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Abstract

We review recent applications of nonlocal effective field theory, particularly focusing on
nonlocal chiral effective theory and nonlocal quantum electrodynamics (QED), as well
as an extension of nonlocal effective theory to curved spacetime. For the chiral effective
theory, we discuss the calculation of generalized parton distributions (GPDs) of the nucleon
at nonzero skewness, along with the corresponding gravitational (or mechanical) form
factors, within the convolution framework. In the QED application, we extend the nonlocal
formulation to construct the most general nonlocal QED interaction, in which both the
propagator and fundamental QED vertex are modified due to the nonlocal Lagrangian,
while preserving the Ward–Green–Takahashi identities. For consistency with the modified
propagator, a solid quantization is proposed, and the nonlocal QED is applied to explain
the lepton g − 2 anomalies without the introduction of new particles beyond the standard
model. Finally, with an extension of the chiral effective action to curved spacetime, we
investigate the nonlocal energy–momentum tensor and gravitational form factors of the
nucleon with a nonlocal pion–nucleon interaction.

Keywords: chiral effective field theory; nonlocal quantum electrodynamics; generalized
parton distributions; gravitational form factors; g − 2 anomaly

1. Introduction
Since the discovery of the finite size of the proton in the 1950s, extensive theoretical

and experimental work has greatly expanded our knowledge of the inner structure of
the nucleon. Examples that have challenged our understanding include the proton spin
puzzle [1–19], the flavor asymmetry in the proton sea [20–38], and, more recently, the proton
electric radius puzzle [39–48]. With the increased energies and luminosities available at new
facilities and upgrading of experimental equipment, considerable progress has been made
in recent years in extracting quantitative information about nucleon structure, characterized
in the form of nucleon form factors, parton distribution functions (PDFs), and generalized
parton distributions (GPDs).

GPDs, in particular, contain rich information about the 3-dimensional structure of
hadrons, in terms of their fundamental quark and gluon constituents. These describe
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the distributions of partons carrying a specific fraction x of the hadron’s light-front mo-
mentum, squared four-momentum transfer t, and skewness ξ. Information about GPDs
of the nucleon, or more specifically about their Compton form factors, can be obtained
through processes such as deeply-virtual Compton scattering (DVCS), deeply virtual meson
production (DVMP), and time-like Compton scattering (TCS). More recently, a new set
of processes, referred to as single diffractive hard exclusive photoproduction (SDHEP),
has been proposed as a way of accessing the x dependence of the GPDs directly from the
experiment [49,50].

The determination of GPDs has become one of the important scientific goals at acceler-
ator facilities around the world. Many measurements of observables sensitive to nucleon
GPDs or their moments have been performed over a wide range of kinematics through
unpolarized and polarized experiments at DESY (HERMES, H1, and ZEUS experiments)
and Jefferson Lab (CLAS) [51–62]. Future experiments are planned for Jefferson Lab’s
Halls A, B and C, at J-PARC in Japan, COMPASS at CERN, and the planned Electron-Ion
Collider (EIC) and Large Hadron–electron Collider (LHeC) [63–72].

The GPDs are closely related to the electromagnetic elastic and transition form factors.
Integrating over the momentum fraction x, one obtains the Mellin moments of the GPDs,
or generalized form factors (GFFs). For the lowest-order form factors, there has been
considerable theoretical and experimental study over the past few decades. Higher-order
generalized form factors, such as the gravitational (or mechanical) form factors, have
attracted growing interest recently [73]. The gravitational form factors are related to the
matrix elements of the energy–momentum tensor, reflecting the bulk properties of hadrons,
such as mass, spin, and pressure, and can be extracted from DVCS and exclusive meson
production [74,75]. Rather than integrating over the GPDs, the gravitational form factors
can also be obtained directly from lattice QCD or chiral effective theory calculations [76–79].
The GPDs provide information about the distribution of partons inside the nucleon, while
the GFFs reflect information about the overall properties of the nucleon. These two types
of functions provide us with important insights into the structure of the nucleon from
different perspectives.

On the theory side, lattice QCD is the most rigorous approach that is based directly
on the fundamental QCD theory. Since PDFs are defined in Minkowski space, it has not
been possible to simulate PDFs directly on a Euclidean lattice. In recent years, however,
quasi-PDFs have been proposed as a means of indirectly accessing the light-front distri-
butions from lattice simulations within the large-momentum effective theory (LaMET)
approach [80]. Alternatively, pseudo-PDFs have also been suggested, involving ratios of
equal-time matrix elements of the Wilson line between quarks to the rest-frame density
matrix elements, and parametrized in terms of the Ioffe time [81–86]. A number of lattice
groups have computed unpolarized PDFs [87–89], helicity-dependent PDFs [34,90,91], and
transversity PDFs [90,92,93], using either the quasi-PDF or pseudo-PDF approach, although
the efforts are generally still in their early stages. In addition, the higher-order GFFs, such
as the gravitational form factors, have also been simulated on the lattice [76,77].

Another systematical approach used in hadronic physics applications has been chi-
ral effective field theory (EFT), a specific example of which is chiral perturbation theory
(χPT). This allows the description of low-energy properties and processes within a per-
turbative approach, emphasizing the chiral symmetry aspects of QCD. Historically, most
formulations of χPT have utilized dimensional or infrared regularization [94–97] and the
extended on-mass-shell renormalization scheme [98–100]. Although χPT has been a fairly
successful approach, it can only describe physical quantities at rather low momentum
transfers. For example, for the nucleon form factors, it is only valid at relatively small
Q2 values, Q2 ≲ 0.1 GeV2 [101]. The range can be extended up to Q2 ≲ 0.4 GeV2 by
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explicitly including vector meson degrees of freedom into the theory [96,102]. An alterna-
tive regularization method, finite-range regularization (FRR), has been argued to achieve
better convergence than dimensional regularization in the calculation of many hadronic
observables [103–105]. EFT with FRR has been applied in the investigation of the vector
meson mass, nucleon magnetic moments, electric and magnetic radii, the Q2 dependence of
electromagnetic and weak form factors, and moments of PDFs and GPDs [106–110]. Earlier
treatments with nonrelativistic regulators in the FRR EFT have also more recently been
generalized to relativistic versions by making the regulators four-dimensional functions or
using Pauli–Villars regularization [111,112].

In recent years, a nonlocal chiral effective theory has been proposed, which reflects
the non-point-like properties of hadrons. In the nonlocal theory, the local meson–baryon
interactions are replaced by nonlocal interactions, where the baryon field is defined at a
spacetime point x and the meson or photon field is displaced by a distance a to spacetime
point x + a [113]. A correlation function, F(a), parametrizes the nonlocal interaction.
To guarantee local gauge invariance, a gauge link is introduced, generating additional
Feynman diagrams that are essential for preserving charge conservation. The nonlocal
chiral effective theory has been successfully applied to the calculation of nucleon form
factors, strange form factors, unpolarized and polarized PDFs, and GPDs with zero and
nonzero skewness [36,114–122].

Beyond chiral effective theory, in Refs. [123,124] a nonlocal formulation of QED was
proposed and applied to the study of the lepton g − 2 anomaly. The anomalous magnetic
moments of the electron and muon, ae and aµ, are some of the most precisely determined
quantities in particle physics [125]. Recent measurement of the muon anomalous magnetic
moment in the E989 experiment at Fermilab showed a 3.3σ discrepancy from the standard
model (SM) prediction [126]. Combined with the previous E821 result from BNL [127], the
measurements revealed a 4.2σ deviation from the SM. For the electron, the most accurate
measurement of ae was carried out by the Harvard group, and the discrepancy from the
SM with the fine structure constant α measured at Berkeley was 2.4σ [128–130]. However, a
new determination of α from the Laboratoire Kastler Brossel (LKB) improves the accuracy
by a factor of 2.5 compared to the previous Berkeley measurement [131]. With this new α,
the SM prediction for the electron magnetic moment is 1.6σ below the experiment. Possible
solutions to the discrepancy have been proposed, typically by introducing new particles,
symmetries, and interactions beyond the SM [132–161]. In contrast, Refs. [123,124] focused
on potential explanations of the lepton g − 2 anomalies in terms of nonlocal QED, without
the introduction of new particles. Note that the quantization of nonlocal QED and the
weak interactions was also discussed some time ago in Refs. [162–168], and more recently,
attempts have been made to apply the nonlocal chiral quark model to the calculation of the
muon g − 2 [169–171].

In the most general form of nonlocal QED, the propagators are modified due to
the free part of the nonlocal Lagrangian [124]. Since the propagators are related to the
canonical quantization, the modified propagator corresponds to the new quantization (solid
quantization) conditions [172,173]. Here, the fields of the non-point particles are expanded
with wave packets rather than with plane wave functions. The nonlocal Lagrangian, as
well as the solid quantization for the fundamental interaction, provide a gauge invariant
method to deal with ultraviolet divergences, and in fact there are no divergences appearing
in the loop integrals due to the correlators.

As a final application of nonlocal field theory, we consider an extension of the theory to
curved spacetime, and the investigation of the corresponding nonlocal energy–momentum
tensor. The curved spacetime formulation of the energy–momentum tensor can then be
applied to compute the gravitational form factors of the nucleon using a nonlocal interaction.
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In this article, we will review these nonlocal theories and their applications to both
hadronic and fundamental interactions. We begin in Section 2 with a general discussion
of nonlocal EFT, where we introduce both local and nonlocal EFT Lagrangians, and apply
them to the calculation of GPDs with zero and nonzero skewness. In Section 3, we present
nonlocal QED and its application to the possible explanation of the lepton g − 2 anomaly.
We derive the most general nonlocal QED Lagrangian, and summarize the Feynman rules
for the propagators and vertices. The proof of the modified Ward–Green–Takahashi identity
will be discussed, along with the corresponding quantization conditions. In Section 4, we
discuss the nonlocal action in curved spacetime and nonlocal energy–momentum tensor,
and investigate the gravitational form factors of the nucleon with a nonlocal interaction.
Finally, in Section 5 we summarize the main points discussed in this review.

2. Nonlocal Chiral Effective Theory
2.1. Local Chiral Effective Lagrangian

In this section, we introduce the basic chiral Lagrangian, which defines effective pion–
nucleon interactions at low energies. The nonlocal generalization of the chiral Lagrangian
naturally generates the ultraviolet regulator for loop integrals, which respects Lorentz
and gauge invariance. The nonlocal formulation relevant for PDFs was presented in
Refs. [36,118]; here, we discuss the application of the formalism to the case of nonforward
matrix elements needed to compute GPDs. To lowest order, the local Lagrangian for the
chiral SU(3)L×SU(3)R effective theory that describes the interaction of pseudoscalar mesons
(ϕ) with octet (B) and decuplet (Tµ) baryons is given by [174,175],

L = Tr
[
B̄(i D̸ − MB)B

]
− D

2
Tr
[
B̄γµγ5{uµ, B}

]
− F

2
Tr
[
B̄γµγ5[uµ, B]

]

+ Tijk
µ (iγµναDα − MTγµν)Tijk

ν − H
2
(Tµ)

ijkγαγ5(uα)
kl (Tµ)ijl

− C
2
[
ϵijk Tilm

µ Θµν(uν)
l jBmk + H.c.

]

+
f 2

4
Tr
[
DµU(DµU)†]+ f 2B0

2
Tr
[
MqU† + UM†

q
]
, (1)

where MB and MT are the octet and decuplet masses, D, F, C and H are the baryon–
meson coupling constants, f = 93 MeV is the pseudoscalar decay constant, B0 is related
to the quark condensate, and Mq = diag{mu, md, ms} is the quark–mass matrix. The
octet–decuplet transition operator Θµν is given by

Θµν = gµν −
(

Z +
1
2

)
γµγν, (2)

where Z is the decuplet off-shell parameter, usually chosen to be 1/2 [176], and the tensors
are given by γµν = 1

2 [γ
µ, γν] = −iσµν, γµνα = 1

2{γµν, γα}, with ϵijk the antisymmetric
tensor in flavor space. The SU(3) baryon octet fields Bij with spin 1/2 are represented by
the matrix

B =




1√
2

Σ0 + 1√
6

Λ Σ+ p

Σ− − 1√
2

Σ0 + 1√
6

Λ n

Ξ− Ξ0 − 2√
6

Λ


, (3)
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and the decuplet Rarita–Schwinger fields Tijk
µ with spin 3/2 are represented by symmetric

tensors with components

T111 = ∆++, T112 =
1√
3

∆+, T122 =
1√
3

∆0, T222 = ∆−,

T113 =
1√
3

Σ∗+, T123 =
1√
6

Σ∗0, T223 =
1√
3

Σ∗−, (4)

T133 =
1√
3

Ξ∗0, T233 =
1√
3

Ξ∗−,

T333 = Ω−.

The operator U is defined in terms of the matrix of pseudoscalar meson fields ϕ,

U ≡ u2 = exp
(

i
√

2ϕ

f

)
, (5)

where

ϕ =




1√
2

π0 + 1√
6

η π+ K+

π− − 1√
2

π0 + 1√
6

η K0

K− K0 − 2√
6

η


 (6)

represents the π, K, and η mesons. The covariant derivatives of the octet and decuplet
baryon fields in Equation (1) are given by [177,178]

DµB = ∂µB + [Γµ, B]− i⟨λ0⟩υ0
µ B, (7a)

DµTijk
ν = ∂µTijk

ν + (Γµ, Tν)
ijk − i⟨λ0⟩υ0

µ Tijk
ν , (7b)

respectively. Here, υ0
µ is an external singlet vector field, λ0 is the unit matrix in flavor space,

and the notation ⟨ · · · ⟩ denotes a trace over flavor indices. For the covariant derivatives for
the decuplet field, Tν, one has

(Γµ, Tν)
ijk = (Γµ)

i
l Tl jk

ν + (Γµ)
j
l Tilk

ν + (Γµ)
k
l Tijl

ν , (8)

while for the meson fields, U, the covariant derivative is written as

DµU = ∂µU + (iUλa − iλaU) υa
µ. (9)

The coupling between mesons and baryons is mediated by the vector (Γµ) and axial vector
(uµ) combinations

Γµ =
1
2

(
u∂µu† + u†∂µu

)
− i

2

(
uλau† + u†λau

)
υa

µ, (10)

uµ = i
(

u†∂µu − u∂µu†
)
+
(

u†λau − uλau†
)

υa
µ, (11)

where υa
µ is an external octet vector field and λa (a = 1, . . . , 8) denotes the Gell-Mann

matrices. Combination of υ3
µ, υ8

µ, and the flavor singlet field υ0
µ will turn the fields into υ

q
µ

(q = u, d, s).
While the unpolarized twist-two GPD H receives contributions from all quark flavors

at the lowest order, the calculation of meson loop effects on the magnetic GPD E requires,
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in addition, a higher-order magnetic interaction term. The O(q2) magnetic Lagrangian for
the octet, decuplet, and octet–decuplet transition is given by [116,117,119,179,180],

Lmag =
1

4MB

(
c1Tr

[
B̄σµν

{
F+

µν, B
}]

+ c2Tr
[
B̄σµν

[
F+

µν, B
]]

+ c3Tr
[
B̄σµνB

]
Tr
[
F+

µν

])

+
i

4MB
c4Fµν

(
ϵijk(λq)

i
l B̄

j
mγµγ5(Tν)klm + ϵijk(λq)

l
i(T

µ
)klmγνγ5Bm

j

)

+
FT

2
2MT

(Tµ)
abcσρσ∂συ

q
ρ(λq)

a
e (T

µ)ebc. (12)

The notation c1, c2, and c3 is adopted for the octet baryon interactions from Ref. [119],
and c4 for the octet–decuplet transition (equivalent to µT in Refs. [116,117]). The decuplet
interaction coupling is denoted FT

2 , following Refs. [116,117]. The electromagnetic coupling
to individual quark flavors in Equation (12) is introduced via the field strength tensor

F+
µν =

1
2

(
u†Fq

µνλqu + uFq
µνλqu†

)
, (13)

where Fq
µν = ∂µυ

q
ν − ∂νυ

q
µ is the field strength tensor for an external field υ

q
µ coupling

to a quark flavor q = u, d, s, and the matrix λq is the diagonal quark flavor projector,
λq = diag{δqu, δqd, δqs}. At tree level, the quark flavor decomposition of the proton’s
anomalous magnetic moment, or the Pauli form factor Fp

2 (t) at t = 0, is derived from the
Lagrangian Lmag in Equation (12) as

Fp(u)
2 (0) = c1 + c2 + c3, (14a)

Fp(d)
2 (0) = c3, (14b)

Fp(s)
2 (0) = c1 − c2 + c3. (14c)

The vanishing of the strange quark contribution to the proton Pauli form factor at tree
level leads to the condition c3 = c2 − c1. Additionally, SU(3) symmetry provides relations
between the octet and decuplet coupling constants [116,117],

c4 = 4c1, (15a)

FT
2 = c1 + 3c2. (15b)

In the flavor SU(3) framework, the magnetic moments of both octet and decuplet baryons, as
well as the octet–decuplet transition moments, can be expressed in terms of the constituent
quark magnetic moments, µq. For instance, the magnetic moments of proton and neutron
are given by µp = 4

3 µu − 1
3 µd and µn = 4

3 µd − 1
3 µu, respectively, while for ∆++ isobar, one

has µ∆++ = 3µu.
To maintain consistent power counting after the introduction of the higher-order

magnetic Lagrangian Lmag in Equation (12), the next-to-leading order baryon–meson
interaction must also be included. Following the notation of Ref. [96], we generalize
Equation (1) by incorporating the additional two-derivative baryon contribution,

L′
Bϕ =

i
2

σµν
(

b9 Tr
[
B̄uµ

]
Tr[uνB] + b10 Tr

[
B̄{[uµ, uν], B}

]
+ b11 Tr

[
B̄[[uµ, uν], B]

])
, (16)
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where the coefficients are taken to be b9 = 1.36 GeV−1, b10 = 1.24 GeV−1, and b11 =

0.46 GeV−1 [96]. An expansion of the Lagrangians L and L′
Bϕ in Equations (1) and (16)

leads to the lowest-order baryon–meson interaction for a proton initial state given by

Lint =
(D + F)

2 f

(
p̄ γµγ5 p ∂µπ0 +

√
2 p̄ γµγ5n ∂µπ+

)
− (D − 3F)√

12 f
p̄ γµγ5 p ∂µη

+
(D − F)

2 f

(√
2 p̄ γµγ5Σ+ ∂µK0 + p̄ γµγ5Σ0 ∂µK+

)
− (D + 3F)√

12 f
p̄ γµγ5Λ ∂µK0

+
C√
12 f

(
−2 p̄ Θνµ∆+

µ ∂νπ0 −
√

2 p̄ Θνµ∆0
µ ∂νπ+ +

√
6 p̄ Θνµ∆++

µ ∂νπ−

− p̄ ΘνµΣ∗0
µ ∂νK+ +

√
2 p̄ ΘνµΣ∗+

µ ∂νK0 + H.c.
)

+
i

4 f 2 p̄ γµ p
[
(π+∂µπ− − π−∂µπ+) + 2(K+∂µK− − K−∂µK+)

+ (K0∂µK̄0 − K̄0∂µK0)
]
+

i
f 2 p̄ σµν p

[
2(b10 + b11)∂µπ+∂νπ−

+ (4b11 + b9)∂µK+∂νK− + 2(b10 − b11)∂µK0∂νK̄0
]
. (17)

From the Lagrangian L in Equation (1) one can derive the vector current coupling to
the external field υa

µ as

Jµ
a =

1
2

Tr
[
B̄γµ

[
uλau† + u†λau, B

]
+

D
2

Tr
[
B̄γµγ5

{
uλau† − u†λau, B

}]

+
F
2

Tr
[
B̄γµγ5

[
uλau† − u†λau, B

]]

+
1
2

Tνγναµ
(

uλau† + u†λau, Tα

)
+

C
2

[
TνΘνµ(uλau† − u†λau)B + H.c.

