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This work implements the combined baryon chiral perturbation theory (BChPT) and 1=Nc expansions
for pion-nucleon elastic scattering. The effective theory is based on the baryon sector dynamical spin-flavor
SUð4Þ symmetry emergent in the large Nc limit, whose breaking is controlled by the 1=Nc expansion.
The noncommutativity of the chiral and 1=Nc expansions in unitarity corrections (loops) requires a linking
of both expansions. As it was shown in the case of baryon masses and currents, the natural linking is the ξ
expansion, in which OðpÞ ¼ Oð1=NcÞ ¼ OðξÞ. The spin-flavor symmetry requires that the ground state
baryons span an SUð4Þ symmetric irreducible representation which implies that in particular N and Δ are
active degrees of freedom in the effective theory. The scattering amplitude is expanded to the next-to-next-
to leading order in the ξ expansion, corresponding to the one-loop contributions with the leading-order
Lagrangian. The results are given for generic Nc in order to demonstrate the consistency of the framework.
The spin-flavor symmetry plays a central role in maintaining the consistency of the effective theory with
respect to the 1=Nc expansion. This consistency manifests itself in an improvement in the convergence of
the low energy expansion with respect to the case of the ordinary BChPTwithout an explicit dynamical Δ,
which is known to be inconsistent with the constraints of Nc scaling. Fits to the πN → πN, S, P, and D
partial wave amplitudes from the SAID data base are finally used to test the framework and to determine the
energy range of its applicability.
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I. INTRODUCTION

The formulation of baryon effective theories has spanned
different frameworks, starting with the manifestly relativ-
istic baryon chiral perturbation theory (BChPT) [1,2],
followed by the same relativistic framework endowed with
the infrared regularization scheme [3–5]. Those formula-
tions were implemented with only the spin-1=2 baryons,
and later extended to include the spin-3=2 baryons [6]. At
the same time, a formulation was developed based on the
expansion in 1=m, m being the baryon mass [7–9], known
as the heavy BChPT (HBChPT). Within this framework,
and including the spin 3=2 baryons, it was observed that the
convergence of the low energy expansion, as shown by the
one-loop corrections, is greatly improved due to partial
cancellations between the contributions of spin-1=2 and
spin-3=2 baryons in loops [8,9]. The poor convergence of

the low energy expansion with only spin-1=2 baryons is
primarily due to the large πN coupling gπNN ≃ 13.47.
Those observed improvements are the result of a funda-
mental aspect of QCD, namely the fact that, at sufficiently
large Nc, QCD admits an expansion in powers of 1=Nc

[10]. In the large Nc limit, gπNN ¼ OðN3=2
c Þ, while observ-

ables such as the πN scattering amplitudes must remain of
zeroth order in Nc. This leads to dynamical constraints that
must be satisfied at large Nc [11,12]. Those constraints can
be associated with an emergent (contracted) spin-flavor
symmetry SUð2NfÞ in the baryon sector, Nf being the
number of light flavors, which in particular requires
the inclusion of higher spin baryons, namely the Δ in
the physical case Nc ¼ 3. In such a framework, the 1=Nc
expansion can be systematically implemented, providing in
particular the deviations from the spin-flavor symmetry as
subleading effects in 1=Nc. The spin-flavor symmetry is
already explicit in the Skyrme model [13], and to no
surprise it also emerges in the large Nc quark model for
baryons, justifying the SUð4Þ and SUð6Þ symmetries
introduced in the 1960s. Note that the spin-flavor symmetry
cannot be realized relativistically, as demonstrated by the
Coleman-Mandula theorem [14]. Since at large Nc baryons
have masses OðNcÞ, and the interest is in studying the low
energy limit, where the dynamically relevant momenta and
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energies are small, the natural reference frame to be used is
that in which the baryon has a small 3-momentum, and thus
it is almost at rest. Thus, a nonrelativistic framework for
baryons is the natural one, where the spin-flavor symmetry
can be indeed realized.
Endowing BChPT with the consistency requirements of

the largeNc limit is therefore a natural approach. Following
on the initial work [15], the implementation of the effective
theory at the one-loop level with the corresponding
renormalization was initiated [16], where baryon masses
and axial currents were studied, followed by studies for
three flavors [17]. In the latter references the combined
chiral and 1=Nc expansions were introduced, in which both
expansions are linked according to OðpÞ ¼ Oð1=NcÞ, a
scheme coined as the ξ expansion. Such linking is neces-
sary in practice because the different observables contain
nonanalytic terms involving their ratios. In particular, for
such terms the 1=Nc expansion is very slowly convergent
as it becomes weighted with respect to the small chiral
scales, a feature known as the noncommutativity of the
expansions. This framework based on the ξ expansion,
hereafter referred to as BChPT × 1=Nc, has been applied to
masses and currents [16,17]. Further testing is here carried
out for the case of π-baryon scattering. As the most
studied process in the different versions of effective theory
[1,18–29], and empirically as the most accurately known, it
is ideal for that purpose.
The first objective of this work is to implement BChPT ×

1=Nc at the one-loop level, i.e. up to and including next-to-
next-to-leading order (NNLO) in the ξ expansion, for the
πB → πB0 scattering amplitude in the isospin symmetry
limit, carrying out the renormalization at generic Nc. The
second objective is to confront the results with the πN →
πN amplitudes as provided by the SAID data base [30,31].
The work is organized as follows: Sec. II presents the

BChPT × 1=Nc framework, Sec. III presents the NNLO
calculation of the masses and π-baryon couplings, Sec. IV
presents the calculation of the π-baryon amplitudes to the
NNLO, Sec. V presents the fits to the πN → πN, S, P, and
D partial wave scattering amplitudes from the SAID data
base, and Sec. VI presents a summary and conclusions.
Finally, the Appendixes contain most of the computational
details and explicit results, offering readers adequate
information to reproduce the results.

II. BChPT × 1=Nc

In the large Nc limit, QCD must admit an expansion in
powers of 1=Nc. This is evident at the level of QCD
Feynman diagrams as ’t Hooft showed 50 years ago [10]. It
is expected that the expansion holds at the nonperturbative
level, and thus it ought to be implemented at the hadronic
level, in particular in effective theories.
The 1=Nc expansion requires a proper definition. The

one that is most realistic for purposes of phenomenology is
’t Hooft’s expansion [10], where the number of flavors Nf

is kept fixed and quarks are in the fundamental irreducible
representation (irrep) of SUðNcÞ, with the usual Standard
Model isospin and the assignments of hypercharges such
that, for arbitrary Nc, the SM quantum numbers of the
mesons and baryons identified with the physical ones are
left unchanged. Since the expansion actually compares
different theories, i.e. with different numbers of degrees of
freedom, the defining scales of QCDmust be prescribed for
each Nc. It is convenient to do so with hadronic scales,
namely the masses of the ground state mesons, π, K, which
are most sensitive to quark masses, and mρ for setting
the corresponding value of the QCD scale, which along
with the quark masses will present subleading 1=Nc
dependency.
Meson masses scale as OðN0

cÞ, while baryon masses are
OðNcÞ, and the meson decay constants, in particular Fπ, are
quantities Oð ffiffiffiffiffiffi

Nc
p Þ. The meson-meson interactions are

suppressed in the large Nc limit with amplitudes scaling
as Oð1=Nn=2

c Þ, where n is the number of initial plus final
mesons in the interaction. On the other hand, the meson-
baryon couplings can even grow with Nc, as it is the case of
the π-baryon coupling gπBB, which is proportional to
N3=2

c [32]. That scaling of gπBB and the requirement of a
finite π-baryon scattering amplitude in the large Nc limit as
required by unitarity, implies the emergence of a dynamical
contracted SUð2NfÞ spin-flavor symmetry for baryons
[11,12,33]. Baryon states must then form multiplets of
that symmetry. In particular, for Nf ¼ 2, the ground state
baryons are in the totally symmetric SUð4Þ multiplet with
S ¼ I ¼ 1=2;…; Nc=2 (Nc odd). The states in the multiplet
with S ¼ OðN0

cÞ must have mass splitting Oð1=NcÞ, as
required by the aforementioned consistency. The hypoth-
esis that the 1=Nc expansion holds down to Nc ¼ 3 implies
that the nucleon andΔ resonance must belong to the ground
state spin-flavor multiplet, and must be active degrees of
freedom in the low energy effective theory. Appendix B
gives details on SUð4Þ.
The low energy effective theory must be consistent with

chiral symmetry and the 1=Nc expansion. In the pure
Goldstone boson sector this was formulated long ago
[34–38], and later it was extended to baryons [15,16,39].
For baryons, the implementation is along the following
lines: (i) The active fields in the Lagrangian are the
Goldstone bosons and the baryon ground-state spin-flavor
multiplet. (ii) The baryon masses being OðNcÞ, the 1=Nc
expansion requires the use of the nonrelativistic baryon
fields. (iii) The effective Lagrangians must be manifestly
invariant under chiral SULð2Þ × SURð2Þ as well as under
the pertinent continuous and discrete space-time sym-
metries. (iv) The baryon Lagrangians consist of a compo-
sition of a chiral tensor and a spin-flavor tensor built with
products of the spin-flavor generators. (v) The spin-flavor
tensors must be such that the constraints of the large Nc
limit are not violated in observables. The necessary details
are provided in the Appendixes, where Appendix A gives
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the chiral building blocks, Appendix B gives a summary of
the SUð4Þ algebra and matrix elements in the symmetric
SUð4Þ irrep, and Appendix C gives the bases of spin-flavor
tensors of definite spin and isospin, as needed in this work.
The structure of the baryon Lagrangians is therefore of

the following general form:

L ∼B†TχTSFB; ð1Þ

where B is the baryon spin-flavor multiplet, Tχ is the chiral
tensor formed with the chiral building blocks, and TSF is the
spin-flavor tensor which is a composite operator of products
of SUð4Þ generators. Each Lagrangian term is chirally
invariant, their chiral order is determined by Tχ, while the
leading in 1=Nc order is determined byTSF. The Lagrangian
will contain leading and subleading orders in 1=Nc, the latter
from the expansion of the chiral tensor through the factors of
1=Fπ multiplying the pion fields. The spin-flavor tensors are
defined to contain the 1=Nc suppression factor determined
by the n-bodyness of the tensor, in this way the low energy
constant (LEC) in front of each Lagrangian term is OðN0

cÞ,
followed by subleading corrections. This in particular
implies the obvious fact that fully determining the effective
theory for arbitrary Nc requires explicit knowledge of QCD
at differentNc, which could be achieved using lattice QCD.
This is however no significant hindrance to the applications
to the real world with Nc ¼ 3.
The low energy effective theory contains two small

scales, namely the small energy/momenta characteristic of
the chiral expansion and the Oð1=NcÞ baryon mass split-
tings, e.g. Δ ¼ mΔ −mN . Observables contain dependen-
cies on ratios of both scales, e.g.Mπ=Δ, which preclude the
independent low energy and 1=Nc expansions. Such
dependencies appear in the loop contributions involving
Goldstone Boson and baryon propagators. This “noncom-
mutativity” of the expansions demands that either only one
of them is implemented, or they be linked. The latter is
evidently the option that works best for the real world as it
was shown in several works [16,17], in which the ξ-power-
counting scheme was introduced, according to which
OðpÞ ¼ Oð1=NcÞ ¼ OðξÞ. Indeed, nonanalytic terms
stemming from loop corrections or pole terms in ampli-
tudes that involve ratios of the form p=ð1=NcÞ are slowly
convergent in either expansion, and need to be kept at face
value. Lagrangians are, therefore, organized by their order
in the ξ expansion, and as shown later, the ultraviolet (UV)
divergencies of loop contributions to observables are
analytic in ξ, and respect Nc power consistency.
While the baryon Lagrangians needed for this work are

given in Appendix D, it is convenient to present here the
LO one, that provides the interactions for the one-loop
calculations:

Lð1Þ
B ¼B†

�
iD0þ g̊AuiaGia−

CHF

Nc
Ŝ2þc1Nc

2Λ
hχþi

�
B; ð2Þ

which is expressed in terms of the chiral building blocks in
Appendix A. The first term contains the residual energy of
the baryon in the heavy mass expansion and two-pion
vertices (Weinberg-Tomozawa terms). The second term
gives the single pion coupling to the baryons in addition
to the axial current coupling. The third termgives the residual
mass contribution to the baryon according to its spin, giving
mass splittingsOð1=NcÞ between baryons with spinOðN0

cÞ.
The final term gives the LO quark mass contribution to the
baryon mass, and also two-pion vertices. The arbitrary scale
Λ is introduced for convenience to have c1 dimensionless, as
well as in thehigher orderLagrangians to have dimensionless
LECs, and will be set equal tomρ in the explicit calculations.
The axial coupling ̊gA is at LO related to the axial coupling gA
of the nucleon at Nc ¼ 3 by 5

6
̊gA ¼ gA ¼ 1.267. For nota-

tional convenience, the mass shift operator is defined by
δm̂ ¼ CHF

Nc
Ŝ2, where the spin-flavor singlet contribution

from the quark masses is omitted, since only baryon mass
differences appear in loop diagrams. Appendix D (Table V)

gives the vertices from Lð1Þ
B needed in this work.

The NLO and NNLO calculations involve the one-loop
diagrams. Their power counting is defined by the resulting
terms analytic in chiral and 1=Nc powers, the ξ power being
the sum of them. In general, individual diagrams containing
vertices proportional to ̊gA will give contributions that
violate large Nc consistency. Such terms must then be
canceled when adding all the pertinent diagrams. These
cancellations provide, in particular, useful checks of the
calculations.

III. BARYON MASSES AND AXIAL COUPLINGS

A. Masses

At LO the baryon mass formula is simply

mBðSÞ ¼ m0 þ
CHF

Nc
SðSþ 1Þ − 2c1Nc

M2
π

Λ
; ð3Þ

where m0 is the common mass OðNcÞ, CHF is determined
from the Δ − N mass difference, and c1 gives the LO
dependence on Mπ , which is proportional to Nc. In the ξ
expansion this term is the LO contribution to the σ term,
which is therefore a quantity OðNcÞ, implying that even at
large Nc a finite fraction of the baryon mass is due to the
current quark masses.
At NNLO the masses include the one-loop terms shown

in Fig. 1 and counterterms (CT).

