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Strong CP violation and large-Nc spin-flavor symmetry

Thomas R. Richardson *

1Department of Physics, University of California, Berkeley, California 94720, USA
and Nuclear Science Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

(Received 9 September 2025; accepted 7 November 2025; published 25 November 2025)

We revisit the contribution of the QCD θ̄ term to the CP-violating pion-nucleon couplings and the
nucleon electric dipole moment in a combined large-Nc and chiral perturbation theory framework. In
particular, we approach this issue through the emergent spin-flavor symmetry of the baryon sector at large
but finite Nc. We obtain good agreement with previous analyses for the pion-nucleon couplings and show
that the large-Nc framework indicates that tree-level contributions to the electric dipole moment possibly
play a dominant role. The spin-flavor symmetry also enables us to provide novel constraints on
CP-violating pion-Δ couplings, as well as the Δ electric dipole moment and ΔN transition moment.

DOI: 10.1103/1jb4-tqpn

I. INTRODUCTION

A key ingredient for baryogenesis is the violation of CP
symmetry (CP), where C is charge conjugation and P is
parity [1]. In the Standard Model, the phase of the Cabibbo-
Kobayashi-Maskawa matrix provides a source of CP
violation that suitably explains off-diagonal flavor transi-
tions, but its impact is too small to generate the flavor
diagonal CP violation necessary for baryogenesis [2–5]
(for a review, see Ref. [6]).
Another possible source of CP violation in the Standard

Model is the quantum chromodynamics (QCD) θ̄ term that
arises from instantons in the QCD vacuum [7–10]. It has
long been known that θ̄ induces a neutron electric dipole
moment (nEDM), which was first estimated in Ref. [11]
and assessed through current algebra techniques in
Ref. [12]. While θ̄ could in principle be an Oð1Þ number,
the lack of an observation of an nEDM [13] implies it is
close to zero. This apparent smallness of θ̄ is referred to as
the strong CP problem.
Translating the experimental limit on the nEDM into a

bound on θ̄, of course, requires a careful theoretical
analysis. Over the years, there have been many calculations
of the contribution to the nEDM from the QCD θ̄ term
in SUð2ÞL × SUð2ÞR chiral perturbation theory (χPT)
[14–16]. Additionally, there are several results based on
QCD sum rules [17–21], the Skyrme model [22–24],
the bag model [25,26], and holographic QCD [27–29].

More recently, the lattice QCD community has presented
first results for the nEDM from θ̄ [30–33] (see Ref. [34] for
a recent review). The chiral and continuum extrapolations/
interpolations in these lattice calculations are generally
based on the SUð2ÞL × SUð2ÞR χPT results. Despite this
tremendous progress, we should recall that the presence of
the θ̄ term is intimately connected with the Uð1ÞA anomaly
[8,35–37]. Therefore, it seems reasonable to expect that a
formulation of χPT that takes the anomaly into account
explicitly could have some advantages.
There are also aspects of the large-Nc limit of QCD [38],

where Nc is the number of colors, that place additional
constraints on the structure of the effective theory with the
axial anomaly incorporated explicitly. First, it has been
shown that the pattern of chiral symmetry breaking is lifted
to UðNfÞL × UðNfÞR → UðNfÞV , where Nf is the number
of light quark flavors in the large-Nc limit, because the axial
anomaly is1=Nc-suppressed [39]. Thus, there is an additional
Goldstonemode in the chiral and large-Nc limits correspond-
ing to the spontaneously broken Uð1ÞA. At finite Nc and at
lowest order in the chiral limit, the axial anomaly generates a
mass for the flavor-singletmeson that is tied to the topological
susceptibility of pure Yang-Mills, which is captured by the
famousWitten-Veneziano formula [40,41]. These constraints
were implemented in the mesonic chiral Lagrangian for the
meson sector several decades ago [40–49].
There have also been several studies that extended the

three-flavor baryon chiral Lagrangian to include the effects
of the anomaly with certain appeals to the large-Nc limit
[50–53]. While Refs. [50–53] correctly take into account
the constraints of the large-Nc limit in the meson sector,
there are additional constraints in the baryon sector that
emerge in the large-Nc limit and were not incorporated into
the effective theory. In particular, there is an emergent
SUð2NfÞ spin-flavor symmetry that relates the nucleons
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and the Δ resonances in the two-flavor case, and the octet
and decuplet baryons in the three-flavor case [54–60]. This
symmetry provides one explanation for the important role
of decuplet baryons in loop corrections to octet baryon
properties in χPT [61,62]. An economical Lagrangian that
incorporates the effects of spin-flavor symmetry and chiral
symmetry simultaneously was developed in Ref. [63],
which we will adopt in this work.
In light of the various appeals to large Nc in nEDM

estimates and the option to treat the axial anomaly
explicitly, it is appropriate to investigate the consistency
of the different approaches. We will show
(1) The combination of chiral symmetry with the 1=Nc

expansion [42–44,47–50,64] and the Witten-
Veneziano formula [40,41] gives CP pion-nucleon
couplings consistent with previous estimates based
on SUð2ÞL × SUð2ÞR χPT.

(2) The SUð4Þ spin-flavor symmetry predicts the ratio
of CP pion-Δ couplings to the πNN couplings up to
Oð1=Nc

2Þ corrections.
(3) The spin-flavor symmetry renders the χPT loop

expansion for the nEDM as a 1=Nc expansion, such
that the finite part of the tree-level contribution is
possibly dominant compared to the chiral loop.

