PHYSICAL REVIEW D 112, 114048 (2025)

Pion-nucleon scattering in baryon chiral perturbation theory
combined with the 1/N, expansion
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This work implements the combined baryon chiral perturbation theory (BChPT) and 1/N, expansions
for pion-nucleon elastic scattering. The effective theory is based on the baryon sector dynamical spin-flavor
SU(4) symmetry emergent in the large N, limit, whose breaking is controlled by the 1/N, expansion.
The noncommutativity of the chiral and 1/N, expansions in unitarity corrections (loops) requires a linking
of both expansions. As it was shown in the case of baryon masses and currents, the natural linking is the &
expansion, in which O(p) = O(1/N.) = O(&). The spin-flavor symmetry requires that the ground state
baryons span an SU(4) symmetric irreducible representation which implies that in particular N and A are
active degrees of freedom in the effective theory. The scattering amplitude is expanded to the next-to-next-
to leading order in the £ expansion, corresponding to the one-loop contributions with the leading-order
Lagrangian. The results are given for generic N, in order to demonstrate the consistency of the framework.
The spin-flavor symmetry plays a central role in maintaining the consistency of the effective theory with
respect to the 1/N, expansion. This consistency manifests itself in an improvement in the convergence of
the low energy expansion with respect to the case of the ordinary BChPT without an explicit dynamical A,
which is known to be inconsistent with the constraints of N, scaling. Fits to the zN — zN, S, P, and D
partial wave amplitudes from the SAID data base are finally used to test the framework and to determine the

energy range of its applicability.
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I. INTRODUCTION

The formulation of baryon effective theories has spanned
different frameworks, starting with the manifestly relativ-
istic baryon chiral perturbation theory (BChPT) [1,2],
followed by the same relativistic framework endowed with
the infrared regularization scheme [3-5]. Those formula-
tions were implemented with only the spin-1/2 baryons,
and later extended to include the spin-3/2 baryons [6]. At
the same time, a formulation was developed based on the
expansion in 1/m, m being the baryon mass [7-9], known
as the heavy BChPT (HBChPT). Within this framework,
and including the spin 3/2 baryons, it was observed that the
convergence of the low energy expansion, as shown by the
one-loop corrections, is greatly improved due to partial
cancellations between the contributions of spin-1/2 and
spin-3/2 baryons in loops [8,9]. The poor convergence of
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the low energy expansion with only spin-1/2 baryons is
primarily due to the large zN coupling g,yy =~ 13.47.
Those observed improvements are the result of a funda-
mental aspect of QCD, namely the fact that, at sufficiently
large N., QCD admits an expansion in powers of 1/N.,
[10]. In the large N, limit, g,y = (’)(N*Z/ 2), while observ-
ables such as the zN scattering amplitudes must remain of
zeroth order in N,.. This leads to dynamical constraints that
must be satisfied at large N [11,12]. Those constraints can
be associated with an emergent (contracted) spin-flavor
symmetry SU(2N) in the baryon sector, N, being the
number of light flavors, which in particular requires
the inclusion of higher spin baryons, namely the A in
the physical case N, = 3. In such a framework, the 1/N.
expansion can be systematically implemented, providing in
particular the deviations from the spin-flavor symmetry as
subleading effects in 1/N.. The spin-flavor symmetry is
already explicit in the Skyrme model [13], and to no
surprise it also emerges in the large N, quark model for
baryons, justifying the SU(4) and SU(6) symmetries
introduced in the 1960s. Note that the spin-flavor symmetry
cannot be realized relativistically, as demonstrated by the
Coleman-Mandula theorem [14]. Since at large N baryons
have masses O(N,), and the interest is in studying the low
energy limit, where the dynamically relevant momenta and
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energies are small, the natural reference frame to be used is
that in which the baryon has a small 3-momentum, and thus
it is almost at rest. Thus, a nonrelativistic framework for
baryons is the natural one, where the spin-flavor symmetry
can be indeed realized.

Endowing BChPT with the consistency requirements of
the large N, limit is therefore a natural approach. Following
on the initial work [15], the implementation of the effective
theory at the one-loop level with the corresponding
renormalization was initiated [16], where baryon masses
and axial currents were studied, followed by studies for
three flavors [17]. In the latter references the combined
chiral and 1/N, expansions were introduced, in which both
expansions are linked according to O(p) = O(1/N,.), a
scheme coined as the £ expansion. Such linking is neces-
sary in practice because the different observables contain
nonanalytic terms involving their ratios. In particular, for
such terms the 1/N, expansion is very slowly convergent
as it becomes weighted with respect to the small chiral
scales, a feature known as the noncommutativity of the
expansions. This framework based on the & expansion,
hereafter referred to as BChPT x 1/N,, has been applied to
masses and currents [16,17]. Further testing is here carried
out for the case of z-baryon scattering. As the most
studied process in the different versions of effective theory
[1,18-29], and empirically as the most accurately known, it
is ideal for that purpose.

The first objective of this work is to implement BChPT x
1/N. at the one-loop level, i.e. up to and including next-to-
next-to-leading order (NNLO) in the ¢ expansion, for the
7B — zB’ scattering amplitude in the isospin symmetry
limit, carrying out the renormalization at generic N.. The
second objective is to confront the results with the zN —
zN amplitudes as provided by the SAID data base [30,31].

The work is organized as follows: Sec. II presents the
BChPT x 1/N, framework, Sec. III presents the NNLO
calculation of the masses and z-baryon couplings, Sec. [V
presents the calculation of the z-baryon amplitudes to the
NNLO, Sec. V presents the fits to the zN — zN, S, P, and
D partial wave scattering amplitudes from the SAID data
base, and Sec. VI presents a summary and conclusions.
Finally, the Appendixes contain most of the computational
details and explicit results, offering readers adequate
information to reproduce the results.

IL. BChPT x 1/N,

In the large N, limit, QCD must admit an expansion in
powers of 1/N.. This is evident at the level of QCD
Feynman diagrams as 't Hooft showed 50 years ago [10]. It
is expected that the expansion holds at the nonperturbative
level, and thus it ought to be implemented at the hadronic
level, in particular in effective theories.

The 1/N, expansion requires a proper definition. The
one that is most realistic for purposes of phenomenology is
"t Hooft’s expansion [10], where the number of flavors N,

is kept fixed and quarks are in the fundamental irreducible
representation (irrep) of SU(N ), with the usual Standard
Model isospin and the assignments of hypercharges such
that, for arbitrary N, the SM quantum numbers of the
mesons and baryons identified with the physical ones are
left unchanged. Since the expansion actually compares
different theories, i.e. with different numbers of degrees of
freedom, the defining scales of QCD must be prescribed for
each N,. It is convenient to do so with hadronic scales,
namely the masses of the ground state mesons, z, K, which
are most sensitive to quark masses, and m, for setting
the corresponding value of the QCD scale, which along
with the quark masses will present subleading 1/N.,
dependency.

Meson masses scale as O(N?), while baryon masses are
O(N.), and the meson decay constants, in particular F ,, are
quantities O(y/N,). The meson-meson interactions are
suppressed in the large N, limit with amplitudes scaling

as O(1 /N?/ 2), where n is the number of initial plus final
mesons in the interaction. On the other hand, the meson-
baryon couplings can even grow with N, as it is the case of
the z-baryon coupling g,zp, which is proportional to

Ni/ : [32]. That scaling of g,zp and the requirement of a
finite z-baryon scattering amplitude in the large N limit as
required by unitarity, implies the emergence of a dynamical
contracted SU(2N,) spin-flavor symmetry for baryons
[11,12,33]. Baryon states must then form multiplets of
that symmetry. In particular, for Ny = 2, the ground state
baryons are in the totally symmetric SU(4) multiplet with
S=I=1/2,...,N./2 (N, odd). The states in the multiplet
with S = O(N?) must have mass splitting O(1/N,), as
required by the aforementioned consistency. The hypoth-
esis that the 1/N . expansion holds down to N, = 3 implies
that the nucleon and A resonance must belong to the ground
state spin-flavor multiplet, and must be active degrees of
freedom in the low energy effective theory. Appendix B
gives details on SU(4).

The low energy effective theory must be consistent with
chiral symmetry and the 1/N_. expansion. In the pure
Goldstone boson sector this was formulated long ago
[34-38], and later it was extended to baryons [15,16,39].
For baryons, the implementation is along the following
lines: (i) The active fields in the Lagrangian are the
Goldstone bosons and the baryon ground-state spin-flavor
multiplet. (ii) The baryon masses being O(N,), the 1/N,
expansion requires the use of the nonrelativistic baryon
fields. (iii) The effective Lagrangians must be manifestly
invariant under chiral SU; (2) x SUk(2) as well as under
the pertinent continuous and discrete space-time sym-
metries. (iv) The baryon Lagrangians consist of a compo-
sition of a chiral tensor and a spin-flavor tensor built with
products of the spin-flavor generators. (v) The spin-flavor
tensors must be such that the constraints of the large N,
limit are not violated in observables. The necessary details
are provided in the Appendixes, where Appendix A gives
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the chiral building blocks, Appendix B gives a summary of
the SU(4) algebra and matrix elements in the symmetric
SU(4) irrep, and Appendix C gives the bases of spin-flavor
tensors of definite spin and isospin, as needed in this work.

The structure of the baryon Lagrangians is therefore of
the following general form:

L~B'T,TgB, (1)

where B is the baryon spin-flavor multiplet, 7', is the chiral
tensor formed with the chiral building blocks, and T gf is the
spin-flavor tensor which is a composite operator of products
of SU(4) generators. Each Lagrangian term is chirally
invariant, their chiral order is determined by 7', while the
leading in 1/N . order is determined by 7 gr. The Lagrangian
will contain leading and subleading orders in 1/N ., the latter
from the expansion of the chiral tensor through the factors of
1/F , multiplying the pion fields. The spin-flavor tensors are
defined to contain the 1/N, suppression factor determined
by the n-bodyness of the tensor, in this way the low energy
constant (LEC) in front of each Lagrangian term is O(N?),
followed by subleading corrections. This in particular
implies the obvious fact that fully determining the effective
theory for arbitrary N requires explicit knowledge of QCD
at different N ., which could be achieved using lattice QCD.
This is however no significant hindrance to the applications
to the real world with N, = 3.

The low energy effective theory contains two small
scales, namely the small energy/momenta characteristic of
the chiral expansion and the O(1/N,) baryon mass split-
tings, e.g. A = m, — my. Observables contain dependen-
cies on ratios of both scales, e.g. M, /A, which preclude the
independent low energy and 1/N,. expansions. Such
dependencies appear in the loop contributions involving
Goldstone Boson and baryon propagators. This “noncom-
mutativity” of the expansions demands that either only one
of them is implemented, or they be linked. The latter is
evidently the option that works best for the real world as it
was shown in several works [16,17], in which the £-power-
counting scheme was introduced, according to which
O(p) =O(1/N,.) = O(¢). Indeed, nonanalytic terms
stemming from loop corrections or pole terms in ampli-
tudes that involve ratios of the form p/(1/N,) are slowly
convergent in either expansion, and need to be kept at face
value. Lagrangians are, therefore, organized by their order
in the £ expansion, and as shown later, the ultraviolet (UV)
divergencies of loop contributions to observables are
analytic in £, and respect N, power consistency.