]

+
f 2

4
Tr
[
∂µU(U†iλa − iλaU†) + (Uiλa − iλaU)∂µU†]. (18)

For the SU(3) flavor singlet case, the current coupling to the external field υ0
µ can be

written as

Jµ
0 = ⟨λ0⟩Tr[B̄γµB] + ⟨λ0⟩ Tνγναµ Tα. (19)

The magnetic current coupling to the external field υ
q
µ can be obtained from the magnetic

Lagrangian in Equation (12) as

Jµ
q,mag =

∂ν

4MB

(
c1TrB̄σµν

{
u†λqu + uλqu†, B

}
+ c2TrB̄σµν

[
u†λqu + uλqu†, B

]

+ c3TrB̄σµνB Tr(u†λqu + uλqu†)
)

− ic4

4MB
(gµν∂σ − gµσ∂ν)

(
ϵijk(λq)

i
l B̄j

mγσγ5Tklm
ν + ϵijk(λq)

l
i Tσ,klmγνγ5Bm

j

)

− FT
2

2MT
∂σ

(
(Tν)

abcσµσ(λq)
a
e (T

ν)ebc
)

, (20)
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and satisfies current conservation, ∂µ Jµ
q,mag = 0. The quark flavor currents can be written in

terms of the SU(3) singlet (a = 0) and octet (a = 3, 8) as well as quark magnetic currents as

Jµ
u =

1
3

Jµ
0 +

1
2

Jµ
3 +

1
2
√

3
Jµ
8 + Jµ

u,mag, (21a)

Jµ
d =

1
3

Jµ
0 − 1

2
Jµ
3 +

1
2
√

3
Jµ
8 + Jµ

d,mag, (21b)

Jµ
s =

1
3

Jµ
0 − 1√

3
Jµ
8 + Jµ

s,mag. (21c)

From Equations (18), (19) and (21) the quark flavor currents can be written more explicitly
in the form

Jµ
u = 2p̄γµ p + n̄γµn + Λ̄γµΛ + 2Σ+

γµΣ+ + Σ0
γµΣ0 − 1

2 f 2 p̄γµ p
(
π+π−+ 2K+K−)

+ 3∆
++
α γαβµ∆++

β + 2∆
+
α γαβµ∆+

β + ∆
0
αγαβµ∆0

β + 2Σ∗+
α γαβµΣ∗+

β + Σ∗0
α γαβµΣ∗0

β

+ i
(
π−∂µπ+ − π+∂µπ−)+ i

(
K−∂µK+ − K+∂µK−)

− i(D + F)√
2 f

p̄γµγ5n π+ +
i(D + 3F)√

12 f
p̄γµγ5Λ K+ − i(D − F)

2 f
p̄γµγ5Σ0 K+

+
i C√
12 f

(√
6 p̄ Θµν∆++

ν π− +
√

2 p̄ Θµν∆0
ν π+ + p̄ ΘµνΣ∗0

ν K+ + H.c.
)

+
1

4MB
∂ν( p̄σµν p)

[
4c2

(
1 − 1

2 f 2 K+K−
)
− (c1 + c2)

f 2 π+π−
]

+
c2 − c1

2MB
∂ν(n̄σµνn) +

3c2 − 2c1

6MB
∂ν(Λ̄σµνΛ) +

c1

2
√

3MB
∂ν(ΛσµνΣ0)

+
c2

MB
∂ν(Σ

+
σµνΣ+) +

c2

2MB
∂ν(Σ

0
σµνΣ0)

+
ic4

4
√

3MB
∂ν

[
p̄(γνγ5∆+µ − γµγ5∆+

ν ) + n̄(γνγ5∆0µ − γµγ5∆0
ν)− Σ+

(γνγ5Σ∗+µ

− γµγ5Σ∗+
ν )−

√
3

2
Λ̄(γνγ5Σ∗0µ − γµγ5Σ∗0

ν ) +
1
2

Σ0
(γνγ5Σ∗0µ − γµγ5Σ∗0

ν )

]

− FT
2

6MT
∂ν

[
3∆

++
α σµν∆++α + 2∆

+
α σµν∆+α + ∆

0
ασµν∆0α

+ 2Σ∗+
α σµνΣ∗+α + Σ∗0

α σµνΣ∗0α
]
, (22a)

Jµ
d = p̄γµ p + 2n̄γµn + 2Σ−

γµΣ− + Σ0
γµΣ0 + Λ̄γµΛ +

1
2 f 2 p̄γµ p

(
π+π−− K0K0)

+ ∆
+
α γαβµ∆+

β + 2∆
0
αγαβµ∆0

β + 3∆
−
α γαβµ∆−

β + Σ∗0
α γαβµΣ∗0

β + 2Σ∗0−
α γαβµΣ∗−

β

− i(π−∂µπ+ − π+∂µπ−) + i(K0
∂µK0 − K0∂µK0

)

+
i(D + F)√

2 f
p̄γµγ5n π+ − i(D − F)√

2 f
p̄γµγ5Σ+ K0

− i C√
6 f

(√
3 p̄ Θµν∆++

ν π− + p̄ Θµν∆0
ν π+ + p̄ ΘµνΣ∗+

ν K0 + H.c.
)

+
1

4MB
∂ν( p̄σµν p)

[
(c2 − c1)

(
2 − 1

f 2 K0K0
)
+

(c1 + c2)

f 2 π+π−
]

+
c2

MB
∂ν(n̄σµνn) +

3c2 − 2c1

6MB
∂ν(Λ̄σµνΛ) +

c2

MB
∂ν(Σ

−
σµνΣ−)

+
c2

2MB
∂ν(Σ

0
σµνΣ0)− c1

2
√

3MB
∂ν(Λ̄σµνΣ0)

− ic4

4
√

3MB
∂ν

[
p̄(γνγ5∆+µ − γµγ5∆+

ν ) + n̄(γνγ5∆0µ − γµγ5∆0
ν)− Σ−

(γνγ5Σ∗−µ

− γµγ5Σ∗−
ν )−

√
3

2
Λ̄(γνγ5Σ∗0µ − γµγ5Σ∗0

ν )− 1
2

Σ0
(γνγ5Σ∗0µ − γµγ5Σ∗0

ν )

]

− FT
2

6MT
∂ν

[
3∆

−
α σµν∆−α + 2∆

0
ασµν∆0α + ∆

+
α σµν∆+α

+ 2Σ∗−
α σµνΣ∗−α + Σ∗0

α σµνΣ∗0α
]
, (22b)
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Jµ
s = Σ+

γµΣ+ + Σ0
γµΣ0 + Λ̄γµΛ +

1
2 f 2 p̄γµ p

(
2K+K− + K0K0)

+ Σ∗+
α γαβµΣ∗+

β + Σ∗0
α γαβµΣ∗0

β

− i(K−∂µK+ − K+∂µK−)− i(K0
∂µK0 − K0∂µK0

)

+
i(D − F)√

2 f
p̄γµγ5Σ+ K0 +

i(D − F)
2 f

p̄γµγ5Σ0 K+ − i(D + 3F)√
12 f

p̄γµγ5Λ K+

− i C√
12 f

(
p̄ ΘµνΣ∗0

ν K+ −
√

2 p̄ ΘµνΣ∗+
ν K0 + H.c.

)

+
1

4MB f 2 ∂ν( p̄σµν p)
[

2c2K+K− + (c2 − c1)K
0K0
]

+
(c1 + 3c2)

6MB
∂ν(Λ̄σµνΛ) +

(c2 − c1)

2MB
∂ν(Σ

+
σµνΣ+)

+
(c2 − c1)

2MB
∂ν(Σ

−
σµνΣ−) +

(c2 − c1)

2MB
∂ν(Σ

0
σµνΣ0)

− ic4

4
√

3MB
∂ν

[
Σ0

(γνγ5Σ∗0µ − γµγ5Σ∗0
ν ) + Σ−

(γνγ5Σ∗−µ − γµγ5Σ∗−
ν )

− Σ+
(γνγ5Σ∗+µ − γµγ5Σ∗+

ν )

]
,

− FT
2

6MT
∂ν

[
Σ∗−

α σµνΣ∗−α + Σ∗0
α σµνΣ∗0α + Σ∗+

α σµνΣ∗+α
]
, (22c)

for the u, d, and s quark flavors, respectively. As in Ref. [118], terms involving the doubly
strange Ξ0,− and Ξ∗0,− hyperons and the triply strange Ω− baryon do not couple directly
to the proton, and are therefore not included here.

2.2. Nonlocal Chiral Lagrangian

In this section, we outline the generalization of the effective local chiral Lagrangian
to the case of nonlocal interactions. In the nonlocal baryon–meson theory, the baryon
and anti-baryon fields are defined at spacetime point x, while the meson field is defined
at a displaced point x + a. A correlation function F(a) is introduced, which reduces to
the delta function δ(a) in the local limit, giving rise to a momentum dependence at each
interaction vertex. The nonlocal interaction reflects the finite extent of particles, meaning
that the interaction does not occur at a single mathematical point but over a region where
the particle wave functions overlap.

Although the Lagrangian retains the same global chiral symmetry, the displacement of
the meson field to x + a breaks the local gauge symmetry. To restore local gauge invariance,
a gauge link is introduced, and the path integral within this gauge link, connecting x to x+ a,
ensures that the combination of the meson field at x + a and the gauge link transforms as if
it were located at x. Crucially, this gauge link generates additional Feynman diagrams that
are essential for maintaining current conservation. Consequently, the nonlocal Lagrangian
serves two key purposes: first, it renders the loop integrals convergent; second, it extends
the model’s applicability to physical processes at larger momentum transfers, beyond the
reach of traditional χPT. This same nonlocal construction can also be applied to other
interactions, such as NNγ and NNππ.

Evaluating the flavor traces in the Lagrangians in Equations (1), (12) and (16) of
Section 2.1, the local Lagrangian density can be written as
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L(local)(x) = B̄(x)(iγµDµ − MB)B(x) +
CBϕ

f
[
p̄(x)γµγ5B(x)Dµϕ(x) + H.c.

]

+ Tµ(x)(iγµναDα − MTγµν) Tν(x) +
CTϕ

f
[

p̄(x)ΘµνTν(x)Dµϕ(x) + H.c.
]

+ Dµϕ(x)(Dµϕ)†(x) +
iCϕϕ†

2 f 2 p̄(x)γµ p(x)
[
ϕ(x)(Dµϕ)†(x)−Dµϕ(x)ϕ†(x)

]

+
iC′

ϕϕ†

2 f 2 p̄(x)σµν p(x)Dµϕ(x)(Dνϕ)†(x)

+
Cmag

ϕϕ†

4MB f 2 p̄(x)σµν p(x)Fµν(x)ϕ(x)ϕ†(x) +
Cmag

B
4MB

B̄(x)σµνB(x)Fµν(x)

+
iCmag

BT
4MB

B̄(x)γµγ5Tν(x)Fµν(x)− Cmag
T

4MT
Tα(x)σµνTα(x)Fµν(x) + · · · , (23)

where the spacetime coordinate x is shown explicitly for all fields, and only the interac-
tion terms contributing to the proton GPDs are retained. The corresponding covariant
derivatives in Equation (23) are given by

DµB(x) =
[
∂µ − ieq

B A(x)
]

B(x), (24a)

DµTν(x) =
[
∂µ − ieq

T A(x)
]

Tν(x), (24b)

Dµϕ(x) =
[
∂µ − ieq

ϕ A(x)
]
ϕ(x), (24c)

where A is the electromagnetic gauge field, and the charges eq
B, eq

T , and eq
ϕ represent the

quark flavor charges for the octet baryon B, decuplet baryon T, and meson ϕ, respectively.
For the proton, the charges are eu

p = 2, ed
p = 1, es

p = 0; for the Σ+ hyperon one has eu
Σ+ = 2,

ed
Σ+ = 0, es

Σ+ = 1; this similarly applies for other baryons. For pions, the charges are
eu

π+ = 1, ed
π+ = −1, es

π+ = 0, eq
π0 = 0 for all quarks q, while for kaons, eu

K+ = 1, ed
K+ = 0,

es
K+ = −1. The charges for other mesons follow from charge conjugation. Finally, the

coefficients CBϕ, CTϕ, Cϕϕ† , C′
ϕϕ† , Cmag

B , Cmag
BT , Cmag

T , and Cmag
ϕϕ† in Equation (23) are given

in Table 1 for the relevant processes discussed here. Note that the fields B(x) and ϕ(x) in
Equation (23) represent individual baryon and meson fields as elements of the matrices in
Equations (3) and (6), respectively.

Following the approach of Salamu et al. [118], we outline the derivation of the non-
local Lagrangian from its local counterpart in Equation (23) (full details are available in
Refs. [116,117,181–184]). The nonlocal version of the local Lagrangian (23) is given by

L(nonloc)(x) = B̄(x)(iγµDµ − MB)B(x) + Tµ(x)(iγµναDα − MTγµν)Tν(x)

+ p̄(x)
[

CBϕ

f
γµγ5B(x) +

CTϕ

f
ΘµνTν(x)

]
Dµ

∫
d4a Gq

ϕ(x, x + a)F(a)ϕ(x+a) + H.c.

+
iCϕϕ†

2 f 2 p̄(x)γµ p(x)
∫

d4a Gq
ϕ(x, x + a)F(a)ϕ(x + a)

× Dµ

∫
d4b Gq

ϕ(x + b, x) F(b)ϕ†(x + b)

+
iC′

ϕϕ†

2 f 2 p̄(x)σµν p(x)Dµ

∫
d4a Gq

ϕ(x, x + a)F(a)ϕ(x + a)

× Dν

∫
d4b Gq

ϕ(x + b, x)F(b)ϕ†(x + b)

+
Cmag

B
4MB

B̄(x)σµνB(x)Fµν +
iCmag

BT
4MB

B̄(x)γµγ5Tν(x)Fµν −
Cmag

T
4MT

Tα(x)σµνTα(x)Fµν

+
Cmag

ϕϕ†

4MB f 2 p̄(x)σµν p(x)
∫

d4a
∫

d4b Fµν Gq
ϕ(x+b, x+a)F(a)F(b) ϕ(x + a)ϕ†(x+b)

+ Dµϕ(x)(Dµϕ)†(x) + · · · , (25)
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where the gauge link Gq
ϕ is introduced to ensure local gauge invariance,

Gq
ϕ(x, y) = exp

[
−ieq

ϕ

∫ y

x
dzµ

∫
d4l F(l)Aµ(z + l)

]
(26)

and F(a) is the correlation function in coordinate space. For different baryon–meson
interactions, the correlation functions F(a) could be different. For simplicity, here, these
have been chosen to be the same. The Fourier transform of F(a) gives the regulator function
F̃(k) in momentum space, with k being the meson momentum. Typically, in numerical
calculations, a dipole function has been used,

F̃(k) =

(
Λ2 − m2

ϕ

Λ2 − k2

)2

, (27)

where Λ is the cutoff parameter and mϕ is the meson mass. Both the local Lagrangian in
Equation (23) and its nonlocal counterpart in Equation (25) remain invariant under the
gauge transformations

B(x) → B′(x) = B(x) exp
[
ieq

B θ(x)
]
, (28a)

Tµ(x) → T′
µ(x) = Tµ(x) exp

[
ieq

T θ(x)
]
, (28b)

ϕ(x) → ϕ′(x) = ϕ(x) exp
[
ieq

ϕ θ(x)
]
, (28c)

A µ(x) → A ′µ(x) = A µ(x) + ∂µθ(x), (28d)

where θ(x) is an auxiliary function.

