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Abstract

Physics-Informed Neural Networks (PINNs) have emerged as a promising method for solving
partial differential equations (PDEs) in scientific computing. While PINNs typically use multilayer
perceptrons (MLPs) as their underlying architecture, recent advancements have explored
alternative neural network structures. One such innovation is the Kolmogorov—Arnold Network
(KAN), which has demonstrated benefits over traditional MLPs, including faster neural scaling and
better interpretability. The application of KANs to physics-informed learning has led to the
development of Physics-Informed KANs (PIKANSs), enabling the use of KANSs to solve PDEs.
However, despite their advantages, KANs often suffer from slower training speeds, particularly in
higher-dimensional problems where the number of collocation points grows exponentially with the
dimensionality of the system. To address this challenge, we introduce Separable Physics-Informed
Kolmogorov—Arnold Networks (SPIKANs). This novel architecture applies the principle of
separation of variables to PIKANs, decomposing the problem such that each dimension is handled
by an individual KAN. This approach drastically reduces the computational complexity of training
without sacrificing accuracy, facilitating their application to higher-dimensional PDEs. Through a
series of benchmark problems, we demonstrate the effectiveness of SPIKANSs, showcasing their
superior scalability and performance compared to PIKANs and highlighting their potential for
solving complex, high-dimensional PDEs in scientific computing.

1. Introduction

Physics-Informed Neural Networks (PINNs) have gained widespread attention for their ability to
incorporate physical laws into machine learning models, allowing solutions to forward and inverse problems
involving partial differential equations (PDEs) [1]. However, traditional PINNs struggle with computational
costs when solving multi-dimensional, highly complex PDEs. This challenge is exacerbated by the need for a
large number of collocation points, leading to high memory overhead and inefficient scaling as the problem’s
dimensionality increases [2].

As an alternative to the traditional multi-layer perceptron (MLP) architecture, Kolmogorov—Arnold
networks (KANs) introduced by [3] and extended in [4] have prompted further exploration in the context of
physics-informed learning. These networks, featuring trainable activation functions, have demonstrated
promising results and superior performance compared to MLPs in terms of interpretability, robustness
against catastrophic forgetting [5, 6], and resilience to noisy data [7]. To leverage these benefits within the
PINNs framework, [3, 8] have proposed physics-informed KANs (PIKANs) and deep operator networks
(DeepOKANS [9]). PIKANs have shown success on benchmark problems for physics-informed machine
learning and applications. In [10], a fast JAX-based implementation of grid-dependent PIKANs was
developed, achieving up to 84 times faster training times than the original KAN implementation through an
adaptive state transition technique that avoids loss function peaks between grid extensions. GINN-KANS,
introduced in [11], combines Growing Interpretable Neural Networks (GINN) and KAN's to outperform
both individual methods on Feynman symbolic regression benchmarks and shows improved performance

© 2025 The Author(s). Published by IOP Publishing Ltd
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when applied to solving 15 different PDEs. In [12], the Kolmogorov—Arnold-Informed Neural Network
(KINN) framework was proposed and formalized, applying KANs to different PDE forms (strong form,
energy form, and inverse form) and demonstrating significant performance improvements over MLPs in
accuracy and convergence speed for various PDEs including multiscale, stress concentration and nonlinear
hyperelasticity problems. In [13], the Artificial Intelligence Velocimetry-Thermometry (AIVT) method was
developed using physics-informed KANSs to infer hidden turbulent temperature fields from experimental 3D
Lagrangian velocity measurements in Rayleigh-Bénard convection, successfully reconstructing continuous
temperature and velocity fields from sparse experimental data. In [14], an efficient wavelet-based
(WAV-KAN) is used to construct improved PIKANs, demonstrating superior performance compared to
conventional deep neural networks by achieving the same level of accuracy with fewer layers and reduced
computational overhead for solving various ODEs and PDEs. In [15], PIKANs were used for power system
dynamics, achieving superior accuracy in predicting rotor angle and frequency dynamics while employing
fewer learnable parameters than conventional PINNs and successfully identifying inertia and damping
coefficients. In [16], Higher-order-ReLU-KANs (HRKANs) were proposed, introducing simpler activation
functions that both improve the efficiency of matrix operations and yield smooth non-zero higher-order
derivatives, thus improving training stability, accuracy and convergence on the linear Poisson and nonlinear
Burgers equations.

Recent advances have continued to enhance PIKANs through methodological improvements and hybrid
architectures. Scalable Bayesian Physics-Informed KANs [17] combine dropout Tikhonov ensemble Kalman
inversion with Chebyshev KANs and provide robust uncertainty quantification while addressing
computational inefficiency for large-scale physics problems. Physics-informed KAN PointNet [18] allows the
solution of multigeometry inverse problems for incompressible flow at a significantly lower computational
cost compared to traditional PINNs. In biomedicine, the tanh-cPIKAN architecture [19] uses Chebyshev
polynomials with additional non-linearity layers, providing systematic insights for the selection of
representation models for systems pharmacology. For optimization in PIKANS, [20] demonstrate that the
self-scaled BFGS and Broyden algorithms achieve orders of magnitude better accuracy without requiring
adaptive weights. In addition, a novel Hybrid Parallel KAN and MLP PINN (HPKM-PINN) [21] connects
KANs and MLPs through an adaptive scale factor, reducing relative error by up to two orders of magnitude
compared to standalone architectures on several PDE benchmarks. A survey in [22] provides a
comprehensive review of advances in network architecture, feature extension, and optimization techniques
for PINNs and PIKANS.

Despite the advantages of KANs in physics-informed learning, the use of B-splines as basis functions for
the activations in the original formulation leads to a significant increase in computational cost. Although
previous work has proposed alternative basis functions (e.g. wavelets [23], radial basis functions [24],
Chebyshev polynomials [25], Sinc [26]) that reduce computational time per iteration, the fundamental issue
of exponential growth in the number of training points and network evaluations remains. Consequently, the
curse of dimensionality associated with this architecture, combined with slower performance in KANs, limits
the application of these networks to solving high-dimensional initial boundary value problems.

To address these limitations, we present Separable Physics-Informed Kolmogorov—Arnold Networks
(SPIKANS). Inspired by Separable PINNs [27], we propose a network architecture that decomposes the
solution of multi-dimensional PDEs into separable components, enabling more efficient training and
inference. For a d-dimensional PDE with N¥ sampled collocation points, instead of training one KAN with a
cloud of O(N?) training points, SPIKANs decompose the problem into d KANs, each receiving O(N) points
as inputs. This approach substantially reduces computational costs in terms of time and memory, at the cost
of requiring a factorizable mesh of collocation points rather than the traditional unstructured point-cloud
used in PINNGs.

This paper is organized as follows: in section 2, we briefly introduce KANs and PIKANS, along with the
description of the proposed method, SPIKANS. In section 3, we demonstrate the use of SPIKAN in four
benchmark problems, in increasing order of dimensionality, comparing gains in accuracy and speedup.
Finally, we summarize the findings and discuss the limitations in section 4.

2. Methods

2.1. Kolmogorov—Arnold networks (KANs)

Kolmogorov-Arnold Networks (KANs) are a type of neural architecture proposed by [3]. They are inspired
by the Kolmogorov—Arnold representation theorem, which states that a multivariate continuous function
u(x) = u(x,x,,...,x,) defined on a bounded domain can be expressed as a composition of continuous
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univariate functions and sums [8]. In practice, [3] proposes approximating u as

np—1 np—2 no
u(xr,...,x Z L1, Z ---<Z¢O,il,io(xig)> ; (1)

1]_ 1= =1 I'szzl iozl

where L denotes the number of layers of the KAN, #; are the number of nodes of the j-th layer, and ¢; ; x are
the activation functions. In the original KAN formulation [3], each activation function is parameterized as
@(x) = wpb(x) + wispline(x), where b(x) is a fixed basis function (typically silu(x) = x/(1+ e *)) and
spline(x) = >, ¢; Bi(x) is a linear combination of B-splines of order k. The learnable parameters are the
weights wy, w, and the B-spline coefficients ¢;. While alternative basis functions for the spline component
have been explored, such as wavelets [23], radial basis functions [24] and Chebyshev [25] polynomials, this
work uses B-splines following the original formulation. This structure imparts KANs with parameter
efficiency and interpretability, especially for functions exhibiting compositional structures, outperforming
traditional MLPs in these scenarios [8].

