4.13)
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5. BOUNDS PRESERVATION

When solving a system of equations via the DG method, even when using a limiting procedure
to limit oscillations near discontinuities, variables may attain unphysical values [15, 30]. This is
particularly true when a variable is discontinuous with a very small value on one side, as volume
fraction 𝛼𝑘 often is. Depending on the variable and its value, unphysical values in the solution
can cause a simulation to crash. So, to improve simulation robustness, we employ a relatively
simple bounds-preservation approach in the FLEXO code. This bounds-preservation approach
has been designed to be consistent with the six-equation model, Eqns. (2.1), in a manner that
respects equilibria similar to the limiting scheme described in Chapter 4. This chapter details
the bounds-preservation approach used here, with special emphasis on the aspects that are needed
to avoid erroneously disturbing equilibria and introducing errors into the solution for the present
multimaterial approach.

5.1. Volume Fraction Bounds Preservation

Preserving physicality of the volume fractions 𝛼𝑘 is especially important, as the variation in
quantities across material interfaces are often “carried” entirely by the volume fractions, and are
only present in the state variables in Eqns. (2.1) because these state variables (𝛼𝑘𝜌𝑘 , 𝜌𝑢, 𝛼𝑘𝜌𝑘𝐸𝑘 )
are weighted by the volume fraction. Furthermore, we require that the volume fractions sum to
unity at all points in the computational domain, even after bounds preservation has been applied.

We consider a 𝑃 = 1 representation in a 1-D reference element Ω𝑒, 𝜉 ∈ [−1, 1]:

(𝛼𝑘 )𝑒 = (𝛼𝑘 )𝑒0 + (𝛼𝑘 )𝑒1𝜉, (𝛼𝑘𝜌𝑘 )𝑒 = (𝛼𝑘𝜌𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘 )𝑒1𝜉,
(𝜌𝑢)𝑒 = (𝜌𝑢)𝑒0 + (𝜌𝑢)𝑒1𝜉, (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒 = (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1𝜉,

(5.1)

subject to a user-input, minimum allowable volume fraction value 𝛼floor. We first ensure that the
volume fraction mean values are greater than or equal to the minimum allowable value. If not, we
set (̃𝛼𝑘 )

𝑒

0 = 𝛼floor, where the tilde indicates that the variable has been bounds preserved, if necessary.
As each of the 𝑁𝑚 material volume fractions is subject to the same minimum allowable value, the
value 𝛼floor is used to deduce a maximum allowable value as well, 𝛼ceil = 1 − 𝛼floor(𝑁𝑚 − 1). We
also check that the volume fraction mean values are all below this value. If not, we set (̃𝛼𝑘 )

𝑒

0 = 𝛼ceil.
We then re-normalize the element-averaged volume fractions over all materials, ensuring that:∑︁

𝑘

(̃𝛼𝑘 )
𝑒

0 = 1. (5.2)
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In order to preserve the equilibrium of other quantities that are weighted by 𝛼𝑘 , we need to change
their element mean values accordingly:�(𝜌𝑘𝛼𝑘 )𝑒0 = (̃𝛼𝑘 )

𝑒

0(𝜌𝑘 )𝑒0/(𝛼𝑘 )
𝑒
0,�(𝜌𝑢)𝑒0 =

∑︁
𝑘

[ �(𝜌𝑘𝛼𝑘 )𝑒0] 𝑢𝑒0,�(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 = (̃𝛼𝑘 )
𝑒

0(𝜌𝑘𝐸𝑘 )𝑒0/(𝛼𝑘 )
𝑒
0 .

(5.3)

This ensures that the means of the primitive variables 𝜌𝑘 , 𝑢, and 𝜌𝑘𝐸𝑘 are unchanged by the bounds
preservation of the variables 𝛼𝑘 . This procedure affects conservation in exchange for boundedness,
which may be undesirable. In practice, the volume fraction mean values very rarely become
unbounded using the spatial-averaging discretization of Section 3.4, and this doesn’t occur in any
of the test problems of Chapter 7. Ref. [46] shows that this can be guaranteed by a sufficiently
small timestep restriction.

Now, we apply the bounding criteria at a sampling of points in element Ω𝑒, denoted 𝜉𝑞, to limit the
slope of the volume fraction. This is done by computing corresponding slope limiter values 𝜃𝑞,𝑘 ,
in the case that the point-wise value

[
(̃𝛼𝑘 )

𝑒

0 + (𝛼𝑘 )𝑒1𝜉𝑞
]

is less than 𝛼floor, as:

𝜃𝑞,𝑘 =
(̃𝛼𝑘 )

𝑒

0 − 𝛼floor

(̃𝛼𝑘 )
𝑒

0 −
[
(̃𝛼𝑘 )

𝑒

0 + (𝛼𝑘 )𝑒1𝜉𝑞
] , (5.4)

provided that the element mean (̃𝛼𝑘 )
𝑒

0 is greater than or equal to 𝛼floor to ensure 𝜃𝑞,𝑘 ∈ [0, 1]. We
take the slope limiter value for the 𝑘-th material’s volume fraction as,

𝜃𝑘 = min
𝑞
𝜃𝑞,𝑘 . (5.5)

In order to ensure that the bounded point-wise values of volume fraction sum to 1,∑︁
𝑘

(̃𝛼𝑘 )
𝑒
(𝜉) = 1, (5.6)

we synchronize the 𝜃𝑞,𝑘 values as:
𝜃 = min

𝑘
𝜃𝑘 . (5.7)

Now, we may apply the 𝜃 values to the volume fraction, as well as to the variables that are weighted
by the volume fraction:

(̃𝛼𝑘 )
𝑒

1 = 𝜃
[
(𝛼𝑘 )𝑒1

]
,�(𝛼𝑘𝜌𝑘 )𝑒1 = 𝜃

[
(𝛼𝑘𝜌𝑘 )𝑒1

]
,�(𝜌𝑢)𝑒1 =

∑︁
𝑘

[ �(𝛼𝑘𝜌𝑘 )𝑒1] 𝑢𝑒1,�(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1 = 𝜃
[
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1

]
.

(5.8)
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This approach is sufficient to ensure that the primitive variables 𝜌𝑘 , 𝑢, and 𝜌𝑘𝐸𝑘 are not disturbed
by the volume fraction bounds-preservation procedure. Thus, we obtain the variables:

(̃𝛼𝑘 )
𝑒
= (̃𝛼𝑘 )

𝑒

0 + (̃𝛼𝑘 )
𝑒

1𝜉,
�(𝛼𝑘𝜌𝑘 )𝑒 = �(𝛼𝑘𝜌𝑘 )𝑒0 + �(𝛼𝑘𝜌𝑘 )𝑒1𝜉,�(𝜌𝑢)𝑒 = �(𝜌𝑢)𝑒0 +�(𝜌𝑢)𝑒1𝜉, �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒 = �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 + �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1𝜉, (5.9)

where the volume fractions have been bounds-preserved and the other variables have been altered
accordingly, in a manner that preserves equilibria of the primitive variables.

5.2. State Variable Bounds Preservation

An additional step of bounds preservation can be applied to the state variables 𝛼𝑘𝜌𝑘 and 𝛼𝑘𝜌𝑘𝐸𝑘 .
This is useful for problems that feature large gradients in density, pressure, and/or temperature.
This section assumes volume fraction bounds preservation has already been applied as described
in Section 5.1.

5.2.1. Partial Density Bounds Preservation

We consider a 𝑃 = 1 representation in a 1-D reference element Ω𝑒, 𝜉 ∈ [−1, 1]:

(𝛼𝑘 )𝑒 = (𝛼𝑘 )𝑒0 + (𝛼𝑘 )𝑒1𝜉, (𝛼𝑘𝜌𝑘 )𝑒 = (𝛼𝑘𝜌𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘 )𝑒1𝜉,
(𝜌𝑢)𝑒 = (𝜌𝑢)𝑒0 + (𝜌𝑢)𝑒1𝜉, (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒 = (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1𝜉,

(5.10)

subject to user-input, minimum allowable material density values 𝜌𝑘,floor. We first ensure that the
mean value of 𝛼𝑘𝜌𝑘 is greater than or equal to the minimum permissible value:

(𝛼𝑘𝜌𝑘 )0,floor = (𝛼𝑘 )𝑒0𝜌𝑘,floor. (5.11)

If not, we set �(𝛼𝑘𝜌𝑘 )𝑒0 = (𝛼𝑘𝜌𝑘 )0,floor. In this case, to preserve the equilibrium of other quantities
that are weighted by 𝛼𝑘𝜌𝑘 , we need to change their element mean values accordingly:�(𝜌𝑢)𝑒0 =

∑︁
𝑘

[ �(𝜌𝑘𝛼𝑘 )𝑒0] 𝑢𝑒0,�(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 = �(𝛼𝑘𝜌𝑘 )𝑒0(𝐸𝑘 )𝑒0/(𝛼𝑘𝜌𝑘 )𝑒0 . (5.12)

Now, we apply the bounding criteria at a sampling of points in element Ω𝑒, denoted 𝜉𝑞, to limit
the slope of the partial density. This is done by computing corresponding slope limiter values
𝜃𝑞,𝑘 , in the case that the point-wise value

[ �(𝛼𝑘𝜌𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘 )𝑒1𝜉𝑞
]

is less than (𝛼𝑘𝜌𝑘 )𝑞,floor =[
(̃𝛼𝑘 )

𝑒

0 + (𝛼𝑘 )𝑒1𝜉𝑞
]
𝜌𝑘,floor, as:

𝜃𝑞,𝑘 =
�(𝛼𝑘𝜌𝑘 )𝑒0 − (𝛼𝑘𝜌𝑘 )𝑞,floor�(𝛼𝑘𝜌𝑘 )𝑒0 − [ �(𝛼𝑘𝜌𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘 )𝑒1𝜉𝑞

] , (5.13)
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provided that the element mean �(𝛼𝑘𝜌𝑘 )𝑒0 is greater than or equal to (𝛼𝑘𝜌𝑘 )𝑞,floor to ensure 𝜃𝑞,𝑘 ∈
[0, 1]. We take the slope limiter value for the 𝑘-th material’s partial density as,

𝜃𝑘 = min
𝑞
𝜃𝑞,𝑘 . (5.14)

Now, we may apply the 𝜃𝑘 values to the partial density, as well as to the variables that are weighted
by the partial density: �(𝛼𝑘𝜌𝑘 )𝑒1 = 𝜃𝑘

[
(𝛼𝑘𝜌𝑘 )𝑒1

]
,�(𝜌𝑢)𝑒1 =

∑︁
𝑘

[ �(𝛼𝑘𝜌𝑘 )𝑒1] 𝑢𝑒1,�(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1 = 𝜃𝑘
[
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1

]
.

(5.15)

This approach is sufficient to ensure that the primitive variables 𝑢 and 𝜌𝑘𝐸𝑘 are not disturbed by
the partial density bounds-preservation procedure. Thus, we obtain the variables:�(𝛼𝑘𝜌𝑘 )𝑒 = �(𝛼𝑘𝜌𝑘 )𝑒0 + �(𝛼𝑘𝜌𝑘 )𝑒1𝜉,�(𝜌𝑢)𝑒 = �(𝜌𝑢)𝑒0 +�(𝜌𝑢)𝑒1𝜉,�(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒 = �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 + �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1𝜉, (5.16)

where the phasic densities have been bounds-preserved and the other variables have been altered
accordingly, in a manner that preserves equilibria of the primitive variables.

It is important to note that altering the partial total energies, as in Eqns. (5.12) and (5.16), will
preserve equilibria of the quantity 𝐸𝑘 , not of 𝜌𝑘𝐸𝑘 . Therefore, it will correspond to a change in
the material pressure 𝑝𝑘 in general. This is likely undesirable, and can be avoided by simply not
applying the change in 𝛼𝑘𝜌𝑘 to the quantity 𝛼𝑘𝜌𝑘𝐸𝑘 .

5.2.2. Partial Total Energy Bounds Preservation

We consider a 𝑃 = 1 representation in a reference element Ω𝑒 in 1-D, 𝜉 ∈ [−1, 1]:

(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒 = (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1𝜉, (5.17)

subject to user-input, minimum allowable material temperature values 𝑇𝑘,floor. We first ensure that
the mean value of 𝛼𝑘𝜌𝑘𝐸𝑘 is greater than or equal to the minimum permissible value:

(𝛼𝑘𝜌𝑘𝐸𝑘 )0,floor = (𝛼𝑘𝜌𝑘 )𝑒0
[
𝑒𝑘 ((𝜌𝑘 )𝑒0, 𝑇𝑘,floor) +

1
2
(𝑢𝑒0)

2
]
. (5.18)

If not, we set �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 = (𝛼𝑘𝜌𝑘𝐸𝑘 )0,floor. Now, we apply the bounding criteria at a sam-
pling of points in element Ω𝑒, denoted 𝜉𝑞, to limit the slope of the partial total energy. This is
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done by computing corresponding slope limiter values 𝜃𝑞,𝑘 , in the case that the point-wise value[ �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1𝜉𝑞
]

is less than,

(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑞,floor =
[
(𝛼𝑘𝜌𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘 )𝑒1𝜉𝑞

] [
𝑒𝑘 ((𝜌𝑘 )𝑒𝑞, 𝑇𝑘,floor) +

1
2
(𝑢𝑒𝑞)2

]
, (5.19)

where
(𝜌𝑘 )𝑒𝑞 =

(𝛼𝑘𝜌𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘 )𝑒1𝜉𝑞
(𝛼𝑘 )𝑒0 + (𝛼𝑘 )𝑒1𝜉𝑞

, (5.20)

and
𝑢𝑒𝑞 =

(𝜌𝑢)𝑒0 + (𝜌𝑢)𝑒1𝜉𝑞∑
𝑘

[
(𝛼𝑘 )𝑒0 + (𝛼𝑘 )𝑒1𝜉𝑞

] , (5.21)

by the following equation:

𝜃𝑞,𝑘 =
�(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 − (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑞,floor�(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 − [ �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 + (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1𝜉𝑞

] , (5.22)

provided that the element mean �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 is greater than or equal to (𝛼𝑘𝜌𝑘𝐸𝑘 )𝑞,floor to ensure
𝜃𝑞,𝑘 ∈ [0, 1]. We take the slope limiter value for the 𝑘-th material’s partial total energy density
as,

𝜃𝑘 = min
𝑞
𝜃𝑞,𝑘 . (5.23)

Now, we may apply the 𝜃𝑘 values to the partial total energy:�(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1 = 𝜃𝑘
[
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1

]
. (5.24)

Thus, we obtain the variables:�(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒 = �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒0 + �(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑒1𝜉, (5.25)

where the partial total energies have been bounds-preserved.
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6. PRESSURE EQUILIBRATION AND RELAXATION

The six-equation model, Eqns. (2.1), contains source terms in the volume fraction (Eqn. (2.1a))
and energy (Eqn. (2.1d)) equations that act to drive material pressures to their equilibrium values.
Thus far, we have ignored these terms in this document. While our analysis of well-balancedness
of numerical discretizations in Section 3.5 shows that material pressures 𝑝𝑘 should remain uniform
across isolated interfaces, one should not expect that these pressures will remain uniform in
problems featuring waves such as shocks and rarefactions. In general, if one does not treat these
terms, the material pressures 𝑝𝑘 may attain unreasonable values, particularly at locations where
the corresponding volume fractions 𝛼𝑘 are very small. This can be especially problematic in
simulations using tabular equations of state, where the pressure values may result in a state that is
out of bounds with respect to the tabulated range. Even if one uses a bounds preservation scheme,
like that of Chapter 5, this can still put the state of a material in a region of the EOS table that is
unreasonable for the simulation conditions, e.g., a different phase.

