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We report the first nucleon gluon parton distribution function (PDF) using Large-Momentum Effective Theory
(LaMET). We focus on the gluon operator which was demonstrated to have the best signal-to-noise in the previous
attempt [1] in computing gluon PDFs using LaMET. We compute the corresponding Wilson coefficients needed
for the hybrid-renormalized matrix elements and the matching kernel to convert the quasi-PDF to the lightcone
one at the one-loop level. We demonstrate that with the proper Wilson coefficients in place, the counterterms
for the renormalization are independent of the hadron and mass within statistical error. Using the resulting

renormalization, we then compute the nucleon PDF using a HISQ ensemble generated by the MILC collaboration
with N, =2+ 1+ 1, a~ 0.12 fm, with valence pion masses of 310 and 690 MeV and two gauge link smearing
techniques. Despite the physics effects of the heavier than physical pion masses and gauge link smearing, this
calculation provides excellent proof of principle and compares reasonably with selected global fit results.

1. Introduction

Parton distribution functions (PDFs) play a fundamental role in high-
energy particle physics, encoding the momentum distributions of quarks
and gluons within protons and neutrons. These functions are essential
inputs for making precise predictions at hadron colliders such as the
Large Hadron Collider (LHC), directly impacting the interpretation of
a wide range of Standard Model (SM) and beyond-the-SM (BSM) pro-
cesses. Among the PDFs, the gluon distribution is particularly crucial
due to the dominant role gluons play in the proton’s momentum at high
energies and in processes like Higgs-boson production and jet formation.
While quark PDFs are relatively well constrained by deep inelastic scat-
tering and Drell-Yan data, the gluon PDF remains less precisely deter-
mined, especially in the intermediate and large momentum fraction (x)
regions. This uncertainty limits the precision of theoretical predictions
for key observables at the LHC. Improving the accuracy of the gluon
PDF, therefore, has the potential to significantly enhance the sensitivity
of searches for BSM physics and refine our understanding of the dynam-
ics of quantum-chromodynamics (QCD) in hadronic collisions [2].

Lattice QCD (LQCD) provides a first-principles approach to study-
ing the nonperturbative regime of the strong interaction by discretizing
spacetime on a finite lattice. Although LQCD was traditionally limited
to the calculation of a few hadron structure observables such as mo-
ments of PDFs, recent breakthroughs have enabled LQCD calculations
to access the Bjorken-x—dependence of PDFs. Methods such as Large-
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Momentum Effective Theory (LaMET) [3] and pseudo-PDFs [4] are the
most popular approaches to extracting lightcone correlations from lat-
tice observables. Over the past decade or so, substantial progress has
been made not only in PDFs but also in other kinds of three-dimensional
structures, such as generalized parton distributions (GPDs); we refer in-
terested readers to the reviews in Refs. [5-7]. However, the majority of
lattice x-dependent results focus on the isovector quark distributions,
and there are few works on the gluon PDFs.

The extraction of gluon PDFs in lattice QCD remains more chal-
lenging, due to their inherently noisier signals and the need to handle
more complicated operator mixing. Nevertheless, encouraging progress
has been reported in recent years, mostly using the pseudo-PDF frame-
work, obtaining the nucleon [8-12], pion [13], and kaon [14] gluon
PDFs. However, the pseudo-PDF method often requires the use of
phenomenology-inspired x-dependent PDF models to fit the ratios of lat-
tice matrix elements; though, there are recent efforts to reduce model
dependence in this methodology [15,16]. LaMET, on the other hand,
uses a Fourier transform of the lattice matrix elements to first obtain
quasi-PDFs, which can be matched to the lightcone PDFs via a matching
procedure accurate to powers of the inverse parton momentum. Model
dependence comes into play in LaMET in the extrapolation of large-
distance matrix elements to obtain a reliable Fourier transform. It would
be of great community interest to obtain the gluon PDF through LaMET
as well, so that we can achieve better control of the lattice systematics
by comparing results from the two methodologies.
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Recently, MSULat group aimed to advance the LQCD calculations of
gluon PDFs using LaMET [1]. We used high-statistics measurements at
two pion masses (approximately 310 and 690 MeV) on a lattice ensem-
ble with a spacing of about 0.12 fm. The work explored the application
of Coulomb gauge fixing to enhance signal quality at large Wilson-line
separations, demonstrating its potential to improve the reliability of the
calculations of gluon matrix elements. By analyzing multiple gluon op-
erators and comparing the resulting matrix elements for both nucleon
and pion states, the study identified the most effective operator for ex-
tracting gluon PDFs. However, without the perturbative QCD (pQCD)
calculations needed for hybrid-ratio renormalization of this operator,
we could only perform an analysis with an estimation of the renormal-
ization.

