
LA-UR-25-29854
Accepted Manuscript

Mixed stochastic-deterministic density functional theoretic
decomposition of Kubo-Greenwood conductivities in the
projector augmented wave formalism

Sharma, Vidushi
Collins, Lee Anthony
White, Alexander James

Provided by the author(s) and the Los Alamos National Laboratory (1930-01-01).

To be published in: Physics of Plasmas

DOI to publisher's version: 10.1063/5.0305405

Permalink to record: 
https://permalink.lanl.gov/object/view?what=info:lanl-repo/lareport/LA-UR-25-29854

Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by Triad National Security, LLC for the National Nuclear Security
Administration of U.S. Department of Energy under contract 89233218CNA000001.  By approving this article, the publisher recognizes that the U.S. Government
retains nonexclusive, royalty-free license to publish or reproduce the published form of this contribution, or to allow others to do so, for U.S. Government purposes.
Los Alamos National Laboratory requests that the publisher identify this article as work performed under the auspices of the U.S. Department of Energy.  Los Alamos
National Laboratory strongly supports academic freedom and a researcher's right to publish; as an institution, however, the Laboratory does not endorse the
viewpoint of a publication or guarantee its technical correctness. 




View

Online


Export
Citation

RESEARCH ARTICLE |  JANUARY 26 2026

Mixed stochastic-deterministic density functional theoretic
decomposition of Kubo–Greenwood conductivities in the
projector augmented wave formalism
Special Collection: Dynamics of Quantum Plasmas

Vidushi Sharma   ; Lee A. Collins  ; Alexander J. White  

Phys. Plasmas 33, 012704 (2026)
https://doi.org/10.1063/5.0305405

 10 February 2026 16:49:00

https://pubs.aip.org/aip/pop/article/33/1/012704/3378104/Mixed-stochastic-deterministic-density-functional
https://pubs.aip.org/aip/pop/article/33/1/012704/3378104/Mixed-stochastic-deterministic-density-functional?pdfCoverIconEvent=cite
https://pubs.aip.org/pop/collection/603887/Dynamics-of-Quantum-Plasmas
javascript:;
https://orcid.org/0000-0002-4163-4830
javascript:;
https://orcid.org/0000-0002-8180-9367
javascript:;
https://orcid.org/0000-0002-7771-3899
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0305405&domain=pdf&date_stamp=2026-01-26
https://doi.org/10.1063/5.0305405
https://servedbyadbutler.com/redirect.spark?MID=188841&plid=3493110&setID=1044494&channelID=0&CID=1691015&banID=524349377&PID=0&textadID=0&tc=1&rnd=8849971204&scheduleID=3678433&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&mt=1770742140563968&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fpop%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0305405%2F20882349%2F012704_1_5.0305405.pdf&request_uuid=e6d543f7-e1a0-4522-bef7-4f0b9a8a67ac&hc=6a2a06522b1dce5952a5362f6c9e6bbceba0de09&location=


Mixed stochastic-deterministic density functional
theoretic decomposition of Kubo–Greenwood
conductivities in the projector augmented wave
formalism

Cite as: Phys. Plasmas 33, 012704 (2026); doi: 10.1063/5.0305405
Submitted: 6 October 2025 . Accepted: 28 December 2025 .
Published Online: 26 January 2026

Vidushi Sharma,1,2,3,a) Lee A. Collins,1 and Alexander J. White1,a)

AFFILIATIONS
1Theoretical Division, Los Alamos National Laboratory, Los Alamos, NewMexico 87545, USA
2Center for Nonlinear Studies (CNLS), Los Alamos National Laboratory, Los Alamos, NewMexico 87545, USA
3Applied Materials and Sustainability Sciences, Princeton Plasma Physics Laboratory, Princeton, New Jersey 08540-6655, USA

Note: This paper is part of the Special Topic on the dynamics of quantum plasmas.
a)Authors to whom correspondence should be addressed: vidushi@princeton.edu and alwhite@lanl.gov

ABSTRACT

Pairing the accuracy of the Kohn–Sham density-functional framework with the efficiency of a stochastic algorithmic approach, mixed
stochastic-deterministic density functional theory (mDFT) achieves a favorable computational scaling with system sizes and electronic tem-
peratures. We employ the recently developed mDFT formalism to investigate the dynamic charge-transport properties of systems in the
warm dense matter regime. The optical conductivity spectra are computed for single- and multi- component mixtures of carbon, hydrogen,
and beryllium using two complementary approaches: Kubo–Greenwood in the mDFT picture and real-time time-dependent mDFT. We fur-
ther devise a decomposition of the Onsager coefficients leading up to the Kubo–Greenwood spectra to exhibit contributions from the deter-
ministic, stochastic, and mixed electronic state transitions at different incident photon energies.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0305405