While the baryon Lagrangians needed for this work are
given in Appendix D, it is convenient to present here the
LO one, that provides the interactions for the one-loop
calculations:

(1) of . o iasia Curg  IN.
=B'"|iDy,+ -85t — B 2
Ly <l 0+ gau"G NCS A <x+>> . (2)

which is expressed in terms of the chiral building blocks in
Appendix A. The first term contains the residual energy of
the baryon in the heavy mass expansion and two-pion
vertices (Weinberg-Tomozawa terms). The second term
gives the single pion coupling to the baryons in addition
to the axial current coupling. The third term gives the residual
mass contribution to the baryon according to its spin, giving
mass splittings O(1/N,) between baryons with spin O(N?).
The final term gives the LO quark mass contribution to the
baryon mass, and also two-pion vertices. The arbitrary scale
A is introduced for convenience to have c¢; dimensionless, as
well as in the higher order Lagrangians to have dimensionless
LECs, and will be set equal to m,, in the explicit calculations.
The axial coupling g, is at LO related to the axial coupling g,
of the nucleon at N. = 3 by %QA = g4 = 1.267. For nota-
tional convenience, the mass shift operator is defined by
om = % Sz, where the spin-flavor singlet contribution
from the quark masses is omitted, since only baryon mass
differences appear in loop diagrams. Appendix D (Table V)

gives the vertices from £§;> needed in this work.

The NLO and NNLO calculations involve the one-loop
diagrams. Their power counting is defined by the resulting
terms analytic in chiral and 1 /N . powers, the £ power being
the sum of them. In general, individual diagrams containing
vertices proportional to g, will give contributions that
violate large N, consistency. Such terms must then be
canceled when adding all the pertinent diagrams. These
cancellations provide, in particular, useful checks of the
calculations.

III. BARYON MASSES AND AXIAL COUPLINGS
A. Masses

At LO the baryon mass formula is simply

2

M
S(S+1)=2eiN =5 (3)

CHF
N

mB(S) = my +

where my is the common mass O(N,.), Cyg is determined
from the A — N mass difference, and ¢, gives the LO
dependence on M, which is proportional to N.. In the &
expansion this term is the LO contribution to the ¢ term,
which is therefore a quantity O(N ), implying that even at
large N, a finite fraction of the baryon mass is due to the
current quark masses.

At NNLO the masses include the one-loop terms shown
in Fig. 1 and counterterms (CT).

\
1 1
-

- < \ '

\ N

.
e S S

FIG. 1. One-loop contributions to the baryon self-energy.
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The one-loop contribution to the self-energy operator reads

2
K@I(M,Z)), @)

o\ 2
&0y i (94 ia ia 0
2(pY) = l((F_,) Eﬂ G"“P,G"Z(6m, — p*,M,) + 2N .c, NG

where P, is the projector onto the nth component of the spin-flavor baryon multiplet, and

K

L vy

i

=37 (Q((sM,% -20?) <ﬂe - IOgM2> + M - _Q2>

Q
+ 4( Q2 )3/2 (5 — arctan m) )
1

—— MZ
(M) = | dk M2 Ae+1-1 5
(M) k*> — M2 + ie (475) ( + o8 u ) )

where d = 4 — 2¢, d% = (‘2’;’;(, and 1, = % — yg + log4zx. These loop integrals and others needed in this work are presented in

detail in Appendix E.
The contribution to the wave function renormalization factor is given by

52(p°) = —%w ). (6)

For a particular baryon state n, the one-loop contribution to the mass and the wave function renormalization is evaluated

by replacing p® — 8m,,. With this, the UV divergent pieces can be expressed as spin-flavor operators for the mass shift and
wave function renormalization, namely,

ﬂf -éA 2 ial S ia 2 ial S 5 4 ia NCMi
ZUV:_(47;)2(<F_,,> M2G“[sim, G ]_§G (6, [61m, [6im, G]]] | + 2¢4

FIA
Ae 94 \? Cur of 3 50

- 9a MA(=2N.(N, +4)+28
(4fr)2<<Fn) N, \Mr| mgNeWet4)+3

1 CHF A o4 Nchr
- 3N (N, +4) + (SN.(N, +4) — 24)8 — 285 2
#3(S) (3wwe 4+ Vw4 28 +20, et
A (o0\2 .
57V = —Z< (IAN (M2G2 — 2Gi[sim, [, Ge]))
(47)> \F,
/16 éA 2 1 2
- IAN (M2 (<3N (N, +4) + 85
(4n) <F <16 (BNe(Ne +4) +85)
1 CHF 2 2 o4
3 () NN, +4) + 2N (N, +4) —12)82 88 ). (7)

Note that the UV divergent piece of the mass is O(N?) and driven by the mass splitting term. On the other hand the
nonanalytic contributions to the mass are O(N,.). In the large N, limit, the wave function renormalization correction is
proportional to O(N,.) x M2: this indicates that approaching the large N, limit with a baryon effective theory based on
perturbation theory is not consistent. This is one additional argument in favor of the linked & expansion.
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The baryon mass differences remain as O(1/N,.), and for N. = 3 one obtains:

a2 1 (1 M2 80C2
ma —my = CHF + <[7A> w <6CHF (5(3M72[ — 2C12-IF) (le — IOgF + 35M,2[ —THF

10 C
+ (M2 = Cip — i€)?/? <7z——arctan ali >> + CT, 8
O e e ®

where CT indicates the mass counterterms.

B. Axial and zBB’ couplings

At LO the axial vector current matrix elements and pion-baryon interactions are given by
(B'|A™|B) = g4 (B'|G"|B).

(B|Ly 2 (k)B) = =i K (B'|G"|B). 9)

ra

satisfying the Goldberger-Treiman relation.
The NNLO one-loop contributions are shown in Fig. 2. The analysis of the axial currents was presented in Ref. [16].
The zBB’ vertex to one-loop order is given by

. 9 il ia o {94\? — GIPP.GiaP. G Ik
l"u k’ , 7 — _kl Gm JAa ddk, n n
e = ( +1<Fn> Z/ (K2 =M2)(p" = K = om, ) (p° = K7 = om,)

4 nn'

1 . 11 .
——{6Z,G"} — -—=G"“I(M, CTs |,
102.G) = GRT(1,) + Ty

T 04\ 2 . , »L(6m, — p° M) —Z(ém, — p°, M
:g_Akl (Gla _l<i~_A> ZGijn’GlaPnGjb ( mn p ﬂ) ( m}’l p n)

Fn' po—p/o—émn+5mn/

n

1 . 11 .
—5{52, Gm} —gﬁGmI(Mﬂ) + CTS), (10)

T

where the term involving the wave function renormalization correction is key to restoring the N, consistency, cancelling
contributions O(N¥/?) from the first diagram (a).

p L ! L L ‘I L p/ & ! & ‘I . . & & ! & ‘I &
Yka Y Y
1 1 1
@
-

(b)

FIG. 2. One-loop diagrams for the pion-baryon interaction. Diagrams (a) and (b) are respectively proportional to & and .
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For baryon momenta on-shell, i.e. setting p® = dm;,, p"® = dmgy,, the UV divergence can be given in the operator form:

, de a i ME .o 1[34\2 Cur 2 .
Ty =5k (-—3G"+ - 2 N.(N.+4)-2)-3M?% |G
l uv (47[)2 F” ( F% + 6 F NC ( L‘( c + ) ) n

/

- 10<C];?F>2({§2,Gm} - (NC+2)SiI“)>). (11)

c

The UV divergent pieces illustrate the two most impor-
tant facts about the higher order corrections to the pion-
baryon couplings: (i) the quark mass contributions are
suppressed as O(1/N,) with respect to the LO and do not
affect the spin-flavor structure of the LO, and (ii) the terms
that affect the spin-flavor structure, i.e. terms proportional
to 714, are corrections of O(1/N?) with respect to the LO.
Finally, the Goldberger-Treiman discrepancy remains, as it
is well known, an effect that is only the result of a CT. For
the CT Lagrangian see Appendix D, Eq. (D10). The LECs
cannot be fixed completely as at N, = 3 the only exper-
imentally accessible couplings are g,yy, Gznva, and the g,
of the nucleon. In the present analysis the zN — zN
amplitudes will be used to determine them.

[
IV. SCATTERING AMPLITUDES

This section presents the formalism for the general case
of zB — zB’ scattering. It is presented for general N, for
the purpose of identifying the order in N of the different
contributions. A rigorous implementation of renormaliza-
tion at the NNLO is carried out.

The contributions to the scattering amplitude are decom-
posed into those with baryon pole singularities and those
without, as depicted in Fig. 3. In the one-loop diagrams, this
decomposition is performed as explained in Appendix F.

A. LO scattering amplitude

The LO T-matrix, given by the diagrams in Fig. 4 and
expressed as an operator in spin-flavor reads

) ) .&A 2 Gjb'PnGia

b — —i(24) ki

ity =—i(3) 44 (i
1
2

1 M>
+ ﬁ <—2iC1NC Tﬂéab +

n

This amplitude is precisely the one that requires the
emergence of spin-flavor symmetry [33], since the indi-
vidual terms proportional to §% have contributions O(N,.),

i »—@—M P2 H—@—H

k1 ?kz 1/ 1

R ——

(@) (b)

FIG. 3. General decomposition of the scattering amplitude into
pole (a) and no-pole (b) contributions. To diagram (a) the crossed
diagram must be added.

PL——————>—1D2
+k1 a Vi b < 4

(a) (b)

FIG. 4. LO contributions to the scattering amplitude. To
diagram (a) the crossed diagram must be added. Diagrams (a)
and (b) are respectively proportional to ¢ and &i.

G“P, Gt
P — kS —ém, + ie

(K9 + kg)eabczc> . (12)

and such contributions must cancel when the terms are
added. Moreover, the pole terms reflect the noncommuta-
tive nature of the chiral and 1 /N expansions. The LO pole
terms will combine with the higher order ones to yield the
result shown in Eq. (15).

B. One-loop corrections to the
7B scattering amplitude

The scattering amplitudes at NLO and NNLO involve
the one-loop diagrams of Figs. 5-7 and the CT contribu-
tions from Lagrangians equations (D5)—(D8), which pro-
vide for the renormalization. The loops are organized in
three groups according to their power in gy.

For one- and two-particle reducible diagrams, the
decomposition into pole and no-pole terms is carried out
following Eqs. (F1) and (F2). The results for the individual
diagrams, including details on the UV divergencies, are
presented in Appendix F. The spin-flavor tensors in the
diagrams are projected in t-channel (J, I), where J, I = 0,
1, 2. Since the ground state baryon spin-flavor multiplet
consists only of states S = I, only transitions with baryon
AS =0, 1, 2 can occur. In the physical case N, = 3,

114048-6
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FIG. 5. Diagrams proportional to §}.