In this work, we took the lattice gluon matrix elements from our
previous work [1] and calculated the hybrid-renormalization-scheme
matching coefficients to obtain the first lightcone gluon PDF of the nu-
cleon using the LaMET approach. We report the next-to-leading-order
(NLO) Wilson coefficients for the hybrid renormalization scheme for the
gluon operator in Section 2. We determine the counterterms in the hy-
brid renormalization and apply them to renormalize the LaMET matrix
elements in Section 3. We compare the renormalized matrix elements
with those estimated from phenomenology, and present the first nu-
cleon gluon PDF from LaMET, also compared with phenomenological
fits. We conclude and consider the future prospects for gluon PDFs in
Section 4.

2. Formulation for LaMET and hybrid renormalization

The leading-twist gluon PDFs g(x) of a hadron is defined as [17],

_ 1 C e icpre- e
8t = 55y /700 L (PIFJ"(D)
X Wep(€7.0) F ()| P), (€]

where |P) denotes unpolarized hadron with momentum P along the
z-direction. Here, x is the longitudinal momentum fraction carried by
the gluon, and u denotes the renormalization scale in the MS scheme.
The light-front coordinates are given by & = (&' + £2)/ \/5 and gauge
invariance is ensured by the Wilson line,

4
WanE™.0) = Pexp| — ig / = AFoOe] s @
0

where the indices {a, b} denote the color components in the adjoint rep-
resentation of SU(3), and ¢ are the generators of the gauge group.

According to LaMET, the gluon PDF can be extracted by calculating
a spatially correlated matrix element:

RB(z, P,) = (P|F' (2)W(z, 0)F/(0)
— FU(2)W(z,0)F;;(0)| P), ©

where i and j run over the transverse indices {x, y}, only. Hereafter, we
adopt the convention of omitting color indices for notational simplicity.

Although the local case does not strictly admit a multiplicative renor-
malization, we do not incorporate information from the local region, as
the result is normalized and therefore insensitive to local contributions.
The bare non-local quasi-light-front (LF) correlation can be multiplica-
tively renormalized as [18]

RB(z, P,) = Z e "2 pR(z p)). )

where hR(z, P,) is the renormalized quasi-LF correlation that contains
both z-independent logarithmic UV divergences, captured by Z;, and
z-dependent linear divergences from Wilson-line self-energy, denoted
by ém. To remove these divergences, we adopt the hybrid renormaliza-
tion scheme [19], treating short and long distances separately: at short
distances, we apply the ratio scheme [20] using rest-frame matrix ele-
ments. While at long distances, we use mass renormalization by fitting
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the zero-momentum matrix hB(z, 0) to capture linear divergence effects.
The resulting renormalized quasi-LF correlation is expressed as:

hB(0,0) hB(z, P,)
—— z <z
hB(0, P,) hB(z,0)
IRz, P,) = 5 5)
B
h"(0,0) A (Z’Pz)e(5m+m0)(z—zs) 2>z,
1B(0, P,) hB(z,,0)