I. INTRODUCTION

A first-principles investigation of equations of state and charge-
transport properties lies at the forefront of warm dense matter
(WDM) research, and constitutes a rich landscape of open questions
yet to be explored.1,2 WDM systems of astrophysical interest include
the interiors of icy giant gas planets and compact objects such as
brown dwarfs and white dwarf envelopes.3–8 WDM has also been
hypothesized to exist in icy moons of outer planets, which might har-
bor liquid water seas with possible applications to the current Europa
Clipper mission.9 In inertial confinement fusion, the compression path
of the deuterium–tritium fuel crosses the WDM regime, making
charge-transport properties such as resistivity, conductivity, electron–
ion coupling, and opacities essential for understanding instabilities and
achieving ignition.10–18 The generation and characterization of WDM
in the form of laboratory plasmas by bright x-ray sources continues to
push the field forward.1,19–27

Most ab initio approaches treat WDM as a disordered liquid
(metal) at temperatures of the order of Fermi energy, that is, a few to
hundreds of eV’s. In this regime, optical conductivity and related
electron-transport properties are typically described using the Kubo–
Greenwood model.28–30 The Kubo–Greenwood (KG) formula derives
from a broader class of Kubo formulas for two-point quantum correla-
tion functions,31,32 and is based on transitions between filled and
empty band states, implying that in practice, one requires knowledge
of a large number of eigenstates (bands) up to an energy cutoff, thus
making the operation largely memory-intensive for most simulated
system sizes.

The computational complexity of traditional Kohn–Sham density
functional theory (KS-DFT) scales as OðN3T3Þ, in contrast to the
OðNT�1Þ scaling of stochastic DFT, where N denotes the number of
particles (i.e., electrons), and T is the temperature. Building on this
principle, our previous works have demonstrated the utility of the

Phys. Plasmas 33, 012704 (2026); doi: 10.1063/5.0305405 33, 012704-1

VC Author(s) 2026

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

 10 February 2026 16:49:00

https://doi.org/10.1063/5.0305405
https://doi.org/10.1063/5.0305405
https://www.pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0305405
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0305405&domain=pdf&date_stamp=2026-01-26
https://orcid.org/0000-0002-4163-4830
https://orcid.org/0000-0002-8180-9367
https://orcid.org/0000-0002-7771-3899
mailto:vidushi@princeton.edu
mailto:alwhite@lanl.gov
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1063/5.0305405
pubs.aip.org/aip/php


mixed stochastic–deterministic DFT (mDFT) framework for studying
physical systems over a wide distribution of temperatures and densi-
ties—leveraging the deterministic component at low-T and shifting
toward predominantly stochastic contributions at high-T.33–35

Another advantage of the mDFT approach is its ability to improve the
accuracy and precision of any physical observable, over purely stochas-
tic DFT, for a given computational cost. This amounts to a reliable pre-
diction of material properties in extreme states of matter.

In this work, we employ mDFT as the electronic structure
method in conjunction with the KG model to derive charge-transport
coefficients constituting the electron-driven electrical and thermal con-
ductivities. We previously utilized this approach to calculate electrical
and thermal conductivities for the second charged-particle transport
coefficient code comparison workshop, which was held in Livermore,
California, on 24–27 July 2023.13 Here, we present the formalism and
workflow for conductivity calculations within the mDFT framework,
and further unpack the contributions of stochastic, KS, and mixed sub-
space transitions to the full Onsager coefficients and KG conductivity.
Since KG is a fixed-orbital approximation to linear-response theory
without real-time electron dynamics, we also evaluate conductivity as
an optical response from an alternative perspective, namely, real-time
time-dependent density functional theory (TDDFT), employing the
time evolution of mixed stochastic-deterministic states.

The paper is organized as follows: Secs. II A and II B contains an
overview of the computational details and the two electronic structure
methods used to compute the electron transport properties; Secs.
IID and II E cover the Kubo–Greenwood and mixed stochastic-
deterministic TDDFT formalisms, respectively, as pertinent to WDM,
and Sec. II F details the PAW formalism employed in much of this
work. Physical systems, their charge-transport (Onsager) coefficients,
and AC conductivity spectra are discussed in Sec. III. Finally, Sec. IV
outlines the conclusions of this study.