Table 1. Coupling constants CBϕ and CTϕ for the pBϕ and pTϕ interactions, respectively; Cϕϕ† and
C′

ϕϕ† for the ppϕϕ† coupling; and the tree-level magnetic moments Cmag
B , Cmag

T , Cmag
BT , and Cmag

ϕϕ† ,
respectively, for all the allowed flavor channels.

B p n Σ+ Σ0 Σ− Λ ΛΣ0

Cmag
B

1
3 c1 + c2 − 2

3 c1
1
3 c1 + c2

1
3 c1

1
3 c1 − c2 − 1

3 c1
1√
3

c1

T ∆++ ∆+ ∆0 ∆− Σ∗+ Σ∗0 Σ∗−

Cmag
T

2
3 FT

2
1
3 FT

2 0 − 1
3 FT

2
1
3 FT

2 0 − 1
3 FT

2

BT p∆+ ∆0 Σ+Σ∗+ Σ0Σ∗0 ΛΣ∗0 Σ−Σ∗−

Cmag
BT − 1√

3
c4 − 1√

3
c4

1√
3

c4
1

2
√

3
c4

1
2 c4 0

Bϕ pπ0 nπ+ Σ+K0 Σ0K+ ΛK+

CBϕ
D+F

2
D+F√

2
D−F√

2
D−F

2 − D+3F√
12

Tϕ ∆0π+ ∆+π0 ∆++π− Σ∗+K0 Σ∗0K+

CTϕ − 1√
6
C − 1√

3
C 1√

2
C 1√

6
C − 1√

12
C

ϕϕ† π+π− K0K0 K+K−

Cϕϕ†
1
2

1
2 1

C′
ϕϕ† 4(b10 + b11) 4(b11 − b10) 8b11 + 2b9

Cmag
ϕϕ† − c1+c2

2 0 −c2

Using the variable change zµ → xµ + aµt + bµ(1 − t), one can expand the gauge link
Gq

ϕ in Equation (26) in powers of the charge eq
ϕ,
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Gq
ϕ(x + b, x + a) = exp

[
− ieq

ϕ (a − b)µ
∫ 1

0
dt
∫

d4l F(l)Aµ

(
x + l + at + b(1 − t)

)]

= 1 + δGq
ϕ + · · · , (29)

where

δGq
ϕ = − ieq

ϕ (a − b)µ
∫ 1

0
dt
∫

d4l F(l)Aµ

(
x + l + at + b(1 − t)

)
. (30)

We can further decomposes the nonlocal Lagrangian L(nonloc) in Equation (25) into free and
interacting parts, with the latter consisting of purely hadronic (L(nonloc)

had ), electromagnetic

(L(nonloc)
em ), and gauge link (L(nonloc)

link ) contributions. The hadronic and electromagnetic
interaction parts of the nonlocal Lagrangian arise from the first term in the gauge link
expansion in Equation (29),

L(nonloc)
had (x) = p̄(x)

[
CBϕ

f
γµγ5B(x) +

CTϕ

f
ΘµνTν(x)

] ∫
d4a F(a) ∂µϕ(x + a) + H.c.

+
iCϕϕ†

2 f 2 p̄(x)γµ p(x)
∫

d4a
∫

d4b F(a) F(b)

×
[
ϕ(x + a)∂µϕ†(x + b)− ∂µϕ(x + a)ϕ†(x + b)

]

+
iC′

ϕϕ†

2 f 2 p̄(x)σµν p(x)
∫

d4a
∫

d4b F(a) F(b)

×
[
∂µϕ(x + a)∂νϕ†(x + b)− ∂µϕ(x + a)∂νϕ†(x + b)

]
, (31)

and

L(nonloc)
em (x) = eq

B B̄(x)γµB(x)Aµ(x) + eq
T Tµ(x)γµναTν(x)Aα(x)

+ ieq
ϕ

[
∂µϕ(x)ϕ†(x)− ϕ(x)∂µϕ†(x)

]
Aµ(x)

− ieq
ϕ p̄(x)

[
CBϕ

f
γµγ5B(x) +

CTϕ

f
ΘµνTν(x)

] ∫
d4a F(a) ϕ(x + a)Aµ(x) + H.c.

−
eq

ϕCϕϕ†

2 f 2 p̄(x)γµ p(x)
∫

d4a
∫

d4b F(a) F(b) ϕ(x + a)ϕ†(x + b)Aµ(x)

−
C′

ϕϕ†

f 2 p̄(x)σµν p(x)
∫

d4a
∫

d4b F(a) F(b) ϕ(x + a)∂νϕ†(x + b)Aµ(x)

+
Cmag

B
4MB

B̄(x)σµνB(x)Fµν +
iCmag

BT
4MB

B̄(x)γµγ5Tν(x)Fµν −
Cmag

T
4MT

Tα(x)σµνTα(x)Fµν

+
Cmag

ϕϕ†

4MB f 2 p̄(x)σµν p(x)
∫

d4a
∫

d4b F(a)F(b) ϕ(x + a)ϕ†(x + b)Fµν(x), (32)

respectively. The second term in Equation (29) depends on the gauge link, and yields an
additional contribution to the Lagrangian, which can be expanded as

L(nonloc)
link (x) = −ieq

ϕ p̄(x)
[

CBϕ

f
γργ5B(x) +

CTϕ

f
ΘρνTν(x)

]

×
∫ 1

0
dt
∫

d4a F(a)aµ ∂ρ(ϕ(x + a)Aµ

(
x + at)

)
+ H.c.

+
eq

ϕCϕϕ†

2 f 2 p̄(x)γρ p(x)
∫ 1

0
dt
∫

d4a
∫

d4b F(a) F(b) (a − b)µ

×
[
ϕ(x + a)∂ρϕ†(x + b)− ∂ρϕ(x + a)ϕ†(x + b)

]
Aµ

(
x + at + b(1 − t)

)
. (33)
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In the nonlocal theory, the quark current can be decomposed into two terms: the
standard electromagnetic current Jµ

q,em from Equation (32) with minimal substitution, and
an additional current δJµ

q associated with the gauge link,

Jµ
q,em(x) ≡ δ

∫
d4yL(nonloc)

em (y)
δA(x)

, (34a)

δJµ
q (x) ≡ δ

∫
d4yL(nonloc)

link (y)
δA(x)

. (34b)

Writing these out explicitly, one has

Jµ
q,em(x) = eq

B B̄(x)γµB(x) + eq
T Tα(x)γανµTν(x) + ieq

ϕ

[
∂µϕ(x)ϕ†(x)− ϕ(x)∂µϕ†(x)

]

− ieq
ϕ

( ∫
d4aF(a) p̄(x)

[
CBϕ

f
γµγ5B(x) +

CTϕ

f
ΘµνTν(x)

]
ϕ(x + a) + H.c.

)

−
eq

ϕCϕϕ†

2 f 2

∫
d4a

∫
d4bF(a)F(b) p̄(x)γµ p(x) ϕ(x + a)ϕ†(x + b)

+
Cmag

B
2MB

∫
d4aF(a) ∂ν

(
p̄(x)σµν p(x)

)
− Cmag

T
2MT

∫
d4aF(a) ∂ν

(
Tα(x)σµνTα(x)

)

+
iCmag

BT
4MB

(∂ν

(
p̄(x)γνγ5Tµ(x)

)
− ∂ν

(
p̄(x)γµγ5Tν(x)

)

+
Cmag

ϕϕ†

2MB f 2

∫
d4a

∫
d4bF(a)F(b) ∂ν

(
p̄(x)σµν p(x)ϕ(x + a)ϕ†(x + b)

)
, (35a)

δJµ
q (x) = ieq

ϕ

∫ 1

0
dt
∫

d4a F(a) aµ

× ∂ρ

(
p̄(x−at)

[
CBϕ

f
γργ5B(x−at) +

CTϕ

f
ΘρνTν(x−at)

])
ϕ(x + at̄

)

−
eq

ϕCϕϕ†

2 f 2

∫ 1

0
dt
∫

d4a
∫

d4b F(a)F(b) (a − b)µ

×
[

∂ρ

(
p̄
(
x−at−bt̄

)
γρ p

(
x−at−bt̄

)
ϕ
(
x+(a−b)t̄

))
ϕ†(x−(a−b)t)

− ∂ρ

(
p̄
(
x−at−bt̄

)
γρ p

(
x−at−bt̄

)
ϕ†(x−(a−b)t

))
ϕ
(
x+(a−b)t̄

)]
,

+ H.c. (35b)

where t̄ ≡ 1 − t. In comparison with the local theory in Equations (17) and (22), which do
not include a regulator, the nonlocal formulation in Equations (31)–(35b) incorporates the
form factor F(a). The local limit is recovered when F(a) → δ(4)(a), corresponding to taking
the form factor to unity in momentum space.

2.3. GPDs with Zero Skewness

The spin-averaged GPDs for a quark flavor q in a proton are defined in terms of the
Fourier transform of the matrix element of the quark bilocal operator between states with
initial momentum p and final momentum p′ [185],
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∫ ∞

−∞

dλ

2π
e−ixλ⟨p′|ψ̄q(

1
2 λn)̸n ψq(− 1

2 λn)|p⟩ = ū(p′)
[
̸nHq(x, ξ, t) +

iσµνnµ∆ν

2M
Eq(x, ξ, t)

]
u(p), (36)

where nµ is the light-cone vector projecting the “plus" component of four-momenta, and λ

is a dimensionless integration variable. The Dirac (Hq) and Pauli (Eq) GPDs depend on the
light-cone momentum fraction x of the proton carried by the initial quark with momentum
kq (not to be confused with the spacetime coordinate x in the previous section), and the
skewness parameter ξ,

x ≡
k+q
P+

, ξ ≡ − ∆+

2P+
, (37)

where
P =

1
2
(

p + p′
)
, ∆ = p′ − p, (38)

are the average and difference of the initial and final proton momenta, respectively. The
light-cone components k± of any four-vector kµ are defined as k± = 1√

2
(k0 ± k3). The GPDs

also depend on the hadronic four-momentum transfer squared t = ∆2, as well as on the
photon virtuality Q2, although for notational convenience, the dependence on the latter
is usually suppressed. For zero skewness, ξ = 0, the hadron momenta are parametrized
as [186]

pµ =
(

P+, P−,−1
2

∆⊥
)

, (39a)

p′µ =
(

P+, P−,+
1
2

∆⊥
)

, (39b)

where the momentum transfer ∆µ is purely transverse.
The diagrams relevant for the calculation of the one-meson loop contributions to the

GPDs up to O(p4) are depicted in Figure 1. Assuming that meson loop diagrams are
the only source of antiquarks in the proton, the convolution formulas for the electric and
magnetic contributions to the antiquark GPDs arise from Figure 1a,k–m. For the specific
case of the Hq̄ and Eq̄ GPDs at ξ = 0, one has

Hq̄(x, t) = ∑
ϕBT

[(
f (rbw)
ϕB + f (rbw)

ϕT + f (bub)
ϕ

)
⊗ Hq̄

ϕ

]
(x, t), (40a)

Eq̄(x, t) = ∑
ϕBT

[(
g(rbw)

ϕB + g(rbw)
ϕT + g′(bub)

ϕ

)
⊗ Hq̄

ϕ

]
(x, t), (40b)

where Hq̄
ϕ is the electric GPD for quark flavor q̄ in the meson ϕ. The functions f (rbw)

ϕB and

g(rbw)
ϕB are the splitting functions corresponding to rainbow diagram in Figure 1a, f (rbw)

ϕT and

g(rbw)
ϕT are the decuplet recoil splitting functions corresponding to the rainbow diagrams in

Figure 1m, and f (bub)
ϕ and g′(bub)

ϕ are the splitting functions corresponding to the bubble
diagrams in Figures 1k and 1l, respectively. The splitting functions are given explicitly
by He et al. [121], and the symbol ⊗ represents the convolution in the parton momentum
fraction with the GPD Hq̄

ϕ in the meson ϕ.
In contrast to the antiquark case, the quark GPDs receive contributions from all of the

diagrams in Figure 1, resulting in a more complicated convolution structure,
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Hq(x, t) = Z2 Hq
0(x, t) + ∑

ϕBT

[(
f (rbw)
ϕB + f (rbw)

ϕT + f (bub)
ϕ

)
⊗ Hq

ϕ

+ f̄ (rbw)
Bϕ ⊗ Hq

B + f̄ (KR)
Bϕ ⊗ Hq(KR)

B + δ f̄ (KR)
B ⊗ Hq(KR)

B

+ f̄ (rbw)
Tϕ ⊗ Hq

T + f̄ (KR)
Tϕ ⊗ Hq(KR)

T + δ f̄ (KR)
Tϕ ⊗ Hq(KR)

T

+ f̄ (rbw mag)
Bϕ ⊗ Eq

B + f̄ (rbw mag)
Tϕ ⊗ Eq

T + f̄ (rbw mag)
BT ⊗ Eq

BT

+ f̄ (tad)
ϕ ⊗ Hq(tad)

ϕϕ† + δ f̄ (tad)
ϕ ⊗ Hq(tad)

ϕϕ†

]
(x, t), (41a)

Eq(x, t) = Z2 Eq
0(x, t) + ∑

ϕBT

[(
g(rbw)

ϕB + g(rbw)
ϕT + g′(bub)

ϕ

)
⊗ Hq

ϕ

+ ḡ(rbw)
Bϕ ⊗ Hq

B + ḡ(KR)
Bϕ ⊗ Hq(KR)

B + δḡ(KR)
B ⊗ Hq(KR)

B

+ ḡ(rbw)
Tϕ ⊗ Hq

T + ḡ(KR)
Tϕ ⊗ Hq(KR)

T + δḡ(KR)
Tϕ ⊗ Hq(KR)

T

+ ḡ(rbw mag)
Bϕ ⊗ Eq

B + ḡ(rbw mag)
Tϕ ⊗ Eq

T + ḡ(rbw mag)
BT ⊗ Eq

BT

+ ḡ(tad mag)
ϕ ⊗ Eq(tad)

ϕϕ†

]
(x, t), (41b)

where Hq
0 and Eq

0 are the quark GPDs of the bare proton, and the wave function renor-
malization constant Z2 reflects the dressing of the bare proton by the meson loops. The
additional splitting functions in Equation (41) corresponding to Figure 1b–j,n–u are given
by He et al. [121]. Note that δ-function terms appear in the splitting functions at zero
momentum, which have contributions to the lowest moments of the GPDs but not to
higher moments. As shorthand, in Equation (41), we use the notation f̄ j(y) ≡ f j(1 − y)
and ḡj(y) ≡ gj(1 − y) to represent the electric and magnetic splitting functions involving
couplings to baryons. Note that both the electric and magnetic operators contribute to
Hq(x, t) and Eq(x, t) at zero- and finite-momentum transfer. At zero-momentum transfer,
however, the magnetic term does not contribute to the matrix element, even though the
GPD Eq(x, 0) itself is nonzero.

The quark and antiquark GPDs in Equations (40) and (41) provide the foundation
for computing meson loop contributions to GPD flavor asymmetries. The relevant inter-
mediate states consist of nucleon and ∆ baryons with π mesons for u and d quarks, and
Λ, Σ, and Σ∗ hyperons with K mesons for the strange quark. Numerical evaluation of
these GPDs requires modeling the hadronic GPDs appearing in the convolution formulas.
Following Refs. [36,121], we express these in terms of pion and proton GPDs, which are
parametrized as products of valence parton distribution functions (PDFs) and t-dependent
form factors [121,187]. Using the computed splitting functions and valence quark distribu-
tions as input, the sea quark GPDs are then evaluated from the convolution expressions in
Equations (40) and (41).

The electric (Hq̄) and magnetic (Eq̄) GPDs for light antiquarks in the proton, generated
from meson loops, are presented in Figure 2 as functions of the parton momentum fraction
x and momentum transfer −t for ū and d̄ flavors at Q = 1 GeV. For ū antiquarks, the
distribution xHū is positive, peaking at x ≈ 0.1, with little t dependence. At fixed x,
its magnitude decreases monotonically with increasing −t. In contrast, the xEū GPD is
negative, peaks at slightly lower x, and its magnitude also decreases with −t. The d̄
antiquark GPD xHd̄ exhibits a similar shape to xHū, but is systematically larger at all x and
t values. This flavor asymmetry originates from the intermediate states involved, with Hd̄

receiving contributions from both octet and decuplet baryons, but Hū arising solely from
decuplet intermediate states.
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(a)

(d)

(g)

(f)

(c)

(i)(h)

(e)

(b)

(u)(t)

(r)

(o)(m)

(p)

(s)

(q)

(n)

(k) (l)(j)

Figure 1. One-loop diagrams for the proton-to-pseudoscalar meson (dashed lines) and octet baryon
(solid lines) or decuplet baryon (double solid lines) splitting functions up to the fourth chiral order:
(a–c) octet baryon rainbow diagrams, (d–g) octet baryon Kroll–Ruderman diagrams, (h–j) tadpole
diagrams, (k,l) bubble diagrams, (m–o) decuplet baryon rainbow diagrams, (p,q) octet–decuplet
transition rainbow diagrams, (r–u) decuplet baryon Kroll–Ruderman diagrams. The crossed circles
(⊗) represent the interaction with external vector field from the minimal substitution, filled circles
(•) denote additional gauge link interaction with the external field, black squares (■) represent the
magnetic interaction in Equation (12), and gray squares (■) denote the interaction in Equation (16).