(4) The spin-flavor symmetry allows us to derive isospin
relations for the neutron, proton, and Δ EDMs, as
well as ΔN transition EDMs that are identical to
magnetic moment relations.

Throughout this work, an important theme is that consistent
large-Nc estimates require the explicit inclusion of theUð1ÞA
anomaly before analyzing the large-Nc scaling of certain
couplings in addition to the constraints of the spin-flavor
symmetry.Additional formulas for thematrix elements of the
spin-flavor generators and loop integrals can be found in
Appendixes A and B.

II. STRONG CP VIOLATION IN THE
1=Nc CHIRAL LAGRANGIAN

A. Meson Lagrangian

InSUðNcÞQCDwithNf light flavors, the axial anomaly is
1=Nc-suppressed, such that the pattern of spontaneous chiral
symmetry breaking at large Nc is UðNfÞL × UðNfÞR →
UðNfÞV [39]. In this work, we consider Nf ¼ 2. The Uð1ÞA
anomaly can be taken into account explicitly by including a
term in the Lagrangian that breaks Uð1ÞA explicitly but
preserves SUð2ÞL × SUð2ÞR × Uð1ÞV . The lowest-order
effective Lagrangian in the meson sector has been derived
several times [41–44,46–50],

Lπ ¼
F2
0

4
TrðDμŪðDμŪÞ†Þ þ F2

0

4
TrðŪ†χ̃ þ χ̃†ŪÞ

−
F2
0

4

a
Nc

�
i
2
ðlog det Ū − log det Ū†Þ

�
2

; ð2:1Þ

where F0 ∼
ffiffiffiffiffiffi
Nc

p
is the pion decay constant in the chiral

limit. In ordinary χPT, the ground state is parametrized by the
identity matrix—i.e., hŪi ¼ 1. However, this is no longer
true in an arbitrary θ vacuum. Instead, we have Ū ¼ hŪiU,
where the ground state is given by

hŪi ¼
�
eiφu 0

0 eiφd

�
; ð2:2Þ

and the pseudo-Nambu-Goldstone modes are contained in
the matrix U,

U ¼ e
i
F0
ðϕ01þϕaτ

aÞ; ð2:3Þ

where τa are the Pauli matrices in isospin space with a ¼ 1,
2, 3.
The contributions from the quark masses are contained in

χ̃ ¼ 2B0M, where M is a complex-valued mass matrix
and initially contains all of the θ̄ dependence. Through a
suitable choice of transformations, M can be brought into
the form

M ¼ e−iθ̄=2M; ð2:4Þ

where M ¼ diagðmu;mdÞ is real and diagonal. This
dependence can be removed from the mass term with
the Uð1ÞA transformation,

Ū ↦ e−iθ̄=2Ū: ð2:5Þ

This transformation only modifies the logarithmic terms in
Eq. (2.1). Additionally, we can use the decomposition Ū ¼
hŪiU and introduce M̃ðθÞ ¼ diagðmu cosφu; md cosφdÞ,
which leaves us with the final form for the mesonic
Lagrangian,

Lπ ¼
F2
0

4
TrðDμUðDμUÞ†Þ þ 1

2
B0F2

0TrðM̃U þ U†M̃Þ

þ F2
0

4

iaθ̃
Nc

Tr½ðU −U†Þ − logU þ logU†�

−
F2
0

4

a
Nc

�
i
2
ðlog detU − log detU†Þ

�
2

; ð2:6Þ

where we have omitted an irrelevant constant proportional
to θ̃2. This Lagrangian yields the correct vacuum alignment
to eliminate all tadpoles at lowest order in the chiral
expansion [12]. The term on the final line of Eq. (2.6)
sets the mass of ϕ0 in the chiral limit,

m2
0 ¼

2a
Nc

: ð2:7Þ

In the three-flavor case, this additional meson can be
interpreted as the η0; in the two-flavor case, there is not
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a clear interpretation of the field in terms of a physical
particle. Rather, it can be considered some admixture of the
η and the η0. Regardless of this interpretation, we consider
a ∼Oð1Þ and remark that this term gives ϕ0 a mass in the
chiral limit, while it remains massless in the Nc → ∞ limit.
In the chiral limit, the mass of the isoscalar meson is also

related to the topological susceptibility in Yang-Mills
according to the Witten-Veneziano formula [40,41]

m2
0 ¼

2Nf

F2
0

χYM: ð2:8Þ

Combining this with Eq. (2.7), we fix a=Nc:

a
Nc

¼ Nf

F2
0

χYM: ð2:9Þ

We take an average of several lattice calculations [65–72] to
obtain

χ1=4YM ¼ 188.8ð1.8Þ MeV: ð2:10Þ

Also, we use the FLAG estimate of the pion decay constant
in the chiral limit F0 ¼ 86.2ð5Þ MeV and at the physical
pion mass Fπ ¼ 92.3 MeV [73,74], which leads to m0 ¼
827ð17Þ MeV when Nf ¼ 2, or equivalently, a=Nc ¼
ð585ð12Þ MeVÞ2. Furthermore, it is worth noting that an
explicit comparison of the η0 mass and the topological
susceptibility of pure Yang-Mills appears to validate the
Witten-Veneziano formula [65].
Lastly, the angles φu and φd are determined by mini-