where z; separates short and long distances, the terms 6m and m, cor-
respond to the mass renormalization and the renormalon ambiguity, re-
spectively, and are introduced to cancel the linear divergence arising
from the self-energy of the Wilson line. In the limit z; » o, the ex-
pression reduces to the standard ratio-scheme renormalization, which
neglects the Wilson line self-energy contribution. Using the double ra-
tio in the short distance is a good method for handling discretization
errors associated with the non-commutativity of the z — 0 and lattice
spacing a — 0 limits [19], though this scheme will cause the resulting
gluon PDF to be normalized by its first moment (x),. We can see in a
previous study of the continuum limit of the gluon PDF that discretiza-
tion errors in the short distance using the ratio scheme are well under
control within current statistical errors [9]. It has been suggested that
more control over discretization effects can be achieved using the self-
renormalization method [21], though this requires the use of data from
multiple lattice spacings.

In particular, the availability of multiple lattice spacings allows for a
separate determination of 6m and m, via fitting procedures [19,21,22].
However, in the case of a single lattice spacing, it is more practical to fit
only their sum, 6m + m,, by matching the P, = 0 bare matrix elements
to the perturbatively calculated “Wilson coefficients". The Wilson coef-
ficient can be derived from Ref. [23], gives

a,Cy (5 22 pleE 3
=1+ A2 2 2.
H(z, u) + o <6 n( I + : (6)

Then we determine the combined parameter ém +m, in the short-
distance region by fitting to the relation:

H(z, ﬂ)]

hB(z,0)]’

where I, denotes a z-independent constant.
The renormalized quasi-LF correlation function can be transformed

into the so-called quasi-PDF via a Fourier transform. The gluon quasi-

PDF is related to the light-front PDF through a factorization formula as

following:

1
5 dy (x u
P)=/] =2c(% £ )+ hit., 8
xg(x. P,) /_1 Dl <y yPZ>yg(y W+ (8)

where g(y, u) is the light-front gluon PDF at the renormalization scale
u, C(x/y, u/(yP,)) represents the perturbative matching coefficient, and
h.t. denotes higher-twist corrections suppressed by powers of 1/P,. No-
tice that we neglect the contribution of mixing with quarks in this work,
as it has been shown to have an effect smaller than ~ 10% in the pseudo-
PDF studies [9], which is well within statistical precision and smaller
than the lattice systematic effects that we explore in this paper. The
perturbative matching coefficient in coordinate space up to the NLO
in the ratio scheme can be found in Refs. [23,24]. Then we obtain the
corresponding momentum-space kernel directly via a Fourier transform,
following the procedure outlined in Ref. [25]. The matching coefficients
in the ratio and hybrid schemes are given as follows:

)
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Fig. 1. Fit results for the 6m + m,, at u = 2 GeV for varying central point z for each hadron for the two smearings, Wilson-3 (left) and HYP5 (right). The error bands
give statistical fluctuations only. The points represent the choice of ém + m,, that is used in the subsequent hybrid renormalization.

where & = ’—y‘ and p, denotes the momentum carried by the parton, which
is given by yP,.

3. Numerical results and discussions

We use the high-statistics data from Ref. [1] on one ensemble
with lattice spacing a ~ 0.12 fm at valence pion masses M, ~ 310 and
690 MeV generated by the MILC collaboration [27] using 2+1+1 fla-
vors of highly improved staggered quarks (HISQ) [28] with the lattice
volume of 243 x 64. We use Wilson clover fermions in the valence sec-
tor and tune the valence quark mass to reproduce the light and strange
mass in the HISQ sea. We computed 1,296,640 two-point correlators
across 1013 configurations for both the nucleon and pion at the light
and heavy pion masses with fixed Gaussian momentum smearing [29].
The nucleons and pions are referred to as the light (V,) and strange
(N,) nucleons, the pion (x), and n-strange (#,) for the light and heavy
pion masses, respectively. We will focus mostly on the nucleons but we
include the pion data to understand how the external states affect the
calculation of 6m + m,. We measured two sets of gluon loops with 5 steps
of hypercubic [30] (HYP5) smearing and with Wilson flow [31] with a
flow time of T = 34> (Wilson3) on the gauge links in order to achieve
reasonable signal. A more detailed study of smearing on the matrix el-
ement level is provided by Ref. [32] for similar kaon gluon data. A key
comparison here is that the ratio of renormalized Wilson3 smearing is
similar to about 10 steps of HYP smearing.