The shapes of the magnetic Eq̄ GPDs reflect the important role played by the orbital
angular momentum of the mesons in the intermediate states. For octet baryon intermediate
states, the meson orbital angular momentum is typically positive, which produces positive
Ed̄ values. In contrast, for ū quarks, where only decuplet intermediate states contribute, the
meson orbital angular momentum tends to be negative, resulting in negative values for
Eū. The magnitude of xEd̄ is also much larger than that of xEū. Note that the δ-function
term in the splitting functions does not contribute to the Hq̄ and Eq̄ GPDs, although it does
contribute to the lowest moments of these functions.

The light-flavor GPDs asymmetries, xHd̄−ū and xEd̄−ū, are shown in Figure 3 as
functions of x and −t. Both asymmetries are positive across all x values, peaking at x ≈ 0.1
and decreasing with increasing −t. Notably, at the peak, the magnetic asymmetry xEd̄−ū is
approximately 4 times larger than the electric asymmetry xHd̄−ū. To more clearly illustrate
the shape of the d̄ − ū asymmetry, in Figure 4, we show the electric xHd̄−ū and magnetic
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xEd̄−ū distributions at t = 0, with uncertainty bands reflecting a 10% variation in the
cutoff parameter, Λ = 1.0(1) GeV. The calculated electric asymmetry compares well with
the recent JAM global QCD analysis [188] at Q = 1.3 GeV, which finds a maximum of
≈ 0.3 − 0.4 at x ≈ 0.05 − 0.10, driven largely by Drell-Yan proton–proton and proton–
deuteron scattering data [23,24]. Integrating over x, the lowest moments of the electric
GPD asymmetry are

∫ 1
0 dx Hd̄−ū(x, 0) = 0.11(2) and

∫ 1
0 dx xHd̄−ū(x, 0) = 0.009(2), where

the uncertainties correspond to the Λ variation. The magnetic asymmetry xEd̄−ū at t = 0
has a similar shape but is approximately 4 times larger than the electric asymmetry at the
peak, consistent with large-Nc QCD predictions [189]. Its integrated moments are found to
be
∫ 1

0 dx Ed̄−ū(x, 0) = 1.1(2) and
∫ 1

0 dx xEd̄−ū(x, 0) = 0.034(6). The large magnitude of the
magnetic asymmetry provides an opportunity for its determination in future experiments.

(a) (b)

(c) (d)

Figure 2. Electric and magnetic GPDs for light antiquarks: (a) xHū, (b) xEū, (c) xHd̄, and (d) xEd̄

versus parton momentum fraction x and four-momentum transfer squared −t, for cutoff mass
Λ = 1 GeV at a scale Q = 1 GeV.

The xHd̄−ū and xEd̄−ū GPD asymmetries at finite t, −t = 0.25 GeV2, are dis-
played in Figure 4. As expected from the 3-dimensional distributions in Figure 3,
both asymmetries are suppressed at finite t values, with magnitudes reduced to ap-
proximately half of the t = 0 values. This suppression is consistent with the GPD
inequality Hq(x, t) ≤ Hq(x, 0) [190,191]. Additionally, the peaks of both distributions shift
slightly toward larger x values with increasing −t.

The kaon loop contributions to the strange quark GPDs are shown in Figure 5. Al-
though smaller in magnitude than their light antiquark counterparts, the strange GPDs
exhibit several notable features. As for the light antiquarks, the strange electric GPDs
Hs and H s̄ are both positive. Perturbatively, the s and s̄ distributions are expected to be
nearly identical [192]; however, their kaon loop contributions differ significantly due to
their distinct origins. Under the assumption of SU(3) flavor symmetry for the interme-
diate state GPDs [36,121], the s̄ antiquark GPD arises from direct couplings to the kaon
[Figure 1a], whereas the s quark GPD arises from couplings to intermediate hyperons
[Figure 1b] [193,194].
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(a) (b)

Figure 3. Light antiquark flavor asymmetry for the (a) electric xHd̄−ū and (b) magnetic xEd̄−ū

GPDs versus parton momentum fraction x and four-momentum transfer squared −t, for cutoff mass
Λ = 1 GeV at a scale Q = 1 GeV.

As shown in Figure 5, the strange Hs GPD exceeds the antistrange H s̄ at small x, while
this hierarchy reverses at larger x values, namely x ≳ 0.5. At t = 0, the x-integrals of Hs

and H s̄ are equal when including the δ-function term, ensuring zero net strangeness in the
nucleon. However, their different t dependence leads to unequal lowest moments at finite
t, corresponding to a nonzero strange electric form factor for −t > 0. The magnetic GPDs
Es and Es̄ exhibit more complex behavior, on the other hand. The antistrange Es̄ is positive,
similar to Ed̄, due to positive meson orbital angular momentum. In contrast, the strange Es

changes sign with x, from negative at small x values to positive at large x values, x ≳ 0.3.
The strange–antistrange asymmetries xHs−s̄ and xEs−s̄ are displayed in Figure 6 as

functions of x and −t for Λ = 1 GeV. For the electric asymmetry, xHs−s̄ is generally positive
at nonzero x, peaking at x ≈ 0.2 − 0.3. Unlike the individual s and s̄ GPDs, the asymmetry
does not decrease monotonically with −t and, in some regions, even increases at higher
momentum transfers. The magnetic asymmetry xEs−s̄ exhibits a sign change with x, driven
by the behavior of xEs. Overall, both the electric and magnetic s − s̄ asymmetries are
significantly smaller than the corresponding light quark d̄ − ū asymmetries in the nucleon.
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Figure 4. Light antiquark asymmetries for the electric xHū−d̄ (red bands) and magnetic xEū−d̄ (blue
bands) GPDs versus parton momentum fraction x at four-momentum transfer squared of t = 0 (a,b)
and t = −0.25 GeV2 (c,d), for cutoff parameter Λ = 1.0(1) GeV. The asymmetries are shown at the
scale Q = 1 GeV, except for the electric asymmetry at t = 0, which is compared with the x(d̄ − ū)
PDF asymmetry from the JAM global QCD analysis [188] (yellow band) at the scale Q = mc.
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(a) (b)

(c) (d)

Figure 5. Electric and magnetic GPDs for the strange and antistrange quarks: (a) xHs, (b) xEs, (c) xH s̄,
and (d) xEs̄ versus the parton momentum fraction x and four-momentum transfer squared −t, for
Λ = 1 GeV, at the scale Q = 1 GeV.

(a) (b)

Figure 6. The strange quark asymmetry for the (a) electric xHs−s̄ and (b) magnetic xEs−s̄ GPDs versus
momentum fraction x and four-momentum transfer squared −t, for Λ = 1 GeV, at the scale Q = 1 GeV.

In analogy with the d̄ − ū asymmetry in Figure 4, in Figure 7, we display the s − s̄
asymmetries xHs−s̄ and xEs−s̄ at t = 0 and −t = 0.25 GeV2 for cutoffs Λ = (0.9 − 1.1) GeV.
The electric asymmetry xHs−s̄ changes sign, from positive at small x to negative at x ≳ 0.5.
Comparison with JAM [188] and NNPDF [195] PDF parametrizations reveals substantial un-
certainties in the experimental extractions relative to the theoretical estimate. For the lowest
nonzero moment of the electric asymmetry, one obtains

∫ 1
0 dx xHs−s̄(x, 0) = 0.0009(5)

(4), con-
sistent with other phenomenological estimates [36,111,196]. For the magnetic asymmetry
xEs−s̄, the sign behavior is reversed, with the asymmetry being negative at small x and posi-
tive for x ≳ 0.3. The corresponding moments are found to be

∫ 1
0 dx xEs−s̄(x, 0) = 0.0009(12)

(8)

and
∫ 1

0 dx Es−s̄(x, 0) ≡ µs = −0.033(11)
(13), where µs represents the strange quark contribution

to the proton’s magnetic moment.
At finite momentum transfers t, the strange asymmetry exhibits significantly

less suppression than the nonstrange d̄ − ū asymmetry. As shown in Figure 7, for
−t = 0.25 GeV2, the magnetic GPD asymmetry xEs−s̄(x, t) is only slightly reduced relative
to its t = 0 value. Interestingly, for the electric GPD asymmetry, the peak magnitude of
xHs−s̄(x, t) at −t = 0.25 GeV2 actually exceeds that at t = 0.
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Figure 7. Strange quark asymmetry for the xHs−s̄ (red bands) and xEs−s̄ (blue bands) GPDs versus x
at squared momentum transfers t = 0 (a,b) and −t = 0.25 GeV2 (c,d), with the bands corresponding
to cutoff mass Λ = 1.0(1) GeV. The asymmetries are shown at Q = 1 GeV, except for the strange
electric asymmetry at t = 0, which is compared with PDF parametrizations of x(s− s̄) from JAM [188]
(yellow band) and NNPDF [195] (green band) evolved to Q = mc.

2.4. GPDs with Nonzero Skewness

In this section, we extend the previous analysis of zero-skewness GPDs in the pro-
ton [121] to the case of nonzero skewness. As an initial step toward a complete one-loop
calculation, this analysis considers the contributions to the sea quark and antiquark GPDs
from the virtual pseudoscalar meson cloud that dresses the bare baryon. Typically, in
calculations of meson loop contributions to sea quark asymmetries [35], one assumes that
the undressed proton contains a flavor-symmetric sea [35], so that differences between sea
quark and antiquark PDFs and GPDs arise exclusively from the meson coupling diagrams
in Figure 1a,k–m.

For the rainbow diagrams in Figure 1a,m, the splitting functions are nonzero for
−ξ ≤ y ≤ 1 with ξ > 0. The splitting functions in this region can be convoluted with the
pion GPD to obtain the quark GPD in the physical nucleon. The decomposition of the
convolution for the rainbow diagram in Figure 1a is illustrated in Figure 8. The splitting
functions in Figure 8a,b,d correspond to y > ξ and, when convoluted with the pion
GPD, map to the quark Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) [197–199],
Efremov–Radyushkin–Brodsky–Lepage (ERBL) [200–202], and antiquark DGLAP regions
of the proton GPD, respectively. For the subprocess in Figure 8c, the splitting function is
defined in the range y ∈ [−ξ, ξ], representing a meson–meson pair annihilation analogous
to quark-level distribution amplitude dynamics.

By combining these various processes, the contribution to the nonzero-skewness GPDs
from the diagram in Figure 1a can be expressed in the convolution form as
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H(rbw)
q (x, ξ, t) =





∫ 1

x

dy
y

f (rbw)
ϕB (y, ξ, t) Hq/ϕ

( x
y

,
ξ

y
, t
)

, [ξ < x < y]

∫ 1

ξ

dy
y

f (rbw)
ϕB (y, ξ, t) Hq/ϕ

( x
y

,
ξ

y
, t
)

, [x < ξ < y]

∫ ξ

−ξ

dy
2y

f (rbw)
ϕB (y, ξ, t)

1
π

∫ ∞

s0
ds

ImΦq/ϕ

( 1
2 (1+

x
ξ ),

1
2 (1+

y
ξ ), s

)

s − t + iϵ
,

[|x|, |y| < ξ]
∫ 1

−x

dy
y

f (rbw)
ϕB (y, ξ, t) Hq/ϕ

( x
y

,
ξ

y
, t
)

, [ξ < −x < y < 1]

(42a)

(42b)

(42c)

(42d)

where Hq/ϕ and Φq/ϕ are the valence GPD and generalized distribution amplitude (GDA) of
the intermediate pseudoscalar meson, respectively. The integration variable s = (2kϕ + ∆)2

in Equation (42c) represents the four-momentum squared of the produced meson pair with
momentum kϕ and kϕ + ∆, with threshold value s0 = (2mϕ)2.

(a) (b) (c) (d)

Figure 8. Representation of the convolution formula in Equations (42a), (42b), (42c) and (42d),
respectively, with the {dashed, thick solid, thin solid} lines representing the {pseudoscalar meson,
proton, quark}. The processes in diagrams (a,d) represent the DGLAP region for the quark and
antiquark, respectively, while the processes in (b,c) contribute to the ERBL region.

The chiral loop contributions to the u-quark H and E GPDs, obtained by convoluting
the splitting functions with the virtual pion GPDs as in Equation (42), are shown in Figure 9
at fixed ξ = 0.1. For the pion loop diagrams in Figure 1a,k–m, the d-quark GPDs follow
from isospin symmetry, {H, E}d(x, ξ, t) = −{H, E}u(−x, ξ, t). The most prominent features
appear at |x| ≲ 0.2. The electric GPD xHu is positive in the DGLAP region and displays two
valleys in the ERBL region. Conversely, the magnetic GPD xEu is negative for x < 0 and
positive for x > 0. Both distributions decrease rapidly as |x| → 1 and with increasing −t.

To more clearly illustrate the x dependence of the GPDs, Figure 10 shows the two-
dimensional projections of xHu and xEu at −t = 0.25 GeV2 and −t = 1 GeV2. Although
the splitting function f (rbw)

π+∆0 is discontinuous at y = ξ, the quark GPDs remain continuous
at the ridge x = ±ξ. This continuity arises from the fact that the convolution formulas in
Equations (42a), (42b) and (42d) involve only the y > ξ region, and they yield continuous
results at x = ξ when the input pion GPD is continuous, which guarantees finite amplitudes
for DVCS and hard exclusive meson production [203]. No such constraints apply, however,
to the GPD derivatives at x = ξ. Discontinuity of the derivative can arise from different
integration regions in the α–β plane for the DGLAP and ERBL regimes within the double
distribution parametrization [203,204]. Additionally, the D-term contribution, which is
confined to the ERBL region, also induces a first-derivative discontinuity at x = ξ. On
the other hand, the contribution to the quark GPD from Equation (42c) vanishes at x = ξ

due to the endpoint behavior of the distribution amplitude, Φq/π(1, κ, s) = 0, where
κ = p′+/(p+ + p′+).
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Figure 9. Total three-dimensional u-quark GPDs xHu and xEu as functions of x and t for fixed
ξ = 0.1, with cutoff mass Λ = 1 GeV at a scale Q = 0.63 GeV. The corresponding d-quark distributions
can be obtained from the u-quark GPDs using the isospin symmetry relation, {H, E}d(x, ξ, t) =

−{H, E}u(−x, ξ, t), which holds for the contributions from virtual pion loops as diagrams in
Figure 1a,k–m.

Comparing the results at different −t values, the magnitudes of the GPD at −t = 0.25
GeV2 are approximately 4-5 times larger than those at −t = 1 GeV2. For the u-quark
distribution, the quark GPD Hu in the DGLAP region (x > 0) has greater magnitude than
at x < 0 (equivalent to ū at x > 0 by crossing symmetry). From the isospin relation for
the pion coupling diagrams, the u-quark GPD xHu(x > 0) is equivalent to the d-quark
GPD xHd(x < 0), which corresponds to the d̄ distribution at x > 0. Consequently, the
loop diagrams in Figure 1a,k–m naturally produce an enhanced d̄ distribution relative to ū,
reminiscent of the empirical d̄/ū asymmetry observed for collinear PDFs [35].

Furthermore, the GPD in the 0 < x < ξ region is positive at −t = 0.25 GeV2, but
negative at −t = 1 GeV2. This sign can be understood because the pion GPD (or GDA) in
the ERBL region incorporates the Dq/π(t) form factor, which exhibits different t dependence
than the pion form factor Fπ(t). The magnetic GPD Eu has a larger magnitude than the
electric Hu, and the quark and antiquark distributions in the DGLAP region have opposite
signs. This implies that the electric GPD for ū has the opposite sign to that for d̄, while the
magnetic GPD E for d̄ is larger in magnitude than for ū.
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Figure 10. Meson loop contributions to the electric and magnetic GPDs Hu and Eu for ξ = 0.1 and
−t = 1 GeV2, with cutoff mass Λ = 1.0(1) GeV at a scale Q = 0.63 GeV. The corresponding d-quark
GPDs can be obtained from the relation {H, E}d(x, ξ, t) = −{H, E}u(−x, ξ, t).
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3. Nonlocal QED
The second example of an application of nonlocal field theory methods that we discuss

in this review is the generalization of QED to the most general nonlocal interaction. As for
the application to hadronic interactions, nonlocal behavior is also expected in fundamental
interactions, such as between electrons and photons. Although the nonlocal effects here are
generally less pronounced than in the hadronic sector, they can be tested if the measured
quantity is sufficiently accurate. We begin with some basics about the nonlocal QED
Lagrangian, followed by a discussion of solid quantization and gauge invariance, before
focusing on the specific problem of the g − 2 anomaly.

3.1. Nonlocal QED Lagrangian

In this section, we introduce the general extension of the local QED Lagrangian, where
both the free and interacting parts are nonlocal [123,124], and present the Feynman rules
for vertices, including the additional interaction generated from gauge links. Recall that
the local QED Lagrangian is given by

Llocal = ψ̄(x)
(
i̸∂ − m

)
ψ(x)− e ψ̄(x) ̸A(x)ψ(x)− 1

4
Fµν(x)Fµν(x). (43)

Based on the same U(1) symmetry, the local QED Lagrangian can be transformed into a
nonlocal Lagrangian using the method described in Refs. [36,113,115–124,181,184,205]. The
most general nonlocal Lagrangian can be written as

Lnl =
∫

d4a ψ̄
(

x + 1
2 a
)

I
(
x + 1

2 a, x
)
(i̸∂ − m)ψ

(
x − 1

2 a
)

I
(
x, x − 1

2 a
)

F1(a)

− e
∫

d4a d4b ψ̄
(

x + 1
2 a
)

I
(

x + 1
2 a, x

)
̸A(x + b)ψ

(
x − 1

2 a
)

I
(

x, x − 1
2 a
)

F1(a) F2(a, b)

− 1
4

∫
d4d Fµν(x) Fµν(x + d) F4(d), (44)

where the gauge link,

I(x, y) ≡ exp
(

ie
∫

d4c
∫ y

x
dzµ Aµ(z + c) F3(a, c)

)
, (45)

is introduced to guarantee local gauge invariance. In the nonlocal Lagrangian (44), the
fermion fields ψ and ψ̄ are located at spacetime coordinates x − 1

2 a and x + 1
2 a, respectively,

while the photon field Aµ is located at x + b. The functions F1(a), F2(a, b), F3(a, c), and
F4(d) are the correlation functions, normalized according to

∫
d4a F1(a) =

∫
d4b F2(a, b) =

∫
d4c F3(a, c) =

∫
d4d F4(d) = 1, (46)

where we note the independence of a after the integration over b or c for the functions
of F2(a, b) and F3(a, c), respectively. In the limits where F1(a) = δ(a), F2(a, b) = δ(b) and
F4(d) = δ(d), the nonlocal Lagrangian Lnl reduces to the local Lagrangian Llocal. It is
straightforward to show that the most general nonlocal QED Lagrangian (44) is invariant
under the gauge transformation

ψ(x) → eiα(x)ψ(x), (47a)

Aµ(x) → Aµ(x)− 1
e

∂µα′(x), (47b)
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where
α(x) =

∫
d4b α′(x + b) F2(a, b) =

∫
d4c α′(x + c) F3(a, c). (48)

Note here that α(x) = α′(x) in the local limit.
From the nonlocal Lagrangian (44), one can derive the corresponding Feynman rules.