II. CHARGE TRANSPORT IN FINITE-TEMPERATURE DFT
A. Methodology

The system setup at a given density and temperature ðq;TÞ con-
ditions consists of CH : ð64C; 64HÞ, Be : ð128 BeÞ, and CH=Be :
ð128C; 128H; 128BeÞ atoms, respectively. We employ projector aug-
mented wave (PAW) potentials36,37 to self-consistently solve for the
semi-core electrons of hydrogen ð1s1Þ, beryllium ð1s2; 2s2Þ, and car-
bon ð2s2; 2p2Þ atoms. A converged plane wave kinetic energy cutoff is
chosen as 600 eV for the coarse grid and 800 eV for the finer fast
Fourier transform grid. A Gaussian broadening of 1 eV was used to
obtain the density of states (DOS). All simulations shown in this work
were carried out using the semilocal generalized gradient approximate
(GGA-PBE) exchange-correlation functional,38 with our open-source
plane wave DFT code, SHRED.39 A Born–Oppenheimer molecular

dynamics simulation is performed for each system in an isokinetic-
canonical ensemble,40 in which the nuclei are coupled to a thermostat
as they move on an adiabatic potential energy surface. We select ten
uncorrelated snapshots from an equilibrated trajectory and compute
the average electronic transport coefficients and estimate the error by
the standard deviation over configurations; see Table I.

B. Kubo–Greenwood optical conductivity

We compute the KG spectra of each system snapshot using its
electronic DOS given by the Fermi–Dirac distribution, which, in turn,
depends on the density and temperature of the system. In this work,
we introduce a computationally efficient and robust mDFTþKG
model. In order to access the electronic transitions between the occu-
pied and unoccupied states in KSDFTþKG, one needs to expand their
orbital space to two to three times the number of “occupied” orbitals
to fully resolve the ground-state electronic density. This aspect of
KSDFTþKG makes it rather memory-intensive and computationally
expensive. Here, states with occupations �10�4, 10�8 are defined as
unoccupied for CH and Be, respectively, with a commensurate number
of orbitals given in Table I. This difference in occupation
thresholds arises mainly from the number of orbitals required to
resolve the tail of the Fermi–Dirac distribution in a computationally
tractable manner.

The mDFTþKG method substitutes a large number of determin-
istic orbitals with fewer stochastic vectors orthogonal to the determin-
istic subspace.33,34 As shown in Table I and Figs. 2(a), 3(a), and 4(a),
we partition the occupied density of states such that the upper-lying
eigenspectrum is covered stochastically. Notably, in mDFTþKG, one
could still partition the eigenspectrum such that the occupied DOS is
spanned almost entirely by deterministic orbitals with a stochastic vec-
tor expansion only for unoccupied states. Although this increases the
computational cost relative to a more task-optimized orbital partition-
ing, the approach has the advantage of limiting the active space size
and thus avoids the computational scaling of OðN3Þ. The KG formal-
ism in KS-DFT, stochastic DFT, and mDFT is outlined in Sec. IID.

C. Real-time TDDFT AC conductivity

The finite-temperature ground-state density of a system is instan-
taneously perturbed by a d� pulse electric field, homogeneous in
space, Ex ¼ E0 dðt ¼ 0�Þ, and E0 ¼ 0:01 atomic units. A real-time
TDDFT–based Ehrenfest dynamics follows in which the electron den-
sity evolves according to the time-dependent KS equations, while the
nuclei are held fixed, which is a suitable assumption given the targeted
simulation time. A time step of 0.8 as is chosen, and the electron
dynamics is performed long enough so that the induced current in the
system by the d� kick field is allowed to equilibrate. A time series of

TABLE I. Electrical and (electronic) thermal DC conductivities obtained with the Kubo–Greenwood formalism in KS-DFT (rw, jw , respectively) and mixed DFT (rwv, jwv,
respectively); electrical DC conductivity from real-time time-dependent mixed DFT (rm�TDDFT) for systems at given mass density ðqÞ and temperature (T). The DC values
ðx ! 0Þ are averaged over ten uncorrelated snapshots obtained from an equilibrated thermostatted MD trajectory. Simulations are done at the C point.

System q (g/cm3) T (eV) Nw rwx!0 (MS/m) jwx!0 (W/m-K) Nw=Nv rwvx!0 (MS/m) jwvx!0 (W/m-K) rm�TDDFT
x!0 (MS/m)

CH 0.90 7.8 2560 0:226 0:01 697:566 68:78 768/64 0:226 0:01 690:536 68:70 0:226 0:01
Be 1.84 4.4 2560 0:636 0:01 689:966 11:28 256=64 0:626 0:04 689:706 84:45 0:646 0:10
CH/Be 1.37 5.0 3456 0:286 0:01 450:386 6:96 1024=64 0:286 0:01 484:596 39:07 0:276 0:04
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the electronic current density JðtÞ is computed on the fly, multiplied
by a Gaussian decay function with a broadening parameter C, and
then Fourier transformed to obtain the spectral current density. The
filtered current signal and the AC conductivity spectra are shown in
supplementary material Fig. S1, for different values of C.