mizing the effective potential, which gives the condition

2B0mi sinφi ¼
a
Nc

θ̃; ð2:11Þ

with θ̃ ¼ θ̄ −
P

j φj. Away from the chiral limit in the
realistic situation where mu;md ≪ a=Nc, the solution
is [42,44]

sinφu ¼
md sin θ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
u þm2

d þ 2mumd cos θ̄
q ≈

mdθ̄

mu þmd
;

sinφd ¼
mu sin θ̄ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
u þm2

d þ 2mumd cos θ̄
q ≈

muθ̄

mu þmd
: ð2:12Þ

Above, we have made use of the phenomenological fact
that θ̄ ≪ 1. Combining Eqs. (2.11) and (2.12) gives the
relation

2B0m�θ̄ ¼ a
Nc

θ̃; ð2:13Þ

where

m� ¼
mumd

mu þmd
¼ 1

2
m̄ð1 − ε2Þ; ð2:14Þ

m̄ ¼ 1

2
ðmu þmdÞ; ð2:15Þ

ε ¼ md −mu

mu þmd
: ð2:16Þ

Inserting Eq. (2.14) into Eq. (2.13) and neglecting ε shows

a
Nc

θ̃ ¼ B0m̄ θ̄≈
1

2
m2

πθ̄; ð2:17Þ

which provides a motivation for the linked expansion
in powers of 1=Nc and m2

π advocated in Ref. [45].
Using the estimate for the topological susceptibility leads

to θ̃ ≈ m2
π=2

a=Nc
θ̄ ∼ 0.026θ̄, which is consistent with the Nf ¼ 3

estimate in Refs. [51,52].
In this work, we will leave factors a

Nc
θ̃ explicit until

providing numerical estimates for various quantities. This
is due to the fact that the substitution in Eq. (2.17) can
obscure the large-Nc scaling of different couplings or
observables, since it implicitly sets the ordering of the
chiral and large-Nc limits; i.e., there is not a sense in which
the large-Nc limit can be applied after using Eq. (2.17),
since it assumes the pions are much lighter than the isospin-
singlet meson. Another way to view this is that the left-
hand side of Eq. (2.17) is Oð1=NcÞ, while the right-hand
side is Oð1Þ, which will obscure any large-Nc estimates.
This is similar to a result concerning the next-to-leading-
order (NLO) operators in the large-Nc Nf ¼ 3 chiral
Lagrangian [75].

B. Baryon Lagrangian

In the Nc → ∞ limit, a contracted SUð2NfÞ symmetry
emerges in the baryon sector [54–60]. At large but finite
Nc, the baryon matrix elements of any QCD operator
containing m quark bilinears can be expanded in terms of
the SU(4) generators as [56]

OðmÞ
QCD ¼ Nm

c

X
n;s;t

cn

�
Ĵi

Nc

�s� Îa

Nc

�t�Ĝjb

Nc

�n−s−t
; ð2:18Þ

where cn is an Oð1Þ coefficient that depends on non-
perturbative QCD dynamics, and the generators are

Ĵi ¼ q†
σi

2
q; ð2:19Þ

Îa ¼ q†
τa

2
q; ð2:20Þ

Ĝia ¼ q†
σiτa

4
q: ð2:21Þ
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It should be understood that we are considering the baryon

matrix elements hB0jOðmÞ
QCDjBi, and jBi is a baryon state

composed of Nc totally symmetric indices in the funda-
mental representation of SUð4Þ. The matrices σi (τa) are the
usual Pauli matrices in spin (isospin) space. The matrix
elements of the generators for physical baryons scale as

hB0jĴijBi; hB0jÎajBi ∼OðN0
cÞ;

hB0jĜiajBi ∼OðNcÞ: ð2:22Þ

This so-called spin-flavor expansion was implemented
in the chiral Lagrangian in Ref. [63]. The lowest-order
Lagrangian is

LB ¼ iD0 þ
1

2
TrðuiτaÞAia þ � � � ; ð2:23Þ

where each term is understood to be bilinear in a SUð2NfÞ-
valued baryon field. The vielbein is given by

ui ¼ i½u†∂iu − u∂iu†�; ð2:24Þ

where u2 ¼ U, and the axial current is given by

Aia
B0B ¼ hB0jq̄γiγ5 τ

a

2
jBi ð2:25Þ

¼ hB0jaðvÞ1 GiaþaðvÞ2

Nc
JiIaþaðvÞ3

N2
c
fJ2;GiagjBi: ð2:26Þ

The contributions from the quark mass matrix are [50,63]

L ¼ TrðχþÞH0 þ TrðχþτaÞHa; ð2:27Þ

where

χþ ¼ 2B0ðu†M̃u† þ uM̃uÞ þ iaθ̃
Nc

ðU −U†Þ: ð2:28Þ

The baryon matrix elements are given by

H0
B0B ¼ 1

Λ
hB0jq̄qjBi

¼ hB0jNch
ð0Þ
0 þ 1

Nc
hð0Þ2 J2jBi; ð2:29Þ

Ha
B0B ¼ 1

Λ
hB0jq̄ τ

a

2
qjBi

¼ hðvÞ1 Ia þ 1

N2
c
hðvÞ3 J2Ia: ð2:30Þ

In these two equations,Λ is an arbitrary scale of dimension 1,

which is then absorbed into the coefficients hð0;vÞi of the spin-
flavor expansion. In principle, this scale could be taken to be

the QCD scale parameterΛQCD, since this is a fixed quantity
in the large-Nc limit and the only dimensionful scale in QCD
apart from the quark masses.
Inserting the decomposition in Eq. (2.28) leads to the