2.2. Physics-informed Kolmogorov—Arnold networks

In PIKANS, we seek to approximate the solution of a general initial-boundary value problem (IBVP),
consisting of a partial differential equation (PDE) defined over a spatial domain {2 and a temporal domain I,
along with corresponding initial and boundary conditions. Formally, the IBVP can be expressed as:

Dlu(x,t)] =f(x,1), xe€Q,teTl, (2)
Tlu(x,t)] =uo(x), x€Q,t=0, (3)
Blu(x,t)] =g(x,t), x€d, tel, (4)

where D represents the differential operator defining the PDE, u(x, t) is the solution, f{(x, t) is the source
term, uy(x) denotes the initial condition at time t = 0, and g(x, t) specifies the boundary conditions on the
boundary 02 of the spatial domain. The operators Z and B represent the application of initial and boundary
conditions, respectively.

Using the KAN approximation as defined in equation (1), we seek to find an approximate solution # by
minimizing the physics-informed loss functions. These loss functions, introduced by [1], are constructed as
three distinct residuals obtained by summing over the interior, boundary, and initial collocation points of the
domain. The residuals, denoted as Ly ¢e, Lic, and Ly, are defined as:

pdc

Lpae (0 d Z |D pde’ pde’ 9)} 7f(x;9de’t]}')de)’27 (5)
Npde i=1
ZII it (03 0)] = uo () [, (6)
1 le° o,
Lo (0) = = DBt (xicsths 6)] =g (whes 1) | (7)

i=1

where 6 is the set of trainable parameters of the KAN. The total loss function £ used for training the PIKAN
is constructed as a weighted sum of these individual loss components:

L(0) = MpdeLpde (0) + NicLic (0) + Ao Loe (6) (8)

where the weighting parameters can be adjusted manually or in a self-adaptive manner (see, e.g. [28-30]).

For forward problems, we seek to find the optimal network parameters 8* that minimize the total loss
function £(6), ensuring that the predicted solution di(x, f; 6*) satisfies the governing PDE, initial conditions,
and boundary conditions. This optimization problem can be formally expressed as:

0* =argmin L(0). 9)
0

By solving the minimization problem in equation (9), we obtain the network parameters that yield the
approximate solution # = u. The optimization process is typically performed using gradient-based methods,
where the gradients of the loss function with respect to the network parameters are computed via automatic
differentiation.
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2.3. Separable physics-informed Kolmogorov—Arnold networks

In the original construction of the KAN approximation, as presented in equation (1), all input variables are
processed jointly within a single network architecture. Specifically, a KAN approximates a multivariate
function u : R" — R, where u(x) = u(x;,x,,...,%,), by considering all variables simultaneously within a
composite functional mapping. While this approach is effective for low-dimensional problems, it becomes
computationally prohibitive for high-dimensional cases due to the exponential growth in the number of
required collocation points and the increased complexity of the network architecture-a manifestation of the
so-called curse of dimensionality.

One way to mitigate this is by decomposing the multivariate function u(x,t) into a separable
representation. This idea, introduced by [27] for MLP-based PINNSs, allows for a significant reduction in
memory and computational cost, and can be seen as a tensor factorization. In the present work, we introduce
the separable formulation for KANS: specifically, we approximate the solution u(x, t) as a finite sum of
products of univariate functions, each depending on a single input variable:

u(xn) ~ i)=Y A ), (10)

j=li=1

where r € N is the rank of the approximation (also referred to as the latent dimension), # is the number of
spatial dimensions, ffei) : R — R are univariate functions parameterized by 6;, and x; represents the i-th
input variable. The time variable t can be included as an additional dimension.

By adopting this separable representation, we effectively decompose the multivariate function into a sum
over r terms, each of which is a product of univariate functions. Each univariate function f(%) (x;) can be
approximated using a separate KAN or another suitable univariate approximator. This decomposition
transforms the high-dimensional approximation problem into multiple one-dimensional problems,
significantly reducing computational complexity.

The theoretical foundation for this approach, which applies to general (and not necessarily separable)
PDEs, is established through the universal approximation property of SPIKANS, presented in theorem 1 of
appendix B. This theorem guarantees that for any square-integrable function and tolerance € > 0, there exists
a SPIKAN of sufficient rank r and univariate KAN complexity that can approximate the target function
within the specified tolerance. However, we emphasize that theorem 1 only proves existence, and does not
provide constructive bounds on the required rank r or grid parameters. In practice, the rank required for
accurate approximation depends on the intrinsic separability of the target function, which can be
prohibitively large for highly non-separable problems.

To incorporate this separable approximation into the PIKAN framework, we adjust the physics-informed
loss functions accordingly. The predicted solution i(x, t) is defined as per equation (10). The partial
derivatives of # with respect to each input variable x; are computed using the product rule:

n

o1 d N
aTtl,:Z £ T A7 @ ) (11)

i=1 k=1 keti

where f;a‘) (x;) denotes the derivative of fj<9") with respect to x;. Higher-order derivatives can be computed

similarly by applying the product rule iteratively. We also define f() = ( ﬁei), cees ﬁei)).

A key advantage of the separable representation in SPIKANSs is that each KAN approximates a univariate
function f%) : R — R’ This design enables the efficient computation of the derivatives required to apply the
differential operator D to the approximation #, as shown in equation (11), by leveraging forward-mode
automatic differentiation. Forward-mode is particularly effective for functions with a single input and
multiple outputs, which aligns perfectly with the structure of each f% in the separable framework. In
contrast, reverse-mode automatic differentiation is optimized for functions that have many inputs and a
single output and is commonly utilized in traditional PIKANS. For a more detailed discussion on this topic,
see [27].

The approximation of the solution u follows the same construction of the PINN and PIKAN loss, i.e.
equations (5)—(7). A diagram illustrating the full architecture of the proposed SPIKAN method is shown in
figure 1. The complete SPIKAN algorithm, including the handling of immersed boundaries, is provided in
algorithm 1 in the appendix A.

2.3.1. Vector-valued outputs
Many physical systems are governed by coupled PDEs with multiple unknown fields. For instance, the
incompressible Navier—Stokes equations involve velocity components and pressure, while reaction-diffusion

4
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Figure 1. Schematic of the SPIKAN architecture. We decompose the n-dimensional PDE into n individual KANS. In contrast with
PIKANS, which take as input points given by tuples (x1, .. ., X,), in SPIKANS, each network receives only one coordinate x; at a
time. Each network produces r outputs, which are then combined via an outer product and summation on the latent dimension
(denoted by the ® operator) to approximate the field #(xi, . . .,x,). We use forward-mode automatic differentiation to evaluate
the derivatives of i needed to satisfy the differential operator D and any other derivative needed to construct the losses. The
weights of the networks are then adjusted via gradient descent.

systems may include multiple chemical species concentrations. The SPIKAN framework naturally extends to
such vector-valued problems by leveraging the separable representation for each output component.

Consider a system with m output fields u = (1", u® ... u(™)), where each field u® : Q@ x T' — R. The
separable approximation is applied independently to each component:

u® (1) 2 1® (x,0) = S TAY (00, (12)

j=li=1

where f;_ii) denotes the jth latent component for the kth output field from the ith univariate network. In
practice, this is implemented by having each univariate KAN produce r x m outputs, which are then
reshaped and combined appropriately.