In the present section, we present a hierarchy of approaches to treat these pressure relaxation terms in
Eqns. (2.1). The simplest approach is the pressure equilibration approach, inspired by the approach
used in the QUINOA code [23]. This involves manually adjusting the material pressures 𝑝𝑘 to the
mixture pressure 𝑝. The next approach is the instantaneous pressure relaxation approach [28, 32],
in which it is assumed that the timescale associated with the relaxation of the material pressures
to their equilibrium value goes to zero. We have extended this approach to arbitrary equations of
state and number of materials, which results in iterative root finding via Newton’s method to find
the equilibrium pressure values. This approach is useful but may encounter robustness issues due
to non-convergence. We have found that the most robust approach is to combine the instantaneous
relaxation algorithm with the equilibration algorithm.

6.1. Pressure Equilibration

This approach, like that employed in the QUINOA code [23], is essentially a brute-force manipu-
lation of pressure values in the solution to force the material pressures 𝑝𝑘 to an equilibrium. This
approach avoids the numerical expense of iteration or evaluating the source terms in Eqns. (2.1)
explicitly. The underlying assumption of this approach is that while material pressures 𝑝𝑘 may be
poorly behaved in regions where the corresponding volume fraction 𝛼𝑘 is very small, the mixture
pressure 𝑝 tends to be well-behaved. This assumption is well-founded: we observe that when a
wave travels through a single-material region where all volume fractions but one are very small
and all are uniform, the dominant material is subject to the single material Euler equations, and it
is this material’s pressure that comprises the vast majority of 𝑝.
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For this approach, we first interpolate the modal representation of the state variables [𝛼𝑘 , 𝛼𝑘𝜌𝑘 ,
𝜌®𝑢, 𝛼𝑘𝜌𝑘𝐸𝑘 ] to the element-interior Gaussian quadrature points as in Chapter 4 to obtain a
nodal representation of our DG solution on element Ω𝑒. For each node, we then compute the
value of 𝑝 as well as the values of 𝛼𝑘 , 𝜌𝑘 , 𝜀𝑘 , and 𝑝𝑘 for each 𝑘 . As these are the initial
(unequilibrated) values, we henceforth denote them with the superscript ()0. If the 𝛼0

𝑘
value is

below the maximum volume fraction value to be equilibrated, 𝛼max, we assess the internal energy
at the bulk pressure 𝑝, 𝜀1

𝑘
= 𝜀𝑘 (𝜌0

𝑘
, 𝑝). Assuming that, in the case that material 𝑘 is described by

an EOS table, this state is on the table, we can simply assess the change in total phasic energy as
Δ𝛼𝑘𝜌𝑘𝐸𝑘 = (𝛼𝑘𝜌𝑘 )0(𝜀1

𝑘
− 𝜀0

𝑘
)𝜃𝑘 , where the function 𝜃, defined as,

𝜃𝑘 =


0 for 𝛼𝑘 ≥ 𝛼max

1 − 𝛼−𝛼min
𝛼max−𝛼min

for 𝛼min < 𝛼𝑘 < 𝛼max

1 for 𝛼𝑘 ≤ 𝛼min

, (6.1)

allows for a continuous “switch” between conditions in which the pressures are to be left alone and
equilibrated, as well as makes use of the minimum volume fraction 𝛼min, below which everything
is equilibrated. When the 𝛼min and 𝛼max values are not both equal to one, we refer to that as “partial
pressure equilibration,” as the material pressures will not be entirely equilibrated but for a range of
volume fraction values will only be equilibrated partially. One would want to do this, perhaps, to
establish a better initial state for a more sophisticated but less robust relaxation method, such as the
instantaneous pressure relaxation method of Section 6.2. In this work, any time we refer to “partial
pressure equilibration,” we are taking 𝛼min = 5 × 10−3 and 𝛼max = 1 × 10−2. When we refer to
“total pressure equilibration,” we are taking 𝛼min = 𝛼max = 1.

If the state (𝜌0
𝑘
, 𝑝) is out of bounds, our approach becomes a bit more complex. We illustrate this

case in Figure 6-1. While we cannot attain the simple equilibrium state (𝜌0
𝑘
, 𝑝), we can move 𝑝𝑘

towards 𝑝 by compromising the material density 𝜌𝑘 . As we keep the quantity 𝛼𝑘𝜌𝑘 constant during
this procedure, this corresponds to a change in 𝛼𝑘 . This is justified, as Eqn. (2.1a) has a source
term from pressure relaxation as well.

The procedure for calculating the equilibrated state in the case that the equilibrated state is out
of bounds is subject to the value Δ𝛼min, the smallest allowable change in volume fraction during
the equilibration process. If the equilibrated state (𝜌0

𝑘
, 𝑝) is off the table (in the case of Fig. 6-1,

this state is below the bounding isotherm 𝑇 𝑏
𝑘

), we evaluate the temperature of the initial state,
𝑇0
𝑘
= 𝑇𝑘 (𝜌0

𝑘
, 𝑝). Then, we calculate the new density 𝜌1∗

𝑘
= 𝜌𝑘 (𝑇0

𝑘
, 𝑝) that totally equilibrates the

material to the bulk pressure along the original isotherm 𝑇0
𝑘
. As the quantity (𝛼𝑘𝜌𝑘 )0 should not

change during this process, the change in density Δ𝜌𝑘 = 𝜌1∗
𝑘

− 𝜌0
𝑘

corresponds to a change in
volume fraction, Δ𝛼∗

𝑘
= 𝛼1∗

𝑘
− 𝛼0

𝑘
, where 𝛼1∗

𝑘
= (𝛼𝑘𝜌𝑘 )0/𝜌1∗

𝑘
. This change in volume fraction may

be unacceptably large and should be limited each time the equilibration procedure is applied. If
|Δ𝛼∗

𝑘
| > Δ𝛼min, we calculate instead the new volume fraction 𝛼1

𝑘
= 𝛼0

𝑘
+ sign(Δ𝛼∗

𝑘
)Δ𝛼min, and back

out the new density 𝜌1
𝑘
= (𝛼𝑘𝜌𝑘 )0/𝛼1

𝑘
, as well as the new pressure and energy 𝑝1

𝑘
= 𝑝𝑘 (𝜌1

𝑘
, 𝑇0
𝑘
)

and 𝜀1
𝑘
= 𝜀𝑘 (𝜌1

𝑘
, 𝑇0
𝑘
). While this approach changes the volume fraction, potentially violating the

requirement of
∑
𝑘 𝛼𝑘 = 1, we apply the volume fraction bounds preservation approach of Section

5.1 afterward, which re-normalizes the volume fraction means ensuring that
∑
𝑘 𝛼𝑘 = 1, at least in

the mean values.
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Figure 6-1. Table isotherms (blue lines) and states (black dots) depicting a scenario in which the
equilibrated state (𝜌0

𝑘
, 𝑝) is out of the table bounds. In this case, the equilibration algorithm will use

the state (𝜌1
𝑘
, 𝑝1

𝑘
) instead.

In general, in the case where the equilibrated state is out-of-bounds, there will not be an ideal
value of Δ𝛼min that allows for a completely equilibrated pressure and a correct solution. With large
changes in volume fraction permitted (i.e., large values of Δ𝛼min), the dynamics of the problem
may be affected, causing the bulk pressure to not match exact solutions. However, the pressures
are more likely to be completely equilibrated with higher Δ𝛼min values. On the other hand, with
very restrictive values of Δ𝛼min, the material pressures attain more extreme out-of-equilibrium
values, while the overall solution (including the bulk pressure 𝑝) will resemble the solution without
pressure equilibrium/relaxation more closely. Therefore, there can be a bit of trial and error in
finding an ideal value of Δ𝛼min. For this work, we use the value Δ𝛼min = 1 × 10−7 except where
otherwise noted.

It is also crucial that, in the case that the equilibrated state is out of bounds for one or more materials,
the other material pressures be altered to avoid changing the bulk pressure 𝑝 during the equilibration
procedure. Fortunately, it is very unlikely that all the materials are out of bounds at the same point,
especially in a simulation where some means of pressure equilibration and/or relaxation has been
applied throughout the simulated time. This is accomplished by recognizing that 𝑝 =

∑
𝑘 𝛼𝑘 𝑝𝑘 =∑

𝑘 𝐼𝐵
𝛼𝑘 𝑝𝑘 +

∑
𝑘𝑂𝐵

𝛼𝑘 𝑝𝑘 , where 𝑘 𝐼𝐵 are the material indices of in-bounds materials and 𝑘𝑂𝐵 are
the material indices of out-of-bounds materials. We can recalculate the material pressures for
the in-bounds materials (which have not undergone a volume fraction change) assuming an equal
division of partial pressure. For an in-bound material, this amounts to calculating

𝑝1
𝑘 =

𝑝 −∑
𝑘𝑂𝐵

𝛼𝑘 𝑝𝑘

𝑁𝑚,𝐼𝐵𝛼𝑘
, (6.2)

where 𝑁𝑚,𝐼𝐵 is the number of in-bounds materials. We then recalculate 𝜀1
𝑘
= 𝑒𝑘 (𝜌1

𝑘
, 𝑝1

𝑘
).

With all the material pressures 𝑝1
𝑘

and energies 𝜀1
𝑘

obtained, where 𝛼1
𝑘

may be different from 𝛼0
𝑘

for
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out-of-bounds materials, we calculate the change in total phasic energy as,

Δ𝛼𝑘𝜌𝑘𝐸𝑘 =
[
(𝛼𝑘𝜌𝑘 )0Δ𝜀𝑘 + (𝜌𝑘𝐸𝑘 )0Δ𝛼𝑘

]
𝜃𝑘 , (6.3)

to account for the volume fraction changes upon the phasic total energy. Finally, we increment the
phasic total energies and volume fractions for that nodal point:

(𝛼𝑘𝜌𝑘𝐸𝑘 )1 = (𝛼𝑘𝜌𝑘𝐸𝑘 )0 + Δ𝛼𝑘𝜌𝑘𝐸𝑘 , (6.4)

and
(𝛼𝑘 )1 = (𝛼𝑘 )0 + Δ𝛼𝑘 . (6.5)

We perform this procedure for each interior node on each element of the computational mesh,
then use the approach of Chapter 4 to project the equilibrated nodal solution back to a modal
representation. This is performed during each substep of the Runge-Kutta time-stepping method.

6.2. Instantaneous Pressure Relaxation

In this section, we extend the instantaneous pressure relaxation approach [28, 32] to an arbitrary
number of materials and arbitrary (i.e., tabular) equations of state. This approach assumes that the
pressure relaxation terms in Eqns. (2.1) drive the pressures to equilibrium instantaneously. In this
limit, the governing equations with ®𝑢 = 0 may be manipulated to yield an algebraic system for the
relaxed pressure and volume fraction. Ref. [28] demonstrated that, for a two-material system using
the stiffened gas EOS, this system can be analytically solved for the relaxed state. However, our
demands require a nonlinear solution of the algebraic system, as the number of materials present
and their EOS may be arbitrary. This approach is more sophisticated, though less robust than the
equilibration approach of Section 6.1.

We consider an operator-splitting approach, where after updating the system’s degrees of freedom
using the advective update we are left with the following system of ordinary differential equations,

𝜕

𝜕𝑡
𝛼𝑘 =

𝑁𝑚∑︁
𝑗=1

𝜇𝑘 𝑗 (𝑝𝑘 − 𝑝 𝑗 ), (6.6a)

𝜕

𝜕𝑡
𝛼𝑘𝜌𝑘 = 0, (6.6b)

𝜕

𝜕𝑡
𝜌®𝑢 = 0, (6.6c)

𝜕

𝜕𝑡
𝛼𝑘𝜌𝑘𝐸𝑘 = −

𝑁𝑚∑︁
𝑗=1

𝑝𝐼,𝑘 𝑗𝜇𝑘 𝑗 (𝑝𝑘 − 𝑝 𝑗 ). (6.6d)

We note that 𝜇𝑘 𝑗 = 𝜇 𝑗 𝑘 and in the limit 𝜇𝑘 𝑗 → +∞, corresponding to the timescale of pressure
relaxation between 𝑝𝑘 and 𝑝 𝑗 approaching zero, these pressures will approach an equilibrium value
𝑝𝐼,𝑘 𝑗 . When this limit applies to all the relaxation coefficients 𝜇𝑘 𝑗 , the pressures all equilibrate to a
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common pressure, 𝑝𝐼,𝑘 𝑗 → 𝑝𝐼 . Discretizing these equations, where we seek the ()∗ state and begin
with the ()0 state, we find that

(𝛼𝑘𝜌𝑘 )∗ = (𝛼𝑘𝜌𝑘 )0, (𝜌®𝑢)∗ = (𝜌®𝑢)0, (6.7)

and
𝜕

𝜕𝑡
𝛼𝑘𝜌𝑘𝐸𝑘 =

𝜕

𝜕𝑡
𝛼𝑘E𝑘 = −𝑝𝐼

𝜕

𝜕𝑡
𝛼𝑘 (6.8)

Note that summing Eqn. (6.8) over 𝑘 reveals that the total energy will be conserved,
∑
𝑘 𝜕𝑡 (𝛼𝑘𝜌𝑘𝐸𝑘 ) =

𝜕𝑡 (𝜌𝐸) = 0, as will the phasic energy density,
∑
𝑘 𝜕𝑡 (𝛼𝑘E𝑘 ) = 𝜕𝑡 (E) = 0 such that (𝜌𝐸)∗ = (𝜌𝐸)0

and E∗ = E0. Integrating Eqn. (6.8),

(𝛼𝑘𝐸𝑘 )∗ − (𝛼𝑘𝐸𝑘 )0 = (𝛼𝑘E𝑘 )∗ − (𝛼𝑘E𝑘 )0 = −𝑝𝐼𝑘 (𝛼∗𝑘 − 𝛼
0
𝑘 ) (6.9)

Where 𝑝𝐼𝑘 = 1
𝛼∗
𝑘
−𝛼0

𝑘

∫ Δ𝑡

0 𝑝𝐼
𝜕𝛼𝑘
𝜕𝑡

d𝑡 is the average interface pressure.

If we enforce mechanical equilibrium, 𝑝∗
𝐼
= 𝑝∗

𝑘
= 𝑝∗, we have 𝑁𝑚 equations for 𝑁𝑚 + 1 unknowns

(𝑝∗ and 𝛼∗
𝑘
). We add also the saturation condition,

∑
𝑘 𝛼𝑘 = 1, so that we now have 𝑁𝑚 +1 equations

for solving the 𝑁𝑚 + 1 unknowns.

Solving for 𝛼∗
𝑘

in Eqn. (6.9),

𝛼∗𝑘 = 𝛼
0
𝑘

(E0
𝑘
+ 𝑝𝐼𝑘

E∗
𝑘
+ 𝑝𝐼𝑘

)
. (6.10)

And utilizing the saturation condition,

1 =
∑︁
𝑘

𝛼0
𝑘

(E0
𝑘
+ 𝑝𝐼𝑘

E∗
𝑘
+ 𝑝𝐼𝑘

)
=
∑︁
𝑘

𝑓𝑘 (𝜌∗𝑘 , 𝑝
∗). (6.11)

As in Ref. [28], we approximate the value 𝑝𝐼𝑘 = 1
2 (𝑝

∗ + 𝑝0
𝐼
), where 𝑝0

𝐼
=

∑
𝑘

∑
𝑘′≠𝑘 𝑝

0
𝑘
𝐵0
𝑘′∑

𝑘 𝐵
0
𝑘

and

𝐵0
𝑘
= 𝜌0

𝑘
(𝑐0
𝑘
)2. The unknown internal energy density isE∗

𝑘
= E𝑘 (𝜌∗𝑘 , 𝑝

∗), where 𝜌∗
𝑘
= (𝜌𝑘𝛼𝑘 )∗/𝛼∗𝑘 =

(𝜌𝑘𝛼𝑘 )0/𝛼∗
𝑘
.