AS =0, 1. The CT Lagrangians for renormalizing the
no-pole contributions are then constructed following those
t-channel projections, using the basis of spin-flavor oper-
ators in Appendix C, Table IV. Those Lagrangians contain
terms O(&% and &*). Throughout, in the construction of the
higher order Lagrangians the LO equations of motion are
used, namely,

H ¢ NL‘ o la(ia
iDyB = <N—Hj—clﬁ<)(+>—gw G )B
i
D" =54 (13)

along with the identities:

Dyu, —Dyu, =—f_,

[D,.D,] = —il',,

F/w :%fﬂw""_%[”w”u}' (14)

For each of the sets of diagrams, the sum of the no-pole
UV divergent parts is decomposed into t-channel (J/, I) and,
for general N, the corresponding spin-flavor tensors are
expressed in terms of the basis in Table IV. In the set
proportional to &, individual diagrams are O(N?2), thus
two orders must exactly cancel in the sum of the UV
divergent pieces, which is indeed the case as shown in the
result Egs. (F11)—-(F12). Similarly, the set proportional to
&4, where diagrams Dy 7 ¢ vanish identically, has diagrams
O(N..), with such contributions cancelling in the sum of the
UV divergent pieces, as shown by Eq. (F31). Finally, the
diagrams proportional to §9 are individually O(N?), and
have the property that they involve only a fixed spin baryon
state throughout the diagrams.

In the CT Lagrangians, the LECs are expressed in the
form X = Sy % + X(u), where X(u) is the renormalized
LEC at the scale p, and the f function Sy is adjusted to
eliminate the corresponding UV divergence in the MS
subtraction scheme. The f functions are shown in
Table VII. Note that the one-loop amplitudes’ UV diver-
gencies show both NLO and NNLO terms, which in
general appear together in a given set of diagrams. For
this reason, the results are given for the complete one-loop
amplitudes, with no attempt at separating NLO from
NNLO, although this can be performed in a rigorous
way. Such a separation must also include the nonanalytic
contributions, a task that is somewhat lengthy, and there-
fore it is not presented in the results.

There are several interesting observations to be made,
namely:

(i) The T-matrix UV divergencies proportional to {4

have no M, dependencies.

(i) The UV divergencies contain different orders in &, as
shown in Egs. (F11), (F31), and (F39).

(iii) In all cases the renormalization scale y appears in the

single combination log A:—Z%

(iv) All nonanalytic terms involving the residual

masses of the baryons, i.e., dm,, appear in combi-

nation with the pion mass in factors of the form

(dm,, = om, ) log% (W =1, 3), (M2—(om, -
2\v/2 _ (6m,—b6m,;)

om,y)?)? (v =1, 3), arctan N/

(v) The evaluations of the matrix elements of the spin-
flavor tensors for the nonanalytic contributions,
which involve projections on different baryon inter-
mediate states, are performed explicitly using the
results for the different matrix elements of the SU(4)
generators in Eq. (B2), as the results cannot be
reduced to simple expressions in terms of the basis
spin-flavor tensors.

Adding the pole terms from the leading-order amplitude,
Eq. (12), together with the higher-order pole contributions
from the diagrams D;, D,, D3, and Ds, and after
performing the mass and pion-baryon coupling renormal-
izations, results in the following general form of the pole
amplitude:

. KK~
<B/|1T€gle|B> = —lﬁZQABB,,QABnB’

(B'|G"P,G"|B)
Py + k) —omk +4iT,
+ crossed*), (15)

where §,pp is the renormalized coupling, which at LO
is equal to §,, omF is the renormalized residual mass,
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FIG. 6. Diagrams proportional to @i. Diagrams Dg ;g vanish
identically. Tadpole diagrams, which only renormalize the baryon
mass, are not shown.

72
pY = omk +2k7‘0 is the residual energy of the external

baryon that includes the kinetic energy O(£%), and '), =
O(&2) is the decay width. Such terms must be included at
the NNLO of the calculation.' For the crossed diagram, the
star indicates that I',, must be set to vanish when the self-
energy in the B, baryon propagator in the u-channel is real.
This in particular holds if B = N, which is the case of main
interest here. At N. = 3, only I', is needed and reads

Y)
GANATIN

[y =202 g (mi.m3, M%), (16
A 67[(16F,,)2mi k (mz, my, M) (16)

"The renormalized self-energy of the baryon is here approxi-
mated by its residual mass and decay width, a la Breit-Wigner,
which is an excellent approximation in the present context.

JEp————
- - -1

(D15)

FIG. 7. Diagrams proportional to §j.

where A is the Killen phase space function. Because of the
P-wave nature of the decay, in order to be accurate enough,
the exact phase space factor must be used.

V. zN — aN SCATTERING AND FIT TO DATA

This section aims at testing the effective theory by fitting
to the zN — zN data, for which the SAID data base [30,31]
is used.

The T-matrix is expressed in the standard center-of-mass
(CM) t-channel decomposition in terms of the spin-nonflip
g*- and spin-flip h* amplitudes:

_Exy+my

T = (62 (g* (5,1) —iky X kp) -Gh* (5,1))

2mN
Fieh* 7t (g7 (5,1) —i(ky X ky) -Gh™(s,1))),  (17)
giving the s-channel partial wave amplitudes,

F9) = S [ el o.1(2)PA(2)

+ (s 1(2))(Prai (2) = 2P(2).  (18)

where #(z) = =2k*(1 — z), k is the CM momentum, and
z = cos 8, 0 being the CM scattering angle. The projection
to s-channel isospin is given by the well-known relation:

1/2
()= 20 o
2 ) =\ -1\ fsy
Throughout the exact kinematics for Ey, s and ¢ are used.
For a generic partial wave amplitude the corresponding
phase shift is defined by
£(s) = =32 (@) (s) - 1), (20)
2k
with the inelasticity factor 0 < 7(s) < 1. In the present case,

where the analysis is carried out below the onset of the second
resonance region, it turns out that one can approximate 7 ~ 1
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throughout [30,31]. Unitarity is only approximate in the
effective theory, and only Ref(s) is affected by the NLO and
NNLO LECs to be fitted, while Im f () is entirely determined
by the LO Lagrangian, and is thus less accurate than the real
part. It is therefore more realistic to fit to the real part of the
partial wave amplitudes and then use Eq. (20) to give the
imaginary part through the obtained phase shift.

At LO, the contributions arise from three sources: the
Weinberg—Tomozawa term, the ¢, term driven by the quark
masses, which contribute only to the S-wave amplitudes, and
the pole terms proportional to ¢4 that contribute only to the
P-wave amplitudes. A realistic description of the A pole at
LO requires including its decay width, so the LO amplitudes
are fully determined by just four parameters: ¢y, Cyf, g4, and
I". At this order, only S- and P-wave amplitudes are present:
the S-waves should determine ¢, while the P-waves deter-
mine the remaining parameters. As is well known, the LO
alone gives a poor description, as depicted in Figs. 8 and 9.

The LO fit to the S-waves shows that ¢; is very
sensitive to the range of energy included in the fit and
to the constraint from the scattering length a . Fitting the
S-waves in the range k < 150 MeV, without the scattering
length constraint gives ¢; /A ~ 0.14/m,,, which is unrealistic
as it corresponds to a negative ¢ term. On the other hand, the
scattering length aj gives ¢;/A = (=0.047 £0.017)/m,,
which gives an unrealistically small & term. The values of aj
and the o term require the inclusion of NLO and NNLO
contributions for consistency, with the counterterm propor-

tional to the LEC a(()%) in Eq. (F45) playing a crucial role. Note
that the LO description of the S;; amplitude fails above
k ~ 100 MeV, while for the S3; fails above k ~ 250 MeV.
The fit to the P waves is dominated by the P33 one,
giving Cyr =260 MeV, g4 = 1.67, and I'y = 80 MeV.
The value of g, corresponds to a nucleon’s axial coupling
gs = 139, to be compared with the physical one
ga = 1.267. The other P-waves receive contributions as
follows: Py; from the direct diagram with nucleon pole and
from the crossed one, while P;; and P3; receive contri-
butions only from the crossed one. The LO P;; amplitude
and phase shift disagrees with the data at rather low pion
momentum, k > 50 MeV, which is a well known fact [21],
and therefore the higher order contributions must be very
important in this case, providing crucial structure absent at
LO. The LO P;5 and P5; have a wider range of agreement
and the higher order contributions are thus of relative
smaller magnitude than in the case of the Py;.
At NLO and NNLO, the various one-loop diagrams
contribute as follows:
(i) Diagrams proportional to f]i affect only the P-waves.
(i) Diagrams proportional to f]ﬁ contribute to the S-
waves, except for diagram D, which also contrib-
utes to P- and D-waves.
(iii) Diagrams proportional to fyg contribute to the S-
waves, with D4 also contributing to P-waves, and to
the D33 and Ds5 waves.

(iv) The D-waves originate solely from the one-loop

diagrams Dy, 4 and are UV finite.

Only a subset of the NLO and NNLO LECs in the CT
Lagrangians can be determined by zN — zN scattering.
Those are shown by the CT contributions to the T-matrix in
Eq. (F45). Since subleading M, dependencies of the
amplitudes are not explicitly known, and the subleading
in 1/N, dependencies of the LECs require explicit knowl-

edge at N. > 3, some LECs appear in combinations that

. . —_ 2
the fit can determine, namely, ¢, =c¢, —ﬁ(a&) —i—N;’g” a(()?)

and 61830) = a(()? + N, AX—E’O{(()?.

The fits up to NNLO to the SAID single-energy solutions
were performed in different ranges of pion CM momentum
k, up to a maximum of 350 MeV, which corresponds to
/s = 1.38 GeV. In the fits, the scale A used to render the
LECs dimensionless is taken to be m,,. The S-wave scatter-
ing lengths as determined from pionic atoms [40-42] are
taken as inputs, where the values given in the latter reference
are used. The real parts of the amplitudes up to and including
D-waves along with the imaginary part of the P33 amplitude
are fitted. The latter presents an imaginary part that, in the
case of the pole contribution involves the NNLO couplings
and masses, is thus accurate to the NNLO, and ought to be
included in the fit. The results of the fit up to k = 350 MeV
along with the phase shifts are shown in Figs. 8 and 9.
Depicted are the imaginary parts obtained via unitarization
from the real parts, as well as the imaginary parts that result
from the perturbative calculation, which in general are less
accurately described for the reason mentioned earlier.
The results shown here do not separate between NLO and
NNLO, an exercise that can be carried out, as pointed out
earlier, with some significant effort in order to determine
how the expansion behaves.

In the range k < 350 MeV, the inelasticity factor is taken
to be unity for all partial waves, as it can be confirmed by the
SAID analysis [30,31]. In particular this requires for the P33
partial wave that k x Ref3 , reaches a maximum value +1/2
and a minimum value —1/2 around the A resonance, which is
fulfilled by the fit within the estimated error band. The no-
pole terms from the nonanalytic and CT contributions are
essential for restoring consistency with the unitarity con-
straint on Ref3, Eq. (20). The errors of S- and P-wave data
are in general much smaller than the expected theoretical
error of the NNLO calculations. The rather large x> per
degree of freedom of the fits is indicative of that disparity.
Fitting the S waves up to k = 250 MeV and the P and D
waves up to k =350 MeV results in y3 ; ~ 60. This is
however very dependent on the convergence range in k for
the different partial waves. An estimate of the NNNLO
effects is thus an elaborate task which will not be pursued
here. Instead, an error band for the theoretical amplitudes is
estimated by fitting 500 bootstrap resamplings of the data for
each partial wave. The error band corresponds to the
95% confidence interval and provides a visual representation
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FIG. 8. Fits to the partial wave amplitudes Ref and the Im f of the P55 partial wave. Plots show k x Ref (solid red) and k£ x Im f vs k
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of the theoretical uncertainty. The parameters resulting from

those fits are shown in Table L.