FIG. 1. One-loop contributions to the baryon self-energy.
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The one-loop contribution to the self-energy operator reads

Σ̂ðp0Þ ¼ i

��
̊gA
Fπ

�
2X

n

GiaPnGiaIðδmn − p0;MπÞ þ 2Ncc1
M2

π

ΛF2
π
IðMπÞ

�
; ð4Þ

where Pn is the projector onto the nth component of the spin-flavor baryon multiplet, and

IðQ;MπÞ ¼
1

d − 1

Z gddk k⃗2

ðk0 −Qþ iϵÞðk2 −M2
π þ iϵÞ

¼ i
3ð4πÞ2

�
Q

�
ð3M2

π − 2Q2Þ
�
λϵ − log

M2
π

μ2

�
þ 7M2

π −
16

3
Q2

�

þ 4ðM2
π −Q2 − iϵÞ3=2

�
π

2
− arctan

Qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

π −Q2 − iϵ
p ��

IðMπÞ ¼
Z gddk 1

k2 −M2
π þ iϵ

¼ i
ð4πÞ2M

2
π

�
λϵ þ 1 − log

M2
π

μ2

�
; ð5Þ

where d ¼ 4 − 2ϵ,gddk ¼ ddk
ð2πÞd and λϵ ≡ 1

ϵ − γE þ log 4π. These loop integrals and others needed in this work are presented in

detail in Appendix E.
The contribution to the wave function renormalization factor is given by

δZðp0Þ ¼ −
∂

∂p0
Σðp0Þ: ð6Þ

For a particular baryon state n, the one-loop contribution to the mass and the wave function renormalization is evaluated
by replacing p0 → δmn. With this, the UV divergent pieces can be expressed as spin-flavor operators for the mass shift and
wave function renormalization, namely,

ΣUV ¼ −
λϵ

ð4πÞ2
��

̊gA
Fπ

�
2
�
M2

πGia½δm̂; Gia� − 2

3
Gia½δm̂; ½δm̂; ½δm̂; Gia���

�
þ 2c1

NcM4
π

F2
πΛ

�

¼ λϵ
ð4πÞ2

��
̊gA
Fπ

�
2 CHF

Nc

�
M2

π

�
−
3

8
NcðNc þ 4Þ þ 5

2
Ŝ2
�

þ 1

3

�
CHF

Nc

�
2
�
3NcðNc þ 4Þ þ ð5NcðNc þ 4Þ − 24ÞŜ2 − 28Ŝ4

��
þ 2c1

NcM4
π

F2
πΛ

�

δZUV ¼ −
λϵ

ð4πÞ2
�
̊gA
Fπ

�
2

ðM2
πĜ

2 − 2Gia½δm̂; ½δm̂; Gia��Þ

¼ λϵ
ð4πÞ2

�
̊gA
Fπ

�
2
�
1

16
M2

πð−3NcðNc þ 4Þ þ 8Ŝ2Þ

þ 1

2

�
CHF

Nc

�
2

ð3NcðNc þ 4Þ þ 2ðNcðNc þ 4Þ − 12ÞŜ2 − 8Ŝ4Þ
�
: ð7Þ

Note that the UV divergent piece of the mass is OðN0
cÞ and driven by the mass splitting term. On the other hand the

nonanalytic contributions to the mass are OðNcÞ. In the large Nc limit, the wave function renormalization correction is
proportional to OðNcÞ ×M2

π: this indicates that approaching the large Nc limit with a baryon effective theory based on
perturbation theory is not consistent. This is one additional argument in favor of the linked ξ expansion.
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The baryon mass differences remain as Oð1=NcÞ, and for Nc ¼ 3 one obtains:

mΔ −mN ¼ CHF þ
�
̊gA
Fπ

�
2 1

ð4πÞ2
�
1

6
CHF

�
5ð3M2

π − 2C2
HFÞ

�
λϵ − log

M2
π

μ2

�
þ 35M2

π −
80C2

HF

3

�

þ ðM2
π − C2

HF − iϵÞ3=2
�
π −

10

3
arctan

CHFffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

π − C2
HF − iϵ

p ��
þ CT; ð8Þ

where CT indicates the mass counterterms.

B. Axial and πBB0 couplings

At LO the axial vector current matrix elements and pion-baryon interactions are given by

hB0jAiajBi ¼ ̊gAhB0jGiajBi;

hB0jLð1Þ
B jπaðkÞBi ¼ −i

̊gA
Fπ

kihB0jGiajBi; ð9Þ

satisfying the Goldberger-Treiman relation.
The NNLO one-loop contributions are shown in Fig. 2. The analysis of the axial currents was presented in Ref. [16].
The πBB0 vertex to one-loop order is given by

iΓaðk; p; p0Þ ¼ ̊gA
Fπ

ki
�
Gia þ i

�
̊gA
Fπ

�
2X
n;n0

Z gddk0 GjbPn0GiaPnGlbk0jk0l

ðk02 −M2
πÞðp0 − k00 − δmnÞðp00 − k00 − δmn0 Þ

−
1

2
fδZ;Giag − 1

3

1

F2
π
GiaIðMπÞ þ CTs

�
;

¼ ̊gA
Fπ

ki
�
Gia − i

�
̊gA
Fπ

�
2X
n;n0

GjbPn0GiaPnGjb Iðδmn − p0;MπÞ − Iðδmn0 − p00;MπÞ
p0 − p00 − δmn þ δmn0

−
1

2
fδZ;Giag − 1

3

1

F2
π
GiaIðMπÞ þ CTs

�
; ð10Þ

where the term involving the wave function renormalization correction is key to restoring the Nc consistency, cancelling
contributions OðN3=2

c Þ from the first diagram (a).

(a)

(b)

FIG. 2. One-loop diagrams for the pion-baryon interaction. Diagrams (a) and (b) are respectively proportional to ̊g3A and ̊gA.
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For baryon momenta on-shell, i.e. setting p0 ¼ δmin, p00 ¼ δmout, the UV divergence can be given in the operator form:

iΓa
UV ¼ −

λϵ
ð4πÞ2

̊gA
Fπ

ki
�
−
M2

π

F2
π
Gia þ 1

6

�
̊gA
Fπ

�
2
��

2

�
CHF

Nc

�
2

ðNcðNc þ 4Þ − 2Þ − 3M2
π

�
Gia

þ 10

�
CHF

Nc

�
2

ðfŜ2; Giag − ðNc þ 2ÞSiIaÞ
��

: ð11Þ

The UV divergent pieces illustrate the two most impor-
tant facts about the higher order corrections to the pion-
baryon couplings: (i) the quark mass contributions are
suppressed as Oð1=NcÞ with respect to the LO and do not
affect the spin-flavor structure of the LO, and (ii) the terms
that affect the spin-flavor structure, i.e. terms proportional
to SiIa, are corrections of Oð1=N2

cÞ with respect to the LO.
Finally, the Goldberger-Treiman discrepancy remains, as it
is well known, an effect that is only the result of a CT. For
the CT Lagrangian see Appendix D, Eq. (D10). The LECs
cannot be fixed completely as at Nc ¼ 3 the only exper-
imentally accessible couplings are gπNN , gπNΔ, and the gA
of the nucleon. In the present analysis the πN → πN
amplitudes will be used to determine them.

IV. SCATTERING AMPLITUDES

This section presents the formalism for the general case
of πB → πB0 scattering. It is presented for general Nc for
the purpose of identifying the order in Nc of the different
contributions. A rigorous implementation of renormaliza-
tion at the NNLO is carried out.
The contributions to the scattering amplitude are decom-

posed into those with baryon pole singularities and those
without, as depicted in Fig. 3. In the one-loop diagrams, this
decomposition is performed as explained in Appendix F.

A. LO scattering amplitude

The LO T-matrix, given by the diagrams in Fig. 4 and
expressed as an operator in spin-flavor reads

iTba
LO ¼ −i

�
̊gA
Fπ

�
2

ki1k
j
2

X
n

�
GjbPnGia

p0
1 þ k01 − δmn þ iϵ

þ GiaPnGjb

p0
1 − k02 − δmn þ iϵ

�

þ 1

F2
π

�
−2ic1Nc

M2
π

Λ
δab þ 1

2
ðk01 þ k02ÞϵabcIc

�
: ð12Þ

This amplitude is precisely the one that requires the
emergence of spin-flavor symmetry [33], since the indi-
vidual terms proportional to ̊g2A have contributions OðNcÞ,

and such contributions must cancel when the terms are
added. Moreover, the pole terms reflect the noncommuta-
tive nature of the chiral and 1=Nc expansions. The LO pole
terms will combine with the higher order ones to yield the
result shown in Eq. (15).

B. One-loop corrections to the
πB scattering amplitude

The scattering amplitudes at NLO and NNLO involve
the one-loop diagrams of Figs. 5–7 and the CT contribu-
tions from Lagrangians equations (D5)–(D8), which pro-
vide for the renormalization. The loops are organized in
three groups according to their power in ̊gA.
For one- and two-particle reducible diagrams, the

decomposition into pole and no-pole terms is carried out
following Eqs. (F1) and (F2). The results for the individual
diagrams, including details on the UV divergencies, are
presented in Appendix F. The spin-flavor tensors in the
diagrams are projected in t-channel ðJ; IÞ, where J; I ¼ 0,
1, 2. Since the ground state baryon spin-flavor multiplet
consists only of states S ¼ I, only transitions with baryon
ΔS ¼ 0, 1, 2 can occur. In the physical case Nc ¼ 3,

(a) (b)

FIG. 3. General decomposition of the scattering amplitude into
pole (a) and no-pole (b) contributions. To diagram (a) the crossed
diagram must be added.

(a) (b)

FIG. 4. LO contributions to the scattering amplitude. To
diagram (a) the crossed diagram must be added. Diagrams (a)
and (b) are respectively proportional to ̊g2A and ̊g0A.

D. JAYAKODIGE and J. L. GOITY PHYS. REV. D 112, 114048 (2025)

114048-6



ΔS ¼ 0, 1. The CT Lagrangians for renormalizing the
no-pole contributions are then constructed following those
t-channel projections, using the basis of spin-flavor oper-
ators in Appendix C, Table IV. Those Lagrangians contain
terms Oðξ2 and ξ3Þ. Throughout, in the construction of the
higher order Lagrangians the LO equations of motion are
used, namely,

iD0B ¼
�
CHF

Nc
− c1

Nc

2Λ
hχþi − ̊gAuiaGia

�
B

Dμuμ ¼
i
2
χ−; ð13Þ

along with the identities:

Dμuν −Dνuμ ¼ −f−μν
½Dμ; Dν� ¼ −iΓμν

Γμν ¼
1

2
fþμν þ

1

4
½uμ; uν�: ð14Þ

For each of the sets of diagrams, the sum of the no-pole
UV divergent parts is decomposed into t-channel ðJ; IÞ and,
for general Nc, the corresponding spin-flavor tensors are
expressed in terms of the basis in Table IV. In the set
proportional to ̊g4A, individual diagrams are OðN2

cÞ, thus
two orders must exactly cancel in the sum of the UV
divergent pieces, which is indeed the case as shown in the
result Eqs. (F11)–(F12). Similarly, the set proportional to
̊g2A, where diagrams D6;7;8 vanish identically, has diagrams
OðNcÞ, with such contributions cancelling in the sum of the
UV divergent pieces, as shown by Eq. (F31). Finally, the
diagrams proportional to ̊g0A are individually OðN0

cÞ, and
have the property that they involve only a fixed spin baryon
state throughout the diagrams.

In the CT Lagrangians, the LECs are expressed in the
form X ¼ βX

λϵ
ð4πÞ2 þ XðμÞ, where XðμÞ is the renormalized

LEC at the scale μ, and the β function βX is adjusted to
eliminate the corresponding UV divergence in the MS
subtraction scheme. The β functions are shown in
Table VII. Note that the one-loop amplitudes’ UV diver-
gencies show both NLO and NNLO terms, which in
general appear together in a given set of diagrams. For
this reason, the results are given for the complete one-loop
amplitudes, with no attempt at separating NLO from
NNLO, although this can be performed in a rigorous
way. Such a separation must also include the nonanalytic
contributions, a task that is somewhat lengthy, and there-
fore it is not presented in the results.
There are several interesting observations to be made,

namely:
(i) The T-matrix UV divergencies proportional to ̊g4A

have no Mπ dependencies.
(ii) The UV divergencies contain different orders in ξ, as

shown in Eqs. (F11), (F31), and (F39).
(iii) In all cases the renormalization scale μ appears in the

single combination logM2
π

μ2
.

(iv) All nonanalytic terms involving the residual
masses of the baryons, i.e., δmn, appear in combi-
nation with the pion mass in factors of the form

ðδmn − δmn0 Þν logM2
π

μ2
(ν ¼ 1, 3), ðM2

π − ðδmn −

δmn0 Þ2Þν=2 (ν ¼ 1, 3), arctan ðδmn−δmn0 Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

π−ðδmn−δmn0 Þ2
p .

(v) The evaluations of the matrix elements of the spin-
flavor tensors for the nonanalytic contributions,
which involve projections on different baryon inter-
mediate states, are performed explicitly using the
results for the different matrix elements of the SUð4Þ
generators in Eq. (B2), as the results cannot be
reduced to simple expressions in terms of the basis
spin-flavor tensors.