In Ref. [28], the authors substitute the analytical EOS (stiffened gas) into Eqn. (6.11) so that solving
for 𝑝∗ will result in solving a 𝑁-th order polynomial, which was done simply for the 𝑁𝑚 = 2 case
in this reference. This is not possible in general, where our gases obey arbitrary EOS relations, and
the 𝑁𝑚 > 2 case will increase the degree of polynomial to be solved. Instead, we use Newton’s
method to obtain 𝑝∗, in a similar (though more general) manner to that employed in Ref. [32]. In
the case of a tabular material, we utilize the differential of a material’s pressure,

𝑑𝑝𝑘 = 𝜅𝑘𝑑E𝑘 + 𝜒𝑘𝑑𝜌𝑘 , (6.12)

where 𝜅𝑘 =
𝜕𝑝𝑘
𝜕E𝑘

and 𝜒𝑘 =
𝜕𝑝𝑘
𝜕𝜌𝑘

. We use an iterative Newton method to obtain 𝑝∗, and 𝛼∗
𝑘

(or,
equivalently, 𝜌∗

𝑘
), resulting in,

(𝑝∗)𝑛+1 = (𝑝∗)𝑛 −
∑
𝑘 𝑓𝑘

[
(𝜌∗

𝑘
)𝑛, (𝑝∗)𝑛

]
− 1∑

𝑘
𝜕 𝑓𝑘
𝜕𝑝∗

[
(𝜌∗

𝑘
)𝑛, (𝑝∗)𝑛

] , (6.13a)

(𝛼∗𝑘 )
𝑛+1 = 𝑓𝑘

[
(𝜌∗𝑘 )

𝑛, (𝑝∗)𝑛+1] (6.13b)
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where 𝜕 𝑓𝑘
𝜕𝑝∗ (𝜌

∗
𝑘
, 𝑝∗) =

1
2

𝜕E𝑘
𝜕𝑝𝑘

(𝜌∗
𝑘
,𝑝∗)+ 1

2
=

1
2

1
𝜅𝑘 (𝜌∗𝑘 , 𝑝

∗ ) +
1
2
. We begin with the initial guess (𝑝∗)0 = 𝑝,

(𝛼∗
𝑘
)0 = 𝛼0

𝑘
, and iterate to calculate (𝑝∗)𝑛+1 and (𝛼∗

𝑘
)𝑛+1 until these values no longer change within

a certain threshold.

Like the equilibration approach of Section 6.1, we perform this procedure on nodally-interpolated
values on each element of the computational mesh, then use the approach of Chapter 4 to project the
equilibrated nodal solution back to a modal representation. This is performed during each substep
of the Runge-Kutta time-stepping method.

We have observed that the robustness of this approach can be mixed when the EOS is described
using tables. As a result, we often use the partial pressure equilibration approach of Section
6.1 to provide a more tractable initial state for the instantaneous pressure relaxation algorithm.
Furthermore, when this algorithm fails to converge or converges on an unphysical state, we use the
total equilibration approach of Section 6.1 instead for that node.

We are currently implementing a finite-pressure relaxation scheme, in which the pressure source
terms in Eqns. (2.1a) and (2.1d) are modeled and integrated explicitly, as in Tipton et al. [33] and
Pandare et al. [26]. The results with this approach were not yet available when this report was
released.
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7. VERIFICATION

In this chapter, we test the discretizations of Chapter 3, with particular emphasis on the concept
of well-balancedness and the differences between the nonconservative discretization approaches
using a set of verification problems. Each discretization was implemented in the FLEXO code.

In particular, we plot the numerical solutions and study their errors using a few common error
metrics for DG methods. We utilize the global 𝐿2 error in the solution,

𝐿2 =

√√√
1
|Ω|

𝑁𝑒∑︁
𝑒=1

∫
Ω𝑒

(𝑞 − 𝑞exact)2𝑑Ω, (7.1)

and the 𝐿∞ error in the cell-averages,

𝐿∞ = max
𝑒=1,...,𝑁𝑒

��� 1
|Ω𝑒 |

∫
Ω𝑒

𝑞𝑑Ω − 1
|Ω𝑒 |

∫
Ω𝑒

𝑞exact𝑑Ω
���, (7.2)

for both the state variables (𝛼𝑘𝜌𝑘 , 𝜌𝑢, 𝛼𝑘𝜌𝑘𝐸𝑘 , 𝛼𝑘 ) and primitive variables (𝜌𝑘 , 𝑢, 𝑝𝑘 , 𝛼𝑘 ). To
ensure non-polynomial exact solutions are integrated sufficiently, we use 𝑁𝑞 = 4 quadrature
points for the error evaluations. The optimal rate of convergence for the RKDG method for
smooth problems in the global 𝐿2 error is 𝑃 + 1, whereas the cell-average 𝐿∞ error is expected to
superconverge at a rate of 2𝑃 + 1.

Each problem in this Chapter was run with 𝑃 = 1, 𝐶𝐹𝐿 = 0.5 and a three-stage Runge Kutta
time-stepping method. Additionally, for each of these problems, we choose the “trace” volume
fraction to be 𝛼trace = 1 × 10−8. This is the value at which we initialize the volume fraction
values 𝛼𝑘 that correspond to materials that are not physically present in regions that are meant to
be “single-material.” Each simulation was ran using the Local Lax-Friedrichs flux, described in
Section B.1. The results in this chapter are dimensionless unless units are provided.

7.1. Advection of Smooth 1-D Single-Density Interface

We simulated the advection of a smooth, 1-D, two-material, single-density interface on 𝑥 ∈ [−1, 1]
with periodic boundaries, upon which we impose the initial condition:

𝜌𝑘
𝑢

𝑝𝑘
𝛼1
𝛼2


=



1.0
1.0
1.0

1
2

[
(1.0 − 2𝛼trace)cos(𝜋𝑥) + 1.0

]
1.0 − 𝛼1


. (7.3)
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For this problem, both material equations of state are described analytically by the ideal gas law,
with 𝛾1 = 1.4 and 𝛾2 = 2.0. This problem was run for a simulated time of 𝑡 = 2.0, corresponding
to one period of advection.

Convergence results using the Pandare discretization of Section 3.2 are depicted in Fig. 7-1. We
note that all state variables converge at optimal rates, with the exception of the momentum 𝜌𝑢,
which converges at a faster rate. For well-balanced schemes, as will be seen, the error for this state
variable should be very small, near machine precision. The well-balancedness of the discretization
can be further assessed by viewing the convergence behavior of the primitive variables 𝜌𝑘 , 𝑢, and
𝑝𝑘 , all of which should be near machine precision for all resolutions for a well-balanced method.
The error in 𝜌𝑘 and 𝑢 is indeed not small, though they do converge at the same rate as the state
variables. The error in 𝑝𝑘 , however, is large and converges at a rate that appears to be greater than
𝑚 = 1, though less than optimal in both error measures. Based on this behavior of the material
pressures 𝑝𝑘 as compared to 𝜌𝑘 and 𝑢, the discretization is not well-balanced for 𝑝𝑘 , and this is
affecting the errors in 𝜌𝑘 and 𝑢, which themselves would be well-balanced. These errors can be
observed as well in the error profiles of Fig. 7-2. It is interesting to note that the error in one
material’s pressure 𝑝𝑘 seems to occur at locations where that material’s volume fraction 𝛼𝑘 is very
small, which we refer to as “trace” regions for that material. These results support that the Pandare
discretization is not well-balanced.

Convergence results using the path-conservative discretization of Section 3.3 are depicted in Fig.
7-3. The state variables converge at optimal rates. The primitive variables 𝜌𝑘 , 𝑢, and 𝑝𝑘 , are all
observed to be near machine precision, demonstrating the behavior of a variable that has “bottomed
out”, accumulating rounding errors and so increasing slightly with increased resolution. These
results verify that the path-conservative discretization is well-balanced.

Convergence results using the spatial-averaging discretization of Section 3.4 are depicted in Fig.
7-4. The state variables converge at optimal rates. The primitive variables 𝜌𝑘 , 𝑢, and 𝑝𝑘 are all near
machine precision. These results verify that the spatial-averaging discretization is well-balanced.

These results are consistent with the analysis of Section 3.5.
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Figure 7-1. Errors in the state variables (top row) and primitive variables (bottom row) for the
smooth 1-D single-density interface advection problem after 1 period using the Pandare
discretization (Section 3.2). The slopes 𝑚 of the dashed lines are labeled in each figure.
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(a) Density error (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-2. Primitive variable error profiles (a) - (c) and profiles (d) for the smooth 1-D
single-density interface advection problem after 1 period using the Pandare discretization (Section

3.2) with 𝑁𝑒 = 64 elements.
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Figure 7-3. Errors in the state variables (top row) and primitive variables (bottom row) for the
smooth 1-D single-density interface advection problem after 1 period using the path-conservative

discretization (Section 3.3). The slopes 𝑚 of the dashed lines are labeled in each figure.
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Figure 7-4. Errors in the state variables (top row) and primitive variables (bottom row) for the
smooth 1-D single-density interface advection problem after 1 period using the spatial-averaging

discretization (Section 3.4). The slopes 𝑚 of the dashed lines are labeled in each figure.
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7.2. Advection of Smooth 1-D Interface

We simulated the advection of a smooth, 1-D, two-material interface on 𝑥 ∈ [−1, 1] with periodic
boundaries, upon which we impose the initial condition:



𝜌1
𝜌2
𝑢

𝑝𝑘
𝛼1
𝛼2


=



1.0
0.1
1.0
1.0

1
2

[
(1.0 − 2𝛼trace)cos(𝜋𝑥) + 1.0

]
1.0 − 𝛼1


. (7.4)

For this problem, both material equations of state are described analytically by the ideal gas law,
with 𝛾1 = 1.4 and 𝛾2 = 2.0. This problem was run for a simulated time of 𝑡 = 2.0, corresponding
to one period of advection.

The errors using the Pandare discretization, shown in Fig. 7-5, converge optimally for the state
variables. However, the primitive errors show that the discretization is not well-balanced, as can
also be seen in the profiles of Fig. 7-6. It is important to note that unlike the problem of Section
7.1, in this case the bulk density 𝜌 is not trivially advected, so the momentum 𝜌𝑢 is not expected
to be near machine precision. For the path-conservative discretization, the results in Fig. 7-7
demonstrate optimal convergence and the discretization is well-balanced, with errors in material
densities 𝜌𝑘 and pressures 𝑝𝑘 , as well as the bulk velocity 𝑢, near machine precision. Likewise,
using the spatial-averaging discretization, the errors depicted in Fig. 7-8 converge optimally and
the discretization is well-balanced. These results are consistent with the results of Section 7.1.
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Figure 7-5. Errors in the state variables (top row) and primitive variables (bottom row) for the
smooth 1-D interface advection problem after 1 period using the Pandare discretization (Section

3.2). The slopes 𝑚 of the dashed lines are labeled in each figure.
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(a) Density (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-6. Primitive variable error profiles (b) - (c) and profiles (a) and (d) for the smooth 1-D
single-density interface advection problem after 1 period using the Pandare discretization (Section

3.2) with 𝑁𝑒 = 64 elements.
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Figure 7-7. Errors in the state variables (top row) and primitive variables (bottom row) for the
smooth 1-D interface advection problem after 1 period using the path-conservative discretization

(Section 3.3). The slopes 𝑚 of the dashed lines are labeled in each figure.
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Figure 7-8. Errors in the state variables (top row) and primitive variables (bottom row) for the
smooth 1-D interface advection problem after 1 period using the spatial-averaging discretization

(Section 3.4). The slopes 𝑚 of the dashed lines are labeled in each figure.
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7.3. Advection of Smooth 2-D Interface

We simulated the advection of a smooth, 2-D, two-material interface on (𝑥, 𝑦) ∈ [−1, 1] × [−1, 1]
with periodic boundaries, upon which we impose the initial condition:



𝜌1
𝜌2
®𝑢
𝑝𝑘
𝛼1
𝛼2


=



1.0
0.1

[1.0, 1.0]
1.0

1
2

[
(1.0 − 2𝛼trace)cos(𝜋𝑥)cos(𝜋𝑦) + 1.0

]
1.0 − 𝛼1


. (7.5)

As before, both material equations of state are described analytically by the ideal gas law, with
𝛾1 = 1.4 and 𝛾2 = 2.0. This problem was run for a simulated time of 𝑡 = 2.0, corresponding to one
period of advection.

The errors using the Pandare discretization, shown in Fig. 7-9, converge optimally for the state
variables, but the discretization is not well-balanced. For the path-conservative discretization, the
results in Fig. 7-10 demonstrate optimal convergence and that the discretization is well-balanced.
Similarly, using the spatial-averaging discretization, the errors depicted in Fig. 7-11 converge
optimally and the discretization is well-balanced. These results are consistent with the results of
Section 7.2.

64



Figure 7-9. Errors in the state variables (top row) and primitive variables (bottom row) for the
smooth 2-D interface advection problem after 1 period using the Pandare discretization (Section

3.2). The slopes 𝑚 of the dashed lines are labeled in each figure.
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Figure 7-10. Errors in the state variables (top row) and primitive variables (bottom row) for the
smooth 2-D interface advection problem after 1 period using the path-conservative discretization

(Section 3.3). The slopes 𝑚 of the dashed lines are labeled in each figure.
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Figure 7-11. Errors in the state variables (top row) and primitive variables (bottom row) for the
smooth 2-D interface advection problem after 1 period using the spatial-averaging discretization

(Section 3.4). The slopes 𝑚 of the dashed lines are labeled in each figure.
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7.4. Advection of Sharp 1-D Single-Density Interface

We simulated the advection of a sharp, 1-D, two-material interface on 𝑥 ∈ [−1, 1] with 𝑁𝑒 = 64
elements and periodic boundaries, upon which we impose the initial condition:

𝜌𝑘
𝑢

𝑝𝑘
𝛼1
𝛼2


=


1.0
1.0
1.0

1.0 − 𝛼trace
𝛼trace


, for |𝑥 | > 0.5,


𝜌𝑘
𝑢

𝑝𝑘
𝛼1
𝛼2


=


1.0
1.0
1.0
𝛼trace

1.0 − 𝛼trace


, for |𝑥 | < 0.5. (7.6)

For this problem, both material equations of state are described analytically by the ideal gas law,
with 𝛾1 = 1.4 and 𝛾2 = 2.0. This problem was run for a simulated time of 𝑡 = 2.0, corresponding
to one period of advection. As this problem advects a discontinuity, we use the solution limiting
procedure described in Chapter 4. This scheme is designed to not introduce errors in the variables
that should remain uniform for a well-balanced discretization. This problem does not require any
bounds preservation.