As mentioned earlier, at LO there is a disparity between
fixing the a scattering length and the value of the & term.

3)

The CT proportional to 5:(()0 , that only contributes to ag and

vanishes at the Cheng-Dashen point, is crucial in resolving
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the o term (at the chosen renormalization scale), about
140 MeV. A full-fledged analysis of the ¢ term will be
presented elsewhere [43].

The analysis of the partial wave amplitudes gives strong
support for the implementation of the 1/N_. consistency
conditions in the framework of BChPT x 1/N,. using the &
expansion. A key observation is the range of validity
of the expansion: at NNLO, the approach yields a con-
sistent description of the amplitudes for CM pion momenta
up to 200-350 MeV, depending on the specific par-
tial wave.

The real parts of the amplitudes are described by the
effective theory within different ranges of CM pion
momentum, namely, the S- and P-waves are described
up to about 250 MeV, while in particular the P33 wave is
well described up to 350 MeV. The D-waves are more
challenging due to their naturally small magnitudes as
they vanish at LO and have only finite one-loop and
no CT contributions. Among the D-wave channels, the
D3 and D35 are consistent with expectations, while
those for D33 and D5 exhibit discrepancies that merit
further investigation. It is certain that the NNNLO
implementation is necessary for a realistic description
of the D-waves.

The result for the coupling g,yy, disregarding the
Goldberger-Treiman discrepancy, implies a determination
of the nucleon axial coupling g, = 1.325, and the result for
the gaya coupling gives I’y = 134 MeV, which is about
10% larger than the fitted value. Note that the fitted value
agrees well with the Breit-Wigner width’s estimate from the
Particle Data Group (PDG) [44].

The fit result for Cyg is similar to the LO one if one takes
for the A mass the Breit-Wigner PDG value. On the other
hand, the value for g, resulting from the NNLO fit to the
scattering amplitudes is smaller than the LO g4, = 1.52 and
the NNLO g4 =145 from the BChPT x 1/N,
analysis [16] of the nucleon’s axial coupling. The S-wave

TABLE I. Low energy constants from fit. The combinations of
LECs ¢; and 5:(()30) are defined in the text. The range for the fit
parameters in brackets indicates their standard deviation obtained
via bootstrap resampling, and should not be confused with actual

uncertainty. The results correspond to A =y = m,,.

Cyr [MeV] 304.3 (0.8) & —4.43(0.27)
Ty [MeV] 119.7 (1.4) o 0.35 (0.31)
i 1.18 ol 3.90 (1.29)
2 —0.90(0.05) o2 ~1.99(0.81)
GANN 1.58 (0.03) o 0.81 (0.20)
Gana 1.81 (0.01) b —0.49(0.27)
ol 2.60 (0.57)
ol —6.17(0.74)
o 4.28 (1.96)

scattering lengths were constrained to lie within the
experimental uncertainties, yielding aj = 0.006/M,
and ay; = 0.087/M,, in good agreement with the exper-
imental  values [42], aj = (0.0078 £ 0.0028)/M,
and ay = (0.0866 + 0.0010)/M,.

As shown in Fig. 8, the one-loop results significantly
improve upon the LO predictions for the real parts of the
partial wave amplitudes, while also including the missing
absorptive contributions and D-wave components. The
range of agreement between the bootstrapped error bands
and the data defines the range of applicability of the
effective theory, and the natural sizes of the fitted LECs
further validate its consistency in the present context. A
comparison with previous BChPT analyses that include
explicit A degrees of freedom [21,24,25,29] indicates that
the BChPT x 1/N,. framework achieves a comparable,
and in some cases even broader, energy range of agree-
ment with the experimental phase shifts. To be more
specific, Appendix G presents the comparison, shown in
Table VIII. It is noted that, because the frameworks of
those works are not equivalent to the present one, it is
possible that there is a difference in number of LECs
involved in the fits.

VI. SUMMARY AND CONCLUSIONS

This work implements the combined framework of
BChPT and the 1/N, expansion for low-energy pion-
baryon scattering up to NNLO in the & expansion. This
approach respects both the constraints of chiral symmetry
and the systematic expansion in 1/N, derived from QCD.
The & expansion retains, without further expansion,
nonanalytic terms where the chiral and 1/N, expansions
are not simultaneously valid—terms that typically exhibit
slow convergence in either expansion performed indi-
vidually. This treatment is essential for realistic descrip-
tions of QCD in the physical world. The role of the SU(4)
spin-flavor symmetry is central to ensuring manifest
consistency with the large-N, limit of observables. In
particular, it leads to a suppression of loop corrections via
cancellations among diagrams that would otherwise vio-
late large-N,. scaling.

A test of the framework with elastic #N scattering
shows a natural range of applicability for pion CM
momentum up to about 250 MeV, and larger for the
P33 channel up to 350 MeV. The range of S-waves is
primarily limited by the contributions from the diagrams
proportional to §%, which only involve the nucleons
throughout, and are therefore the same as in the case of
the ordinary BChPT with only active nucleons. While the
real parts of the partial wave amplitudes are well described
in significant part due to the available NLO and NNLO
LECs, departures from unitarity are manifested in the
imaginary parts, in particular in the S-waves above pion
momentum 200-250 MeV. Those departures happen in
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amplitudes where those absorptive parts are very small.
These results motivate further investigations using
BChPT x 1/N, in the context of low-energy
scattering [43], particularly focusing on the extraction
of the N sigma term and a comprehensive analysis
that incorporates currents and a more detailed study of
N scattering.
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APPENDIX A: CHIRAL BUILDING BLOCKS

Using standard notations, the building blocks needed for
constructing chiral tensors are

I(x)=7(x)7*

u(x)= o U(x)=u?(x)

Cy=v,—a,r,=v,+a,

I =T =5 (' (0, = (v, +a,)ut1(0,~ (v, ~a,))u’)
D,=0,~iT,

u”:u;:i(uT(dﬂ—ir Ju—u(0,—it,)u’)
x=2By(s+ip) x' =2By(s—ip)

yi=ty =utyut uytu

K==l posuout (A1)

where v,, a, are respectively vector and axial-vector
sources, and s, p are respectively scalar and pseudoscalar
sources. The local chiral transformations of the building
block are the following:

(L,R):u = Ruh'(L,R,u)

=h(L,R,u)L" where h'h =1

(L.R): £, = L(¢, + i,)L",

(L,R): r, = R(r, +id,)R"

(L,R): u, = h(L,R,u)u,h"(L,R, u)

(L,R): y+ =h(L,R,u)y h"(L,R,u). (A2)

For a matter field, in the present case a baryon, in a given
irrep of isospin SU(2), the chiral transformation law is the
following:

(L(x), R(x)):B(x) = h(L(x), R(x), u(x))B(x), (A3)
where the unitary & can be expressed as
h(L,R,u) = e™ LRI, (A4)

with /¢ in the given isospin irrep. For an isospin one
operator X, its components X“ are given by X = 1 (Xz%),
where (- --) represents the trace.

1. Expansion of building blocks

For the purpose of the present work the relevant terms in
the building blocks are those with up to four-pion fields,
namely:

u, = 2a, -Fiﬂa n+F 141 + 7 1. g, 11

e (L0, = L 1L, g 1) -
ut = %(W )u in the fundamental irrep
r, = 2F la,, TI] + 8;2 M1, [0, — iv,. TI]]

¥ m I 1L ML a,]

- 384’F4 [TL [IL. [ [3, — v TIJ]] + - --

L .1}
- o (ML {TL {11 )}

+ W{H’ {ILATLAIL s} 33} + -+
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£ =480 =32 .1y - 2 g gy
+ s (LI {IL s} })
P ML) + ) (as)

where for the present work the following replacements are
made: p =0, s = M,, where M, is the quark mass
matrix, and v* = a* = (. The following are useful explicit
expansions in the pion fields of the building blocks:

1 1
U, = =07 +@ﬂb(ﬂb 0,7%)+--

1
uzuf:...+7za”ﬂaapﬂ-b+...
Fﬂ

2 1
((y)="+4M2——Minn +—Min'nnbnb +---

F2 6F%
B —
=2 a2
Fﬂ
4iBy(mg—m,)n*
@_):%jb..
T
p _2iMza°
T F

Y

D=0y by
b

i
D,D"=09,0" +ﬁ€”bclc(()ﬂ(ﬂ“6“ﬂb> +2(n0,7%)0" + ).

(A6)

Additional bilinears in pion fields needed for the CTs are

16
() = 16ME = Mizin + .

F;
2M4 _ 2
) =sup 2 (Pt e ) 4
m
d
2 16 2 233
(=) == g BYmy = m, o 4
2M4 _ 2
<ZE>:_ 27r <(mdA2mu) ”3”3+4ﬂaﬂa>+___’ (A7)
F; m

where /m = 1(m, + m,). Note that in this work, isospin
symmetry is assumed.

2. Discrete symmetry transformations
of building blocks

The Lagrangians respect the discrete P, C, and T
symmetries, and the following Table II provides the
necessary transformation rules for the building blocks.

TABLE II. P, C, and T transformation rules.

P C T
¥ 0, Y 9,
z(x) —n%(P:x) —(=1)4z(x) (=1)*z*(T:x)
u(x) ut(P:x) u’ (x) u*(T:x)
U(x) Ut (P:x) UT (x) U*(T:x)
x(x) 27(P:x) 2T (%) 1 (T:x)
s(x) sT(P:x) sT(x) s*(T:x)
p(x pi(Pix) p'(x) p*(T:x)
u(x) —u)(P:x) w'T (x) —u,*(T:x)
r(x) Zh(P:x) —£#7 (x) ra(T:x)
f"(x) r;(P:x) —r"T(x) f;(T)C)
v (x) vi(P:x) -7 (x) v3(T:x)
at(x) —a)(P:x) a'T(x) a;(T:x)
B(x) B(P:x) - e ¢inS B(T : x)
N N . N
Ia Ia Ia*
Gia Gia Giax

Note that C does not apply to the baryon Lagrangians,
as the heavy baryon expansion can only describe either
baryons or antibaryons as separate sectors.

Under complex conjugation, the spin-flavor generators
in an arbitrary representation satisfy the relations Eq. (B1):

oIS §i* pinS* _ _gi
e—inlzla*eiﬂlz = _J¢
e~ imS” pminl’ (giax pinl® yinS® _ Gia, (A8)

where a, i =1, 2, 3 and S? and I? are the respective
generators with i, a = 2.