Adding the pole terms from the leading-order amplitude,
Eq. (12), together with the higher-order pole contributions
from the diagrams D1, D2, D3, and D5, and after
performing the mass and pion-baryon coupling renormal-
izations, results in the following general form of the pole
amplitude:

hB0jiTba
polejBi ¼ −i

ki1k
j
2

F2
π

X
n

̊gABBn
̊gABnB0

×

� hB0jGjbPnGiajBi
p0
B þ k01 − δmR

n þ i
2
Γn

þ crossed�
�
; ð15Þ

where ̊gABB0 is the renormalized coupling, which at LO
is equal to ̊gA, δmR

n is the renormalized residual mass,

FIG. 5. Diagrams proportional to ̊g4A.
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p0
B ¼ δmR

B þ k⃗21
2m0

is the residual energy of the external

baryon that includes the kinetic energy Oðξ3Þ, and Γn ¼
Oðξ2Þ is the decay width. Such terms must be included at
the NNLO of the calculation.1 For the crossed diagram, the
star indicates that Γn must be set to vanish when the self-
energy in the Bn baryon propagator in the u-channel is real.
This in particular holds if B ¼ N, which is the case of main
interest here. At Nc ¼ 3, only ΓΔ is needed and reads

ΓΔ ¼ ̊g2ANΔmN

6πð16FπÞ2m4
Δ
λKðm2

Δ; m
2
N;M

2
πÞ3=2; ð16Þ

where λK is the Källen phase space function. Because of the
P-wave nature of the decay, in order to be accurate enough,
the exact phase space factor must be used.

V. πN → πN SCATTERING AND FIT TO DATA

This section aims at testing the effective theory by fitting
to the πN → πN data, for which the SAID data base [30,31]
is used.
The T-matrix is expressed in the standard center-of-mass

(CM) t-channel decomposition in terms of the spin-nonflip
g� and spin-flip h� amplitudes:

Tba
πN→πN ¼EN þmN

2mN
ðδabðgþðs; tÞ− iðk⃗1× k⃗2Þ · σ⃗hþðs; tÞÞ

þ iϵbacτcðg−ðs;tÞ− iðk⃗1× k⃗2Þ · σ⃗h−ðs; tÞÞÞ; ð17Þ
giving the s-channel partial wave amplitudes,

f�l�ðsÞ ¼
EN þmN

16π
ffiffiffi
s

p
Z

1

−1
dzðg�ðs; tðzÞÞPlðzÞÞ

þ k2h�ðs; tðzÞÞðPl�1ðzÞ − zPlðzÞÞ; ð18Þ

where tðzÞ ¼ −2k2ð1 − zÞ, k is the CM momentum, and
z ¼ cos θ, θ being the CM scattering angle. The projection
to s-channel isospin is given by the well-known relation:

�
f1=2l�
f3=2l�

�
¼

�
1 2

1 −1

��
fþl�
f−l�

�
: ð19Þ

Throughout the exact kinematics for EN, s and t are used.
For a generic partial wave amplitude the corresponding

phase shift is defined by

fðsÞ ¼ −
i
2k

ðe2iδðsÞηðsÞ − 1Þ; ð20Þ

with the inelasticity factor 0 ≤ ηðsÞ ≤ 1. In the present case,
where the analysis is carried out below the onset of the second
resonance region, it turns out that one can approximate η ∼ 1

FIG. 6. Diagrams proportional to ̊g2A. Diagrams D6;7;8 vanish
identically. Tadpole diagrams, which only renormalize the baryon
mass, are not shown.

FIG. 7. Diagrams proportional to ̊g0A.

1The renormalized self-energy of the baryon is here approxi-
mated by its residual mass and decay width, a la Breit-Wigner,
which is an excellent approximation in the present context.
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throughout [30,31]. Unitarity is only approximate in the
effective theory, and only RefðsÞ is affected by the NLO and
NNLOLECs to be fitted,while Im fðsÞ is entirely determined
by the LO Lagrangian, and is thus less accurate than the real
part. It is therefore more realistic to fit to the real part of the
partial wave amplitudes and then use Eq. (20) to give the
imaginary part through the obtained phase shift.
At LO, the contributions arise from three sources: the

Weinberg–Tomozawa term, the c1 term driven by the quark
masses, which contribute only to the S-wave amplitudes, and
the pole terms proportional to ̊g2A that contribute only to the
P-wave amplitudes. A realistic description of the Δ pole at
LO requires including its decay width, so the LO amplitudes
are fully determined by just four parameters: c1,CHF, ̊gA, and
ΓΔ. At this order, only S- andP-wave amplitudes are present:
the S-waves should determine c1, while the P-waves deter-
mine the remaining parameters. As is well known, the LO
alone gives a poor description, as depicted in Figs. 8 and 9.
The LO fit to the S-waves shows that c1 is very

sensitive to the range of energy included in the fit and
to the constraint from the scattering length aþ0 . Fitting the
S-waves in the range k < 150 MeV, without the scattering
length constraint gives c1=Λ ∼ 0.14=mρ, which is unrealistic
as it corresponds to a negative σ term. On the other hand, the
scattering length aþ0 gives c1=Λ ¼ ð−0.047� 0.017Þ=mρ,
which gives an unrealistically small σ term. The values of aþ0
and the σ term require the inclusion of NLO and NNLO
contributions for consistency, with the counterterm propor-

tional to the LECαð3Þ00 inEq. (F45) playing a crucial role.Note
that the LO description of the S11 amplitude fails above
k ∼ 100 MeV, while for the S31 fails above k ∼ 250 MeV.
The fit to the P waves is dominated by the P33 one,

giving CHF ¼ 260 MeV, ̊gA ¼ 1.67, and ΓΔ ¼ 80 MeV.
The value of ̊gA corresponds to a nucleon’s axial coupling
gA ¼ 1.39, to be compared with the physical one
gA ¼ 1.267. The other P-waves receive contributions as
follows: P11 from the direct diagram with nucleon pole and
from the crossed one, while P13 and P31 receive contri-
butions only from the crossed one. The LO P11 amplitude
and phase shift disagrees with the data at rather low pion
momentum, k > 50 MeV, which is a well known fact [21],
and therefore the higher order contributions must be very
important in this case, providing crucial structure absent at
LO. The LO P13 and P31 have a wider range of agreement
and the higher order contributions are thus of relative
smaller magnitude than in the case of the P11.
At NLO and NNLO, the various one-loop diagrams

contribute as follows:
(i) Diagrams proportional to ̊g4A affect only the P-waves.
(ii) Diagrams proportional to ̊g2A contribute to the S-

waves, except for diagram D10, which also contrib-
utes to P- and D-waves.

(iii) Diagrams proportional to ̊g0A contribute to the S-
waves, withD14 also contributing to P-waves, and to
the D33 and D35 waves.

(iv) The D-waves originate solely from the one-loop
diagrams D10;14 and are UV finite.

Only a subset of the NLO and NNLO LECs in the CT
Lagrangians can be determined by πN → πN scattering.
Those are shown by the CT contributions to the T-matrix in
Eq. (F45). Since subleading Mπ dependencies of the
amplitudes are not explicitly known, and the subleading
in 1=Nc dependencies of the LECs require explicit knowl-
edge at Nc > 3, some LECs appear in combinations that

the fit can determine, namely, c1≡c1− 1
2Nc

ðαð1Þ00 þNcM2
π

Λ2 αð2Þ00 Þ
and ᾱð3Þ00 ≡ αð3Þ00 þ Nc

M2
π

Λ2 α
ð4Þ
00 .

The fits up to NNLO to the SAID single-energy solutions
were performed in different ranges of pion CM momentum
k, up to a maximum of 350 MeV, which corresponds toffiffiffi
s

p ¼ 1.38 GeV. In the fits, the scale Λ used to render the
LECs dimensionless is taken to be mρ. The S-wave scatter-
ing lengths as determined from pionic atoms [40–42] are
taken as inputs, where the values given in the latter reference
are used. The real parts of the amplitudes up to and including
D-waves along with the imaginary part of theP33 amplitude
are fitted. The latter presents an imaginary part that, in the
case of the pole contribution involves the NNLO couplings
and masses, is thus accurate to the NNLO, and ought to be
included in the fit. The results of the fit up to k ¼ 350 MeV
along with the phase shifts are shown in Figs. 8 and 9.
Depicted are the imaginary parts obtained via unitarization
from the real parts, as well as the imaginary parts that result
from the perturbative calculation, which in general are less
accurately described for the reason mentioned earlier.
The results shown here do not separate between NLO and
NNLO, an exercise that can be carried out, as pointed out
earlier, with some significant effort in order to determine
how the expansion behaves.
In the range k ≤ 350 MeV, the inelasticity factor is taken

to be unity for all partial waves, as it can be confirmed by the
SAID analysis [30,31]. In particular this requires for the P33

partial wave that k × Ref31þ reaches amaximumvalueþ1=2
and aminimumvalue−1=2 around theΔ resonance,which is
fulfilled by the fit within the estimated error band. The no-
pole terms from the nonanalytic and CT contributions are
essential for restoring consistency with the unitarity con-
straint on Ref31þ Eq. (20). The errors of S- and P-wave data
are in general much smaller than the expected theoretical
error of the NNLO calculations. The rather large χ2 per
degree of freedom of the fits is indicative of that disparity.
Fitting the S waves up to k ¼ 250 MeV and the P and D
waves up to k ¼ 350 MeV results in χ2dof ∼ 60. This is
however very dependent on the convergence range in k for
the different partial waves. An estimate of the NNNLO
effects is thus an elaborate task which will not be pursued
here. Instead, an error band for the theoretical amplitudes is
estimated by fitting 500 bootstrap resamplings of the data for
each partial wave. The error band corresponds to the
95% confidence interval and provides a visual representation
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FIG. 8. Fits to the partial wave amplitudes Ref and the Im f of the P33 partial wave. Plots show k × Ref (solid red) and k × Im f vs k
from phase shift as determined from Ref using the unitarity-relation equation (20) (solid blue), and from absorptive parts of one-loop
diagrams (dash-dot light blue). The error band estimates are obtained by bootstrap resampling the data. The data is from the SAID
database [30,31]: WI08 solution (dotted), and the data points, used for the fits, are the single energy solution SEV. The LO fit results are
depicted by the dashed curves.
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of the theoretical uncertainty. The parameters resulting from

those fits are shown in Table I.
As mentioned earlier, at LO there is a disparity between

fixing the aþ0 scattering length and the value of the σ term.

The CT proportional to ᾱð3Þ00 , that only contributes to a
þ
0 and

vanishes at the Cheng-Dashen point, is crucial in resolving
the disparity. The fit determines the combination of LECs
c̄1, which gives now a rather large tree-level contribution to

FIG. 9. Phase shifts: SAID WI08 solution (dotted), data points from SEV solution, and from the fit up to NNLO in Fig. 8 using the
unitarity relation equation (20) (solid). The LO phase shifts, obtained from the unitarity relation, are depicted by the dashed
curves.
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the σ term (at the chosen renormalization scale), about
140 MeV. A full-fledged analysis of the σ term will be
presented elsewhere [43].
The analysis of the partial wave amplitudes gives strong

support for the implementation of the 1=Nc consistency
conditions in the framework of BChPT × 1=Nc using the ξ
expansion. A key observation is the range of validity
of the expansion: at NNLO, the approach yields a con-
sistent description of the amplitudes for CM pion momenta
up to 200–350 MeV, depending on the specific par-
tial wave.
The real parts of the amplitudes are described by the

effective theory within different ranges of CM pion
momentum, namely, the S- and P-waves are described
up to about 250 MeV, while in particular the P33 wave is
well described up to 350 MeV. The D-waves are more
challenging due to their naturally small magnitudes as
they vanish at LO and have only finite one-loop and
no CT contributions. Among the D-wave channels, the
D13 and D35 are consistent with expectations, while
those for D33 and D15 exhibit discrepancies that merit
further investigation. It is certain that the NNNLO
implementation is necessary for a realistic description
of the D-waves.
The result for the coupling ̊gANN , disregarding the

Goldberger-Treiman discrepancy, implies a determination
of the nucleon axial coupling gA ¼ 1.325, and the result for
the ̊gANΔ coupling gives ΓΔ ¼ 134 MeV, which is about
10% larger than the fitted value. Note that the fitted value
agrees well with the Breit-Wigner width’s estimate from the
Particle Data Group (PDG) [44].
The fit result for CHF is similar to the LO one if one takes

for the Δ mass the Breit-Wigner PDG value. On the other
hand, the value for ̊gA resulting from the NNLO fit to the
scattering amplitudes is smaller than the LO ̊gA ¼ 1.52 and
the NNLO ̊gA ¼ 1.45 from the BChPT × 1=Nc
analysis [16] of the nucleon’s axial coupling. The S-wave

scattering lengths were constrained to lie within the
experimental uncertainties, yielding aþ0 ¼ 0.006=Mπ

and a−0 ¼ 0.087=Mπ , in good agreement with the exper-
imental values [42], aþ0 ¼ ð0.0078� 0.0028Þ=Mπ

and a−0 ¼ ð0.0866� 0.0010Þ=Mπ.
As shown in Fig. 8, the one-loop results significantly

improve upon the LO predictions for the real parts of the
partial wave amplitudes, while also including the missing
absorptive contributions and D-wave components. The
range of agreement between the bootstrapped error bands
and the data defines the range of applicability of the
effective theory, and the natural sizes of the fitted LECs
further validate its consistency in the present context. A
comparison with previous BChPT analyses that include
explicit Δ degrees of freedom [21,24,25,29] indicates that
the BChPT × 1=Nc framework achieves a comparable,
and in some cases even broader, energy range of agree-
ment with the experimental phase shifts. To be more
specific, Appendix G presents the comparison, shown in
Table VIII. It is noted that, because the frameworks of
those works are not equivalent to the present one, it is
possible that there is a difference in number of LECs
involved in the fits.