The propagators and vertices are illustrated in Figure 11, where, in addition to photons
generated from the minimal substitution, one also has photons arising from the gauge links.
Unlike the minimal substitution, which can only generate one photon, two or more photons
can be obtained from the gauge link, so that the vertices in nonlocal QED can involve more
than one photon. The free fermion and photon propagators in nonlocal QED are therefore
modified according to

S0(p) =

(
i

̸ p − m

)
1

F̃1(p)
, (49a)

Dµν
0 (k) =

(−igµν

k2

)
1

F̃4(k)
, (49b)

where the functions F̃1(p) and F̃4(k) are Fourier transformations of the correlation functions
F1(a) and F4(d), respectively. In practice, the Feynman gauge is chosen for the calculation.
The Gupta–Bleuler procedure works in the same way for the nonlocal theory as it does for lo-
cal QED, and guarantees the equivalence of physical processes described in different gauges.
The fermion–photon interaction term in the nonlocal Lagrangian Lnl generated from the
minimal substitution is given by

∫
d4a d4b ψ̄

(
x + 1

2 a
)
̸A(x + b)ψ

(
x − 1

2 a
)

F1(a) F2(a, b). The
corresponding interaction vertex is

Vµ
1 (p, q) = γµ

∫ d4k
(2π)4 F̃1(k) F̃2

( p + p′

2
− k, q

)
= γµ G̃2(p, q), (50)

where q, p, and p′ are the photon, initial fermion, and final fermion momenta, respectively,
and G̃i(p, q) is defined as

G̃i(p, q) ≡ G̃i(P, q) =
∫ d4k
(2π)4 F̃1(k) F̃i(P − k, q) (i = 2, 3), (51)

with P ≡ (p + p′)/2.

µ ν

Dµν
0 (k)

k

S0(p)

p
p p′

Aµ(q)

V µ
1 (p, q)

p p′

Aµ(q)

V µ
2 (p, q)

p p′

Aµ(q1) Aν(q2)

V µν
3 (p, q1, q2)

p p′

Aµ(q1) Aν(q2)

V µν
4 (p, q1, q2)

p p′

Aµ(q1) Aρ(q3)
Aν(q2)

V µνρ
5 (p, q1, q2, q3)

p p′

Aµ(q1) Aρ(q3)
Aν(q2)

V µνρ
6 (p, q1, q2, q3)

Figure 11. Propagators and vertices in nonlocal QED appearing in the calculation of one-loop
diagrams. The black and red wavy lines denote photons from minimal substitution and the gauge
link, respectively.
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In addition to the usual local QED interactions, the nonlocal Lagrangian Lnl introduces
additional interactions involving photons generated from the gauge link (45). The method
for deducing the Feynman rules for these vertices was discussed in Refs. [113,181,184,205].
The related action for the interaction with one photon from the gauge link can be written as

S = −ie
∫

d4a d4c d4x ψ̄
(

x + 1
2 a
)
G3(a, c)

(
i̸∂x − m

)
ψ
(
x − 1

2 a
)

I
(
x − 1

2 a, x + 1
2 a
)
, (52)

where G3(a, c) = F1(a) F3(a, c) and I
(
x − 1

2 a, x + 1
2 a
)
=
∫ x+ 1

2 a
x− 1

2 a
dzµ Aµ(z + c). To obtain the

Feynman rule for this vertex requires calculating
∫

d4a d4c G3(a, c) eiPa I
(
x − 1

2 a, x + 1
2 a
)
.

Using the identity
∫

d4a d4c G3(a, c) eiPa I
(
x − 1

2 a, x + 1
2 a
)

=
∫

d4a d4c d4k1 d4k2 G̃3(k1, k2) eik1a eik2c eiPa I
(
x − 1

2 a, x + 1
2 a
)

=
∫

d4a d4c d4k1 d4k2

(
G̃3(−i∂a, k2)eik1a

)
eik2c eiPa I

(
x − 1

2 a, x + 1
2 a
)

(53)

and performing partial integration, one can show that [113,181,184]

G̃3(−i∂a, k2)eiPa I
(
x − 1

2 a, x + 1
2 a
)
= eiPaG̃3(−iDa, k2) I

(
x − 1

2 a, x + 1
2 a
)
, (54)

where Da = ∂a + iPa. Taylor expanding and using the iteration method [113,181,184,205],
one can then write

G̃3(−i∂a, k2) I
(

x − 1
2 a, x + 1

2 a
)

= i
∫

d4q
(Pµ + qµ/2)
(2P · q + q2)

(
G̃3(p + q, q)− G̃3(p, q)

)

×
(

A(q)eiq(x+a/2) + A(q)eiq(x−a/2)
)

. (55)

The additional electromagnetic vertex with one photon from the gauge link is then

Vµ
2 (p, q) = (̸p − m)

(q + 2P)µ

(q + P)2 − P2

(
G̃3(q + p, q)− G̃3(p, q)

)
. (56)

Similarly, the electromagnetic vertex with two photons can be obtained as [181,184,205]

Vµν
3 (p, q1, q2) = iγµ (q2 + 2P)ν

(q2 + P)2 − P2

(
G̃23(q2 + p, q1, q2)− G̃23(p, q1, q2)

)
, (57)

where G̃ij is defined as

G̃ij(p, q1, q2) =
∫ d4k1 d4k2

(2π)8 F̃1(k1) F̃i(k2, q1) F̃j
(

P − k1 − k2, q2
)

(i, j = 2, 3). (58)

The interaction vertex where the two photons are both from the gauge link is given by

Vµν
4 (p, q1, q2) = i(̸p − m)

{
2gµν G̃33(p + q1 + q2, q1, q2)− G̃33(p, q1, q2)

(P + q1 + q2)2 − P2

− G̃33(p + q1 + q2, q1, q2)− G̃33(p, q1, q2)

(P + q1 + q2)2 − P2

[
(2P + q1)

µ(2P + 2q1 + q2)
ν

(P + q1 + q2)2 − (P + q1)2

+ (µ ↔ ν, q1 ↔ q2)

]

+

[ (
G̃33(p + q1, q1, q2)− G̃33(p, q1, q2)

)
(2P + q1)

µ(2P + 2q1 + q2)
ν

((P + q1)2 − p2)((P + q1 + q2)2 − (P + q1)2)

+ (µ ↔ ν, q1 ↔ q2)

]}
. (59)
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In the above and following equations, when qi ↔ qj, only the first argument in the function
G̃ changes. While higher-order interactions with additional photons can be generated from
the expansion of the gauge link, for the study of the lepton anomalous magnetic moments
at one-loop level interactions, up to three photons are needed. The interaction vertex with
three photons, with one from minimal substitution and the other two from the gauge link,
can be written as

Vµνρ
5 (p, q1, q2, q3) = γµ

{
2gνρ G̃233(p + q2 + q3, q1, q2, q3)− G̃233(p, q1, q2, q3)

(P + q2 + q3)2 − P2

− G̃233(p + q2 + q3, q1, q2, q3)− G̃233(p, q1, q2, q3)

(P + q2 + q3)2 − P2

[
(2P + q2)

ν(2P + 2q2 + q3)
ρ

(P + q2 + q3)2 − (P + q2)2

+ (ν ↔ ρ, q2 ↔ q3)

]

+

[(
G̃233(p + q2, q1, q2, q3)− G̃233(p, q1, q2, q3)

)
(2P + q2)

ν(2P + 2q2 + q3)
ρ

((P + q2)2 − P2)((P + q2 + q3)2 − P2)

+ (ν ↔ ρ, q2 ↔ q3)

]}
, (60)

where the function G̃ijk(p, q1, q2, q3) is defined (for i, j, k = 2, 3) as

G̃ijk(p, q1, q2, q3) =
∫ d4k1 d4k2 d4k3

(2π)12 F̃1(k1) F̃i(k2, q1) F̃j(k3, q2) F̃k(P−k1−k2−k3, q3). (61)

The vertex for three photons from the gauge link can be separated into two terms,

Vµνρ
6 (p, q1, q2, q3) = Vµνρ

6,a (p, q1, q2, q3) + Vµνρ
6,b (p, q1, q2, q3), (62)

where the first term Vµνρ
6,a is given by

Vµνρ
6,a (p, q1, q2, q3) = 2(̸p − m)gµν

×
{
− [G̃333(p + q1 + q2, q1, q2, q3)− G̃333(p, q1, q2, q3)](2P + 2q1 + 2q2 + q3)

ρ

[(P + q1 + q2)2 − P2][(P + q1 + q2 + q3)2 − (P + q1 + q2)2]

+
G̃333(p + q1 + q2 + q3, q1, q2, q3)− G̃333(p, q1, q2, q3)

(P + q1 + q2 + q3)2 − P2

×
[

(2P + 2q1 + 2q2 + q3)
ρ

(P + q1 + q2 + q3)2 − (P + q1 + q2)2 +
(2P + q3)

ρ

(P + q1 + q2 + q3)2 − (P + q3)2

]

− [G̃333(p + q3, q1, q2, q3)− G̃333(p, q1, q2, q3)](2P + q3)
ρ

[(P + q3)2 − P2][(P + q1 + q2 + q3)2 − (P + q3)2]

}

+ (µ → ν, ν → ρ, ρ → µ, q1 → q2, q2 → q3, q3 → q1)

+ (µ → ρ, ν → µ, ρ → ν, q1 → q3, q2 → q1, q3 → q2), (63)
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and the second term Vµνρ
6,b is

Vµνρ
6,b (p, q1, q2, q3) = (̸p − m)

×
{

G̃333(p + q1 + q2 + q3, q1, q2, q3)− G̃333(p, q1, q2, q3)

(P + q1 + q2 + q3)2 − P2

×
[

(2P + 2q2 + 2q3 + q1)
µ(2P + 2q3 + q2)

ν(2P + q3)
ρ

[(P + q1 + q2 + q3)2 − (P + q2 + q3)2][(P + q1 + q2 + q3)2 − (P + q3)2]

+ (µ ↔ ν, q1 ↔ q2)

]

−
[

G̃333(p + q2 + q3, q1, q2, q3)− G̃333(p, q1, q2, q3)

(P + q2 + q3)2 − P2

× (2P + 2q2 + 2q3 + q1)
µ(2P + 2q3 + q2)

ν(2P + q3)
ρ

[(P + q1 + q2 + q3)2 − (P + q2 + q3)2][(P + q2 + q3)2 − (P + q3)2]

+ (µ ↔ ν, q1 ↔ q2)

]

− G̃333(p + q3, q1, q2, q3)− G̃333(p, q1, q2, q3)

(P + q3)2 − P2

×
[

(2P + 2q2 + 2q3 + q1)
µ(2P + 2q3 + q2)

ν(2P + q3)
ρ

[(P + q1 + q2 + q3)2 − (P + q2 + q3)2][(P + q1 + q2 + q3)2 − (P + q3)2]

− (2P + 2q2 + 2q3 + q1)
µ(2P + 2q3 + q2)

ν(2P + q3)
ρ

[(P + q1 + q2 + q3)2 − (P + q2 + q3)2][(P + q2 + q3)2 − (P + q3)2]

+ (µ ↔ ν, q1 ↔ q2)

]

+ (µ → ν, ν → ρ, ρ → µ, q1 → q2, q2 → q3, q3 → q1)

+ (µ → ρ, ν → µ, ρ → ν, q1 → q3, q2 → q1, q3 → q2)

}
. (64)

With these Feynman rules, one can proceed to calculate the lepton magnetic form factors
from the nonlocal Lagrangian.

3.2. Solid Quantization

The previous section described how the photon and lepton propagators are modified
by the nonlocal Lagrangian. Since propagators are directly connected to the second quan-
tization of the corresponding fields, the modified propagators can also be obtained from
modified canonical quantization. In Refs. [172,173] new quantization conditions—referred
to as solid quantization—were proposed,

[ϕ(x⃗, t), ϕ(⃗y, t)] = [π(x⃗, t), π(⃗y, t)] = 0, (65a)

[ϕ(x⃗, t), π(⃗y, t)] = iΦ(x⃗ − y⃗), (65b)

where π(x) is momentum conjugate to ϕ(x), defined as π(x) = ∂L/∂ϕ̇ and L is the free
Lagrangian for scalar field ϕ(x). The function Φ(x⃗ − y⃗) describes the correlation between
fields at spatial points x⃗ and y⃗. For the case of point particles, the function Φ(x⃗ − y⃗) is
replaced by a 3-dimensional δ function, δ(3)(x⃗ − y⃗). For the non-point particle case, particles
at different positions could be partially superimposed, so that there exists some probability
that particles and antiparticles are created at different positions.

Expanding the field ϕ as

ϕ(x⃗, t) =
∫ d3 p

(2π)2 2ωp

[
A( p⃗) ei p⃗·⃗x−iωpt + A†( p⃗) e−i p⃗·⃗x+iωpt

]
, (66)
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the creation and annihilation operators satisfy the relations

[
A( p⃗), A(⃗q)

]
=
[

A†( p⃗), A† (⃗q)
]
= 0, (67a)

[
A( p⃗), A† (⃗q)

]
= (2π)3 2ωp δ(3)( p⃗ − q⃗)Ψ( p⃗). (67b)

The fields Φ(x⃗) and Ψ( p⃗) obey the relations

Φ(x⃗) =
1
2

∫ d3 p
(2π)3 Ψ( p⃗)(ei p⃗·⃗x + e−i p⃗·⃗x), (68a)

Ψ( p⃗) =
1
2

∫
d3x Φ(x⃗)(ei p⃗·⃗x + e−i p⃗·⃗x), (68b)

and are normalized according to

Φ(0) =
∫ d3 p

(2π)3 Ψ( p⃗), (69a)

Ψ(0) =
∫

d3x Φ(x⃗) = 1. (69b)

Compared with the usual commutation relation where Φ(x⃗) = δ(3)(x⃗), here, we have Φ(x⃗)
normalized to 1, while Ψ( p⃗) is normalized to Φ(0). With the new quantization, the fields
can be written in terms of usual creation and annihilation operators as

ϕ(x⃗, t) =
∫ d3 p

(2π)2 2ωp

√
Ψ( p⃗)

[
a( p⃗)ei p⃗·⃗x−iωpt + a†( p⃗)e−i p⃗·⃗x+iωpt

]
. (70)

To obtain the Feynman propagator of the scalar field in the solid quantization, we
recall that the propagator is formally defined as

∆F(x′ − x) = ⟨0|Tϕ(x′)ϕ(x)|0⟩

=
∫ d3k Ψ(⃗k)

(2π)2 2ωk

[
θ(t′ − t) eik·(x′−x) + θ(t − t′) e−ik·(x′−x)

]
. (71)

Using the integral representation of the step function,

θ(t) = limϵ→0+

∫ dτ

2πi
eiτt

τ − iϵ
, (72)

the Feynman propagator is given by

∆F(x′ − x) =
∫ d4k

(2π)4
iΨ(⃗k) e−ik·(x′−x)

k2 − m2 + iϵ
. (73)

For spin-1/2 fermion fields, the nonzero anticommutation relation is

{
ψα(x⃗, t), ψ̄β (⃗y, t)

}
= γ0

αβ Φ(x⃗ − y⃗), (74)

and the corresponding field can be written as

ψ(x⃗, t) = ∑
s=±

∫ d3 p
(2π)2 2ωp

√
Ψ( p⃗)

[
bs( p⃗)us( p⃗)ei p⃗·⃗x−iωpt + d†

s ( p⃗)vs( p⃗)e−i p⃗·⃗x+iωpt
]
, (75)
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where b and d† are usual annihilation and creation operators, and us( p⃗) and vs( p⃗) are the
Dirac spinors. The propagator for the spin-1/2 field is then

SF(x′ − x) =
∫ d4k

(2π)4
iΨ(⃗k)(̸k + m) e−ik·(x′−x)

k2 − m2 + iϵ
. (76)

For photon fields Aµ, one can expand

Aµ(x⃗, t) = ∑
λ=±

∫ d3 p
(2π)2 2ωp

√
Ψ( p⃗)

[
aλ( p⃗)ϵµ( p⃗, λ) ei p⃗·⃗x−iωpt + a†

λ( p⃗)ϵ∗µ( p⃗, λ) e−i p⃗·⃗x+iωpt
]
, (77)

where ϵµ( p⃗, λ) is the photon polarization vector. The photon propagator can then be
written as

Dµν
F (x′ − x) =

∫ d4k
(2π)4

−iΨ(⃗k) gµν e−ik·(x′−x)

k2 − m2 + iϵ
. (78)