APPENDIX B: SU(4) ALGEBRA

This appendix summarizes properties of the SU(4) spin-
flavor symmetry group used in the present analysis. The
algebra of SU(4) contains 15 generators: the spin gen-
erators ', the isospin generators /¢, and the spin-flavor
generators G, where i and a run from 1 to 3. The
generator’s commutation relations are the following:

[Si, §7] = ieiik Sk,
[14,5] =0,
[Si, Gja] — l'eijkaa’

[Ia,lb} — ieabclc’

[Ia Gib] — ieachiC
[Gia7 Gjb] — iéijeahclc + iéahGiijk. (B])
The ground state baryons fill the SU(4) totally symmetric
irrep corresponding to the Young tableaux with N, boxes of

dimension § (N + 1)(N, +2)(N, + 3). These states have
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spin and isospin S =1 = %, ....%e and are denoted by

|SS315). The matrix elements of the SU(4) generators in
these states are as follows:

<S’Sglg\5i|553l3> =/S(S+ 1)53/551313 (585, 1i]5'S%),
<S/Sglg|la|SS3I3> =/ S(S+ 1)55‘!55];]3 <SI3, la|S/Ig>,

y 12541
(S'S315|G |55313>:;1 X

Xy (Ve +2)2 = (S=8)2(S+ 5 +1)?
% (SS5.1i|S'S4)(SI5. 1a|S'T,).  (B2)

For states with § = O(N?), S* and /¢ have matrix elements
O(N?) and connect only states with §' = S, while the
generators G’ have matrix elements O(N,.) and can
connect states with &' = S or S £ 1.

TABLE III. SU(4) operator identities in the totally symmetric
irrep (N, 0,0) of SU(4). The first column gives the composite
operator’s quantum numbers (J, ) under SU(2) x SU(2).

Relation

{Si’si} _ {I“,Ia} — O
{8787} + {1, 1) +4{G". G} = 3N (4 + N,)
2{S'. G} = (2 + N,)I*
2{1a’Gia} — (2+NC)SI
%{Sk,lc} _ Eijkeabc{Gia’ G.fb} = (2 + NC)Gkﬂ

€ijk{si’ jS} — €ahc{]a7 Gkb}

G, G Yy = {1 1"},

HG, G, = {S", 5},

N O = = =0 OO0
O = = O = OO |~

APPENDIX C: COMPOSITE
SPIN-FLAVOR OPERATORS

An n-body spin-flavor composite operator is defined as
the product of n generators of SU(4). In an effective theory
such operators will appear with a natural suppression factor
1/N7~! [45,46]. For matrix elements in the totally sym-
metric irrep of SU(4), the 2-body reduction relations in
Table III are useful in the decomposition of higher body
operators into bases operators. Composite operators can be
projected onto definite spin and isospin irreducible tensors,
in particular in building a suitable basis. Table IV gives the
basis of composite operators needed in this work. The
notations X|;, indicate projection of the tensor X onto
given quantum numbers (J, 7). The spin-flavor tensors of
the UV divergencies of the one-loop diagrams can always
be expressed in terms of those bases operators. This is not
the case for the nonanalytic terms, which will require
explicit evaluations for each of the projections on inter-
mediate baryon states in the loop. For the case of
zN — 7N, Appendix F 6 shows those evaluations.

APPENDIX D: LAGRANGIANS

This appendix gives the chiral Lagrangians needed in
this work, namely the LO Lagrangian for pions, and the
LO, NLO, and NNLO for baryons, which only include
those terms necessary for a complete renormalization of the
7B — 7B’ scattering amplitudes. The baryon Lagrangians
are organized according the £ power counting.

1. LO Lagrangians

The pion LO Lagrangian O(p?) = O(£?) has the stan-
dard form:

TABLE IV. Spin-flavor tensor operator basis. To complete the basis to the terms in the table additional terms
involving anticommutators of those terms with # x §% must be added. Most of those terms will be of higher order
than the ones needed for renormalizing the scattering amplitudes.

J 1 Operator J I Operator

0 0 1 2 1 NL(ZS"S/'|J:21"

1 0 s 2 1 NLg{SiSjb:zv G*}y2m
0 1 I 1 2 NG

I 1 G'“ 1 2 LS4 GPY |y s
1 1 NS 1 2 NLzsilalb\,zz

1 1 NL‘{S"*G”HH 1 2 NL;{IaIb|1:2vGiC}|J:1,1:2
2 0 SIS 2 2 G, G}y
0 2 T T 2 2 NS G Y

2 1 NLC{Siﬁ G}, 2 2 Nig{Si’ GG o=
2 1 NLg{Sila, G} a1 2 2 NLgsiSj‘J:ZIth|I:2
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TABLE V. Vertices from the LO Lagrangians.

](71(1 k.2b _ 311;2 ( 6ab5cd + 54 6bd + 5ud5bc)
+69 5 (= (ky +ka) - (ks + ka) + 2(ky -k + k3 - ky)
V\ , ac sbd
Nt +698P9 (= (ky + k3) - (ko + kg) + 2(ky - k3 + ko - ky))
‘,,"\‘ 8950 (= (ky + k3) - (ky + kg) + 2(ky - kg + ko - k3)))
ksc kad
p 4>—I—H )gv_k Gia
1
Yka
1
BTN = (3 (k) = K)ere° = i2e, N, e 67)
/’ \\ ’
kia kob
ksc = — I3 M55 (2K — K — kL) + 58P (2 — K} — kD)
! +5945b¢ (2k} — Ky — kL))
A
1
1
—
/}, \\\
kla k’gb
k1a kab = e (e (5 e (K — KS) -+ 57t (kY — kD) + 5odebee (k) — kD)
\\ ,/ +5bc€ade(k(1J _ kg) + 5bd€ace(k(l) _ kg)) + 5cd€abe(k(]) _ kg))
2
\\\ //{ —i—i%ClNc%((sabts"d—|—5a€5bd+5“d(5bc))
—
I}, \\\
ksc kad

oy 1 .
P = L FHDUDU U +4'0). (DY)
The LO baryon Lagrangian is O(¢) and given by
C
£y =B (iDO + gauiGi -8+ Cl (}(+>>
(D2)

The vertices from the LO Lagrangian needed in the NLO
and NNLO calculations are depicted in Table V.

2. Higher order Lagrangians

In the construction of the higher order Lagrangians one
uses the LO equations of motion, namely,

; Chr ¢ N. o iacia
lDoB: <AI]—ICFS2—C1ﬁ<)(+>—gAM G )B

i
Dt = DXE (D3)
and the identities,
D,u, =—f_w
[D D ] =—il,
f—&-/w [” u ] (D4)

The following are the higher order Lagrangians needed for
renormalization in the present calculation of the zB — zB’
amplitudes. The CT Lagrangians needed to renormalize
UV divergencies are organized by the order in g4 of the UV
divergencies, and are the following:
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- - (1) (2)
LCT(.&j) :BT (f_lg€ijkskuiaDOuja+-f_()21€abclcuiaD0uib _‘_f%eijkeabcuiaubekc +f]l z/k abc laujb Sk[c
A

c

0 e Lgigi| S0 i Lpap) T2 G’“Gf”‘ >B (D5)
A c J=2 A Nc 1=2 A Nc J=1=2
0 2 0 @ @ 0
'CCT(gi) <900 @_i_goo <ZA+>N +900 a a/t_i_g;)\() zua;lN__Flv-(jzé €abc a bIc _i_%eabcuZDoubﬂlc
g v . ¢ o
_'_%uzubﬂlalb‘l2+%eukeabcutaubekC_F%eukeabcutaujbN_Csklc’)B (D6)

. N )N, (3 . etbe . et o .
ccﬂg?n=B*(héo>ﬁo&>+hé&@o&> A e ) o 4 ) Dol

abc

+h) C usDulIe )B (D7)

The LEC notation explicitly gives the (J, I) of the spin-flavor tensor, namely, LEC ;. Note that a few terms have the same
structure across the depicted Lagrangians, thus the corresponding LECs add up. They have been presented separately
because in the renormalization the corresponding £ functions are organized in powers of .

In addition, and to the order of the present calculations, there are Lagrangian terms that serve as finite CTs. Here again
only those contributing to the zB — zB’ amplitudes are shown:

Ao D o A T R
Ler(finite) = i~% ufu'*BID B + =% (7,)B DB + ) 5 ~BID’B + - etui Diug BB
my

G (1 e
-+ /{)5 abthumubB I‘B + [io Uk taDjuaB SkB—|— AIO tjkD]utauaBTskB

PO L A
+ iﬁewkeabmgulbw{d, G“}B + iz e et uu" B { Dy, G} B

+ terms with either J or / bigger thanl, (D8)

where the terms not contributing to the zN — zN amplitude are not explicitly shown, i.e. terms where J or [ are larger
than 1.

For the contributions to the scattering amplitudes, the renormalization of the baryon masses and the zB couplings are
needed. The corresponding CT Lagrangians are the following:

c C .
LT = B'<]$FISQ ;‘;%u%wsz)s. (D9)

Co c
LgT - I;T (I/ti <N Gla +—{,Y+, Gl(l} +

ct . ct
e {52 G} +N (82, G+ =4 S’I“) i Dyt G’“)B

N2 . N, 272

+ i 94 pagifGia D'}B. (D10)
my

This Lagrangian provides the renormalization CTs for both the axial current and the zB interaction. The loop correction
preserves the Goldberger-Treiman relation, whose discrepancy is only due to the term proportional to C4. The term
proportional to g4 /m,, demanded by the nonrelativistic expansion, gives the leading contribution to the time component of
the axial current and the corresponding pion-baryon coupling, giving contributions O(£?) with respect to the spatial
components of the axial current. Although these contributions to the pion-baryon coupling are NNLO, they are found to be
virtually insignificant and are thus disregarded in the fits to the data.
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APPENDIX E: LOOP INTEGRALS

This appendix gives details on the loop integrals, where throughout dimensional regularization is used, with d = 4 — 2e,
and the notation A, =1 -y + log4x.

All one-loop integrals, after convenient integration variable shifts, can be brought to the following general well known
forms, leaving integrations over Feynman parameters to be performed:

PRSI
(K = A2 + ie)"

(E1)

where d?k = ((21;]){‘“ and A contains in particular dependencies on Feynman parameters.

Diagrams not involving heavy baryon propagators lead straightforwardly to the integral forms shown above. When heavy
baryon propagators are involved, the general form of the loop integrals are obtained by first using the Feynman parameter

representation:
! 2T 1d 1a’ 1a’
Ry IO [ [ e [l

x/omdzl..%mdzm( - - —a) . (E2)

2MA + - Fagay + )M

The cases needed in this work are those with one, two, and three heavy baryon propagators. All cases can be brought to the
case with a single heavy baryon propagator using the partial fraction decomposition. Thus the integrals of interest will be of
the general form

&k Num(k. {g:})
(Q° — kO +ie) (K2 — M2 + ie)((k — q,)% — M2 +ie) - - - (k — q,,)* — M2 + ie)
_ n i ! a - - da iy 5(1—(11 _"'_an)Num(k’ {qz})
= )A dﬂ/o dard "/d k(2/1(Q°—k°+ie) + 3" ai((k— q;)F — M2+ ie))" 1 (E3)

where Num is a polynomial of the arguments. Upon integrating over k, the integration over the Feynman parameter 4 has the
general form

) /1”
J(r,v,Cy, Ci, ) = dA , E4
(rov: Co. €1 o) A (Co+ C1 (2= 49)?)" (E4)

where r =0, 1, ..., and v = integer —‘51.