VI. SUMMARY AND CONCLUSIONS

This work implements the combined framework of
BChPT and the 1=Nc expansion for low-energy pion-
baryon scattering up to NNLO in the ξ expansion. This
approach respects both the constraints of chiral symmetry
and the systematic expansion in 1=Nc derived from QCD.
The ξ expansion retains, without further expansion,
nonanalytic terms where the chiral and 1=Nc expansions
are not simultaneously valid—terms that typically exhibit
slow convergence in either expansion performed indi-
vidually. This treatment is essential for realistic descrip-
tions of QCD in the physical world. The role of the SUð4Þ
spin-flavor symmetry is central to ensuring manifest
consistency with the large-Nc limit of observables. In
particular, it leads to a suppression of loop corrections via
cancellations among diagrams that would otherwise vio-
late large-Nc scaling.
A test of the framework with elastic πN scattering

shows a natural range of applicability for pion CM
momentum up to about 250 MeV, and larger for the
P33 channel up to 350 MeV. The range of S-waves is
primarily limited by the contributions from the diagrams
proportional to ̊g0A, which only involve the nucleons
throughout, and are therefore the same as in the case of
the ordinary BChPT with only active nucleons. While the
real parts of the partial wave amplitudes are well described
in significant part due to the available NLO and NNLO
LECs, departures from unitarity are manifested in the
imaginary parts, in particular in the S-waves above pion
momentum 200–250 MeV. Those departures happen in

TABLE I. Low energy constants from fit. The combinations of
LECs c̄1 and ᾱð3Þ00 are defined in the text. The range for the fit
parameters in brackets indicates their standard deviation obtained
via bootstrap resampling, and should not be confused with actual
uncertainty. The results correspond to Λ ¼ μ ¼ mρ.

CHF [MeV] 304.3 (0.8) ᾱð3Þ00
−4.43ð0.27Þ

ΓΔ [MeV] 119.7 (1.4) αð5Þ00
0.35 (0.31)

̊gA 1.18 αð1Þ01
3.90 (1.29)

c̄1 −0.90ð0.05Þ αð2Þ01
−1.99ð0.81Þ

gANN 1.58 (0.03) αð3Þ01
0.81 (0.20)

gANΔ 1.81 (0.01) αð4Þ01
−0.49ð0.27Þ

αð1Þ10
2.60 (0.57)

αð1Þ11
−6.17ð0.74Þ

αð2Þ11
4.28 (1.96)

D. JAYAKODIGE and J. L. GOITY PHYS. REV. D 112, 114048 (2025)

114048-12



amplitudes where those absorptive parts are very small.
These results motivate further investigations using
BChPT × 1=Nc in the context of low-energy
scattering [43], particularly focusing on the extraction
of the πN sigma term and a comprehensive analysis
that incorporates currents and a more detailed study of
πN scattering.
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APPENDIX A: CHIRAL BUILDING BLOCKS

Using standard notations, the building blocks needed for
constructing chiral tensors are

ΠðxÞ¼πaðxÞτa

uðxÞ¼ei
ΠðxÞ
2Fπ UðxÞ≡u2ðxÞ

lμ¼vμ−aμrμ¼vμþaμ

Γμ¼−Γ†
μ¼ i

2
ðu†ð∂μ−iðvμþaμÞÞuþuð∂μ−iðvμ−aμÞÞu†Þ

Dμ¼∂μ−iΓμ

uμ¼u†μ¼ iðu†ð∂μ−irμÞu−uð∂μ−ilμÞu†Þ
χ¼2B0ðsþipÞ χ†¼2B0ðs−ipÞ

χ�¼�χ†�¼u†χu†�uχ†u

χ−¼ iχþjp↔s;u↔u† ; ðA1Þ

where vμ, aμ are respectively vector and axial-vector
sources, and s, p are respectively scalar and pseudoscalar
sources. The local chiral transformations of the building
block are the following:

ðL;RÞ∶u ¼ Ruh†ðL;R; uÞ
¼ hðL;R; uÞL† where h†h ¼ 1

ðL;RÞ∶ lμ ¼ Lðlμ þ i∂μÞL†;

ðL;RÞ∶ rμ ¼ Rðrμ þ i∂μÞR†

ðL; RÞ∶ uμ ¼ hðL;R; uÞuμh†ðL;R; uÞ
ðL;RÞ∶ χ� ¼ hðL;R; uÞχ�h†ðL;R; uÞ: ðA2Þ

For a matter field, in the present case a baryon, in a given
irrep of isospin SUð2Þ, the chiral transformation law is the
following:

ðLðxÞ; RðxÞÞ∶BðxÞ ¼ hðLðxÞ; RðxÞ; uðxÞÞBðxÞ; ðA3Þ

where the unitary h can be expressed as

hðL;R; uÞ ¼ eiα
aðL;R;uÞIa ; ðA4Þ

with Ia in the given isospin irrep. For an isospin one
operator X, its components Xa are given by Xa ¼ 1

2
hXτai,

where h� � �i represents the trace.

1. Expansion of building blocks

For the purpose of the present work the relevant terms in
the building blocks are those with up to four-pion fields,
namely:

uμ ¼ 2aμ −
1

Fπ
∂μΠþ i

Fπ
½vμ;Π� þ

1

4F2
π
½Π; ½aμ;Π��

þ 1

24F3
π
ð½Π; ½Π; ∂μΠ�� − i½Π; ½Π; ½vμ;Π���Þ þ � � �

uaμ ¼
1

2
huμτaiuμ in the fundamental irrep

Γμ ¼ vμ þ
i

2Fπ
½aμ;Π� þ

i
8F2

π
½Π; ½∂μ − ivμ;Π��

þ i
48F3

π
½Π; ½Π; ½Π; aμ���

−
i

384F4
π
½Π; ½Π; ½Π; ½∂μ − ivμ;Π���� þ � � �

χþ ¼ 4B0sþ
2B0

Fπ
fp;Πg − B0

2F2
π
fΠ; fs;Πgg

−
B0

12F3
π
fΠ; fΠ; fΠ; pggg

þ B0

96F4
π
fΠ; fΠ; fΠ; fΠ; sgggg þ � � �

PION-NUCLEON SCATTERING IN BARYON CHIRAL … PHYS. REV. D 112, 114048 (2025)

114048-13



χ− ¼ i

�
4B0p −

2B0

Fπ
fs;Πg − B0

2F2
π
fΠ; fp;Πgg

þ B0

12F3
π
fΠ; fΠ; fΠ; sggg

þ B0

96F4
π
fΠ; fΠ; fΠ; fΠ; pgggg þ � � �

�
; ðA5Þ

where for the present work the following replacements are
made: p ¼ 0, s ¼ Mq, where Mq is the quark mass
matrix, and vμ ¼ aμ ¼ 0. The following are useful explicit
expansions in the pion fields of the building blocks:

uaμ¼−
1

Fπ
∂μπ

aþ 1

6F3
π
πbðπb ∂↔μπ

aÞþ���

uaμubν¼���þ 1

F2
π
∂μπ

a
∂νπ

bþ���

hχþi¼���þ4M2
π−

2

F2
π
M2

ππ
aπaþ 1

6F4
π
M2

ππ
aπaπbπbþ���

χaþ¼
B0ðmd−muÞ

F2
π

ðπaπ3−2F2
πδ

a3Þþ���

hχ−i¼
4iB0ðmd−muÞπ3

Fπ
þ���

χa−¼−
2iM2

ππ
a

Fπ

Dμ¼∂μþ
i

2F2
π
ϵabcπa∂μπ

bIcþ���

DμDμ¼∂μ∂
μþ i

2F2
π
ϵabcIcð∂μðπa∂μπbÞþ2ðπa∂μπbÞ∂μþ���Þ:

ðA6Þ

Additional bilinears in pion fields needed for the CTs are

hχþi2¼ 16M4
π −

16

F2
π
M4

ππ
aπaþ���

hχ2þi¼ 8M4
π −

2M4
π

F2
π

�ðmd−muÞ2
m̂2

π3π3þ4πaπa
�
þ�� �

hχ−i2¼−
16

F2
π
B2
0ðmd−muÞ2π3π3þ�� �

hχ2−i¼−
2M4

π

F2
π

�ðmd−muÞ2
m̂2

π3π3þ4πaπa
�
þ�� � ; ðA7Þ

where m̂ ¼ 1
2
ðmu þmdÞ. Note that in this work, isospin

symmetry is assumed.

2. Discrete symmetry transformations
of building blocks

The Lagrangians respect the discrete P, C, and T
symmetries, and the following Table II provides the
necessary transformation rules for the building blocks.

Note that C does not apply to the baryon Lagrangians,
as the heavy baryon expansion can only describe either
baryons or antibaryons as separate sectors.
Under complex conjugation, the spin-flavor generators

in an arbitrary representation satisfy the relations Eq. (B1):

e−iπS
2

Si�eiπS2 ¼ −Si

e−iπI
2

Ia�eiπI2 ¼ −Ia

e−iπS
2

e−iπI
2

Gia�eiπI2eiπS2 ¼ Gia; ðA8Þ

where a, i ¼ 1, 2, 3 and S2 and I2 are the respective
generators with i, a ¼ 2.

APPENDIX B: SUð4Þ ALGEBRA

This appendix summarizes properties of the SUð4Þ spin-
flavor symmetry group used in the present analysis. The
algebra of SUð4Þ contains 15 generators: the spin gen-
erators Si, the isospin generators Ia, and the spin-flavor
generators Gia, where i and a run from 1 to 3. The
generator’s commutation relations are the following:

½Si; Sj� ¼ iϵijkSk; ½Ia; Ib� ¼ iϵabcIc;

½Ia; Si� ¼ 0;

½Si; Gja� ¼ iϵijkGka; ½Ia; Gib� ¼ iϵabcGic;

½Gia; Gjb� ¼ i
4
δijϵabcIc þ i

4
δabϵijkSk: ðB1Þ

The ground state baryons fill the SUð4Þ totally symmetric
irrep corresponding to the Young tableaux withNc boxes of
dimension 1

6
ðNc þ 1ÞðNc þ 2ÞðNc þ 3Þ. These states have

TABLE II. P, C, and T transformation rules.

P C T

xμ xμ xμ −xμ
∂
μ

∂μ ∂
μ −∂μ

πaðxÞ −πaðP∶xÞ −ð−1ÞaπaðxÞ ð−1ÞaπaðT∶xÞ
uðxÞ u†ðP∶xÞ uTðxÞ u�ðT∶xÞ
UðxÞ U†ðP∶xÞ UTðxÞ U�ðT∶xÞ
χðxÞ χ†ðP∶xÞ χTðxÞ χ�ðT∶xÞ
sðxÞ s†ðP∶xÞ sTðxÞ s�ðT∶xÞ
pðxÞ p†ðP∶xÞ pTðxÞ p�ðT∶xÞ
uμðxÞ −u†μðP∶xÞ uμTðxÞ −uμ�ðT∶xÞ
rμðxÞ l†

μðP∶xÞ −lμTðxÞ r�μðT∶xÞ
lμðxÞ r†μðP∶xÞ −rμTðxÞ l�

μðT∶xÞ
vμðxÞ v†μðP∶xÞ −vμTðxÞ v�μðT∶xÞ
aμðxÞ −a†μðP∶xÞ aμTðxÞ a�μðT∶xÞ
BðxÞ BðP∶xÞ � � � eiπI

2

eiπS
2

BðT∶xÞ
Si Si � � � Si�
Ia Ia � � � Ia�

Gia Gia � � � Gia�
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spin and isospin S ¼ I ¼ 1
2
;…; Nc

2
and are denoted by

jSS3I3i. The matrix elements of the SUð4Þ generators in
these states are as follows:

hS0S03I03jSijSS3I3i¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ1Þ

p
δS0SδI0

3
I3hSS3;1ijS0S03i;

hS0S03I03jIajSS3I3i¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ1Þ

p
δS0SδI0

3
I3hSI3;1ajS0I03i;

hS0S03I03jGiajSS3I3i¼
1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sþ1

2S0 þ1

r

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNcþ2Þ2− ðS−S0Þ2ðSþS0 þ1Þ2

q
× hSS3;1ijS0S03ihSI3;1ajS0I03i: ðB2Þ

For states with S ¼ OðN0
cÞ, Si and Ia have matrix elements

OðN0
cÞ and connect only states with S0 ¼ S, while the

generators Gia have matrix elements OðNcÞ and can
connect states with S0 ¼ S or S� 1.

APPENDIX C: COMPOSITE
SPIN-FLAVOR OPERATORS

An n-body spin-flavor composite operator is defined as
the product of n generators of SUð4Þ. In an effective theory
such operators will appear with a natural suppression factor
1=Nn−1

c [45,46]. For matrix elements in the totally sym-
metric irrep of SUð4Þ, the 2-body reduction relations in
Table III are useful in the decomposition of higher body
operators into bases operators. Composite operators can be
projected onto definite spin and isospin irreducible tensors,
in particular in building a suitable basis. Table IV gives the
basis of composite operators needed in this work. The
notations XjJ;I indicate projection of the tensor X onto
given quantum numbers ðJ; IÞ. The spin-flavor tensors of
the UV divergencies of the one-loop diagrams can always
be expressed in terms of those bases operators. This is not
the case for the nonanalytic terms, which will require
explicit evaluations for each of the projections on inter-
mediate baryon states in the loop. For the case of
πN → πN, Appendix F 6 shows those evaluations.

APPENDIX D: LAGRANGIANS

This appendix gives the chiral Lagrangians needed in
this work, namely the LO Lagrangian for pions, and the
LO, NLO, and NNLO for baryons, which only include
those terms necessary for a complete renormalization of the
πB → πB0 scattering amplitudes. The baryon Lagrangians
are organized according the ξ power counting.

1. LO Lagrangians

The pion LO Lagrangian Oðp2Þ ¼ Oðξ2Þ has the stan-
dard form:

TABLE III. SUð4Þ operator identities in the totally symmetric
irrep ðNc; 0; 0Þ of SUð4Þ. The first column gives the composite
operator’s quantum numbers ðJ; IÞ under SUð2Þ × SUð2Þ.
J I Relation

0 0 fSi; Sig − fIa; Iag ¼ 0
0 0 fSi; Sig þ fIa; Iag þ 4fGia; Giag ¼ 3

2
Ncð4þ NcÞ

0 1 2fSi; Giag ¼ ð2þ NcÞIa
1 0 2fIa; Giag ¼ ð2þ NcÞSi
1 1 1

2
fSk; Icg − ϵijkϵabcfGia; Gjbg ¼ ð2þ NcÞGkc

1 1 ϵijkfSi; Gjcg ¼ ϵabcfIa; Gkbg
0 2 4fGia; GibgjI¼2 ¼ fIa; IbgjI¼2

2 0 4fGia; GjagjJ¼2 ¼ fSi; SjgjJ¼2

TABLE IV. Spin-flavor tensor operator basis. To complete the basis to the terms in the table additional terms
involving anticommutators of those terms with 1

N2
c
× Ŝ2 must be added. Most of those terms will be of higher order

than the ones needed for renormalizing the scattering amplitudes.