Profiles using the Pandare discretization of Section 3.2 are depicted in Fig. 7-12. The pressure
errors and density errors are of order O(10−8), and the velocity errors are of order O(10−9). For
the path-conservative discretization of Section 3.3, profiles are depicted in Fig. 7-13. The pressure
errors are of order O(10−13). The density errors of order O(10−14), and the velocity errors are of
order O(10−14). Profiles using the spatial-averaging discretization of Section 3.4 are depicted in
Fig. 7-14. The pressure errors are of order O(10−13). The density errors are of order O(10−14), and
the velocity errors are of order O(10−14). These results demonstrate that the Pandare discretization
is not well balanced, whereas the path-conservative and spatial-averaging discretizations are well-
balanced. Furthermore, these results show that the limiting scheme of Chapter 4 preserves the
equilibria conditions expected for an isolated interface.
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(a) Density error (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-12. Primitive variable error profiles (a) - (c) and profiles (d) for the sharp 1-D single-density
interface advection problem after 1 period using the Pandare discretization (Section 3.2).
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(a) Density error (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-13. Primitive variable error profiles (a) - (c) and profiles (d) for the sharp 1-D single-density
interface advection problem after 1 period using the path-conservative discretization (Section 3.3).
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(a) Density error (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-14. Primitive variable error profiles (a) - (c) and profiles (d) for the sharp 1-D single-density
interface advection problem after 1 period using the spatial-averaging discretization (Section 3.4).
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7.5. Advection of Sharp 1-D Interface - Configuration 1

We simulated the advection of a sharp, 1-D, two-material interface on 𝑥 ∈ [−1, 1] with 𝑁𝑒 = 64
elements and with periodic boundaries, upon which we impose the initial condition:

𝜌𝑘
𝑢

𝑝𝑘
𝛼1
𝛼2


=


1.0
1.0
1.0

1.0 − 𝛼trace
𝛼trace


, for |𝑥 | > 0.5,


𝜌𝑘
𝑢

𝑝𝑘
𝛼1
𝛼2


=


0.1
1.0
1.0
𝛼trace

1.0 − 𝛼trace


, for |𝑥 | < 0.5. (7.7)

For this problem, both material equations of state are described analytically by the ideal gas law,
with 𝛾1 = 1.4 and 𝛾2 = 2.0. This problem was run for a simulated time of 𝑡 = 2.0, corresponding to
one period of advection. For this problem, as in Section 7.4, we use the solution limiting procedure
described in Chapter 4, as well as the volume fraction bounds preservation routine described
in Section 5.1. In this configuration of the 1-D sharp interface, both material densities 𝜌𝑘 are
initialized as discontinuous.

Profiles using the Pandare discretization of Section 3.2 are depicted in Fig. 7-15. The pressure
errors are of order O(10−5), and the velocity errors are of order O(10−6). These results demonstrate
that, consistent with the results of prior sections, the Pandare discretization is not well-balanced.

For the path-conservative discretization of Section 3.3, profiles are depicted in Fig. 7-16. The
pressure errors are of order O(10−5), and the velocity errors are of order O(10−6). Profiles using
the spatial-averaging discretization of Section 3.4 are depicted in Fig. 7-17. The pressure errors
are of order O(10−5), and the velocity errors are of order O(10−6).

These results are surprising in that the pressure and velocity errors for the path-conservative and
spatial-averaging discretizations are no lower than those for the Pandare discretization shown in
Fig. 7-15, while the results of Section 7.4 showed much lower errors in these quantities for the
path-conservative and spatial-averaging discretizations. As will be seen in the following section,
this is due to the density initialization and not the discretizations themselves.
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(a) Density (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-15. Primitive variable error profiles (b) and (c) and profiles (a) and (d) for the sharp 1-D
interface advection problem (Config. 1) after 1 period using the Pandare discretization (Section 3.2).

73



(a) Density (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-16. Primitive variable error profiles (b) and (c) and profiles (a) and (d) for the sharp 1-D
interface advection problem (Config. 1) after 1 period using the path-conservative discretization

(Section 3.3).
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(a) Density (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-17. Primitive variable error profiles (b) and (c) and profiles (a) and (d) for the sharp 1-D
interface advection problem (Config. 1) after 1 period using the spatial-averaging discretization

(Section 3.4).
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7.6. Advection of Sharp 1-D Interface - Configuration 2

We simulated the advection of a sharp, 1-D, two-material interface on 𝑥 ∈ [−1, 1] with 𝑁𝑒 = 64
elements and periodic boundaries, upon which we impose the initial condition:

𝜌1
𝜌2
𝑢

𝑝𝑘
𝛼1
𝛼2


=



1.0
0.1
1.0
1.0

1.0 − 𝛼trace
𝛼trace


, for |𝑥 | > 0.5,



𝜌1
𝜌2
𝑢

𝑝𝑘
𝛼1
𝛼2


=



1.0
0.1
1.0
1.0
𝛼trace

1.0 − 𝛼trace


, for |𝑥 | < 0.5. (7.8)

For this problem, both material equations of state are described analytically by the ideal gas law,
with 𝛾1 = 1.4 and 𝛾2 = 2.0. This problem was run for a simulated time of 𝑡 = 2.0, corresponding to
one period of advection. For this problem, as in Sections 7.4, and 7.5, we use the solution limiting
procedure described in Chapter 4. In this configuration of the 1-D sharp interface, both material
densities 𝜌𝑘 are initialized as uniform, and the discontinuity in the bulk density is represented only
by the discontinuity in volume fraction.

For the Pandare discretization of Section 3.2, profiles are depicted in Fig. 7-18. The pressure
errors are significantly smaller than in Section 7.5, with Config. 1, on the order of O(10−10). The
velocity errors are on the order of O(10−11). For the path-conservative discretization of Section
3.3, profiles are depicted in Fig. 7-19. Here too, pressure errors are significantly smaller than in
Section 7.5, with Config. 1, on the order of O(10−13). The velocity errors are on the order of
O(10−15). These errors are also considerably smaller than with the Pandare discretization. For the
spatial-averaging discretization of Section 3.4, profiles are depicted in Fig. 7-20. Here too, pressure
errors are significantly smaller than in Section 7.5, with Config. 1, on the order of O(10−13). The
velocity errors are on the order of O(10−15). These errors are also considerably smaller than with
the Pandare discretization.

The results of this section compared to Section 7.5 show that when initializing an interface or other
discontinuity, it is best to carry the non-uniformity in the volume fraction field 𝛼𝑘 and to initialize
the primitive material-indexed quantities (e.g., 𝜌𝑘 , 𝑝𝑘 ) uniformly if possible. In the case of an
isolated interface, this approach significantly reduces the amount of error in quantities that should
be error-free. Furthermore, this prevents the initialization of “trace” materials with states that are
not sensible for that material.
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(a) Density (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-18. Primitive variable error profiles (b) and (c) and profiles (a) and (d) for the sharp 1-D
interface advection problem (Config. 2) after 1 period using the Pandare discretization (Section 3.2).
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(a) Density (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-19. Primitive variable error profiles (b) and (c) and profiles (a) and (d) for the sharp 1-D
interface advection problem (Config. 2) after 1 period using the path-conservative discretization

(Section 3.3).
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(a) Density (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-20. Primitive variable error profiles (b) and (c) and profiles (a) and (d) for the sharp 1-D
interface advection problem (Config. 2) after 1 period using the spatial-averaging discretization

(Section 3.4).
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7.7. Advection of Sharp 2-D Interface

We simulated the advection of a sharp, 2-D, two-material interface on (𝑥, 𝑦) ∈ [−1, 1] × [−1, 1]
with 𝑁𝑒 = 64×64 elements and periodic boundaries, upon which we impose the initial condition:

𝜌1
𝜌2
®𝑢
𝑝𝑘
𝛼1
𝛼2


=



1.0
0.1

[1.0, 1.0]
1.0

1.0 − 𝛼trace
𝛼trace


, for 𝑟 > 0.5,



𝜌1
𝜌2
®𝑢
𝑝𝑘
𝛼1
𝛼2


=



1.0
0.1

[1.0, 1.0]
1.0
𝛼trace

1.0 − 𝛼trace


, for 𝑟 < 0.5. (7.9)

For this problem, both material equations of state are described analytically by the ideal gas law,
with 𝛾1 = 1.4 and 𝛾2 = 2.0. This problem was run for a simulated time of 𝑡 = 2.0, corresponding
to one period of advection. For this problem, we use the solution limiting procedure described in
Chapter 4. It was observed that volume fraction bounds preservation routine described in Section
5.1 is necessary to run this problem without crashes, with 𝛼floor = 10−12. This problem is initialized
in the manner of Section 7.6.

For the Pandare discretization of Section 3.2, profiles are depicted in Fig. 7-21. The pressure
errors are on the order of O(10−5). The velocity errors are on the order of O(10−7). For the path-
conservative discretization of Section 3.3, profiles are depicted in Fig. 7-22. The material pressure
errors are on the order of O(10−13). The velocity errors are on the order of O(10−15). These
errors are considerably smaller than with the Pandare discretization. For the spatial-averaging
discretization of Section 3.4, profiles are depicted in Fig. 7-23. Here too, pressure errors are
on the order of O(10−13). The velocity errors are on the order of O(10−14). These errors are
also considerably smaller than with the Pandare discretization. The results of this section are
similar to the results to the 1-D problem of Section 7.6, indicating that the path-conservative and
spatial-averaging discretizations are well balanced for multi-dimensional problems. Furthermore,
these results indicate that the solution limiting procedure described in Chapter 4 applies readily to
multi-dimensional problems. As volume fraction bounds preservation is required for this problem,
these results also demonstrate that the volume fraction bounds preservation scheme in Section 5.1
does not affect equilibria of the primitive variables in the case of an isolated interface.
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(a) Density (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-21. Primitive variable error profiles (b) and (c) and profiles (a) and (d) along the diagonal
𝑥 = 𝑦 for the sharp 2-D interface advection problem after 1 period using the Pandare discretization

(Section 3.2).
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(a) Density (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-22. Primitive variable error profiles (b) and (c) and profiles (a) and (d) along the diagonal
𝑥 = 𝑦 for the sharp 2-D interface advection problem after 1 period using the path-conservative

discretization (Section 3.3).
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(a) Density (b) Velocity error

(c) Pressure error (d) Volume fraction

Figure 7-23. Primitive variable error profiles (b) and (c) and profiles (a) and (d) along the diagonal
𝑥 = 𝑦 for the sharp 2-D interface advection problem after 1 period using the spatial-averaging

discretization (Section 3.3).
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7.8. 1-D Shock-Interface Interaction

We simulated the interaction of a strong (Mach 8.96) shockwave with a material interface [18] on
𝑥 ∈ [−1, 1] with 𝑁𝑒 = 256 elements, upon which we impose the initial condition:



𝜌1
𝜌2
𝑢

𝑝1
𝑝2
𝛼1
𝛼2


=



𝜌0
(𝛾1+1)𝑀2

𝑠

(𝛾1−1)𝑀2
𝑠+2

1.0
𝑐0
𝑀𝑠

2(𝑀2
𝑠−1)

𝛾1+1 + 𝑢𝑐
𝑟 𝑝0
𝑝0

1.0 − 𝛼trace
𝛼trace


, for − 1 < 𝑥 < −0.8,



𝜌1
𝜌2
𝑢

𝑝1
𝑝2
𝛼1
𝛼2


=



0.1
1.0
𝑢𝑐
𝑝0
𝑝0

1.0 − 𝛼trace
𝛼trace


, for − 0.8 < 𝑥 < −0.2,



𝜌1
𝜌2
𝑢

𝑝1
𝑝2
𝛼1
𝛼2


=



0.1
1.0
𝑢𝑐
𝑝0
𝑝0
𝛼trace

1.0 − 𝛼trace


, for − 0.2 < 𝑥 < 1,

(7.10)

where 𝑀𝑠 = 8.96, the 0 subscript denotes pre-shock quantities with 𝑝0 = 1.0, the background
velocity is 𝑢𝑐 = −2, and 𝑟 = 100. Both material equations of state are described analytically by the
ideal gas law, with 𝛾1 = 5/3 and 𝛾2 = 1.4. This problem was run for a simulated time of 𝑡 = 0.04.
For this problem, we use the solution limiting procedure described in Chapter 4. We do not use
bounds preservation. We show results for the different pressure equilibration/relaxation approaches
of Chapter 6. For comparison, we use a reference solution generated with 2000 elements.

Figures 7-24 - 7-26 depict the 1-D shock-interface problem at an early time, before the shock has
impacted the interface. The pressures immediately behind the shock front are out of equilibrium,
appearing nearly identical for all of our discretizations. Specifically, the pressure of the material
that is present in trace quantities, 𝑝2, is far from the bulk pressure 𝑝. In general, this is the case with
the six-equation model in Eqns. (2.1): the bulk quantities are well-behaved and accurate, while the
trace quantities may not be, even when the discretization used is well balanced. Additionally, for
the Pandare discretization, there are pressure errors due to the interface near 𝑥 = −0.2. For the
well-balanced discretizations, as expected, these pressure errors are not present.

Figures 7-27 - 7-29 show the 1-D shock-interface problem after the interaction. These figures
show how extreme the unphysical material pressure 𝑝𝑘 can become when the pressure relaxation
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terms in Eqns. (2.1) are untreated. This effect is particularly pronounced in problems where waves
interact with interfaces, and where waves and interfaces are born from the same discontinuity
(i.e., Riemann problems). This highlights the importance of the pressure equilibration/relaxation
approaches described in Chapter 6. Figure 7-30 shows the 1-D shock-interface problem after the
interaction using the total equilibration algorithm of Section 6.1. The pressures are equilibrated
throughout the domain. Figure 7-30 shows the 1-D shock-interface problem after the interaction
using the partial equilibration algorithm of Section 6.1 together with the instantaneous pressure
algorithm of Section 6.2. The pressures are equilibrated throughout the domain. Note that this
problem crashes with the instantaneous pressure relaxation algorithm alone: the partial equilibration
algorithm provides an improved initial state for the instantaneous pressure relaxation algorithm and
improves its robustness.

Density Velocity

Pressure Volume fraction

Figure 7-24. Primitive variable profiles for the 1-D shock-interface problem at 𝑡 = 0.01 using the
Pandare discretization (Section 3.2). No pressure equilibration/relaxation.
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Density Velocity

Pressure Volume fraction

Figure 7-25. Primitive variable profiles for the 1-D shock-interface problem at 𝑡 = 0.01 using the
path-conservative discretization (Section 3.3). No pressure equilibration/relaxation.
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Density Velocity

Pressure Volume fraction

Figure 7-26. Primitive variable profiles for the 1-D shock-interface problem at 𝑡 = 0.01 using the
spatial-averaging discretization (Section 3.3). No pressure equilibration/relaxation.
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Density Velocity

Pressure Volume fraction

Figure 7-27. Primitive variable profiles for the 1-D shock-interface problem at 𝑡 = 0.04 using the
Pandare discretization (Section 3.2). No pressure equilibration/relaxation.
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Density Velocity

Pressure Volume fraction

Figure 7-28. Primitive variable profiles for the 1-D shock-interface problem at 𝑡 = 0.04 using the
path-conservative discretization (Section 3.3). No pressure equilibration/relaxation.
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Density Velocity

Pressure Volume fraction

Figure 7-29. Primitive variable profiles for the 1-D shock-interface problem at 𝑡 = 0.04 using the
spatial-averaging discretization (Section 3.3). No pressure equilibration/relaxation.
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Density Velocity

Pressure Volume fraction

Figure 7-30. Primitive variable profiles for the 1-D shock-interface problem at 𝑡 = 0.04 using the
spatial-averaging discretization (Section 3.3). Pressures are controlled with the total equilibration

algorithm (Section 6.1).
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Density Velocity

Pressure Volume fraction

Figure 7-31. Primitive variable profiles for the 1-D shock-interface problem at 𝑡 = 0.04 using the
spatial-averaging discretization (Section 3.3). Pressures are controlled with the partial

equilibration (Section 6.1) and instantaneous pressure relaxation (Section 6.2) algorithms.
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7.9. 1-D Multimaterial Sod

We simulated the 1-D multimaterial Sod problem on 𝑥 ∈ [0, 1] with 𝑁𝑒 = 256 elements, upon
which we impose the initial condition:

𝜌1
𝜌2
𝑢

𝑝𝑘
𝛼1
𝛼2


=



1.0
0.1
1.0
1.0

1.0 − 𝛼trace
𝛼trace


, for 𝑥 > 0.5,



𝜌1
𝜌2
𝑢

𝑝𝑘
𝛼1
𝛼2


=



1.0
0.1
1.0
1.0
𝛼trace

1.0 − 𝛼trace


, for 𝑥 < 0.5. (7.11)

Both material equations of state are described analytically by the ideal gas law, with 𝛾1 = 2.0 and
𝛾2 = 1.4. This problem was run for a simulated time of 𝑡 = 0.2. For this problem, we use the
solution limiting procedure described in Chapter 4. We use the volume fraction bounds preservation
scheme described in Section 5.1 with 𝛼floor = 10−12. For comparison, we use a reference solution
generated with 2000 elements.