With the zero momentum matrix elements, 42(z,0), and the Wil-
son coefficient defined in Eq. (6), we may fit 6m + m, using the form
in Eq. (7). The a =~ 0.12 fm lattice spacing is too coarse to capture where
In [H(z, w)/hB(z, 0)] behaves linearly in the small-z region, so we interpo-
late the hB(z, 0). We fit the interpolated data in the set {z — 0.2, z, z + 0.2}
in units of fm, varying z. We find that the results are highly consistent
for any order of interpolation between 3 and 8. We show these results
for the 6m + m(, versus z for each hadron and each smearing, in Fig. 1
with statistical errors only. We do not consider scale variation here. The
general behavior of 6m + m,, is very reasonable here for all cases. The
fits are unstable in the small-z region due to discretization effects, then
there is a nice plateau of stability, before we see the hint of divergence
due to perturbation theory breaking down as z becomes larger. As seen
by comparing the left and right plots, the amount of smearing can have
a significant effect on the value of 6m + m. Focusing on the higher pre-
cision Wilson3 data on the left plot, we see that 6m + m, has very little
dependence on the external state, with hadrons at the same pion mass
being statistically indistinguishable and the same hadrons at different
pion masses having agreement well within about 2¢. These results are
in contrast to those from the other two operators explored in Fig. 11 of
Ref. [1]. For those operators, the fitted 6m + m values depend highly
on the external states and do not appear to level off as nicely. This adds
even further to the list of reasons why the operator in this work is prefer-
able to the other two. We choose min_(6m + mj) as the value to use for
hybrid renormalization moving forward for each hadron and smearing,

as these happen to be where the curves are the flattest. We note that, for
Wilson-3, these values are between 0.35 and 0.4 GeV, which is slightly
smaller than the value 0.5 GeV, which we estimated in our previous
paper without knowing the Wilson coefficients.

We plot the hybrid renormalized matrix elements using the fitted
6m + mq values from the zero momentum matrix elements for the light
and strange nucleons for the Wilson-3 and HYP5 smearing along with
the nucleon matrix elements reconstructed from the CT18 NNLO gluon
PDF [26] in Fig. 2 to provide a qualitative example of matrix elements
from a physically reasonable PDF. These matrix elements are computed
by using the CT18 gluon PDF on the righthand side of Eq. (8) to ob-
tain the quasi-PDF, then Fourier transforming back to position space.
We use a value of z; = 3a ~ 0.36 fm. Looking at the lattice data first, as
one would expect from increased gauged link smearing, we see that the
Wilson-3 matrix elements seem to fall off more slowly than the HYP5
matrix elements. This suggests that the Wilson-3 smearing is affecting
the physics, especially when we compare with the phenomenological
matrix elements. We see that the low momentum matrix elements seem
to fall off much faster and disagree more significantly with the phe-
nomenological matrix elements, with the largest momentum matrix ele-
ments beginning to converge more quickly in the strange nucleon case.
We are not overly concerned with the lowest momenta data because we
intend to apply LaMET matching only to large-momentum data, but this
may be interesting to explore further to better understand the systemat-
ics. It seems that the HYPS5 strange nucleon is in the best agreement with
the phenomenological results, while the “most physical” data should be
from the light nucleon for HYP5. This could be some canceling of var-
ious systematic effects, which will all require further exploration. One
further curiosity is that there is still a bump near v, = z P, in the phe-
nomenological matrix elements for the lowest momentum that was seen
in our previous results for the other two gluon operators in Fig. 14 of
Ref. [1]; however, it is much smaller and not very present in the larger
momentum results at all. This is due to the differences in the matching
for the different operators and has nothing to do with the lattice value
of 6m + my.