J I Operator J I Operator

0 0 1 2 1 1
N2

c
SiSjjJ¼2I

a

1 0 Si 2 1 1
N2

c
fSiSjjJ¼2; G

kagjJ¼2;I¼1

0 1 Ia 1 2 1
Nc
fIa; GibgjI¼2

1 1 Gia 1 2 1
N2

c
fSiIa; GjbgjJ¼1;I¼2

1 1 1
Nc
SiIa 1 2 1

N2
c
SiIaIbjI¼2

1 1 1
Nc
fSi; GjagjJ¼1 1 2 1

N2
c
fIaIbjI¼2; G

icgjJ¼1;I¼2

2 0 1
Nc
SiSjjJ¼2 2 2 1

Nc
fGia; GjbgjJ¼I¼2

0 2 1
Nc
IaIbjI¼2 2 2 1

N2
c
fSiIa; GjbgjJ¼I¼2

2 1 1
Nc
fSi; GjagjJ¼2 2 2 1

N2
c
fSi; GjaGkbjJ¼I¼2gjJ¼I¼2

2 1 1
N2

c
fSiIa; GjbgjJ¼2;I¼1 2 2 1

N3
c
SiSjjJ¼2I

aIbjI¼2
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Lð2Þ
π ¼ 1

4
F2
πhDμU†DμU þ χU† þ χ†Ui: ðD1Þ

The LO baryon Lagrangian is OðξÞ and given by

Lð1Þ
B ¼ B†

�
iD0 þ ̊gAuiaGia −

CHF

Nc
Ŝ2 þ c1Nc

2Λ
hχþi

�
B:

ðD2Þ

The vertices from the LO Lagrangian needed in the NLO
and NNLO calculations are depicted in Table V.

2. Higher order Lagrangians

In the construction of the higher order Lagrangians one
uses the LO equations of motion, namely,

iD0B ¼
�
CHF

Nc
Ŝ2 − c1

Nc

2Λ
hχþi − ̊gAuiaGia

�
B

Dμuμ ¼
i
2
χ−; ðD3Þ

and the identities,

Dμuν −Dνuμ ¼ −f−μν
½Dμ; Dν� ¼ −iΓμν

Γμν ¼
1

2
fþμν þ

i
4
½uμ; uν�: ðD4Þ

The following are the higher order Lagrangians needed for
renormalization in the present calculation of the πB → πB0
amplitudes. The CT Lagrangians needed to renormalize
UV divergencies are organized by the order in ̊gA of the UV
divergencies, and are the following:

TABLE V. Vertices from the LO Lagrangians.

¼ i
3F2

π
ðM2

πðδabδcd þ δacδbd þ δadδbcÞ
þδabδcdð−ðk1 þ k2Þ · ðk3 þ k4Þ þ 2ðk1 · k2 þ k3 · k4ÞÞ
þδacδbdð−ðk1 þ k3Þ · ðk2 þ k4Þ þ 2ðk1 · k3 þ k2 · k4ÞÞ
þδadδbcð−ðk2 þ k3Þ · ðk1 þ k4Þ þ 2ðk1 · k4 þ k2 · k3ÞÞÞ

¼ ̊gA
Fπ
kiGia

¼ 1
F2
π
ð1
2
ðk02 − k01ÞϵabcIc − i2c1Nc

M2
π

Λ δabÞ

¼ − ̊gA
F3
π
Gidðδabδcdð2ki3 − ki1 − ki2Þ þ δacδbdð2ki2 − ki1 − ki3Þ

þδadδbcð2ki1 − ki2 − ki3ÞÞ

¼ 1
F4
π
ð 1
12
Ieðδabϵcdeðk03 − k04Þ þ δacϵbdeðk02 − k04Þ þ δadϵbceðk02 − k03Þ

þδbcϵadeðk01 − k04Þ þ δbdϵaceðk01 − k03Þ þ δcdϵabeðk01 − k02ÞÞ
þi 2

3
c1Nc

M2
π

Λ ðδabδcd þ δacδbd þ δadδbcÞÞ
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LCTðg̊4AÞ ¼B†
�
f10
Λ2

ϵijkSkuiaD
↔

0ujaþ
f01
Λ2

ϵabcIcuiaD
↔

0uibþ
fð1Þ11

Λ
ϵijkϵabcuiaujbGkcþ fð2Þ11

Λ
ϵijkϵabcuiaujb

1

Nc
SkIc

þ f20
Λ

uiauja
1

Nc
SiSj

���
J¼2

þ f02
Λ

uiauib
1

Nc
IaIb

���
I¼2

þ f22
Λ

uiaujb
1

Nc
GiaGjb

���
J¼I¼2

�
B ðD5Þ

LCTð̊g2AÞ ¼ B†
�
gð1Þ00

hχþi
Λ

þ gð2Þ00

hχþi
Λ

Ŝ2

Nc
þ gð3Þ00

Λ
uaμuaμ þ

gð4Þ00

Λ
uaμuaμ

Ŝ2

Nc
þ i

gð1Þ01

Λ2
ϵabcχa−ub0I

c þ gð2Þ01

Λ2
ϵabcuaμD

↔

0ubμIc

þ gð1Þ02

Λ
uaμubμIaIb

���
I¼2

þ gð1Þ11

Λ
ϵijkϵabcuiaujbGkcþ gð2Þ11

Λ
ϵijkϵabcuiaujb

1

Nc
SkIc

�
B ðD6Þ

LCTð̊g0AÞ ¼ B†
�
hð1Þ00

Nc

Λ3
hχ2þi þ hð2Þ00

Nc

Λ3
hχ2−i þ h

ð3Þ

00

Nc

Λ3
hχþiuaμuμa þ ihð1Þ01

ϵabc

Λ2
χa−ub0I

c þ hð2Þ01

ϵabc

Λ2
uaμD

↔

0uμbIc

þ hð3Þ01

ϵabc

Λ2
ua0D

↔

0ub0I
c

�
B: ðD7Þ

The LEC notation explicitly gives the ðJ; IÞ of the spin-flavor tensor, namely, LECJI . Note that a few terms have the same
structure across the depicted Lagrangians, thus the corresponding LECs add up. They have been presented separately
because in the renormalization the corresponding β functions are organized in powers of ̊gA.
In addition, and to the order of the present calculations, there are Lagrangian terms that serve as finite CTs. Here again

only those contributing to the πB → πB0 amplitudes are shown:

LCTðfiniteÞ ¼ i
lð1Þ
00

Λ2
ua0u

iaB†D
↔i

Bþ i
lð2Þ
00

Λ2
hχþiB†D

↔

0Bþ lð1Þ
01

1

2m0

B†D⃗2Bþ lð2Þ
01

Λ2
ϵabcuiaDiub0B

†IcB

þ lð3Þ
01

Λ2
ϵabcDiuiaub0B

†IcBþ lð1Þ
10

Λ2
ϵijkuiaDjua0B

†SkBþ lð2Þ
10

Λ2
ϵijkDjuiaua0B

†SkB

þ i
lð1Þ
11

2Λ2
ϵijkϵabcua0u

ibB†fD↔j
; GkcgBþ i

lð2Þ
11

2Λ2
ϵijkϵabcuiaujbB†fD↔0; GkcgB

þ terms with either J or I bigger than1; ðD8Þ

where the terms not contributing to the πN → πN amplitude are not explicitly shown, i.e. terms where J or I are larger
than 1.
For the contributions to the scattering amplitudes, the renormalization of the baryon masses and the πB couplings are

needed. The corresponding CT Lagrangians are the following:

LCT
m ¼ B†

�
CHF1

N2
c

Ŝ2 þ CHF2

N3
c

Ŝ4 þ c2
Nc

hχþiŜ2
�
B: ðD9Þ

LCT
A ¼ B†

�
uia

�
CA
0

Nc
Gia þ CA

1

4Λ2
fχþ; Giag þ CA

2

N2
c
fŜ2; Giag þ CA

3

Nc
½Ŝ2; Gia� þ CA

4

Nc
SiIa

�
þ i

CA
5

2Λ2
Diχa−Gia

�
B

þ i
̊gA
m0

u0aB†fGia;D
↔igB: ðD10Þ

This Lagrangian provides the renormalization CTs for both the axial current and the πB interaction. The loop correction
preserves the Goldberger-Treiman relation, whose discrepancy is only due to the term proportional to CA

5 . The term
proportional to ̊gA=m0, demanded by the nonrelativistic expansion, gives the leading contribution to the time component of
the axial current and the corresponding pion-baryon coupling, giving contributions Oðξ2Þ with respect to the spatial
components of the axial current. Although these contributions to the pion-baryon coupling are NNLO, they are found to be
virtually insignificant and are thus disregarded in the fits to the data.
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APPENDIX E: LOOP INTEGRALS

This appendix gives details on the loop integrals, where throughout dimensional regularization is used, with d ¼ 4 − 2ϵ,
and the notation λϵ ≡ 1

ϵ − γE þ log 4π.
All one-loop integrals, after convenient integration variable shifts, can be brought to the following general well known

forms, leaving integrations over Feynman parameters to be performed:Z gddk f1; kμkν; � � �g
ðk2 − Λ2 þ iϵÞn ; ðE1Þ

where gddk ¼ ddk
ð2πÞd, and Λ contains in particular dependencies on Feynman parameters.

Diagrams not involving heavy baryon propagators lead straightforwardly to the integral forms shown above. When heavy
baryon propagators are involved, the general form of the loop integrals are obtained by first using the Feynman parameter
representation:

1

A1 � � �Ama1 � � � an
¼ 2mΓðmþ nÞ

Z
1

0

dα1

Z
1

0

dα2 � � �
Z

1

0

dαn

×
Z

∞

0

dλ1 � � �
Z

∞

0

dλm
δð1 − α1 − � � � − αnÞ

ð2λ1A1 þ � � � þ α1a1 þ � � �ÞðnþmÞ : ðE2Þ

The cases needed in this work are those with one, two, and three heavy baryon propagators. All cases can be brought to the
case with a single heavy baryon propagator using the partial fraction decomposition. Thus the integrals of interest will be of
the general formZ gddk Numðk; fqigÞ

ðQ0 − k0 þ iϵÞðk2 −M2
π þ iϵÞððk − q1Þ2 −M2

π þ iϵÞ � � � ððk − qnÞ2 −M2
π þ iϵÞ

¼ 2ΓðnÞ
Z

∞

0

dλ
Z

1

0

dα1 � � � dαn
Z gddk δð1 − α1 − � � � − αnÞNumðk; fqigÞ

ð2λðQ0 − k0 þ iϵÞ þP
n
i αiððk − qiÞ2 −M2

π þ iϵÞÞnþ1
; ðE3Þ

where Num is a polynomial of the arguments. Upon integrating over k, the integration over the Feynman parameter λ has the
general form

Jðr; ν; C0; C1; λ0Þ≡
Z

∞

0

dλ
λr

ðC0 þ C1ðλ − λ0Þ2Þν
; ðE4Þ

where r ¼ 0; 1;…, and ν ¼ integer − d
2
.

The integrals Jðr; ν; C0; C1; λ0Þ satisfy the following recurrence relations:

Jð0; ν; C0; C1; λ0Þ ¼
1

2ν − 1

�
2νC0Jð0; νþ 1; C0; C1; λ0Þ −

λ0
ðC0 þ C1λ

2
0Þν

�

Jð1; ν; C0; C1; λ0Þ ¼ λ0Jð0; ν; C0; C1; λ0Þ þ
ðC0 þ C1λ

2
0Þ1−ν

2C1ðν − 1Þ

Jð2; ν; C0; C1; λ0Þ ¼ ðλ20 − C0ÞJð0; ν; C0; C1; λ0Þ þ Jð0; ν − 1; C0; C1; λ0Þ þ λ0
ðC0 þ C1λ

2
0Þ1−ν

2C1ðν − 1Þ ðE5Þ

The seed integral is taken to be the one for ν ¼ 1þ ϵ:

Jð0; 1þ ϵ; C0; C1; λ0Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffi
C0C1

p
�
π

2
þ arctan

λ0ffiffiffiffiffiffiffiffiffiffiffiffiffi
C0=C1

p �
− ϵ

Z
∞

0

logðC0 þ C1ðλ − λ0Þ2Þ
C0 þ C1ðλ − λ0Þ2

dλ: ðE6Þ

The integrals Jð0; nþ ϵ; C0; C1; λ0Þ with n ¼ 0;−1;−2;… are polynomials in C0, C1, and λ0, while for n > 0 they do
contain nonanalytic terms. In general, the integrals always appear in the one-loop results in the combination
ΓðνÞJðn; ν; C0; C1; λ0Þ. In the actual calculations of this work, it turns out that C1 ¼ 1 throughout.
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With these results, Table VI yields the necessary λ-Feynman parameter integrals for the present one-loop calculations.
A particular integral, which is convenient to display explicitly is

IðQ;MπÞ ¼
1

d − 1

Z gddk k⃗2

ðk0 −Qþ iϵÞðk2 −M2
π þ iϵÞ

¼ i
3ð4πÞ2

�
Q

�
ð3M2

π − 2Q2Þ
�
λϵ − log

M2
π

μ2

�
þ 7M2

π −
16

3
Q2

�

þ 4
�
M2

π −Q2 − iϵ
�
3=2

�
π

2
− arctan

Qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

π −Q2 − iϵ
p ��

: ðE7Þ

This integral appears in the self-energy and in several of
the one-loop contributions to the scattering amplitude.