Note that, in principle, the functions Ψ( p⃗) and Φ(x⃗ − y⃗) depend on the details of the
particles, such as the mass and width, and with the new quantization conditions, the
Feynman rules should be modified accordingly. In particular, the new propagator of
the field should be multiplied by a factor Ψ(⃗k), and the external field multiplied by a

factor
√

Ψ(⃗k).
In contrast to the nonrelativistic case, for the relativistic version of the solid quantiza-

tion, we consider the field with a distribution in four-dimensional spacetime. For a scalar
field ϕ(x), we can write

ϕ(x) =
∫ d4 p

(2π)4 θ(p0)H(p2)
[
αp e−ip·x + α†

p eip·x
]
, (79)

where the function H(p2) describes the four-dimensional distribution for non-point particle
in relativistic case. The operators αp and α†

p obey the commutation relations

[
αp, αq

]
=
[
α†

p, α†
q
]
= 0, (80a)

[
αp, α†

q
]

= (2π)4 δ(4)(p − q). (80b)

The commutation relations for the scalar field and its conjugate are

[ϕ(x⃗, t), π(⃗y, t)] =
∫ d4 p

(2π)4 θ(p0)H2(p2) ip0 (ei p⃗·⃗x + e−i p⃗·⃗x)

=
∫ d3 p

(2π)3
iΨ( p⃗)

2
(ei p⃗·⃗x + e−i p⃗·⃗x)

≡ iΦ(x⃗ − y⃗), (81)

where
Ψ( p⃗) =

∫ dp0

π
θ(p0)H2(p2)p0. (82)

For a point particle with mass m, one has Ψ( p⃗) = 1, and H2(p2) = 2πδ(p2 − m2). Note
that H(p2) then is proportional to δ1/2(p2 − m2) instead of δ(p2 − m2), since the field is
expanded in terms of αp and α†

p instead of ap and a†
p.
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For simplicity, we can rewrite the scalar field as

ϕ(x) =
∫ d4 p

(2π)4 dM2 θ(p0)H(M2) δ(p2 − M2)
[
αp e−ip·x + α†

p eip·x
]

=
∫ d3 p

(2π)4 2ωM
dM2 H(M2)

[
α p⃗,ωM

ei p⃗·⃗x−iωMt + α†
p⃗,ωM

e−i p⃗·⃗x+iωMt
]
, (83)

where M is a mass parameter and ωM =
√

p⃗2 + M2. The propagator for the relativistic
scalar field can be written as

∆F(x′ − x) =
∫ d3k

(2π)4 2ωM 2ωM′
dM2 dM′2 H(M2) H(M′2) δ(ωM′ − ωM)

×
[
θ(t′ − t)eik·(x′−x) + θ(t − t′)eik·(x−x′)

]
, (84)

where δ(ωM′ − ωM) = 2ωM δ(M′2 − M2). With the definition of θ function, the propagator
can then be written as

∆F(x′ − x) =
∫ d4k

(2π)4
dM2

2π

iH2(M2)

k2 − M2 + iϵ
e−ik·(x′−x). (85)

Again, when H2(M2) = 2πδ(M2 − m2), the propagator reduces to that for a point par-
ticle with mass m. One can also obtain the result for Pauli–Villars regularization if
H2(M2) = 2π[δ(M2 − m2)− δ(M2 − Λ2)]. By comparison with the propagators obtained
in solid quantization and those in Equation (49), one obtains a relationship between H(p2)

and F̃1(p2), ∫ dM2

2π

H2(M2)

p2 − M2 =
1

F̃1(p2)(p2 − m2)
. (86)

Again, for consistency with the nonlocal Lagrangian, the canonical quantization condition
must be modified to that for the solid quantization in Equation (65).

3.3. Gauge Invariance

Before discussing the magnetic moments, we first demonstrate that the Ward–
Green–Takahashi identity and charge conservation can be obtained from the nonlocal
Lagrangian [124]. The nonlocal Lagrangian is invariant under the local U(1) transformation,

∫
d4x d4a ψ̄

(
x + 1

2 a
)
ψ
(
x − 1

2 a
)

F1(a) α(x) =
∫

d4x d4a d4b ψ̄
(
x + 1

2 a
)
ψ
(
x − 1

2 a
)

×F1(a) F2(a, b) α′(x + b), (87)

which leads to Equation (48) above. For fermions with momenta k1 and k2, Equation (87)
implies that

F̃1(K) α̃(k1 − k2) =
∫ d4k3

(2π)4 F̃1(k3) F̃2(K − k3, k2 − k1) α̃′(k1 − k2), (88)

where K ≡ (k1 + k2)/2, and α̃ is the Fourier transform of the phase α introduced in
Equation (47a). In particular, when k1 = k2, one has

F̃1(k1) α̃(0) =
∫ d4k3

(2π)4 F̃1(k3) F̃2(k1 − k3, 0) α̃′(0). (89)
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Meanwhile, the Fourier transformations of Equations (46) and (48) are given by

∫ d4k
(2π)4 F̃2(k, 0) e−ik·a = 1 (90)

and

α̃(k) =
∫ d4k′

(2π)4 F̃2(k′,−k) α̃′(k) e−ik′ ·a , (91)

respectively. Consequently, one finds that α̃(0) = α̃′(0), and Equation (89) can therefore be
rewritten as

F̃1(p) =
∫ d4k

(2π)4 F̃1(k) F̃2(p − k, 0) ≡ G2(p, q = 0). (92)

Similarly, we also have the corresponding relation

F̃1(p) =
∫ d4k

(2π)4 F̃1(k) F̃3(p − k, 0) ≡ G3(p, q = 0). (93)

With the definition of Gij in Equation (58), and using Equations (92) and (93), one has

G̃ij(p, q1, q2 = 0) =
∫ d4k1d4k2

(2π)8 F̃1(k1) F̃i(k2, q1) F̃j(p − k1 − k2, 0) = G̃i(p, q1), (94)

and similarly,
G̃ijk(p, q1, q2, q3 = 0) = G̃ij(p, q1, q2). (95)

Note that Equations (94) and (95) are valid for qi = 0 for any i.
From the above equations, after some algebra, one can obtain the following identities,

dS0(p)
dpµ

= i lim
q→0

S0(p)
[
Vµ

1 (p, q) + Vµ
2 (p, q)

]
S0(p), (96a)

∂Vµ
1 (p, q1)

∂pν
= i lim

q2→0
Vµν

3 (p, q1, q2), (96b)

∂Vµ
2 (p, q1)

∂pν
= i lim

q2→0

[
Vνµ

3 (p, q2, q1) + Vµν
4 (p, q1, q2)

]
, (96c)

∂Vµν
3 (p, q1, q2)

∂pρ
= i lim

q3→0
Vµνρ

5 (p, q1, q2, q3), (96d)

∂Vµν
4 (p, q1, q2)

∂pρ
= i lim

q3→0

[
Vρµν

5 (p, q3, q1, q2) + Vµνρ
6 (p, q1, q2, q3)

]
. (96e)

The identities in Equations (96) allow the relationship between the self-energy and vertex
to be established. At the one-loop level, there are 7 self-energy diagrams and 24 vertex
diagrams, as illustrated in Ref. [124]. The total self-energy Σ(p) and vertex Γµ(p, q) can
be written,

Σ(p) =
7

∑
i=1

Σi(p), (97a)

Γµ(p, q) = Vµ
1 + Vµ

2 +
24

∑
i=1

Γµ
i (p, q), (97b)
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where Σi(p) and Γµ
i (p, q) are given explicitly in Ref. [124]. One can further show that

− dΣ1(p)
dpµ

= lim
q→0

[
Γµ

1 (p, q) + Γµ
2 (p, q) + Γµ

3 (p, q) + Γµ
5 (p, q)

]
, (98a)

− dΣ2(p)
dpµ

= lim
q→0

[
Γµ

6 (p, q) + Γµ
7 (p, q) + Γµ

8 (p, q) + Γµ
9 (p, q) + Γµ

11(p, q)
]
, (98b)

− dΣ3(p)
dpµ

= lim
q→0

[
Γµ

4 (p, q) + Γµ
12(p, q) + Γµ

13(p, q) + Γµ
14(p, q) + Γµ

16(p, q)
]
, (98c)

− dΣ4(p)
dpµ

= lim
q→0

[
Γµ

10(p, q) + Γµ
15(p, q) + Γµ

17(p, q) + Γµ
18(p, q) + Γµ

19(p, q) + Γµ
20(p, q)

]
, (98d)

− dΣ5(p)
dpµ

= lim
q→0

Γµ
22(p, q), (98e)

− dΣ6(p)
dpµ

= lim
q→0

Γµ
21(p, q), (98f)

− dΣ7(p)
dpµ

= lim
q→0

[
Γµ

23(p, q) + Γµ
24(p, q)

]
. (98g)

These relations correspond to the diagrams in Figure 12. The derivative of the self-energy
diagrams gives rise to the vertex diagrams, generating one external photon field to be
attached to the self-energy diagram at all possible places. For example, for the first rainbow
self-energy diagram in Figure 12, a photon from minimal substitution or from the gauge
link can be attached to the internal lepton line, while only a photon generated from the
gauge link can be attached to the vertex. For the fourth rainbow diagram, both minimal
substitution and gauge link photons can be attached to the vertex.

The dressed fermion propagator S(p) can be written in terms of the free fermion propaga-
tor and the self-energy as S(p) = S0(p)+ S0(p)Σ(p)S0(p)+ S0(p)Σ(p)S0(p)Σ(p)S0(p)+ · · · .
It is then straightforward to obtain

lim
q→0

S(p + q)
[
− iΓµ(p + q, p)

]
S(p) = −dS(p)

dpµ
, (99)

which corresponds to the Ward–Green–Takahashi identity,

lim
q→0

[
− iqµΓµ(p + q, p)

]
= lim

q→0

[
S−1(p + q)− S−1(p)

]
. (100)

The dressed propagator can also be written as

S(p) =
iZ2

̸ p − m
, (101)

where Z2 is the wave function renormalization constant, and Z2 − 1 = dΣ(p)/d̸p
∣∣

p2=m2 .
The Ward–Green–Takahashi identity (100) also implies that

Z2Γµ(p, p) = γµ. (102)

As usual, the Dirac and Pauli form factors are defined as [206]

Z2Γµ(p + q, p) = γµF1(q2) +
iσµνqν

2m
F2(q2), (103)

with normalization F1(0) = 1. This is consistent with the renormalized lepton charge
being unity. In the next section, we will use nonlocal QED to calculate the lepton magnetic
moments to explore the g − 2 anomaly.
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( )′
∼ + + + ,

( )′
∼ + + + + ,

( )′
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( )′
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( )′
∼ ,

( )′
∼ ,

( )′
∼ + .

Figure 12. Relations between the lepton’s self-energy diagrams and lepton–photon vertex diagrams
at one-loop level in nonlocal QED. The black and red wavy lines represent photons arising from
minimal substitution and the gauge link, respectively.

3.4. g − 2 Anamaly

The current theoretical prediction for the muon anomalous magnetic moment aµ in
the SM is aSM

µ = 116, 591, 810(43)× 10−11 [125]. The recent measurement of aµ in the E989
experiment at Fermilab (FNAL) found

∆aFNAL
µ ≡ aFNAL

µ − aSM
µ = (230 ± 69)× 10−11, (104)

which is a 3.3σ discrepancy from the SM prediction [126]. Combined with the previous
E821 measurement at Brookhaven National Laboratory (BNL) [127], the result revealed a
4.2σ deviation from the SM prediction [126]

∆aµ = aFNAL+BNL
µ − aSM

µ = (251 ± 59)× 10−11. (105)

For the electron, the theoretical prediction for ae is aSM,B
e = 1, 159, 652, 182.032(720)×

10−12 [128], where the superscript “B” refers to the fine structure constant α being measured
at Berkeley with 137Cs atoms [129]. The most accurate measurement of ae was made by the
Harvard group, and the discrepancy from the SM was 2.4σ [130],

∆aB
e = aexp

e − aSM,B
e = (−87 ± 36)× 10−14. (106)

However, a new determination [131] of the fine structure constant α, obtained from the
measurement at LKB with 87Rb, improves the accuracy by a factor of 2.5 compared to the
previous best measurement at Berkeley [129]. With the new α value, the SM prediction for
the electron magnetic moment is 1.6σ lower than the experimental data,

∆aLKB
e = aexp

e − aSM,LKB
e = (48 ± 30)× 10−14. (107)

It is interesting to note that the two ∆ae discrepancies have similar magnitude but opposite
sign, for still unidentified reasons [131]. The small difference between the α values does
not affect ∆aµ since it is much larger than ∆ae. As the SM predictions match all other
experimental information very well, the deviation in one of the most precisely measured
quantities in particle physics provides an enduring hint for new physics.

In this section, we will examine the g − 2 anomaly within nonlocal QED. By inserting
the electromagnetic current into the lepton states with initial and final momenta p and p′,
one can obtain the Dirac and Pauli form factors of the lepton. The corresponding Feynman
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diagrams are given in Ref. [124]. Using the projection method, or calculating two different
traces of γ matrices, one finds

F1(q2) = − A(4m2 − q2)− 6m2B
4(4m2 − q2)2 , (108a)

F2(q2) = m2 A(4m2 − q2)− B(2m2 + q2)

q2(4m2 − q2)2 , (108b)

where A and B can be calculated from the traces

A = ∑
spin

ū(p′)Γµu(p)ū(p)γµu(p′) = Tr
[
Γµ( ̸ p + m)γµ( ̸ p′ + m)

]
, (109a)

B = ∑
spin

ū(p′)Γµu(p)ū(p)
(p + p′)µ

m
u(p′) = Tr

[
Γµ( ̸ p + m)( ̸ p′ + m)

(p + p′)µ

m

]
. (109b)

In this review, we focus on the Pauli form factor F2, which is related to the anomalous
magnetic moment of the lepton. Compared with the standard QED theory, in the nonlocal
case, the one-loop vertices are rather more complicated. In addition to the usual QED
diagrams, there are an additional 23 diagrams for the nonlocal theory. For the first rainbow
diagram, the vertex Γµ

1 (p, q) is expressed as

Γµ
1 (p, q) = −e2

∫ d4k
(2π)4 Vν

1 (p′ − k, k)S0(p − k + q)Vµ
1 (p − k, q)

× S0(p − k)Vρ
1 (p,−k)D0νρ(k). (110)

The corresponding Pauli form factor for the vertex Γµ
1 (p, q) is given by

F2,1(q2) =
−8ie2m2

q2(4m2 − q2)2

∫ d4k
(2π)4

[
(4m2+2q2)((k · p)2 + (k · p′)2)− 8(m2 − q2) k · p k · p′

((p′ − k)2 − m2)((p − k)2 − m2)k2

+
(q4 − 4m2q2)(k · p + k · p′ + k2)

((p′ − k)2 − m2)((p − k)2 − m2)k2

]
G̃2(p′ − k, k) G̃2(p − k, q) G̃2(p,−k). (111)

When the momentum transfer q2 = 0, one has

F2,1(0) = ie2
∫ d4k

(2π)4
(3k2 + 2k · p)m2 − 3(k · p)2

2k2(k2 − 2k · p)2m2 G̃2(p− k, k) G̃2(p− k, 0) G̃2(p,−k). (112)

For all other diagrams, the expressions for Γµ
i (p, q) are given in the Appendix of Ref. [124].

In the numerical calculations, the photon is treated as a point particle, with no modifi-
cation to its propagator, and the correlation function F4(a) in the free photon Lagrangian
is chosen to be a delta function, δ(a). For the lepton–photon interaction, the functions
Fi(a, b) (i = 2, 3) are assumed to be factorized as f (a) Fi(b) to simplify numerical calcu-
lation. According to Equation (46), f (a) is an a-independent constant, equal to 1, and∫

d4b Fi(b) = 1. As a result, the Fourier transforms of the correlators can be written as

G̃i(p, q) = F̃1(P) F̃i(q). (113)

For the vertex with two and three photons, the correlators can similarly be factorized as

G̃ij(p, q1, q2) = F̃1(P) F̃i(q1) F̃j(q2), (114)

G̃ijk(p, q1, q2, q3) = F̃1(P) F̃i(q1) F̃j(q2) F̃k(q3), (115)
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where i, j, k = 2 or 3. The subscript 2 here represents a photon from the minimal substitution,
while the subscript 3 is for a photon from the gauge link. The correlators in the interaction
vertex are chosen to be

F̃2(k) = F̃3(k) =
Λ2

2
Λ2

2 − k2
. (116)

These correlators were proposed in earlier work [113,123,124] on nonlocal effective field
theory and the “minimal” version of nonlocal QED. Here, the free Lagrangian for the lepton
is also nonlocal, which gives rise to a modified lepton propagator. For F̃1(p) in the free
lepton propagator, one can choose

F̃1(p) =
Λ2

1 − p2

Λ2
1

. (117)

Since the correlator is in the denominator of Equation (49), the modified propagator makes
the loop integration more convergent.

In the above correlators, the cutoff parameters Λ1 and Λ2 can be determined from
∆ae and ∆aµ, which will give a nonzero difference between the nonlocal QED and SM
∆anl

l results. Note that nonlocal QED itself does not determine the form of the correlation
functions or the cutoff parameters, which instead reflect the properties of the particles and
need to be determined empirically. In this case, Λ2e and Λ2µ are determined for a given Λ1

using the experimental ∆ae and ∆aµ for the chosen correlators.
When Λ1 and Λ2 are both infinite, nonlocal QED reverts back to the standard local

QED. To render the nonlocal effects negligible in other electromagnetic processes, such as
Compton scattering, electron–electron scattering, or electron–positron annihilation, large
values (≳ 1 TeV) are required for the cutoffs. At each vertex, the correlator F̃1(k) makes the
loop integral more divergent, while F̃2(k) and F̃3(k) make the integral more convergent.
For a given Λ1, the smaller the Λ2, the smaller the magnetic moment. A lower limit will
therefore exist for the magnetic moment for the smallest Λ2 value, and if ∆al is below the
lower-limit value, it cannot be explained in nonlocal QED for reasonable cutoffs.