Figures 7-32 - 7-34 show the 1-D Sod problem after the wave structure has evolved. These
figures show how extreme the unphysical material pressures 𝑝𝑘 can become when the pressure
relaxation terms in Eqns. (2.1) are untreated, highlighting the importance of the pressure equili-
bration/relaxation approaches described in Chapter 6. Figure 7-35 shows the 1-D Sod problem
using the total equilibration algorithm of Section 6.1. The pressures are equilibrated throughout the
domain. Figure 7-36 shows the 1-D Sod problem after the interaction using the partial equilibration
algorithm of Section 6.1 together with the instantaneous pressure algorithm of Section 6.2. The
pressures are equilibrated throughout the domain.
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Density Velocity

Pressure Volume fraction

Figure 7-32. Primitive variable profiles for the 1-D multimaterial Sod problem at 𝑡 = 0.2 using the
Pandare discretization (Section 3.2). No pressure equilibration/relaxation.
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Density Velocity

Pressure Volume fraction

Figure 7-33. Primitive variable profiles for the 1-D multimaterial Sod problem at 𝑡 = 0.2 using the
path-conservative discretization (Section 3.3). No pressure equilibration/relaxation.
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Density Velocity

Pressure Volume fraction

Figure 7-34. Primitive variable profiles for the 1-D multimaterial Sod problem at 𝑡 = 0.2 using the
spatial-averaging discretization (Section 3.4). No pressure equilibration/relaxation.

96



Density Velocity

Pressure Volume fraction

Figure 7-35. Primitive variable profiles for the 1-D multimaterial Sod problem at 𝑡 = 0.2 using the
spatial-averaging discretization (Section 3.4). Pressures are controlled with the total equilibration

algorithm (Section 6.1).
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Density Velocity

Pressure Volume fraction

Figure 7-36. Primitive variable profiles for the 1-D multimaterial Sod problem at 𝑡 = 0.2 using the
spatial-averaging discretization (Section 3.4). Pressures are controlled with the partial

equilibration (Section 6.1) and instantaneous pressure relaxation (Section 6.2) algorithms.
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7.10. 2-D Multimaterial Sod

We simulated the 2-D multimaterial Sod problem on (𝑥, 𝑦) ∈ [−1, 1] × [−1, 1] with 𝑁𝑒 = 128×128
elements, upon which we impose the initial condition:

𝜌1
𝜌2
®𝑢
𝑝𝑘
𝛼1
𝛼2


=



1.0
0.1

[1.0, 1.0]
1.0

1.0 − 𝛼trace
𝛼trace


, for | ®𝑥 | > 0.5,



𝜌1
𝜌2
®𝑢
𝑝𝑘
𝛼1
𝛼2


=



1.0
0.1

[1.0, 1.0]
1.0
𝛼trace

1.0 − 𝛼trace


, for | ®𝑥 | < 0.5, (7.12)

where | ®𝑥 | =
√
®𝑥 · ®𝑥. Both material equations of state are described analytically by the ideal gas law,

with 𝛾1 = 2.0 and 𝛾2 = 1.4. This problem was run for a simulated time of 𝑡 = 0.2. For this problem,
we use the solution limiting procedure described in Chapter 4. We use the volume fraction bounds
preservation scheme described in Section 5.1 with 𝛼floor = 10−12.

Figures 7-37 - 7-38 show the 2-D Sod problem after the wave structure has evolved. These
figures show how extreme the unphysical material pressures 𝑝𝑘 can become when the pressure
relaxation terms in Eqns. (2.1) are untreated, highlighting the importance of the pressure equili-
bration/relaxation approaches described in Chapter 6. Note that the Pandare discretization crashes
for this problem using these settings. Figure 7-39 shows the 2-D Sod problem using the total equi-
libration algorithm of Section 6.1. The pressures are equilibrated throughout the domain. Figure
7-40 shows the 2-D Sod problem after the interaction using the partial equilibration algorithm of
Section 6.1 together with the instantaneous pressure algorithm of Section 6.2. The pressures are
equilibrated throughout the domain.
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Density Velocity

Pressure Volume fraction

Figure 7-37. Primitive variable profiles along the diagonal 𝑥 = 𝑦 for the 2-D multimaterial Sod
problem at 𝑡 = 0.2 using the path-conservative discretization (Section 3.3). No pressure

equilibration/relaxation.
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Density Velocity

Pressure Volume fraction

Figure 7-38. Primitive variable profiles along the diagonal 𝑥 = 𝑦 for the 2-D multimaterial Sod
problem at 𝑡 = 0.2 using the spatial-averaging discretization (Section 3.4). No pressure

equilibration/relaxation.
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Density Velocity

Pressure Volume fraction

Figure 7-39. Primitive variable profiles along the diagonal 𝑥 = 𝑦 for the 2-D multimaterial Sod
problem at 𝑡 = 0.2 using the spatial-averaging discretization (Section 3.4). Pressures are controlled

with the total equilibration algorithm (Section 6.1).
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Pressure Volume fraction

Figure 7-40. Primitive variable profiles along the diagonal 𝑥 = 𝑦 for the 2-D multimaterial Sod
problem at 𝑡 = 0.2 using the spatial-averaging discretization (Section 3.4). Pressures are controlled

with the partial equilibration (Section 6.1) and instantaneous pressure relaxation (Section 6.2)
algorithms.
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7.11. 1-D Aluminum-Aluminum Collison

We simulated a 1-D collision of two Aluminum slabs, described by SESAME EOS tables [20],
initially moving at equal and opposite velocities using a 1-D mesh on 𝑥 ∈ [0, 1000] 𝜇m with
𝑁𝑒 = 256 elements, upon which we impose the initial condition:

𝜌𝑘
𝑢

𝑇𝑘
𝛼1
𝛼2


=


2700 kg/m3

5000 m/s
298.15 K

1.0 − 𝛼trace
𝛼trace


, for 𝑥 > 500 𝜇m (Aluminum),


𝜌𝑘
𝑢

𝑇𝑘
𝛼1
𝛼2


=


2700 kg/m3

−5000 m/s
298.15 K
𝛼trace

1.0 − 𝛼trace


, for 𝑥 < 500 𝜇m (Aluminum).

(7.13)

This problem was run for a simulated time of 𝑡 = 0.1 s. For this problem, we use the solution
limiting procedure described in Chapter 4. We use the volume fraction bounds preservation scheme
described in Section 5.1 with with 𝛼floor = 10−12, and the state variable bounds preservation scheme
described in Section 5.2.

Figure 7-41 shows the 1-D Al-Al collision problem after the collision has evolved. These fig-
ures show how extreme the unphysical material pressures 𝑝𝑘 can become when the pressure
relaxation terms in Eqns. (2.1) are untreated, highlighting the importance of the pressure equili-
bration/relaxation approaches described in Chapter 6. Figure 7-42 shows the 1-D Al-Al collision
problem using the total equilibration algorithm of Section 6.1. In this case, due to the relatively
low initial temperature and pressure of the material, the equilibrated state is off the SESAME table,
so the material pressures 𝑝𝑘 are not equilibrated throughout the domain. Thus, the pressures are
closer to one another than seen in Figure 7-42, but not completely equilibrated.
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Figure 7-41. Primitive variable profiles for the 1-D Al-Al collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4).
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Density Velocity
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Figure 7-42. Primitive variable profiles for the 1-D Al-Al collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4). Pressures are controlled with the total equilibration

algorithm (Section 6.1).
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7.12. 1-D Aluminum-Copper Collison

We simulated a 1-D collision of an Aluminum and a Copper slab, both described by SESAME EOS
tables [20], initially moving at equal and opposite velocities using a 1-D mesh on 𝑥 ∈ [0, 1000] 𝜇m
with 𝑁𝑒 = 256 elements, upon which we impose the initial condition:

𝜌𝑘
𝑢

𝑇𝑘
𝛼1
𝛼2


=


2700 kg/m3

5000 m/s
298.15 K

1.0 − 𝛼trace
𝛼trace


, for 𝑥 > 500 𝜇m (Aluminum),


𝜌𝑘
𝑢

𝑇𝑘
𝛼1
𝛼2


=


8939 kg/m3

−5000 m/s
298.15 K
𝛼trace

1.0 − 𝛼trace


, for 𝑥 < 500 𝜇m (Copper).

(7.14)

This problem was run for a simulated time of 𝑡 = 0.1 s. For this problem, we use the solution
limiting procedure described in Chapter 4. We use the volume fraction bounds preservation scheme
described in Section 5.1 with with 𝛼floor = 10−12, and the state variable bounds preservation scheme
described in Section 5.2.

Figure 7-43 shows the 1-D Al-Cu collision problem after the collision has evolved. These fig-
ures show how extreme the unphysical material pressures 𝑝𝑘 can become when the pressure
relaxation terms in Eqns. (2.1) are untreated, highlighting the importance of the pressure equili-
bration/relaxation approaches described in Chapter 6. Figure 7-44 shows the 1-D Al-Cu collision
problem using the total equilibration algorithm of Section 6.1. In this case, due to the relatively
low initial temperatures and pressures of the materials, the equilibrated states are off the SESAME
table, so the material pressures 𝑝𝑘 are not equilibrated throughout the domain. Thus, the pressures
are closer to one another than in Figure 7-44, but not completely equilibrated.
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Figure 7-43. Primitive variable profiles for the 1-D Al-Cu collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4).
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Figure 7-44. Primitive variable profiles for the 1-D Al-Cu collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4). Pressures are controlled with the total equilibration

algorithm (Section 6.1).
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7.13. 2-D XMHD Liner Implosion

We simulated the 2-D implosion of a Beryllium liner described by a SESAME EOS table [20], driven
by a magnetic field boundary condition, on (𝑥, 𝑦) ∈ [−15, 15] × [−15, 15] 𝜇m with 𝑁𝑒 = 600×600
elements, upon which we impose the initial condition:

𝜌𝑘
®𝑢
𝑇𝑘
𝛼1
𝛼2


=


1845 kg/m3

[0.0, 0.0] m/s
293.15 K

1.0 − 𝛼trace
𝛼trace


, for 2.325 𝜇m < | ®𝑥 | < 2.79 𝜇m (Beryllium),


𝜌𝑘
®𝑢
𝑇𝑘
𝛼1
𝛼2


=


1 × 10−6 kg/m3

[0.0, 0.0] m/s
293.15 K
𝛼trace

1.0 − 𝛼trace


, otherwise (Air).

(7.15)

This problem was run for a simulated time of 𝑡 = 150 ns. For this problem, we use the solu-
tion limiting procedure described in Chapter 4. We use the volume fraction bounds preservation
scheme described in Section 5.1 with with 𝛼floor = 10−12, and the state variable bounds preserva-
tion scheme described in Section 5.2. This problem was run without using any of the pressure
equilibration/relaxation approaches of Chapter 6. In this problem, the Beryllium table is used for
both materials, as this is an initial demonstration. Furthermore, we will not detail the XMHD
modeling or related numerical methods in FLEXO here. We include results for this problem solely
to illustrate early success using the multimaterial approach described in this report in the context
of XMHD problems. This is still an ongoing area of development within the FLEXO code.

Figure 7-45 shows the mixture density of the 2-D XMHD liner implosion problem. The collapse is
very symmetric, but the subsequent expansion after maximum compression has some asymmetric
features, likely due to grid imprinting. Figure 7-46 shows the primitive variable profiles of the 2-D
XMHD liner implosion problem at maximum compression. The collapse also appears symmetric
here, but the material pressures are very far from equilibrium and the volume fractions are diffused
to an extent that the interface is no longer captured effectively at this resolution but instead is
dissipated over the entire target region. These two observations serve to motivate the directions of
future development of the FLEXO code itemized in Section 9.2.
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𝑡 = 30 ns 𝑡 = 70 ns

𝑡 = 110 ns 𝑡 = 150 ns

Figure 7-45. Mixture density for the 2-D XMHD liner implosion problem at various times using the
spatial-averaging discretization (Section 3.4).
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Figure 7-46. Primitive variable profiles for the 2-D XMHD liner implosion problem along 𝑥 = 𝑦 at
𝑡 = 110 ns using the spatial-averaging discretization (Section 3.4).
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8. LARGE-SCALE SIMULATIONS

In this chapter, we include some preliminary results of large-scale, application-relevant FLEXO
simulations of pulsed power systems. This will demonstrate that the multimaterial developments
described in this document have enhanced the capabilities of the FLEXO code, enabling high-
fidelity simulation of pulsed power systems featuring multiple materials. We will not describe
these simulations in detail, nor analyze the results here. The simulations in this chapter use the
spatial-averaging discretization (Section 3.3), a polynomial order of 𝑃 = 1, and the Harten-Lax-van
Leer numerical flux described in Section B.2.

8.1. Double-Shell Simulations

The double cylinder platform is a cross-lab effort between Sandia National Laboratories and Los
Alamos National Laboratory. Based on the Decel platform [48], the double shell platform consists
of nested beryllium liners filled with liquid deuterium. The current of the Z Pulsed Power Facility
is used to drive the implosion of the outer cylinder, which in turn compresses the liquid deuterium
between it and the inner cylinder. This hydrodynamically implodes the inner cylinder. By creating
a scenario where the implosion of the inner beryllium liner is driven purely hydrodynamically, the
ability to simulate the platform is expanded to codes that do not model magnetohydrodynamics. This
makes it a valuable cross-lab and cross-code comparison and validation platform. The simulation
of a 3-D double-shell implosion using the multimaterial capability established in this report is
depicted in Figure 8-1.

𝑡 = 100 ns 𝑡 = 200 ns

Figure 8-1. Mixture density for the double-shell implosion at different times.
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8.2. Ice Fiber MagLIF Simulations

MagLIF requires the fuel to be preheated in some way, which is typically done on the Z Pulsed
Power Facility using the Z-Beamlet Laser. This approach adds complexity and has taken many
years of work to optimize. In addition, requiring the laser for fuel pre-heat removes it as a diagnostic
tool for x-ray backlight imaging. There is currently an effort to instead make use of part of the
Z current pulse to preheat the fuel [16, 19]. The Z architecture lends itself to having one of the
powerfeed levels being directed into the fuel instead of contributing to the flow of current through
the inside of the target. When this is coupled with an extruded deuterium ice fiber, it can create
a hot deuterium fuel without the need for a laser system. This type of MagLIF target has been
successfully fielded on Z, but codes such as FLEXO that can perform high-fidelity 3-D simulations
of this process will be necessary for optimizing and refining this technology. The simulation of
a 3-D Ice Fiber MagLIF implosion using the multimaterial capability established in this report is
depicted in Figure 8-2.