APPENDIX F: NNLO SCATTERING
AMPLITUDES

This appendix gives details of the calculations of the
one-loop diagrams for the scattering amplitudes, organized
by their power in ̊gA. The UV divergent pieces are analyzed
in detail for the purpose of demonstrating the large Nc

consistency of the results. Also included are the higher
order Lagrangian contributions to the amplitudes, as well as
the results for the β functions of the LECs. The simplifi-
cations for the case of πN → πN scattering are also
included, along with results for the reductions of composite
spin-flavor tensors needed in that case.
The case of πN → πN scattering shows significant

simplifications, shown explicitly for the CT contributions.
The reductions of composite spin-flavor tensors needed in
that case are also included in Appendix F 6.

TABLE VI. Integrals over the Feynman parameter λ.

r ν Γðνþ ϵÞJðr; νþ ϵ; C0; C1; λ0Þ
0 0

1
2
ðλ20 − C0

C1
Þλϵ −

ffiffiffiffiffiffiffiffi
C0C1

p
λ0ð2 arctan ð

ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

C1
þ 3C1λ

2
0
−C0þðC0−C1λ

2
0
Þ log ðC1λ

2
0
þC0Þ

2C1

0 1
λϵ
2C1

þ
λ0ð2 arctan ð

ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

2
ffiffiffiffiffiffiffiffi
C0C1

p − log ðC1λ
2
0
þC0Þ

2C1

0 2
λ0ð2 arctan ð

ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

4C0

ffiffiffiffiffiffiffiffi
C0C1

p þ 1
2C0C1

0 3
3C1λ

2
0
þ2C0

4C2
0
C1ðC1λ

2
0
þC0Þ þ

3λ0ð2 arctan ð
ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

8C2
0

ffiffiffiffiffiffiffiffi
C0C1

p

1 0
1
2
ðλ20 − C0

C1
Þλϵ −

ffiffiffiffiffiffiffiffi
C0C1

p
λ0ð2 arctan ð

ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

C1
þ 3C1λ

2
0
−C0þðC0−C1λ

2
0
Þ log ðC1λ

2
0
þC0Þ

2C1

1 1
λϵ
2C1

þ
λ0ð2 arctan ð

ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

2
ffiffiffiffiffiffiffiffi
C0C1

p − log ðC1λ
2
0
þC0Þ

2C1

1 2
λ0ð2 arctan ð

ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

4C0

ffiffiffiffiffiffiffiffi
C0C1

p þ 1
2C0C1

1 3
3C1λ

2
0
þ2C0

4C2
0
C1ðC1λ

2
0
þC0Þ þ

3λ0ð2 arctan ð
ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

8C2
0

ffiffiffiffiffiffiffiffi
C0C1

p

2 0
1
2
ðλ20 − C0

C1
Þλϵ −

ffiffiffiffiffiffiffiffi
C0C1

p
λ0ð2 arctan ð

ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

C1
þ 3C1λ

2
0
−C0þðC0−C1λ

2
0
Þ log ðC1λ

2
0
þC0Þ

2C1

2 1
λϵ
2C1

þ
λ0ð2 arctan ð

ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

2
ffiffiffiffiffiffiffiffi
C0C1

p − log ðC1λ
2
0
þC0Þ

2C1

2 2
λ0ð2 arctan ð

ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

4C0

ffiffiffiffiffiffiffiffi
C0C1

p þ 1
2C0C1

2 3
3C1λ

2
0
þ2C0

4C2
0
C1ðC1λ

2
0
þC0Þ þ

3λ0ð2 arctan ð
ffiffiffiffi
C1
C0

q
λ0ÞþπÞ

8C2
0

ffiffiffiffiffiffiffiffi
C0C1

p
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1. Diagrams ∝ ̊g4A
The diagrams proportional to ̊g4A are shown in Fig. 5.

Diagrams D1, D2, and D3 will contribute with pole terms,
i.e., terms that contain singularities due to a single baryon
pole. DiagramD1 has double pole, single pole, and no-pole
contributions, while diagrams D2 and D3 have single-pole
and no-pole contributions.
First consider diagrams D2: they have the general

structure of a diagram shown in Fig. 10(a). The amplitude
corresponding to that diagram reads

iTðaÞ ¼ −
i

p0
1 þ k01 − δmn

Γ2ðp0
1 þ k01; p

0
2; k2ÞPnΓ1ðp0

1; p
0
1 þ k01;−k1Þ

¼ −i
�
Γ2ðδmn; p0

2; k2ÞPnΓ1ðp0
1; δmn;−k1Þ

p0
1 þ k01 − δmn

þ Γ2ðp0
1 þ k01; p

0
2; k2ÞPnΓ1ðp0

1; p
0
1 þ k01;−k1Þ − Γ2ðδmn; p0

2; k2ÞPnΓ1ðp0
1; δmn;−k1Þ

p0
1 þ k01 − δmn

�
; ðF1Þ

where in the last expression the first term contains a pole and the last one does not. When renormalizing, the first term will
only require the renormalization of the vertices, while the last one will require renormalization of the scattering amplitudes,
i.e., local terms with two pions.
The case of the diagram Fig. 10(b) with double pole is decomposed into terms with double pole, single pole and no pole,

namely,

iTðbÞ ¼ Γ2PnΣðp0
1 þ k01ÞPnΓ1

1

ðp0
1 þ k01 − δmnÞ2

¼ 1

ðp0
1 þ k01 − δmnÞ2

Γ2PnðΣðδmnÞ þ ðp0
1 þ k01 − δmnÞΣ0ðδmnÞ

þ ðΣðp0
1 þ k01Þ − ΣðδmnÞ − ðp0

1 þ k01 − δmnÞΣ0ðδmnÞÞÞPnΓ1; ðF2Þ

where one identifies Σ0ðδmnÞ ¼ −δZðδmnÞ. The first term has a double pole which is taken care of by the mass
renormalization, the second term has a single pole, and the last one has no pole. For the single pole term the renormalization
is through the vertex renormalization.
Applying those decompositions to the corresponding diagrams leads to the following results:
Diagram D1:

iTba
D1

¼ −i
�
̊gA
Fπ

�
2

ki1k
j
2

X
n

GjbPnGia Σnðp0
1 þ k01Þ

ðp0
1 þ k01 − δmnÞ2

¼ −i
�
̊gA
Fπ

�
2

ki1k
j
2

X
n

GjbPnGia

�
ΣnðδmnÞ

ðp0
1 þ k01 − δmnÞ2

−
δZnðδmnÞ

p0
1 þ k01 − δmn

þ Σnðp0
1 þ k01Þ − ΣnðδmnÞ

ðp0
1 þ k01 − δmnÞ2

þ δZnðδmnÞ
p0
1 þ k01 − δmn

�
:

ðF3Þ

(a) (b)

FIG. 10. Pole diagrams.
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Diagrams D2:

iTba
D2

¼ ̊gA
Fπ

ki1k
j
2

X
n

1

p0
1 þ k01 − δmn

ðGjbPnΓiaðp0
1; p

0
1 þ k01;−k1Þ þ Γjbðp0

1 þ k01; p
0
2; k2ÞPnGiaÞ

¼ ̊gA
Fπ

ki1k
j
2

X
n

1

p0
1 þ k01 − δmn

ðGjbPnΓiaðp0
1; δmn;−k1Þ þ Γjbðδmn; p0

2; k2ÞPnGia

þ ðGjbPnðΓiaðp0
1; p

0
1 þ k01;−k1Þ − Γiaðp0

1; δmn;−k1ÞÞ
þ ðΓjbðp0

1 þ k01; p
0
2; k2Þ − Γjbðδmn; p0

2; k2ÞÞPnGiaÞÞ: ðF4Þ

Diagrams D3:

iTba
D3

¼ −i
�
̊gA
Fπ

�
2

ki1k
j
2

X
n

GjbPnGia 1

p0
1 þ k01 − δmn

�
ΣinðδminÞ
p0
1 − δmin

þ ðΣoutðδmoutÞ
p0
2 − δmout

þ Σinðp0
1Þ − Σinðδmin

p0
1 − δmin

þ Σoutðp0
2Þ − ΣoutðδmoutÞ
p0
2 − δmout

�
ðF5Þ

The term with external pole will be absorbed by renormalizing the baryon masses of the external baryons, and the terms
with no external pole multiplied by 1=2, which are a consequence of the external Baryon’s wave function renormalization,
are part of the scattering amplitude, which reduces to

iTba
D3

¼ i
2

�
̊gA
Fπ

�
2

ki1k
j
2

X
n

1

p0
1 þ k01 − δmn

fGjbPnGia; δẐg ðF6Þ

Diagram D4:

Tba
D4

¼
�
̊gA
Fπ

�
4

ki1k
j
2

X
n;n0;n00

GlcPn00GjbPn0GiaPnGlc

�
Iðδmn − p0

1;MπÞ
ðp0

2 − p0
1 − δmn00 þ δmnÞðk01 þ δmn − δmn0 Þ

þ Iðδmn00 − p0
2;MπÞ

ðp0
2 − p0

1 − δmn00 þ δmnÞðp0
2 − p0

1 − k01 − δmn00 þ δmn0 Þ

−
Iðδmn0 − p0

1 − k01;MπÞ
ðp0

2 − p0
1 − k01 − δmn00 þ δmn0 Þðk01 þ δmn − δmn0 Þ

�
: ðF7Þ

a. UV divergencies of the no-pole terms

The UV divergent terms of the no-pole terms of the diagrams proportional to ̊g4A are as follows:
Diagram D1 UV:

iTbaUV
ðD1Þ ðno-poleÞ ¼ i

λϵ
ð4πÞ2

�
g̊A
Fπ

�
4 2

3
ki1k

j
2

X
n;n0

�
1

2
ðk01 þ k02Þ þ

1

2
ðδmin þ δmoutÞ þ 2δmn − 3δmn0

�
GjbPnGlcPn0GlcPnGia

¼ i
λϵ

ð4πÞ2
�
g̊A
Fπ

�
4 1

3
ki1k

j
2ððk01 þ k02ÞGjbĜ2Gia þ ½δm̂;Gjb�Ĝ2Gia

−GjbĜ2½δm̂;Gia� þ 3Gib½½δm̂;Glc�;Glc�GiaÞ: ðF8Þ
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Diagrams D2 UV:

iTbaUV
D2

ðno-poleÞ ¼ −i
λϵ

ð4πÞ2
�
̊gA
Fπ

�
4 1

3
ki1k

j
2

X
n;n0;n00

ðGjbPnGlcPn00GiaPn0Glcðk01 þ 2p0
1 þ δmn − δmn0 − 2δmn00 Þ

þGlcPn0GjbPn00GlcPnGiaðk02 þ 2p0
2 þ δmn − δmn0 − 2δmn00 ÞÞ

¼ −i
λϵ

ð4πÞ2
�
̊gA
Fπ

�
4 1

3
ki1k

j
2ðk01GjbGlcGiaGlc þ k02G

lcGjbGlcGia

− 2GjbGlcGia½δm̂; Glc� þGjb½δm̂; Glc�GiaGlc − GjbGlc½δm̂; Gia�Glc

þ 2½δm̂; Glc�GjbGlcGia þGlc½δm̂; Gjb�GlcGia −GlcGjb½δm̂; Glc�GiaÞ ðF9Þ

Diagrams D4 UV:

iTbaUV
D4

¼ i
λϵ

ð4πÞ2
�
̊gA
Fπ

�
4 1

3
ki1k

j
2ðk01 þ k02 þ 3p0

1 þ 3p0
2 − 2δmn − 2δmn0 − 2δmn00 ÞGlcPn00GjbPn0GiaPnGlc

¼ i
λϵ

ð4πÞ2
�
̊gA
Fπ

�
4 1

3
ki1k

j
2ððk01 þ k02ÞGlcGjbGiaGlc þ 3½δm̂; Glc�GjbGiaGlc

− 3GlcGjbGia½δm̂; Glc� þ Glc½δm̂; Gjb�GiaGlc − GlcGjb½δm̂; Gia�GlcÞ: ðF10Þ

The added UV divergencies of the no-pole terms of the diagrams D1, D2, and D4 give

iTbaUVðno-poleÞð̊g4AÞ ¼ i
λϵ

ð4πÞ2
�
̊gA
Fπ

�
4 1

3
ki1k

j
2ð−ðk01 þ k02Þ½Glc; Gjb�½Glc; Gia�

þ 2
CHF

Nc
ð½Gjb; ½δm̂; Glc��½Glc; Gia� − ½Glc; Gjb�½Gia; ½δm̂; Glc��ÞÞ: ðF11Þ

b. Projection of UV divergence onto bases of SF operators

To the diagrams D1 through D4, the crossed diagrams must be added, which are obtained by the prescription k1 ↔ −k2,
and a ↔ b. With this, the sum of the no-pole terms proportional to ̊g4A gives the UV divergence in terms of bases operators
in Table IV:

iTbaUV
no-poleð̊g4AÞ ¼ i

λϵ
ð4πÞ2

�
̊gA
Fπ

�
4 1

6
ki1k

j
2

�
i
8
ðk01 þ k02ÞðδijϵbacIc þ δabϵjikSkÞ

þ CHF

Nc
ðδabSiSjjJ¼2 þ δijIaIbjI¼2 −

1

2
ϵjikϵbacðNcðNc þ 2ÞGkc − 3SkIcÞ − 3GjbGiajJ¼I¼2Þ

�
; ðF12Þ

obtained from Eq. (F11) by making use of the relations

½Glc;Gjb�½Glc;Gia� ¼−
1

16

�
4

3
δijδabŜ2þ i

2
δabϵjikSkþ i

2
δijϵabcIcþ2ϵjikϵabcSkIc

−δabSiSjjJ¼2−δijIaIbjI¼2

�
;

½Gjb; ½δm̂;Glc��½Glc;Gia�− ½Glc;Gjb�½Gia; ½δm̂;Glc�� ¼CHF

Nc

�
i
48

ð3NcðNcþ4Þþ6−28Ŝ2ÞðδabϵjikSkþδijϵbacIcÞÞ

−
1

8
ϵjikϵbacðNcðNcþ2ÞGkc−3SkIcÞþ1

4
ðδabSiSjjJ¼2þδijIaIbjI¼2Þ

þ i
2
ðϵjikSkIaIbjI¼2þ ϵbacIcSiSjjJ¼2Þ−3GjbGiajJ¼I¼2

�
: ðF13Þ
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These UV divergencies give contributions that are at most OðN0
cÞ, and thus consistent with the 1=Nc expansion of the

scattering amplitudes. They are also independent of Mπ .