For a coupled system of PDEs represented by the differential operator D = (Dy, D3, ..., D), the
physics-informed loss function becomes:

Npde m

Epde Nd Zz/\k’Dk pde’ pde7 )} ﬁ<< Xpdes pde)

Pde i1 k=1

: (13)

where )y are optional weighting factors for balancing the contribution of different equations. For simplicity,
in the present work we assume Ay = 1. The computation of derivatives for each field component follows the
same product rule as in equation (11), maintaining the computational efficiency of the separable
formulation.

Note that this vector-valued extension preserves the O(N) complexity of SPIKANS, as the additional cost
scales linearly with the number of output fields m, which is typically small compared to the number of
collocation points N. The approach has been successfully demonstrated in the solution of the incompressible
Navier—Stokes equations (with u = (u,v,p) representing the velocity components and pressure) and in the
coupled fluid-thermal problem (with u = (u,v,p, T) including temperature fields) shown in the Results
section.

2.3.2. Extension to non-factorizable grids

While the separable representation in SPIKANs requires factorizable collocation grids, many practical
applications involve complex geometries that do not naturally conform to rectangular domains. To address
this limitation, we propose an extension to the SPIKAN framework for immersed boundaries that maintains
the computational efficiency of the separable formulation while accommodating arbitrary geometries.

5



10P Publishing

Mach. Learn.: Sci. Technol. 6 (2025) 035060 B Jacob et al

Consider a domain 2 containing an immersed body {2;, where the computational domain is
Q. = Q\ Q. The key insight is that we can preserve the separable structure on the regular Cartesian grid
while selectively excluding points that lie within the immersed body. This is achieved through a masking
strategy applied to the physics-informed loss functions. More specifically, for interior collocation points
(x;,1;) on the factorizable grid, we define an indicator function:

1, if x; € Q,,
Xi) = 14
x () {0, if x; € Q. (14)

The physics-informed loss is then modified to incorporate this mask:

Nde
R X
Lyae (0) = ” D x(xi) Dl (xiti5 0)] — fxi 1), (15)
vall i=1

where Ny,i4 = Zf\[:"df X(x;) ensures proper normalization by counting only the valid collocation points. In
this context, valid points refer to points that represent the de facto physical domain.

For boundary conditions on the immersed body 0€2;, the separable formulation must be locally relaxed.
While boundaries aligned with the coordinate axes (such as the domain boundaries J¢2) can maintain the
separable structure, curved boundaries require evaluation at non-factorizable points. For these boundaries,
we implement a hybrid approach where the separable networks are evaluated point-wise:

i) = [[A" (i), %0 € 0%, (16)

j=1i=1

where each univariate function jfai) is evaluated at the specific coordinate x;, ; of the boundary point. We
highlight that despite the increase in computational complexity from the point-wise evaluations on 0€, the
overall algorithm maintains a complexity of O(N) + O(szl), where N, is the number of boundary points
on the immersed surface and d is the spatial dimension. This remains dominated by O(N) when N > Ngfl,
which is typically the case for moderate dimensionality and well-resolved interior grids.

This approach has been successfully demonstrated in two benchmark problems: flow around a cylinder
in a lid-driven cavity and natural convection around a heated cylinder. In both cases, the immersed cylinder
is handled through masking of interior points and point-wise evaluation on the cylinder boundary, while
maintaining the O(N) computational complexity for the majority of the domain. The physics-informed
losses for these multi-field problems naturally extend to vector-valued solutions, with the masking applied
component-wise to ensure that all field variables satisfy the governing equations only in the valid
computational domain.

3. Results

In this section, we present a validation study of the proposed method, as well as comparisons with the
original implementation of PIKANs [8]. All the networks in this work, including the base PIKANSs, are
trained with Adam optimizer, with an initial learning rate [ = 10~ and hyperparameters 3, = 0.9 and

B2 = 0.999. The total number of epochs used for training is specified in each subsection. All PIKANs and
SPIKANS tested used a constant KAN grid size of ¢ = 3. We leave the analysis of the multigrid aspect of KANs
and PIKANSs [10] via variable g for future work. We use k to denote the degrees of the B-splines in both
PIKANs and SPIKANS.

For PIKANS, the size of the network is described as [wiy, wp, , . . ., W, , Wout|, where wyy, Wi, Wour denotes
the width of the input layer, j-th hidden layer and output layers, respectively. Similarly, for SPIKANs, a
network of size d X [win = 1, Wy, ..., Wp,, 7 * Wy denotes width of input, hidden and output layers, with
additional hyperparameters d and r indicating the dimensionality of the PDE (total number of networks
used) and the latent dimension, respectively. Notice that for SPIKANS, w;, = 1 by construction (cf figure 1).

Throughout this section, for both PIKANs and SPIKANs, we have used an unbiased loss function, where
Aic = Abe = Apde = 1. While various methods exist for automatic weight selection, including learning rate
annealing [31, 32], self-adaptive weights [28], neural tangent kernel approaches [33], and residual-based
attention [29], we chose to maintain fixed weights, in order to hopefully isolate the effect of the separable
architecture. Moreover, recent work by [34] has shown that loss weights can have adversarial and somewhat
unpredictable effects in PIKANs. We believe this complex interplay between loss weighting strategies and
KAN architectures deserves a separate, in depth investigation, which we leave for future work.

6
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Table 1. Comparison of methods for the 2D Helmholtz boundary value problem, equations (18)—(22).

B Jacob et al

Method KAN Size fep No. Parameters Ly(%) Time (ms/iter) Speedup
PIKAN (a) [2,6,6,1] 100° 445 37.26 20.75 1 (baseline)
SPIKAN (a) 2% [1,3,3,1%5] 100* 454 1.29 2.65 7.81
PIKAN (b) [2,9,9,1] 1002 883 15.73 132.63 1 (baseline)
SPIKAN (b) 2% [1,5,5,1%5] 100 910 291 2.73 48.62
PIKAN (c) [2,9,9,1] 2002 883 228.84 961.54 1 (baseline)
SPIKAN (c) 2% [1,5,5,1%5] 2002 910 2.20 3.35 287.08
The comparison between predicted and reference results using the L, norm is measured as:
i |t () — it ()|
L, r—— > , (17)
Zi:l uret (x;) |

where ' denotes the reference solution, i is the approximate solution and fep is the number of collocation
points.

The implementations used in this work [35] are based on Jax [36], using the Jax-KAN package [10, 37]
for the KAN implementation. All simulations were performed using an Nvidia T4 Tensor Core GPU with
16GB of vRAM.

3.1. 2D Helmbholtz equation
Consider the following boundary value problem for the 2D Helmholtz equation:

Pu  Pu
@4'87}/2"'% u=q(xy), (xy) €, (18)
subject to the homogeneous Dirichlet boundary conditions:
u(-1,y)=0, —-1<y<1 (19)
u(ly) =0, —1<y<1 (20)
u(x,—1)=0, —-1<x<1 (21)
u(x,1)=0, —-1<x<1 (22)
where Q = {(x,y) € [~1,1]*}. The forcing term q(x, y) is given by:
q(x,y) = — (ay7)” sin (ay7x) sin (a7 y) + sin (a,7x) sin (a7 y) (23)
— (aym)* sin (ay7x) sin (ay7 y) 4 7 sin (a7 x) sin (a;7y)
which is obtained via the manufactured solution
u(x,y) = sin (ay7x) sin (ay7y) . (24)

We consider the case k =1, a; = 1 and a, = 4, as in [8].

Due to the difference in the architecture of PIKANs and SPIKANSs, we perform tests with different
number of neurons in the hidden layers, but focusing on a similar number of trainable parameters. Since the
problem is in two dimensions, in the SPIKAN cases, the reported KAN sizes refer to the two networks that
compose the SPIKAN, and the last size corresponds to the latent dimension, set to r =5 for all the cases. For
both PIKANs and SPIKANS, we use B-splines of degree k = 3. The optimization was performed using the
Adam optimizer with initial learning rate 10~ for 20 000 epochs. The collocation points are arranged in an
equidistant manner, forming a grid of n, = ny X n, collocation points in the £ domain.