𝑡 = 115 ns 𝑡 = 150 ns

Figure 8-2. Partial total energy density of the deuterium fuel for the ice fiber MagLIF implosion at
different times.
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9. CONCLUSIONS AND ONGOING WORK

9.1. Conclusions

In the present report we designed, implemented, and verified a discontinuous Galerkin scheme for
the six-equation interface capturing model of Pelanti and Shuye in a manner allowing 3-D simulation
of an arbitrary number of materials. This scheme was implemented in the FLEXO XMHD code
and will serve as its base scheme for multimaterial hydrodynamics. We described and analyzed
three different discretizations for the nonconservative terms in the six-equation model, showing
that the two novel discretizations (our path-conservative and spatial-averaging discretizations) are
well balanced in the case of an isolated material interface. Additionally, we described a bounds-
preservation scheme and a solution limiting algorithm that are designed to maintain the equilibria
of primitive variables. We also described approaches for pressure equilibration/relaxation that
drive the materials into pressure equilibrium with one another. This serves to prevent the material
pressures from attaining unphysical values, enhancing the robustness of the overall scheme. We
presented results for a collection of 1-D and 2-D verification problems which demonstrated that
this overall interface capturing scheme is accurate and robust for many problems of interest.
Additionally, the results of these verification problems demonstrated the importance of having a
robust pressure equilibration approach, as well as provided insight into how material interfaces
are best initialized using this six-equation model. Then, we introduced a few large-scale FLEXO
simulations of pulsed power systems that use the multimaterial capability established within this
document. These results demonstrate that these new multimaterial capabilities allow FLEXO users
to conduct high-fidelity simulations of multimaterial XMHD systems, allowing FLEXO to serve as
a tool for experimental design as well as for exploring pulsed power physics.

9.2. Ongoing Development

The following items are ongoing areas of development in the FLEXO code:

• Extension to higher order: the bounds-preservation and solution limiting approaches should
be extended to higher order to enable more efficient resolution of smooth features and sharper
capturing of discontinuous features. The chief difficulty of this effort will be in extending
discontinuity capturing approaches (e.g., solution limiting, artificial viscosity) to high-order
DG solutions in a robust manner that does not disturb equilibrium in this multimaterial
context, as was accomplished here in the 𝑃 = 1 case.

• Pressure relaxation: in this work, we have demonstrated that unphysical values of the
material pressures 𝑝𝑘 can be attained when pressure equilibration terms in Equation (2.1)
are not treated. We believe that finite pressure relaxation (where the pressure source terms
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in Equations (2.1a) and (2.1d) are modeled and integrated explicitly) in the style of Tipton
et al. [33] would be more physically faithful and possibly more robust than the methods of
Chapter 6.

• Interface sharpening: For many of the applications of XMHD, a multimaterial algorithm
should feature sharp interfaces. Extending the approaches described in this work to higher
order with a means of selective dissipation (e.g., a physics-based sensor for selectively
applying limiting) for stabilizing discontinuities would be the first means of attaining this,
but it is possible that this will still be insufficient for the application demands. In this
case, some interface compression approach (e.g., THINC [25, 39]) should be employed to
control/limit the dissipation of material interfaces.
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APPENDIX A. Equivalence of Pelanti and Saurel Systems

In this appendix, we show the equivalence of the system of Saurel et al. [32] to that of Pelanti and
Shuye [28]. Inserting the definition of 𝐸𝑘 into Eqn. (2.1d):

𝜕𝑡 [𝛼𝑘𝜌𝑘𝑒𝑘 +
1
2
𝛼𝑘𝜌𝑘𝑢

2] + ∇ ·
[
𝒖(𝛼𝑘𝜌𝑘𝑒𝑘 +

1
2
𝛼𝑘𝜌𝑘𝑢

2 + 𝛼𝑘 𝑝𝑘 )
]
+ Y𝑘 = −

𝑁∑︁
𝑗=1

𝑝𝐼,𝑘 𝑗𝜇𝑘 𝑗 (𝑝𝑘 − 𝑝 𝑗 ).

(A.1)
Rearranging,

𝜕𝑡 [𝛼𝑘𝜌𝑘𝑒𝑘 ] + ∇ · [𝒖𝛼𝑘𝜌𝑘𝑒𝑘 ] + 𝛼𝑘 𝑝𝑘∇ · 𝒖

+ 𝜕𝑡 [
1
2
𝛼𝑘𝜌𝑘𝑢

2] + ∇ ·
[
𝒖

1
2
𝛼𝑘𝜌𝑘𝑢

2
]
+ 𝒖 · ∇𝛼𝑘 𝑝𝑘 + Y𝑘

= −
𝑁∑︁
𝑗=1

𝑝𝐼,𝑘 𝑗𝜇𝑘 𝑗 (𝑝𝑘 − 𝑝 𝑗 ). (A.2)

Introducing the system from Saurel et al. [32]:

𝜕𝑡 [𝛼𝑘 ] + 𝒖 · ∇𝛼𝑘 =
𝑁∑︁
𝑗=1

𝜇𝑘 𝑗 (𝑝𝑘 − 𝑝 𝑗 ), (A.3a)

𝜕𝑡 [𝛼𝑘𝜌𝑘 ] + ∇ · [𝛼𝑘𝜌𝑘𝒖] = 0, (A.3b)
𝜕𝑡 [𝜌𝒖] + ∇ · [𝜌𝒖 ⊗ 𝒖 + 𝑝𝑰] = 0, (A.3c)

𝜕𝑡 [𝛼𝑘𝜌𝑘𝑒𝑘 ] + ∇ · [𝒖𝛼𝑘𝜌𝑘𝑒𝑘 ] + 𝛼𝑘 𝑝𝑘∇ · 𝒖 = −
𝑁∑︁
𝑗=1

𝑝𝐼,𝑘 𝑗𝜇𝑘 𝑗 (𝑝𝑘 − 𝑝 𝑗 ), (A.3d)

we recognize that to arrive at Eqn. (A.3d), we need to show that the middle line of Eqn. (A.2) is
zero. Examining this line alone,

𝜕𝑡 [
1
2
𝛼𝑘𝜌𝑘𝑢

2] + ∇ ·
[
𝒖

1
2
𝛼𝑘𝜌𝑘𝑢

2
]
+ 𝒖 · ∇𝛼𝑘 𝑝𝑘 + Y𝑘 =

1
2
𝑢2𝜕𝑡 [𝛼𝑘𝜌𝑘 ] +

1
2
𝑢2∇ · 𝒖𝛼𝑘𝜌𝑘

+ 𝛼𝑘𝜌𝑘𝒖 · 𝜕𝑡𝒖 + 𝛼𝑘𝜌𝑘𝒖 · 𝒖 · ∇𝒖 + 𝒖 · ∇𝛼𝑘 𝑝𝑘 + Y𝑘 . (A.4)

We recognize that the middle line, using Eqn. (2.1b), is zero. We also recognize that Eqn. (2.1c)
can be rewritten as,

𝜕𝑡𝒖 + 𝒖 · ∇𝒖 = −∇𝑝
𝜌
. (A.5)
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Inserting this into Eqn. (A.4),

−𝒖 · [𝑧𝑘∇𝑝 − ∇𝛼𝑘 𝑝𝑘 ] + Y𝑘 = 0, (A.6)

by the definition of Y𝑘 .
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APPENDIX B. Riemann Solvers

In this appendix, we describe a few examples of approximate Riemann solvers used in this document,
as well as the corresponding nonconservative flux terms (indicated using the (̂) notation), for the
spatial-averaging discretization of Section 3.4. For convenience, the volume fraction equation for
the spatial-averaging discretization is reproduced below:∫

Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
𝛼𝑘𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 (𝛼𝑘 ®𝑢 − 𝛼𝑘 ®̂𝑢) · ®𝑛𝑑𝑠 −
∫
Ω𝑒

(𝛼𝑘 − 𝛼𝑘 ) ®𝑢 · ∇𝜙𝑒𝑖 𝑑Ω = 0, (B.1)

and the phasic energy equation is reproduced below:∫
Ω𝑒

𝜙𝑒𝑖
𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘𝐸𝑘 )𝑑Ω +

∫
𝜕Ω𝑒

𝜙𝑒𝑖 [ �®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) + 𝑧𝑘 ®𝑢𝑝 − ®𝑢�𝛼𝑘 𝑝𝑘 ] · ®𝑛𝑑𝑠
−
∫
Ω𝑒

[ ®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) + 𝑧𝑘 ®𝑢𝑝 − ®𝑢𝛼𝑘 𝑝𝑘 ] · ∇𝜙𝑒𝑖 𝑑Ω = 0. (B.2)

Here we describe the numerical fluxes, assessed using Riemann solvers,𝛼𝑘 ®𝑢 and �®𝑢(𝛼𝑘𝜌𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ),
as well as the other fluxes from the conservative subsystem of the six equation model of Eqns. (2.1),
and the nonconservative fluxes ®̂𝑢, 𝑝, and �𝛼𝑘 𝑝𝑘 .
B.1. Local Lax-Friedrichs (LLF) Flux

The LLF flux [35, 22], among the simplest flux functions commonly used in finite volume and
discontinuous Galerkin schemes, can be expressed as:

f̂ =
1
2
(f𝑅 + f𝐿) −

𝑆

2
(q𝑅 − q𝐿), (B.3)

where 𝑆 is the largest (absolute) wavespeed in the system, and the notation ()𝐿 and ()𝑅 denote the
left and right states across the element interface.

The nonconservative flux term in Eqn. (B.1) for well-balancedness is ®̂𝑢 = 1
2 ( ®𝑢𝐿 + ®𝑢𝑅). The noncon-

servative flux terms in Eqn. (B.2) are �𝛼𝑘 𝑝𝑘 = 1
2 [(𝛼𝑘 𝑝𝑘 )𝐿 + (𝛼𝑘 𝑝𝑘 )𝑅], and 𝑝 = 1

2 [𝑝𝐿 + 𝑝𝑅].

All of the results of Chapter 7 use the LLF flux.
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B.2. Harten-Lax-van Leer (HLL) Flux

The HLL flux [17] models the fastest left and right-running waves in the system. This can be
expressed as:

f̂ =


f𝐿 if 0 ≤ 𝑆𝐿
𝑆𝑅f𝐿−𝑆𝐿f𝑅+𝑆𝐿𝑆𝑅 (q𝑅−q𝐿)

𝑆𝑅−𝑆𝐿 if 𝑆𝐿 ≤ 0 ≤ 𝑆𝑅

f𝑅 if 𝑆𝑅 ≤ 0
, (B.4)

where 𝑆𝐿 and 𝑆𝑅 are the maximum left and right-running wavespeeds in the system, estimated
using the formulae of Davis [13], 𝑆𝐿 = min(𝑢𝐿 − 𝑐𝐿 , 𝑢𝑅 − 𝑐𝑅), 𝑆𝑅 = max(𝑢𝐿 + 𝑐𝐿 , 𝑢𝑅 + 𝑐𝑅).

The nonconservative flux term in Eqn. (B.1) for well-balancedness is,

®̂𝑢 =


®𝑢𝐿 if 0 ≤ 𝑆𝐿
𝑆𝑅 ®𝑢𝐿−𝑆𝐿 ®𝑢𝑅
𝑆𝑅−𝑆𝐿 if 𝑆𝐿 ≤ 0 ≤ 𝑆𝑅

®𝑢𝑅 if 𝑆𝑅 ≤ 0
. (B.5)

The nonconservative flux terms in Eqn. (B.2) are,

�𝛼𝑘 𝑝𝑘 = 
(𝛼𝑘𝜌𝑘 )𝐿 if 0 ≤ 𝑆𝐿
𝑆𝑅 (𝛼𝑘𝜌𝑘)𝐿−𝑆𝐿 (𝛼𝑘𝜌𝑘)𝑅

𝑆𝑅−𝑆𝐿 if 𝑆𝐿 ≤ 0 ≤ 𝑆𝑅

(𝛼𝑘𝜌𝑘 )𝑅 if 𝑆𝑅 ≤ 0
, (B.6)

and

𝑝 =


𝑝𝐿 if 0 ≤ 𝑆𝐿
𝑆𝑅 𝑝𝐿−𝑆𝐿 𝑝𝑅
𝑆𝑅−𝑆𝐿 if 𝑆𝐿 ≤ 0 ≤ 𝑆𝑅

𝑝𝑅 if 𝑆𝑅 ≤ 0
. (B.7)

Results using the HLL flux for the sharp interface advection problem of Section 7.6 are shown in
Figure B-1. These results demonstrate that the HLL flux is well-balanced. Additionally, we show
results for the problems of Sections 7.11, 7.12, and 7.13 in Figures B-2, B-3, and B-4.
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Density Velocity error

Pressure error Volume fraction

Figure B-1. Primitive variable error profiles (b) and (c) and profiles (a) and (d) for the sharp 1-D
interface advection problem (Config. 2) after 1 period using the spatial-averaging discretization

(Section 3.4) with the HLL numerical flux.
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Density Velocity

Pressure Volume fraction

Figure B-2. Primitive variable profiles for the 1-D Al-Al collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4) with the HLL numerical flux.
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Density Velocity

Pressure Volume fraction

Figure B-3. Primitive variable profiles for the 1-D Al-Cu collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4) with the HLL numerical flux.
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Density Velocity

Pressure Volume fraction

Figure B-4. Primitive variable profiles for the 2-D XMHD liner implosion problem along 𝑥 = 𝑦 at
𝑡 = 110 ns using the spatial-averaging discretization (Section 3.4) with the HLL numerical flux.
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B.3. Harten-Lax-van Leer-Contact (HLLC) Flux

The HLLC flux function [43] adds the contact wave to the system of the HLL solver of Section B.2.
This can be expressed as:

f̂ =


f𝐿 if 0 ≤ 𝑆𝐿

f∗
𝐿

if 𝑆𝐿 ≤ 0 ≤ 𝑆∗

f∗
𝑅

if 𝑆∗ ≤ 0 ≤ 𝑆𝑅

f𝑅 if 𝑆𝑅 ≤ 0

, (B.8)

where the ()∗ region flux is given, in 1-D, for the state variables of System (2.1), by Pelanti and
Shuye [28] as

f∗ℓ =


(𝛼𝑘 )ℓ

(𝛼𝑘𝜌𝑘 )ℓ 𝑆ℓ−𝑢ℓ𝑆ℓ−𝑆∗
𝜌ℓ

𝑆ℓ−𝑢ℓ
𝑆ℓ−𝑆∗ 𝑆

∗

𝑆ℓ−𝑢ℓ
𝑆ℓ−𝑆∗

[
(𝛼𝑘𝜌𝑘𝐸𝑘 )ℓ + (𝑆∗ − 𝑢ℓ) (𝑆∗ + (𝛼𝑘 𝑝𝑘)ℓ

𝑆ℓ−𝑢ℓ )
]


(B.9)

with ℓ = 𝐿, 𝑅, where the contact speed is

𝑆∗ =
𝑝𝑅 − 𝑝𝐿 + 𝜌𝐿𝑢𝐿 (𝑆𝐿 − 𝑢𝐿) − 𝜌𝑅𝑢𝑅 (𝑆𝑅 − 𝑢𝑅)

𝜌𝐿 (𝑆𝐿 − 𝑢𝐿) − 𝜌𝑅 (𝑆𝑅 − 𝑢𝑅)
. (B.10)

In multi-dimensional simulations, 𝑢 should be replaced with the normally directed velocity and the
star-region flux of the transverse momentum components are (𝜌𝑣)ℓ 𝑆ℓ−𝑢ℓ𝑆ℓ−𝑆∗ .