2. Diagrams ∝ ̊g2A
The diagrams D6;7;8 vanish identically.
Diagrams D5:
These diagrams give only single-pole contributions, correcting the π-baryon coupling, and thus are finally included in the

pole contributions Eq. (15),

iTba
D5

¼ −i
�
̊gA
F2
π

�
2 2

3
ki1k

j
2ΔðMπÞ

X
n

GjbPnGia 1

p0
1 þ k01 − δmn

ðF14Þ

where:

ΔðMπÞ ¼
Z gddk i

k2 −M2
π
¼ −

Mpi2

ð4πÞ2
�
λϵ − log

M2
π

μ2

�
ðF15Þ

Diagrams D9:

iTba
D9

¼
�
̊gA
F2
π

�
2 1

6

X
n

GkcPnGkdðδacδbd þ δadδbc − 2δabδcdÞðIðδmn − p0
1;MπÞ þ Iðδmn − p0

2;MπÞÞ: ðF16Þ

Diagram D10:
This diagram is more compactly expressed in terms of the integrals defined earlier in Eqs. (E5) and (E6), and reads

iTba
D10

¼ −i
�
̊gA
F2
π

�
2 1

3

X
n

GldPnGjc 1

ð4πÞd=2
�
1

2
δjlðδacδbd þ δadδbc − 2δabδcdÞ

× Γ
�
1 −

d
2

��
J

�
0; 1 −

d
2
; Cþ

0 ; 1; λ
þ
0

�
þ J

�
0; 1 −

d
2
; C−

0 ; 1; λ
−
0

��

þ 6

Z
1

0

dα

��
ðt −M2

πÞδabδcd þ
1

2
ð2M2

π − tÞðδacδbd þ δadδbcÞ
�

×

�
Γ
�
3 −

d
2

�
J

�
0; 3 −

d
2
; C1

0; 1; λ
1
0

�
−
1

2
δjlΓ

�
2 −

d
2

�
J

�
0; 2 −

d
2
; C1

0; 1; λ
1
0

��

þ ðδacδbd − δadδbcÞ
�
1

2
ðαqlðk1 þ k2Þj þ ðα − 1Þqjðk1 þ k2ÞlÞΓ

�
2 −

d
2

�
J

�
0; 2 −

d
2
; C1

0; 1; λ
1
0

�

þ αð1 − αÞqjqlðk01 þ k02ÞΓ
�
3 −

d
2

�
J

�
1; 3 −

d
2
; C1

0; 1; λ
1
0

�

−
1

2
δjlðk01 þ k02ÞΓ

�
2 −

d
2

�
J

�
1; 2 −

d
2
; C1

0; 1; λ
1
0

����
ðF17Þ

where

d ¼ 4 − 2ϵ; q ¼ k1 − k2; t ¼ q2

C�
0 ¼ M2

π − λ�0 ; λ�0 ¼ 1

2
ðp0

1 þ p0
2 � q0Þ − δmn

C1
0 ¼ M2

π þ αðα − 1Þq2 − λ10; λ10 ¼
1

2
ðp0

1 þ p0
2Þ þ

�
1

2
− α

�
q0 − δmn: ðF18Þ
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Diagram D11:

iTba
D11

¼ i

�
̊gA
F2
π

�
2X
n;n0

GkcPn0

�
−
1

2
ðk01 þ k02ÞϵbacIc þ 2ic1Nc

M2
π

Λ
δab

�
PnGkd

×
1

p0
2 − p0

1 − δmn0 þ δmn
ðIðδmn0 − p0

2;MπÞ − Iðδmn − p0
1;MπÞÞ: ðF19Þ

Diagram D12:

iTba
D12

¼ 1

2

1

F2
π

�
1

2
ðk01 þ k02ÞϵbacIc þ 2ic1Nc

M2
π

Λ
δab; δẐ

	
ðF20Þ

where δZ is evaluated on-shell for the in and out baryons, which in this case have the same spin.

a. UV divergencies of the no-pole terms

The UV divergent pieces of no-pole terms of the diagrams proportional to ̊g2A, evaluated for the external baryons on mass
shell are as follows:
Diagram D9 UV:

iTbaUV
D9

¼ −i
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2X

n

GiePnGicðδaeδbc þ δacδbe − 2δabδceÞ

×
1

16
ð3M2

πððp0
1 − δmnÞ þ ðp0

2 − δmnÞÞ − 2ððp0
1 − δmnÞ3 þ ðp0

2 − δmnÞ3ÞÞ: ðF21Þ

This diagram projects onto J ¼ 0; I ¼ 0, 2, implying that p0
1 ¼ p0

2 ¼ δmin, and yielding

iTbaUV
D9

ðJ ¼ I ¼ 0Þ ¼ i
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2

δab
2

9

CHF

Nc

�
M2

π

�
5Ŝ2 −

3

4
NcðNc þ 4Þ

�

þ
�
CHF

Nc

�
2
�
2

3
ð5NcðNc þ 4Þ − 24ÞŜ2 þ 2NcðNc þ 4Þ − 56Ŝ4

3

��
;

iTbaUV
D9

ðJ ¼ 0; I ¼ 2Þ ¼ i
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2

IaIbjI¼2

1

3

CHF

Nc

�
M2

π þ
�
CHF

Nc

�
2
�
2

3
NcðNc þ 4Þ − 16Ŝ2

3

��
: ðF22Þ

DiagramD10 UV: Upon projecting the diagram onto t-channel ðJ; IÞ, the corresponding UV divergent amplitudes are the
following:

iTbaUV
D10

ðJ ¼ I ¼ 0Þ ¼ i
54

λϵ
ð4πÞ2

�
̊gA
F2
π

�
2X

n

GicPnGicδabðp0
1 þ p0

2 − 2δmnÞ

× ð6ðk01 − k02Þ2 − 21M2
π þ 2ððp0

1 þ p0
2 − 2δmnÞ2 þ 9tÞÞ

¼ i
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2 1

9
δab

CHF

Nc

�
−
3

8
NcðNc þ 4Þð5M2

π − 12k1 · k2Þ

þ
�
CHF

Nc

�
2
�
−
4

3
ð5NcðNc þ 4Þ − 24ÞŜ2 − 4NcðNc þ 4Þ þ 112

3
Ŝ4
�

þ Ŝ2
�
25

2
M2

π − 30k1 · k2

��
; ðF23Þ
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iTbaUV
D10

ðJ ¼ 0; I ¼ 1Þ ¼ −
i
18

λϵ
ð4πÞ2

�
g̊A
F2
π

�
2X

n

GiePnGic 1

2
ðδaeδbc − δacδbeÞ

× ððk01 þ k02Þð3ððk01 − k02Þ2 − 6M2
π þ 3ðp0

1 þp0
2 − 2δmnÞ2 þ tÞ− 2ðk⃗1− k⃗2Þ2Þ þ 2ðk01 − k02Þðk⃗21 − k⃗22ÞÞ

¼ λϵ
ð4πÞ2

�
g̊A
F2
π

�
2 1

4
ϵbacIcðk01 þ k02Þ

�
1

6
ð3k1 · k2 þ ðk⃗1 − k⃗2Þ2 þ 6M2

πÞ

þ
�
CHF

Nc

�
2

ð3NcðNc þ 4Þ− 20Ŝ2Þ
�
; ðF24Þ

iTbaUV
D10

ðJ ¼ 0; I ¼ 2Þ ¼ −
i
18

λϵ
ð4πÞ2

�
̊gA
F2
π

�
2X

n

GiePnGic 1

2

�
δaeδbc þ δbeδac −

2

3
δabδce

�

× ðp0
1 þ p0

2 − 2δmnÞð3ðk01 − k02Þ2 − 24M2
π þ ðp0

1 þ p0
2 − 2δmnÞ2 þ 9tÞ

¼ i
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2

IaIbjI¼2

1

9

CHF

Nc

�
−3ð3k1 · k2 þM2

πÞ þ
�
CHF

Nc

�
2

ð16Ŝ2 − 2NcðNc þ 4ÞÞ
�
; ðF25Þ

iTbaUV
D10

ðJ ¼ I ¼ 1Þ ¼ −i
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2X

n

GlePnGjc 1

2
ðδaeδbc − δacδbeÞðp0

1 þ p0
2 − 2δmnÞððk⃗j1 − k⃗j2Þðk⃗l1 þ k⃗l2ÞÞjJ¼1

¼ i
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2

ϵbacϵjil
CHF

Nc

1

2
ki1k

j
2ðGlcðNc þ 2Þ − 3IcSlÞ: ðF26Þ

Diagram D11 UV:

iTbaUV
D11

¼ −
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2 1

6

X
n

ð3M2
π − 2ððp0

1 − δmnÞðp0
2 − δmnÞ þ ðp0

1 − δmnÞ2 þ ðp0
2 − δmnÞ2ÞÞ

×

�
ϵabcðk01 þ k02ÞGiePnIcGie − 4iδabc1Nc

M2
π

Λ
GiePnGie

�
; ðF27Þ

iTbaUV
D11

ðJ ¼ I ¼ 0Þ ¼ i
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2

δabc1Nc
M2

π

Λ

�
M2

π

�
3

8
NcðNc þ 4Þ − Ŝ2

�

þ
�
CHF

Nc

�
2

ð−2ðNc − 2ÞðNc þ 6ÞŜ2 − 3NcðNc þ 4Þ þ 8Ŝ4Þ
�
;

iTbaUV
D11

ðJ ¼ 0; I ¼ 1Þ ¼ λϵ
ð4πÞ2

�
̊gA
F2
π

�
2 1

4
ϵbacIcðk01 þ k02Þ

�
M2

π

�
3

8
ðNcðNc þ 4Þ − 4Þ − Ŝ2

�

þ
�
CHF

Nc

�
2
�
−2NcðNc þ 4ÞðŜ2 þ 3Þ þ 4Ŝ2ð2Ŝ2 þ 11Þ

��
: ðF28Þ

Diagram D12 UV:

iTbaUV
D12

¼ λϵ
ð4πÞ2

�
̊gA
F2
π

�
2 1

2

X
n

GidPnGidðM2
π − ðp0

1 − δmnÞ2 − ðp0
2 − δmnÞ2Þ

×

�
−4iδabc1Nc

M2
π

Λ
þ ϵabcIcðk01 þ k02Þ

�
; ðF29Þ
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iTbaUV
D12

ðJ ¼ I ¼ 0Þ ¼ i
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2

δabc1Nc
M2

π

Λ

�
M2

π

�
Ŝ2 −

3

8
NcðNc þ 4Þ

�

þ
�
CHF

Nc

�
2

ð2ðNc − 2ÞðNc þ 6ÞŜ2 þ 3NcðNc þ 4Þ − 8Ŝ4Þ
�
;

iTbaUV
D12

ðJ ¼ 0; I ¼ 1Þ ¼ λϵ
ð4πÞ2

�
̊gA
F2
π

�
2 1

4
ϵbacIcðk01 þ k02Þ

�
M2

π

�
Ŝ2 −

3

8
NcðNc þ 4Þ

�

þ
�
CHF

Nc

�
2

ð2ðNc − 2ÞðNc þ 6ÞŜ2 þ 3NcðNc þ 4Þ − 8Ŝ4Þ
�
: ðF30Þ

Adding up the diagrams, the ̊g2A UV divergencies yield

iTbaUV ð̊g2AÞ ¼ i
λϵ

ð4πÞ2
�
̊gA
F2
π

�
2 1

4

�
2
CHF

Nc
ϵbacϵjilki1k

j
2ðGlcðNc þ 2Þ − 3IcSl

�

þ i
2
ϵbacIcðk01 þ k02Þ

�
−k1 · k2 −

1

3
ðk⃗1 − k⃗2Þ2 þM2

πÞ

þ CHF

Nc
δab

�
k1 · k2

�
2NcðNc þ 4Þ − 40Ŝ2

3

�
þM2

π

�
Ŝ2 −

3

2
NcðNc þ 4Þ

��

− 4
CHF

Nc
IaIbjI¼2 k1 · k2

�
: ðF31Þ

In the J ¼ 0 terms k01 ¼ k02, which in the term ðJ ¼ 0; I ¼ 1Þ gives the simplification ð−k1 · k2 − 1
3
ðk⃗1 − k⃗2Þ2 þM2

πÞ → 1
6
t.