The integrals J(r,v, Cy, Cy, Ag) satisfy the following recurrence relations:

1 P
J(0.0,Co, €1, 29) = s—— [ 20CoJ (0,0 + 1,Cy, €1, Ag) = e
(0,v, Cy, Cy, Ao) 21/_1<V o/ (0,v+1,Cy, Cy, 4o) (Co—i—Cl/l%)”)
(Co+ CiA3)'™
J(1,v,Cy, Cy, 4) = 40J (0,1, Cy, Cy, o) +ﬁ

(Co+ C123)"™

J(2,v,Co, C1, 49) = (45— Co)J (0,1, Cy, C1, 49) + (0,0 = 1, Cy, Cy, Ag) + Ao 26, (v=1) (ES)
1\ =
The seed integral is taken to be the one for v =1+ e€:
1 7 Ao wlog(Cy+ C1 (A= 19)?)
J(O0,14+¢ Cy, Cy, A :<+arctan>—e/ dAi. E6
( 0 C1.o) VCoCi \2 VCo/Cs o Co+Ci(A=1)? (ES)

The integrals J(0,n + ¢, Cy, Cy,4y) with n = 0,—1, =2, ... are polynomials in Cy, C, and 4, while for n > 0 they do
contain nonanalytic terms. In general, the integrals always appear in the one-loop results in the combination
['(v)J(n,v, Cy, Cy, 4g). In the actual calculations of this work, it turns out that C; = 1 throughout.
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TABLE VI. Integrals over the Feynman parameter A.

r v Tv+e)J(r,v+e Cy Cy,ly)
0 0 c
V/CyC1 (2 arctan i)+
L(,12 _&)/1 v o (/) )+3C|A(2)—C[)+(C0—C1/Ig)log(C,/ngrCO)
2\ T )t C, 2C,
0 1 &
i N Ao(2 arctan ( C—ng)#»lt) log (C,2+Cy)
2Cy 2,/CoCy 2G,
0 2 o (2 arctan ( \/%,{(,)wtn) .
4Cyy/CoC, + 36,6,
0 3 &
3C1112>+2C0 340(2 arctan ( C—()/l@#»zr)
4CICi(C122+Cy) 8C2\/C,Cy
1 0 -
VCoCri(2arct: 2,
L (2 =Gy — 0Cilo(2arctan (4 [75h0)+7) 4 3G Co+(Co=Cig) log (€3 +Co)
2\Ao T ¢ )t C, 2C,
1 1 c
i N Ao (2 arctan ( C—Ol(,)+zt) log (CL2+Cy)
2C, 2\/CoC; 2C,
1 2 Jo(2 arctan ( \/g:(l)/lo )+7) .
4Cyy/CoCy + 36,6,
1 3 .
3¢ 2426, 3J0(2 arctan ( %/1())+1r)
0
4C3C,(C,22+Cy) 8C2\/CoC
2 0 c
/CyCi (2 arctan i) +x
1(12 —Q)ﬂ v o (y/ o)) 3C112—Co+(Co—C122) log (C122+C,)
2o — ¢ ) C, 2C,
2 1 &
he 4 Po@arcan (WG 1og (ci3+cy)
2Cy 2\/CoCy 26,
2 2 Ao(2 arctan (\/2::(1)/1())+7t)
GG GG
2 3

c
3 1
30,2426, o (2 arctan (\/;/10)+7t)

4C}Ci(C122+Cy) 8C2\/CoC

With these results, Table VI yields the necessary A-Feynman parameter integrals for the present one-loop calculations.

A particular integral, which is convenient to display explicitly is

1 Ty, 5
QM) =—— [ d (K= 0+ ie) (kK> — M2 + ie)
i 2 A2 _ M_’zf Z—E 2
= 3an? <Q<(3M,, 2Q)(le log”2>+7Mﬂ 3Q>
\32 (7 0
+ 4(M,2, -0? - ze) <2 — arctan M,%—Qz—ze) ) (E7)

This integral appears in the self-energy and in several of
the one-loop contributions to the scattering amplitude.

APPENDIX F: NNLO SCATTERING
AMPLITUDES

This appendix gives details of the calculations of the
one-loop diagrams for the scattering amplitudes, organized
by their power in g,. The UV divergent pieces are analyzed
in detail for the purpose of demonstrating the large N,

|

consistency of the results. Also included are the higher
order Lagrangian contributions to the amplitudes, as well as
the results for the f functions of the LECs. The simplifi-
cations for the case of zN — zN scattering are also
included, along with results for the reductions of composite
spin-flavor tensors needed in that case.

The case of zN — zN scattering shows significant
simplifications, shown explicitly for the CT contributions.
The reductions of composite spin-flavor tensors needed in
that case are also included in Appendix F 6.
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1. Diagrams o g4 L L =
. . . . . p1 MF p2 p1 —>—V—>—®—>—V—R p2
The diagrams proportional to g} are shown in Fig. 5. : . :
Diagrams D, D,, and D5 will contribute with pole terms, Kk Vi ki Yko
i.e., terms that contain singularities due to a single baryon ! :
pole. Diagram D, has double pole, single pole, and no-pole ' @ ' b) '

contributions, while diagrams D, and D5 have single-pole

and no-pole contributions. FIG. 10. Pole diagrams.
First consider diagrams D,: they have the general

structure of a diagram shown in Fig. 10(a). The amplitude

corresponding to that diagram reads

I
B p? + k(l) - 5mn
— FZ(émn’ P(z)’ kZ)PnFl (p(l)! émm _kl)
p(l) + k(l) —om,,
n Do (p) + &Y, pS. ko) P, Ly (P, pY 4 kY. —ky) = T (6m,,, pS. ko) P, Ly (Pl 6m,,, —ky)
PY+ kY —om, ’

iT(a) = Do (p) + K9, p9, ko) PuTy (P, pY + KD, —ky)

(F1)

where in the last expression the first term contains a pole and the last one does not. When renormalizing, the first term will
only require the renormalization of the vertices, while the last one will require renormalization of the scattering amplitudes,
i.e., local terms with two pions.

The case of the diagram Fig. 10(b) with double pole is decomposed into terms with double pole, single pole and no pole,
namely,

1

lT(b) = F2Pn2(p(l) + k(l))P”FI <p0 + kO —o6m )2
1 1 n

1
- 0P, (X(6m, 0 1 k0 — 5m,)X (6m,
T g 2P ) + (1 + 8 o, 2 om,)
+ (2(p) + &7) = Z(6m,,) = (p + K} = &m,, )X (6m,,))) P,y (F2)
where one identifies X'(6m,) = —6Z(6m,). The first term has a double pole which is taken care of by the mass

renormalization, the second term has a single pole, and the last one has no pole. For the single pole term the renormalization
is through the vertex renormalization.

Applying those decompositions to the corresponding diagrams leads to the following results:
Diagram D;:

. (94N : o Za(p) )
Tba = i) KK G]b Gia 1 1
7= (B) s genon P
. .&A 2 i1 i ia 2'n (5mn) 5Zn(5mn) Zn (p(l) + k(l)) - 2’n (5mn) 5Zn(5mn)
:_l<F> klkJZZG]anG <( O 10 —sm 2 0+ k0 — 0 70 _ 2 0 . 10 _ .
n n P 1 mn) pi+kj—aom, (p1 + Ky 5mn) pi + ki —ém,
(F3)
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Diagrams D:

jT7¢ ‘& i) 1 j ia j ia
iT}, :FiklkéZw)—_ﬁm(G’thF (Y, P9+ K, —ky) + T8 (p0 + K9, p9, ky) P, G@)

-& ia ia
=2k ZZ o ko (GbenF (pY.6m,, —ky) + T4 (5m,. p%. k>)P,G

F,
+(G"P, (Fl“(pppﬁk“, —ki) = T(p{, my, —ky))
+ (T2 (p] + K. pS. ko) = T/ (8my,. p§. k2)) P, G')). (F4)

Diagrams Ds:

. f] 1 2'in (5min) (Zout (5moul)
T = —i( 22) kiKY GPP,G
l bs (F ! 22 (1)+k(1)_5mn Pi _5min+ pg_émout
Ein 0 Ein émin h 0 — b om
+ (pl) 5m( 4 out(pz()) — 6out( oul)> (FS)
P1 in P> Mot

The term with external pole will be absorbed by renormalizing the baryon masses of the external baryons, and the terms
with no external pole multiplied by 1/2, which are a consequence of the external Baryon’s wave function renormalization,
are part of the scattering amplitude, which reduces to

:Tba i (9a 2[ j 1 j ia S%7
7 =3 (7)Y g, (6P )

Diagram Dy:

I Z(6m, — p}. M,)
ThH = |+ G'“P,yG"’"P,G“P,G" 1
D4 (Fn:) n;z (P p] - 5m »+ 5mn)(k0 + 5m 5mn/)

. Z(6m,y — p9.M,,)

(Pg - p(l) — omy,y + 5mn><p(2) - p(l) - k(l) = omyy + 5mn/)
Z(6my —pY — k), M)

S - . (F7)

(p3 — P — ki = dm,yr + dmyy) (K} + m,, — Sm,y)

a. UV divergencies of the no-pole terms

The UV divergent terms of the no-pole terms of the diagrams proportional to §; are as follows:
Diagram D, UV:

v Ae G 1 : , , .
iT(p,) (no-pole) = i s (;gf) kikéZ( (K +3) + 2(6mm+6mom)+26mn—35mn/>G~f”7>nG’°7>n«Gk7>nGm

n.n

./Ie §A41i4 b A2 id . A i
a2 (F_) SRR + )G GG + [0, GGG

— GI* G2/, G'] + 3G™[[5i, G'], G| G4). (F8)
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Diagrams D, UV:

Ao [Ga\*1 . .
iTh"" (no-pole) = —i (476)2 (}Z—A) Fhiky S (GPPGEPGPy G (k) + 28 + bm,, — Sm,y — 26m,p)

+ GPyGIPPuGeP, G (kS + 2pY + Sm,, — Sm,y — 25m,))

nn'

A ga\*1 . ‘ . ‘ .
- — € <g_A> 5kzlkj(k(lle]bc;lcc;mc;lc +k(2)Gch]bGchm

(47)* \F,
_ 2Gbechia [5,31’ Glc] 4 Gjb {5’;}\1’ Glc]GiaGlc _ Gbelc [5,;}*1’ Gia]Glc
+ 2[5’,;1’ Glc]Gbechia + Glc [5,;’;1’ Gjb}Gchia _ Gchjb [éﬁl, Glc]Gia) (F9)

Diagrams D, UV:

S AT o
iT}Z)ZU =1 (@n)? <—IJ;A> gkllka(k? + kg +3pY + 3pg —26m,, — 26m,y — 26m,»)G'P,»G* P, G“P,G'
. /16 -éA 41 i7J 0 0\ e jb ia e ~ le1jb ia e
= 1(47[)2 T gklka((kl +k2)G GGG +3[5m,G ]G GG

— 3G GI* G (5, GI°] + G |5, GI|GiaG'e — GI* G [5im, GI|GI<). (F10)