CP-conserving mass terms

LM ¼ 2B0TrðU†M̃ þ M̃UÞH0

þ 2B0Trðu†M̃u†τa þ uM̃uτaÞHa: ð2:31Þ

With this normalization, the tree-level neutron-proton mass
splitting δmN ¼ mn −mp due to strong isospin breaking is

δmN ¼ −4B0

m2
d −m2

uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

u þm2
d þ 2mumd cos θ

q

×

�
hðvÞ1 −

3

4N2
c
hðvÞ3

�
: ð2:32Þ

This reduces to

δmN ¼ −8B0c5m̄ε ð2:33Þ

when θ ¼ 0, and identifying

c5 ¼ hðvÞ1 −
3

4N2
c
hðvÞ3 ð2:34Þ

in agreement with Refs. [76,77]. In order to draw clearer
comparisons to Ref. [76], we will adopt the same values for
the average quark mass m̄ and ε from FLAG [78] and the
weighted average for the nucleon mass splitting [79–84]:

m̄ ¼ 3.42ð9Þ MeV; ε ¼ 0.37ð3Þ;
δmN ¼ 2.49ð17Þ MeV: ð2:35Þ

The first term in the expansion of the isoscalar term in
Eq. (2.31) can be identified with

c1 ¼ Nch
ð0Þ
0 þ 3

4Nc
hð0Þ2 : ð2:36Þ

It is well known that c1 is related to the pion-nucleon sigma
term. We will use the estimate c1 ¼ −1.0ð3Þ GeV−1 [85].
The decomposition in Eq. (2.28) also induces the CP

terms

LCP ¼ iaθ̃
Nc

TrðU − U†ÞH0

þ iaθ̃
Nc

TrðUτa −U†τaÞHa; ð2:37Þ

which will give the CP baryon-pion couplings when
expanded to OðϕÞ,
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LCP ¼ −
4aθ̃
F0Nc

ϕ0H0 −
4aθ̃
F0Nc

ϕaHa: ð2:38Þ

The first term gives an OðNc
−1=2Þ vertex, while the second

term gives an OðNc
−3=2Þ vertex. Thus, the isovector

coupling is 1=Nc-suppressed relative to the isoscalar
coupling, as expected, where we are referring to the isospin
of the baryon matrix element only.
This form of the Lagrangian can be matched onto that of

Refs. [76,77]:

LCP ¼ −
ḡðπNNÞ
0

2F0

ϕaN†τaN −
ḡðπNNÞ
1

2F0

ϕ3N†N: ð2:39Þ

When the spin-flavor generator of the isovector term is
evaluated on nucleon states, we find

ḡðπNNÞ
0

2F0

¼ 2a
F0Nc

θ̃

�
hðvÞ1 −

3

4N2
c
hðvÞ3

�
; ð2:40Þ

which is OðNc
−3=2Þ. Inserting Eq. (2.17) and the isospin-

breaking nucleon mass splitting Eq. (2.35) gives

ḡðπNNÞ
0

2F0

¼ 0.7ð1Þθ̃ ¼ 0.017ð3Þθ̄: ð2:41Þ

This result is in agreement with the one based on SUð2Þ
χPT [14–16,76,77].
The first term in Eq. (2.38) gives a CP coupling to the ϕ0

field, which mixes kinetically with π0 when we are away
from the isospin limit. Integrating out the ϕ0 at tree level
gives

ϕ0 ¼
Nc

a
B0m̄εϕ3: ð2:42Þ

Combining this with the spin-flavor matrix element evalu-
ated on nucleon states and making use of Eq. (2.9) leads to

ḡðπNNÞ
1

2F0

¼ F0

2χYM
ð2B0m̄Þ2εð1 − ε2Þc1θ̄: ð2:43Þ

Finally, we have the numerical estimate

ḡðπNNÞ
1

2F0

¼ −0.004ð1Þθ̄; ð2:44Þ

which is compatible with the value in Refs. [76,86,87]
before including the effects of the additional contribution
from χ− and the odd-parity nucleon resonance [88]. We also

have ḡðπNNÞ
1 =ḡðπNNÞ

0 ∼−0.2, which is clearly not OðNcÞ.
This relative size can be attributed to the fact that we
treated the ϕ0 as a heavy particle and integrated it out, while
it should be considered as a light pseudo-Nambu-Goldstone

boson in the large-Nc limit. Moreover, integrating out
the ϕ0 produces an additional factor of ε. Importantly,
this illustrates a potential pitfall in constraining cou-
plings from the spin-flavor expansion without consis-
tently including the ϕ0 explicitly. However, this result
does extend the idea of Ref. [77] to constrain CP
couplings from lattice QCD spectroscopy; specifically,