In contrast, for a given Λ2, the smaller the Λ1, the larger the magnetic moment. Since
for any Λ1, the magnetic moment of the lepton is infinite when Λ2 → ∞, there will be no
upper limit value for the lepton magnetic moment. For large cutoffs, depending on the
specific values of Λ1 and Λ2, one can obtain lepton magnetic moments larger or smaller
relative to the SM results. Since Λ1 and Λ2 should be process-independent, if the Λ
values determined in one process cannot reproduce experimental results in other processes,
nonlocal QED would need to be modified further.

In Figure 13, the values of Λ2 are plotted versus Λ1 for the muon ∆aµ, electron
∆aLKB

e , and electron ∆aB
e discrepancies. For a given Λ1, one can always find a corre-

sponding Λ2 to obtain the experimental discrepancies. For the muon, when Λ1 is small
(≲ 0.8 TeV), Λ2 increases smoothly with increasing Λ1, while Λ2 increases rapidly when
Λ1 ≳ 0.8 TeV. For Λ1 = (0.8, 0.9, 1.0) TeV, for example, one has the corresponding values
Λ2 = (0.84, 60.23, 5.82 × 104) TeV, respectively. For the electron case, the results for the
two discrepancies ∆aLKB

e and ∆aB
e are quite different. For the negative ∆aB

e , the obtained
ΛB

2 is not sensitive to Λ1, and for a broad range of Λ1 one finds ΛB
2 ≈ 10–20 GeV, which is

unreasonably small. The experimental e+e− → µ+µ− cross section, for example, will not
be described for small cutoff parameters Λ2. However, for the positive ∆aLKB

e result, when
Λ1 ≈ 0.35 TeV, one obtains ΛLKB

2 ≈ 0.55 TeV. The corresponding ΛLKB
2 increases rapidly

with increasing Λ1 when Λ1 ≳ 0.35 TeV. Since for any Λ1 the anomalous magnetic moment
of the electron is infinite when Λ2 → ∞, one can always find a value of ΛLKB

2 to obtain the
correct ∆aLKB

e for any large Λ1.
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Figure 13. Cutoff parameter Λ2 versus Λ1 for the muon ∆aµ (solid line), electron ∆aLKB
e (dashed line),

and electron ∆aB
e (dotted line) discrepancies, respectively.

The muon g − 2 discrepancy can therefore be well explained with large Λ values,
without contradicting other experimental measurements. For the electron, however, ∆aB

e
cannot be reasonably reproduced in nonlocal QED. As discussed, the correlators F̃1(k) and
F̃2,3(k) in the vertex have opposite effects. With an appropriate choice of cutoffs, one can
still find negative ∆anl

e with large Λ values, although its absolute value is much smaller
than ∆aB

e . For example, the calculated ∆anl
e is −4.04 × 10−16 with Λ2 = 1.0 TeV and infinite

Λ1. Certainly, for a given Λ1, if Λ2 is between ΛB
2 and ΛLKB

2 , the calculated ∆anl
e will lie

between ∆aB
e and ∆aLKB

e . For Λ1 = 1.0 TeV, if we assume Λ2 for the electron is the same as
for the muon, the discrepancy is ∆anl

e = 8.19 × 10−14.
Note that nonlocal QED itself does not predict the cutoffs Λ, which are determined

from the experimental g − 2 discrepancy. For the electron case, there is a strong sensitivity
of ΛLKB

2 to Λ1, which implies that ΛLKB
2 could be very large in order to reconcile the LBK

measurement. However, for the Berkeley experimental value, ΛB
2 has little sensitivity to

Λ1, leading to rather small ΛB
2 values. Future experimental data may provide further

constraints on Λ2. If the value lies between the Berkeley and LKB results, the curve for
Λ2 versus Λ1 for the electron will lie between the dashed and dotted lines in Figure 13.
Most proposed theoretical solutions to the discrepancy have involved the introduction
of new particles, symmetries, and interactions beyond the standard model. While the
nonlocal QED framework also requires parameters, the nonlocal extension of local QED is
an important alternative to explore given that the lepton g− 2 discrepancy can be explained
without the introduction of new postulated particles beyond the standard model.

We should stress that the SM prediction aSM
µ has been derived using the leading

hadronic vacuum polarization (HVP) contribution to the muon g − 2, (aHVP
µ )TI

e+e− =

6931(40)× 10−11, based on low-energy cross section data for e+e− → hadrons obtained
by the Muon g − 2 Theory Initiative [125,207]. Recently, the BMW lattice QCD collabora-
tion [208] also computed the leading HVP contribution to the muon g − 2. With careful
treatments of critical issues such as scale determination, noise reduction, QED, and strong-
isospin breaking, as well as infinite-volume and continuum extrapolations, the obtained
HVP contribution was found to be (aHVP

µ )BMW = 7075(55)× 10−11. With the larger contri-
bution of (aHVP

µ )BMW, the discrepancy from the experimental result ∆aµ is reduced to 1.6σ.
Obviously, the findings need to be confirmed by other groups using other discretizations of
QCD, which are currently underway. With an appropriate choice of the cutoff parameters
in the correlation functions, the 1.6σ discrepancy of the moun g − 2 can also be obtained
in nonlocal QED. For example, for Λ1 = (1.0, 1.2, 1.4) TeV, this can be achieved with
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Λ2 = (0.23, 0.68, 71.95) TeV, respectively, using the value of the lattice result (aHVP
µ )BMW

rather than (aHVP
µ )TI

e+e− .
To illustrate the lepton mass dependence of the calculated lepton anomalous mag-

netic moment discrepancy, in Figure 14, we show ∆anl
l versus the lepton mass, ml , for

Λ1 = 1 TeV. Since Λ2 for the electron is not well determined because of the two different
experimental results, for any mass ml , Λ2 is chosen to agree with the experimental ∆aµ

value for Λ1 = 1 TeV. For ml = mµ, the discrepancy ∆anl
l coincides with the experimental

discrepancy ∆aµ. For ml = me, the calculated ∆anl
l is larger than ∆aB

e , but smaller than
∆aLKB

e . The discrepancy ∆anl
l increases with increasing lepton mass, and it is 5.62 × 10−7

when ml is at the mass of the τ lepton, which is obviously covered by the large experimental
uncertainty (−0.040, 0.019) [209]. With nonlocal QED, both the muon and electron g − 2
anomalies can therefore be reasonably well explained. In contrast to other theoretical
methods, this calculation does not require the introduction of any new symmetries or
new particles. The large positive discrepancy ∆anl

τ for τ leptons can be tested by precise
experiments in the future.
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Figure 14. Calculated lepton anomalous magnetic moment discrepancy ∆anl
l versus the lepton mass,

ml . The cutoff Λ1 is fixed to 1 TeV and Λ2 is fixed to Λ2µ obtained by the experimental ∆aµ with
Λ1 = 1 TeV. The inset illustrates the result at small lepton masses.

4. Gravitational Form Factors
While electromagnetic probes have been the primary tool used to study the structure of

hadrons, characterizing the gravitational properties of hadrons can also reveal fundamental
information about their internal structure. In the final example of a nonlocal field theory,
we discuss its application to the calculation of the gravitational form factors, beginning
first with a review of some basic elements of nonlocal gravity and the energy–momentum
tensor. In contrast to the previous sections, here, we present a novel application of nonlocal
theory in a curved spacetime.

4.1. Nonlocal Gravity

We begin by introducing the nonlocal actions for pion–nucleon interactions in curved
spacetime. Theoretically, the action in curved spacetime can be constructed by modifying
the covariant derivatives and introducing the metric tensor gµν and vierbein fields eµ

a . To
illustrate the gauge-field-like nature of gravity, we firstly review the “gauge” transformation
properties of the nucleon, pion, and gravitational fields. Under a general coordinate
transformation, these transform according to [210–212]
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xµ → xµ + κξµ(x), (118a)

ϕ(x) → ϕ(x), (118b)

gµν(x) → gµν(x) + κ[∂µξν(x) + ∂νξµ(x)], (118c)

eµ
a (x) → eµ

a (x) + κ∂aξµ(x), (118d)

∂µ → ∂µ − κ∂µξα(x)∂α, (118e)

where κ2 = 32πG represents the gravitational coupling constant, ϕ denotes the pion field,
taking the form ϕ = (π+, π−, π0) and ξµ(x) is a infinitesimal vector parameter. Note that
the gravitational metric field gµν and the vierbein field ea

µ include both flat Minkowski
and curved spacetime backgrounds. In order to manifestly illustrate the feature of curved
spacetime, it is necessary to separate the two backgrounds from each other. This can be
done in the weak gravitational background limit, where the metric gµν, vierbein eµ

a , and√−g fields (where g ≡ det(gµν)) can be expanded around the flat spacetime as [212–214]

gµν ≡ ηµν + κhµν, (119a)

gµν = ηµν − κhµν +O(κ2), (119b)
√
−g = 1 +

1
2

κh +O(κ2), (119c)

eµ
a = δ

µ
a − κ

2
ηaλhλµ +O(κ2), (119d)

ea
µ = δa

µ +
κ

2
ηaλhλµ +O(κ2), (119e)

where ηµν is the Minkowski metric diag(1,−1,−1,−1), δ
µ
a the vierbein in flat spacetime,

hµν the gravitational field, and h = ηµνhµν. With Equations (119), the Riemann curvature
tensor, Ricci tensor, scalar curvature, Christoffel symbol, and spin connection of a Dirac
fermion can then be written as [212,213]

Rρ
σµν = ∂µΓρ

σν − ∂νΓρ
σµ + Γρ

µλΓλ
σν − Γρ

νλΓλ
σµ (120a)

Rµν = Rρ
µρν =

κ

2
[∂µ∂λhλν + ∂ν∂λhλµ − ∂µ∂νh − ∂2hµν] +O(κ2), (120b)

R = gµνRµν = κ[∂µ∂νhµν − ∂2h] +O(κ2), (120c)

Γλ
αβ =

κ

2
ηλσ
(
∂αhβσ + ∂βhασ − ∂σhαβ

)
+O(κ2), (120d)

ωab
µ =

κ

2
(∂bha

µ − ∂ahb
µ) +O(κ2), (120e)

respectively.
Physically, nonlocal interactions involving hadrons can be considered to be more

realistic than local interactions, given the non-pointlike nature of physical hadrons. This
feature can be taken into account by defining a nucleon field at a spacetime point xµ and
displacing the meson or gauge field by a distance aµ to spacetime point xµ + aµ with a
correlation function F(a). To guarantee local gauge invariance, the Wilson line operator
needs to be introduced. For the electromagnetic case, one has

Gq
ϕ(x, y) = exp

[
−ieq

ϕ

∫ y

x
dzµ

∫
d4l F(l) Aµ(z + l)

]
, (121)

where Aµ(x) is the photon field. For the gravitational interaction, the local “gauge transfor-
mation” could be a local coordinate translation, as in Equation (118), with the corresponding
“gauge field” corresponding to the gravitational field. In Refs. [215–217], it was argued
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that the gravitational Wilson line is a double copy of that of the gauge theory. In other
words, the gravitational Wilson line operator can be obtained by replacing the gauge field
in U(1) gauge link with the gravitational field. By analogy with the U(1) gauge link, the
gravitational Wilson line operator can be constructed as [218]

W(x, y) ≡ exp
[
−κ

4

∫ y

x

∫
d4l F(l) hµν(z + l) dz{µ∂ν}

]
, (122a)

Wµ
ν (x, y) ≡ exp

[∫ y

x

∫
d4l F(l)

(
−κ

4
δ

µ
ν hαβ(z + l) dz{α∂β} − Γµ

ρν(z + l) dzρ
)]

, (122b)

where F(l) is the correlation function for the nonlocal interaction. The tensor hµν represents
the gravitational field and transforms as hµν → hµν + κ

[
∂µξ ′ν + ∂νξ ′µ

]
. Note that, here,

the infinitesimal parameters ξ ′µ for the gravitational field are different from ξµ for matter
fields, which is similar to the local U(1) transformation. In the nonlocal framework, the
pion kinetic term in curved spacetime can be written as [78,218]

S(2),nl
ϕϕ† =

∫
d4x

∫
d4l F(l)

√
−g(x+l)

[
gµν(x+l)

2
∂{µϕ(x)∂ν}ϕ†(x)− m2

ϕ ϕ(x)ϕ†(x)
]

, (123)

where mϕ is the pion mass and we assume the correlation function satisfies
∫

d4l F(l) = 1.
The mesonic action (123) is invariant under the coordinate transformations of Equation (118)
if ξ ′µ and ξµ are related by

∫
d4l F(l) ξ ′µ(x + l) = ξµ(x). The leading-order pion–nucleon

action in curved spacetime can be constructed as [78,218]

S(1),nl
ϕN =

∫
d4x

∫
d4l F(l)

√
−g(x + l)

{
i
2

N(x) eµ
a (x + l) γa∇µN(x)

− i
2
∇µN(x) eµ

a (x + l) γaN(x)− M N(x)N(x)

+ δ2

[
i
2

N(x) eµ
a (x)γa∇µN(x)− i

2
∇µN(x) eµ

a (x)γaN(x)
]
− δM N(x)N(x)

}

− CNϕ

fϕ

∫
d4x

∫
d4a

∫
d4l F(a) F(l)

×
√
−g(x + l) p̄(x)γaγ5 eµ

a (x + l) B(x)Wν
µ(x, x + a) Dνϕ(x + a) + H.c.

− i
Cϕϕ†

2 f 2
ϕ

∫
d4x

∫
d4a

∫
d4b

∫
d4l F(a) F(b) F(l)

√
−g(x + l) p̄(x)γa eµ

a (xl) p(x)

×
{[

Wν
µ(x, x + a) Dν ϕ(x + a)

] [
W(x, x + b) ϕ(x + b)

]†

−
[
W(x, x + b) ϕ(xb)

][
Wν

µ(x, xa) Dν ϕ(x + a)
]†
}

, (124)

where N(x) = [p(x), n(x)]T denotes the intermediate nucleon (proton p(x) or neutron
n(x)) field, and M is the physical mass of the nucleon. The constants CNϕ and Cϕϕ†

represent the leading-order pion–nucleon coupling constants for different channels, as
listed in Table 2. Additionally, δ2 and δM are the mass and wave function renormalization
counterterm coefficients, related to the wave function renormalization constant Z2 and
bare nucleon mass M0 via δ2 = Z2 − 1 and δM = Z2M0 − M. The gravitational gauge link
operators W(x, x + a) ϕ(x + a) and Wµ

ν (x, x + a) ∂µϕ(x + a) can be expanded in powers of
the gravitational field hαβ(x) as
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W(x, x + a)ϕ(x + a) = ϕ(x + a)

− κ

4

∫
d4l

∫ x+a

x
F(l) hαβ(z + l) dz{α∂β}ϕ(x + a) +O(κ2), (125a)

Wµ
ν (x, x + a) ∂µϕ(x + a) = ∂νϕ(x + a) +

∫
d4l

∫ x+a

x
F(l)

×
(
− κ

4
δλ

ν hαβ(z+ l) dz{α∂β} − Γλ
µν(z + l) dzµ

)
∂λϕ(x + a) +O(κ2). (125b)

Table 2. Effective pion–nucleon coupling constants (for proton external states) CNϕ and Cϕϕ† for

the leading-order pNϕ and ppϕϕ interactions, respectively, and C(1)
ϕϕ† , C(2)

ϕϕ† and C(3)
ϕϕ† for the next-to-

leading order ppϕϕ interactions.