Table 1 and figure 2 summarize the results of all tested cases. The iteration times were computed as an
average over all the epochs, and were all produced in the same hardware environment. We note that
SPIKANSs achieve speedups ranging from O(10) to O(100), by virtue of the reduced number of network
evaluations from the now one-dimensional inputs. The calculations of the L, error are performed with
respect to the analytical solution, equation (24).

While the advantages of SPIKANS lie in decreasing the computational intesity of training, SPIKANs
notably also achieved superior accuracy for all the tested cases, with significant decreases in computational
time. For the PIKAN case (c), we noticed a deterioration in the quality of the solution, possibly due to the
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Figure 2. Contour plots and absolute error between the predicted solution u obtained with PIKANs, SPIKANs and the analytical
solution of the 2D Helmholtz boundary value problem (18)—(22). A description of the cases is shown in table 1.

fixed number of epochs used for all the networks. This could be caused by the fixed number of epochs used
in all the examples; larger PIKANS, exposed to larger training datasets, could require longer to converge.

It is important to highlight that the reduction in computational cost does not come at the cost of an
increase in the memory; on the contrary, memory utilization is reduced from O(#, * n, 4+ No. Parameters) to
roughly O(d * /7% 11, + No. Parameters), with d = 2 for the 2D Helmholtz example. For a detailed
description of the memory utilization in separable networks, we refer the reader to [27].

3.2. 2D steady lid-driven cavity flow
In this section, we demonstrate usage of SPIKANs in a multiple output setup: we solve the 2D steady,
incompressible Navier—Stokes equations in an enclosed, lid-driven cavity. In this benchmark, the flow is
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Table 2. Comparison of methods for the 2D steady Navier—Stokes (lid-driven cavity) for Re = 100.

Method KAN Size fep No. Parameters Ly (u,v,p) (%) Time (ms/iter) ~ Speedup
PIKAN [2,9,9,3] 50° 1029 (9.73,11.80, 48.71) 301.20 1 (baseline)
SPIKAN (a) 2% [1,5,5,3%5] 50° 2150 (8.66, 12.01, 35.91) 4.3 70.05
SPIKAN (b) 2% [1,5,5,3%5]  100? 2150 (5.83,7.18, 29.55) 6.14 49.05

driven by a constant tangential velocity applied to the lid of the cavity. The governing equations are given by

ou Ov

e oy =" (25)
ou Qu  9p 1 (0*u Ou
u8x+v8y8x+Re(8x2+8y2>’ (26)
Gy o o 1 (8 O (27)
Ox dy Oy Re\oxr 0y2)’

where (x,y) € Q = [0,L]?, u and v are the velocity components in the x and y-directions, respectively, and p is
the pressure field. Here, Re denotes the Reynolds number, which characterizes the ratio of inertial forces to
viscous forces in the flow. In the example below, we consider Re =100, Uy =1and L=1.

The boundary conditions are specified as follows:

u(x,L)=Uy, v(x,L)=0, 0<x<L (topboundary, movinglid), (28)
u(x,0)=0, v(x,0)=0, 0<x<L (bottomboundary, no-slip), (29)
u(0,y) =0, v(0,y)=0, 0<y<L (left boundary, no-slip), (30)
u(L,y)=0, v(Ly)=0, 0<y<L (rightboundary, no-slip). (31)

Similarly to the 2D Helmholtz example, the optimization was performed using the Adam optimizer with
initial learning rate 10~2. Training is performed in 50 000 epochs, with B-splines of degree k = 5 for both
PIKAN and SPIKANS. The collocation points are arranged in an equidistant manner, forming a grid of
Nep = Ny X 1, points, uniformly distributed within the {2 domain.

The reference fields were obtained numerically, using the finite volume method (FVM). The steady-state
SIMPLE [38] algorithm was employed to resolve the incompressible Navier—Stokes equations in a equally
spaced 256x256 cell mesh. Convective fluxes were approximated with a first-order upwind scheme to
maintain stability, while the diffusive terms were discretized using a second-order Gauss linear scheme. A
pressure reference was specified to ensure convergence, with a target tolerance of 10~ for pressure and 107>
for the velocity components. The iterative solver configuration utilized the Preconditioned Conjugate
Gradient (PCG) method for the pressure field and a Gauss-Seidel smoother for the velocity field, with
relaxation factors of 0.3 for pressure and 0.7 for velocity to enhance convergence stability. In addition, we
compare the vertical and horizontal centerline velocity profiles with the benchmark results of [39].

Table 2 summarizes the results of the 2D lid-driven cavity flow at Re = 100, equations (25)—(31). We use
a PIKAN with architecture of shape [2,9,9,3] as a baseline. The L, differences are compared with the FVM
results as reference. We normalize the pressure field p by removing its mean and scaling it with the maximum
value, in order to achieve a translationally invariant field across all the methods tested.

Figure 3 shows a comparison of the centerline velocity profiles of the baseline PIKAN ([2,9,9,3], 1, =
50?) and SPIKANS (a) (2 x [1,5,5,3 % 5], ngp = 50%) and (b) (2 x [1,5,5,3 % 5], n¢, = 100%). Despite all results
being close in terms of accuracy, the SPIKAN (b) outperforms the other cases, with the lowest L,. Increasing
the number of collocation points for training from ng, = 50 to n¢, = 100 brings the velocity profiles closer
to the references. Even though this might seem an obvious result, we highlight that doubling the number of
collocation points in each dimension would lead to a quadruple (O(24)) increase in computational time in
PIKANS, but only a linear increase in SPIKANs. This effect becomes more prominent in higher dimensions,
as we demonstrate in section 3.4.

Another important result is that SPIKAN (a) achieved similar accuracy of the baseline PIKAN with a
70x speedup. Even with a finer resolution of n¢, = 1002, SPIKAN (b) still outperformed PIKAN and trained
nearly 50 x faster.

Contour plots of the velocity magnitude ||u||, along with the streamlines of the FVM reference, PIKAN
and SPIKANS (a) and (b) are shown in figure 4. Despite having streamlines crossing the wall boundaries,
notice that the SPIKAN predictions were far closer to the reference than PIKANS, especially in the lateral
walls, x =0 and x = 1. This nonphysical behavior is a consequence of using a weak formulation of boundary
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Figure 3. Comparison of horizontal and vertical velocity profiles obtained with PIKAN ([2,5,5,3], ng = 50?)) and SPIKANs
(2% [1,9,9,3 5], np = 50%,100?) with the [39] for the steady lid-driven cavity flow at Re = 100, equations (25)—(27).
Reprinted from [39], Copyright (1982), with permission from Elsevier.
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Figure 4. Comparison of the isocontours of ||u|| = v/u? 4 v? and streamlines, obtained with finite volume method, PIKAN
([2,9,9,3],nep = 50%)), SPIKAN (a) (2 % [1,5,5,3 % 5], 1, = 50?) and SPIKAN (b) (2 X [1,5,5,3 * 5], 1, = 100), for the
steady lid-driven cavity flow, equations (25)—(31).

conditions, which in turn lead to larger errors near the boundaries. Figure 5 further highlights this, by
showing the absolute difference of fields u, v and p with the reference FVM counterpart.

3.3.1D+1 Allen-Cahn equation
In this example, we test the proposed architecture in what has been shown to be a challenging case for PINNs
and PIKANS: the Allen-Cahn equation. This nonlinear PDE describes the reaction-diffusion in phase
separation, and is widely used in studies of alloy separation. In its one-dimensional form, the equation is
given by

Ou 0u

— —D_—+5(u’ —u) =0. 32

oi "D T30~ ) (32

We examine the case with D = 107%, (x,t) € [—1,1] x [0, 1]. The initial and boundary conditions are the

same ones used by [8]:

u(x,0) = x*cos (1x), (33)
u(=1,0)=u(l,r)=-1. (34)

Previous studies have reported training difficulties for this system in the context of PINNs [40, 41] and
PIKANS [8]. These difficulties have been attributed to the presence of a non-trivial fixed point, which
typically corresponds to a global minima of the physics loss term Lppg shown in equation (5) with
non-trivial basins of attraction [42]. As a consequence, the solution can only be learned with specific choices
of Aic, A, such that Aic, Ape > Apge (cf equation (8)), or under variations in architecture (e.g. via
multi-fidelity learning, as in [43, 44]) or adaptive weighting strategies [29]. For the sake of clarity, we limit
the scope of the hyperparameter space and focus on the case of an unbiased loss function, where
Aic = Abe = Apde = L. This choice allows for a fair analysis of the proposed method in isolation from the
effects of correction factors to the loss terms.