Eq. (2.43) constrains ḡðπNNÞ
1 in terms of the pion-nucleon

sigma term and χYM.
The large-Nc scalings of ḡðπNNÞ

0 and ḡðπNNÞ
1 , up to an

overall factor of F0, have also been determined by an
analysis of the time-reversal-invariance-violating NN
potential in chiral effective field theory [89]. There, the

authors find ḡðπNNÞ
0 =ḡðπNNÞ

1 ∼Oð1=NcÞ. If we determined
the large-Nc scaling from Eq. (2.39), then we would find
agreement; indeed, this is the case for the chromoelectric
and chromomagnetic dipole moments [90]. However, we

should recall that ḡðπNNÞ
1 in Eq. (2.39) was determined by

integrating out the ϕ0 field at tree level, which introduces a

factor of Ncε=a in the definition of ḡðπNNÞ
1 and upsets the

manifest large-Nc scaling. Again, this highlights a possible
pitfall in constraining couplings from spin-flavor symmetry
without an explicit ϕ0 for the case of the θ̄ term, while the
analysis for higher-dimensional sources of CP does not
appear to depend on this detail.
Reference [89] also includes an analysis of a potential

containing more general meson-nucleon couplings. In this
case, they find that ḡðπNNÞ

0 is 1=Nc-suppressed relative to

the CP coupling of the η to the nucleon—i.e., ḡðηNNÞ
0 . The

structure of the couplings in Eq. (2.38) agrees with this

conclusion. Still, ḡðπNNÞ
1 only arises from integrating out the

ϕ0, as discussed above, at the order we are considering, so

the large-Nc scaling relative to ḡðπNNÞ
0 does not necessarily

agree with the general potential in Ref. [89]. Rather, it is
likely again to be dependent on the specific source of CP
violation.
The spin-flavor symmetry also allows us to relate the CP

πΔΔ couplings to the πNN couplings. We will normalize

the couplings gðπΔΔÞ0 , such that they reproduce the expres-
sions in Ref. [91] when expanded in terms of the physical
fields. At this order, there are no CP πNΔ couplings, as
these require an insertion of Gia or a derivative, which are
not present in Eqs. (2.29) and (2.30). This observation is in
agreement with the relative ordering of the πNΔ couplings
discussed in Ref. [92].
First, the analogue of Eq. (2.43) that couples the

neutral pion to the isoscalar combination of the Δ is
given by1

1We include a factor of 1=2F0 in the matching relations, such
that the gðπΔΔÞ couplings have the same form as the gðπNNÞ
couplings.
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ḡðπΔΔÞ1

2F0

¼ 4B0m̄ε

F0

Nc

�
hð0Þ0 þ 15

4N2
c
hð0Þ2

�
θ̃: ð2:45Þ

Thus, the difference between ḡðπΔΔÞ1 and ḡðπNNÞ
1 is

Oð1=Nc
2Þ and arises from the J2 operator. For the

couplings analogous to ḡðπNNÞ
0 , we have

ḡðπΔΔÞ0

2F0

¼ −
6aθ̃
F0Nc

�
hðvÞ1 þ 15

4N2
c
hðvÞ3

�
; ð2:46Þ

In the SUð4Þ limit, these relations imply

gðπΔΔÞ0

gðπNNÞ
0

¼ −3þOð1=N2
cÞ; ð2:47Þ

gðπΔΔÞ1

gðπNNÞ
1

¼ 1þOð1=N2
cÞ: ð2:48Þ

These relations could provide useful benchmarks for future
lattice calculations similar to the validation of large-Nc
mass relations on the lattice in Ref. [93]. Additionally, they
give a first quantitative estimate of the CP πΔΔ couplings
that should enter the parity-violating and time-reversal-
invariance-violating NN potential, albeit at higher orders
than recently considered [92].

III. ELECTRIC DIPOLE MOMENTS

The nEDM has been calculated in several places in χPT
[14,16,50–52,94]. Here, we provide an independent check
of the leading one-loop contribution to the nucleon EDMs.
Furthermore, we extend the analysis to the Δ as well as the
ΔN transition moment via SUð4Þ spin-flavor symmetry.
However, we will see that the large-Nc analysis could
provide a different perspective on the relative importance of
tree-level and one-loop terms.
The loop contribution to the amplitude for the Bγ → B0

transition is given by

iMðloopÞ
B0B ¼ eqi

4aθ̃
F2
0Nc

ϵ3ab
X
BI

d
dm2

π
ðIπ þ ΔBI

JπBI
Þ

× ½Ha
B0BI

PBI
Aib
BIB

− Aib
B0BI

PBI
Ha

BIB
�: ð3:1Þ

The spin projectors are a linear combination of 1 and J2

(their explicit form can be found in the Appendix), while
Ha ∼ Ia; therefore, these operators commute. The first term
in square brackets will then force the intermediate baryon to
have the same spin as the outgoing baryon B0, while the
second term will force the intermediate baryon to have
the same spin as the incoming baryon B. If the incoming
and outgoing baryons are the same species, then the
intermediate state can only have the same spin as the

external baryons. Specifically, if we consider B ¼ B0 ¼ N,
then there is no intermediate Δ contribution and vice
versa. This can be understood from the fact that the only
operator that can change the baryon spin at this order is the
axial current Aia. In order to have a contribution from an
intermediate Δ to the nucleon EDM, we would need two
insertions of Aia. Therefore, the spin-diagonal matrix
elements will not receive contributions from other baryons
in the spin tower until at least two-loop order or from
higher-order operators in the chiral expansion.
In the case that both the incoming and outgoing baryons

are the same spin, the EDM only receives a contribution
from the term proportional to Iπ in Eq. (3.1). This is also
true in the degeneracy limit ΔBI

