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We report an algorithm to calculate electron diffraction patterns for molecules with anisotropic angular 
distribution, which is significantly faster than existing methods.  The algorithm uses a transform to convert 
the molecular orientation distribution, which is a function of three Euler angles, to the atom pair distribution 
functions which depend on the polar and azimuthal angles. The diffraction signal can then be calculated 
from the atom pair distributions. We demonstrate the computation method numerically by calculating 
electron diffraction patterns for a symmetric top molecule (trifluoroiodomethane) and an asymmetric top 
molecule (formaldehyde) and show that that it reduces the calculation time by approximately two orders of 
magnitude compared to the standard brute-force method. The method can also be applied to the calculation 
of X-ray diffraction patterns. 

I. INTRODUCTION 

Gas phase ultrafast electron diffraction (GUED) and ultrafast X-ray diffraction (UXRD)  are powerful 
techniques to determine the structure of gaseous molecules and to capture the nuclear motions during a 
chemical rection [1, 2]. In GUED and UXRD experiments, the pump-probe technique is employed in which 
a pump laser pulse is used to initiate a chemical reaction.  A probe, either an electron pulse with a kinetic 
energy of tens of keV [3-7] or MeV [8-11] or an X-ray pulse with energy around 10 keV [2, 12-14], is used 
to interrogate the evolving structure of the photoexcited molecules. The time delay between the pump and 
probe pules is adjusted to take a series of snapshots from which the evolving structures can be extracted. 
Improvements in the temporal resolution in GUED experiments using both keV and MeV electrons have 
enabled the observation of excited state dynamics on the timescales ≲ 200 femtoseconds [4, 15-20]. The 
analysis of GUED and UXRD signals has been mostly relegated to one-dimension in both reciprocal and 
spatial spaces, retrieving changes in bond lengths. Comparison of the experimental signal with calculations 
is needed to retrieve detailed structural information [21], such as bond angles [5, 22], vibrational motions 
[18], and evolution of product populations [19]. More recently, two-dimensional diffraction signals taken 
by GUED have been used to extract additional information about the molecular dynamics, including 
measurement of atom pair angular distributions [4, 23, 24], determination of bond distances and angles of 
molecules in the ground state [21, 25, 26] and transient molecular structures during photon induced 
reactions [15, 16, 27].  

The diffraction pattern of a spatially anisotropic sample contains more information than the conventional 
isotropic signals for both GUED and UXRD [12, 13, 28-35]. For example, an excitation using a linearly 
polarized laser pulse imprints a characteristic spatial anisotropy on the molecular ensemble [36]. 
Additionally, molecules can be aligned using a laser pulse to create an anisotropic distribution. A two-
dimensional pair distribution function (PDF) has been developed to obtain structural information from 
molecules in an anisotropic angular distribution [4, 16, 21, 24]. The general theoretical treatment to 
calculate diffraction patterns for angular distributions produced by arbitrary laser polarization directions 
has been reported previously [36, 37]. However, direct application of this theoretical treatment to calculate 
electron scattering is challenging because it requires detailed knowledge of the rotational wavepackets 
which are not accessible through diffraction measurements.  
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The standard method to calculate the diffraction patterns from an ensemble of molecules with an anisotropic 
distribution is the brute-force method (BFM). In this method the diffraction pattern is computed by 
calculating the diffraction signal for a single molecule at many different orientations and then averaging 
over all orientations with the appropriate weights to match the desired angular distribution. This approach 
is computationally expensive because of the large number of calculations needed to properly sample the 
three-dimensional distribution.  

In this work, we introduced a new fast diffraction calculator (FDC) for calculating electron scattering from 
an ensemble of aligned molecules that significantly reduces the computation time. While we demonstrate 
the algorithm here for electron diffraction, the same steps can be used for x-ray diffraction calculations. We 
first convert the probability density distribution of molecular orientations, which is a function of the three 
Euler angles, to the atom-pair angular distributions which are a function of only two variables, the polar 
and azimuthal angles. Then the diffraction signal is calculated directly from the atom-pair angular 
distributions. We compare the performance of the BFM and the FDC by simulating diffraction patterns of 
an anisotropic molecular ensemble and demonstrate a reduction in the computation time by two orders of 
magnitude.  

II.  THEORY 

In this section, we first review the electron diffraction theory for gas phase molecules. We then describe 
the FDC for calculating electron scattering which is based on the theory that transforms the probability 
density distribution of molecular orientations to the atom-pair angular distributions. Finally, we describe 
the BFM which is commonly used for calculating electron diffraction patterns from an ensemble of aligned 
molecules.   

A. Electron scattering theory 

 

Figure 1. Diagram of electron scattering geometry. The xyz coordinate frame is used to describe the 
scattering center, and the y1z1 plane represents the flat detector. An atom pair vector 𝒓𝒓jk is described by the 
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angles (𝛼𝛼,𝛽𝛽). The wave vectors of the incident and scattered electrons are 𝒌𝒌0 and 𝒌𝒌, respectively. The 
momentum transfer vector 𝒔𝒔 = 𝒌𝒌 − 𝒌𝒌0 is described by the angles (𝜓𝜓,𝜑𝜑).  

The conventional theory of gas phase electron scattering has been described in detail previously [5, 38-41]. 
Here we give a brief overview of electron scattering theory. The elastic scattering of high energy electrons 
(kinetic energy > 10 keV) from a neutral molecule can be well approximated using the Born approximation 
and the independent atom model (IAM) [38, 42-45]. The Born approximation assumes that the amplitude 
of the incident wave is much greater than the amplitude of the scattered wave. In the IAM, the bonding 
effects are ignored and the potential of each atom in the molecule is assumed to be spherically symmetric 
[38]. Figure 1 shows a diagram of electron scattering geometry. The wave vector of the incident electron is 
along the x axis, denoted as 𝒌𝒌0, and the wave vector of the scattered electron is represented by 𝒌𝒌. The 
momentum transfer of an elastic scattering event is 𝒔𝒔 = 𝒌𝒌 − 𝒌𝒌0  with the amplitude given by 𝑠𝑠 =
2𝑘𝑘sin(𝜓𝜓 2⁄ ). The scattered electron is recorded by the detector at a position described by the angles (𝜓𝜓,𝜑𝜑). 
An atom pair vector 𝒓𝒓jk in a fixed orientation during the scattering event is described by the angles (𝛼𝛼,𝛽𝛽). 
The normalized diffraction intensity of a single molecule consisting of N atoms can be written as 

𝐼𝐼(𝒔𝒔) = ∑ ∑ 𝑓𝑓𝑗𝑗∗(𝑠𝑠)𝑓𝑓𝑘𝑘(𝑠𝑠)𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓jk𝑁𝑁
𝑘𝑘=1

𝑁𝑁
𝑗𝑗=1 ,             (1) 

where 𝑓𝑓𝑗𝑗(𝑠𝑠) is the atomic scattering amplitude of the jth atom, and 𝒓𝒓jk = 𝒓𝒓j − 𝒓𝒓k is a vector pointing from 
the kth atom to the jth atom. Eqn (1) can be further separated as 𝐼𝐼(𝒔𝒔) = 𝐼𝐼at + 𝐼𝐼mol, in which the first term 

is the atomic scattering term 𝐼𝐼at = ∑ �𝑓𝑓𝑗𝑗(𝑠𝑠)�2𝑁𝑁
𝑗𝑗=1 , containing no information about the geometry of the 

molecule. The second term is the molecular scattering term  𝐼𝐼mol = ∑ ∑ 𝑓𝑓𝑗𝑗∗(𝑠𝑠)𝑓𝑓𝑘𝑘(𝑠𝑠)𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓jk𝑁𝑁
𝑘𝑘≠𝑗𝑗

𝑁𝑁
𝑗𝑗=1 , in which 

the structural information is encoded. The molecular scattering term is a sum of different frequency 
components from the various atom pair vectors scaled by the product of two scattering amplitudes[40]. 