In this section, we compare the solutions obtained via PIKAN and SPIKAN training, focusing on the
effect of the latent dimension r in the SPIKAN architecture in the accuracy of the solution. A summary of the
cases tested is shown in table 3. The reference result, used to compute the L, and absolute errors, is obtained

10



10P Publishing Mach. Learn.: Sci. Technol. 6 (2025) 035060 B Jacob et al

Absolute Difference in u, PIKAN vs FVM 1.00 Absolute Difference in v, PIKAN vs FVM 1.00 Absolute Difference in p, PIKAN vs FVM
0.45 0.60
0.40 ] . 0.80 0.53
0.35
— 0.45 —
030 3 H
= 038 o
0.25 1 |
z =2
020 £ 030 3
S a
0157 0.22=
0.10 0.15
0.05 0.07
0.00 0.00

D%bsulute Difference in v, SPIKAN (a) vs FVYM O%bsc\ute Difference in p, SPIKAN (a) vs F¥M

1

1 OAObsolute Difference in u, SPIKAN (a) vs FVM ;

0.80 0.80 0.80

|Uspikan fa) = Uryml
Vspikan a1 — Vevul
|Pseican ta) — Prvm|

o

=

«
o
=
«

0.08

1 O%bsclute Difference in p, SPIKAN (b) vs FVM

Absolute Difference in v, SPIKAN (b) vs FVM

Absolute Difference in u, SPIKAN (b) vs FVM oy

1.00

[Vseikan ) — Vel

[Uspian ) = Urum|

020 040 060 080 1.00

0.00 020 040 0860 080 1.00 0.60 0.80 1.00

x/L x/L x/L

Figure 5. Comparison of absolute difference of predicted u, v and p fields obtained from PIKAN ([2,9,9, 3], 1, = 50?) and
SPIKAN (2 x [1,5,5,3 % 5], n¢y = 50?) versus the results obtained with FVM for Re = 100, for the steady lid-driven cavity flow,

equations (25)—(31).

Table 3. Comparison of methods for the 1D+1 Allen-Cahn initial-boundary value problem, equations (32)—(34).

Method KAN Size fep No. Parameters Ly (%) Time (ms/iter) Speedup
PIKAN [2,9,9,1] 320 x 160 1099 52.92 454.54 1 (baseline)
SPIKAN (a) 2 X [1,5,5, 1% 5] 320 x 160 1130 94.18 3.53 128.76
SPIKAN (b)  2x[1,5,5,1%10] 640 X 320 1640 17.15 4.36 104.25
SPIKAN (¢)  2x[1,5,5,1%20] 320 x 160 2660 28.54 5.22 87.08

by solving the initial-boundary value problem equations (32)—(34) numerically using a Fourier
pseudospectral method in space and a 4th order Runge-Kutta method in time, on a n, = 320, 1, = 1000
resolution.

Table 3 summarizes the results. As a baseline, we used a PIKAN of size [2,9,9,1], with B-splines of degree
k=5 and n., = 320 x 160 collocation points. We explore three SPIKAN cases, all with k = 5 but with
increasing values of r. For all cases, we used the Adam optimizer with an initial learning rate of 10> for
150 000 epochs.

Contour plots of u for the reference solution and the aforementioned networks are shown in figure 6. For
the PIKAN solution, our results are in agreement with what was reported in [8], in which u did not converge
to the reference solution. This behavior of u < 0 is consistent with the local minima observed when the
optimization converges to the fixed point, as described in [42]. For the SPIKAN (a) tested, with r =5, we
note a similar behavior as of the PIKAN predictions, although obtained with a nearly 70 x speedup. For
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Figure 6. Isocontours of u of the reference solution, PIKAN ([2,9,9,1]) and SPIKAN cases (a)
2% [1,5,5,1%10] and (c) 2 x [1,5,5,1 * 20], along with absolute errors for the 1D+1 Allen-Cahn initial-boundary value
problem, equations (32)—(34). Implementation details are shown in table 3.
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SPIKAN (b), the use of r = 10 drastically improves the accuracy of the results, allowing the correct range of u
and reducing the absolute errors in the center of the spatial domain (x € [—0.5,0.5] region). Despite the
improvement for SPIKAN (b), the increase in latent dimension to r =20 in SPIKAN (c) decreases the
accuracy of the predictions, which can be caused by a slower learning process given that r increases the
overall number of trainable parameters in the network; given that all the cases used a fixed number of
iterations, it is possible that this effect would be reduced with more training epochs. We leave a
comprehensive study of the impact of r in the stages of learning [29] for future work.

3.4.2D+1 Klein—Gordon equation

We extend our analysis to the time-dependent, inhomogeneous Klein—-Gordon equation in a

two-dimensional spatial domain. As in [27], we use the governing equation:
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Table 4. Comparison of methods for the 2D+1 Klein—-Gordon initial-boundary value problem, equations (35)—(37).

Method KAN Size fep No. Parameters Ly (%) Time (ms/iter) Speedup
PIKAN (3,5,5,1] 50° 371 2.16 847.45 1 (baseline)
SPIKAN (a) 3% [1,3,3,1%10] 100° 704 1.00 3.20 264.83
SPIKAN (b) 3% [1,5,5,110] 150° 1320 0.76 5.98 141.71
SPIKAN (c) 3% [1,5,5,1%10] 200° 1320 0.79 7.82 108.37
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Figure 7. Isocontours of the mean absolute error, averaged over time, of the reference solution and PIKAN ([3,5,5,1]) and
SPIKAN cases (a) 3 X [1,3,3,1%10], (b) 3 x [1,5,5,1%10] and (¢) 3 x [1,5,5,1  10], for different values of refinement n,, for
the 2D+1 Klein—Gordon initial-boundary value problem, equations (35)—(37). Implementation details are shown in table 4. Note
the different scale of the color plots of the absolute error for PIKAN and SPIKAN.

Pu  (OPu  Ou 5
8t2<8x2+8y2)+u :h(x,y,t), (X,y)€Q,t€F, (35)
subject to the initial and boundary conditions:
u(x,y,0) =x+y, (xy) €, (36)
u(x,y,t) = upe (x%,), (x,y) €0Q, tel, (37)

where the spatial domain is defined as Q2 = [0, 1]* and the temporal domain as I" = [0, 10]. For validation
purposes, a manufactured solution u

u(x,y,t) = (x+ y) cos (t) + xysin (t) (38)

is used to derive the forcing term h(x, y, ) and the boundary condition uy(x, y). For this specific choice of u,
h takes the form:

h(x,y,t) = u* — u. (39)

Table 4 summarizes the results. The baseline network used for speedup calculations is a PIKAN of size
[2,9,9,1], B-splines of degree k = 3, with n, = 50 collocation points. We note that above 60° collocation
points, the memory requirement for PIKANSs exceeds the VRAM capacity of the GPU used in this work. Such
limitation can be alleviated with usage of larger GPUs or mini-batching strategies; the latter, however, comes
with additional memory transfer overheads, which further increases the computational time needed for
training.

To demonstrate the ability of collocation point refinement, we explore SPIKAN cases with larger values of
fcp. As in the PIKAN baseline, we set the degree of the B-splines k = 3. For all the cases, we used the Adam
optimizer with initial learning rate of 10~ for 50 000 epochs.