→ 0. Then the term in
square brackets reduces to a commutator,

iMðloopÞ
BB ¼ ieqi

4aθ̃
Nc

�
1

4πF0

�
2
�
1

ϵ
þ log

�
μ2

m2
π

��

× ϵ3ab½Ha; Aib�BB: ð3:2Þ

For our purposes, we only need the leading terms in the
expansions of Ha and Aib from Eqs. (2.30) and (2.26),
respectively. The SUð4Þ algebra then reduces the commu-
tator to a single operator,

iMðloopÞ
BB ¼ −2eqi

4aθ̃
Nc

�
1

4πF0

�
2
�
1

ϵ
þ log

�
μ2

m2
π

��

× aðvÞ1 hðvÞ1 Gi3
BB; ð3:3Þ

which starts at Oð1=NcÞ and is valid up to relative
Oð1=Nc

2Þ corrections. The tree-level contribution comes
from an operator in the Lagrangian of the form

L ⊃ Di3
v Ei þDi

sEi; ð3:4Þ

where Di3
v is an isovector electric dipole moment and Di

s is
an isoscalar. The baryon matrix elements of Di3

v have the
same spin-flavor expansion as the isovector axial current in
Eq. (2.26):

Di3
v ¼ dðvÞ1 Gi3 þ 1

Nc
dðvÞ2 JiI3 þ 1

N2
c
dðvÞ3 fJ2; Gi3g: ð3:5Þ

On the other hand, the isoscalar operator has the expansion

Di
s ¼ dð0Þ1 Ji þOð1=N2

cÞ: ð3:6Þ

All of the coefficients are Oð1Þ apart from some number of

dimension MeV−1, and dðvÞ1 is renormalized to cancel the
1=ϵ pole in Eq. (3.3). Therefore, the leading-order (with
respect to the chiral expansion) renormalized expression
through Oð1=NcÞ is
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dB ¼
�
dðvÞ1 þ

�
1

4πF0

�
2 8aθ̃
Nc

aðvÞ1 hðvÞ1 log
μ2

m2
π

�
Gi3

BB

þ dð0Þ1 JiBB þ 1

Nc
dðvÞ2 ðJiI3ÞBB: ð3:7Þ

Here, dðvÞ1 runs such that the term in square brackets is

μ-independent. It is clear in this form that the dðvÞ1 con-

tribution is OðNcÞ, and the dð0Þ1 contribution is OðNc
0Þ,

while the one-loop and dðvÞ2 contributions are both
Oð1=NcÞ; we have dropped the Oð1=Nc

2Þ contributions.
Before proceeding to the individual moments, several

comments regarding the relation of this expression to past
work are in order. First, consider the relative sizes of the
tree-level and one-loop contributions in Eq. (3.7). The first
term in square brackets is naively Oð1Þ, while the second
term is Oð1=Nc

2Þ. This is a reflection of the fact that the
spin-flavor symmetry turns the loop expansion of χPT into
a 1=Nc expansion [62]. This relative scaling of tree-level
and one-loop contributions differs from the conventional
wisdom that “the short- and long-range contributions are in
general of the same size” [14]. A relative suppression of the
loop has also been observed in Ref. [18], although they
only find a 1=Nc suppression. This difference can be traced
back to the singlet mass. In Ref. [18], it enters in the form
1 −m2

π=m2
η, which is Oð1=NcÞ. Here, it enters through the

factor a=Nc, which leads to the extra 1=Nc suppression
when combined with the scaling F0 ∼

ffiffiffiffiffiffi
Nc

p
[although it is

numerically significant, since a=Nc ∼ ð600 MeVÞ2].
Second, Refs. [51,52] use large-Nc arguments to esti-

mate the relative sizes of couplings in the U(3) chiral
Lagrangian. However, neither of these estimates are
based on the spin-flavor symmetry known to emerge in
the large-Nc limit. While we agree concerning the numeri-
cal estimate of the loop contribution, they suggest that the
tree-level contribution is at most OðNc

0Þ. However, we see
here that the tree-level contribution is at most OðNcÞ,
because it is proportional to G.
Now, we consider the EDMs of the nucleons and theΔ’s.

The matrix elements of the spin-flavor generators are taken
between Jz ¼ 1=2 states for the nucleons and Jz ¼ 3=2
states for the Δ’s. For the neutron, we obtain

dn ¼ −
5

12

�
dðvÞ1 þ

�
1

4πF0

�
2 8aθ̃
Nc

aðvÞ1 hðvÞ1 log
μ2

m2
π

�

þ 1

2
dðsÞ1 −

1

12
dðvÞ2 ; ð3:8Þ

where we have evaluated this with Nc ¼ 3. The loop
contribution agrees with Ref. [14] when we use the

leading-order approximations gA ¼ 5
6
aðvÞ1 and the first term

of Eq. (2.40), which we reiterate are valid up to relative
Oð1=Nc

2Þ corrections. To obtain a numerical estimate of

the loop contribution, we take gA ¼ 1.2754ð13Þ [95] and
the nucleon mass splitting from Eq. (2.35),

dðloopÞn ¼ −0.0018ð5Þθ̄e fm; ð3:9Þ
where the error is obtained by varying μ between 500 MeV
and 1 GeV. We have converted to units of θ̄ through the
relation Eq. (2.13), and our estimate is consistent with
Refs. [50–52,94]. Since the loop contribution is relatively
1=Nc

2-suppressed, we estimate the tree-level contribu-
tion by multiplying Eq. (3.9) by 10 and adding a 40%
uncertainty to account for all of the subleading terms in
1=Nc expansion,

dn ≲ −0.018ð7Þθ̄e fm: ð3:10Þ

However, this should only be interpreted as an upper bound.