In the coordinate system shown in figure 1, the momentum transfer vector can be written as 𝒔𝒔 = 𝑘𝑘(cos𝜓𝜓 −
1, sin𝜓𝜓 sin𝜑𝜑, sin𝜓𝜓 cos𝜑𝜑)  and the atom pair vector as 𝒓𝒓jk = 𝑟𝑟jk(sin𝛼𝛼 cos𝛽𝛽, sin𝛼𝛼 sin𝛽𝛽, cos𝛼𝛼) . The 
diffraction intensity 𝐼𝐼(𝒔𝒔) is a two-dimensional function of (𝜓𝜓,𝜑𝜑). For the case of gas phase electron 
diffraction, electron waves scattered from atoms within the same molecule interfere, while the total 
scattering intensity from the molecular ensemble is an incoherent sum of the scattering from each molecule. 
Suppose the angular distribution function of the atom pairs 𝒓𝒓𝒋𝒋𝒋𝒋 is 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽), then the molecular scattering 
term for the ensemble is given by 

𝐼𝐼mol(𝒔𝒔) = ∬∑ ∑ 𝑓𝑓𝑗𝑗∗(𝑠𝑠)𝑓𝑓𝑘𝑘(𝑠𝑠)𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽)𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽)𝑁𝑁
𝑘𝑘≠𝑗𝑗

𝑁𝑁
𝑗𝑗=1 sin𝛼𝛼d𝛼𝛼d𝛽𝛽,                  (2) 

where 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) = 𝑔𝑔𝑘𝑘𝑘𝑘(𝛼𝛼,𝛽𝛽) and 𝒓𝒓𝑘𝑘𝑘𝑘 = −𝒓𝒓𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽). The atom pair angular distribution and the geometry 
information of the molecule are encoded in the molecular scattering term 𝐼𝐼mol(𝒔𝒔). If the molecular ensemble 
is randomly distributed, the angular distributions of all atom pairs are given by 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) = 1

4𝜋𝜋
, and Eqn (2) 

becomes [46, 47] 

𝐼𝐼mol(𝒔𝒔) = ∑ ∑ 𝑓𝑓𝑗𝑗∗(𝑠𝑠)𝑓𝑓𝑘𝑘(𝑠𝑠) sin(𝑠𝑠𝑟𝑟jk)
𝑠𝑠𝑟𝑟jk

𝑁𝑁
𝑘𝑘≠𝑗𝑗

𝑁𝑁
𝑗𝑗=1 .                      (3) 

In this case, the two-dimensional (2-D) molecular scattering pattern consists of a series of concentric rings 
with an amplitude that decreases rapidly as s increases. The modified scattering intensity 𝑠𝑠𝑠𝑠(𝒔𝒔) is used to 
address this issue [41, 48]  
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𝑠𝑠𝑠𝑠(𝒔𝒔) = 𝑠𝑠𝐼𝐼mol
𝐼𝐼at

.                                   (4) 

For randomly distributed molecules, the internuclear distances 𝑟𝑟jk in the molecule can be extracted by 
applying a sine transform to the 1-D 𝑠𝑠𝑠𝑠(𝑠𝑠) to generate the pair distribution function [41, 48]. For the case 
when the angular distribution depends only on one angle, both the intranuclear distances 𝑟𝑟jk and 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) 
can be retrieved by applying a 2-D Fourier transform followed by an Abel inversion to the 2-D modified 
scattering intensity 𝑠𝑠𝑠𝑠(𝜓𝜓,𝜑𝜑) [4, 16, 24]. A common way to investigate the changes of the molecular 
structure 𝑟𝑟jk  and angular distribution 𝑔𝑔𝑗𝑗𝑗𝑗  induced by a laser excitation is to calculate the diffraction 
difference intensity ∆𝐼𝐼mol(𝜓𝜓,𝜑𝜑) = 𝐼𝐼mol(𝜓𝜓,𝜑𝜑) − 𝐼𝐼mol0 (𝜓𝜓), where 𝐼𝐼mol0  is the scattering signal of molecules 
that are not pumped by the laser pulse [5]. Correspondingly, the ∆𝑠𝑠𝑠𝑠(𝒔𝒔) can be defined as ∆𝑠𝑠𝑠𝑠(𝒔𝒔) =
𝑠𝑠∆𝐼𝐼mol/𝐼𝐼at. 

B. Fast diffraction calculation  

Here we first describe the steps for the FDC and then explain the steps in detail. The inputs of the FDC are 
the geometrical structure of the molecule and the molecular orientation distribution, i.e. the probability 
density distribution of the principal axes of the inertia tensor of the molecule with respect to the axes of the 
space-fixed coordinate system. First, we calculate the principal axes of the inertia tensor of the molecule 
and choose the molecule-fixed coordinates according to the symmetry of the molecule. Second, we define 
the space-fixed coordinates and the Euler angles. Third, we calculate the polar and azimuthal angles for 
each atom pair described in the molecule-fixed coordinates. Fourth, we convert the molecular orientation 
distribution to the atom pair angular distribution of each atom pair, using a transform that has previously 
been used to retrieve the molecular orientation distribution from diffraction patterns of aligned molecules  
[24]. Fifth, the atom pair angular distributions are used to calculate the diffraction patterns using equation 
2. The advantage of this method is that, once the atom pair distributions are known, calculation of the 
diffraction pattern is very fast.  

 

Figure 2. (a) The space-fixed coordinate (xyz) and the molecule-fixed coordinate (XYZ) are related by the 
three rotations defined by the Euler angles (𝜙𝜙,𝜃𝜃,𝜒𝜒). (b) The orientation of an atom pair vector 𝒓𝒓𝒋𝒋𝒋𝒋  is 
depicted by the angles (𝜂𝜂𝑗𝑗𝑗𝑗 ,  𝜉𝜉𝑗𝑗𝑗𝑗) in the XYZ coordinate. (c) The orientation of 𝒓𝒓𝒋𝒋𝒋𝒋 is described by the 
angles (𝛼𝛼,𝛽𝛽) in the xyz coordinate.  