The nonconservative flux term in Eqn. (B.1) for well-balancedness is,

®̂𝑢 =


®𝑢𝐿 if 0 ≤ 𝑆𝐿

®𝑢𝐿 if 𝑆𝐿 ≤ 0 ≤ 𝑆∗

®𝑢𝑅 if 𝑆∗ ≤ 0 ≤ 𝑆𝑅

®𝑢𝑅 if 𝑆𝑅 ≤ 0

. (B.11)

The nonconservative flux terms in Eqn. (B.2) are,

�𝛼𝑘 𝑝𝑘 =

(𝛼𝑘 𝑝𝑘 )𝐿 if 0 ≤ 𝑆𝐿

(𝛼𝑘 𝑝𝑘 )𝐿 if 𝑆𝐿 ≤ 0 ≤ 𝑆∗

(𝛼𝑘 𝑝𝑘 )𝑅 if 𝑆∗ ≤ 0 ≤ 𝑆𝑅

(𝛼𝑘 𝑝𝑘 )𝑅 if 𝑆𝑅 ≤ 0

, (B.12)

and

𝑝 =


𝑝𝐿 if 0 ≤ 𝑆𝐿

𝑝𝐿 if 𝑆𝐿 ≤ 0 ≤ 𝑆∗

𝑝𝑅 if 𝑆∗ ≤ 0 ≤ 𝑆𝑅

𝑝𝑅 if 𝑆𝑅 ≤ 0

. (B.13)
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Results using the HLLC flux for the sharp interface advection problem of Section 7.6 are shown in
Figure B-5. These results demonstrate that the HLLC flux is well-balanced. Additionally, we show
results for the problems of Sections 7.11, 7.12, and 7.13 in Figures B-6, B-8, and B-9.

The results for the symmetric Al-Al collision problem in Figure B-6 and the symmetric 2-D liner
implosion problem in Figure B-9 reveal a fundamental issue of the HLLC solver. Namely, the
inequality logic of the HLLC solver in choosing wave regions does not make a decisive choice for
the case 𝑆∗ = 0, which is the case in the center of the domain for the symmetric Al-Al collision
problem. This can be fixed by employing a small threshold 𝜖 , here we choose 𝜖 = 1× 10−11, below
which 𝑆∗ is set exactly to zero. Then, the inequalities involving 𝑆∗ can be made exclusive, and an
additional criterion specified. For the flux,

f̂ =
1
2
(f∗𝐿 + f∗𝑅) if 𝑆∗ = 0, (B.14)

and for the nonconservative flux term in Eqn. (B.1),

®̂𝑢 =
1
2
( ®𝑢𝐿 + ®𝑢𝑅) if 𝑆∗ = 0. (B.15)

For the nonconservative flux terms in Eqn. (B.2),

�𝛼𝑘 𝑝𝑘 = 1
2
[(𝛼𝑘 𝑝𝑘 )𝐿 + (𝛼𝑘 𝑝𝑘 )𝑅] if 𝑆∗ = 0, (B.16)

and,
𝑝̂𝑘 =

1
2
[𝑝𝐿 + 𝑝𝑅] if 𝑆∗ = 0. (B.17)

This approach is also guaranteed mathematically to be well-balanced. The results for the Al-Al
collision problem using this approach are depicted in Figure B-7. They are obviously symmetric.
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Density Velocity error

Pressure error Volume fraction

Figure B-5. Primitive variable error profiles (b) and (c) and profiles (a) and (d) for the sharp 1-D
interface advection problem (Config. 2) after 1 period using the spatial-averaging discretization

(Section 3.4) with the HLLC numerical flux.
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Density Velocity

Pressure Volume fraction

Figure B-6. Primitive variable profiles for the 1-D Al-Al collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4) with the HLLC numerical flux.
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Density Velocity

Pressure Volume fraction

Figure B-7. Primitive variable profiles for the 1-D Al-Al collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4) with the symmetric HLLC numerical flux.
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Density Velocity

Pressure Volume fraction

Figure B-8. Primitive variable profiles for the 1-D Al-Cu collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4) with the HLLC numerical flux.

136



Density Velocity

Pressure Volume fraction

Figure B-9. Primitive variable profiles for the 2-D XMHD liner implosion problem along 𝑥 = 𝑦 at
𝑡 = 110 ns using the spatial-averaging discretization (Section 3.4) with the HLLC numerical flux.
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B.4. Roe Flux

The Roe flux [34] linearizes the flux Jacobian matrix of the hyperbolic system and advects wave-by-
wave the appropriate quantities about each linearized state. The Roe flux can be generally expressed
as,

f̂ =
1
2
(f𝐿 + f𝑅) −

1
2

𝑁𝑤∑︁
𝑛=1

|𝜆𝑛 |𝑊̂𝑛r̂𝑛 (B.18)

where 𝑁𝑤 is the number of distinct waves in the system, with each of which is associated an
eigenvalue 𝜆𝑛 and a right eigenvector r𝑛 of the flux Jacobian matrix, as well as a wave strength𝑊𝑛.
The (̂) notation denotes that these quantities are evaluated at the Roe-averaged state.

Pelanti and Shuye [28] provide the flux Jacobian, the Roe-averaged state, and the diagonalization
quantities for the state variables of System (2.1) in 1-D, with only two materials described by the
stiffened gas EOS. In 1-D, the system can be written as,

𝜕

𝜕𝑡
q + 𝜕

𝜕𝑥
f (q) + d(q, 𝜕

𝜕𝑥
q) = 0, (B.19)

with

q =



𝛼1𝜌1
𝛼2𝜌2
𝜌𝑢

𝛼1𝐸1
𝛼2𝐸2
𝛼1


, f =



𝛼1𝜌1𝑢
𝛼2𝜌2𝑢

𝜌𝑢2 + 𝑝
𝑢[𝛼1𝐸1 + 𝛼1𝑝1]
𝑢[𝛼2𝐸2 + 𝛼2𝑝2]

0


, d =



0
0
0

𝑢[𝑧1
𝜕
𝜕𝑥
𝑝 − 𝜕

𝜕𝑥
(𝛼1𝑝1)]

𝑢[𝑧2
𝜕
𝜕𝑥
𝑝 − 𝜕

𝜕𝑥
(𝛼2𝑝2)]

𝑢 𝜕
𝜕𝑥
𝛼1


, (B.20)

where the second volume fraction need not be explicitly advected, as it can be calculated by
𝛼2 = 1 − 𝛼1. This system can be re-written as,

𝜕

𝜕𝑡
q + A

𝜕

𝜕𝑥
q = 0, (B.21)

where the flux Jacobian matrix A includes contributions from the conservative and non-conservative
terms, A = 𝜕f

𝜕q + 𝐷. The right eigenvectors of the Roe matrix (i.e., Roe-averaged Jacobian matrix)
Â = A(q̂) are,

R̂ = [r̂1, r̂2, ..., r̂6] =



𝑧1 𝑧1 0 0 1 0
𝑧2 𝑧2 0 1 0 0
𝑢̂ − 𝑐 𝑢̂ + 𝑐 0 𝑢̂ 𝑢̂ 0�𝑧1𝐻1 − 𝑢𝑧1𝑐 �𝑧1𝐻1 + 𝑢𝑧1𝑐 − 𝜅2

𝜅1
− 𝜒2
𝜅1

+ 𝜅2
𝜅1
𝑢̂2

2 − 𝜒1
𝜅1

+ 𝑢̂2

2
𝜋1−𝜋2
𝜅1�𝑧2𝐻2 − 𝑢𝑧2𝑐 �𝑧2𝐻2 + 𝑢𝑧2𝑐 1 0 0 0

0 0 0 0 0 1


. (B.22)

Here 𝜅𝑘 = 𝜕𝑝𝑘 (E𝑘 ,𝜌𝑘)
𝜕E𝑘

, and 𝜒𝑘 = 𝜕𝑝𝑘 (E𝑘 ,𝜌𝑘)
𝜕𝜌𝑘

, which are constants in the stiffened gas case presented in
the reference, and 𝐻𝑘 = 𝐸𝑘+𝑝𝑘

𝜌𝑘
. The presence of the 𝜋𝑘 terms is due to the constant in the stiffened
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gas equation of state, which introduces additional terms in products of 𝛼𝑘 𝑝𝑘 that depend directly
on 𝛼𝑘 . The Roe-averaged eigenvalues are given by,

𝜆̂1 = 𝑢̂ − 𝑐, 𝜆̂2 = 𝑢̂ + 𝑐, 𝜆̂3 = 𝜆̂4 = 𝜆̂5 = 𝜆̂6 = 𝑢̂. (B.23)

The Roe-averaged wave-strengths are defined as,

𝑊̂1 =
Δ(𝛼1𝑝1 + 𝛼2𝑝2) − 𝑐

√
𝜌𝐿𝜌𝑅Δ𝑢

2𝑐2 , 𝑊̂2 =
Δ(𝛼1𝑝1 + 𝛼2𝑝2) + 𝑐

√
𝜌𝐿𝜌𝑅Δ𝑢

2𝑐2 ,

𝑊̂3 = −Δ(𝛼1𝑝1 + 𝛼2𝑝2)
𝑐2

�𝑧2𝐻2 +
𝑢̂2

2
Δ(𝛼2𝜌2) + Δ(𝛼2𝜌2𝑒2),

𝑊̂4 = Δ(𝛼2𝜌2) − 𝑧2
Δ(𝛼1𝑝1 + 𝛼2𝑝2)

𝑐2 , 𝑊̂5 = Δ(𝛼1𝜌1) − 𝑧1
Δ(𝛼1𝑝1 + 𝛼2𝑝2)

𝑐2 ,

𝑊̂6 = Δ𝛼1.

(B.24)

The Roe-averaged variables are defined as,

𝑢̂ =
𝑢𝐿

√
𝜌𝐿 + 𝑢𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

, 𝑧𝑘 =
𝑧𝑘𝐿

√
𝜌𝐿 + 𝑧𝑘𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

, 𝑢𝑧𝑘 =
(𝑢𝑧𝑘 )𝐿

√
𝜌𝐿 + (𝑢𝑧𝑘 )𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

,

𝑢𝑧𝑘 =
1
2
(𝑢̂𝑧𝑘 + 𝑢𝑧𝑘 ), �𝑧𝑘𝐻𝑘 = (𝑧𝑘𝐻𝑘 )𝐿

√
𝜌𝐿 + (𝑧𝑘𝐻𝑘 )𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

, 𝑐 =

√︃
𝑧1𝑐

2
1 + 𝑧2𝑐

2
2,

𝑧𝑘𝑐
2
𝑘
= 𝜅𝑘 (�𝑧𝑘𝐻𝑘 − 𝑢̂2 𝑧𝑘 ) + 𝜒𝑘 𝑧𝑘 .

(B.25)

However, to be useful in the FLEXO code, we require a 3-D Roe solver for an arbitrary number of
materials described by an arbitrary (i.e., tabular) equation of state. Thus, we extend this Roe solver
to match the requirements of the FLEXO code.

As the quantity entering the DG weak form is actually the normally directed flux (via the dot product
with the outward-facing normal vector), we change the coordinates from the Cartesian coordinates
®𝑥 to ®𝑥𝑛,

®𝑥 = [𝑥, 𝑦, 𝑧], ®𝑥𝑛 = [𝑥𝑛, 𝑥𝑡1 , 𝑥𝑡2], (B.26)

where 𝑛 denotes the normal direction, 𝑡1 a tangential direction, and 𝑡2 a second, orthogonal tangential
direction chosen such that this tuple comprises a right-handed coordinate system. In this coordinate
frame, we write the velocity vector as ®𝑢𝑛, the flux as ®f𝑛, and the del operator as ®∇𝑛,

®𝑢𝑛 = [𝑢𝑛, 𝑢𝑡1 , 𝑢𝑡2], ®f𝑛 = [f𝑛, f𝑡1 , f𝑡2], ®∇𝑛 () = 𝑥𝑛
𝜕

𝜕𝑥𝑛
() + 𝑥𝑡1

𝜕

𝜕𝑥𝑡1
() + 𝑥𝑡2

𝜕

𝜕𝑥𝑡2
(). (B.27)

As FLEXO uses structured meshes, the normal and tangential directions always align with some
permutation of the Cartesian coordinates. Our system, then, can be written,

𝜕

𝜕𝑡
q + ∇𝑛 · f (q) + d(q,∇𝑛q) = 0, (B.28)
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where, for an arbitrary 𝑁𝑚 number of materials, the state vector is given as,

q =



𝛼1𝜌1
𝛼2𝜌2
...

𝛼𝑁𝑚
𝜌𝑁𝑚

𝜌𝑢𝑛
𝜌𝑢𝑡1
𝜌𝑢𝑡2
𝛼1𝐸1
𝛼2𝐸2
...

𝛼𝑁𝑚
𝐸𝑁𝑚

𝛼1
𝛼2
...

𝛼𝑁𝑚



, (B.29)

the flux vectors are given as,

f𝑛 =



𝛼1𝜌1𝑢𝑛
𝛼2𝜌2𝑢𝑛

...

𝛼𝑁𝑚
𝜌𝑁𝑚

𝑢𝑛
𝜌𝑢2

𝑛 + 𝑝
𝜌𝑢𝑛𝑢𝑡1
𝜌𝑢𝑛𝑢𝑡2

𝑢𝑛 [𝛼1𝐸1 + 𝛼1𝑝1]
𝑢𝑛 [𝛼2𝐸2 + 𝛼2𝑝2]

...

𝑢𝑛 [𝛼𝑁𝑚
𝐸𝑁𝑚

+ 𝛼𝑁𝑚
𝑝𝑁𝑚

]
0
0
...

0



, f𝑡1 =



𝛼1𝜌1𝑢𝑡1
𝛼2𝜌2𝑢𝑡1

...

𝛼𝑁𝑚
𝜌𝑁𝑚

𝑢𝑡1
𝜌𝑢𝑡1𝑢𝑛
𝜌𝑢2

𝑡1
+ 𝑝

𝜌𝑢𝑡1𝑢𝑡2
𝑢𝑡1 [𝛼1𝐸1 + 𝛼1𝑝1]
𝑢𝑡1 [𝛼2𝐸2 + 𝛼2𝑝2]

...

𝑢𝑡1 [𝛼𝑁𝑚
𝐸𝑁𝑚

+ 𝛼𝑁𝑚
𝑝𝑁𝑚

]
0
0
...

0



, f𝑡2 =



𝛼1𝜌1𝑢𝑡2
𝛼2𝜌2𝑢𝑡2

...

𝛼𝑁𝑚
𝜌𝑁𝑚

𝑢𝑡2
𝜌𝑢𝑡2𝑢𝑛
𝜌𝑢𝑡2𝑢𝑡1
𝜌𝑢2

𝑡2
+ 𝑝

𝑢𝑡2 [𝛼1𝐸1 + 𝛼1𝑝1]
𝑢𝑡2 [𝛼2𝐸2 + 𝛼2𝑝2]

...

𝑢𝑡2 [𝛼𝑁𝑚
𝐸𝑁𝑚

+ 𝛼𝑁𝑚
𝑝𝑁𝑚

]
0
0
...

0



,

(B.30)
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and the nonconservative vector is given as,

d =



0
0
...

0
0
0
0

®𝑢𝑛 · [𝑧1 ®∇𝑛𝑝 − ®∇𝑛 (𝛼1𝑝1)]
®𝑢𝑛 · [𝑧2 ®∇𝑛𝑝 − ®∇𝑛 (𝛼2𝑝2)]

...