3. Diagrams ∝ ̊g0A
In these diagrams the baryon flowing through it has a fixed spin, thus in the CM frame k01 ¼ k02, and each diagram

satisfies large Nc consistency. The results are as follows:
Diagram D13:

iTba
D13

¼ −
1

ð4πÞ2
5

F4
π
M2

π

�
λϵ þ 1 − log

M2
π

μ2

��
1

24
ϵbacIcðk01 þ k02Þ þ

i
3
δabc1Nc

M2
π

Λ

�
: ðF32Þ

Diagram D14:

iTba
D14

¼ 1

F4
π

1

ð4πÞ2
�
ic1Nc

M2
π

Λ
δab

��
7

3
M2

π − 2t

��
λϵ − log

M2
π

μ2

�
þ 10M2

π

3
− 4t− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4M2
π

t

r
ðM2

π − 2tÞ arctan
ffiffi
t

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4M2

π þ t
p �

þ 2ϵbacIcðk01 þ k02Þ
��

M2
π −

t
6

��
λϵ − log

M2
π

μ2

�
þ 7

3
M2

π − 4tþ 1

3
ð−4M2

π þ tÞ3=2 arctan
ffiffi
t

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4M2

π þ t
p ��

: ðF33Þ

Diagram D15:

iTba
D15

¼ −
1

F4
π

�
i
4
ϵbacIc

�
1

2
Γ
�
1 −

d
2

�
J

�
0; 1 −

d
2
; C0; 1; λ0

�

− Γ
�
2 −

d
2

��
k01k

0
2J

�
0; 2 −

d
2
; C0; 1; λ0

�
þ ðk01 þ k02ÞJ

�
1; 2 −

d
2
; C0; 1; λ0

�

þ J

�
2; 2 −

d
2
; C0; 1; λ0

�
þ 4c1Nc

M2
π

Λ

�
ðk01 þ k02ÞJ

�
0; 2 −

d
2
; C0; 1; λ0

�
þ 2J

�
1; 2 −

d
2
; C0; 1; λ0

����

− 4δabc21N
2
c
M4

π

Λ2
Γ
�
2 −

d
2

�
J

�
0; 2 −

d
2
; C0; 1; λ0

��
; ðF34Þ
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where C0 ¼ M2
π − λ20 and λ0 ¼ k01 ¼ k02. Adding the crossed diagram and, in order to simplify the result, using explicitly

that k01 ¼ k02 in the CM frame, yields

iTba
D15þcrossed ¼

1

ð4πÞ2
1

F4
π

�
−iδab8π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

π − k0
2

1

q �
1

3
k01Ŝ

2 þ 2c21N
2
c
M4

π

Λ2

�

þ ϵbacIck01

��
3

4
M2

π − 2k0
2

1

��
λϵ þ 1 − log

M2
π

μ2

�
− 2k0

2

1

þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

π − k0
2

1

q �
−4πc1Nc

M2
π

Λ
þ k01 arctan

k01ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

π − k0
2

1

q ��
þ i4πk0

2

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

π − k0
2

1

q
IaIbjI¼2

�
: ðF35Þ

a. UV divergencies

Diagram D13 UV:

iTbaUV
D13

¼ −
λϵ

ð4πÞ2
5

F4
π
M2

π

�
1

32
ϵbacIcðk01 þ k02Þ þ

i
3
δabc1Nc

M2
π

Λ

�
: ðF36Þ

Diagram D14 UV:

iTbaUV
D14

¼ λϵ
ð4πÞ2

1

F4
π

1

12

�
4ic1Nc

M2
π

Λ
δabð7M2

π − 6tÞ þ ϵbacIcðk01 þ k02Þð6M2
π − tÞ

�
: ðF37Þ

Diagram D15 UV:
Adding the crossed diagram to D15 yields

iTbaUV
D15þcrossed ¼ −

λϵ
ð4πÞ2

1

F4
π
ϵbacIc

1

4
ðk01 þ k02Þ

�
ðk01 þ k02Þ2 −

3

2
M2

π

�
: ðF38Þ

Adding up the diagrams, the UV divergences proportional to ̊g0A become

iTbaUV ð̊g0AÞ ¼
λϵ

ð4πÞ2
1

12F4
π

�
iδab8c1Nc

M2
π

Λ
ðM2

π − 3tÞ þ ϵbacIcðk01 þ k02Þð3ðk01 þ k02Þ2 − 8M2
π þ tÞ

�
: ðF39Þ

4. β functions

The β functions corresponding to the LECs of the CT Lagrangians equations (D5)–(D7) are given in Table VII. The
definition of the β function for a given LEC X is

X ≡ XðμÞ þ βX
λϵ

ð4πÞ2 ; ðF40Þ

where XðμÞ is the renormalized LEC at the renormalization scale μ. For the Lagrangian equation (D8) the β functions
obviously vanish.

5. Counterterm contributions to the amplitudes

The contributions from the Lagrangians equations (D5)–(D8) to the scattering amplitudes for definite t-channel ðJ; IÞ are
the following:
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iTba
CTðJ ¼ I ¼ 0Þ ¼ i2

δab

F2
π

�
−2

gð1Þ00

Λ
M2

π − 2
gð2Þ00

Λ
M2

π
Ŝ2

Nc
− 8

ðhð1Þ00 þ hð2Þ00 Þ
Λ3

NcM4
π þ

gð3Þ00

Λ
k1 · k2

þ gð4Þ00

Λ
k1 · k2

Ŝ2

Nc
þ 2

hð3Þ00

Λ3
NcM2

πk1 · k2 þ
1

2

lð1Þ00

Λ2
ðki1k02 þ k01k

i
2Þðpi

1 þ pi
2Þ − 2

lð2Þ00

Λ2
M2

πðp0
1 þ p0

2Þ
�
; ðF41Þ

iTba
CTðJ ¼ 0; I ¼ 1Þ ¼ 1

F2
π
ϵabcIc

�
2
f̃ð1Þ01

Λ2
k1 · k2ðk01 þ k02Þ þ 2

g̃ð1Þ01

Λ2
M2

πðk01 þ k02Þ −
lð1Þ01

2m0

ðk⃗1 þ k⃗2Þ · ðp⃗1 þ p⃗2Þ

−
lð2Þ01

Λ2
ðki1 þ ki2Þðki1k02 þ k01k

i
2Þ þ

lð3Þ01

Λ2
ðk01k⃗22 þ k02k⃗

2
1 − k⃗1 · k⃗2ðk01 þ k02ÞÞ

�
; ðF42Þ

iTba
CTðJ¼ 1; I¼ 0Þ¼ ϵijkSk

F2
π

�
−2

fð1Þ10

Λ2
ðk01þk02Þki1kj2−

lð1Þ10

Λ2
ðkj1þkj2Þðki1k02−ki2k

0
1Þþ

lð2Þ10

Λ2
ðkj1−kj2Þðki1k02þki2k

0
1Þ
�
; ðF43Þ

iTba
CTðJ¼ I¼1Þ¼ i

ϵijkϵabc

F2
π

�
2
f̃ð1Þ11

Λ
ki1k

j
2G

kcþ2
f̃ð2Þ11

Λ
1

Nc
ki1k

j
2S

kIcþ lð1Þ11

Λ2
ðki1k02−ki2k

0
1Þðpj

1þpj
2ÞGkcþ lð2Þ11

Λ2
2ki1k

j
2ðp0

1þp0
2ÞGkc

�
:

ðF44Þ

These contributions for the πN → πN amplitudes are significantly simplified. For matrix elements between nucleon states,
the generator Gia is replaced by Gia → Ncþ2

3
SiIa. In the CM frame, the CT amplitudes then become

iTba
CTðJ ¼ I ¼ 0Þ ¼ i

1

F2
π
δab

�
αð1Þ00

M2
π

Λ
þ αð2Þ00 Nc

M4
π

Λ3
þ αð3Þ00

k1 · k2
Λ

þ αð4Þ00 Nc
M2

πk1 · k2
Λ3

þ αð5Þ00

k0

Λ
ðk⃗1 þ k⃗2Þ2

�
;

iTba
CTðJ ¼ 0; I ¼ 1Þ ¼ 1

F2
π
ϵbacIc

�
αð1Þ01 M

2
π
k0

Λ2
þ αð2Þ01

k0

Λ2
k1 · k2 þ αð3Þ01

1

m0

ðk⃗1 þ k⃗2Þ2 þ αð4Þ01

k0

Λ2
ðk⃗1 þ k⃗2Þ2

�
;

iTba
CTðJ ¼ 1; I ¼ 0Þ ¼ 1

F2
π
ϵjikSkαð1Þ10

k0

Λ2
ki1k

j
2

iTba
CTðJ ¼ I ¼ 1Þ ¼ i

1

F2
π
ϵbacϵjikSkIcki1k

j
2

�
αð1Þ11

Nc

Λ
þ αð2Þ11

k0

Λ2

�
; ðF45Þ

TABLE VII. β functions of the NLO and NNLO Lagrangians equations (D5)–(D7).

LEC βfJI =ð
̊g4A
F2
π
Þ LEC βgJI =ðΛ

̊g2A
F2
π
Þ LEC βhJI =ðΛ

2

F2
π
Þ

fð1Þ10
Λ2

96 gð1Þ00
− 3

32
ðNc þ 4ÞCHF hð1Þ00 þ hð2Þ00

− 5
24
c1

fð1Þ01
Λ2

96 gð2Þ00

1
16
CHF hð3Þ00

− 1
2
c1

fð1Þ11

Ncþ2
12Nc

ΛCHF gð3Þ00
− 1

4
ðNc þ 4ÞCHF hð1Þ01

1
2

fð2Þ11
− 1

4
ΛCHF gð4Þ00

5
3
CHF hð2Þ01

1
12

f02 − 1
6
ΛCHF gð1Þ01

− 1
48
Λ hð3Þ01

1
4

f20 − 1
6
ΛCHF gð2Þ01

− 1
48
Λ

f22 ΛCHF gð1Þ02

1
2Nc

CHF

gð1Þ11

Ncþ2
4Nc

CHF

gð2Þ11
− 3

4
CHF
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TABLE VIII. Ranges of agreement with data of the different BChPT works that explicitly include the Δ.

2-body operators

n GiaPnGia ϵabcGibPnGia ϵijkϵabcGjbPnGia

N 1
16
ðNc þ 2Þ2 − i

12
IcðNc þ 2Þ2 − 1

9
IcSkðNc þ 2Þ2

Δ 1
8
ðNc − 1ÞðNc þ 5Þ i

12
IcðNc − 1ÞðNc þ 5Þ − 1

18
IcSkðNc − 1ÞðNc þ 5Þ

3-body operators

n GiaPnIcGia

N − 1
48
IcðNc þ 2Þ2

Δ 5
24
IcðNc − 1ÞðNc þ 5Þ

4-body operators

n1 n2 n3 GiaPn3G
kcPn2G

kcPn1G
ia ϵabcGibPn3G

kdPn2G
kdPn1G

ia

N N N 1
256

ðNc þ 2Þ4 − i
192

IcðNc þ 2Þ4
N Δ N 1

128
ðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ − i

96
IcðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ

Δ N Δ 1
256

ðNc − 1Þ2ðNc þ 5Þ2 i
384

IcðNc − 1Þ2ðNc þ 5Þ2
Δ Δ Δ 1

128
ðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ i

192
IcðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ

Δ Δ5 Δ 3
256

ðNc − 3ÞðNc − 1ÞðNc þ 5ÞðNc þ 7Þ i
128

IcðNc − 3ÞðNc − 1ÞðNc þ 5ÞðNc þ 7Þ

4-body operators

n1 n2 n3 GiaPn3G
kdPn2G

iaPn1G
kd ϵijkϵabcGjbPn3G

ldPn2G
ldPn1G

ia

N N N ðNcþ2Þ4
2304

− 1
144

IcSkðNc þ 2Þ4
N N Δ 1

288
ðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ 0

N Δ N 1
288

ðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ − 1
72
IcSkðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ

N Δ Δ 5ðNc−1ÞðNcþ2Þ2ðNcþ5Þ
1152

0

Δ N N 1
288

ðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ 0
Δ N Δ ðNc−1Þ2ðNcþ5Þ2

2304
− 1

576
IcSkðNc − 1Þ2ðNc þ 5Þ2

Δ Δ N 5ðNc−1ÞðNcþ2Þ2ðNcþ5Þ
1152

0

Δ Δ Δ 1
288

ðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ − 1
288

IcSkðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ
Δ Δ5 Δ 3

256
ðNc − 3ÞðNc − 1ÞðNc þ 5ÞðNc þ 7Þ − 1

192
IcSkðNc − 3ÞðNc − 1ÞðNc þ 5ÞðNc þ 7Þ

4-body operators

n1 n2 n3 ϵabcGibPn3G
kdPn2G

iaPn1G
kd ϵijkϵabcGjbPn3G

ldPn2G
iaPn1G

ld

N N N − i
1728

IcðNc þ 2Þ4 − 1
1296

IcSkðNc þ 2Þ4
N N Δ i

432
IcðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ − 1

648
IcSkðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ

N Δ N − i
216

IcðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ − 1
162

IcSkðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ
N Δ Δ 5i

1728
IcðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ − 5

2592
IcSkðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ

Δ N N − i
216

IcðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ − 1
162

IcSkðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ
Δ N Δ i

3456
IcðNc − 1Þ2ðNc þ 5Þ2 − 1

5184
IcSkðNc − 1Þ2ðNc þ 5Þ2

Δ Δ N − 5i
864

IcðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ − 5
648

IcSkðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ
Δ Δ Δ i

432
IcðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ − 1

648
IcSkðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ

Δ Δ5 Δ i
128

IcðNc − 3ÞðNc − 1ÞðNc þ 5ÞðNc þ 7Þ − 1
192

IcSkðNc − 3ÞðNc − 1ÞðNc þ 5ÞðNc þ 7Þ

4-body operators

n1 n2 n3 ϵijkϵabcGldPn3G
jbPn2G

iaPn1G
ld ϵabcGldPn3G

ibPn2G
iaPn1G

ld

N N N − 1
1296

IcSkðNc þ 2Þ4 i
576

IcðNc þ 2Þ4
N N Δ − 1

648
IcSkðNc − 1ÞðNc þ 2Þ2ðNc þ 5Þ 0

(Table continued)
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where the LECs αðnÞJI are combinations of those in
Eqs. (F41)–(F44).

6. Reductions of spin-flavor operators
in the πN → πN amplitudes

This appendix provides the reductions of 2-, 3-, and
4-body spin-flavor tensor operators for matrix elements
between nucleon states, as needed in the calculation of the
πN → πN amplitudes. The intermediate state Δ5 of spin 5=2
is necessary for the correct generalNc results, and is obviously
absent at Nc ¼ 3 as shown in the corresponding entries.

APPENDIX G: RANGES OF CONVERGENCE

This appendix compares the results of this work’s
agreement range with experiment with those of several
BChPT studies that include the Δ explicitly in the ϵ
expansion, which are most closely related to this work.
Reference [21] uses HBChPT, while the others use covar-
iant BChPT with particular regularization schemes.
Table VIII shows the approximate maximum CM pion
momentum for which the description of phase shifts is
consistent. The upper limit of the agreement range is set by
the pion momentum above which the data consistently lies
outside the bootstrap error band.
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