Figure 2 shows the space-fixed coordinate (xyz) and the molecule-fixed coordinate (XYZ), which are 
related by the three rotations defined by the Euler angles (𝜙𝜙,𝜃𝜃,𝜒𝜒) described in [49]. The XYZ coordinate 
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is defined by the principal axes of the moment of inertia and the symmetry of the molecule [50]. The Euler 
angles and the corresponding rotations can be defined in different ways, which can be found in [51, 52]. 
For nonlinear molecules, the atom-pair angular distributions 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽)  in Eqn (2) does not directly 
represent the molecular orientation distribution, denoted as 𝜌𝜌(𝜙𝜙,𝜃𝜃,𝜒𝜒). The orientation of an atom pair 
vector 𝒓𝒓𝑗𝑗𝑗𝑗 in a molecule is described by the polar and azimuthal angles (𝜂𝜂𝑗𝑗𝑗𝑗 ,  𝜉𝜉𝑗𝑗𝑗𝑗) in the XYZ coordinate, 
shown in figure 2(b), while the orientation of 𝒓𝒓𝑗𝑗𝑗𝑗 in the xyz coordinate is described by the angles (𝛼𝛼,𝛽𝛽), as 
shown in figure 2(c). The angles (𝜂𝜂𝑗𝑗𝑗𝑗 ,  𝜉𝜉𝑗𝑗𝑗𝑗) for each atom pair can be obtained from the geometrical 
structure of the molecule. The relation between 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) and 𝜌𝜌(𝜙𝜙, 𝜃𝜃,𝜒𝜒) is given by an integral transform 
[24, 53] 

𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) = ∫ 𝑢𝑢�𝛼𝛼,𝜃𝜃, 𝜂𝜂𝑗𝑗𝑗𝑗��𝜌𝜌�𝜙𝜙1, 𝜃𝜃, 𝜒𝜒1� + 𝜌𝜌�𝜙𝜙2, 𝜃𝜃, 𝜒𝜒2�� sin 𝜃𝜃 𝑑𝑑𝑑𝑑𝜋𝜋
0 ,                             (5) 

where 𝑢𝑢�𝛼𝛼,𝜃𝜃, 𝜂𝜂𝑗𝑗𝑗𝑗�, 𝜙𝜙1, 𝜒𝜒1, 𝜙𝜙2, 𝜒𝜒2 are given by 

𝑢𝑢�𝛼𝛼,𝜃𝜃, 𝜂𝜂𝑗𝑗𝑗𝑗� = �
1

��sin𝜃𝜃sin𝜂𝜂𝑗𝑗𝑗𝑗�
2
−�cos𝜃𝜃cos𝜂𝜂𝑗𝑗𝑗𝑗−cos𝛼𝛼�

2
    for  �sin𝜃𝜃sin𝜂𝜂𝑗𝑗𝑗𝑗�

2 − �cos𝜃𝜃cos𝜂𝜂𝑗𝑗𝑗𝑗 − cos𝛼𝛼�2 > 0

0                                                       otherwise
,      (6a) 

𝜙𝜙1 = 𝛽𝛽 − cos−1 �cos𝜂𝜂𝑗𝑗𝑗𝑗−cos𝜃𝜃 cos𝛼𝛼
sin𝜃𝜃 sin𝛼𝛼

� + 𝑚𝑚1𝜋𝜋,                                                    (6b) 

𝜒𝜒1 = cos−1 �cos𝜂𝜂𝑗𝑗𝑗𝑗 cos𝜃𝜃−cos𝛼𝛼
sin𝜃𝜃 sin𝜂𝜂jk

� − 𝜉𝜉𝑗𝑗𝑗𝑗 + 𝑚𝑚2𝜋𝜋,                                                  (6c) 

𝜙𝜙2 = 𝛽𝛽 + cos−1(cos𝜂𝜂𝑗𝑗𝑗𝑗−cos𝜃𝜃 cos𝛼𝛼
sin𝜃𝜃 sin𝛼𝛼

) + 𝑚𝑚3𝜋𝜋,                                                     (6d) 

𝜒𝜒2 = − cos−1(cos𝜂𝜂𝑗𝑗𝑗𝑗 cos𝜃𝜃−cos𝛼𝛼
sin𝜃𝜃 sin𝜂𝜂𝑗𝑗𝑗𝑗

) − 𝜉𝜉𝑗𝑗𝑗𝑗 + 𝑚𝑚4𝜋𝜋,                                                (6e) 

where 𝑚𝑚𝑖𝑖 = 0, ±2 to ensure that 𝜙𝜙1,𝜒𝜒1,𝜙𝜙2,𝜒𝜒2 are between 0 and 2𝜋𝜋. The integrability and properties of 
Eqns (5) and (6a-6e) are discussed in detail in APPENDIX A. After the 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) of each atom pair is 
obtained using Eqn (5), we use Eqn (2) to calculate the diffraction pattern of the molecule.    

C. Brute-force method 

We assume an ensemble with a large number of molecules, and the distribution of molecular orientation is 
described by a continuous function 𝜌𝜌(𝜙𝜙 ,𝜃𝜃,𝜒𝜒 ) that covers all possible orientations. The BFM computes the 
electron scattering for an anisotropic distribution of gas phase molecules by calculating the diffraction 
patterns of single molecules at different orientations, followed by averaging the diffraction patterns 
weighted by the orientation distribution function 𝜌𝜌(𝜙𝜙 ,𝜃𝜃,𝜒𝜒 ) [21, 24, 54, 55]. The molecular scattering term 
is given by  

𝐼𝐼mol(𝒔𝒔) = ∭∑ ∑ 𝑓𝑓𝑗𝑗∗(𝑠𝑠)𝑓𝑓𝑘𝑘(𝑠𝑠)𝑁𝑁
𝑘𝑘≠𝑗𝑗

𝑁𝑁
𝑗𝑗=1 𝑒𝑒𝑖𝑖𝒔𝒔∙𝐑𝐑(𝜙𝜙,𝜃𝜃,𝜒𝜒)𝒓𝒓jk

𝟎𝟎
𝜌𝜌(𝜙𝜙 ,𝜃𝜃,𝜒𝜒 )  sin𝜃𝜃

8𝜋𝜋2
d𝜙𝜙d𝜃𝜃d𝜒𝜒,             (7) 

where the 𝒓𝒓jk𝟎𝟎  are the initial atom pair vectors before rotation, and 𝐑𝐑(𝜙𝜙,𝜃𝜃,𝜒𝜒) is the rotation matrix [49]. 
Using the ‘y-convention’, the rotation matrix is given by [49]  

 𝐑𝐑(𝜙𝜙,𝜃𝜃,𝜒𝜒) = �
c𝜙𝜙c𝜃𝜃c𝜒𝜒 − s𝜙𝜙s𝜒𝜒 −c𝜙𝜙c𝜃𝜃s𝜒𝜒 − s𝜙𝜙c𝜒𝜒 c𝜙𝜙s𝜃𝜃
s𝜙𝜙c𝜃𝜃c𝜒𝜒 + c𝜙𝜙s𝜒𝜒 −s𝜙𝜙c𝜃𝜃s𝜒𝜒 + c𝜙𝜙c𝜒𝜒 s𝜙𝜙s𝜃𝜃

−s𝜃𝜃c𝜒𝜒 s𝜃𝜃s𝜒𝜒 c𝜃𝜃
�,                        (8) 
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where cosine and sine are denoted by c and s for simplification. The continuous integration, shown as 
equation (7), cannot be calculated analytically but can be approximated by the numerical integration. In the 
numerical calculation, the integrand is replaced by the discrete function, which is a function of discrete 
variables �𝜙𝜙𝑖𝑖  ,𝜃𝜃𝑗𝑗,𝜒𝜒𝑘𝑘  �. The accuracy of the calculation improves with smaller increments of the variables 
∆𝜙𝜙𝑖𝑖  ,∆𝜃𝜃𝑗𝑗,∆𝜒𝜒𝑘𝑘  , yet it is more computationally expensive to conduct the numerical integration. The number 
of single-molecule diffraction patterns is equal to the number of discrete variables �𝜙𝜙𝑖𝑖  ,𝜃𝜃𝑗𝑗,𝜒𝜒𝑘𝑘  �. The BFM 
is time-consuming due to the large number of single-molecule calculations required to produce a diffraction 
pattern for gas phase molecules with an acceptable accuracy. 