Figure 7 shows isocontours of the mean absolute errors, averaged over the time dimension. All the
SPIKAN cases outperform the PIKAN baseline in accuracy and computational time. In this 3-dimensional
setting, a speedup of O(100) was obtained, even for SPIKAN (c), which has four times the number of
trainable parameters of the baseline. The relative L, obtained in (c), however, shows a saturation of learning,
indicating the need of larger KAN sizes to benefit of larger ..

The temporal evolution of the relative L, is shown in figure 8. The instantaneous L, errors of the SPIKAN
cases are lower than the PIKAN baseline. The periodicity of the curves reflects the choice of a periodic
manufactured solution u; the spike formations that seem to grow over time, however, seem to be a
consequence of the lack of spatio-temporal causality in the loss function formulation. A complete
description of this limitation can be found in [45].

3.5. 2D steady lid-driven cavity flow with immersed cylinder

We demonstrate the application of SPIKANSs to complex geometries using the immersed boundary approach
described in section 2.3.2. Consider the steady, incompressible Navier—Stokes equations in a square cavity
containing a circular cylinder:
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Figure 8. Temporal evolution of the L error for the cases summarized in table 4 for the 2D+1 Klein—-Gordon initial-boundary
value problem, equations (35)—(37). SPIKAN predictions (a)—(c) achieved O(100) speedup and yield results that are 50%+ more
accurate in the L, norm versus the PIKAN baseline. The amplification of the periodic spikes reveal the difficulties associated with
the lack of spatio-temporal causality, as discussed in [45].

Ou Ov
Ou  Ou op 1 [(0*u OMu
Ma Vafy:—a Re<ax2+ay2>7 (41)
DL (0 0 o)
ox Oy Oy Re\dx2 0yr)’

where the computational domain is Q. = Q \ ©, with Q = [0, L]? representing the square cavity and €, the
circular cylinder centered at (x.,y.) = (0.5,0.5) with radius . = 0.2L. We take L=1and U, = 1.
The boundary conditions are specified as:

u(x,L)=Uy, v(x,L)=0, 0<x<L (topboundary, movinglid), (43)
u(x,0)=0, v(x,00=0, 0<x<L (bottomboundary, no-slip), (44)
u(0,y)=0, v(0,y)=0, 0<y<L (left boundary, no-slip), (45)
u(L,y)=0, v(Ly)=0, 0<y<L (rightboundary, no-slip), (46)

u=0, v=0, ondf (cylinder surface, no-slip),. (47)

The implementation employs the masking strategy defined in equation (14), where the indicator
function y(x) excludes collocation points inside the cylinder from the physics residual computation. The
cylinder boundary conditions are enforced through point-wise evaluation as described in equation (16),
while the cavity walls maintain the separable structure due to their alignment with the coordinate axes.

The reference fields were obtained numerically using FVM. The steady-state SIMPLE [38] algorithm was
employed to resolve the incompressible Navier—Stokes equations on a structured base mesh of 100 x 100
cells, with local refinement near the cylinder surface yielding a total of 9612 cells. Convective fluxes were
approximated with a second-order linear upwind scheme with gradient-based correction, while the diffusive
terms were discretized using a second-order Gauss linear scheme. Non-orthogonal corrections were applied
to handle mesh distortion near the cylinder boundary. The iterative solver configuration utilized the
Geometric Algebraic Multigrid method for the pressure field and a Gauss-Seidel smoother for the velocity
field, with relaxation factors of 0.3 for pressure and 0.7 for velocity to enhance convergence stability.
Convergence was achieved with target tolerances of 10~* for both pressure and velocity components. For this
problem, we consider Reynolds numbers Re = 100. The SPIKAN collocation points are arranged on uniform
Cartesian grids of varying resolutions, with the masking strategy automatically handling the immersed
cylinder geometry.

In addition to illustrating the use of SPIKANSs in complex geometries, this example serves as a
comprehensive sensitivity study. We investigate: (i) the effect of B-spline degree k € {3,4,5} on solution
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Table 5. Comparison of PIKAN and SPIKAN methods for the 2D lid-driven cavity flow with immersed cylinder, equations (40)—(47) at
Re = 100. The table presents: (i) PIKAN baseline results with B-spline degrees k € {3,4, 5}, (ii) SPIKAN sensitivity study for B-spline
degree across three refinement levels, and (iii) SPIKAN sensitivity study for basis activation functions b(x) with fixed k =5 and high
resolution. For the speedup calculations, we used the best PIKAN case ([2,9,9, 3],k = 5) as baseline. Bold rows denote the best L, for u,
v, p. All tests were performed using a NVIDIA A100 GPU with 40GB of vRAM.

Method  KAN Size bx) k ng Lo (u,v,p) (%) Time (ms/iter)  Speedup
PIKAN baseline

PIKAN  [2,9,9,3] silu 3 100 (26.10, 31.04, 234.31) 24.12 2.25

PIKAN [2,9,9,3] silu 4 100% (24.77, 30.57, 347.14) 36.44 1.49

PIKAN  [2,9,9,3] silu 5 100>  (19.80,25.30, 56.29) 54.19 1.00 (baseline)

SPIKAN: B-spline degree study (silu activation, r = 10)

SPIKAN  2x[1,5,5,3x10]  silu 3 100> (6.61,13.81,39.44) 1.77 30.62
SPIKAN  2x[1,5,53x10]  silu 3 400 (7.09,12.63,20.93) 3.80 14.26
SPIKAN 2 x [1,5,5,3x 10] silu 3 800 (5.80,12.41,19.76) 4.80 11.29
SPIKAN  2x[1,5,53x10]  silu 4 100 (6.38,13.35,37.90) 2.30 23.56
SPIKAN  2x[1,5,5,3x10]  silu 4 400>  (6.45,12.54, 38.49) 5.66 9.58
SPIKAN  2x[1,5,5,3x10]  silu 4 800> (7.03,13.72,39.98) 8.06 6.72
SPIKAN  2x[1,5,53x10]  silu 5 100 (5.01,9.44, 44.57) 2.94 18.43
SPIKAN  2x[1,5,5,3x10]  silu 5 400>  (4.95,9.76,45.86) 7.21 7.52
SPIKAN  2x[1,5,53x10]  silu 5 800° (5.19,9.96,41.68) 11.71 4.63

SPIKAN: Basis activation study (k= 5, nep = 8002, r = 10)

SPIKAN 2x[1,5,53x10]  sila 5 800> (5.19,9.96,41.68) 11.71 4.63
SPIKAN  2x[1,5,53x10]  tanh 5 800° (379.81,246.66,305.25)  11.87 4.57
SPIKAN  2x[1,5,53x10]  relu 5 800° (4034.09,175.83,124.89) 10.78 5.03
SPIKAN  2x[1,5,53x10]  sine 5 800° (260.10,991.47,558.01)  13.21 4.10

accuracy and computational cost, and (ii) the impact of the basis activation function b(x) by comparing silu,
tanh, relu, and sine functions while keeping the B-spline component fixed.

For all tested cases, the optimization was performed using the Adam optimizer with initial learning rate
10~ for 400 000 epochs on a NVIDIA A100 GPU with 40GB of vRAM. For both PIKANs and SPIKANs, the
collocation points are arranged in an equidistant manner on uniform Cartesian grids with n, points for
various levels of refinement, with the cylinder boundary discretized using ncapQ" = /fiep points. For PIKAN,
we use a mask to remove the points inside the cylinder, and reconstruct collocation points at the cylinder
surface to represent the immersed boundary, as it is typically done in PINNs.