Using the experimental bound dðexptÞn ≤1.8×10−13e fm [13]
results in the limit

jθ̄j≲ 10−11: ð3:11Þ

If we use the loop contribution instead, then we find jθ̄j ≲
10−10 in agreement with other determinations.
The estimate in Eq. (3.10) is about 1 order of magnitude

larger than the lattice calculations from Refs. [30,32,33], but
it is compatible with the result of Ref. [31]. It is possible that
this discrepancy can partially be attributed to the way chiral
extrapolation is performed. Specifically, we have already
seen that it is possible for the one-loop contribution to the
nEDM to be 1=Nc

2-suppressed relative to the tree-level
contribution. The fit in Ref. [30], for example, does not
support this conclusion, nor does it fully rule out the
possibility that there is some loop suppression within the
quoted errors. On the other hand, the chiral extrapolations
from Ref. [31] both with and without Nπ-excited states
indicate that the loop contribution is about half the size of the
tree-level contribution, excluding the discretization effects.
We can also obtain analogous moments for the proton

and the Δ’s by replacing the matrix elements of the spin-
flavor generators in Eq. (3.3),

dp ¼ 5

12
d̃ðvÞ1 þ 1

2
dðsÞ1 þ 1

12
dðvÞ2 ; ð3:12Þ

dΔþþ ¼ 3

4
d̃ðvÞ1 þ 3

2
dðsÞ1 þ 3

4
dðvÞ2 ; ð3:13Þ

dΔþ ¼ 1

4
d̃ðvÞ1 þ 3

2
dðsÞ1 þ 1

4
dðvÞ2 ; ð3:14Þ

dΔ0 ¼ −
1

4
d̃ðvÞ1 þ 3

2
dðsÞ1 −

1

4
dðvÞ2 ; ð3:15Þ

dΔ− ¼ −
3

4
d̃ðvÞ1 þ 3

2
dðsÞ1 −

3

4
dðvÞ2 ; ð3:16Þ
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where we have introduced the μ-independent combination

d̃ðvÞ1 ¼ dðvÞ1 þ
�

1

4πF0

�
2 8aθ̃
Nc

aðvÞ1 hðvÞ1 log
μ2

m2
π
: ð3:17Þ

Because the electric dipole operator has an expansion
similar to that of the magnetic moment [96], we can obtain
isospin combinations that could be tested with lattice data.
First, we would expect

dp þ dn
dp − dn

¼ 0þOð1=NcÞ; ð3:18Þ

which is corroborated by the existing lattice calculations. A
few additional relations that would provide a nontrivial
cross-check of the 1=Nc expansion are

dΔþþ ¼ 9

10
ðdp − dnÞ þ

3

2
ðdp þ dnÞ; ð3:19Þ

dΔþþ − dΔ− ¼ 9

5
ðdp − dnÞ: ð3:20Þ

The first relation is valid up toOð1=Nc
2Þ corrections, while

the second relation is likely more precise. Moreover, these
relations do not necessarily rely on the chiral expansion;
thus, they could be tested at heavier pion masses.
Finally, we consider an off-diagonal transition matrix

element for Δγ → N. Here, one must make use of the
operator reduction rules of Ref. [56]. There is also a
contribution from the JπB integral,

iM¼−2qiaðvÞ1 hðvÞ1 Gi3
NΔ

4aθ̃
Nc

1

ð4πF0Þ2
�
1

ϵ
þ log

�
μ2

m2
π

�

−
2Δ2

m2
π
−

Δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2−m2

π

p log
�
2ðΔ2−Δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2−m2

π

p
Þ−m2

π

m2
π

��
;

ð3:21Þ
where Δ ¼ MΔ −MN . Interestingly, this matrix element
does not receive contributions from the higher-order
operators in the spin-flavor expansion at this order in χPT.
If we consider explicitly the transitionΔþγ → p, then the

matrix elements of the spin-flavor generator will reduce
this to

dΔþp¼
ffiffiffi
2

p

3
aðvÞ1 hðvÞ1

8aθ̃
Nc

1

ð4πF0Þ2
�
dEDM1 þ log

�
μ2

m2
π

�

−
2Δ2

m2
π
−

Δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2−m2

π

p log

�
2ðΔ2þΔ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2−m2

π

p
Þ−m2

π

m2
π

��
:

ð3:22Þ

In the degeneracy limitΔ → 0, both terms on the second line
vanish such that the result is directly proportional to that of
the neutron,

dΔþpjΔ¼0
¼ −

4
ffiffiffi
2

p

5
dn ≈ −1.13dn: ð3:23Þ

For the physical case Δ ¼ 293 MeV, the loop contribution
yields

dðloopÞΔþp j
Δ¼293 MeV

¼ 0.9ð4Þ dn; ð3:24Þ

where the errormostly comes from thevariation ofμ between
500 and1000MeV.There are additional isospin relations that
could be tested on the lattice:

dΔþp ¼ dΔ0n; ð3:25Þ

dΔþp þ dΔ0n ¼
4

ffiffiffi
2

p

5
ðdp − dnÞ þOð1=N2

cÞ: ð3:26Þ

Again, these relationships should hold even at larger pion
masses when the nucleon and Δ are closer to being
degenerate.