®𝑢𝑛 · [𝑧𝑁𝑚
®∇𝑛𝑝 − ®∇𝑛 (𝛼𝑁𝑚

𝑝𝑁𝑚
)]

®𝑢𝑛 · ®∇𝑛𝛼1
®𝑢𝑛 · ®∇𝑛𝛼2

...

®𝑢𝑛 · ®∇𝑛𝛼𝑁𝑚



. (B.31)

The quasi-linear form of this system can be written as,

𝜕

𝜕𝑡
q + A𝑛

𝜕

𝜕𝑥𝑛
q + A𝑡1

𝜕

𝜕𝑥𝑡1
q + +A𝑡2

𝜕

𝜕𝑥𝑡2
q = 0. (B.32)

Because the normal-directed component of the flux, 𝑛̂ · ®f𝑛 = f𝑛 is all that enters the DG weak form,
we only consider the eigensystem of the normal-directed flux Jacobian, A𝑛. The Roe-averaged
eigenvectors of this Jacobian are, for the left and right-running acoustic waves,

r̂1 =



𝑧1
𝑧2
...

𝑧𝑁𝑚

𝑢̂𝑛 − 𝑐
𝑢̂𝑡1
𝑢̂𝑡2�𝑧1𝐻1 − 𝑢𝑛𝑧1𝑐�𝑧2𝐻2 − 𝑢𝑛𝑧2𝑐
...�𝑧𝑁𝑚

𝐻𝑁𝑚
− �𝑢𝑛𝑧𝑁𝑚

𝑐

0
0
...

0



, r̂2 =



𝑧1
𝑧2
...

𝑧𝑁𝑚

𝑢̂𝑛 + 𝑐
𝑢̂𝑡1
𝑢̂𝑡2�𝑧1𝐻1 + 𝑢𝑛𝑧1𝑐�𝑧2𝐻2 + 𝑢𝑛𝑧2𝑐
...�𝑧𝑁𝑚

𝐻𝑁𝑚
+ �𝑢𝑛𝑧𝑁𝑚

𝑐

0
0
...

0



, (B.33)

141



for the 𝑁𝑚 number of contact waves,

r̂3 =



1
0
...

0
𝑢̂𝑛
0
0

− 𝜒1
𝜅1

+ 𝐾̂ − 𝑢̂𝑡1
𝑉̂𝑡1
𝜅1

− 𝑢̂𝑡2
𝑉̂𝑡2
𝜅1

0
...

0
0
0
...

0



, (B.34)

as well as,

r̂4 =



0
1
...

0
𝑢̂

0
0

− 𝜒2
𝜅1

+ 𝜅2
𝜅1
𝐾̂ − 𝑢̂𝑡1

𝑉̂𝑡1
𝜅1

− 𝑢̂𝑡2
𝑉̂𝑡2
𝜅1

0
...

0
0
0
...

0



, ..., r̂2+𝑁𝑚
=



0
0
...

1
𝑢̂

0
0

− 𝜒𝑁𝑚

𝜅1
+ 𝜅𝑁𝑚

𝜅1
𝐾̂ − 𝑢̂𝑡1

𝑉̂𝑡1
𝜅1

− 𝑢̂𝑡2
𝑉̂𝑡2
𝜅1

0
...

0
0
0
...

0



, (B.35)

142



and for the 𝑁𝑚 − 1 number of energy-coupling waves,

r̂3+𝑁𝑚
=



0
0
...

0
0
0
0

− 𝜅2
𝜅1
1
...

0
0
0
...

0



, ..., r̂1+2𝑁𝑚
=



0
0
...

0
0
0
0

− 𝜅𝑁𝑚

𝜅1
0
...

1
0
0
...

0



, (B.36)

and for the 𝑁𝑚 number of volume fraction waves,

r̂2+2𝑁𝑚
=



0
0
...

0
0
0
0
0
0
...

0
1
0
...

0



, r̂3+2𝑁𝑚
=



0
0
...

0
0
0
0
0
0
...

0
0
1
...

0



, ..., r̂1+3𝑁𝑚
=



0
0
...

0
0
0
0
0
0
...

0
0
0
...

1



. (B.37)
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and the two transverse waves,

r̂2+3𝑁𝑚
=



0
0
...

0
0
1
0
𝑉̂𝑡1
𝜅1
0
...

0
0
0
...

0



, r̂3+3𝑁𝑚
=



0
0
...

0
0
0
1
𝑉̂𝑡2
𝜅1
0
...

0
0
0
...

0



. (B.38)

The corresponding Roe-averaged eigenvalues are,

𝜆̂1,2 = 𝑢̂𝑛 ∓ 𝑐, 𝜆̂3 = 𝜆̂4 = ... = 𝜆̂3+3𝑁𝑚
= 𝑢̂𝑛, (B.39)

and the corresponding Roe-averaged wave-strengths are,

𝑊̂1,2 =
Δ𝑝 ∓ 𝑐√𝜌𝐿𝜌𝑅Δ𝑢𝑛

2𝑐2 .

𝑊̂3 = Δ(𝛼1𝜌1) − 𝑧1
Δ𝑝

𝑐2 , 𝑊̂4 = Δ(𝛼2𝜌2) − 𝑧2
Δ𝑝

𝑐2 , ..., 𝑊̂2+𝑁𝑚
= Δ(𝛼𝑁𝑚

𝜌𝑁𝑚
) − 𝑧𝑁𝑚

Δ𝑝

𝑐2 .

𝑊̂3+𝑁𝑚
= −Δ𝑝

𝑐2
�𝑧2𝐻2 + 𝐾̂Δ(𝛼2𝜌2) + Δ(𝛼2𝜌2𝑒2),

..., 𝑊̂1+2𝑁𝑚
= −Δ𝑝

𝑐2
�𝑧𝑁𝑚
𝐻𝑁𝑚

+ 𝐾̂Δ(𝛼𝑁𝑚
𝜌𝑁𝑚

) + Δ(𝛼𝑁𝑚
𝜌𝑁𝑚

𝑒𝑁𝑚
),

𝑊̂2+2𝑁𝑚
= Δ𝛼1, 𝑊̂3+2𝑁𝑚

= Δ𝛼2, ..., 𝑊̂1+3𝑁𝑚
= Δ𝛼𝑁𝑚

,

𝑊̂2+3𝑁𝑚
=
√
𝜌𝑅𝜌𝐿Δ𝑢𝑡1 , 𝑊̂3+3𝑁𝑚

=
√
𝜌𝑅𝜌𝐿Δ𝑢𝑡2 .

(B.40)
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And lastly, the Roe-averaged values are,

𝑢̂𝑛 =
(𝑢𝑛)𝐿

√
𝜌𝐿 + (𝑢𝑛)𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

, 𝑢̂𝑡1 =
(𝑢𝑡1)𝐿

√
𝜌𝐿 + (𝑢𝑡1)𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

, 𝑢̂𝑡2 =
(𝑢𝑡2)𝐿

√
𝜌𝐿 + (𝑢𝑡2)𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

,

𝑧𝑘 =
𝑧𝑘𝐿

√
𝜌𝐿 + 𝑧𝑘𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

, �𝑧𝑘𝐻𝑘 = (𝑧𝑘𝐻𝑘 )𝐿
√
𝜌𝐿 + (𝑧𝑘𝐻𝑘 )𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

,

𝑢𝑛𝑧𝑘 =
(𝑢𝑛𝑧𝑘 )𝐿

√
𝜌𝐿 + (𝑢𝑛𝑧𝑘 )𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

, 𝑢𝑛𝑧𝑘 =
1
2
(𝑢𝑛𝑧𝑘 + 𝑢𝑛𝑧𝑘 ),

�𝑢𝑡1𝑧𝑘 = (𝑢𝑡1𝑧𝑘 )𝐿
√
𝜌𝐿 + (𝑢𝑡1𝑧𝑘 )𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

, �𝑢𝑡1𝑧𝑘 = 1
2
(𝑢𝑡1𝑧𝑘 + �𝑢𝑡1𝑧𝑘 ),

�𝑢𝑡2𝑧𝑘 = (𝑢𝑡2𝑧𝑘 )𝐿
√
𝜌𝐿 + (𝑢𝑡2𝑧𝑘 )𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

, �𝑢𝑡2𝑧𝑘 = 1
2
(𝑢𝑡2𝑧𝑘 + �𝑢𝑡2𝑧𝑘 ),

𝐾̂ =
𝑢̂2
𝑛 + 𝑢̂2

𝑡1
+ 𝑢̂2

𝑡2

2
, 𝑉̂𝑡1 =

∑︁
𝑘

𝜅𝑘�𝑢𝑡1𝑧𝑘 , 𝑉̂𝑡2 =
∑︁
𝑘

𝜅𝑘�𝑢𝑡2𝑧𝑘 ,
𝑐2 =

∑︁
𝑘

𝑧𝑘𝑐
2
𝑘
, 𝑧𝑘𝑐

2
𝑘
= 𝜅𝑘 (�𝑧𝑘𝐻𝑘 − 𝐾̂𝑧𝑘 ) + 𝜒𝑘 𝑧𝑘 ,

(B.41)
which we use to evaluate the normal-directed flux Jacobian, Â𝑛 = A𝑛 (q̂). We did not include in
the eigenvectors the terms including 𝜋𝑘 present in Eqn. (B.22), as they will not be used when we
have a tabular EOS, as will be seen. In general, we assume an arbitrary relation for the pressure
of the form 𝑝𝑘 = 𝑝𝑘 (𝜌𝑘 , 𝑇𝑘 ), 𝜀𝑘 = 𝜀𝑘 (𝜌𝑘 , 𝑇𝑘 ). In deriving the Jacobian matrix and corresponding
eigenstructure, each material has been assumed to obey the differential expression,

𝑑𝑝𝑘 = 𝜒𝑘𝑑𝜌𝑘 + 𝜅𝑘𝑑E𝑘 . (B.42)

Thus, the eigensystem has been written in terms of the thermodynamic derivatives 𝜒𝑘 , 𝜅𝑘 . For an
ideal or stiffened gas, these thermodynamic derivatives are constants that may be chosen using fits
to experimental data for each material. In general, however, these quantities are not constant, (i.e.,
𝜒𝑘 = 𝜒𝑘 (𝜌𝑘 , E𝑘 ), 𝜅𝑘 = 𝜅𝑘 (𝜌𝑘 , E𝑘 )) and Roe-averaging these thermodynamic derivatives in Eqn.
(B.41) is not straightforward. Arabi et al. [3] provide a very robust method for evaluating the speed
of sound and evaluating the Roe flux without directly evaluating the Roe-averaged values 𝜒̂𝑘 and
𝜅𝑘 . This approach avoids entirely the complexity of other approaches, e.g., that of Vinkour and
Montagné [45]. This approach relies on the observation that the concept of conservation,

Δf = ÂΔq =

𝑛𝑤∑︁
𝑗=1

r̂ 𝑗 𝜆̂ 𝑗𝑊̂ 𝑗 , (B.43)

can be used to replace the portions of the eigenstructure containing thermodynamic derivatives.
Despite the presence of non-conservative terms that make the concept of conservation apply to the
total energy rather than the specific components in the case of the six-equation model, we apply
this relation to the phasic energy equations individually. This is a reasonable approach, as the
non-conservative terms are only active in mixture regions of flow, outside of which conservation
applies to each phasic energy equation. In doing this, we introduce the constraints on the energy
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equations,

Δ𝑢(𝛼𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) = (�𝑧𝑘𝐻𝑘 − 𝑢𝑧𝑘𝑐) (𝑢̂ − 𝑐) [Δ(𝛼1𝑝1 + 𝛼2𝑝2) − 𝑐
√
𝜌𝐿𝜌𝑅Δ𝑢

2𝑐2

]
+ (�𝑧𝑘𝐻𝑘 + 𝑢𝑧𝑘𝑐) (𝑢̂ + 𝑐) [Δ(𝛼1𝑝1 + 𝛼2𝑝2) + 𝑐

√
𝜌𝐿𝜌𝑅Δ𝑢

2𝑐2

]
+ 𝑋𝑘 , (B.44)

where 𝑋𝑘 is a sum of eigen-expansion quantities that include the unknown quantities 𝜅𝑘 , 𝜒𝑘 . To
calculate the Roe flux for these equations, in the case of a tabular EOS, we calculate these terms as
a whole as,

𝑋𝑘 = Δ𝑢(𝛼𝑘𝐸𝑘 + 𝛼𝑘 𝑝𝑘 ) − (�𝑧𝑘𝐻𝑘 − 𝑢𝑧𝑘𝑐) (𝑢̂ − 𝑐) [Δ(𝛼1𝑝1 + 𝛼2𝑝2) − 𝑐
√
𝜌𝐿𝜌𝑅Δ𝑢

2𝑐2

]
− (�𝑧𝑘𝐻𝑘 + 𝑢𝑧𝑘𝑐) (𝑢̂ + 𝑐) [Δ(𝛼1𝑝1 + 𝛼2𝑝2) + 𝑐

√
𝜌𝐿𝜌𝑅Δ𝑢

2𝑐2

]
, (B.45)

where 𝑐 has been calculated using a simple Roe-average for the quantities,

𝜒̂𝑘 =
𝜒𝑘𝐿

√
𝜌𝐿 + 𝜒𝑘𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

, 𝜅𝑘 =
𝜅𝑘𝐿

√
𝜌𝐿 + 𝜅𝑘𝑅

√
𝜌𝑅√

𝜌𝐿 +
√
𝜌𝑅

. (B.46)

Then, we apply these terms to the Roe flux for the 𝑘-th energy equation as,

𝑓 ∗𝐸𝑘
=

1
2
[ 𝑓𝐸𝑘

(q𝐿) + 𝑓𝐸𝑘
(q𝑅)] −

1
2

{ 2∑︁
𝑛=1

[
|𝜆𝑛 |𝑊̂𝑛r̂𝑛

]
𝐸𝑘

+ sign(𝑢̂)𝑋𝑘

}
. (B.47)

The nonconservative flux terms for the Roe flux are the same as for the LLF flux: for Eqn. (B.1),
®̂𝑢 = 1

2 ( ®𝑢𝐿 + ®𝑢𝑅), and for Eqn. (B.2), �𝛼𝑘 𝑝𝑘 = 1
2 [(𝛼𝑘 𝑝𝑘 )𝐿 + (𝛼𝑘 𝑝𝑘 )𝑅], and 𝑝 = 1

2 [𝑝𝐿 + 𝑝𝑅].

Results using the Roe flux for the sharp interface advection problem of Section 7.6 are shown in
Figure B-10. These results demonstrate that the Roe flux is well-balanced. Additionally, we show
results for the problems of Sections 7.11 and 7.12 in Figures B-11 and B-12. We encountered
robustness issues running the problem of Section 7.13 with the Roe flux.
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Density Velocity error

Pressure error Volume fraction

Figure B-10. Primitive variable error profiles (b) and (c) and profiles (a) and (d) for the sharp 1-D
interface advection problem (Config. 2) after 1 period using the spatial-averaging discretization

(Section 3.4) with the Roe numerical flux.
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Density Velocity

Pressure Volume fraction

Figure B-11. Primitive variable profiles for the 1-D Al-Al collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4) with the Roe numerical flux.

148



Density Velocity

Pressure Volume fraction

Figure B-12. Primitive variable profiles for the 1-D Al-Cu collision problem at 𝑡 = 0.1 s using the
spatial-averaging discretization (Section 3.4) with the Roe numerical flux.
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