D. Kubo–Greenwood formalism in mixed stochastic-
deterministic DFT with norm-conserving
pseudopotentials

The Onsager transport coefficients L mn computed via the KG
formula follow from a more universal linear response theory of
Kubo.30–32,41 The probability electric current (bJ 1) and heat current
density (bJ 2) operators are defined as41

bJ 1 ¼ �ib$ þ i bVNL;br� �
; bJ 2 ¼ bHbJ 1 þbJ 1 bH

2
� hebJ 1; (1)

where br is the position operator, he is the enthalpy per electron, and bH
is the full norm-conserving Kohn–Sham Hamiltonian of the system,
which is given by

bH ¼ � 1
2
b$2 þ Vðr; r0;R; q0Þ;

Vðr; r0;R; q0Þ ¼ VHðr; q0Þ þ Vxcðr; q0Þ þ Vextðr; r0;RÞ:
(2)

Here, q0 is the electron density that minimizes the Kohn–Sham
energy, VH is the Hartree potential, Vxc is the exchange-correlation
potential, and Vext is the external potential due to electron–ion interac-
tions, with ionic coordinates denoted by R. In the pseudopotential

approach, this can be split into a local and a nonlocal part, where the
latter acts only within the “core” regions of the atomic sites,

Vextðr; r0;RÞ ¼ Vext;locðr;RÞ þ Vext;NLðr; r0;RÞ; (3)

where Vext;NL is the nonlocal potential due to the approximate treat-
ment of the ion–electron interaction.

In the KG (single-particle Kohn–Sham) approach, the Onsager
coefficients in atomic units take the form

L mnðxÞ ¼ ð�1Þmþn 2p
3xX

X
i;j

�i þ �j

2
� he

� �mþn�2

� jhwijbJ 1jwjij2 � f ð�iÞ � f ð�jÞ
� �

� dð�j � �i � xÞ ; (4)

for electronic transitions between deterministic eigenstates jwii with
eigenenergies �i, where X is the cell volume, f ð�Þ is the Fermi–Dirac
distribution function, and the frequency (x) dependent Dirac delta
distribution is understood to be approximated by a Lorentzian or a
Gaussian. The electrical and thermal conductivity tensors follow from
the Onsager coefficients

rðxÞ ¼ L 11 ; jðxÞ ¼ 1
T

L 22 �L 12L 21

L 11

� �
; (5)

where T is the temperature. Numerically, L mn can be computed as a
Fourier transform of the two-point time-domain current–current
correlation function with a finite broadening parameter C, which is
given as

FIG. 1. Optical conductivity spectra as a function of the photon energy obtained using the Kubo–Greenwood formalism within KS-DFT (yellow dashdotted line) and mDFT (blue
dashed line). Electrical and thermal conductivity (a) and (b) CH mixture at ðq; TÞ ¼ ð0:9 g=cm3; 7:8 eVÞ. (c) and (d) Be at ðq; TÞ ¼ ð1:84 g=cm3; 4:4 eVÞ and (e) and (f) CH/
Be ternary mixture at ðq; TÞ ¼ ð1:37 g=cm3; 5:0 eVÞ, respectively. A Drude-model fit (green solid line) to the mDFT conductivity is included as a reference.
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L mnðxÞ ¼ ð�1Þmþn 2p
3xX

Re
ð1
0
dt eiðxþiCðtÞÞtCmnðtÞ; (6)

where

CmnðtÞjdet: ¼
X
i;j

�i þ �j

2
� he

� �mþn�2

� jhwijbJ 1jwjij2 � f ð�iÞ � f ð�jÞ
� �

e�ið�j��iÞt: (7)

For a Lorentz (respectively Gaussian) broadening, CðtÞ ¼ c0
(respectively 1

4 c
2
0t), such that ReðCÞ > 0. Here, we use a value of c0 ¼

0:25 eV with a Gaussian form. In Eq. (7), the subscript det. indicates
that the current–current correlation function is resolved using determin-
istic Kohn–Sham eigenstates. In fact, we recall the more general defini-
tion of the current–current correlation function as

CmnðtÞ ¼ 2 Im Tr bJmðtÞ �bJ nf ðbHÞ
n oh i

;

bJmðtÞ ¼ eibHtbJme�ibHt:

(8)