Table 5 summarizes the tested cases and results. The baseline network used for the speedup calculations is
a PIKAN of size [2,9,9,3] and B-spline degree k = 5. This choice allows for a fair comparison with SPIKANSs
of network size 2 x [1,5,5,3 x 10] in terms of number of trainable parameters. The results show that even at
the smallest grid resolution (100%), SPIKANs achieve substantially lower errors than PIKANs while training
18-31x faster. The separable architecture enables training on n, = 800 with an 11.3x speedup compared
to the best PIKAN case, demonstrating that SPIKANS can leverage finer resolutions that would be
computationally prohibitive for traditional PIKANs. We clarify that differences in the computational time
(ms/iter) when compared to the steady lid-driven cavity problem shown in table 2, are due primarily to the
different GPU employed in this section. This choice was due to limitations in hardware availability, and does
not affect the speedup ratios, which were computed consistently with previous sections.

The B-spline degree sensitivity reveals an interesting trade-off: while lower degrees (k = 3) yield the best
global L, errors for SPIKANS, the centerline profiles in figure 9 show that higher degrees improve local
accuracy near walls and cylinder boundaries. This suggests that the separable formulation with lower-degree
splines and finer grids provides optimal balance between computational efficiency and solution quality.
SPIKANs demonstrate particularly superior boundary layer resolution near the cylinder, as evidenced in the
regions approaching x/L = 0.3 and y/L = 0.7.

The base activation function study reveals that the choice of basis function b(x) has a dramatic impact on
accuracy. While silu maintains reasonable accuracy, all alternative activations tested lead to catastrophic
failure, with errors exceeding 100% for the horizontal velocity component with relu. This critical difference
underscores the importance of the silu activation in the KAN formulation, particularly for complex flow
problems with immersed boundaries. These findings corroborate the observations of [3] that KANSs, and by
extension SPIKANS, require careful design choices to achieve robust optimization, with the silu basis
function playing an essential role in maintaining numerical stability and convergence properties.
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Figure 9. Centerline velocity profiles comparing PIKAN and SPIKAN predictions with the FVM reference for the lid-driven cavity
flow with immersed cylinder at Re = 100, equations (40)—(47). Left: vertical velocity v along the horizontal centerline (y = 0.5)
for x € [0,0.3]. Right: horizontal velocity u along the vertical centerline (x =0.5) for y € [0.7, 1.0]. Results are shown for varying
B-spline degrees k € {3,4,5} with markers indicating the degree (circle: k = 3, square: k= 4, triangle: k = 5). Higher B-spline
degrees improve predictions near walls and cylinder boundaries for both methods. The SPIKAN result with worst local error

(k= 3) still outperforms the best PIKAN result (k= 5), in particular in regions near the boundary layer profiles.
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Figure 10. Contour plots comparing the reference FVM solution (top row) with the best PIKAN predictions ([2,9,9,3], k=5,

Nep = 1007, middle row) and absolute errors (bottom row) for the lid-driven cavity flow with immersed cylinder at Re = 100,
equations (40)—(47). Fields shown are: horizontal velocity u (left), vertical velocity v (center), and pressure p (right). The cylinder
is represented by the white circle at the domain center. Despite being the best PIKAN case tested, results exhibit significant errors
near the boundaries and cylinder surface.
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Figures 10 and 11 compare the velocity and pressure fields for the best PIKAN and SPIKAN
configurations for the lid-driven cavity flow with immersed cylinder at Re = 100, equations (40)—(47). The
absolute error plots demonstrate that SPIKAN’s ability to train on an 8007 grid yields substantially better
accuracy, particularly near the immersed cylinder where gradients are steep. The streamline patterns in
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Figure 11. Contour plots comparing the reference FVM solution (top row) with the best SPIKAN predictions (2 X [1,5,5,3 X 10],
k=3,np = 8002, middle row) and absolute errors (bottom row) for the lid-driven cavity flow with immersed cylinder at

Re = 100, equations (40)—(47). Fields shown are: horizontal velocity u (left), vertical velocity v (center), and pressure p (right).
SPIKAN achieves significantly improved accuracy on a 800% grid that would be computationally prohibitive for PIKANs.

Reference (FVM)

100

0.80

R

0.00
0.80 1.00 0.00 0.20 0.40 0.60 0.80 1.00

Figure 12. Streamline patterns for the lid-driven cavity flow with immersed cylinder at Re = 100, equations (40)—(47). Left:
Reference solution from FVM showing the characteristic primary vortex and corner vortices. Center: Best (global) PIKAN
prediction ([2,9,9,3], k=5, ng, = 100%) exhibiting distorted flow patterns and spurious streamlines near boundaries. Right: Best
(global) SPIKAN prediction (2 X [1,5,5,3 X 10], k=3, n¢, = 800%) demonstrating agreement with the reference, accurately
capturing both the primary circulation and secondary flow features around the immersed cylinder.

figure 12 show that SPIKAN accurately captures the primary recirculating vortex and corner vortices,
validating the effectiveness of the immersed boundary approach. These results confirm that SPIKANs handle
complex geometries effectively while maintaining computational efficiency.

4. Conclusions
We have developed SPIKANS, an architecture for separable physics-informed Kolmogorov—Arnold networks.

This method extends the work of [27] for KANs, significantly boosting the performance of these networks in
both memory usage and computation time. Our tests demonstrate that SPIKAN predictions often yield more
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SPIKAN vs PIKAN: Computational Time Comparison
10¢

B PIKAN
mm SPIKAN

Time per Iteration (ms)

Figure 13. Comparison of computational time for all tests performed in section 3. A detailed description of each case is shown in
tables 1-4.

accurate results than those of PIKANs for a comparable number of trainable parameters, while providing
speedups of O(10) — O(100) in several benchmark tests.

We summarize the computational times of all results in figure 13. In all tested cases, SPIKANs achieved
speedups ranging from 8 X to 287 X, while maintaining L, error comparable to or better than that obtained
with PIKANS. This result demonstrates that even for small numbers of collocation points and network sizes,
the use of SPIKANS remains advantageous. We emphasize that our intent is not for SPIKANSs to compete
with classical methods like FVM, that enjoy proven convergence and stability properties, but rather to
alleviate the computational bottlenecks that have limited PIKAN applications and enable future research.

An important aspect of SPIKANSs involves the need for a factorizable grid of collocation points. While
this requirement can be limiting for certain applications, we believe that the use of factorizable grids along
with immersed boundary forcing terms, as recently proposed in [46], can help alleviate this issue.
Furthermore, by using partition of unity functions to train an ensemble of KANS, as introduced in [7], one
could apply different factorizable grids in various areas of the domain. An important feature of SPIKANS is
that they can be applied in addition to techniques for improving training and performance for KANss,
including the use of other basis functions [16, 23], adaptive weighting such as residual-based attention [8,
29], and adaptive grid refinement [10].

In future work, we will further explore ways to improve the accuracy of this architecture by using stacking
[47] and multi-fidelity training [43] and extensions to operator learning with DeepOKANSs, along the lines of
separable DeepONets [48]. In addition, while the universal approximation theorem introduced in this work
guarantees the existence of SPIKANS that can achieve arbitrary accuracy, a comprehensive analysis of the
relationship between rank r, B-spline grid size G, and approximation error for specific problem classes
remains an important direction for future investigation. Such analysis would provide practical guidance for
selecting these hyperparameters and establish a priori error bounds for the separable approximation.
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Appendix A. SPIKAN algorithm

Algorithm 1. Separable Physics-Informed Kolmogorov—Arnold Networks (SPIKANS).