III. CASE STUDIES 

 

Figure 3. (a) Molecule-fixed and space-fixed coordinates for CF3I. The origin of the coordinate systems is 
at the center of mass of the molecule. The principal axes of the moment of inertia were calculated to 
determine the molecule-fixed coordinate. Based on the C3v symmetry, the Z axis is chosen to be along the 
CI bond. The X axis can be chosen arbitrarily in the plane perpendicular to Z axis, and the Y axis is normal 
to the plane created by X, Z axes. (b) Molecule-fixed and space-fixed coordinate systems for CH2O. Based 
on the C2v symmetry, the Z axis is chosen to be along CO bond, and the Y axis is chosen to be in the plane 
of the molecule. 

We compare the performance of the BFM and the FDC. We calculated the diffraction patterns for a 
symmetric top (trifluoroiodomethane, CF3I) and an asymmetric top molecule (formaldehyde, CH2O) 
assuming an anisotropic angular distribution produced by impulsive alignment with a linearly polarized 
laser pulse. These two molecules are chosen without loss of generality because in the case of a linearly 
polarized pump laser, the orientation distribution for symmetric tops 𝜌𝜌(𝜃𝜃) is a function of one angle only, 
while it is a function of two angles, 𝜌𝜌(𝜃𝜃,𝜒𝜒), for asymmetric tops. All calculations were run on a 3.40 GHz 
AMD Ryzen 7 1700X Eight-Core CPU, 16 GB RAM and Nvidia GeForce GTX 1050 GPU. The coding 
environment is MATLAB, and parallel processing was not used for the calculation. 

The principal axes of the moment of inertia were calculated to determine the molecule-fixed coordinates 
for both molecules. Figure 3 shows the molecule-fixed XYZ and space-fixed xyz coordinates for CF3I and 
CH2O. For CF3I, the symmetry axis CI is along the Z axis, and one of X, Y axes can be chosen arbitrarily 
in the plane perpendicular to the Z axis due to the C3v symmetry. The polar angle of the CF atom pair is 
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denoted as 𝜂𝜂𝐶𝐶𝐶𝐶. For CH2O, the symmetry axis CO is chosen to be along the Z axis, and the X axis is 
perpendicular to the molecular plane. The direction of laser polarization (E) is along the z axis.  

As an example, we consider the case of the molecular orientation distribution produced by a linearly 
polarized laser pulse, which imposes cylindrical symmetry about the alignment axis. The rotational 
dynamics induced by a ultrafast laser pulses have been widely explored experimentally [56-59] and 
theoretically [60-62].  For symmetric top molecules, the molecular orientation distribution has no 

dependence on 𝜙𝜙 and 𝜒𝜒, thus the orientation distribution can be written as � 1
2𝜋𝜋
�
2

 
𝜌𝜌(𝜃𝜃). For asymmetric top 

moelcules [21, 61, 63], the orientation distribution is a function of the angles (𝜃𝜃,𝜒𝜒), denoted by 1
2𝜋𝜋 

𝜌𝜌(𝜃𝜃,𝜒𝜒). 

A different method to produce an anisotropic ensemble is resonant photoexcitation to a higher electronic 
state. For a parallel dipole transition, the distribution of excited molecules immediately after the pump laser 
is propotional to cos2𝜃𝜃 [36, 37, 40].  

A. Trifluoroiodomethane 

For this case, we select a simple probability density given by 𝜌𝜌(𝜃𝜃) = 3
2

cos2𝜃𝜃 , which matches the 
distribution of photoexcited molecules. The atom pair distribution function is given by 

𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) = ∫ 1
2𝜋𝜋2

𝑢𝑢�𝛼𝛼,𝜃𝜃, 𝜂𝜂𝑗𝑗𝑗𝑗�𝜌𝜌(𝜃𝜃) sin𝜃𝜃 𝑑𝑑𝑑𝑑𝜋𝜋
0 .            (9) 

For the case of symmetric top molecules, there is no 𝜙𝜙1,𝜒𝜒1,𝜙𝜙2,𝜒𝜒2  dependence on 
𝜌𝜌(𝜃𝜃). Therefore 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) has no dependence on 𝛽𝛽, and we can write 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) = 1

2𝜋𝜋
𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼). Eqn (9) also 

shows that 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) depends on 𝜂𝜂𝑗𝑗𝑗𝑗 but has no dependence on 𝜉𝜉𝑗𝑗𝑗𝑗, which indicates that for CF3I, the three 
FI atom pairs have the same angular distribution. This property applies to the atom pairs of CF and FF as 
well. The atom pair angular distribution 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) can be calculated by 

𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) = 1
𝜋𝜋 ∫ 𝑢𝑢�𝛼𝛼,𝜃𝜃, 𝜂𝜂𝑗𝑗𝑗𝑗�𝜌𝜌(𝜃𝜃) sin𝜃𝜃 𝑑𝑑𝑑𝑑𝜋𝜋

0 .                                              (10) 
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Figure 4. The atom pair angular distributions 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) calculated with Eqn (10) and the parameters 𝜂𝜂𝑗𝑗𝑗𝑗 of 
CF3I.  

The parameters 𝑟𝑟𝑗𝑗𝑗𝑗 and 𝜂𝜂𝑗𝑗𝑗𝑗 for the CF3I molecule in the ground state [64] are: rFC =1.329 Å, rCI =2.144 Å, 
rFF =2.156 Å, rFI =2.891 Å, ηFC =69.49 º, ηFF =90.00 º, ηFI =25.50 º, ηCI =0 º.The 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) for ground state 
CF3I are calculated with Eqn (10) and are shown in figure 4. Since the polar angle for CI is ηCI =0º, the 
angular distribution 𝑔𝑔CI(𝛼𝛼) is identical to 𝜌𝜌(𝜃𝜃), and the polar angle 𝛼𝛼 equals the Euler angle 𝜃𝜃. The vector 
𝒓𝒓FI is 25.50 º off the symmetry axis of the molecule (CI), and therefore, the angular distribution 𝑔𝑔CI(𝛼𝛼) is 
significantly narrower than 𝑔𝑔FI(𝛼𝛼).  The angular distribution 𝑔𝑔FC(𝛼𝛼) and 𝑔𝑔𝐹𝐹𝐹𝐹(𝛼𝛼) show the antialignment 
of 𝒓𝒓FC and 𝒓𝒓FF, which are along the direction perpedicular to the laser polarization. Using Eqn (2), the 
molecular scattering term for CF3I can be written as  