CNϕ Cϕϕ† C(1)
ϕϕ† C(2)

ϕϕ† C(3)
ϕϕ†

(pπ0) (nπ+) (π+π−) (π+π−) (π0π0) (π+π−) (π0π0) (π+π−)
(π0π0)

1
2 gA

1√
2

gA 1
2 −4 −2 − 1

2 − 1
4 2 1

Note that the last two terms of Equation (125b) yield an additional gauge link vertex,
which is crucial for gauge invariance of the total energy–momentum tensor in the nonlocal
case. These terms vanish in the local limit, F(a) → δ4(a), and the nonlocal action (124)
reduces to the local one. In a similar manner, the nonlocal action for the next-to-leading
order pion–nucleon interaction in curved spacetime is constructed as [78,218]

S(2),nl
ϕN = 4c1m2

ϕ

∫
d4x

∫
d4l F(l)

√
−g(x+l) p̄(x)p(x)

+ c1

m2
ϕC(1)

ϕϕ†

f 2
ϕ

∫
d4x

∫
d4a

∫
d4b

∫
d4l F(a) F(b) F(l)

√
−g(x+l) p̄(x)p(x)

×
[
W(x, x + a)ϕ(x + a)

][
W(x, x + b)ϕ(x + b)

]†

+ c2

C(2)
ϕϕ†

M2 f 2
ϕ

∫
d4x

∫
d4a

∫
d4b

∫
d4l F(a) F(b) F(l)

√
−g(x+l) gαµ(x + l)gβν(x + l)

×
(

p̄(x)∇α∇β p(x) +∇α∇β p̄(x)p(x)
)

×
[
Wρ

{µ
(x, x + a) Dρ ϕ(x + a)

][
Wλ

ν}(x, x + b) Dλ ϕ(x + b)
]†

+ c3

C(3)
ϕϕ†

2 f 2
ϕ

∫
d4x

∫
d4a

∫
d4b

∫
d4l F(a) F(b) F(l)

√
−g(x+l) p̄(x)gµν(x + l)p(x)

×
[
Wα

{µ(x, x + a) Dα ϕ(x + a)
][

Wβ

ν}(x, x + b) Dβ ϕ(x + b)
]†

, (126)

where C(1)
ϕϕ† , C(2)

ϕϕ† , and C(3)
ϕϕ† are the pion–nucleon coupling constants at next-to-leading

order for different channels, listed in Table 2. Finally, the nonlocal version of nonminimal
coupling between the nucleon and the gravitational field can be written as [78,218]
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Snl
nonmin =

∫
d4x

∫
d4l F(l)

√
−g(x + l)

{
c8

8
R(x + l)N(x)N(x)

+ i
c9

M
Rµν(x + l)

[
N(x) ea

µ(x + l) γa∇νN(x)−∇νN(x) ea
µ(x + l) γaN(x)

]}
. (127)

Expanding the nonlocal actions around the flat spacetime background using
Equations (119) and (120), and substituting these into Equations (123), (124), (126) and (127),
one can obtain explicit actions for the interaction between the matter field and the gravita-
tional field hµν. For example, the leading-order mesonic action of Equation (123) can be
rewritten as

S(2),nl
ϕϕ† =

∫
d4x

∫
d4l F(l)

{
∂µϕ(x) ∂µϕ†(x)− m2

ϕ ϕ(x)ϕ†(x)

+
1
2

κh(x + l)
[
∂µϕ(x) ∂µϕ†(x)− m2

ϕ ϕ(x)ϕ†(x)
]

− 1
2

κhµν(xl)∂{µϕ(x) ∂ν}ϕ†(x)
}
+ O(κ2), (128)

where the first two terms represent the pion kinetic action in flat spacetime, and the
last three terms represent the lowest-order interaction between the pion and the gravita-
tional field. Similarly, the leading-order pion–nucleon interaction in Equation (124) can be
expanded as

S(1),nl
ϕN =

∫
d4x

∫
d4l F(l)

{
− (M + δM)

(
1 +

1
2

κh(x + l)
)

N(x)N(x)

+
i
2
(1 + δ2)

(
1 +

1
2

κh(x + l)
)[

N(x)γµ∂µ N(x)− ∂µ N(x)γµ N(x)
]

− i
4
(1 + δ2)κhµν(x + l)

[
N(x)γµ∂ν N(x)− ∂µ N(x) γν N(x)

]}

− CNϕ

fϕ

∫
d4x

∫
d4l

∫
d4a F(a)F(l) p̄(x)γµγ5 N(x)

{(
1 +

1
2

κh(x + l)
)

×
[

∂µϕ(x + a)− 1
2

κhνλ(x + l)ηλµ∂νϕ(x + a)

− κ

4

∫ x+a

x
hαβ(z + l) dz{α∂β}∂µϕ(x + a)

−
∫ x+a

x
Γα

βµ(x + l) dzβ∂αϕ(x + a) + H.c.
]}

− i
Cϕϕ†

2 f 2
ϕ

∫
d4x

∫
d4l

∫
d4a

∫
d4b F(a) F(b) F(l) p̄(x)γµ p(x)

×
{(

1 +
1
2

κh(x + l)
)[

∂µϕ(x + a)ϕ†(x + b)− ϕ(x + b) ∂µϕ†(x + a)
]

− 1
2

κηµλhνλ(x + l)
[

∂νϕ(x + a)ϕ†(x + b)− ϕ(x + b) ∂νϕ†(x + a)
]

−ϕ†(x + a)
∫ x+b

x
dzλ Γα

λµ(z + l) ∂αϕ(z + b)

− 1
4

∂µ ϕ(x + b)
∫ x+a

x
dzβ hαβ(x + l) ∂αϕ†(x + a)

− 1
4

ϕ†(x + b)
∫ x+a

x
dzβ hαβ(x + l) ∂µ∂αϕ(x + a) + H.c.

}

+ O(κ2), (129)
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where the κ-independent terms represent the leading-order strong interaction between
pion and nucleon in flat spacetime, while terms proportional to κ are interactions between
the gravitational and matter fields. The terms with the path integral from x to x + a in
Equation (129) are from the gravitational Wilson line operator of Equation (125b).
Such terms will generate additional energy–momentum tensor vertices in the nonlo-
cal case. Similarly, the weak field expansion of the next-to-leading order action of
Equation (126) yields

S(2),nl
ϕN = 4 c1m2

ϕ

∫
d4x

∫
d4l F(l)

(
1 +

1
2

κh(x + l)
)

p̄(x)p(x)

+ c1 m2
ϕ

C(1)
ϕϕ†

f 2
ϕ

∫
d4x

∫
d4l

∫
d4a

∫
d4b F(a) F(b) F(l) p̄(x)p(x)

×
{[

1 +
κh(x + l)

2

]
ϕ(x + a)ϕ†(x + b)

− κ

4
ϕ(x + a)

∫ x+b

x
hαβ(z + l) dz{α∂β}ϕ†(x + b) + H.c.

}

+ c2

C(2)
ϕϕ†

M2 f 2
ϕ

∫
d4x

∫
d4l

∫
d4a

∫
d4b F(a) F(b) F(l)

{[
p̄(x)∂α∂β p(x) + ∂β∂α p̄(x)p(x)

]

×
[(

1 + κ
h(x + l)

2

)
∂{αϕ(x + a)∂β}ϕ†(x + b)

− κ hβν(x+l)∂{νϕ(x+a)∂α}ϕ†(x + b)− κ hαµ(xl)∂
{βϕ(x+a)∂µ}ϕ†(x+b)

− κ

4

∫ x+a

x
hµν(z + l)dz{µ∂ν}∂{αϕ(x + a)∂β}ϕ†(x + b)

− κ
∫ x+a

x
Γλ

σ{α(z + l)dzσ∂λϕ(x + a)∂β}ϕ†(x + b) + H.c.
]

+

[
−κ

2
(
∂αhβσ + ∂βhασ − ∂σhαβ

)
(x + l) p̄(x)∂σ p(x)

− κ

2
(
∂αhβσ + ∂βhασ − ∂σhαβ

)
(x + l)∂σ p̄(x)p(x)

+ κ
( i

2
p̄(x)∂bha

{α(x + l)σab∂β}p(x)− i
2

∂{β p̄(x)∂bha
α}(xl)σab p(x)

)]

× ∂{αϕ(x + a)∂β}ϕ†(x + b)
}

+ c3

C(3)
ϕϕ†

2 f 2
ϕ

∫
d4x

∫
d4l

∫
d4a

∫
d4b F(a) F(b) F(l) p̄(x)p(x)

×
{

2
(

1+
κ

2
h(x+l)

)
∂µϕ(x+a)∂µϕ†(x+b)−κ∂{νϕ(x+a)∂µ}ϕ†(x+b)hµν(x+l)

− κ

2
∂µϕ(x + a)

∫ x+b

x
hαβ(z + l)dz{α∂β}∂µϕ†(x + b)

− 2∂µϕ(x + a)
∫ x+b

x
Γα

βµ(z + l)dzβ∂αϕ†(x + b) + H.c.
}

+ O(κ2). (130)
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Similarly, the weak gravitational field expansion of the nonlocal nonminimal action of
Equation (127) yields

Snl
nonmin =

∫
d4x

∫
d4l F(l)

{
κ

c8

8

[
∂µ∂νhµν(x + l)− ∂2h(x + l)

]
N(x)N(x)

+ κ
ic9

2M

[
∂µ∂λhλν(x + l) + ∂ν∂λhλµ(x + l)− ∂µ∂νh(x + l)− ∂2hµν(x + l)

]

×
[

N(x)γµ∂νN(x)− ∂µN(x)γνN(x)
]}

+O(κ2). (131)

The above nonlocal interactions are constructed similarly to the GPDs’ case. In the hadronic
effective Lagrangian, the most general nonlocal Lagrangian was not used, with only the
interaction being nonlocal. The nonlocal property in the gravitational form factor case
arises because of the finite size of the nucleon. Therefore, the value of Λ is similar to that in
the GPDs case, whereas for the QED case, the Λ is much larger. When F(a) is a δ-function,
both the displacement and path integral disappear, and the action reduces to the local one.

4.2. Energy–Momentum Tensor

Having established these actions in curved spacetime, the next goal is to derive the
nucleon energy–momentum tensor within the nonlocal framework. The electromagnetic
interaction between a gauge field and a current can be written as Lem = −eJµ Aµ. Similarly,
the gravitational interaction between a matter field and the graviton can be expressed as
SG = − 1

2 κ
∫

d4x
√−g Tµν(x) hµν(x) [213,214]. The symmetric energy–momentum tensor

for the matter field can thus be obtained from the nonlocal actions in curved spacetime by
minimizing the action with respect to the gravitational field hµν,

Tµν(x) = −2
κ

δSG

δhµν(x)
. (132)

Using this expression for the energy–momentum tensor, the pionic energy–momentum
tensor can be obtained as

T(2),nl
µν,ϕϕ(x) =

∫
d4lF(l)

{
∂{µϕ(x − l)∂ν}ϕ†(x − l)

− ηµν

[
∂αϕ(x − l)∂αϕ(x − l)− m2

πϕ(x − l)ϕ†(x − l)
]}

. (133)

Similarly, from Equations (129), (130) and (131), one can obtain the energy–momentum
tensor associated with the leading- and next-to-leading-order pion–nucleon interactions, as
well as the nucleon–gravity nonminimal couplings. The explicit expressions can be found
in Ref. [218].

4.3. Gravitational Form Factors

In both experimental and theoretical analyses, the amplitude for a gauge field scattered
by incident particles can be parameterized in terms of a generalized vertex between the
gauge field and the composite particle to be detected. The generalized vertex operator
can be expressed in terms of Lorentz-covariant scalar functions and their corresponding
Lorentz structures. These Lorentz-invariant scalar functions, or form factors, encode
internal information about the dynamical properties of particles, such as their charge, mass,
pressure, and shear-force distributions.
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If the graviton is treated as a gauge field, the nucleon–nucleon–graviton vertex op-
erator can likewise be parameterized in terms of Lorentz-invariant gravitational form
factors. Similar to the case of electromagnetic form factors, the matrix elements of the
energy–momentum tensor, or equivalently the nucleon–nucleon–graviton vertex for the
nucleon, are parameterized as [203,219,220]

⟨p′|Tµν|p⟩ = ū(p′) Γµν(p, q) u(p)

= ū(p′)
[

A(t)
γ{µPν}

2
+ B(t)

P{µiσν}αqα

4M
+ D(t)

qµqν − ηµνq2

4M
+ Mc̄(t) ηµν

]
u(p), (134)

where P = 1
2 (p + p′), q = p′ − p, and t = q2 = −Q2, with ηµν the flat-spacetime metric.

The functions A(t), B(t), D(t), and c̄(t) are the GFFs of the nucleon. Conservation of the
energy–momentum tensor, qµTµν = 0, requires that the total c̄(t) from loop contributions
vanish, ∑i c̄i(t) = 0, where c̄i(t) is the contribution from each Feynman diagram i. At
zero-momentum transfer squared, t = 0, the GFFs satisfy the normalization conditions,

A(0) = 1, B(0) = 0, J(0) =
1
2
[A(0) + B(0)] =

1
2

. (135)

The GFFs can be projected from the energy momentum tensor using projection
operators [221–223],

Pµν
A = (̸p + M)

[
− γ{µPν}

(4M2 − t)2 +
20MPµPν

(4M2 − t)3 +
Mqµqν

t(4M2 − t)2 − Mηµν

(4M2 − t)2

]

× (̸p′ + M), (136a)

Pµν
B = (̸p + M)

[
4M2γ{µPν}

t(4M2 − t)2 − 4M
(
8M2 + 3t

)
PµPν

t(4M2 − t)3 − Mqµqν

t(4M2 − t)2 +
Mηµν

(4M2 − t)2

]

× (̸p′ + M), (136b)

Pµν
D = (̸p + M)

[
4MPµPν

t(4M2 − t)2 +
3Mqµqν

t2(4M2 − t)
− M ηµν

t(4M2 − t)

]
(̸p′ + M), (136c)

Pµν
c̄ = (̸p + M)

qµqν

2Mt(4M2 − t)
(̸p′ + M), (136d)

such that

A(t) = Tr[Pµν
A Γµν], (137a)

B(t) = Tr[Pµν
B Γµν], (137b)

D(t) = Tr[Pµν
D Γµν], (137c)

c̄(t) = Tr[Pµν
c̄ Γµν]. (137d)

The GFFs can be calculated numerically using the nonlocal renormalization method. In
the nonlocal case, in addition to the chiral low-energy constants and nonminimal coupling
constants, there is a further cutoff parameter, Λ = (1.0 ± 0.1) GeV [36], that is determined
phenomenologically. The low-energy constants c1 = −0.22 GeV−1, c2 = −0.43 GeV−1, and
c3 = −0.11 GeV−1 are obtained by fitting the lattice data for the nucleon mass, and two
additional coupling constants c8 and c9 are determined by the lattice data on the GFFs.
With these parameters, in Figure 15, we show the comparison between the nonlocal model
results and recent lattice data [76]. The nonlocal model results for the A and D GFFs
are in good agreement with the lattice data over a wide region 0 ≤ Q2 ≤ 1 GeV2. This
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indicates that with the non-point particle assumption, the model can explain the data over a
wider region.
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Figure 15. Gravitational form factors A, B, D and the angular momentum J as a function of Q2 = −t
[in units of GeV2] from the nonlocal calculation (green bands) compared with lattice data [76] (red
points). The band represents the uncertainty on the cutoff parameter, Λ.

In contrast with the lattice data and the local result, the nonlocal B form factor is always
negative and decreases with the momentum transfer squared Q2, which may provide a
new opportunity for testing the nonlocal effect of the pion and graviton. Moreover, the
Q2 distribution of the angular momentum of the proton lies slightly below the lattice data
due to the negativity of the B form factor. By performing least χ2 analysis, we found that
the best values for the nonminimal coupling constants are c8 = (−1.20 ± 0.47) GeV−1 and
c9 = (0.33 ± 0.05) GeV−1, giving an overall χ2 = 0.64 and χ2 = 0.42, respectively. This
gives rise to a best fit value for the GFF D as D(0) = −2.21 ± 0.56.

5. Summary
Nonlocal Lagrangians have been a useful tool for more naturally accommodating the

extended nature of hadrons than is possible via local Lagrangians. An important advantage
of a nonlocal Lagrangian formulation is the presence of correlation functions describing the
nonlocal behavior, whose Fourier transforms are momentum-dependent regulators that
render loop integrals finite and provide a gauge-invariant way for removing divergences.
In this review, we have presented several applications of nonlocal effective field theories
that have been of recent phenomenological interest, including nonlocal chiral effective
theory of baryons and mesons, nonlocal QED, and an extension of nonlocal effective theory
to curved spacetime.

We have described the use of nonlocal chiral effective theory to study hadron prop-
erties up to relatively large momentum transfers, beyond the traditional power-counting
regime of chiral perturbation theory. We focused, in particular, on the calculation of nu-
cleon GPDs, including baryon octet and decuplet intermediate states in the computation
of the chiral splitting functions at the one-loop level, for both zero and nonzero skewness.
To ensure local gauge invariance, gauge links are introduced, which generate additional
diagrams that guarantee charge conservation. The derived convolution forms allow one
to study the three-dimensional structure of the nucleon through GPDs as a function of
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momentum fraction x, skewness ξ, and momentum transfer t, as well as sea quark flavor
asymmetries of electric and magnetic GPDs at zero and nonzero momentum transfers.

The nonlocal chiral effective theory was also applied to the calculation of the nucleon
gravitational form factors. As with the electromagnetic form factors, which are related to
the electromagnetic vector current, the gravitational form factors are related to the current
associated with the energy–momentum tensor. Extending the formulation to curved
spacetime, the symmetric energy–momentum tensor was obtained from the derivative of
the nonlocal effective action with respect to the gravitational field hµν. Again, there are
additional diagrams generated from the path integral of hµν, which assures the correct
normalization for the GFFs.

The extension of the fundamental QED interaction to the nonlocal case involved
constructing the most general nonlocal QED Lagrangian, leading to a modification of
lepton and photon propagators. The modified propagators can also be obtained from the
canonical quantization, associated with new quantization conditions (solid quantization),
where the δ function in the commutation relation is replaced by a correlation function. The
introduction of the gauge link increases the number of diagrams in nonlocal QED compared
with the local QED (e.g., 7 self-energy and 24 vertex Feynman diagrams at one-loop level in
the nonlocal case, compared with one self-energy and one vertex diagram in local QED).
The modified Ward–Green–Takahashi identity, crucial for maintaining charge conservation,
was derived at one-loop level in the nonlocal formulation. As an application, nonlocal QED
was used to explore the lepton g − 2 anomalies, with both the electron and muon g − 2
anomalies able to be accounted for without the introduction of new particles beyond the
standard model.

In the future, these investigations can be developed in several directions. The nonlocal
chiral effective theory can be extended to the study of both chiral-even (helicity-conserving)
and chiral-odd (helicity-flipping) GPDs, as well as to T-even and T-odd transverse mo-
mentum dependent distributions, and higher-twist functions. The calculations can also be
generalized to study other external hadronic states, including octet and decuplet baryons,
as well as pseudoscalar mesons. For the lepton anomalous magnetic moment anomalies, it
is remarkable that the nonlocal QED formulation can provide a reasonable description of
the discrepancies within the constraints of the strandard model. It will be interesting to test
the large positive discrepancy ∆anl

τ for τ leptons, which may further constrain the nonlocal
theory and validate the effectiveness of nonlocal QED.
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