Require: PDE operator D with source term f, domain Q C R”

Require: Initial operator Z with initial data ug

Require: Boundary operator B with boundary data g on 992

Require: Rank r, B-spline order k, learning rate o, loss weights Apge, Aic, Abe
Require: Factorizable grid with N; points in dimension j: x/) = (xE] ). 7xl(\ff)
Require: Immersed boundaries I' C 2 (if any) with operator Br and data h
Ensure: Trained parameters {0 }7_;

1: forj=1tondo >Initialize # univariate KANs

2:  Initialize KAN: f(%) : R — R™" with parameters 6;

3: end for

4: if T # () then >If immersed boundaries exist

5:  Define mask M : Q — {0,1} where M(x) = 1ifx € Q\T'

6:  Sample {x}-}"'", on immersed boundary T

7: end if

8: while not converged do

9: forj=1tondo >Evaluate each network on its dimension
10: Jng)(x(J)) c RN X1 X Wou
11:  endfor
122 a(x) =Y, H]'Ll ff{gj 4 (%) >Construct solution via rank-r decomposition
13:  Compute gradients of i as needed for D, Z, B using forward-mode AD
14:  if I' =0 then >>Standard case: no immersed boundaries
15 Lpae e g S0 Dl (xae) — fxpae) |
16:  else >With immersed boundaries: use masking
7 NS ey M)
18 Lot i MG Dl (x) —x)
19:  endif ’
20 Lic+ NL SN |Z i) (e, 0) — wo (L) }2 t>Initial condition loss
21: Ly N%c Zf\fg] Bla)(x,) — g(xi.) ‘2 >Outer boundary loss
22:  if I' # () then >Compute immersed boundary loss if applicable
23: Lr <« 0
24: fori=1to Nr do
25: a(xp) < S0, [T, ff{ej ) (x’F]) > Point-wise evaluation
26: Lr  Lr+ | Br[i](xk) — h(xk)|
27: end for
28: Lr < Lr/Nr
29: L+ )\pdecpde + >\ic£ic + >\bc£bc + ArLr
30:  else
31: L+ )‘pde‘cpde + )‘ic['ic + )‘bc['bc
32:  endif
33: forj=1tondo >>Update all network parameters
34: 91' — 9]‘ — aVQj,C
35:  endfor

36: end while
37: return {0] }/_,

Appendix B. Universal approximation property of SPIKAN's
Theorem 1 (universal approximation property of SPIKANs). Let Q = [[!_, X; be a compact product

domain in R". For any function u € L*(Q,R) and any tolerance £ > 0, there exists a Separable
Kolmogorov—Arnold Network (SPIKAN) i of the form

i(x) =>4 =) (48)

j=li=1
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such that

[l —tl| 2 ) <, (49)

where r is a sufficiently large rank and each f]@ is a univariate KAN (B-spline function) with a sufficiently fine
grid.

Proof. The proof is structured in four steps, incorporating intermediate approximations to satisfy the pre-
requisites of each subsequent step, following the analytical approach of [27].

Step 1: Approximation by a Continuous Function. The space of continuous functions, C(f2), is dense in
the Hilbert space L*(€2,R). Therefore, for any u € L*(2,R) and any € > 0, we can first choose a continuous
function u, € C(€2) such that:

5
[t = vl 20y < 3 (50)

Step 2: Approximation by Separable Continuous Functions. Now we approximate the continuous func-
tion u.. By the Stone-Weierstrass theorem [49], the algebra of finite sums of separable continuous func-
tions (formed by products of univariate continuous functions) is dense in C(£2) under the supremum norm,
and thus also in L?(©2,R). We can therefore find a rank r € N and a set of ideal continuous basis functions

{g @ e cxi), j—1 such that their sum of products, ug = >~ [T}, gj(i), satisfies:

£
H“f_”gHLz(Q) <1 (51)

Since each g]@ is continuous on a compact set, it is bounded. Let M = max; ; ‘ g]@ H X

Lo°(X;
Step 3: Univariate Approximation by KANs with Uniform Error Bounds. Here we use the fact that a uni-
variate KAN is fundamentally a B-spline function (or a composition of them). By classical results from spline
approximation theory, the set of B-spline functions is dense in the space of continuous functions C(X;) under
the uniform norm. This is formally proven by error bounds showing that the approximation error vanishes as

the grid size approaches zero [50, Ch XII, Eq (2)]. Therefore, for any ideal continuous function g]@ from Step
2 and any § > 0, there exists a univariate KAN f;i) with a sufficiently fine grid such that:

|5~

(52)

ey

This uniform bound directly implies that H f]{i) H
i)

< Hg(i)' + & < M+ 6. For convenience, we
Lo°(X;) 7 llLee (i)

<M+1.
Loe (X,‘) )
Step 4: Bounding the Total Approximation Error. Let the SPIKAN be i1 = Z;: T, f]@ . We bound the total
error using the triangle inequality:

assume 0 < 1, so ;

~ N 3 g R
[ = atll 2y < Ml = aell 2y + [Ju ”gHLZ(sz) + [|ug — ”HLZ(Q) <3 + 1 + [|ug — ”HLZ(Q)' (53)

r

The final term iSHE;:1(Hn 1g] -1 1f< i=1

norm for a single rank-1 term, we use a telescopmg sum 1dent1ty.

ng Hf Z (ﬁf) (gk—fk)< H gi>- (54)

i=1 k=1 \i=1 i=k+1

. To bound the

H1g]

i=1/j

Applying this identity within the norm, along with the triangle inequality, yields:
D) (0 @Y [ TT
() () (11

i=k+1
(k) k)
<3 (T, ) I 1
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2(Q) k=1

(55)

) (56)
Lo (X;)

[T~
i=1

12(Q)

o (I
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n k—1
-1 s
< )
= Z - Loo (Xi) (H f; Lo° (Xk) VOI ) H Lo° (Xi)
=1 \i=1

(57)

n(M+1)" \/Vol - 0. (58)

Here, equation (56) repeatedly applies the inequality ||ABHL2(Q) Al o< 2y 1Bl 1262y - Equation (57) uses

the relation [|h][ >y < [|hl 1 () v/ VOI(€2), where VoI(€2) is the volume of the domain, to convert the error
term to the L-infinity norm established in Step 3. Equation (58) simplifies the expression using the constant
bounds.

Let C=n(M+1)""1/Vol(Q), a global constant. We choose § from Step 3 such that § < £/4rC. Then the
error for a single product term is bounded by /4r. Summing over all r terms:

.
. e €
H“g_”HLz(Q) <2521~ (59)
]:
Substituting this back into equation (53), we get the final bound:
. € € € €0
lu=ilp@ <5+5+,=¢ (60)

O

Remark (on quantitative rates). This proof establishes existence. A quantitative error bound can be formu-
lated by directly bounding the error as a sum of two terms: the tensor approximation error and the spline
approximation error. The error for the best rank-r approximation of u is given by the (r+ 1)-th singular
value, 0,41 (u), of the corresponding tensor operator. From classical spline theory, the error of approximating
a sufficiently smooth (e.g. C*+1) basis function with a spline of order k + 1 (i.e. piecewise polynomial of degree
k) on a grid with mesh size proportional to 1/G is O(G~*+1)) [50, ch XII]. This suggests a total error bound
of the form:

i = tll 2y S Ot () 47+ C(n, M) - G~ EFD,

which highlights the trade-off between increasing rank r (to decrease the first term, related to the intrinsic
separability of the function) and increasing grid size G (to decrease the second term, related to the complexity
of the univariate components).

Remark (assumptions and limitations of the theorem). The universal approximation property of SPIKANs,
as proven, rests on several assumptions and has important limitations. First, it assumes the target function
u belongs to the Hilbert space L?(£2,R). While general, this excludes functions with non-square-integrable
singularities. Second, and more critically, the proof is an existence theorem. It guarantees that for any € >0,
a SPIKAN of sufficient rank r and univariate KAN complexity (grid density) exists, but it does not provide
a constructive method for determining the minimal required r or the grid parameters for a given function u
and tolerance ¢. The constants involved in the error bounds depend on the specific (and unknown) ideal basis
functions, meaning the theorem offers no a priori estimate of the model size needed for a given problem.

Note that this theorem only addresses the approximation error. It completely decouples from the two other
critical sources of error in practice: estimation error arising from learning from finite data and optimization
error. The proof implicitly assumes that the optimal set of KAN parameters can be found by the training
algorithm. The existence of a good approximation does not guarantee its discoverability via gradient-based
methods, which may encounter non-convex loss landscapes and convergence to local minima. Therefore, the
theorem provides a guarantee of the model’s expressive power, but not its trainability or generalization per-
formance on a specific task.
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