Thanks to the extremely high statistics, we have reasonable signal at
large enough distances and high enough momentum to apply a large-v
extrapolation to do a Fourier transformation. We follow previous work
and use an ansatz of the form [19]
e~mv

vI? a2

Wz, P)~ A

to fit the large-v data, where A, m and d are fitted parameters. We use
this form to fit our nucleon data at P, = 1.71 GeV data for each smearing
and pion mass. This fit form has strong theoretical motivation described
in the supplemental material of Ref. [35], which allows us to replace the
noisy long-distance data with the well constrained, physically motivated
extrapolation. This has been compared to standard lattice methods of us-
ing theoretically motivated fit forms to extract information from limited
data, justifying the truncation of noisy data. One such example is extract-
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Fig. 2. Lattice (points) hybrid renormalized nucleon matrix elements with z; = 0.36 fm for the Wilson-3 (left column) and HYP5 (right column) smearing for M, ~ 690
(top row) and 310 (bottom row) GeV compared to the matrix elements reconstructed from the CT18 gluon PDF [26], shown by the colored bands which have the

same color scheme as the lattice data for differing momenta.
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Fig. 3. Large-v extrapolation of the hybrid renormalized P, = 1.71 GeV matrix
elements with M ~ 690 MeV and Wilson3 smearing, using the data from z €
[7a, 16a], the extent of which is shown by the two dashed, vertical lines.

ing matrix elements from lattice correlator data, which is described in
our earlier paper [1]. The fit window for the extrapolation that we used
in our previous work [1] was overly conservative, as we can fit data
as low as z = 6a = 0.72 fm, and still achieve consistent results, which is
explored further in Appendix A. The results imply that there is system-
atic uncertainty associated with the fit range. We do not explore this
systematic in detail in this first proof of principle calculation. We use
fit windows that start at 6a for the HYP5 data, and 7a for the Wilson3
data. We find again that it is still difficult to separate the algebraic and
exponential decay at this level of precision, which causes a very large
amount of fluctuation in the fit parameters, but this fluctuation of the
individual parameters cancels and allows us to obtain a reasonable fit
and extrapolation.

3.5 B
3.0 __ gPDF 1
250 — LF-PDF ]
Nacp
§ 2.0r P, x (1-x) ]
<
s 1-9¢ B
X
1.0¢ B
0.5¢ ]
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0.0 0.2 0.4 0.6 0.8 1.0

X

Fig. 4. Quasi-PDF (green) from the Fourier transform of the hybrid renormal-
ized P, = 1.71 GeV matrix elements with M, ~ 310 MeV and HYP5 smearing
and the light-front (LF-)PDF (purple) after matching the quasi-PDF (qPDF) to
the light cone. The gray bands represent the region where LaMET matching
begins to break down.

We plot the results of this fit for the Wilson3 strange nucleon in
Fig. 3, as an example of our most precise data. We see qualitatively that
the fit agrees well with the data and decays nicely to zero while the
largest distance data diverge due to the increasing UV fluctuations and
finite volume effects introduced at such large distances. Inside the fit
range, the parameterization has error similar to the data, before shrink-
ing exponentially compared to the exponentially growing error in the
data. This is consistent for the other datasets, which are shown in Ap-
pendix B. With these two features, we can reliably perform a Fourier
transformation on the data.
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Fig. 5. (Left) the MSULat nucleon gluon PDFs at P, = 1.71 for the different pion masses and smearings all compared. (Right) The MSULat PDF from large momentum
effective theory at P, = 1.71 GeV at M, ~ 690 (blue) and 310 (red) MeV with HYP5 smearing compared to the CT18 [26] (orange), JAM24 [33] (cyan), and CJ22 with
multiplicative higher twist corrections [34] (green) gluon PDFs. In both plots, the gray bands represent the region where LaMET matching begins to break down.