Here, bJmðtÞ is the time-dependent current operator in the Heisenberg

picture, and f ðbHÞ is the finite-temperature Kohn–Sham–Mermin
single-particle density matrix.42 Using Hutchinson’s stochastic trace
formula,43 we can replace the trace operation with an expectation over

randomly generated stochastic vectors, hrjvai � ð 1
DNv

Þ1=2ei2phaðrÞ,
where haðrÞ is a uniformly distributed random number between 0 and
1, Nv is the number of stochastic vectors, and D denotes the grid vol-
ume. This yields a stochastic-trace definition of the current–current
correlation function,

CmnðtÞjsto: ¼ 2 Im
X
a

hvajf
1
2ðbHÞbJmðtÞ �bJ nf 12ðbHÞjvai|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

�jJvn;ai

; (9)

where symmetric multiplication of stochastic vectors via the matrix
function f

1
2ðbHÞjvai � jX ai is numerically preferred and was previ-

ously described in Ref. 44. Since these filtered stochastic vectors are
not eigenvectors of the Kohn–Sham Hamiltonian, the additional mul-

tiplication ofbJ nf 12ðbHÞjvai � jJvn;ai and jX ai by the propagator, e�ibHt ,
must be carried out numerically.44 Thus, for every stochastic vector, up
to seven vectors, jJvn2 1;2f g; x;y;zf g;ai and jX ai, are propagated. To solid-
ify the connection between the approaches, we note that Eq. (8) is gen-
eral to either a stochastic or deterministic trace by replacing the sum
over jvi’s with a converged number of jwi’s in Eq (9), i.e., using deter-
ministic orbitals to construct the resolution of identity. To arrive at
Eq. (7), an additional resolution of identity is introduced

(e�ibHt � P
j e

�i�j t jwjihwjj), which removes explicit propagation of

jJwi, but requires computation of both occupied and unoccupied
orbitals.

In mDFT, we utilize both deterministic KS and stochastic orbitals
using the mixed trace/mixed resolution of identity

bI � XNw

i¼1

jwiihwij þ
XNv

a¼1

jv0aihv0aj; (10)

where33

jv0ai :¼ jvai �
XNw

i¼1

jwiihwijvai: (11)

This resolution of identity technique improves the precision as
ffiffiffiffiffiffi
Nv

p
for a set number Nw, while the dependence on Nw arises from the con-
tribution of different KS orbitals across the spectrum. It is immediately
obvious that utilization of Eq. (10) to take the trace in Eq. (8) yields
deterministic and stochastic contributions to the current–current

FIG. 2. CH mixture at ðq; TÞ ¼ ð0:9 g=
cm3; 7:8 eVÞ: (a) occupied density of states
(DOS) obtained with KS-DFTand mDFT. The
vertical line is the chemical potential. The pink
and orange-shaded regions indicate the iso-
lated contributions of deterministic KS and sto-
chastic orbitals, respectively, to the mixed
DOS. (b)–(d) Frequency-dependent Onsager
coefficients LmnðxÞ decomposed into transi-
tions among Kohn–Sham (Nw), stochastic
(Nv), and mixed deterministic-stochastic
(Nw;Nv) orbitals. The full LmnðxÞ shown in
black dashed lines consists of transitions
among all orbitals.
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correlations. To avoid propagation of jJwi in the deterministic trace,
we again insert the mixed resolution of identity, which returns Eq. (7)
with fewer deterministic orbitals and an additional cross term arising
from mixed transitions between the deterministic eigenstates and sto-
chastic orbitals

CmnðtÞjmix: ¼
X
i

X
a

hwijbJme�ibHt jv0ai

� hv0ajbJ njwiif ð�iÞei�i t ;
(12)

CmnðtÞ ¼ CmnðtÞjdet: þ CmnðtÞj?stoc: þ CmnðtÞjmix:: (13)

FIG. 4. Same as Fig. 2, but for CH/Be at
ðq; TÞ ¼ ð1:37 g=cm3; 5:0 eVÞ.

FIG. 3. Same as Fig. 2, but for Be at
ðq; TÞ ¼ ð1:84 g=cm3; 4:4 eVÞ.
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Utilizing the same set of stochastic vectors as for Eq. (9), this only
requires a computation of matrix elements between deterministic and
stochastic vectors for initial and time-evolved unfiltered stochastic vec-
tors. We employ the unitary short iterative Lanczos method to propa-
gate the orbitals in time.45 Alternatively, the time-evolution operator
could also be evaluated via Chebyshev expansions.44,46 The computa-
tional cost of the algorithm is dominated by the propagation of the sto-
chastic vectors, similar to the pure stochastic method,44 thus the
reduction of Nv by introduction of deterministic vectors provides a
saving.