      𝐼𝐼mol = ∫ sin𝛼𝛼d𝛼𝛼[3𝑔𝑔𝐹𝐹𝐹𝐹(𝛼𝛼) 〈𝑓𝑓𝐹𝐹∗𝑓𝑓𝐶𝐶𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝐹𝐹𝐹𝐹 + 𝑐𝑐. 𝑐𝑐. 〉𝛽𝛽 + 3𝑔𝑔𝐹𝐹𝐹𝐹(𝛼𝛼)〈𝑓𝑓𝐹𝐹∗𝑓𝑓𝐹𝐹𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝐹𝐹𝐹𝐹 + 𝑐𝑐. 𝑐𝑐. 〉𝛽𝛽
𝜋𝜋
0    

+𝑔𝑔𝐶𝐶𝐶𝐶(𝛼𝛼)〈𝑓𝑓𝐶𝐶∗𝑓𝑓𝐼𝐼𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝐶𝐶𝐶𝐶 + 𝑐𝑐. 𝑐𝑐. 〉𝛽𝛽 + 3𝑔𝑔𝐹𝐹𝐹𝐹(𝛼𝛼)〈𝑓𝑓𝐹𝐹∗𝑓𝑓𝐼𝐼𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝐹𝐹𝐹𝐹 + 𝑐𝑐. 𝑐𝑐. 〉𝛽𝛽],                           (11) 

where 〈𝑓𝑓𝑗𝑗∗𝑓𝑓𝑘𝑘𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝑗𝑗𝑗𝑗 + 𝑐𝑐. 𝑐𝑐. 〉𝛽𝛽 = ∫ 1
2𝜋𝜋

(𝑓𝑓𝑗𝑗∗𝑓𝑓𝑘𝑘𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝑗𝑗𝑗𝑗 + 𝑐𝑐. 𝑐𝑐. )𝑑𝑑𝑑𝑑2𝜋𝜋
0 , and  𝑐𝑐. 𝑐𝑐. is the complex conjugate. The 

exponents in Eqn (11) are given by 

𝒔𝒔 ∙ 𝒓𝒓jk = 𝑘𝑘𝑟𝑟jk[(cos𝜓𝜓 − 1) sin𝛼𝛼 cos𝛽𝛽 + sin𝜓𝜓 sin𝜑𝜑 sin𝛼𝛼 sin𝛽𝛽 + sin𝜓𝜓 cos𝜑𝜑 cos𝛼𝛼].     (12) 

For a given value of (𝛼𝛼,𝛽𝛽), the expression in the square bracket on the right side of Eqn (12) is a function 
of (𝜓𝜓,𝜑𝜑).Thus, the right side of Eqn (12) is the same for all the atom pairs and needs to be calculated only 
once. We first sample the (𝛼𝛼,𝛽𝛽) and calculate 𝑓𝑓𝑗𝑗∗(𝑠𝑠)𝑓𝑓𝑘𝑘(𝑠𝑠)𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽)for all the atom pairs for each value of 
(𝛼𝛼,𝛽𝛽), followed by the averaging over 𝛽𝛽, and then over 𝛼𝛼 weighted by 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) sin𝛼𝛼. The kinetic energy of 
the electron used in this calculation is 90 keV, and the scattering amplitude is tabulated in ref. [65]. Using 
the diffraction pattern 𝐼𝐼mol(𝒔𝒔) calculated with Eqn (11), we calculated the modified diffraction pattern 
𝑠𝑠𝑠𝑠(𝒔𝒔), shown in figure 5(a). The 𝑠𝑠𝑠𝑠(𝒔𝒔) for CF3I calculated using the BFM is shown in Figure 5(b).  

The 𝑠𝑠𝑠𝑠(𝒔𝒔) calculated by the FDC are consistent with the results obtained by the BFM. The difference 
pattern shown in figure 5(c) indicates that the maximum difference is ~1.5% due to the limited sampling of 
the discrete variables of (𝛼𝛼,𝛽𝛽) and (𝜙𝜙 ,𝜃𝜃,𝜒𝜒 ). In APPENDIX B, the details of the numerical integration and 
discrete variables are given; and the accuracy of FDC and BFM was tested with respect to the exact 
scattering intensity for a randomly oriented sample using Eqn (3). As shown in APPENDIX B, the accuracy 
is similar for both methods. However, the computation time for a CF3I diffraction pattern using the FDC is 
30 seconds, while it is 110 minutes with the BFM due to the large number of calculations of single-molecule 
diffraction patterns.  
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Figure 5. (a) 𝑠𝑠𝑠𝑠(𝒔𝒔) calculated with FDC for CF3I. (b) 𝑠𝑠𝑠𝑠(𝒔𝒔) calculated using the BFM for CF3I. (c) The 
difference of 𝑠𝑠𝑠𝑠(𝒔𝒔) in (a) and (b). The orientation distribution is 𝜌𝜌(𝜃𝜃) = 3

2
cos2𝜃𝜃.  

B. Formaldehyde 

Here we compare the BFM and the FDC for the case of the asymmetric top molecule CH2O. The molecule-
fixed and space-fixed coordinates for the CH2O are shown in figure 3(b). When the polarization direction 
of the pump laser is along the z axis, the probability density for CH2O can be written as 𝜌𝜌(𝜙𝜙 ,𝜃𝜃,𝜒𝜒 ) =
1
2𝜋𝜋 

𝜌𝜌(𝜃𝜃,𝜒𝜒). For this example, we use the probability density 𝜌𝜌(𝜃𝜃,𝜒𝜒) = 1
0.8𝜋𝜋cos2𝜃𝜃�cos2𝜒𝜒2 + 0.1�. Accordting 

to Eqn (5), (6a-6e), the atom pair angular distribution is given by 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) = 1
2𝜋𝜋 ∫ 𝑢𝑢�𝛼𝛼,𝜃𝜃, 𝜂𝜂𝑗𝑗𝑗𝑗��𝜌𝜌�𝜃𝜃, 𝜒𝜒1� +𝜋𝜋

0

𝜌𝜌�𝜃𝜃, 𝜒𝜒2�� sin 𝜃𝜃 𝑑𝑑𝑑𝑑. Since 𝜒𝜒1, 𝜒𝜒2 are not dependent on 𝛽𝛽, the atom pair distribution 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) is a function of 

𝛼𝛼, which can be written as 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) = 1
2𝜋𝜋
𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼). Therefore, we have the transform given by 

                     𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) = ∫ 𝑢𝑢�𝛼𝛼,𝜃𝜃, 𝜂𝜂𝑗𝑗𝑗𝑗��𝜌𝜌�𝜃𝜃,𝜒𝜒1� + 𝜌𝜌�𝜃𝜃, 𝜒𝜒2�� sin 𝜃𝜃 𝑑𝑑𝑑𝑑𝜋𝜋
0 .                                  (13) 
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Figure 6. The atom pair angular distributions 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) calculated with Eqn (10) and the parameters (𝜉𝜉𝑗𝑗𝑗𝑗 ,𝜂𝜂𝑗𝑗𝑗𝑗) 
for CH2O in grounds state.  