We can connect an interpolation of the short distance lattice matrix
elements and the large-v extrapolation at longer distances to compute
the Fourier transformation of the matrix elements, which defines the
quasi-PDF. We apply the light-front matching defined in Egs. (8) and
(10) to obtain the light-front PDF. As an example of the other end of
the spectrum of our statistical precision, Fig. 4 shows the results for
the quasi- and light-front-PDFs for the light nucleon with HYP5 smear-
Pi‘flcfx) 2 1, where LaMET matching breaks
down, grayed out. We use AZQCD =300 MeV as a conservative estimate.
Focusing first on the quasi-PDF in green, we see that there is some neg-
ativity in the quasi-PDF which was also seen in our previous estimation
in Ref. [1]. We also see pinch points in the errors on the quasi-PDF,
which is likely due to the fairly large range in the decay rates found in
our large-v extrapolation. This is most significant for the HYP5 light nu-
cleon, which we show here. A nice feature is that the quasi-PDF is very
well convergent to 0 as x — 1. Comparing the light-front- and quasi-
PDFs, we can see that the matching has a significant effect on the PDFs.
This seems to be larger than what is often seen in the quark PDFs, but
this can be partially accounted for due to the difference in the factors
Cp =4/3 and C, =3 in front of the NLO term in the matching for the
quark and gluon PDFs, respectively. The negative portion of the quasi-
PDF is mostly removed by the matching, with the light-front PDF having
a slightly negative central value from x > 0.75, which is mostly within 1o
of zero. Another striking effect of the matching is that the errors seem to
be significantly reduced. It could be that the oscillation in the errors of
the quasi-PDF undergoes some level of destructive interference through
the matching or that the matching is simply very robust to the statistical
fluctuations in the data. It will be interesting to explore this further as
the data becomes more precise.

To get a picture of the systematics from smearing and pion masses,
we show all of our nucleon gluon PDFs from the P, = 1.71 GeV lattice
data at the two pion masses and two smearings with only statistical
fluctuations on the left side of Fig. 5. The Wilson3 smearing data pro-
duces PDFs that are more negative at x > 0.6, but within about 1 or 2¢
of zero. At x ~ 0.5, where LaMET theory is most reliable, the M, ~ 690
MeV PDFs are around 3¢ from each other, which demonstrates that there
are significant effects on the physics caused by the very large Wilson3
smearing. In particular, this effect in the large-x may be coming from the
effects of smearing on the short-distance physics or perhaps imperfect
renormalization, which has not been proven analytically for smeared
lattice studies. Overall, we believe that the HYP5 PDFs are more reli-
able than the Wilson3 PDFs. The PDFs at the two different pion masses
for each smearing are within one sigma of each other, with those at the
smaller pion mass having larger statistical fluctuations, as one would
expect. There is still more work to be done in understanding how the
systematic effects emerge in the final PDFs, but this is not the focus of

ing, with the regions with

this first study. It would be interesting to explore renormalizability in
the continuum theory with Wilson flow.

We compare our HYP5 PDFs at each pion mass to the CT18 [26],
JAM24 [33], and the CJ22 multiplicative higher twist effect [34] gluon
PDFs, which are fairly different global fits from each other, in Fig. 5. We
see that the HYPS5 lattice PDFs actually agree very well with the CT18
across the entire region, with the strange nucleon agreeing particularly
well, which is expected from the agreement seen in position space in
Fig. 2. We see that on the lower and upper side of the region that we
trust, we see 1o agreement with the CJ22 PDFs, while it seems that the
agreement is lesser around x ~ 0.5 due to the pinch point in the lattice
error bars here. We see some overlap with the JAM24 PDF at several dif-
ferent points in the trustworthy region, with particular agreement with
the lighter pion mass, partially due to the larger errors. Overall, our PDF
falls within the range of global fits, preferring a slightly larger gluon PDF
around x =~ 0.5 than most global fits. This provides a loose validation that
the methodology can provide qualitatively reasonable gluon PDF; how-
ever, there are many systematic effects to be understood. At this level, it
is not abundantly clear whether there is some cancellation of systematic
effects causing the agreement. It will be interesting to see what occurs as
noise reduction techniques reduce the error on the lighter pion mass re-
sults and other lattice systematics are taken into consideration, such as
physical continuum extrapolations. Finer lattice spacings will be needed
to go to higher momenta, as well as to increase the reliable region of our
PDFs.