The added UV divergencies of the no-pole terms of the diagrams D,, D,, and D, give

uv ig i 41 ; . : n 7
i1 (no-pote) 7) = 1735 () K-804 RD)IG", G667

(47)* \F,) 3
+ 2% ([Gjb, [5’,;1’ GIC]][GIC, Gia] _ [Glc’ Gjb] [Gia’ [5’:,\,1’ GZCH)) (Fll)

Cc

b. Projection of UV divergence onto bases of SF operators

To the diagrams D, through Dy, the crossed diagrams must be added, which are obtained by the prescription k; < —k,,

and a <> b. With this, the sum of the no-pole terms proportional to % gives the UV divergence in terms of bases operators
in Table IV:

T ore (B4) = i 7 (g—A) — ki K <i (K9 + KO) (8Uebac ¢ 4 sebeiik k)

(4n)> \F,) 6 8
C L . 1 . o
+ % (69bSiSI|,_y + 81417, — Eeﬂkebac(NC(Nc +2)Gke - 38k[¢) — 3Gbem|112)> , (F12)

obtained from Eq. (F11) by making use of the relations

. ) 1 /4 .. . [ . . -
[GZC, Gjb} [Glc’ Gm] — _5115abS2 —|—iéab€/’kSk —i—i(SUé‘abclc + 2€jtk€abcsklc
16 \3 2 2
_ 5uhSl'S]'|J:2 _ 5ij1a[h |12> ,
. . . . C ] N iy .
(G, [5/,G|[G*, Gi] — [Ge, G*][Gia, [5i, GI<]) = ﬁ <4i8 (BN.(N, +4) +6—288%)(5eik Sk + siighac]c))
1 . 1 . .
— g N N, +2)GR =38M1) 4 L (5SS, +87 115

+%(eﬁksk141" ;o +€bac1eSiSI|,_,) —3G/P G |,:,:2) ) (F13)
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These UV divergencies give contributions that are at most O(N?), and thus consistent with the 1/N, expansion of the
scattering amplitudes. They are also independent of M.

2. Diagrams « g3
The diagrams Dg ;¢ vanish identically.
Diagrams Ds:
These diagrams give only single-pole contributions, correcting the z-baryon coupling, and thus are finally included in the
pole contributions Eq. (15),

Ga\22 . ) ) 1
‘rba - 9ga “ri b ia
zTD5 = l<—F,2,> 3klkaA(M,,) gﬂ G'’P,G —P(l) " k(l) o, (F14)
where:
— i M i? M?
AM,) = /ddk =-_Z (/15—10 ”> F15
(M) k* — M2 (41)? £ u? (F15)

Diagrams Dy:
o 2 1
iTy = <—ij§> ¢ Y GkP,GH (55 4 5edgbe — 259 5°0) (T (5m,, — Y. M) + L(dm, — p3. My)).  (F16)

Diagram Dg:
This diagram is more compactly expressed in terms of the integrals defined earlier in Eqgs. (E5) and (E6), and reads

2

d d d
xr<1 —5> (J<0, 1 —E,cg,l,/10+> —|—J<0, 1-3.G. 1,/15))

! 1
+6 / da(((r - M2)5%s°d + 5 (M7 - 1)(6%°8" + 5ad5bv)>
0

d d 1 d d
x <r<3—§>J<0,3 -G, 1,15) —E(sﬂr‘<2—§>J<o,2—§,cg), 1,15))

1 ) )
+ (898 — §edobe) (5 (aq'(ky + ko)) + (@ = 1)/ (ky + ko))T (z - g) J(O, 2- g, cl, ug))

g4\ 21 . 1 1 .
rba o 94 ld ¢ I(sacsbd | sad she ab scd
lTDm——l<F’2z> 5% GHP,GY i (_5, (8%8 + 54dghe — 2505

. d d
+a(l —a)g/q' (K + kg)F(S —2>J<1,3 -5 Cl. 1,26)
1 . d d
—Eéf’(k?+k§)1‘(2—§>]<1,2—§,c}),1,&5)))) (F17)

where
d=4-2e¢, q =k —ky, t:q2

1
Co =M =25, 45 =5 +pi+q") - om,

| =

Cl=M2+ala—1)g*> - A}, A=

1
(PY+ pY) + (2 - a> q° - om,. (F18)
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Diagram D;:

, (Ga
lTbD”” = l<ﬁ

/3

2 1 M;
) 6P (=5 (W et e N A 5 ) G

1
X Z(6m,y — pY, M) —T(6m, — p° M,)). F19
pg—p?—émn/+5mn( (6m,y — p3, M) (6m, — pi ) ( )

Diagram Dq,:

rmba 11 1 0 0\ .bac yc . M72f Ny
l Dy, —Eﬁ E(kl +k2)€ 1 +21C1NCT5 ,5Z (FZO)
where 0Z is evaluated on-shell for the in and out baryons, which in this case have the same spin.

a. UV divergencies of the no-pole terms

The UV divergent pieces of no-pole terms of the diagrams proportional to ¢4, evaluated for the external baryons on mass
shell are as follows:

Diagram Dy UV:

srbaVV ; /16 -&A : ie ic (sae shc ac she ab sce
Ty __ZW<F—%) D GeP, G (876 + 5767 — 2575)
1
x E<3M721((p(1) —&my) + (p§ = 6m,,)) = 2((p} = 6m,,)* + (p3 — 6m,,)*)). (F21)

This diagram projects onto J = 0,1 = 0, 2, implying that p? = p9 = ém;,, and yielding

v de (d4\2.,2C w3
T (J=1=0)=i o (%) 5ab§$ (Mg (552 = Ne(Ne + 4))

—~
I~

N X 568
+< HF) <§<5NC<NC+4>—24)52+2N6<N6+4>‘ 3 ))

e (34)2,, 1C Cur\2 (2 1687
’T}Z)QU (]:0,1:2):1(4ﬂ)2 <F—f;> I 1b|,:2§% <M§+ <1\;1F> §NC(NC+4)_T . (F22)

Diagram D, UV: Upon projecting the diagram onto ¢-channel (J, I), the corresponding UV divergent amplitudes are the
following:

Y i Ae .&A 2 ic ic sa
Ty U =1=0) =53 4ny <F_) >_GPGes (P + p3 = 20m,)
X (6(k) — k9)> — 21M2 +2((p? + p3 — 26m,,)* + 91))

o 21
ik (9_A> §5ab%<_§NC(NC+4)(5M§—121¢1-kz)

(47)> \ F2 N. 8
Cur\2( 4 ) 112,
+ ( ;F> <—§ (5N.(N.+4) —=24)8 —4N (N, + 4) + = 34)
(25
+ §? <7M,2, — 30k, -k2>>, (F23)
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rbaYV _ _ i_i /15 -&_A 2 ie icl ae she __ sac sbe
iTH Y (J=01=1)= 8P <F2) ;G PG (55" —55")

x (K9 + K9 (B((KY — k)% = 6M2 + 3(p{ + p§ — 26m,,)> + 1) = 2(k1 — k2)?) + 2(k) — K9) (ki — k3))

ﬂ’€ é 21 ~ ro 1 - -
= () 4 (G0 kot iR o)

+ (C]:;‘F> 2(3Nc (N, +4) - 2032)> : (F24)

c

. ] A §7A 2 i 1 2
IbaUV =0.1=2) = b A 4 ie ic Saegbe 1 ghe sac 5ab see
T, U =01=2) =-os m § G“P,G* 5 + :

x (P9 + pY = 26m,) (3(KY = k9)* — 24M?2 + (p + pY — 26m,,)* + 91)

. A (9a » 1Curp ) Crr\? ;2o
= I°I —33k; k) + M — ) (168" =2N.(N.+4)) ), F25
e (04) 1 g o (<3000 ket 0 + () Vo). (F29)
-rbaYV : /15 §A : le /'cl ae she ac she 0 0 P AL 7l
T, (U =1=1)=—irra () DG PG5 (078" —68) () + 3 = 2m,) (K ~ k) (ki + K2))lmy
A 4 \ 2 Cyr 1
=i (4;)2 (%) ebacelt ;F Sk ky(G'(N, +2) = 3I°8"). (F26)
Diagram D{; UV:
sbalV Ae 94?1 2 0 0 0 2 0 2
T = s (7)) 6 DM = 2000 = 3m,) (=) + (5 = om, 2 4 (0§ = om,)2)
bl 10 0N i . b Mz 4
x (e (k) +K)G P, I°G" ~ 4is* e\ N .~ = G*P,G* ). (F27)

aY . )“e A a M2 3 0

+ <CHF>2(—2(NC —2)(N, +6)82 = 3N (N, +4) + 834)>’

. a \ A’e é 21 ac jc 3 Q
iTh (1 =0,1=1)= P <F_g) Zeb 1¢(k9 + k9) <M% <§ (N.(N.+4)—4) - S2>

+ (CHF) ’ <—2NC (N, +4)(8% +3) +482(28* + 1 1)) ) . (F28)

Diagram D, UV:

A (I =
5 = e () 32204 PLGH 0 = (5= m, 2= (13 =, )

M2
X <—4i5“”c,Nc Tﬂ + et 1e (k9 + kg)> : (F29)
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i =1=0) = ~(4’;€) ( )zaab cIN, =% <M2 <52 —%N (N, +4))

* <C];2F> (2(N. = 2)(N. +6)8* + 3N (N. +4) - 834))

. v A ga\°1 2 3
TN (] = 0,1 =1 € bacpe (k) + k) ( M2( §* ==N.(N. +4
Tl 0 =01 = 1) = e (34) Jemere @ ) (w38 - ghv )

n (f\‘;F) (2(Ne = 2)(N. + 6)8% + 3N (N, +4) — 83“)). (F30)

Adding up the diagrams, the §5 UV divergencies yield

. Ae ga Cur
TbaU 2 bac jtlkl k/ Gle N,+2 37cs!
i1 GR) = s (14) 5 (2 ey, +2) -

i, - -
+ Ee”“‘l‘(k(l) + k9) (—k1 ko =3 (ki - ky)? + M%)

c 4082 w 3
AI;IFéab<k k2< «(N.+4) - 3 >+M727<SZ_§NC(NC+4)>>

_ 4 THE Cur
N

Py - kz) (F31)

c

In the J = 0 terms & = k9, which in the term (J = 0,1 = 1) gives the simplification (—k; - k —§ (ky — k)2 + M2) > — it

3. Diagrams « g9

In these diagrams the baryon flowing through it has a fixed spin, thus in the CM frame k¥ = k9, and each diagram
satisfies large N, consistency. The results are as follows:
Diagram D 5:
T L > Mi(2.+1-1o M) (1 bt (k) + k9) + = ! sab M’z’ (F32)
i =——— : —log—* c .
Do = T (an)? P\ 82 )\ 37 NN

Diagram Dqy:

1 1 Mz 7 M? 10M2 4M> t
iTy, = <101N —Z5ab ( (gM,Z, - 2[) </1€ - log—”) + T—4r—24/1- T”(M,zr —-21) arctanL>
U

Fi (4r)? A : 3 /—4M2 1
t M> 7 1 Vi
+2ebaere (k9 + kY <<M,2,——> </1€—10g—”> + M2 — 4t +—(—4M2% +1)3? arctan—)>. F33