The parameters 𝑟𝑟𝑗𝑗𝑗𝑗, 𝜉𝜉𝑗𝑗𝑗𝑗 and 𝜂𝜂𝑗𝑗𝑗𝑗 for CH2O are [66]: rCO =1.205Å, rHC =1.111Å, rHH =1.886Å, rHO =2.025Å, 
ηCO =0º, ηHC =58.07º, ηHH =90º, ηHO =27.74º, ξHC

1=90º, ξHC
2=270º, ξHH =90º, ξHO

1=90º, ξHO
2=270º. The 

superscript index 1,2 are used to denote the azimuthal angles of identical atom pairs, such as HC and HO. 
The 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) are calculated with Eqn (10),  and are shown in figure 6. Since the polar angle for CO is ηCO = 

0º, the angular distribution 𝑔𝑔CO(𝛼𝛼) is identical to ∫ 𝜌𝜌(𝜃𝜃, 𝜒𝜒)2𝜋𝜋
0 𝑑𝑑𝑑𝑑. The transforms of 𝑔𝑔HC2(𝛼𝛼) and 𝑔𝑔HO2(𝛼𝛼) 

using Eqn (13) give the same result as the transformation of 𝑔𝑔HC1(𝛼𝛼) and 𝑔𝑔HO1(𝛼𝛼), respectively. As 
expected, the angular distribution 𝑔𝑔CO(𝛼𝛼) and 𝑔𝑔HO1(𝛼𝛼) have the maximum values along the z axis, while 
the maximums of 𝑔𝑔HC1(𝛼𝛼) and 𝑔𝑔HH(𝛼𝛼) are at the direction perpedicular to the laser polarization. The 
molecular scattering term for CH2O can be written as  

        𝐼𝐼mol = ∫ sin𝛼𝛼d𝛼𝛼𝜋𝜋
0 {𝑔𝑔𝐶𝐶𝐶𝐶(𝛼𝛼) 〈𝑓𝑓𝐶𝐶∗𝑓𝑓𝑂𝑂𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝐶𝐶𝐶𝐶 + 𝑐𝑐. 𝑐𝑐. 〉𝛽𝛽 + [𝑔𝑔HO1(𝛼𝛼) + 𝑔𝑔HO2(𝛼𝛼)]〈𝑓𝑓𝐻𝐻∗𝑓𝑓𝑂𝑂𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝐻𝐻𝐻𝐻 + 𝑐𝑐. 𝑐𝑐. 〉𝛽𝛽  

+[𝑔𝑔HC1(𝛼𝛼) + 𝑔𝑔HC2(𝛼𝛼)]〈𝑓𝑓𝐻𝐻∗𝑓𝑓𝐶𝐶𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝐻𝐻𝐻𝐻 + 𝑐𝑐. 𝑐𝑐. 〉𝛽𝛽 + 𝑔𝑔𝐻𝐻𝐻𝐻(𝛼𝛼) 〈𝑓𝑓𝐻𝐻∗𝑓𝑓𝐻𝐻𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝐻𝐻𝐻𝐻 + 𝑐𝑐. 𝑐𝑐. 〉𝛽𝛽}          (14)                   

where 〈𝑓𝑓𝑗𝑗∗𝑓𝑓𝑘𝑘𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝑗𝑗𝑗𝑗 + 𝑐𝑐. 𝑐𝑐. 〉𝛽𝛽 = ∫ 1
2𝜋𝜋

(𝑓𝑓𝑗𝑗∗𝑓𝑓𝑘𝑘𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝑗𝑗𝑗𝑗 + 𝑐𝑐. 𝑐𝑐. )𝑑𝑑𝑑𝑑2𝜋𝜋
0 , and 𝑐𝑐. 𝑐𝑐. is the  complex conjugate of the 

former term in the same parentheses. The modified diffraction pattern 𝑠𝑠𝑠𝑠(𝒔𝒔) for CH2O using the FDC and 
the BFM are shown in figure 7(a) and 7(b), respectively. The 𝑠𝑠𝑠𝑠(𝒔𝒔) calculated by the two methods are 
consistent, and the maximum difference between the two results is ~1.5% due to the limited sampling of 
(𝛼𝛼,𝛽𝛽) and (𝜙𝜙 ,𝜃𝜃,𝜒𝜒 ). The calculation time for each pattern with the FDC is 36 seconds, while it is 72 
minutes with the BFM.  Using the sampling of the angles described in APPEDNIX B, we can obtain similar 
accuracy in the numerical calculations of CH2O with the two methods. However, the calculation time using 
the FDC is two orders shorter than that with the brute force approach.  

 

Figure 7. (a) 𝑠𝑠𝑠𝑠(𝒔𝒔) calculated with FDC for CH2O. (b) 𝑠𝑠𝑠𝑠(𝒔𝒔) calculated using the BFM for CH2O. (c) The 
difference of 𝑠𝑠𝑠𝑠(𝒔𝒔) in (a) and (b). The orientation distribution is 𝜌𝜌(𝜃𝜃,𝜒𝜒) = 1

0.8𝜋𝜋cos2𝜃𝜃�cos2𝜒𝜒2 + 0.1�.  

IV. ACCURACY AND CALCULATION TIME 
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Figure 8. Accuracy and computation time with FDC and BFM. The results for the FDC are shown with red 
circles, while the results for the BFM are shown by the blue squares. Note that there are two vertical axes, 
the left one corresponding to the results of the FDC while the right one corresponds to the results of the 
BFM. 

We tested the accuracy of FDC and BFM by comparing the calculated diffraction patterns for a distribution 
of randomly oriented CH2O molecules to the diffraction pattern calculated analytically using Eqn (3). In 
this case, the orientation distribution is given by 𝜌𝜌(𝜙𝜙 ,𝜃𝜃, 𝜒𝜒 ) = 1

8𝜋𝜋2
 for the BFM, and the atom pair angular 

distributions are 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼) = 1
2
 for all the atom pairs using the FDC. The diffraction patterns calculated with 

the BFM, FDC and Eqn (3) are denoted as 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵 , 𝑠𝑠𝑠𝑠𝐹𝐹𝐹𝐹𝐹𝐹  and 𝑠𝑠𝑠𝑠𝐸𝐸respectively. The 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵 , 𝑠𝑠𝑠𝑠𝐹𝐹𝐹𝐹𝐹𝐹 , 
𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵 − 𝑠𝑠𝑠𝑠𝐸𝐸  and 𝑠𝑠𝑠𝑠𝐹𝐹𝐹𝐹𝐹𝐹 − 𝑠𝑠𝑠𝑠𝐸𝐸  calculated with the sampling parameters given in APPENDIX B are 
shown in APPENDIX figure B1. We characterize the accuracy using the mean squared error (MSE), 
formulated as  

𝑀𝑀𝑀𝑀𝑀𝑀 =
∑ ∑ [𝑠𝑠𝑠𝑠𝑚𝑚(𝑠𝑠𝑥𝑥,𝑠𝑠𝑦𝑦)−𝑠𝑠𝑠𝑠𝐸𝐸(𝑠𝑠𝑥𝑥,𝑠𝑠𝑦𝑦)]2𝑠𝑠𝑦𝑦𝑠𝑠𝑥𝑥

𝑛𝑛
           (15) 

where m indicates BFM or FDC, and n is the number of data points in the diffraction pattern. The 
computation time is dependent on the number of discrete variables, such as the Euler angles for BFM, and 
(𝛼𝛼,𝛽𝛽) for FDC. We calculated the diffraction patterns with different numbers of discrete variables, which 
corresponds to different computation times, and the corresponding MSE is calculated using Eqn (15). The 
computation time as a function of accuracy for FDC and BFM are shown in figure 8. The result of FDC is 
shown by red circles, whereas that of BFM is shown with the blue squares. The computation time increases 
steeply for both methods but to obtain comparable accuracy, the FDC computation time is approximately 
two order magnitudes lower than for the BFM. 
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Figure 9. Computation time as a function of the number of atoms (N) that constitute the molecule. The 
calcualtion time for the FDC and BFM methods are estimated with the sampling of the angles described in 
APPEDNIX B. Note that there are two vertical axes, the left one corresponding to the results of the BFM 
while the right one corresponds to the results of the FDC.  