4. Conclusion and outlook

We have presented the first nucleon gluon PDF calculated through
LaMET with hybrid-ratio renormalization with at two heavier than phys-
ical pion masses, 690 and 310 MeV, using two gauge link smearing tech-
niques, Wilson flow with a flow time of 34> and 5 steps of hypercubic
smearing. Based on the prior work toward a LaMET gluon PDF [1], we
focused on a single gluon operator O® defined in Eq. 6 of Ref. [1],
which has been used in unpolarized gluon studies using pseudo-PDF
method [8-11,13,14,36]. We computed the one-loop Wilson coefficient
needed for hybrid renormalization for this operator and the correspond-
ing one-loop matching kernel. Using these Wilson coefficients, we found
ém + my, to be consistent between the pion and nucleon, whether at the
light or strange mass, in contrast with previous results for the 0" and
0® operators in Ref. [1]. We computed the nucleon gluon PDFs for
each pion mass and smearing technique with hadron boost momentum
P, = 1.71 GeV. We found that the Wilson3 smearing significantly affects
the physics, producing PDFs that are negative around x > 0.6, while the
noisier HYP5 PDFs do not fall significantly below zero. We compared the
HYP5 nucleon gluon PDFs at both pion masses with from the CT18 [26],
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JAM24 [33], and CJ22 [34] global fits as a small sample. However, we
find good agreement with the CT18 PDF across the full region, and less
agreement with CT22 and JAM24 around x ~ 0.5, which shows that our
PDF falls comfortably within the range of those found in global fits. The
final error bars on the lattice PDFs do not estimate systematics from
the extrapolations to complete the Fourier transform, the demonstra-
tion of which was the central challenge in these first proof of princi-
ple results. Bayesian and machine learning techniques [37-39] could be
transferred to expand on the simple extrapolation model to give a more
rigorous error quantification. This study demonstrates a strong proof-of-
principle for using large momentum effective theory to calculate gluon
PDFs, which was long thought to be out of reach. We believe that this
work provides strong motivation to use time and resources to replace
the large pion mass and smearing with noise-reduction techniques with
fewer physics effects to obtain more reliable gluon PDFs from LaMET.
We plan to improve the current calculation by using self-renormalization
scheme [21] with zero-momentum boosted matrix elements with mul-
tiple lattice spacings. This will allow us to better understand discretiza-
tion and smearing effects and improve the systematics on the gluon PDFs
by taking the continuum-physical limit. As the errors become smaller,
there will also be a need to understand the effects of scale variation in
the gluon PDFs from LaMET.

Declaration of competing interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

Acknowledgments

We thank the MILC Collaboration for sharing the lattices used to
perform this study. The LQCD calculations were performed using the
Chroma software suite [40]. This research used resources of the National
Energy Research Scientific Computing Center, a DOE Office of Science
User Facility supported by the Office of Science of the U.S. Department
of Energy under Contract No. DE-AC02-05CH11231 through ERCAP;
facilities of the USQCD Collaboration, which are funded by the Office
of Science of the U.S. Department of Energy, and supported in part by
Michigan State University through computational resources provided by
the Institute for Cyber-Enabled Research (iCER). The work of WG is par-
tially supported by U.S. Department of Energy, Office of Science, under
grant DE-SC0024053 “High Energy Physics Computing Traineeship for
Lattice Gauge Theory” and by the US National Science Foundation under
grant PHY 2209424. FY is supported by the U.S. Department of Energy,
Office of Science, Office of Nuclear Physics through Contract No. DE-
SC0012704, and within the framework of Scientific Discovery through
Advanced Computing (SciDAC) award Fundamental Nuclear Physics at
the Exascale and Beyond. HL is partially supported by the US National
Science Foundation under grant PHY 2209424.