Diagram Ds:

1 /i 1 d d
iTh = — Gebwc <§r<1 —§>J(O, 1 -3 Co, 1,,10>
d 07,0 d 0 0 d
-T 2_5 KK 0,2—5,00,1,10 + (K + K9)J 1,2—§,C0,1,/10
d M? d d
+J<2,2——,C0,1,/10>—|—4c1Nc7”((k?+k8)]<0,2—5,co,1,/10>+ZJ<1,2—§,C0,1,/10)>>>

M d d
— 457N TS r<2—§>1<0,2—§,co, 1,,10>>, (F34)
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where Cy = M2 — 23 and Ay = k9 = k9. Adding the crossed diagram and, in order to simplify the result, using explicitly
that k) = k9 in the CM frame, yields

:mba 1 1 s sab 2 02 1 02 2 ZM?[
lTD]5+crossed = (471)2? —i0"8m\/ M5 — k; gle + 2¢1N:; X
3 M?
+ ebaCICk?«Z M2 — 2k‘1)2> (,16 +1—log M—2’”> — 24"

M> k9
+ 4/ M2 <—4ﬂc1Nc <+ k9 arctan 7‘» + 4k \/ M2 k?21“1b|,2> : (F35)
\/ M2 — kY’

a. UV divergencies
Diagram D3 UV:

bV Ae S 1 e re i . ]‘472Z
ZT%B = _<4ﬂ')2 FiMIZ[<32€h 1 (k?‘{'k%) +§5 bC]NcA>. (F36)
Diagram D4 UV:
crbaOV Ao 11 . M% . e re
Ty = @ F 12 (41(:11\/6?5 b(IM2 - 61) + €Poc1¢ (K + k) (6M2 — z)). (F37)

Diagram D5 UV:
Adding the crossed diagram to D5 yields

i mba’y /16 1 ac cl 3
IT?)15+crossed = _WF_ieb I Z (k(l) + k(2)> <(k(l) + k(2)>2 - EM%) . (F38)
Adding up the diagrams, the UV divergences proportional to ¢ become
irbaly (20 Ae 1  sab M: o bacye (10 1 1,0 0 70\2 2
iT"* (gy) = (@x) 125 i0 8011\’07 (M5 —3t) 4+ €I (ky + k3) (3(k} + k3)* —8M; + 1) |. (F39)

4. p functions

The f functions corresponding to the LECs of the CT Lagrangians equations (D5)—(D7) are given in Table VII. The
definition of the f function for a given LEC X is

X=X(u)+ Px (4/176)2 (F40)

where X (u) is the renormalized LEC at the renormalization scale u. For the Lagrangian equation (D8) the $ functions
obviously vanish.

5. Counterterm contributions to the amplitudes

The contributions from the Lagrangians equations (D5)—(D8) to the scattering amplitudes for definite #-channel (/, I) are
the following:
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TABLE VII. S functions of the NLO and NNLO Lagrangians equations (D5)—(D7).

LEC Brol () LEC Boul (ML) LEC B,/ (3)
o 5 b, —3 (Ne +4)Cup hy) + hly) -3
or 5 a0 16 Corr ) L,

1y M52 AChr gy —5(Ne+4)Crp ) 3
£y —3ACur 90 3 Cur gy i
fo — ¢ ACyr gy -&A sy i
J20 — 6 ACup g -&A
S ACyg g(()lz) 1 Cur

g(l ]) N +2 CHF

o Sicw

ab (1) (2) 2 (1) (2) 3)
iTh.(] =1 =0) = 125— (—ZQ%M,Z,—ZQ%M?,;——87(h00;h00)Nch‘,+g°° ki - ks
c

o 2 0 L S
Iy 2N MR e 3 O R+ K] ) =28 MR+ ) ) ()

7(1) ~(1) (1)
a 1 abc jc f g l 7 7 = =
iTe(J =0,1=1) = 72 ¢ bl (2 /(\)_é ky - ko (K + &9) +2 X; M (K + k9) ——2,0;0 (ky + k2) - (P + P2)

(2) 3)
l . ) I - - -
B0 0 LR+ R0 + 1% 5 + 9 = By Ela) o+ 40) ) (F42)

F2 A2

V4

s (A 8 it + 5 e
T80 =111 =0) = (<2208 00+ RO = 1% ]+ DK k) + T ]~ D R+ 0D ) (Fa)

T (J=I1=1)=

clik gabe ]"t(l) }‘(2) 1 1511) ) ) . ) 1521)
e (2ot 2Tl st L MR-k ]+ PG + 2k 8+ DG ).

(F44)

These contributions for the zN — zN amplitudes are significantly simplified. For matrix elements between nucleon states,
the generator G is replaced by G — Y2 §/[% In the CM frame, the CT amplitudes then become

20 "0 n X A A3 %A

Y

1 M> M ki -k M2k, - k -
iTg%(JZIZ()):i—(Sab< b iy N~ aty) ~- 22 gl N, T2 2+a(5>—(k1+k2)2>,

k° k° 1 - - Ko o
ng%(J = 0, I = 1) = _ebaclc <a(()11)M,2,F + a(z) _kl . k2 —+ a(()31) m—o (k] + k2)2 + a(4) — (kl + k2)2> s

F,2[ 01 A2 01 AZ
1 Ko
iThe (] =1,1=0) = ﬁeﬂkskaﬁg) kiR,

V4

1 y L N, k°
T =1=1) = iz IS Ik kS <a(111) o ta) F) : (F45)

Y
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TABLE VIII. Ranges of agreement with data of the different BChPT works that explicitly include the A.
2-body operators

n Giafp Gia euchib'PnGia eijkeab(:Gjb'PnGia

N = (N.+2)? fﬁI”(NL. +2)? —5I°S*(N. +2)*

A (N, —1)(N.+5) 5I¢(N. = 1)(N.+5) - I°SK(N, = 1)(N. +5)
3-body operators

n GiaanIcGia

N — ‘(N +2)

A 25_4IC(N(_1)(NL+5)
4-body operators

n ny ns GiaP” GkCPn Gk("]) Gia €achib7) defp defp Gia

v N N 6(N +2) 15216(1\/ +2)

N N A 2% (Nc DN +5)? 3§4I“(N —1)2(N, +5)

" N N s (Ne = DN, +2)*(N, +5) IS (N = D(Ne +2)2(N, +5)

A As A 535 (Ne =3) (N = 1)(N. +5) (N +7) s l{(Ne =3)(Ne = 1)(Ne +5)(Ne +7)
4-body operators

n n, nsy Giapn3de7)’12Gia7)ankd eijkeachth Gldp GldanIGia

N N N (1\’23‘6‘234 _mlcsk(N 4 2)

N N A L (N.—1)(N. +2)*(N. +5) 0

N A N ﬁ(N(:_l)(Nc"rz)z(N("’_S) _7L2IESk(Nc_1)(N(r+2)2(Nc+5)

N A A 5(Ne=1) (N +2)* (N +5) 0

1152

A N N a5 (Ne = (Ve +2)%(N, +5) 0

A N A (N1 PN +5) — 4 I°SK(N, = 1)*(N, + 5)?

A A N 5(N(»—1)(1\l/(l»5+22)“(1\’c+5) 0

A A A x5 (N, —1)(N +2)*(N. +5) —5ag I°SK(N. = 1)(N. +2)*(N. +5)

A As A 5 (N. =3)(N. = 1)(N. +5)(N.+7) -5 I°SK(N, L.—3)(N( - 1)(N.+5)(N.+7)
4-body operators

n n, 15 eachibfP defpnz Giafpn1 de €ijk€ab(rGjbfP Gldfpn2 Giafpn] Gld

N N N 17128 IL'(N —+ 2) ]296 IcSk(N + 2)

N N A 4321((N )(N +2)2( c+ ) _ml(sk( (N +2)2(Nc )

N A N — 50 I°(N. — 1)(N, +2)*(N. +5) -1 1°SK(N —1)(N +2)%(N.+5)

N A A S (N, = 1)(N, 4+ 2)*(N. +5) 2592ICSk(N —1)(N.+2)*(N.+5)

A N N Z;GIL( —1)(N.+2)*(N.+5) — 15 1°S*(N. = 1)(N. +2)*(N. +5)

A N A 341[56IL( —1)2(N.+5)? — g I°SH(N, = 1)2(N, +5)?

A A N 864 L(Nc 1) N +2)2(N +5) 6431(Sk(Nc 1)(N +2)2( c+5)

A A A 4;210(N DN +27(N +5) —glS* (N = 1)(N. +2)*(N +5)

A As A s l‘(Ne =3)(Ne = 1)(Ne +5)(Ne +7) 13 IS*(N. = 3)(Ne = )(N. + 5)(N. +7)
4-body operators

n 1, ns eijkeachldfP GjbanzGia'Panld eachld'P Gibfp Giap ]Gld

N N N — a5 IS (N +2)* s (N, +2)*

N N A — ol [SF(N, = D)(N, +2)2(N, +5) 0
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TABLE VIIL (Continued)

4-body operators

n n, ns Eijkeab(:Gld'Pn} Gjb'])n2 Giapnl Gld EachldfP 3Gian2 Giapnl Gld

N A N — 5503 [°S*(Ne = 1)(N +2)* (N, +5) — < I(N, = 1)(N, +2)2(N, +5)

N A A — s I°SK(N C—l)(NC+2)2 N, +5) 0

A N N — = I°SK(N, = 1)(N, +2) N +5) A 0

A N A — st SN = 12(N — 1 ‘(N = 1)*(N +5)

A A N — SIS, ~ (N, +2> . +5) 0

A A A — e I°SK(N, = 1)(N,+2)*(N. +5) 2é81‘(N 1)(N +2)%(N.+5)

A As A — a5 1SN, =3)(N. = 1)(N. + 5)(N.+7) Pl (N =3)(N. = 1)(N, +5)(N. +7)
kmax[MeV]

Reference S]] S31 Pll P13 P31 P33

This work 160 200 260 250 260 350

Fettes and MeiBner [21] 200 160 200 200 160 170

Torikoshi and Ellis [24] 190 170 220 190 170 220

Yao et al. [29] 170 160 170 170 200 240

where the LECs a&") are combinations of those in
Eqgs. (F41)—-(F44).

6. Reductions of spin-flavor operators
in the 7NV — zN amplitudes

This appendix provides the reductions of 2-, 3-, and
4-body spin-flavor tensor operators for matrix elements
between nucleon states, as needed in the calculation of the
zN — zN amplitudes. The intermediate state A of spin 5/2
is necessary for the correct general N . results, and is obviously
absent at N, = 3 as shown in the corresponding entries.

APPENDIX G: RANGES OF CONVERGENCE

This appendix compares the results of this work’s
agreement range with experiment with those of several
BChPT studies that include the A explicitly in the €
expansion, which are most closely related to this work.
Reference [21] uses HBChPT, while the others use covar-
iant BChPT with particular regularization schemes.
Table VIII shows the approximate maximum CM pion
momentum for which the description of phase shifts is
consistent. The upper limit of the agreement range is set by
the pion momentum above which the data consistently lies
outside the bootstrap error band.
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