Here, we estimate the computation time for the two methods as a function of the number of atoms in the 
molecule. The number of atom pairs in a molecule composed of N atoms is N(N-1)/2. For the FDC, the 
contribution to the diffraction intensity from each atom pair is given by ∬[𝑓𝑓𝑗𝑗∗𝑓𝑓𝑘𝑘𝑒𝑒𝑖𝑖𝒔𝒔∙𝒓𝒓𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) +
𝑐𝑐. 𝑐𝑐]𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) sin𝛼𝛼d𝛼𝛼d𝛽𝛽. In the numerical calculation for one atom pair, the time consumption contains 
two parts. The first part (denoted as T1) is the time to obtain 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) with Eqns (5) and (6a-6e). The 
second time (denoted as T2) is the time for computing the numerical integration of one atom pair in Eqn (2). 
The computation time of the diffraction intensity for N(N-1)/2 atom pairs is N(N-1)(T1+T2)/2. The T1, T2 

are evaluated to be 1.06s and 5.41s from the numerical calculations of CH2O with the numerical method 
described in APPEDNIX B.  The T1, T2 depend on the number of discrete angles chosen for numerical 
integration. Therefore, they are the same for any molecules once the number of discrete angles is fixed. In 
the BFM, the contribution of one atom pair to the total diffraction intensity is given by 

∭[𝑓𝑓𝑗𝑗∗𝑓𝑓𝑘𝑘 𝑒𝑒
𝑖𝑖𝒔𝒔∙𝐑𝐑(𝜙𝜙,𝜃𝜃,𝜒𝜒)𝒓𝒓jk

𝟎𝟎
+ 𝑐𝑐. 𝑐𝑐. ]𝜌𝜌(𝜙𝜙 ,𝜃𝜃,𝜒𝜒 )  sin𝜃𝜃

8𝜋𝜋2
d𝜙𝜙d𝜃𝜃d𝜒𝜒. The calculation time (denoted as T3) for one atom 

pair at one discrete triplet of Euler angles (𝜙𝜙,𝜃𝜃,𝜒𝜒)  is estimated to be 0.0047s. Therefore, the total 
computation time for the molecule is Ns(N)(N-1)T3/2, where Ns is the number of Euler angles (𝜙𝜙,𝜃𝜃,𝜒𝜒) 
samplings, which is 164480 in APPENDIX B. Note that for large N the calculation time for both methods 
increases with N2.  Figure 9 shows a comparison of the computation time with the two methods as a function 
of the number of atoms that constituent the molecule. For example, for N=20, computation time with BFM 
is 15×104 s, while it is 1250 s with FDC. The calculation time with the FDC is more than two orders shorter 
than that of the BFM.  

V. CONCLUSIONS 

We report a method to calculate electron scattering patterns of spatially anisotropic gas phase molecular 
ensembles. The method is based on an equation that transforms the molecular orientation distribution 
𝜌𝜌(𝜙𝜙, 𝜃𝜃,𝜒𝜒) to the atom pair angular distributions 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) . We numerically calculated the diffraction 
patterns for two non-linear molecules, a symmetric top CF3I and an asymmetric top CH2O, using our new 
FDC and the standard BFM, with a presumed orientation distribution 𝜌𝜌(𝜙𝜙,𝜃𝜃,𝜒𝜒). The results calculated with 
our method are consistent with those obtained with the BFM. However, the computation time with our 
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method is more than two orders shorter than that using the BFM. Our method can also be used to calculate 
scattering patterns for a gas phase molecular ensemble with an orientation distribution as a function of three 
Euler angles (𝜙𝜙,𝜃𝜃,𝜒𝜒). The methodology introduced in this work can also be used for calculating X-ray 
scattering patterns of spatially anisotropic molecules. In addition, diffraction patterns with complex 
structure changes, such as vibration and photodissociation, can also be calculated with the FDC, provided 
that the molecular structure and the orientation distribution are known. 
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APPENDIX A. INTEGRABILITY AND PROPERTIES OF EQUATION (5) 

Here we discuss the integrability of the integral function in Eqn (5) near the singularities. The singularities 
of 𝑢𝑢�𝛼𝛼,𝜃𝜃, 𝜂𝜂jk� are given by  

[cos𝛼𝛼 − cos�𝜃𝜃 + 𝜂𝜂𝑗𝑗𝑗𝑗�]�cos�𝜃𝜃 − 𝜂𝜂𝑗𝑗𝑗𝑗� − cos𝛼𝛼� = 0.                                (A1) 

Suppose 𝜂𝜂𝑗𝑗𝑗𝑗 + 𝜃𝜃 ≤ 𝜋𝜋, let’s consider the integral around the singularity 𝜃𝜃0 = 𝛼𝛼 − 𝜂𝜂𝑗𝑗𝑗𝑗 with the integration 
range from 𝜃𝜃0~𝜃𝜃0 + 𝜀𝜀 , where 𝜀𝜀 → 0+ . By keeping the 1st order of the Taylor expansion, cos𝛼𝛼 −
cos�𝜃𝜃 + 𝜂𝜂𝑗𝑗𝑗𝑗� = sin𝛼𝛼(𝜃𝜃 − 𝜃𝜃0) as 𝜀𝜀 → 0+. The right side of Eqn (5) becomes  

     ∫
�𝜌𝜌�𝜙𝜙1,𝜃𝜃,𝜒𝜒1�+𝜌𝜌�𝜙𝜙2,𝜃𝜃,𝜒𝜒2�� sin 𝜃𝜃 

��cos�𝜃𝜃−𝜂𝜂𝑗𝑗𝑗𝑗�−cos𝛼𝛼� sin𝛼𝛼(𝜃𝜃−𝜃𝜃0)

𝜃𝜃0+𝜀𝜀
𝜃𝜃0

𝑑𝑑𝑑𝑑   

≅ 2[𝜌𝜌(𝜙𝜙1,𝜃𝜃0,𝜒𝜒1) + 𝜌𝜌(𝜙𝜙2,𝜃𝜃0,𝜒𝜒2)] sin𝜃𝜃0 �
𝜀𝜀

�cos�𝜃𝜃0−𝜂𝜂𝑗𝑗𝑗𝑗�−cos𝛼𝛼� sin𝛼𝛼
 .                                            (A2) 

The integral around the singularities is similar to ∫ 1/√𝑥𝑥
𝜀𝜀
0  𝑑𝑑𝑑𝑑, which is integrable. Therefore, the Eqn (5) 

is integrable around all the singularities.  