IV. CONCLUSION

In this work, we have used the spin-flavor symmetry of
the baryon sector from the 1=Nc expansion to reassess
the CP pion-nucleon couplings and EDMs. We have also
derived new constraints for the CP pion-Δ couplings and
EDMs, as well as a ΔN transition moment.
The constraints for the pion-nucleon couplings largely

agree with previous work. However, the pion-Δ couplings
are so far unconstrained to the best of our knowledge. This
work fills in that gap by relating these couplings to the
pion-nucleon couplings. To obtain numerical estimates, we
have also employed the Witten-Veneziano fomula with
lattice input for the topological susceptibility. This extends
the idea set forth in Ref. [77] to make use of baryon
spectroscopy on the lattice to constrain CP properties of
χPT; specifically, we can make use of lattice results from
pure Yang-Mills to constrain the isoscalar pion-baryon
couplings. In principle, these constraints could be imple-
mented in future generations of parity- and time-reversal-
invariance-violating NN potentials.
The utility of the spin-flavor expansion is highlighted by

Eq. (3.7), which is a universal result in the sense that it
applies to all CP nucleon and Δ matrix elements. Again,
our results for the loop contributions to the nucleon EDMs
are in good agreement with other analyses. One difference
is the observation that the loop contribution is formally
1=Nc

2-suppressed relative to the tree-level contribution,
although the tree-level results should be considered as an
upper bound rather than a strict prediction. Current lattice
calculations [30,32,33] neither support this enhancement
nor fully rule it out. On the other hand, our results appear to
be consistent with the results of Ref. [31]. Regardless of
this discrepancy, the large-Nc constraints for the relative
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size of the isoscalar and isovector combinations of the
neutron and proton EDMs appear to be in good agreement
with the available lattice data.
We have also provided novel results for Δ EDMs and

Δ-nucleon transition moments. There are also various
combinations of these such as Eqs. (3.19), (3.20), (3.25),
and (3.26) that could be tested on the lattice even at heavy
pion masses, where the Δ is a stable particle. If these matrix
elements can be accessed phenomenologically, then they
would provide a new avenue for constraining θ̄.
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APPENDIX A: LOOP INTEGRALS

The loop integrals needed for the loop contribution to the
EDMs are

Iπðm2Þ ¼ μ4−n
Z

dnk
ð2πÞn

1

k2 −m2 þ iϵ
;

¼ i

�
m
4π

�
2
�
1

ϵ
þ log

�
μ̃2

m2

�
þ 1

�
; ðA1Þ

JπBðm2;ωÞ ¼ μ4−n
Z

dnk
ð2πÞn

1

k2 −m2 þ iϵ
1

v · kþ ωþ iϵ
;

¼

8>>><
>>>:

2i
ð4πÞ2

�
ω

�
1
ϵ þ 2þ log

�
μ̃2

m2

��
− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − ω2

p �
π
2
− tan−1

�
ωffiffiffiffiffiffiffiffiffiffi

m2−ω2
p

���
; m2 > ω2;

2i
ð4πÞ2

	
ω

�
1
ϵ þ 2þ log

�
μ̃2

m2

��
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −m2

p
log

�
ωþ

ffiffiffiffiffiffiffiffiffiffi
ω2−m2

p

ω−
ffiffiffiffiffiffiffiffiffiffi
ω2−m2

p
�


; ω2 > m2:

ðA2Þ

APPENDIX B: SPIN-FLAVOR MATRIX ELEMENTS

The matrix elements of the spin-flavor generators needed in this work are

hB0jJijBi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sþ 1

p hS0; S0z; I0; I0zjS; Sz; 1; iiδI0IδI0
3
I3 ; ðB1Þ

hB0jIajBi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2I þ 1

p hI0; I0zjI; Iz; 1; aiδS0SδS0zSz ; ðB2Þ

hB0jGiajBi ¼ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sþ 1

2S0 þ 1

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2þ NcÞ2 − ðS − S0Þ2ðSþ S0 þ 1Þ2

q
hS0; S0z; I0; I0zjS; Sz; 1; iihI0; I0zjI; Iz; 1; ai; ðB3Þ

where S and I (S0 and I0) are the spin and isospin of baryon B (B0) with projections Sz and Iz (S0z and Iz’), respectively.
The spin projection operators for intermediate baryons are

P1=2 ¼
5

4
−
1

3
J2; ðB4Þ

P3=2 ¼ −
1

4
þ 1

3
J2; ðB5Þ

such that baryon propagators with spin j are written as
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iPj

k0 − Δj
; ðB6Þ

with

Δ1
2
¼

	
0; jin ¼ 1=2

−Δ; jin ¼ 3=2
; ðB7Þ

Δ3
2
¼

	Δ; jin ¼ 1=2

0; jin ¼ 3=2
; ðB8Þ

for an incoming baryon with spin jin. The nucleon-Δ mass
splitting is denoted by Δ ¼ MΔ −MN.
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