E. Mixed stochastic-deterministic time-dependent
density functional theory (real-time TDDFT)

The optical AC conductivity (rðxÞ) can also be calculated as a
dynamical response of the system to a direct perturbation. An electric
field pulse E ¼ ExðtÞbx ¼ E0dðt � t0Þbx (with E0 � 0:01 a.u.), homoge-
neous in space, can be applied at t ¼ t0 ¼ 0�, resulting in a current
density Jy in the system given by

ryxðxÞ ¼
@JyðxÞ
@Ex

; JyðxÞ ¼
ð1
0
dt eixt JyðtÞ e�

c2
0
t2

4 : (14)

In this approach, the electronic wavefunctions follow the (adiabatic)
real-time time-dependent Kohn–Sham equations (rt-TDDFT) in the
velocity gauge given by

i
@uðr; tÞ

@t
¼ bHðtÞuðr; tÞ ;

bHðtÞ � 1
2
ð�ib$ þ AðtÞÞ2 þ Vðr; r0;R; qðtÞÞ;

(15)

where u can be initialized as either a deterministic Kohn–Sham eigen-
vector, w, or filtered complementary stochastic vector, X .47 The elec-
tronic current calculated by mixed TDDFT is then given by

JðtÞ ¼
XNw

i¼1

f ð�iÞhwiðtÞj � ib$ þ AðtÞjwiðtÞi

þ
XNv

a¼1

hX aðtÞj � ib$ þ AðtÞjX aðtÞi: (16)

Here, ExðtÞ ¼ E0dðt � t0Þ. We choose a gauge in which all compo-
nents of AðtÞ, except AxðtÞ, vanish. This implies that
AxðtÞ ¼ �E0Hðt � t0Þ. The direct perturbation approach is versatile,
having been applied to the calculation of not only electrical conductiv-
ity, but also dynamic structure factors, and nonadiabatic Born effective
charges.29,35,47–53

In this work, we have a two-pronged focus, first on the use of
mixed DFT–based KG in regimes where the KSDFTþKG approach
would be rendered inadequate due to a finite number of KS orbitals
afforded by the simulation, and second is to make connections to opti-
cal response properties via rt-TDDFT dynamics based on the time-
evolution of strictly occupied orbitals. The latter offers the natural
advantage of not requiring any extra “unoccupied” orbitals or propaga-
tion of jJvi vectors, but does require propagation of the occupied
deterministic orbitals. Note that in Eq. (15), it is the time-dependence
of the electron density in the Hartree and exchange-correlation poten-
tials, which provides the difference between the TDDFT and KG levels
of theory within the linear-response regime.

F. mDFT, TD-mDFT, and Kubo–Greenwood in the PAW
framework

The PAW approach provides a route toward the efficient treat-
ment of sharp features in the Kohn–Sham orbitals when using real or
plane wave basis sets by per-computation of PAW datasets, consisting
of on-site atomic orbitals j/ii and atom-centered projector function
jPi, which form a dual-basis with smoothed on-site atomic orbitals,
je/ii (he/ijPji ¼ dij). Here, we review only the practical alterations of
the KG and real-time TD-DFT methods. For a detailed discussion on
the PAW method, see Refs. 36, 37, and 54 and the supplementary
material of Ref. 34.

Application of the PAW formalism leads to the transformed
(pseudized) Hamiltonian and Identity operator

beH ¼ bH þ
X
a

X
n;m

jPa
niDnmhPa

mj;

beI � bS ¼ bI þX
a

X
n;m

jPa
nisnmhPa

mj;

Dnm ¼ h/njbH j/mi � he/njbH je/mi;
snm ¼ h/nj/mi � he/nje/mi; (17)

where n andm index the atomic orbital and a indexes the atom center.
Furthermore, the approximate mixed resolution of identity as shown
in Eq. (10) is now replaced by the mixed resolution of the inverse over-
lap operator, bS�1

. The deterministic orbitals are solutions to a general-
ized eigenvalue problem, and stochastic vectors must be pre-multiplied
by the inverse square root of the PAW overlap operator34,55

bS�1 �
XNw

i¼1

jew iihew ij þ
XNv

j¼1

jev0jihev0jj;
beH jewii ¼ bSjewii�i; jev0ji � bS�1=2jv0ji:

(18)

For calculations of current and heat current density, the trans-
formed operators read as follows:

beJ 1 ¼ �ib$ þ
X
a

X
i;j

jPa
i iT ijhPa

j j;

beJ 2 ¼ beH bS�1 beJ 1 þ beJ 1bS�1 beH
2

� he
beJ 1;

T ij ¼ h/ij � ib$j/ji � he/ij � ib$je/ ji;