Now we discuss the properties of Eqn (5) and (6a-6e).  One property is that the inequality in Eqn (6a) in 
the main text can be written as [cos𝛼𝛼 − cos�𝜃𝜃 + 𝜂𝜂𝑗𝑗𝑗𝑗�][cos�𝜃𝜃 − 𝜂𝜂𝑗𝑗𝑗𝑗� − cos𝛼𝛼] > 0 , requiring that 
�𝜂𝜂𝑗𝑗𝑗𝑗 − 𝜃𝜃� < 𝛼𝛼 < 𝜂𝜂𝑗𝑗𝑗𝑗 + 𝜃𝜃  for 𝜂𝜂𝑗𝑗𝑗𝑗 + 𝜃𝜃 ≤ 𝜋𝜋 , and �𝜂𝜂𝑗𝑗𝑗𝑗 − 𝜃𝜃� < 𝛼𝛼 < 2𝜋𝜋 − �𝜂𝜂𝑗𝑗𝑗𝑗 + 𝜃𝜃�  for 𝜂𝜂𝑗𝑗𝑗𝑗 + 𝜃𝜃 > 𝜋𝜋 . 
Another  property is that the condition 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) = 𝑔𝑔𝑘𝑘𝑘𝑘(𝛼𝛼,𝛽𝛽)  is required to calculate the diffraction 
patterns in Eqn (2), yet this condition can be explained in a different way according to the properties of Eqn 
(5) and (6a-6e). The inversion of atom pair vector 𝒓𝒓𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) is 𝒓𝒓𝑘𝑘𝑘𝑘, which is described by (𝜋𝜋 − 𝛼𝛼,𝛽𝛽 + 𝜋𝜋) 
in the space-fixed coordinate, and the corresponding angles in the molecule-fixed coordinate are 
�𝜋𝜋 − 𝜂𝜂𝑗𝑗𝑗𝑗 , 𝜉𝜉𝑗𝑗𝑗𝑗 + 𝜋𝜋�. By making the changes (𝛼𝛼,𝛽𝛽) → (𝜋𝜋 − 𝛼𝛼,𝛽𝛽 + 𝜋𝜋) and  �𝜂𝜂𝑗𝑗𝑗𝑗 , 𝜉𝜉𝑗𝑗𝑗𝑗� → �𝜋𝜋 − 𝜂𝜂𝑗𝑗𝑗𝑗 , 𝜉𝜉𝑗𝑗𝑗𝑗 + 𝜋𝜋� 
in Eqn (6a-6e), it can be shown that 𝜙𝜙1 → 𝜙𝜙2,𝜒𝜒1 →  𝜒𝜒2,𝜙𝜙2 → 𝜙𝜙1,𝜒𝜒2 →  𝜒𝜒1 and 𝑢𝑢�𝜋𝜋 − 𝛼𝛼,𝜃𝜃,𝜋𝜋 − 𝜂𝜂𝑗𝑗𝑗𝑗� =
𝑢𝑢�𝛼𝛼,𝜃𝜃, 𝜂𝜂𝑗𝑗𝑗𝑗�. Therefore, we have the relation 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) = 𝑔𝑔𝑘𝑘𝑘𝑘(𝜋𝜋 − 𝛼𝛼,𝛽𝛽 + 𝜋𝜋), and the angular distributions 
for 𝒓𝒓𝑗𝑗𝑗𝑗 and 𝒓𝒓𝑘𝑘𝑘𝑘 are symmetric about the origin of the space-fixed coordinate. This symmetry is equivalent 
to the condition 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽) = 𝑔𝑔𝑘𝑘𝑘𝑘(𝛼𝛼,𝛽𝛽) to obtain the same result with Eqn (2). Thus, it is only necessary to 
calculate half of the 𝑔𝑔𝑗𝑗𝑗𝑗(𝛼𝛼,𝛽𝛽), such as 𝑔𝑔𝑗𝑗𝑗𝑗,𝑗𝑗<𝑘𝑘.  

APPENDIX B. NUMERICAL METHOD  
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Figure B1. (a) 𝑠𝑠𝑠𝑠(𝒔𝒔) calculated with BFM for CH2O, denoted as 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵. (b) Pattern of 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵 − 𝑠𝑠𝑠𝑠𝐸𝐸, 
where 𝑠𝑠𝑠𝑠𝐸𝐸  is the diffraction pattern calculated with Eqn (3). (c) 𝑠𝑠𝑠𝑠(𝒔𝒔) calculated using the FDC for CH2O, 
denoted as 𝑠𝑠𝑠𝑠𝐹𝐹𝐹𝐹𝐹𝐹. (d) Pattern of 𝑠𝑠𝑠𝑠𝐹𝐹𝐹𝐹𝐹𝐹 − 𝑠𝑠𝑠𝑠𝐸𝐸 .  

In the diffraction pattern calculation with the BFM, we sampled the 𝜃𝜃 angle with a vector of 40 evenly 
spaced points from 0 to π, and the 𝜒𝜒 angle with a vector of 80 evenly spaced points from 0 to 2π. To save 
the calculation time, the 𝜙𝜙 angle is sampled from 0 to 2π with a varying increment, which is equal to 
2𝜋𝜋/⌈80 × sin𝜃𝜃⌉, where the notation ⌈𝑥𝑥⌉ means the smallest integer larger than x. With this sampling 
method for the Euler angles, the total number of the diffraction patterns for a single molecule calculated is 
164,480.  In the FDC calculation, Eqns (5) and (6a-6e) are used to transform the orientation distribution to 
the atom pair angular distributions, and both 𝜃𝜃 and 𝛼𝛼 are sampled with 3,500 evenly spaced points from 0 
to π. The increments for 𝜃𝜃 and 𝛼𝛼 need to be small enough for the transform. Otherwise, artifacts appear due 
to the singularities in Eqn (5). In Eqns (11) and (14), the polar angle 𝛼𝛼 is sample with a vector of 60 evenly 
spaced points from 0 to π, and azimuthal angle 𝛽𝛽 is sampled from 0 to 2π with a varying increment, which 
is equal to 2𝜋𝜋/⌈80 × sin𝛼𝛼⌉.  

The accuracy of the two methods is tested by comparing the patterns of randomly orientated CH2O 
calculated with the two methods with respect to that obtained using Eqn (3). The diffraction patterns 
calculated with the BFM and FDC are denoted as 𝑠𝑠𝑠𝑠𝐵𝐵𝐵𝐵𝐵𝐵 and 𝑠𝑠𝑠𝑠𝐹𝐹𝐹𝐹𝐹𝐹 respectively, shown in figure B1, and 
the result calculated with Eqn (3) is denoted by 𝑠𝑠𝑠𝑠𝐸𝐸  (not shown in the figure). The difference patterns 
𝑠𝑠𝑠𝑠𝑏𝑏 − 𝑠𝑠𝑠𝑠𝑒𝑒 and 𝑠𝑠𝑠𝑠𝑡𝑡 − 𝑠𝑠𝑠𝑠𝑒𝑒, shown in figure B1, indicate that their maximum differences are ~ 5% for 
𝑠𝑠 ≥ 14Å−1, and are ≤ 2% for 𝑠𝑠 ≤ 12Å−1. The accuracy is sufficient for most applications and comparable 
for both methods. A higher accuracy for larger s values would require finer sampling. The MATLAB code 
of BFM and FDC for CF3I and CH2O can be found in Supplemental Materials.  
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