Appendix A. Extrapolation fit range effects

In this section, we compare two different large-v the M, ~ 690 MeV
Wilson3 data, the cleanest data, to demonstrate the stability of the re-
sults.

In Fig. 6, we show the extrapolations from the data within the ranges
z € [6a, 10a] (green) and [9a, 16a] (red). We observe that the two extrap-
olations are both comfortably within 1¢ of each other and the data from
v & 6 — 20; however, the errors are quite different. The extrapolation to
the larger distance data gives much larger error, while the shorter dis-
tance data can be used to much more strongly constrain the extrapo-
lation. In the main text, we use an extrapolation from z € [7a, 164], to
make use of the error reduction provided by the shorter distance data,
while also fitting better to the large v.
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Fig. 6. Two large-v extrapolations of the hybrid renormalized P, = 1.71 GeV
matrix elements at M, ~ 690 MeV, with Wilson3 smearing. The two extrapola-
tions are fit using the data z € [6a, 10a] (green) and [9a, 16a] (red). The range of
each is shown by the dashed, vertical lines in each plot.
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Fig. 7. The quasi-PDFs produced from the z € [6a,10a] (green) and [9a, 16a]
(red) large-v extrapolations of the M, ~ 690 MeV data with Wilson3 smearing.
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Fig. 8. The light-front PDFs produced from the z € [6a,10a] (green) and
[9a, 164a] (red) large-v extrapolations of the M, ~ 690 MeV data with Wilson3
smearing.

Moving forward, we compute the Fourier transform to obtain the
quasi-PDFs for each extrapolation, which we show in Fig. 7. We see that
the central values are in very good agreement. Through the majority of
the range, the smaller z € [64, 10a] errors encompass the mean of the z €
[9a, 16a] quasi-PDF. Again, the larger-distance extrapolation has much
larger error bars. Despite the stronger constraint on the extrapolation
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Fig. 9. Large-v extrapolation of the hybrid renormalized P, = 1.71 GeV matrix elements at M, ~ 690 (top) and 310 (bottom) MeV with Wilson3 (left) and HYP5
(right) smearing. The extrapolations are fit using the data between the two dashed, vertical lines in each plot.

from the z € [64, 10a] data, there is oscillation and pinch points in the
errors in both quasi-PDFs.

Finally, in Fig. 8, we show the light-front PDFs produced from the
two extrapolations. Similar to the quasi-PDFs, the central values are con-
sistently within 16,¢6, 10, Of €ach other; however, the errors are quite
different. These results demonstrate that the central value of the PDFs re-
main fairly stable despite the difference large-v extrapolations, while er-
ror quantification may need to be explored more thoroughly. There are
new techniques that could be used to supplement the simple e /v¢ ex-
trapolation, including Bayesian and machine learning techniques, some
of which have been developed for the pseudo-PDF methodology, but
could be transferred to LaMET [37-39]. This should be explored further
in future work.

Appendix B. Large-v extrapolations

For completeness, we show the additional large-v extrapolations in
Fig. 9 in this section. The fit ranges used for the results in the main
text are [7a,16a] and [7a, 12a] ([6a,10a] and [6a, 11a]) for the strange
and light Wilson3 (HYP5) nucleon data respectively. In the previous
appendix section, we showed that fit ranges starting as high as z = 6a are
valid choices. We see that the Wilson3 data is much better constrained at
long distances than the HYP5. This results in the HYP5 extrapolations
fall off more slowly those for the Wilson3, but we do not expect this
long distance behavior to change drastically change the physics in the
trustworthy x ~ 0.2 — 0.8 range.
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