(19)

where T is the on-site momentum operator. Transformed products of
operators can be replaced by the product of transformed operators sep-
arated by abS�1

, i.e.,

cfAB ¼ beAbS�1beB : (20)

Matrix functions, e.g., the density matrix and propagators appearing in
Eqs. (8)–(12), are transformed as

gfðbHÞ ¼ f ðbS�1 beH Þ: (21)

Note that Eq. (18) is applied when a low-rank form of bS�1
is required,

e.g., analogous to using approximate resolution of identity in the
norm-conserving case. In other cases, bS�1

multiplies a vector, which is
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the solution to a linear system of equations involving bS, or using the
Woodbury formula56–58 for the inversion of a diagonal plus low-rank
matrix.

III. RESULTS

In mDFT, a typical partitioning of the eigenspectrum into maxi-
mally occupied low-energy deterministic (Nw) and higher-energy sto-
chastic (Nv) segments is indicated by pink and orange-shaded regions
in Figs. 2(a), 3(a), and 4(a). The occupied DOS is compared for KS-
DFT and mDFT, and it is found that large Nw orbitals are required to
cover the DOS deterministically, while one can considerably tune
down Nw in favor of Nv in mDFT to obtain a converged spectrum of
states. In fact, the agreement between KS-DFT and mDFT is qualita-
tively represented for a variety of systems in Figs. 2(a), 3(a), and 4(a)
alongside quantifiable measures listed in Table I. Evidently, we find a
very good agreement between the DC electrical and thermal conduc-
tivities obtained from the two methods. For a more detailed compari-
son of observables, such as energies, pressures, and forces, in systems
relevant to warm dense matter, we refer the reader to Refs. 33 and 34

To determine the optical response properties of a symmetric car-
bon–hydrogen mixture under physical conditions similar to the plastic
foam found in fuel capsules,10,11 as shown in Fig. 2, we find that it
requires at least Nw ¼ 2560 bands with KSDFTþKG, see Table I.
However, introducing stochastic vectors (Nv ¼ 64) with mixed
DFTþKG, we obtain converged electrical and thermal conductivity
within a suitable error of uncertainty at reduced Nw ¼ 768 bands and
hence lower computational costs. The KS-DFT- and mDFT- derived
electrical and thermal conductivity spectra for CH are compared in
Figs. 1(a) and 1(b), respectively, where the cyan-shaded region repre-
sents the standard deviation in mixed DFT due to different stochastic
vectors chosen over ten different snapshots. The maximum deviation
occurs in the low-frequency region and increases as x ! 0. In each of
the cases, the conductivity spectra are extrapolated to the static limit
x ! 0, listed in Table I. Since all systems studied in this work exhibit
a metallic character at the given ðq;TÞ, a Drude model fit of the con-
ductivity is also shown as a solid green line in Fig. 1. The quality of the
fit can be seen directly. In principle, larger systems could be simulated
to better assess the finite-size effects in the low-frequency region, but
here we focus on the comparison of the methodologies. In the mixed
DFTþKG formalism, we explicitly compute the Onsager coefficients
L mn, leading to the conductivity as described in Sec. IID. This implies
that one can decompose each charge transport component L mn into
contributions from transitions among different types of orbitals.
Figures 2(b)–2(d) illustrate the electronic transitions associated with
KS ! KS, stochastic ! stochastic, and mixed KS-stochastic orbitals,
and with their uncertainties indicated by the shaded regions. All the
orbital contributions taken together produce the full Onsager coeffi-
cient. This representation allows us to compare the extent to which a
set of stochastic orbitals contributes to a region of the optical spectrum
and its DC (x ! 0) limit. Of course, the L 11 decomposition in
Fig. 2(b) directly yields the orbital contributions to the AC electrical
conductivity rðxÞ.

Another system of interest is warm-dense beryllium at its pre-
ferred solid-state density of 1.84 g/cm3 and a temperature of 4.4 eV.
The PAW potential for Be includes its core 1s2 electrons, resulting in
an inner low-lying peak visible in the occupied DOS, see Fig. 3(a). We
carry out a similar orbital-type decomposition of the Onsager coeffi-
cients in Figs. 3(b)–3(d), and observe a higher contribution from

stochastic and mixed orbital transitions compared to the previous
example of the CH mixture. This behavior is highly expected, given
the larger ratio of stochastic to KS orbitals employed in the mixed
DFTþKG treatment of Be. The corresponding conductivity spectra
appear in Figs. 1(c) and 1(d), showing an excellent agreement between
the KS and mixed DFT methods up to a suitable uncertainty, also evi-
denced by the static DC values in Table I.

Next, we explore an instructive example of a CH/Be mixture at
T ¼ 5 eV obtained by averaging the densities of the two systems stud-
ied so far, at 1.37 g/cm3. An individual chemical componentwise split
of the charge transport properties of CH/Be appeared recently in our
work, focusing on effective charge determination for disordered met-
als.35 The occupied DOS shown in Fig. 4(a) has characteristics of CH
and Be as captured by the broader peak around the chemical potential
and the deeper, sharp peak located at around�100 eV. The decompo-
sition of the Onsager coefficients shows a long shoulder peak
attributed to the transitions in Be, in Figs. 4(b)–4(d). While the low-
frequency spectra are dominated by transitions among KS orbitals, in
contrast, the higher-frequency region of the spectra mostly consists of
stochastic and mixed transitions. It is worth noting that Fig. 1(e) shows
a cutoff in the high-frequency limit of the spectra with KS-DFT due to
the finite number of total (occupiedþ unoccupied) deterministic orbi-
tals allowed on account of computational feasibility. However, in
mixed DFT, stochastic vectors provide a smoother tail at higher fre-
quencies while preserving the low-frequency accuracy of KS-DFT.

As discussed in Sec. II E, we also derive optical (electrical) con-
ductivity as a response of the system to a perturbation, such as a mac-
roscopic electric field. In Fig. 5, we compare the conductivity spectra
obtained from the time evolution of occupied mixed deterministic-
stochastic orbitals following a d� field pulse vs Kubo–Greenwood
with a large number of (occupied þ unoccupied) KS orbitals for the
three warm-dense systems studied in this work. The spectra indicate a
good agreement between the two methods within the uncertainty
bounds (cf. cyan-shaded region in Fig. 5) calculated as a standard devi-
ation over ten equilibrated snapshots and hence consisting of the
error of stochasticity. The corresponding static DC values reported in
Table I show a good agreement with the rðx ! 0Þ values of
KSDFTþKG and mixed DFTþKG. While the results for the CH/Be
ternary mixture in Fig. 5(c) include the conductivity response of all the
elements, in Ref. 35, we presented the first-ever decomposition of a
macroscopic system property into its chemical constituents. An exam-
ple of an electronic current density decay in the time domain during
rt-TDDFT dynamics appears for CH/Be in the supplementary mate-
rial, Fig. S1; such a time signal is Fourier transformed to yield the con-
ductivity response spectra shown in Fig. 5. Although the rt-TDDFT
dynamics directly provide access to electrical conductivity, there is cur-
rently no straightforward prescription for obtaining thermal conduc-
tivity from rt-TDDFT.

IV. CONCLUSION

Over the past few decades, DFT-derivedmethods have established
their usefulness for describing properties of warm densematter and hot
dense plasmas in the most physically “first-principles” fashion, accessi-
ble via modern computational architectures for these rather challenging
regimes.2,33,59–74 However, many of these methods were not explicitly
designed to capture electron transport, which requires some knowledge
of the band structure (orbital) properties of the system. In this work, we
have demonstrated the utilization of mixed stochastic-deterministic
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DFT-based charge-transport models for extreme states of matter. To
further verify and validate the use of mixed deterministic (KS) and sto-
chastic orbitals, we have evaluated Onsager coefficients from intra- and
inter- band transitions between the two orthogonal sets of orbitals.
Taken together, these contributions reconcile the full electron-transport
coefficient and hence, the conductivity over high and low frequencies.

Here, we have focused on presenting the mDFTþKG approach
and conductivities. Future work could be directed toward the calcula-
tion of higher frequencies and absorption spectra,29 nonadiabatic Born
effective charges,35 convergence of the f-sum rule,75,76 and other
related transport properties.13 For such aspects, the lack of high energy
orbital cutoff, natural for mDFT and real-time approaches, plays an
additional important role.

SUPPLEMENTARY MATERIAL

See the supplementary material for an example of real-time TD-
DFT time-dependent current density, including the effect of damping,
and the subsequent Fourier transformation to conductivity for the
CH/Be snapshot, along with the total density of states for CH, Be, and
CH/Be systems, corresponding to Figs. 2–4 in the main text.
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FIG. 5. Comparison of electrical AC conductivity spectra obtained from Kubo–
Greenwood þ Kohn–Sham DFT and real-time time-dependent mixed DFT–based
Ehrenfest dynamics for: (a) CH ð1 : 1Þ mixture, (b) Be, and (c) CH/Be ternary mix-
ture. The cyan-shaded region shows the uncertainty from mixed DFT. A Gaussian
broadening with c0 ¼ 0.25 eV is applied.
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